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THE METHOD OF INTEGRAL TRANSFORMATIONS

FOR SOLVING BOUNDARY-VALUE PROBLEMS

FOR THE HEAT CONDUCTION EQUATION

IN LIMITED AREAS CONTAINING A MOVING BOUNDARY

V. V. Shevelev UDC 539.19

A method of integral transformations for solving the boundary-value problems for the equation of heat conduction in
limited regions containing a moving boundary of phase transition has been developed. New integral representations
of the solutions of boundary-value problems for the heat conduction equation under different boundary conditions
assigned on the outer fixed boundaries of a limited region are obtained. The analytical expressions obtained by the
proposed method for solving the indicated boundary-value problems are convenient for calculating and studying
the temperature fields, as well as the velocity of motion of the interface at large Fourier numbers.
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Introduction. Mathematical models of the processes of heat conduction and diffusion in regions containing moving
boundaries play an important role in the study and prediction of technological processes in which use is made of the
processes of heat conduction (heat treatment, crystallization, melting) and diffusion (processes with phase transition in a
solid state in multicomponent systems, solidification of solutions in the melt, processes of saturation of the material with a
technologically important components) [1-5].

The indicated mathematical models are boundary-value problems for the equations of heat conduction or diffusion
in regions separated by moving boundaries and are among the most difficult problems of mathematical physics. This is due
to the fact that for technologically important cases, the laws governing the movement of mobile boundaries must be self-
consistent with temperature or/and diffusion fields that satisfy the equations of heat conduction or/and diffusion from the
conditions of heat or/and mass balance on them. Usually, this leads to the necessity of solving the corresponding nonlinear
integro-differential equations numerically or analytically, if analytical representations of the problems are found, or, from
the outset, of applying numerical methods to the solution of all boundary-value problems of the model.

Compared to numerical methods, analytical methods have the advantage that they allow one, especially in the
case of a large number of parameters determining the kinetics of heat and mass transfer and phase transition processes, to
readily study the influence of these parameters on the laws governing the development of the corresponding technological
processes.

Due to the above-noted nonlinearity of the equations that determine the motion of interfaces, at the present time there
is no standard analytical method for solving boundary-value problems for the equations of heat conduction or diffusion in
regions separated by moving boundaries. In each individual case, a specific analytical method is developed for their solution
[3—11]. Effective analytical methods for solving boundary-value problems of heat conduction and diffusion, which model the
kinetics of phase transitions, are the Green's function method [6, 12] and the method of integral transformations [6, 8, 13].

In [13], using the Fourier transform, integral representations of solutions of boundary-value problems of heat
conduction and diffusion in a two-phase region with a moving interface were obtained with the assumption that the initial
phase, as in most problems modeling the kinetics of phase transitions, occupies the entire space, i.e., not taking into account
the limitedness of the region containing the moving boundary. This assumption limits the applicability of the majority of the
existing models of the kinetics of phase transitions to the initial stages of the process.

If the inner boundary of the heat and mass transfer region is immovable (two-layer region), then in this case the
analytical solution of the problem can be obtained by the method of integral transformations for limited regions, which is
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described in detail in [6]. However, in the presence of the moving boundary, it is impossible to find the eigenfunctions of
the corresponding Sturm—Liouville problems and, consequently, to fully implement the advantages of the method of integral
transformations. In this regard, work [14] proposes a method of extending the boundaries in problems with phase transitions
allowing one to represent their solutions in the form of Fourier series in an orthogonal system of functions in a properly
expanded area of constructing a solution.

Taking into account the above-described state of the art in the development of analytical methods of solving the
boundary-value problems of heat conduction, which model the kinetics of phase transitions, in this paper we developed an
analytical method, which, for solving the boundary-value problems for the equations of heat conduction in a limited region
containing a moving interface, uses the method of integral transformations for limited regions which is similar to the method
proposed in [13] for an unlimited region. The method makes it possible also to consider technologically important cases
that were not considered in [14], when the entire material at the initial moment is only in the state of the original phase (for
example, in the form of a melt).

Analogous boundary-value problems for the diffusion equation are used also to model the processes of phase
transition in solutions (solid and liquid), so that the approach outlined below can also be applied to integrally formulate
the solution of boundary-value problems for the equation of diffusion in a limited region containing a moving
boundary.

Formulation of the Problem. Let us consider the following boundary-value problem for the equation of heat
conduction in a limited region G containing an interface S(f) moving in it and separating two nonoverlapping regions G()
and Gjjg(?) at the time 7. The regions G4(7) and Gy;q(7) are limited also by immovable surfaces Sg and Sjjq, respectively:

00, (M, /ot = a MO, (M, 1), M e G,(t), ¢>0; )

O,M,0) =0,M)0, M e G,(0); 2)

O,M, 1) = Oy (M, 1) = vy (M), M eS(), t>0; 3)

Bl (M)o® (M, t)/on — B,(M)O (M, t) = —o,(M,t), M eS,, t>0; 4)
00y (M, D/t = a;AByq(M, 1), M € Gy(t), >0 &)

®liq(M’ 0) = chiq(M) , M e Gliq(o) 5 (6)

Bo1(M)0®yiq (M, 1)/on — B (M)O; (M, 1) = —@q(M, 1), M € Siq, t>0; (7)
pqvy = 10O, (M, 1)/0n — L@y (M, 0fon . M € S(t), t>0; ®)

Bl +Bh =0, B3 +P3 #0.

Boundary condition (3) determines the temperature at the interface depending on the mechanism of the growth of a
new phase. Boundary conditions (3), (4), (7), and (8) together with initial conditions (2) and (6) are sufficient for unambiguous
determination of the corresponding temperature fields, if the velocity of the interface is given. If the velocity of the interface
(growth rate) is not assigned, it is necessary to set an additional condition for its determination. This is the condition of
heat balance (8) on the interface, which significantly complicates the possibility of obtaining an analytical solution of the
formulated boundary-value problem, since it is necessary to self-consistently find the intercorrelated temperature field and
the function S(¢) [1]. Approximate analytical methods for solving self-consistent boundary-value problems for the heat
conduction and diffusion equations are presented in [3—6].

Solution Method. We seek the solution of boundary-value problems (1)—(8) by the method of integral transformations,
and in order to improve the convergence of the series obtained below, we seek the solution of these problems in the form
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O,(M, 1) = WM, 1) + Uy (M, 1), (€))

Oiq(M, t) = Wiiq(M, t) + Ujjg(M, 1) , (10)

where the functions W(M, 1) and Wy;q(M, 1) are the solutions of the following boundary-value problems:

W, (M, t)/dt = a AW,(M, t) — UM, t)/ot, M e G(t), t>0; (11)
WM, 0)=d,(M)-U,M,0, M eG|0); (12)

WM, t) =o(vy(M))-UM,t), MeSt, t>0; (13)
Bri(M)OW (M, 1)/on = Bp(M)W (M, 1) =0, MeS;, t>0; (14)
OWyiq(M, 1)/0t = ayAWiiq(M, 1) — Uy (M, 1)/0t , M € Gyq(t), t>0; (15)
Wiq(M, 0) = ©jq (M) —Ujjg(M, 0), M e Gq(0) ; (16)

Wig(M, 1) = vy (M) —=Uyg(M, 1), M e S@), 1>0; 17)

Bar (M)OWyq (M, 1)/On = Boy (MWiq(M, 1) =0, M € 8, >0, (18)

The functions Uy(M, ) and Ujjq(M, ?) are the solution of the following quasi-stationary problems:

AUM, 1) =0, MeG; (19)
B (M)OUS(M, t)/on — By (MU (M, 1) = —p,(M, 1), M €S, ; (20)
Bao1 (M)OU, (M, 1)/on — By (MYU((M, 1) = 0, M € Sy ; 1)

AUy (M, 1) =0, MeG; (22)

B11(M)OU g (M, )/on — By (MU (M, 1) =0, M e S, ; (23)

Bo1 (MU g (M, 1)/on — oy (M)Uyq (M, 1) = —@ig(M, 1), M € Sy, . (24)

In accordance with the method of integral transformations for limited regions, we seek for the functions
Wy(M, 1) and Wy;o(M, 7) in the form of Fourier series, assuming that these functions outside their domains of definition G(?)
and Gjjg(?) in their boundary-value problems are equal to zero:

0

war, =Y B% Dy an, MeGe, >0; (25)
=t Yell
E Wi (n, t
Wiq(M, 1) = Z%‘Pn(M)’ M e Gy (t), t>0. (26)
n=1 n
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Here, (M) is the system of functions orthogonal in the region G, i.e., jj j W, (P)Wi(P)dv =8, %A1% 1, = m W2 (P)dv
G G

is the square of the norm of the function W (M).
According to the theory of Fourier series,

Wk, 1) = [[[ WP, oW (PYav = [[[ WP, %, (P)aV 27)
G Gs (1)

Wiq(ks 1) = [[[ Wig (P, 0% o (PYAV = [[[ Wiig(P, ¥ (P)aV . (28)
G Giig (1)

To find the Fourier coefficients in expansions (25) and (26), we multiply both parts of Egs. (11) and (15) by
Wy(P, )Y (P)dV and Wy;o(P, 6)¥i(P)dV, respectively, and integrate over the regions G(?) and Gyig(1). When integrating, we
take into account that

% [[[ rou, nav =[] % s, nav +[[[ div oor . 0yav =[] % S, 0av + [[ v, £, 0as |

() 40 () V() S(0)

where v = dr(M, t)/dt, M € S(¢), and S(¢) = OV(¢) is the boundary of the region V(¢), and r(M, f), where M e S(¢) is the
radius vector of the point M that belongs to the surface S(¢); v, is the normal velocity of motion of the boundary S(¢) of the
region V(f), and n is the outer normal to S(7). As a result, we obtain the equations

dW, (k, t)/dt = ﬂ v, (P, W, (P, {)¥ (P)dS + m ¥, (P)(a,AW,(P, t) — OU,(P, t)/ot)dV , (29)
S() Gy (1)

dWyq (k, t)/dt = = [[ v, (P, g (P, )W (PYdSp + [[[ ¥4 (P)(aigAWiq (P, 1) = 0Ug (P, )/oydV . (30)
S(1) Giiq (1)

Here, v, is the normal velocity of motion of the boundary S(¢) of the region G(¢) in the direction n, which is the external
normal to S(¢) relative to the region G4(¢). We transform the triple integrals in (29) and (30) by the second Green's formula.
We have

m W, (P)AW, (P, £)¥, (P)dV = m W,(P, )AY, (P)dV
Galo) Gi(0)

+ ” (¥, (P)OW, (P, t)/on — W, (P, )3¥ , (P)/on)dS 31)
S(t)

+ ﬂ (¥, (P)OW,(P, t)/on — W, (P, 1)0F , (P)/on)dS
Ss
[[| we@amig P, 0av = [[[ Wig(P, DAY, (P)dV
Gliq (1) Gliq )

- ” (¥ (PYW;iy (P, 1)/0n — Wiy (P, )0 ; (P)/0n)dS (32)
S(t)

+ j j (¥ 1 (P)YOW,iq (P, )/0n — Wi (P, 1)« (P)/n)dS .

N liq

To obtain the equations for the Fourier coefficients ¥ (k, #) and qu (k, t), we require that the functions Yi(P), P € G
satisfy the equation
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AY(P) +y°¥(P) =0, PeG (33)

and boundary conditions

B (P)OY (P, t)/on — B, (P)Y(P,t) =0, P e, (34)
Bai (PYOY(P, t)/on — B (PYY(P, 1) =0, P e Sy - (35)

Thus, we have the Sturm—Liouville problem (33)—(35). As is known, the eigenfunctions ¥;(P) and ¥;(P) of this
problem, corresponding to different eigenvalues y?,i=1,2, ..., yi,k=1,2, ... (y? # y}), are orthogonal in the region G,

ie., _Uj Y, (P)Y(P)dV = Sik||‘l’k||2, and form a complete system, proving that expansions (25) and (26) are well founded.
¢ Taking into account Egs. (31)—(33) in the right-hand side of Egs. (29) and (30), we obtain
A, (k, 0)ldt + agg3 (k. 1) = [[ v,(P. OW,(P, ) (P)dS
S(t)

+ a, j j (¥, (P)OW, (P, t)/on — W, (P, £)0¥ , (P)/on)dS — m ¥, (P)OU, (P, t)/otdV (36)
S(t) Gs (1)

+ jj (¥, (P)OW,(P, t)/on — W,(P, )0¥ , (P)/dn)dS ,
Ss

dWyq (K, £)/dt + ayqiWig(k, £) = = [[ v, (P, W (P, )W (P)dS
S(1)

— ayq [[ (P (PYWiiq (P, )/on — Wiq (P, )3 (P)/on)dS (37)
S(t)

- ” j W, (P)oU o (P, 1)/0tdV + j j (¥4 (PYOW,q (P, 1)/0n — Wy (P, )0 (P)/on)dS .

Giiq (1) Sliq

Let us further simplify the right-hand sides of Egs. (36) and (37) using boundary conditions (14), (18). For this purpose, we
consider the case where B;; # 0, B2 # 0. Analysis of other combinations of the values of coefficients B, B2, B21, and B
is carried out in a similar way. Then

¥, (P)OW,(P, t)/on — W,(P, t)o¥ , (P)/on

(38)
= L) g om, (P tyon - pawi(p. o) - LD g 0w, (Pyon - pawiPy = 0. Pes,.
1 1
Analogously,
Vi (P)
W (P)YOWiiq (P, 1)/0n — Wyq (P, )0 (P)/On = ——— (B210Wjiq (P, t)/0n — BpuWyiq (P, 1))
21 39)
I/Vliq(})’ t) _
- [3— Bri0¥ i (P)on =BV (P) =0, P e Sy .
21

Taking into account Egs. (38) and (39) in Egs. (36) and (37), respectively, we obtain the following equations for the Fourier
coefficients W, (k, t) and Wiq(k, 1)

AW, (k, H)ldt + agyiWe(k, t) = gox (1) (40)
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where

gu () = [[ v (P, OW (P, ) (P)dS
S(t)

(41)
+ aj H (¥, (P)OW,(P, £)/on — W,(P, )0 , (P)/on)dS — ” j ¥, (P)OU,(P, t)/otdV .
S(1) Gs (1)
Analogously,
dWiiq (k, 0)/dt + agYiWiq (k, 1) = giqi(0) (42)
where
ik (1) = = [[ vu(P, 0O (P, )¥  (P)dS
S(1)
(43)
~ ajq j j (¥ (P)OW;iq (P, 1)/0n — Wyg (P, 1)3¥  (P)/0n)dS — j ﬂ ¥, (P)oU, (P, 0)lotdV .
S(t) Gliq (1)
In accordance with Egs. (12) and (16), the initial conditions for Egs. (40) and (42) have the following form:
Wk, 0) = [[[ We(PX@(P) = Uy(P, 0)dV (44)
Gs(0)
Wiig(k, 0) = [[[ Wi (PY®yq(P) = Uy (P, 0))dV . (43)
Giiq (0)
Then the solutions of Egs. (40) and (42), with account for conditions (44) and (45), can be represented as
t
We(k, 1) = exp (~asyit) [W (k, 0) + [ exp (a5vinges (n)dnJ : (46)
0
t
Wiq (ks 1) = exp (=aiqVit) (qu (k, 0) + [ exp (aryimgi. (n)dn] : (47)
0

The functions Uy(M, 1) and Uyig(M, 1), which are the solution of boundary-value problems (19)-(21) and (22)—
(24), respectively, will be found using the same integral transformation that was used to find the functions Wy(M, ¢) and
Wiig(M, t). We have

UM, 1) = % VM), i=sliq, Uk t) = [[[ U2, 0PV . (48)
k=1 k G

The solution of problems of the type of (19)—(21) and (22)—(24) was considered in detail in [6]. Following [6] and taking
into account boundary conditions (20), (21), and (38), (39), we obtain

Uk, 1) = iz j j (¥, (P)OU,(P, 1)/on — Uy (P, 1)o¥ , (P)/on)dS
Yk Siq

+ iz j j (¥, (P)OU,(P, t)/on — U,(P, 1)0¥, (P)/on)dS = — ; 1 : J‘I‘k(P)¢S(P, 1)ds .
S, S,

Vi 117k

S

Analogously, taking into account Egs. (23), (24) and (38), (39), we have
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1
2 .”. Vi (P)@iiq (P, 1)dS .
217k 5

Ug(k, 1) = -

Substituting the obtained results into formulas (9) and (10), we write down the analytical representations of the solutions
of the posed problems:

0. 1) = - 3 2D [F s, (pyo (P, 1)ds,

B o el vk

(49)
0 t
Y, (M —
+Zﬁexp (a0 | (k. 0) + [ exp (aimegus(dn |, M € G,(0). >0
k=1 k 0
1w Y,
Ong (M, 1) = -3 D ([ g (Pyoy, (P, 1)ds
P k Il vE Sig
(50)

t

s} \1—’ M B
+ Z ||\;( |2) exp (—aan/zct) Wliq(k, 0) + I exp (aliq’Y%n)gliq,k(T])dn , M e Gliq(f) . t>0,
k=1 k o

where the functions g (1), W,(k, 0), Sligk(M), and VI_/“q (k, 0) are defined by expressions (41), (44) and (43), (45),
respectively.

The temperature fields Oy(M, ?) and Oyio(M, 1) can be expressed in terms of the Green's functions of the boundary-
value problem for the heat conduction equations (1) and (5), respectively, with boundary conditions (34), (35):

2 WL (MY, (P

GM, Pt —m) = Y SV o Cade-my, M, PeG, ts, (51)
=R
WL (MY, (P

Gnq(M,P,r—n)=Z%exp(—alyia—n», M, PcG, 1>n (52)
k=1 k

and in terms of the Green's function of the stationary heat conduction equation with the same boundary conditions:

i ¥, (M) (P)

G(M, P) = M, Peg. (53)
k=1 ||‘Pk|\2Yi
Then
0,(M, t) = ——jj G(M, P)o,(P, t)dSp + j dn ” v, (P, MW, (P, N)G,(M, P, t —1)dSp
1 0 S
+a [ dn [[ (G, Pt~ oW, (P, wionp ~ W, (P, W)G,(M, P, 1 = )/onp)dSp (54)

0 S

~ [ an [[[ G, P, =maU(P, yiendVp + [[[ Go(M, P, ) @(P) = U, (P, 0))dV} ,
0 Gs (1) Gs(0)
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t
1
O (M, 1) = = — [[ G(M, P)pyiq(P, )dSp — [ dn [[ v, (P, nWyq(P, W)Giig(M, P, t —n)dSp
21 Sliq 0 S(m)

t

— ayq[ dn [[ (Gig(M, P, t = )Wy (P, n)/omp — Wy (P, NG (M, P, t = m)/énp)dSp (55)
0 S()

t
—[dn [[| Gig(M, P, t =m)aUsg(P, my/ondVp + [[[ Gig(M, P, 1)Y(@yiq(P) = Uyg (P, 0)dV}p
0 Giiq (1) Giiq (0)

where the subscript P indicates integration or differentiation with respect to the variable P.

Analysis of Results. To get the final expression for Oy(M, 1) and Oy;y(M, ?) it is necessary to find the values
of WP, f)/on and OWiig(P, 1)/on, where P € S(t), that enter into the quantities g 4(¢) and Zlig,k(?), respectively. For
this purpose, it is necessary to take into account that on the interface S(¢) the series representing W (M, f) converges
in accordance with the theorem of convergence of the Fourier series at a point [according to Eq. (13)] to the quantity
(@(vy(M)) — Uy(M, 1))/2, and the series representing Wjiq(M, ) converges [according to Eq. (17)] to the quantity
(@(vy(M)) — Ujig(M, 1))/2. As a result, we obtain the following integral equations at M < S(¢), t> 0, which are necessary to
determine OW(P, t)/0n and OWy;o(P, t)/On:

t

[an [[ v(P, WP, MG, (M, P, t —m)dS
0 Sm)
t

+afdn [[ (GuM, P, 1 —WW,(P, )/onp = W.(P, WG (M, P, t =)/onp)dSp ©6)

0 SMm)
t

— [an [[[ G.(M, P, t = maU(P, n)/onaV,y
0 Gs (1)

+ [[| G, P, (@ (P) = Uy(P, 0)dVi = (v, (M) = Uy (M, 1)/2,
Gs(0)

t

[ dn [[ vu(P, nWiq(P, W)Giig(M, P, t —1)dSp
0 S(n)

t
— ayq[ dn [[ (Gig(M, P, t = )aW;q (P, m)/onp = Wig (P, MGy (M, P, t —n)/énp)dSp
0 S(n)

t
~[an [[[ Giq(M, P, t = )aUy (P, ny/onaVy (57)
0 Gliq (1)

+ [[[ GugM, P, Y@y (P) = Uyg (P, 0)dVp = (9(v, (M) = Uyiq (M, 1))/2..
Gliq (0)

Solving these equations, we find the quantities OW (P, ¢)/0n and 0Wy;o(P, 1)/On, the substitution of which into the heat
balance equation (8), with Egs. (9) and (10) taken into account, we obtain an equation for determining the normal velocity
of the surface S(7):

pqv, = A (OW,(M, t)/on + U (M, 1)/on)
(58)
- }Lliq(aVan(M, t)/@n + aUliq(M, t)/al’l) . M e S(t) , > 0.
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The representation of the solution of the posed problems in the form of Fourier series (49) and (50) is convenient
for calculating the kinetics of phase transitions at sufficiently large values of ¢ determined by conditions asylzt ,
ahqylzt >> 1. In this case, in the expressions of Wy(M, 7) and Wj;iq(M, 1) it is possible to be restricted to the first terms in the
series representing them.

Conclusions. The applicability of the method of integral transformations for limited regions containing a moving
boundary is shown. The obtained expressions for the temperature fields are convenient for their calculation in the case of
sufficiently large values of time and allow one to find the asymptotics of the velocity of the moving boundary.

The described approach can successfully be applied to solving stochastic differential equations of the mass,
momentum, and energy conservation laws [15], to calculating the thermally stressed state in materials in nonuniform
stationary temperature fields [16—18] when modeling heat transfer in a stationary nanofluid flow for calculating the
corresponding temperature profiles [19], in stochastic models of heat conduction [20, 21].

NOTATION

as and ajjgq, thermal diffusivity of the solid and liquid phases, respectively, mz/s; q, specific heat of melting,
J/kg; S(¢), interface; v,, normal velocity of the interface, m/s; W (M, f) and Uy(M, t), terms of the temperature field
Oy(M, 1), K; Wiq(M, 1) and Uyig(M, 1), terms of the temperature field Oy;q(M, ), K; P11 and By, parameters characterizing
the heat exchange of the region transferring with the environment through the external fixed surface Sy with dimensions
W/(mK) and W/(m2~K), respectively; B, and By, parameters characterizing heat exchange of the region transferring
with the environment through the external fixed surface Sijq with dimensions W/(m'K) and W/(mz-K), respectively; 6,,
Kronecker symbol; ®4(M, t), temperature at the point M € G,(¢) in the region G¢(¢) occupied by the solid phase at the mo-
ment ¢, K; ©jq(M, 1), temperature at the point M € Gy (?) in the region Gjjq(?), occupied by the liquid phase (melt) at the
moment ¢, K; Ag and Ajjq, thermal conductivity of the solid and liquid phases, respectively, W/(m'K); p, solid phase density,
kg/m3 ; @y(M) and Py;o(M), initial temperatures of the solid and liquid phases, K; ¢(v,(M)), temperature on the interface
S(¢), which generally is a function of the normal growth rate of the new phase and of the interface curvature, K; ¢(M, ) and
P1ig(M, 1), given functions of the control of heat exchange in the heat conduction region G with the environment through the
external surface S and Sj;q, respectively, W/m?. Indices: lig, liquid; s, solid.
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