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1. Introduction

In the recent years, equilibrium type problems have been well studied. They
are related to numerous important subjects of current mathematics, such as,
problems of Nash equilibria, optimization problems, variational inequali-
ties, complementarity problems, and fixed point problems, and have been
shown to be very useful in mathematical economics, mechanics, numerical
analysis and calculus of variations. For details, we refer to [1-32] and the
references therein.

Recently, some interesting and important problems related to equilibrium
problems and other related problems have been introduced and studied in
recent papers. In 1999, Ansari and Yao [1] introduced and studied a sys-
tem of variational inequalities. In [2], Ansari and Yao introduced and stud-
ied systems of generalized variational inequalities. Ansari et al. [3, 4] intro-
duced and studied systems of vector equilibrium problems and gave some
applications to vector optimization problems. Very recently, Ansari et al. [5]
further introduced and studied a system of vector quasi-equilibrium prob-
lems. In the papers [1-5], an important tool is a maximal element theorem
due to Deguire et al. [6]. On the other hand, Kassay and Kolumban [7]
introduced a system of variational inequalities and established an existence
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theorem by Ky Fan lemma. In [8], Kassay et al. further introduced and
studied Minty and Stampacchia variational inequality systems by Kakutani—
Fan—Glicksberg fixed point theorem. In [9], Fang and Huang studied sys-
tems of strong implicit vector variational inequalities and proved some
existence results by using Kakutani—Fan—Glicksberg fixed point theorem.
For other papers related to systems of variational inequalities and com-
plementarity problems, we refer to [10-17] and the references therein.
Motivated and inspired by these works, in this paper, we study a system
of vector equilibrium problems and prove some existence results by using
(8)4-conditions and Kakutani-Fan—Glicksberg fixed point theorem.

The rest of this paper is organized as follows: In Section 2, we give
some concepts and notations. In Section 3, we introduce some concepts of
(S)-conditions. Section 4 is devoted to existence results for systems of vec-
tor equilibrium problems.

2. Preliminaries and Formulations

In this section, we recall some concepts and give some formulations of
problems which will be studied. Let D be a nonempty, closed and convex
subset of a real Banach space E and P be a pointed, closed, and convex
cone of a real Banach space F with int P #@, where int P denotes the inte-
rior of P.

DEFINITION 2.1. A mapping T: D — 2 (the family of all the nonempty
subsets of F) is said to be

(1) upper semi-continuous at x € D if for any open set V containing
T (x), there exists a neighborhood U of x such that T(U)CV;

(2) upper semi-continuous if 7' is upper semi-continuous at every x € D;

(3) closed if the graph Graph T ={(x,u)e D x F:ueT(x)} of T is
closed.

Remark 2.1. If the image of T is contained in a compact subset of F,

then T:D — 2% is upper semi-continuous if and only if T is closed.

DEFINITION 2.2. [18]. A mapping g: D — F is said to be P-upper semi-
continuous if for every y e F, the set g~'(y —intP) is open in D.

DEFINITION 2.3. [19]. A mapping g: D — F is said to be
(i) P-convex if

tg(x)) + (1 —1)g(x2) —g(tx; + (1 —t)xy) eint PU{0}, Vxi,x2€D,
1[0, 1];
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(i1) P-quasiconcave if for any x;,x, € D,t€][0, 1],

gxegtxi+(1—nx)—P or  glx)egx+(1—-1)x)—P.
DEFINITION 2.4. [19]. A mapping h: D x D — F is said to be
(I) P-quasiconvex-like if for any x, y;, € D,t€][0, 1],
h(x,ty1+1=0)y2)) €h(x, y1)—P or h(x,tyi+1—=10)y) € h(x,y2)—P;
(II) vector 0O-diagonally convex if for any finite set {y, y2,...,y.,} C D,
Xn:tjh(x, yj) ¢ —int P
j=1

whenever x=3"_,

1jyj with 51 >0 and Z?:l ljzl.
EXAMPLE 2.1. Let E=R,D=R;,F=R*P=R2, and h:Dx D — F
defined by

A3
hx,y)= (;ng _x)z)) Vx,yeD.

For any finite set {yi,y2,..., .} C D and x=}7_,#;y; with #; >0 and

> i_itj=1, it follows that

~ o (2= (Y —x)?
;fjh(x,yj)—i;[j (x3()])j_x)>_<x3(i;l_:1tjyj_x)
Jj= j=

= (x 2 t~6(yj —x)3> ¢ —int P.

Hence & is vector 0-diagonally convex.

In what follows, unless other specified, we always suppose that I is an
index set, for each i €I, K; is a nonempty, closed and convex subset of a
real Banach space X;, and C; is a pointed, closed, and convex cone of a
real Banach space Y; with int C; #¢. Let X =[], Xi, K =][[,.; Ki, X;=
]_[#[X.,»,K;:]_[j#il(j, and for each i e I,F;: K; x K; x K; —> Y; be a
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mapping. The system of vector equilibrium problems is formulated by find-
ing x =(x;);c; € K such that for all i €1,

(SVEP) Fi(x;, xi, yi)) ¢ —int C;,  Vy; €K,
where x; = (x;) 4 € K;.

Special Cases:

(1) If for each iel,Y;=R,C;=R; and F;=¢;, where ¢;: K; x K; x K; —
R is a function, then (SVEP) reduces to the system of equilibrium
problems: find x = (x;);c; € K such that for all i €1,

(SEP)  ¢;(x7,x;,y) =0, Vy €Kk,.

(2) If for each i €I, F;(x;7, x;, yi) =(Ti (x5, x;), yi —x;), where T;: K; x K; —
L(X;,Y;), and L(X;,Y;) denotes the space of all the continuous lin-
ear mappings from X; into Y;, then (SVEP) reduces the system of
vector variational inequality problems: find x = (x;);e; € K such that
for all iel,

(SVVIP) (Ti(x;, x;), yi — x;) ¢ —int C;, vy € K;.

(3) If for each i €1,Y; =R, and C; = R,, then (SVVIP) reduces to the
system of variational inequality problems: find x = (x;);c; € K such
that for all i e[,

(SVIP) (T; (x7, xi), yi —x;) 20, Vy ek,.

(4) If I is a singleton, then (SVEP) reduces to the known vector equilib-
rium problem (VEP), which also includes as special cases the classi-
cal equilibrium problem and variational inequality problem.

Remark 2.2. In terms of maximal element theorems, some existence results
for (SVEP), (SEP), (SVVIP), (SVIP) were presented in [1-5], respectively. In
[7, 8], some existence results for (SVIP) were proved by Kakutani—Fan—Glicks-
berg fixed point theorem and Ky Fan lemma when 7 is a finite set.

3. (S)4-Conditions

In this section, we introduce (S);-conditions for a family of mappings.
First recall some concepts and notations presented in [20-22].
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Let Z be a Hausdorff topological vector space, A be a nonempty subset
of Z and C C Z be a cone with int C#@. The superior of A with respect
to C is defined by

Sup A={z€A:AN(z+int C)=0)}
and the inferior of A with respect to C is defined by
Inf A={z€e A:AN(z—int C)=0)},

where A denotes the closure of A.

As pointed out in [22], the superior Sup A and inferior Inf A with
respect to C are extensions of the usual supremum and infimum of A. If
A is a nonempty compact subset of Z, then both Sup A and Inf A are
nonempty. Let {z,}se; be a net in Z. The limit superior and limit inferior
of {z4}aer (With respect to C) are defined by

Limsup z, =Inf U Sup S, Liminf z, =Sup U Inf S,

ael ael

where S, ={zp: B> a}. The limit superior and limit inferior of {zy}ae; (With
respect to C) are also extensions of the usual limit superior and limit infe-
rior of {z,} (see [22]).

To obtain our main results, we need the following lemma due to Chiang
and Yao [22]:

LEMMA 3.1. (Theorem 2.1, [22]). Let {Zy}oer be a net in Z convergent to
z, and So ={zg: B> «a}. Then the following conclusions hold:

(1) If there is an ag such that for every a > there exists B> o with Inf
Sg#D, then z € Liminfz,.

(i1) If there is an o such that for every a = there exists B >a with Sup
Sg#W, then z € Limsup z,.

Now we recall some known (S),-conditions. Let E, F be two Banach
spaces, D C F be a nonempty set and P be a pointed, closed and convex
cone in F. A mapping T: D — E* (the dual space of E) is said to be of
class (S)y (see [22, 33, 34]) if for any net {x,} C D,

xq — x weakly and lim sup(Tx,, x4 —x) <0=x, — x strongly.

In [22], Chiang and Yao extended (S) -conditions to vectorial map-
pings. A mapping 7: D — L(E, F) is said to be of class (S); if for any
net {x,} CK,

xe — x weakly and Limsup (T x,, xy, —x) C F\int P = x, — x strongly.
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In [24], Chadli et al. extended (S).-conditions to bifunctions. Very
recently, Fang and Huang [25] further extended (S).-conditions to vecto-
rial bifunctions. A mapping ¢: D x D — F is said to be of class (§), if for
any net {x,} C D,

xe — x weakly and Liminf ¢(x,, x) C F\(—int P)= x, — x strongly.

In terms of (S),-conditions, some existence results for variational inequal-
ities and equilibrium problems were proved in [22-25]. Now we extend
(S),-conditions to a family of mappings.

DEFINITION 3.1. Let ®;:K x K; — Y; be a mapping for all i € I. We say
{®i}ier 1s of class (S)4 if for any net {x*}={(x;)%,} C K with weak limit
x=(x;)iec1 €K,

Liminf ®;(x%, x;) CY;\(—intC;), Viel—=— x%— x strongly.
Remark 3.1.

(1) If for each i €1,Y; =R, C; = R, then Definition 3.1 reduces to that
of a family of functions {¢;};e;s, 1.€., {¢;}ics 1s said to be of class (S).
if for any net {x*}={(x;){,;} C K with weak limit x = (x;);c; € K,

Liminf ¢; (x*, x;) >0, Viel — x*— x strongly,

where ¢;: K x K; — R is a function.

(2) If for each i €I, ®;(x,y;) = (T;(x),y; — x;) for all x = (x;);e; € K
and y; € K;, then Definition 3.1 reduces to: {T};c; is said to be of
class (S); if for any net {x*}={(x;)%,} C K with weak limit x =
(xi)iec1 €K,

Limsup(7; (x%), x}" —x;) CY;\int C;, Viel—=—x%— x strongly,

where T;: K — L(X;,Y;).

(3) If I is a singleton, then Definition 3.1 reduces to the definition of
(S),-conditions for vectorial bifunctions in the sense of Fang and
Huang [25], which also includes those of other (§);-conditions in
[22-24, 33, 34].

EXAMPLE 3.1. Let K; be a nonempty, closed, and convex subset of a real
reflexive Banach space X;,i =1,2, and ¢: K| x K x Kj — R and ¢: K| X
K> x K» — R be two functions, and «, B: R™ — R' be two continuous and
strictly increasing functions. Assume that
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(1) p(a,b,x) + ¢(x,b,a) + a(la — x|) <0 and ¢(a,b,y) + ¢(a,y,b) +
B(lb—y|) <0 hold for all a,x€ K; and b, y € K»;

(2) for any fixed (a,b) € K| x K»,¢(a,-,-) and ¢(-, b, ) are completely
continuous;

(3) ¢(a,b,a) >0 and ¢(a,b,b) >0 hold for all (a,b) e K| x K.

Then {¢, ¢} is of class (S)..

Proof. Let {(a;, b))} C K| x K, such that (a;,b;) converges weakly to
(a,b) and

liminf, ¢(ay, by, a) >0,
lim il’lf)\ ¢(Cl)” b)h, b) 2 0.
By condition (1),

p(ax, bi,a)+y¢(a, by, a)) +a(llay—al) <0,
¢(a)w b)n b) +¢(a)w b7 b)») +ﬂ(”b)u _b”) go

It follows from condition (2) that

liminf; ¢(a;, by, a) +¢(a, b, a) +liminf; a(llay —al) <0,
liminf; ¢ (ax, by, b) + ¢ (a, b, b) +liminf; B(||b, — b)) <O.

By condition (3),

liminf; a(|la), —all) <0,
liminf; B(||by —b||) <O0.

Since o and B are continuous and strictly increasing, (a,,b;) converges
strongly to (a,b). Thus {p, ¢} is of class (§),. O

4. Existence Results

For our main results, we need the following lemma.

LEMMA 4.1. (Lemma 3.1, [25]). Let D be nonempty, compact, and convex
subset of a finite dimensional space E and P be a pointed, closed and convex
cone of a real Banach space F with int P #0. Suppose that ¢: D x D — F
is a mapping satisfying the following conditions:
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(1) o(x,x)g—intP for all x € D,

(2) For every ye D, ¢(-,y) is P-upper semi-continuous;
(3) ¢ is vector 0-diagonally convex;

(4) For every ye D, ¢(-,y) is P-quasiconcave.

Then the problem formulated by finding x € D such that
ox,y)g—intP, VyeD

admits a nonempty, bounded, closed and convex solution set.

THEOREM 4.1. For each i €1, let K; be a nonempty, bounded, closed and
convex subset of a real reflexive Banach space X; and C; be a pointed, closed,
and convex cone of a real Banach space Y; with int C; #0. For each i €1,
let Fi:K; x K; x K; = Y; be a mapping satisfying the following conditions:

(1) For any given x = (x;)ie; and each i €l, F;(x;, x;, x;) &€ —int C;;

(2) For any given x = (x;)ic; and each i €1, Fi(x;, -, x;) is C;-quasiconcave;

(3) For any given x = (x;)ic; and each i €1, Fi(x;,-,-) is vector 0-diago-
nally convex and C;-upper semicontinuous;

(4) For any given x = (x;)ic; and each i €I, F;(-, -, x;) is continuous,

(5) {®@i(-, )}ier is of class (S)y, where @;(x,y;) = Fi(x;, x;, y;) for all x =
(xi)ier,yi€K; and i € 1;

(6) For any net {x*} = {(x)i;}, any x = (xi)ies € K and each i € I,
there exists oy such that for every o > o there exists B > a with
Inf dD,»(xﬁ, X,’) 75 @.

Then (SVEP) is solvable.

Proof. Define M by
M= {M CcCX: M= l_[ M; with M; is a finite-dimension subspace of
iel
X; and Ky, =K;NM,; #9 for all ie]}.

For given M e M and z7=(z;);c; € K, consider the following auxiliary prob-
lems:

(AP)’A,, find x; € Ky, such that F;(z;, x;, y;) € —int C;,
Vy,'EKM,., iel.

It is easy to see that for each i €1, Fi(z;, -, ) satisfies all the assump-
tions of Lemma 4.1 from conditions (1)-(4). By Lemma 4.1, for each i €
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1, (AP)?u has a nonempty, bounded, closed and convex solution set. For
each i € I, define a multivalued mapping 7;: Ky, — 2K by

Ti(z;) ={xi € Ky, : Fi(z;, x;, yi) ¢ —int C;, Vy, € Ky}, Vzz€ Ky

The arguments above imply that for each i € I and z; € Ky, Ti(z;)
is nonempty, bounded, closed and convex. Furthermore, for each i €1,
it is easy to verify that 7; has a closed graph from condition (4). So
T; is upper semi-continuous by Remark 2.1. Now define T: K, — 2Ku
by

T(z2)=(T;(z;))ier, Y2=(2i)ic1 €Kpm.

From the above arguments, we know that 7 is upper semi-continuous
with nonempty, compact and convex values. By Kakutani-Fan—Glicksberg
fixed point theorem (see [35]), there exists u = (u;);e; € Ky such that u e
T (u), ie.,

Ml'GKMl. and E'(u;,ui,y[)gé—intci, Vy,'EKM,., Viel.
Denote by Sy, the solution set of the following problem:
find u= (ui)iel € K such that F,(u;, u;, y,-) ¢ —int C;, Vy,- € KM,., Viel.

Obviously Sy is nonempty and bounded. Then EL is weak compact
since X; is reflexive for all i € I, where SE 1s the weak closure of Sy in
K. Let M/ =[[;.,;,M{ e M, j=1,2,...,n and L=]];., L; with L; is the
subspace of X; spanned by U?:l M/ for all i el. It is easy to see that
S. C ﬂjzl Syi. This implies that {EX}:M € M} has the finite intersection
property. It follows that

[ Su#2.
MeM

Let u* = u})ier € \yem S}fl. We assert that u* is a solution of (SVEP).
For any given y = (y;);e; € K, choose M € M such that u*,y € K);. Then
there exists a net {u®}={(u;)?,;} € Sy with weak limit u* since u* eg,‘“;. It
follows that for each i el

F; (u?‘, ul,ui)¢ —intC;, Vo
Hence

Liminf®; w*, u}) CY; \ (—intC;), Viel.
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Since {®;(-, -)}ie; is of class (S).,u* converges strongly to u*, i.e., for
each i € I,u? converges strongly to u}. For any given y=(y;)ic; € K, from
condition (4), we know that for each i € I, ®;(u%, y;) converges strongly to
®; (u*, y;). By Lemma 3.1 and condition (6),

for each iel, ®;(u",y;)eLiminf®;u’*, y;)CY;\(—=intC;), Vy, €K,
1.e.,

for eachiel, F(ui,uf,y)¢—intCi, Vy €K,

By Theorem 4.1, we obtain the following existence results.

COROLLARY 4.1. For each i €1, let K; be a nonempty, bounded, closed
and convex subset of a real reflexive Banach space X; and ¢;: K; x K; x K; —
R be a function satisfying the following conditions:

(1) For any given x =(x;);ie; and each i €I, ¢;(x;, x;, x;) = 0;

(2) For any given x =(x;)ie; and each i €1, ¢;(x;, -, x;) is quasiconcave;

(3) For any given x =(x;)ie; and each i €1, ¢;(x;, -, ) is 0-diagonally con-
vex and upper semi-continuous;

(4) For any given x = (x;)ie; and each i € I, ¢; (-, -, x;) is continuous;

(5) {@i (-, Vier is of class (S)y, where ¢i(x,y;) = ¢;(x;, xi, yi) for all x =
(-xi)iela yi € K,', and i el.

Then (SEP) is solvable.

COROLLARY 4.2. For eachie€l, let K; be a nonempty, bounded, closed and
convex subset of a real reflexive Banach space X; and C; is a pointed, closed,
and convex cone of a real Banach space Y; with int C; 2. For each i €1, let
T;:K; x K; = L(X;, Y:) be a mapping satisfying the following conditions:

(1) For any given x = (x;)ic; and each i € 1, y; — (T;(x;, y;), xi — y;) is C;-
quasiconcave;

(2) For any given x = (x;)ie; and each i €1, (z;, yi) > (Ti(x;,2i), yi — zi) IS
vector O-diagonally convex and C;-upper semi-continuous;

(3) For each i €I, T; is continuous;

(4) {Ti}ies is of class (S)4, where Ti(x) =Ti(x;, x;) for all x=(x;)ies for
all iel;

(5) For any net {x*} = {(x;)i¢;}, any x = (xi)ier € K and each i €1,
there exists oy such that for every a = aqg there exists, B > o with
Sup(T; (x#), x; — x0') #0.

Then (SVVIP) is solvable.
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COROLLARY 4.3. For each i €1, let K; be a nonempty, bounded, closed
and convex subset of a real reflexive Banach space X; and let T;: K; x K; —
X be a mapping satisfying the following conditions:

(1) For any given x = (x;);c; and each i € I,y; — (Ti(x;, yi), x; — yi) 18
quasiconcave;

(2) For any given x =(x;);c; and each i €I, (z;, yi) > (T;(x7,2i), yi —2i) 18
0-diagonally convex and upper semi-continuous;

(3) For each i eI, T; is continuous;

(4) {T;}ics is of class (S),, where T;(x) =T;(x;, x;) for all x=(x;);e; for
all iel.

Then (SVIP) is solvable.

Remark 4.1. The method used in the proof of Theorem 4.1 is quite
different from those in [1-5], where some existence results for (SVEP),
(SEP), (SVIP) were also obtained.
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