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Consideration has been give to the thermoelasticity problem for a plane containing a rectilinear crack under
the conditions of constant tensile stress and a nonuniform stationary temperature field. The system’s thermo-
dynamic potential from whose stationary condition the criterion of brittle fracture of a material has been es-
tablished has been computed by solution of the problem indicated. The average durability of the material
under thermomechanical action has been evaluated.

Introduction. Among the external factors acting on different materials under the actual conditions of their
use, mechanical (load) and temperature (thermal action) fields are some of the most important. The reason is that when
the action on the material is fairly long, the above fields finally lead to its fracture and, consequently, to loss of the
necessary consumer properties of the product.

The destructive action of mechanical and temperature fields on glass products is based on the regions of
higher-than-average stress which are created by them near structural defects (cracks as a rule) and the thermofluctu-
ation character of destruction processes [1–3]. In the above region, this results in the reduction in energy barriers over-
come by a system in rupture of loaded bonds and in the increase in barriers necessary for restoring them.

The structural-statistical kinetic theory of brittle fracture of materials that allows for both the random (i.e., sto-
chastic) character of the initial distribution of structural defects by the degree of hazard and the stochastic character of
the process of fracture itself caused by the thermofluctuation development of cracks has been elaborated upon in [3, 4].

It is noteworthy that brittle fracture is the most hazardous form of destruction, since it is sudden and has no
warning signs. We note that this form of destruction is the most characteristic of glasses.

Formulation of the Problem. It is of practical interest to investigate the process of brittle fracture in the re-
gion of external action in which, from the viewpoint of the mechanics of a deformable body, we have no fracture no
matter how long the external action may be (region of weak external action).

In actual practice, within the framework of the kinetic approach, fracture of a material, as has been shown in
[3], is also possible in the region of weak external action (for which the asymptotic average-durability formula has
been established in [3]) by virtue of the thermofluctuation character of the rupture of bonds. The boundary dividing
the regions of weak and strong external actions is the well-known Griffith criterion which, according to [3, 4], deter-
mines the state of dynamic equilibrium for the fracture crack and coincides with the condition of stationary of the sys-
tem’s thermodynamic potential ∆Φ.

As applied to the process of fracture of the material, the Griffith criterion determines the regions of active
(∆Φ decreases) and passive (∆Φ grows) fracture. Therefore, the primary problem in the prediction of the durability and
strength of materials is in finding the system’s thermodynamic potential by solution of the corresponding problem of
elasticity theory. As far as we know, such an approach has been realized only in the case of pure mechanical action
[3, 4]; in the case of thermomechanical action we believe that both the fracture criterion (in the form of a Griffith-type
criterion) and the durability of materials have not been adequately investigated. A number of results based on finding
the stress-intensity factors within the framework of the force approach in the case of thermomechanical action have
been obtained in [5, 6].

Therefore, in this work, by solution of the thermoelastic problem for a sample with a fracture crack in the
form of an internal rectilinear crack, we have obtained an expression for the sample’s thermodynamic potential ∆Φ and
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thereafter, from the ∆Φ stationarity condition, have found the criterion of thermoelastic brittle fracture of the material
and have evaluated its average durability. The system’s thermodynamic potential Φ without allowance for the surface
energy is determined by the relation [7]

Φ = ∫∫∫ 
V

(f (σ, T) − σikεik) dV , (1)

where

f (σ, T) = f0 (T) − Kα (T − T0) + µ 



εik − 

1
3

 δikεll




2

 + 
1
2

 Kεll
2
 . (2)

Allowing for the fact that σik = −Kα(T − T0)δik + Kεllδik + 2µ 

εik − 

1
3

 δikεll



 and, as a consequence, σikεik =

−Kαεll(T − T0) + Kεll
2 + 2µ 


εik

2  − 
1
3

 εll
2


, expression (2) can be represented in the form

f (σ, T) = f0 (T) − 
1
2

 σikεik − 
1
2

 Kαεll (T − T0) . (3)

Substituting (3) into (2), we obtain

Φ = ∫∫∫ 
V

f0 (T) dV − 
1
2

 ∫∫∫ 
V

σikεik dV − 
1
2

 Kα ∫∫∫ 
V

(T − T0) εlldV . (4)

Let us subtract from both sides of equality (4) the value of the thermodynamic potential Φ(1) corresponding to the
same stressed state of the sample but in absence of a crack. Then the increment ∆Φ can be represented as

∆Φ = − 
1
2

 ∫∫∫ 
V

σikεik dV + 
1
2

 ∫∫∫ 
V

σik
(1)εik

(1)
dV − 

1
2

 Kα ∫∫∫ 
V

εll (T − T0) dV + 
1
2

 Kα ∫∫∫ 
V

εll
(1)

 (T(1) − T0) dV . (5)

In what follows the quantities referring to the stressed sample without a crack are marked with superscript 1,
and those with a crack are marked with 2. We represent the stress and strain tensors and the displacement vector in
the form

σik = σik
(1)

 + σik
(2)

 , (6)

εik = εik
(1)

 + εik
(2)

 , (7)

Ui = Ui
(1)

 + Ui
(2)

 . (8)

On the exterior surface of the sample S0, the conditions

σik
(1)

nk = fi ,   σik
(2)

nk = 0 ,   i = 1, 2, 3 (9)

are observed, whereas on the surface of the crack Sc considered as a cut of zero thickness in mechanics, we have the
conditions


σik

(1)
 + σik

(2)
 nk = fic ,   Ui

(1)
 = 0 ,   i = 1, 2, 3 . (10)

Next, we take into account that, from the above expression for the quantity σik, we obtain
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σik
(1)εik

(2)
 = σik

(2)εik
(1)

 + Kα T − T
(1)
 εll

(1)
 − T

(1)
 − T0


 εll

(2)
 .

As a result, ∆Φ with allowance for the surface energy can now be represented in the form

∆Φ = − 
1
2

 ∫∫∫ 
V


σik

(2)εik
(2)

 + 2σik
(2)εik

(1)
 dV + ∫

Sc

∫ αsdS 

− Kα ∫∫∫ 
V


T − T

(1)
 div U

(1)
dV − 

1
2

 Kα ∫∫∫ 
V


T − T

(1)
 div U

(2)
dV .

(11)

Transforming the first integral in (11) to the surface one and allowing for the fact that, in accordance with the second

conditions of (9) and (10), we have ∫∫∫ 
V

σik
(2)εik

(2)dV = 0, we obtain, taking into account the first conditions of (9) and (10):

∆Φ = 
1
2

 ∫
Sc

∫ σik
(1)

nkUi
(2)

dS − 
1
2

 ∫
Sc

∫ ficUi
(2)

dS + ∫
Sc

∫ αsdS 

− 
1

1 − 2ν
 EαT 





1
2

 ∫∫∫ 
V


T − T

(1)
 div U

(2)
dV + ∫∫∫ 

V


T − T

(1)
 div U

(1)
dV




 .

(12)

To find ∆Φ from the general expression (12) we must completely prescribe the thermomechanical action on
the material, including the orientation of the crack. Cracks oriented perpendicularly to the external tensile stress σ are
the most hazardous, since in this case the local stress in the crack tip is the largest. Therefore, in what follows we
restrict our consideration to a sample containing an internal rectilinear crack of length l that is oriented perpendicularly
to the external tensile stress σ, extending the sample along the Oy axis in the stationary temperature field T(x, y).
Then, in the absence of the crack, the stress field in the material is determined by just one component of the stress
tensor, namely σyy

(1) = σ (in what follows the value of the subscripts, equal to unity, corresponds to x, and the value
equal to two corresponds to y). We take the temperature field in the absence of the crack equal to T0, T(1)(x, y) =
T0. The crack itself is located in the y = 0 plane and is interpreted as a zero-thickness cut located within x ≤ l ⁄ 2.
At the cut edges, the temperature is constant and equal to T1. The above thermomechanical action on the material in-
itiates, in it, temperature and strain fields possessing the following symmetry:

T (− x, y) = T (x, y) = T (x, − y) , (13)

Uy
(2)

 (− x, y) = Uy
(2)

 (x, y) , (14)

Uy
(2)

 (x, − y) = − Uy
(2)

 (x, y) , (15)

div U
(2)

 (x, − y) = div U
(2)

 (x, y) . (16)

Allowing for the two-dimensional character of the thermodynamic action on the material and for symmetry
conditions (13)–(16), from the general expression (12) for the quantity ∆Φ, under the specified conditions of external
action, we obtain the following expression for the change in the thermodynamic potential:

∆Φ = − 2σ ∫ 
0

l ⁄ 2

Uy
(2)

 (x, 0) dx − 
2EαT

1 − 2ν
 ∫ 
0

∞

dx ∫ 
0

∞

W (x, y) div U
(2)

 (x, y) dy 
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− 4αTσ ∫ 
0

∞

dx ∫ 
0

∞

W (x, y) dy + 2αsl . 
(17)

In deriving (17), we have allowed for the fact that σik
(1)nkUi

(2) = −σUy
(2)(x, 0) at the upper and lower cut edges; for the

plane stress state, we have div U(1)(x, y) = (1 − 2ν)σ ⁄ E. We restrict ourselves to the case where forces at the crack
edges do not act, i.e., fic = 0.

As is seen from (17), to determine ∆Φ we must find the functions div U(2)(x, y), W(x, y), and Uy
(2)(x, 0). In

the case of the plane stress state we must first find the stress field σik
(2) (i and k = 1 and 2). This can be done using

Fourier transformation in variable x. Applying this transformation to the equilibrium equations ∂σik
(2) ⁄ ∂xk = 0, i = 1

and 2 (in what follows we replace the value of the subscript i = 1 by x and i = 2 by y) with the boundary conditions

σyy
(2)

 (x, 0) = − σ ,   x ≤ 
l
2

 , 
(18)

Uy
(2)

 (x, 0) = 0 ,   x ≤ 
l
2

 ,
(19)

σxy
(2)

 (x, 0) = 0 ,   x 2 R , (20)

leads to the following expressions:

σyy
(2)

 (x, y) = 
1

√2π
 ∫ 
−∞

∞

exp (−ωy − iωx) A (ω) (1 + ωy) dω , (21)

σxx
(2)

 (x, y) = 
1

√2π
 ∫ 
−∞

∞

exp (−ωy − iωx) A (ω) (1 − ωy) dω , (22)

Uy
(2)

 (x, y) = 
− 1

√2π  E
 ∫ 
−∞

∞

exp (−ωy − iωx) A (ω) (2 sign y + (1 + ν) ω y) 
dω
ω

 − αT ∫ 
y

∞

W (x, η) dη .    (23)

The function W(x, y) involved in (23) for y > 0 is the solution of the boundary-value problem

∂2
W

∂x
2

 + 
∂2

W

∂y
2

 = 0 ,   x 2 R ,   y > 0 ;
(24)

W (x, 0) = W1 ,   x < 
l
2

 ;
(25) 

∂W (x, 0)
∂y

 = 0 ,   x > 
l
2

 ; (26)

    lim
√x2+y2→ ∞

   W (x, y) = 0 . (27)
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The solution of problem (24)–(27) using Fourier transformation can be represented in the form (also true for
y < 0)

W (x, y) = 
1

√2π
 ∫ 
−∞

∞

exp (− iωx − ωy) B (ω) dω . (28)

The unknown functions A(ω) and B(ω) are found from conditions (18), (19), (25), and (26) respectively. This leads us
to the necessity of solving the following dual integral equations and of allowing for the fact that A(−ω) = A(ω) and
B(−ω) = B(ω) in accordance with symmetry conditions (13)–(16):

 ∫ 
0

∞

A (ω) cos (ωx) dω = − σ √π
2

 ,   0 < x < 
l
2

 ; (29)

 ∫ 
0

∞

2A (ω) + αTEB (ω) cos (ωx) 

dω
ω

 = 0 ,   x > 
l
2

 ; (30)

 ∫ 
0

∞

B (ω) cos (ωx) dω = W1 √π
2

 ,   0 < x < 
l
2

 ; (31)

 ∫ 
0

∞

B (ω) cos (ωx) dω = 0 ,   x > 
l
2

 . (32)

We obtain the solution of these equations using the tables of dual integral equations [4]:

A (ω) = − 
l
2

 √π
2

 σ 



J1 




ωl
2








 ,   B (ω) = 

l
2

 √π
2

 W1 



J1 




ωl
2








 . (33)

With account for (33), from (23), we find (using the tables of [8]) Uy
(2)(x, 0):

Uy
(2)

 (x, 0) = 
l
E

 ∫ 
0

∞

(2σ − αTEW1) J1 




ωl
2




 cos (ωx) 

dω
ω

 ] Uy
(2)

 = 




2σ
E

 − αTW1



 √l24  − x

2
 ,   x < 

l
2

 ; (34)

  ∫ 
0

l ⁄ 2

 Uy
(2)

 (x, 0) dx = 




2σ
E

 − αTW1



 
l
2π
16

 .
(35)

To compute the remaining integrals in (17) we use the Prandtl formula [9]. We allow for the fact that, for
the plane stress state, we obtain

div U
(2)

 = 
1 − 2ν

E
 σxx

(2)
 + σyy

(2)
 + 3αTW (x, y) .

Combining (21), (22), and (23) with the corresponding factors, we obtain with allowance for the evenness of A(ω) and
B(ω):
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div U
(2)

 = √ 2
π

   ∫ 
0

∞

cos (ωx) exp (−ω y) 




2 (1 − 2ν)
E

 A (ω) + 3αTB (ω)



 dω .

Substituting this expression and (28) into (17), we find

∆Φ = 



 − 
πσl

2

8
 




2σ
E

 − αTW1



 − 

2EαT

1 − 2ν
 ∫ 
0

∞

dx ∫ 
0

∞

W (x, y) dy √ 2

π
   ∫ 

0

∞

cos (ωx) 




2 (1 − 2ν)
E

 A (ω) + 3αTB (ω)



 dω 

− 4αTσ √ 2

π
   ∫ 

0

∞

dx ∫ 
0

∞

B (ω) cos (ωx) dω ∫ 
0

∞

exp (− ωy) dy + 2αsl



 λπ .

Changing the order of integration with respect to x and ω in the second term and performing integration with respect
to y, we have

∆Φ = 



− 
πσl

2

8
 




2σ
E

 − αTW1



 − 

EαT

1 − 2ν
 ∫ 
0

∞

B (ω) 




2 (1 − 2ν)
E

 A (ω) + 3αTB (ω)



 
dω
ω

 

− 4αTσ ∫ 
0

∞

dx ∫ 
0

∞

B (ω) cos (ωx) 
dω
ω

 + 2αsl



 λπ .

Substituting the expressions A(ω) and B(ω) determined by formulas (33) and (34) into the resulting formula and per-
forming integration, we obtain

∆Φ = 



− 
πσ2

l
2

4E
 − 

3πE (αTW1l)2

16 (1 − 2ν)
 + 2αsl




 λπ . (36)

Discussion of Results. We find the extremum of ∆Φ as a function of the initial crack length l. Differentiation
of ∆Φ with respect to l yields

d∆Φ
dl

 = 




− πσ2
l

2E
 − 

3πE (αTW1)
2
 l

8 (1 − 2ν)
 + 2αs




 λπ .

(37)

Equating the derivative to zero, we find the critical crack length l∗ determining the state of dynamic equilibrium of the
crack, i.e., the beginning of its directed growth:

l
∗
 = 

4αs

πσ2

E
 + 

3πE (αTW1)
2

4 (1 − 2ν)

 . (38)

From formula (38), we obtain the critical crack length in the case of pure mechanical l∗ = 
4αsE

πσ2
 and pure

temperature l∗ = 
16αs(1 − 2ν)

3πE(αTW1)
2

 action. Formula (38) points to the upper permissible limit of the initial length l of in-

ternal cracks in the sample. The observance of the condition lmax < l∗ ensures its fairly long average durability τ,
which is determined in this case, according to [3], by the expression
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τ C 
1

λw
+
 (l∗)

 exp 




∆Φ (l∗)
kT




 √2πkT

∆Φ′′ (l
∗)

 , (39)

where w+(l) = ν0 exp 



− 

U − Vfχσ√l ⁄ λ
kT




 ; χ = 1.12. Computing the quantities involved in (39) we find the average

durability of the material in the region of weak thermomechanical action:

τ C 
1

λw
+
 (l∗)

 exp 




λπαsl
∗

kT




 √πkTl

∗

αsλπ
 .

(40)

From the condition of ∆Φ stationarity, we can also find an expression for the threshold of the external stress
σ∗ beginning with which we have the stage of active growth of a crack of initial dimension l0 for σ > σ∗:

σ∗ = √4αsE

πl0
 − 

3π (αTEW1)
2

4π (1 − 2ν)
 .

(41)

When W1 = 0 we obtain from (41) the well-known result, the so-called Griffith criterion: σ∗ = 2√αsE

πl0
, and for

σ = 0 we obtain the criterion of pure thermal damage

W1
∗
 = % 

4

αT
 √αs (1 − 2ν)

πl0
 .

(42)

The crack of length l0 has the average growth rate vc > 0 when W1 > W1
∗
 and vc < 0 when W1 < W1

∗
 but we

can have a thermofluctuation growth up to a dimension for which vc > 0 now. Also, (41) shows that for l0 > lcr, where

lcr = 
16αs(1 − 2ν)

3πE(αTW1)2
, the crack begins to grow without the external mechanical action.

CONCLUSIONS

1. We have obtained the expression for the increment in the thermodynamic potential of the material ∆Φ in
the case of thermal and mechanical action on it.

2. The stationarity of ∆Φ yields the conditions for active and passive development of fracture and the asymp-
totic formula for the average durability of the material.

NOTATION

E, Young modulus, N ⁄ m2; fi and fic, components of the external forces f
_
 and f

_
c acting per unit area of the

body’s surface and the crack surface respectively, N ⁄ m2; f(σ, T), free energy of a unit volume of the material, J ⁄ m3;

f0(T), free energy of a unit volume of an unstrained material, J ⁄ m3; J1(x), cylindrical function of the first kind; i and k,

tensor indices; K, modulus of dilatation, N ⁄ m2; k, Boltzmann constant, J ⁄ K; l, crack length, m; l0, initial crack length,

m; lcr, critical crack length, m; lmax, maximum length of the internal cracks in the material, m; l∗, length of a crack in

the state of dynamic equilibrium, m; S0, exterior sample surface, m2; Sc, crack surface, m2; sign y, sign function, sign y
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= 










−1 ,
0 ,
1 ,

   
y < 0 ;
y = 0 ;
y > 0 ;

 T(x, y), temperature at a point with rectangular Cartesian coordinates (x, y), K; T0, temperature at which

the system in question, in the absence of external forces, is assumed to be unstrained, K; T1, temperature on the crack

surface, K; T(1)(x, y), temperature field in the absence of a crack, K; U, displacement vector, m; U, activation energy of

bond rupture for σ = 0, J; Ui, ith component of the displacement vector; i = 1, 2, and 3 or respectively x, y, and z; V,

body’s volume, m3; Vf, fluctuation volume, m3; vc, rate of growth of the crack, m ⁄ sec; W(x, y) = T − T(1), K; W1(x, y)

= T1 − T0, K; W1
∗, temperature difference determining the beginning of active growth of the crack in the absence of

stress, K; w+(l), frequency of bond rupture in the tip of the crack of length l, sec−1; α and αT = α ⁄ 3, coefficients of

volume and linear thermal expansion of the material respectively, deg−1; αs, specific free surface energy, J ⁄ m2; δik,

Kronecker symbol; δik = 1 if i = k and δik = 0 if i ≠ k, i = 1, 2, and 3; k = 1, 2, and 3; Φ, thermodynamic potential of

the system, J; ∆Φ, increment in the system’s thermodynamic potential, J; εik, strain tensor; λπ, crack-front length in-

volved in the crack’s fluctuation movement, m; λ, characteristic distance over which the crack moves in single fluctua-

tion of the bond rupture, m; µ, shear modulus, N ⁄ m2; ν, Poisson coefficient; ν0, frequency of attempts to overcome the

energy barrier on the path of bond rupture, sec−1; σ, tensile external stress, N ⁄ m; σik, stress tensor, N ⁄ m2; σ∗, external

stress determining the beginning of active growth of the crack, N ⁄ m2; τ, average durability of the material, sec. Sub-
scripts: cr, critical; s, surface; c, crack; f, fluctuation; max, maximum.
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