
J Glob Optim (2010) 48:583–593
DOI 10.1007/s10898-009-9506-z

Piece adding technique for convex maximization
problems

Dominique Fortin · Ider Tseveendorj

Received: 7 April 2009 / Accepted: 8 December 2009 / Published online: 7 January 2010
© Springer Science+Business Media, LLC. 2010

Abstract In this article we provide an algorithm, where to escape from a local
maximum y of convex function f over D, we (locally) solve piecewise convex maximi-
zation max{min{ f (x) − f (y), py(x)} | x ∈ D} with an additional convex function py(·).
The last problem can be seen as a strictly convex improvement of the standard cutting plane
technique for convex maximization. We report some computational results, that show the
algorithm efficiency.
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1 Introduction

In this article we consider the non-convex optimization problem:
{

maximize f (x),

subject to x ∈ D
(C M)

where f : Rn → R is a convex continuous function and D is a nonempty, convex compact
in Rn defined by

D = {x ∈ Rn | Ax ≤ b} =
{

x ∈ Rn |
〈
ai , x

〉
≤ bi , i = 1, 2, . . . , m

}
.
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In the literature, this problem is known also as concave minimization or concave
programming. Many applications lead to convex maximization problems; moreover, it turns
out that convex maximization techniques also play an important role in other fields of global
optimization: fixed charge and economies of scale, integer programming, bilinear program-
ming, complementary problems, multiplicative programs [17]. A good deal of literature exists
on methods for solving problem (C M) : vertex, facet enumeration, polyhedral partitions,
branch and bound, cutting plane, inner and outer approximation [2,4–6,17,18].

Several interesting necessary and sufficient global optimality conditions characterizing a
point z ∈ D satisfying

f (z) ≥ f (x) ∀x ∈ D

have been proposed [9,19–21,23].
Here we recall necessary optimality condition for local optimal solution y of (C M):

∂ f (y) ∩ N (D, y) �= ∅,

as well as necessary and sufficient (under assumption ∃v : f (v) < f (z)) global optimality
condition [23] for z ∈ D to be a global maximum for (C M) :

∂ f (ȳ) ∩ N (D, ȳ) �= ∅ for all ȳ such that f (ȳ) = f (z), (1)

where ∂ f (·), N (·, ·) stand respectively for the subdifferential, the normal cone.
For the state-of-the-art in convex maximization including various algorithms [1,7,8,10]

and abundant applications, we refer to the textbooks [17,18] and to survey [3].
It is worth noticing that in spite of being NP-hard, a local search for (C M) is relatively

easy due to the method [11,12,22]

xk+1 = argmax
{〈

∇ f (xk), x
〉
| x ∈ D

}
.

We call this algorithm shortly as [CM Local Search (x)], with starting point x .
Though the problem (C M) is the most studied one among non-convex problems and have

been studied actively over the last four decades, it remains the challenge in global search
step: how to escape from a local maximum?

Let us concentrate at the cutting plane method. Let a local maximum y ∈ D be a vertex of
full dimensional polytope D. Using n edges at y, one can construct hyperplane {x | 〈c, x〉=γ },
that contains n points y1, y2, . . . , yn , which are intersections of the edges with level set
{x | f (x) = f (y)} [17].

If y is not a global maximum, by the convexity of the objective function f (·) problem
(C M) is equivalent to {

maximize f (x),

subject to x ∈ D, 〈c, x〉≥ γ

In other words, one cuts off a part of D, where values of function f (·) are less or equal than
f (y). The same procedure is then applied to the remaining part of the feasible set whenever
this part is not empty.

However, despite such nice theoretical idea, this approach suffers, in practice, from the
tailing off effect, i.e. cutting planes become closer or nearly parallel due to rounding errors
so that they generate more and more local maxima.

In Sect. 2, we give a flavor of how to introduce patchs in order to escape from a local
solution; in Sect. 3, devoted to piecewise convex maximization problem, we recall some
basic definitions and results on the problem studied elsewhere. The remaining sections focus
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Fig. 1 From cutting plane to
convex cutting

on theoretical necessary conditions to design a global search algorithm and how it behaves
on some examples from the literature.

2 Escaping from a local solution region

Definition 1 Let z be the global solution to (C M). A strictly convex function py : Rn → R
is a called a patch around a local solution y of the problem (C M) if

– py(y) < 0;
– py(x) ≥ 0 for all x ∈ D such that f (x) ≥ f (y), x �= y;
– py(z) > 0.

Remark 1 If py(x) is a patch, then the reverse convex constraint

py(x) ≥ 0

cuts off the local solution y, therefore it can be considered like a convex cutting since py(z) >

0 for the global solution z.

Definition 2 A strictly convex function py : Rn → R is a called a pseudo patch at a local
solution y of the problem (C M) if

– py(y) < 0 and
– there is u ∈ D such that f (u) > f (y) and py(u) ≥ 0.

Lemma 1 Let 〈c, x〉≥ γ be a cutting plane of a local solution y to the convex maximization
problem (C M) such that 〈c, y〉< γ . Then the following function

py(x) =‖x − y‖2 −γ − 〈c, y〉
‖c‖2

is a patch at y (Fig. 1).

Proof As one can easily see the scalar

r = γ − 〈c, y〉
‖c‖2

is the minimal distance from y to the hyperplane 〈c, x〉= γ .
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For all x ∈ D such that f (x) ≥ f (y), inequality 〈c, x〉≥ γ implies

‖x − y‖2 −γ − 〈c, y〉
‖c‖2 ≥ 0.

On the other hand, by construction of the cutting plane, since y is not global maximum,
the following inequality

〈c, z〉> γ

holds for the global maximum z. The latter, together with

py(y) = −γ − 〈c, y〉
‖c‖2 < 0

prove that the function

py(x) =‖x − y‖2 −γ − 〈c, y〉
‖c‖2

is a patch. ��

We will use further notations

I (x) =
{

i |
〈
ai , x

〉
= bi

}
, J (x) =

{
i |

〈
ai , x

〉
< bi

}
(2)

for respectively, set of active and nonactive constraints at given point x ∈ D.
We calculate the distance from given x ∈ D to the nearest nonactive constraint like

ρ = min{‖x j − x‖2| j ∈ J (x)}, (3)

where x j are projections of x ∈ D on hyperplanes
〈
a j , ·〉= b j , more precisely

x j = x + b j − 〈
a j , x

〉
‖a j‖2 a j .

Theorem 1 Let f (·) be strictly convex, y be a local maximum different from the global
maximum z with J (y) �= ∅ and ρ be calculated by (3).

Then function py(x) =‖x − y‖2 −ρ is a pseudo patch.

Proof J (y) �= ∅ implies that ρ > 0, which proves py(y) = −ρ < 0.
Now, we show that there is no other vertex v ∈ D such that py(v) < 0.
Suppose the contrary : there is vertex v �= y such py(v) < 0 Since y �= v we have

I (v) �= I (y), that implies ∃k ∈ V and k ∈ J (y).

ρ >‖v − y‖2 ≥ ‖yk − y‖2 ≥ ρ,

a contradiction.
We know that the global maximum z of f (·) over a convex set is attained at a extremum

point of D, at a vertex, in the case of polytope. Taking z for u we obtain

u ∈ D, py(u) ≥ 0, f (u) > f (y),

which conclude that py(·) is a pseudo patch. ��
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So for finding a global solution to convex maximization problem, taking account the
obtained results, we propose to solve the following so-called piecewise convex maximiza-
tion problem at each local maximum y found.{

maximize F(x),

subject to x ∈ D

where objective function of (C M) is replaced by

F(x) = min{ f (x) − f (y), py(x)}.
Here by adding a convex piece into objective function we cut off “virtually” a part of D

containing y, where values of function f (·) are less or equal than f (y). The same procedure
is then applied at the next better local solution.

2.1 Example

We consider the one dimensional convex maximization problem:{
maximize x2 − 2x,

subject to 0 ≤ x ≤ 3.

If we apply most local search algorithms with a starting point x0 ∈ [0, 1], then we (almost
surely) will stop at y = 0, that is not the global maximum. To escape from this local solution
region, it is reasonable to choose x such that (x − y)2 − r ≥ 0 for some radius r > 0 issued,
say from cutting plane technique. Somehow, “escaping from y region” suggests to maximize
convex function (x − y)2 − r .

So, if we solve the following problem with additional convex piece x2 − 4 into objective
function, {

maximize min{x2 − 2x, x2 − 4},
subject to 0 ≤ x ≤ 3,

it is clear (Fig. 2) that any local search algorithm easily finds the global solution z = 3 from
any starting point.

3 Piecewise convex maximization problem

Piecewise convex maximization problems have been studied in our earlier works [15,24].
Therein necessary and sufficient global optimality conditions have been established and fur-
thermore local, global search algorithms are described. Convergence and further details of
an implementation are discussed also. Moreover, in [16] the algorithms have showed to be
promising for solving multiknapsack problem, the celebrated example from combinatorial
optimization.

In order to be self contained, we recall from [15,24] two definitions and local search
algorithm, that we need further of the article.

Let M be a finite index set.

Definition 3 A function F : Rn → R is called a piecewise convex function if it can be
decomposed into :

F(x) = min{ f j (x) | j ∈ M}, (4)

where f j : Rn → R is convex for all j ∈ M = {1, 2, . . . , m}.
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Fig. 2 Piecewise Adding
Technique (PATCH) idea

Definition 4 A problem {
maximize F(x),

subject to x ∈ D
(PC M P)

is called a piecewise convex maximization problem, if F(·) is a piecewise convex function.

3.1 Local search algorithm for (PCMP) [15]

Let xk be a feasible point in (PCMP), for k = 0, 1, 2, . . ..
We define Lebesgue’s set like

L f (α) = {x | f (x) ≤ α}
and similarly to (2) we keep the following notations respectively for active and nonactive
index sets:

I (x) = {i ∈ M | fi (x) = F(x)}
J (x) = { j ∈ M | f j (x) > F(x), L f j (F(x)) �= ∅}.

By definition of F(·) both I (xk) �= ∅ and xk �∈ L f j (F(xk)) for all j ∈ J (xk) are true.
We introduce a set of polytopes Pk related to current point xk :

Pk =
{

x ∈ Rn |
〈∇ f j (xk), x

〉≥ 〈∇ f j (xk), v j
〉
, j ∈ J (xk)〈∇ fi (xk), x

〉≥ 〈∇ fi (xk), xk
〉
, i ∈ I (xk)

}

where v j = arg max
{〈∇ f j (xk), x

〉 | x ∈ L f j (F(xk))
}
, j ∈ J .

It is proven [15] that a sequence {xk} generated by the following algorithm converges to
a stationary point of (PCMP), moreover numerical sequence {F(xk)} is nondecreasing and
convergent.
[PCMP Local Search (D, M)]
Let xk ∈ D be given, k = 0, 1, 2, . . .
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for all m ∈ M
wm = arg max

〈∇ fm(xk), x
〉
s.t. x ∈ D ∩ Pk

endforall
wr = arg max{mini∈M fi (w

m) | m ∈ M}
if ‖ wr − xk ‖≤ ε

then stop /* local solution found */
else k = k + 1; xk = wr ;

4 Necessary global optimality condition checking

For a differentiable convex function f (·) the necessary global optimality condition (1) can
be written like

z = argmax(C M) ⇒ 〈∇ f (ȳ), x − ȳ〉≤ 0, ∀x ∈ D, ∀ȳ : f (ȳ) = f (z).

Let y be a local maximum of (C M). Obviously, y is not the global maximum, if there are
ȳ : f (ȳ) = f (y), u ∈ D such that 0 < 〈∇ f (ȳ), u − ȳ〉.

For j ∈ J (y) we consider the following convex problem :
{

maximize
〈
a j , x

〉
,

subject to f (x) ≤ f (y), x ∈ D j ,

where a j ∈ Rn is the normal vector of j-th constraint and D j defined like

D j =
{

x |
〈
ak, x

〉
≤ bk; for all k �= j

}
.

Proposition 1 Let w j = argmax{〈a j , x
〉 | f (x) ≤ f (y), x ∈ D j }.

If
〈
a j , w j

〉
< b j , then y is not the global solution to (C M).

Proof By first order optimality conditions, there are λ ≥ 0, μk ≥ 0, k = 1, . . . , m, k �= j
such that ⎧⎨

⎩
a j − λ f (w j ) − ∑

k �= j μkak = 0,

λ( f (w j ) − f (y)) = 0,

μk
(〈

ak, w j
〉− bk

) = 0, ∀k = 1, . . . , m, k �= j.

Hence, for any x ∈ D satisfying
〈
a j , x

〉= b j , the inequality
〈
a j , w j

〉
< b j implies

0 <
〈
a j , x − w j

〉
= λ

〈
∇ f (w j ), x − w j

〉
+

∑
k �= j

μk

〈
ak, x − w j

〉
.

On the other hand, it is not difficult to see that for x ∈ D j

∑
k �= j

μk

〈
ak, x − w j

〉
≤

∑
k �= j

μk

(
bk −

〈
ak, w j

〉)
= 0,

and therefore

0 <
〈
a j , x − w j

〉
≤ λ

〈
∇ f (w j ), x − w j

〉
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Since f (·) is convex, one has

0 <
〈
∇ f (w j ), x − w j

〉
≤ f (x) − f (w j ) = f (x) − f (y),

which proves the proposition ∃x ∈ D : f (x) > f (y). ��
Corollary 1 Let w̄ j = argmax{〈a j , x

〉 | f (x) ≤ f (y)}.
If

〈
a j , w̄ j

〉
< b j , then y is not the global solution to (C M).

Remark 2 We note that in the case of quadratic function

f (x) = 1

2
〈Qx, x〉− γ,

with positive definite matrix Q and γ > 0, the above problem is solved analytically:

w̄ j =
(

〈Qy, y〉〈
Q−1a j , a j

〉
) 1

2

Q−1a j .

5 Piece Adding TeCHnique or PATCH algorithm

The idea of piece adding technique (or PATCH algorithm) is that once a local solution is
found, the method constructs so-called “patch” around the local solution to prevent returning
back its region and does a local search for piecewise convex maximization problem with
additional piece.

More precisely, for escaping from a local solution region we propose to solve locally the
following (PCMP) {

maximize min{ f1(x), . . . , fm(x)}
subject to x ∈ D,

with

f1(x) = f (x) − f (ŷ)

fk(x) = pk−1(x), k = 1, . . . , m

where pk(x) = pyk (x), a patch around local solution yk of (C M) and ŷ is the best between
{y1, . . . , ym}.
Now we are in position to describe our global search algorithm.

[Global Search (x)]

1. y = [CM Local Search (x)]
2. necessary global optimality conditions checking at y

if (∃ j : 〈
a j , w j

〉
< b j )

then x = PrD(w j ) and goto 1.
else construct a ( pseudo ) patch py(·)

3. u = [PCMP Local Search (D, M)]
if f (u) ≥ f (y)

then x = u and goto 1.
else pop(patches) and goto 3.
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5.1 The algorithm convergence

Assume that m = 2 and we compare two problems

(C M)

{
maximize f (x)

subject to x ∈ D,
(C M P)

{
maximize min{ f (x) − f (y), py(x)}
subject to x ∈ D,

We make the following assumption.

Assumption 1 There is a function py(x) defined like a patch, that satisfies inequality

py(z) ≥ f (z) − f (y) (A)

at the global maximum z.

Proposition 2 If z ∈ argmax(C M) then there exists some patch py(·) fulfilling assumption
(A) such that z ∈ argmax(C M P)

Proof Suppose that, for all py(·) such that py(z) ≥ f (z) − f (y), z �∈ argmax(C M P) then

0 ≤ f (z) − f (y) = min{ f (z) − f (y), py(z)} < max
x∈D

min{ f (x) − f (y), py(x)}
From patch definition and strict greater than 0 inequality, we get both py(x)≥ 0 and f (x) −
f (y) ≥ 0. Therefore, there exists x̄ ∈ D such that

0 ≤ f (z) − f (y) < min{ f (x̄) − f (y), py(x̄)}
Either, f (x̄) − f (y) ≤ py(x̄) then f (z) < f (x̄) contradicts global maximum at z for (CM),
or py(x̄) < f (x̄) − f (y) and f (z) − f (y) < py(x̄) implies f (z) < f (y) + py(x̄) < f (x̄),
the same contradiction. ��
Remark 3

– For the converse (sufficient condition), let us consider z ∈ argmax(C M P) then

min{ f (x) − f (y), py(x)} ≤ min{ f (z) − f (y), py(z)} for all x ∈ D (5)

From assumption (A), min{ f (z) − f (y), py(z)} = f (z) − f (y) therefore

min{ f (x) − f (y), py(x)} ≤ f (z) − f (y) for all x ∈ D,

equivalently

min{ f (x), py(x) + f (y)} ≤ f (z) for all x ∈ D,

However, at this point, without any further information about the actual patch py(·) we
cannot conclude that z ∈ argmax(C M).

– On the other hand, (CM) remains invariant under the patch constraint py(x) ≥ 0; obvi-
ously, it is not true for a pseudopatch constraint. According to Lagrangian rules, there
exists some multiplier λ ≥ 0 such that a solution of (C M) maximizes also the Lagrangian
function :

f (x) − f (y) + λpy(x) = min{ f (x) − f (y), λpy(x)} + max{ f (x) − f (y), λpy(x)}.
Intuitively speaking, at global optimum, second term should cancel so that both
(C M), (C M P) problems are equivalent upto λ; moreover, from py(z) ≥ f (z)− f (y) >

0, we could see that py(z) measures the quality of the local solution y.
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6 Computational experiments

The patch algorithm has been tested on a bunch of convex maximization problems taken from
“A collection of test problems for constrained global optimization algorithms” , “Handbook
of test problems in local and global optimization” [13,14].

We present the numerical results in the table below and the meanings for all columns in
the table follow:

– number of variables;
– number of constraints ;
– number of (C M) local searches;
– number of (PC M P) local searches;
– the best value found
– the global optimal value.

Problem n m CM LS PCMP LS The best value Optimal value
fp1 5 11 3 73 17.0 17.0
fp2 6 13 1 0 361.5 361.5
fp3 13 35 1 0 195.0 195.0
fp4 6 10 4 2 11.0 11.0
fp5 10 31 2 2 268.01463 268.01463
fp6 10 25 2 2 39.0 39.0
fp7-1 20 30 10 93 394.0814 394.7506
fp7-5 20 30 22 220 4150.41013 4150.41013

The problem 7 is formulated with the sets of parameters and these parameter values
(λi = 1, αi = 2)(λi = i, αi = 2) provide the problems fp7-1, fp7-5 respectively.

The global optimal solutions are found for almost all test problems considered and it con-
firms the promisses of such a technique whose generalization to (PCMP) itself is straight-
forward.

7 Concluding remarks

In this article, we improve standard linear separation for convex maximization by using a
strictly convex separation function instead. The global search algorithm incrementally adds
patch function derived from (CM) ⇒ (CMP) therefore, there is no proof certificate of global
optimality. The patch function actually forbids to return back to a local maximum, while
pseudopatch guesses a good candidate for improvement. Any global search algorithm for
convex maximization somehow enumerates the extremal points in the domain and its effi-
ciency highly depends on the ordering. Here, the pseudopatches early detect good candidates
due to their deep cutting capability.
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