
A SIMPLE MODEL FOR THE INTERACTION
OF A LOW-CURRENT VACUUM ARC
WITH A COPPER CATHODE

M. Messaad,a A. W. Belarbi,a

M. Abbaoui,b and A. Lefortb
UDC 537.523

Experimental and theoretical studies of the arc-cathode region have been made for several decades, but the
task is not yet complete, despite many efforts and much progress. In this work, a numerical model describing
the arc-cathode region is developed. The arc is treated as a steady-state phenomenon. The model is then ap-
plied to a vacuum arc discharge interacting with a Cu cathode at low current of 4–50 A. The model yields
the temperature and electric field strength at the cathode surface, density of the current of the electrons emit-
ted, total current density, cathode spot radius, different kinds of power densities in heating and cooling the
cathode, and the plasma electron density. The comparison with experimental results shows good agreement.

Introduction. Electric arcs play a dominant role in a wide range of industrial applications, such as different
types of circuit breakers, arc welding, plasma spraying, plasma cutting, plasma torches, high-intensity discharge lamps,
etc. Thus, a fundamental understanding of the arc-cathode interactions is required.

The arc discharge is a high-current, low-voltage discharge with a high plasma density in the near cathode re-
gion. Electrons for the discharge are supplied by the cathode spot. The cathode spot through which current enters the
cathode is a highly contracted region (some micrometers) operating under extreme physical conditions (current density
1011 A/m2, power density 1011 W/m2, electric field 109 V/m, etc.). The cathode voltage drop is only about 15–20 V
for a copper cathode [1, 2].

The experimental study of the cathode spot was aimed mainly at determining the following basic spot charac-
teristics: spot radius, the magnitude of the current density at the spot, electrical potential gradient in front of the spot,
the rate of cathode erosion and the morphology of the erosion traces, the electron temperature, the plasma electron
density, the distribution of ion charge states in the vicinity of the spot, etc. [1]. Theoretically, the arc consists of three
zones: the cathode zone, the positive column, and the anode zone.

The cathode region is considered to be the most active region in electric arcs. Thus, the cathode phenomena
have been studied for many years. Unfortunately, this region represents a very difficult subject for experimental inves-
tigation owing to its very small dimensions, high local pressure, high temperature gradient, intense radiation, etc. [1,
3]. Theoretical investigation is hindered by the multiplicity and diversity of the processes involved. The aim of this
work is to present a model of the cathode region in vacuum arc discharge.

Model of the Arc Cathode Region. The present model is inspired by the theoretical study of numerous
authors (for example, Hantzsche [4], Coulombe [5], Ecker [6], Zhou [7], Bolotov [8], Rethfeld [9], Mitterauer [10],
and He [11]), who have studied the arc-cathode region extensively.

The model assumes that the evaporation of the cathode material from the spot is caused by its elevated sur-
face temperature. The high spot temperature is attributed to the Joule heating by the high-current density and the depo-
sition of energy by ions and back-diffused (or retro-diffused) electrons streaming to the cathode from the ionization
region in front of it. The model assumes the appearance of a positive sheath in front of the spot that produces a high
electric field (of the order of 109 V/m), which lowers the work function and significantly amplifies electron emission
from the cathode. The mechanism postulated is referred to as field-assisted thermionic (or TF) emission. According to
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the generally accepted description of interaction of vacuum arcs with their cathodes, the cathode region can be divided
into three subregions (Fig. 1): cathode spot, space-charge zone, and ionization zone.

The space-charge zone situated in front of the cathode surface is responsible for the acceleration of the emit-
ted electrons from the cathode surface towards the ionization zone and of the positive ions formed in the ionization
zone towards the cathode. A net positive space charge of local density forms in the space-charge zone as a result of
the imbalance between the ion and electron densities. The electrons extracted from the cathode travel in the space-
charge zone mostly without collisions.

On entering the ionization zone, the emitted electrons have a sufficient amount of energy to ionize the atoms
of the copper vapor released from the cathode material. The resultant positive ions in the ionization zone are also accel-
erated in the space-charge zone towards the cathode surface. The high electric field at the cathode surface, which is
needed for electron emission from the cathode, is created by these positive ions accumulated in front of the cathode
surface. The ionization zone is the region where the ion flux to the cathode surface is formed. At the plasma side of
the ionization zone, the plasma of the arc column is in local thermodynamic equilibrium (LTE), which implies that the
electron temperature is equal to the temperature of heavy particles (ions and neutral atoms). The space-charge sheath is
the region where the ions going to the cathode and the electrons emitted from it are accelerated. Next, we present a
model for the vacuum arc-cathode region in the case of a copper cathode. This model can be applied to other metals.

The electric field strength at the cathode surface is created by the positive ions and is evaluated by the use
of a simplified equation of Mackeown [10]:
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


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

8ZimiJi
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
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The high temperature at the cathode surface causes evaporation of Cu atoms, and significant local erosion of
the cathode material is observed. During the process of arc operation, the flux density of the copper atoms leaving the
cathode is described by the Hertz–Knudsen formula [5]: 

Γvap = 
Pvap

4 √1
3

 mCukBTs

 , (2)

where mCu = 63.546 amu. The cathode material vapor pressure that corresponds to the local cathode surface tempera-
ture Ts is evaluated by the Langmuir formula [5]:

Fig. 1. Model of the vacuum arc-cathode region.
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Pvap = 133.32 (Ts)
C⋅10

−(A ⁄ Ts+B)
 , (3)

where for Cu A = 17650, B = 13.39, and C = –1.273.
Particle densities at the sheath edge. Positive ions are treated as mono-energetic particles entering the sheath

edge with the Bohm velocity vis = √kB(Ti + ZiTe)
mi

. The condition specifies that the ions enter the sheath with a veloc-

ity equal to the ion sound speed in the plasma. The positive ions travel through the cathode sheath without collisions.
It is assumed also that all ions recombine at the cathode surface [4, 5].

The densities of the emitted electrons, positive ions, the total electron density, and back-diffused electron den-
sity at the sheath edge, respectively, are written by the following way: 

nems = 
Jem

e
 √me
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e

 + eUc

 , (4)

nis = 
Ji

evis
 = 

Ji

e √kB (Ti + ZiTe)
mi

 , (5)

nes = Zinis , (6)

ners = nes − nems = Zinis − nems . (7)

The electron density at the ionization zone/arc column boundary nep (plasma electron density) is commonly defined as [3]

nep = nese
1 ⁄ 2 . (8)

Current densities. The current density at the cathode in arc discharge has been a source of controversy for
several years. Most of theoretical analysis of arc-cathode spot was directed towards determination of the mechanism
that provided such high emission current density. The current density is one of the most essential physical quantities
for each of the processes in the arc-cathode regime.

The electrons are emitted from the cathode surface under the combined action of the high surface temperature
Ts and high surface electric field strength F maintained by the ions present in the sheath. Such an electron emission
mechanism is called thermo-field (T–F) emission and was described in detail by Murphy and Good [12]. The current
density of the electrons emitted from the cathode is determined on the basis of the formalism of Murphy and Good:

jem = e  ∫ 
−Wa

+∞

 D (F, W) N (Ts, Φ, W) dW . (9)

Here, Wa = Φ + WF, Φ = 4.5 eV . These expressions and the method of calculation of the thermo-field emitted electrons
are presented in more detail in [12].

The current density of positive ions which are created in the ionization zone after the metallic vapor have
been ionized by electron impact is [4]

Ji = αβZieΓvap . (10)
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Here, the ionization degree of the plasma β ≈ 1, i.e., all the metal vapor is ionized [4].
The velocity distribution of the electrons at the sheath edge is assumed to be Maxwellian; thus, some elec-

trons whose velocities are higher than √2eUc

me
 can overcome the cathode voltage drop and reach the cathode surface.

Thus, the current density of the back-diffused electrons from the plasma to the cathode surface is [4, 11]
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1

4
 eners √8kBTe

πme
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


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where the quantity √8kBTe

πme
 represents the average thermal velocity of plasma electrons at the sheath edge.

The total current density is the sum of current densities of emitted electrons, back-diffused electrons, and posi-
tive ions: 

Jt = Jem + Ji + Jer . (12) 

The value Jt is calculated by assuming that the cathode spot has a circular shape with radius rs (then A = πrs
2) and all

current densities are assumed to be uniformly distributed over the spot radius: 

Jt = I ⁄ A . (13)

Power densities in heating the cathode. The cathode is heated by the impinging positive ions, back-diffused
electrons, and Joule heating. With the cathode potential drop Uc, the ions take the energy eUc. Reaching the cathode,
they give up this kinetic energy and the recombination energy e(Ui−ZiΦeff) to the cathode surface. Consequently, the
power density of positive ions is [5]

qi = 
Ji

Zi
 



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2.5kBTi
e

 + 
ZikBTe

2e
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


 . (14)

Here, Ui = 18 V, Wvap = 3.5 eV [5], and Φeff = Φ − √eF
4πε0

 is the effective work function of the cathode material.

The power density of back-diffused electrons is

qer = Jer 



Φeff + 

5kBTe

2e



 . (15)

The quantities qt and qer correspond to the phenomena heating the cathode. Additionally, within the cathode volume
and especially below the cathode spot surface, power is generated by Joule heating. In order to be comparable with
the other components (qi and qer), this volume source is projected onto the cathode spot surface, resulting in an
equivalent power density [4]: 

qJ = k0Jt
2
rs 

Ts

σ
 . (16)

Here, the electric conductivity of copper σ can be approximated by the Wiedemann–Franz law as σ = σ0
 ⁄ Ts, and k0 is

a constant in the range 0.5–0.8 [4].
Power densities in cooling the cathode. The power densities of emitted electrons and metal evaporation are

qem = Jem 



Φeff + 

5kBTs

2e



 , (17)
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qvap = WvapΓvap . (18)

Power loss by spot radiation is calculated under the assumption of a blackbody radiation with the aid of the Stefan–
Boltzmann law [10]: 

qrad = σSBTs
 4

 . (19)

The power density of heat conduction in the cathode body can be estimated as [8]

qc = 
Ts − T0

rs
 λ √π  , (20)

where λ is taken as temperature-dependent [11, 12] and T0 = 300 K (the ambient temperature far from the cathode
spot). Then the total power densities in heating and cooling the cathode are the following:

q+ = qi + qJ + qer , (21)

q− = qem + qvap + qc + qr . (22)

In the stationary case, the power balance holds at the cathode surface at q+ = q–.
Results and Discussion. Computations were performed for a copper cathode with the following parameters:

Uc = 15 and 20 V, Te = 1—3 eV [4, 5, 13], Ui = 18 V [4], α = 1, and Zi = 2 [13]. For copper, the cathode potential
drop Uc is of the order of 15 V and is nearly independent of the current [2]. The electron temperature found in the
literature [2] ranges between 1 and 5 eV. In this work, both the effect of the cathode voltage drop and the electron
temperature are examined.

For any value of current, the cathode surface is varied until the quantity (q+ — q–/q+) becomes lower than
10–5. In this work, the effect of the electronic temperature Te on the vacuum arc parameters is studied. This model
can show the importance of the other parameters: the mean ion charge Zi, the equivalent ionization potential Ui, the
cathode voltage drop Uc, the ionization degree of the metal vapor β, and the coefficient of backflow of the metal
vapor α.

The results of calculations of different characteristics are presented in Figs. 2–8. Figure 2a shows the cathode
spot temperature vs. arc current for different values of Te. These temperatures are high compared to the evaporation
temperature of copper (2868 K) at ambient pressure (105 Pa). The cathode spot temperature Ts increases with arc cur-
rent from 4400 to 5000 K (Fig. 3a). This order of magnitude is in agreement with the theoretical results of Hantzsche
[4], Ecker [6], Mitterauer [10], and He [11]. The value of Te appreciably affects the cathode spot temperature, which
increases with Te, while the value of the cathode voltage drop weakly influences the value of Ts, as can be seen in
Fig. 3a.

The electric field strength F in front of the cathode spot surface (Fig. 2b) shows the same tendency as the
cathode spot temperature: varies in the range (3–5)⋅109 V/m and increases with the arc current. The higher the elec-
tronic temperature Te, the stronger the electric field. The order of magnitude of the electric field agrees well with the
results of Hantzsche [4], Ecker [6], Zhou [7], Mitterauer [10], and He [11]. The electric field strength increases
slightly when the cathode voltage is increased from 15 to 20 V, as shown in Fig. 3b.

The cathode spot radius does not increase appreciably with the arc current, as shown in Fig. 4. The values of
this radius agree well with the experimental results of J�ttner [14] and Daalder [15] shown in the same figure. At a
current of 10 A and Te = 3 eV, the spot radius is equal to 5 µm and becomes 7 µm at 50 A. As Te is increased, the
spot radius decreases and tends to the experimental values mentioned.

The use of the Murphy and Good equation gives the thermo-field current density as a function of the tem-
perature and electric field at the cathode surface, which is illustrated in Fig. 5. It can be seen that the thermo-field
current density increases abruptly with these two factors.
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The dependence of the current density in the cathode spot on the arc current and the electronic temperature
is shown in Fig. 2c. The current density increases in the range from 5⋅1010 to 4⋅1011 A/m2 as the arc current is in-
creased from 4 to 50 A. When Te is increased from 1 to 3 eV, the current density is doubled. The most careful meas-
urements of the crater size as a function of current were carried out by Daalder [14] and J�WWQHU >��@� These authors
found that at low current 4–50 A the crater size was not affected appreciably by the value of the arc current. The cur-
rent densities have been measured by various authors [2–4, 16]. The results were obtained under different experimental

Fig. 2. Characteristics of the model (temperature (a), electric field strength (b),
and current density (c) in the cathode spot, current density (d) and power den-
sity (e) of the back-diffused electrons, plasma electron density (f), and cathode
erosion rate (g)) as functions of current for Uc = 15 V, Ui = 18 V, Zi = 2,
α = 1, and different values of Te: 1) Te = 1; 2) 2; 3) 3 eV. Ts, K; F, V/m; Jt,
A/m2; Jer, A/m2; qer, W/m2; nep, m–3; ∆m, kg/sec; I, A.
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conditions, i.e., with cathodes of different nature and surface quality, cathode–anode distance, nature and pressure of
gas, method of measurement (spectroscopic or autographic), arc current range, arc duration, etc. Owing to these fac-
tors, one can see significant discrepancies (��7–1012 A/m2) in the experimental values for the current density at the
cathode [2–4, 16].

The current density of the back-diffused electrons Jer, as shown in Fig. 2d, increases slightly with current.
However, it increases markedly with the electronic temperature Te: for Te = 1 eV the current density is lower than 106

A/m2 and surpasses 1010 A/m2 for Te = 3 eV. The value of the cathode voltage drop appreciably affects the current
density of the back-diffused electrons, as is seen in Fig. 3c.

Fig. 3. Temperature (a) and electric field strength (b) in the cathode spot and
current density of the back-diffused electrons (c) as functions of current for
Te = 2 eV, Ui = 18 V, Zi = 2, α = 1, and different values of Uc: 1) Uc = 15;
2) 20 eV. Ts, K; F, V/m; Jer, A /m2; I, A.

Fig. 4. Spot radius as a function of current for different values of Te (Te = 1
(1), 2 (2), and 3 eV (3)) and results of Jüttner (4) and Daalder (5). rs, m; I, A.

Fig. 5. Thermo-field current density with the use of the Murphy and Good
equation as a function of the temperature and electric field at the cathode sur-
face. JMG, A/m2; F, V/m; T, K.
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In heating the cathode, the power density of the back-diffused electrons qer as a function of current for dif-
ferent values of Te is shown in Fig. 2e. This power density, which is proportional to the current density of the back-
diffused electrons Jer, shows the same behavior as the latter. The value of qer rises appreciably when Te grows from
1 to 3 eV. Indeed, qer is equal to approximately 106 W/m2 for Te = 1 eV and surpasses 1011 W/m2 for Te = 3 eV.

The power densities of positive ions, back-diffused electrons, and the Joule effect that heat the cathode are
shown in Fig. 6. It can be seen that the cathode is heated mainly due to the bombardment by positive ions. Indeed,
the density of the power provided by this bombardment approaches 1012 W/m2. The Joule effect becomes increasingly
significant in the cathode heating as the current is increased. The contribution of the back-diffused electrons to the
cathode heating is insignificant for Te = 1 eV (Fig. 6a), but the situation changes for Te = 3 eV, when the back-dif-
fused electrons contribute significantly to the cathode heating (Fig. 6b) and their contribution exceeds even that of the
Joule effect. It is important that the orders of magnitude of the power densities 1011–1012 W/m2 are in good agree-
ment with the results of Hantzsche [4, 16], Jüttner [3], and Ecker [6].

Figure 7 shows the relative contributions q of different power densities in cathode heating. It can be seen that
the cathode voltage drop appreciably affects only the power density given to the cathode by the back-diffused electrons.

The various densities of power in cathode cooling are presented in Fig. 8. It can be seen that the spot radia-
tion can be neglected in comparison with other cooling phenomena. The cathode is cooled efficiently by electron emis-
sion. The cathode vaporization and heat conduction also contribute to the cathode cooling. Figure 2f shows that the
density of the electrons in the positive column nep increases with the current from 4⋅1025 to 1026 m–3 but decreases

Fig. 6. Power densities in heating the cathode as functions of current at Te = 1
(a) and 3 eV (b) for Uc = 15 V, Ui = 18 V, Zi = 2, and α = 1: 1) qi; 2) qJ;
3) qer. qi, qJ, qer, W/m2; I, A.

Fig. 7. Relative contributions of different power densities in heating the cath-
ode as functions of current at Te = 2 eV, Ui = 18 V, Zi = 2, and α = 1: 1,
1′, and 1′′) qi, qer, and qJ for Uc = 15 eV; 2, 2′, and 2′′) the same for Uc =
20 eV. I, A.

Fig. 8. Power densities in cooling the cathode as functions of current for Te =
3 eV, Uc = 15 V, Ui = 18 V, Zi = 2, and α = 1: 1) qem; 2) qcond; 3) qvap;
4) qrad. qem, qcond, qvap, qrad, W/m2; I, A.

1137



when Te increases. The orders of magnitude of this density are in good agreement with the recent experimental results
of Popov [17] and Jüttner [3].

The rate of metal erosion from the cathode, ∆m, increases with the arc current, as is shown in Fig. 2g. The
value of ∆m decreases when Te is increased from 1 to 3 eV. For example, for a current of 25 A and Te = 3 eV, ∆m
is equal to 10–6 kg/sec, which corresponds to the value 40 µg/oC experimentally obtained and generally accepted by
many authors [2, 15].

Conclusions. We developed a simple stationary model of the vacuum arc-cathode region at low current (from
4 to 50 A) with a copper cathode. The fundamental conclusions are the following:
– The temperature at the cathode spot is higher than the evaporation temperature of copper.
– An increase of arc current and electronic temperature is accompanied by an increase of 

a) the cathode temperature in the range 4300–4900 K;
b) the electric field at the cathode surface in the range (3–5)⋅109 V/m;
c) the current density at the cathode in the range 5⋅1010–4⋅1011 A/m2.

– The influence of the value of electronic temperature is best seen from the current density of the back-diffused elec-
trons and consequently from the power density gained by the cathode from these electrons. For example, for Te = 1
eV the current density is lower than 106 A/m2, but this surpasses 1010 A/m2 for Te = 3 eV.
– The cathode is heated mainly by the positive ions for low values of the electronic temperature. Heating by the Joule
effect becomes more and more efficient in the energy supply to the cathode as the arc current is increased. With an
electronic temperature of 1 eV, the contribution of the back-diffused electrons remains negligible. However, the situ-
ation changes if the electron temperature is raised to 3 eV. The contribution of the back-diffused electrons can surpass
that of the Joule effect.
– The spot radiation can be neglected as against other cooling phenomena on the cathode. The more efficient factor in
the cathode cooling is the emission of electrons, especially at high current. The cathode vaporization and heat conduc-
tion in the cathode body also contribute to the cathode cooling.
– The electron density in the cathode spot plasma is very high and lies in the range from 4⋅1025 to 1026 m–3, which
agrees with some recent measurements.
– The rate of erosion of the cathode material obtained in the model agrees well with an experimental, generally ac-
cepted value of 40 µg/oC.
– The value of the cathode voltage drop appreciably affects only the density of the back-diffused electrons and hence
the energy supply to the cathode due to these electrons.
– The cathode spot radius grows slightly with arc current but decreases when the electronic temperature is increased.
The spot radius ranges from 4 to 10 µm. These values are in good agreement with the experimental results obtained
by Jüttner and Daalder.

The model enables one to obtain many other parameters (not presented in this work) of the cathode region.
The values of the parameters (cathode voltage drop Uc, mean ion charge zi, equivalent ionization potential Ui, and the
coefficient of backflow of the metallic vapor towards the cathode α) used by many authors considerably affect the pa-
rameters of vacuum arc-cathode region. Thus, experimental and theoretical works must be undertaken to determine
these parameters with higher precision.
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NOTATION

A, area of the cathode spot surface, m2; D(F, W), probability of electron tunneling across the barrier; e, ele-
mentary charge; F, electric field strength of the cathode surface, V/m; Jem, Jer, and Ji, current densities of emitted
electrons, back-diffused electrons, and positive ions, A/m2; Jt, total current density, A/m2; I, arc current, A; kB,
Boltzmann constant, J/K; mCu, mass of a copper atom, kg; mi, mass of a copper ion, kg; me, electron mass, kg; N(Ts,
F, W), number of Fermi–Dirac distributed electrons with energy between W and W + dW incident on the unit surface
area of barrier per unit time; ∆m, cathode erosion rate, kg/sec; nems, ners, and nis, densities of emitted electrons, back-
diffused electrons, and positive ions at the sheath edge, m–3; nep, density of plasma electrons, m–3; nes, total electron
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density at the sheath edge, m–3 ; Pvap, cathode material vapor pressure, Pa; qem and qer, power densities of emitted
and back-diffused electrons, W/m2; qc, power density of heat conduction in the cathode body, W/m2; qi and qJ, power
densities of positive ions and Joule heating, W/m2; qrad, density of power loss by spot radiation, W/m2; qvap, power
density of metal evaporation, W/m2; q+ and q–, total power densities in heating and cooling the cathode, W/m2; rs,
cathode spot radius, m; Te, electron temperature, eV; Ti, ion temperature, K; Ts, cathode surface temperature, K; Uc,
cathode potential drop, V; Ui, ionization potential, eV; vis, velocity of positive ions at the sheath edge, m/sec; WF,
Fermi level, eV; Wvap, condensation energy of a copper atom, eV; Zi, mean ion charge; α, coefficient of vapor back-
flow towards the cathode; β, ionization degree of the plasma, (Ω⋅m)−1; ε, surface emittance; ε0, permittivity of the free
space; σ and σ0, electrical conductivity of copper and the same at T0 = 300 K, (Ω⋅m)−1; σSB, Stefan–Boltzmann con-
stant, W⋅m–2⋅K–4; λ, thermal conductivity of copper, W⋅m–1⋅K–1; Φ, work function of cathode material, eV; Γvap, flux
density of the copper atoms leaving the cathode, m–2sec–1. Subscripts: c, cathode; cond, condensation; e, electron; eff,
effective; i, ion; rad, radiation; s, sheath edge; vap, vapor.
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