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1. Introduction

Economic inequality often arises from more than one attribute. E.g., households
differ in income and wealth, individuals vary on earnings and education, countries
on per capita income, life expectancy and mineral resources. To compare eco-
nomic inequality in several, say d, attributes, various dominance relations among
d-variate distributions have been proposed in the literature [5, 1, 14, 8]. Each of
them is related to utilitarian social welfare functions and can be characterized
as unanimous preference for a certain class of utilities. But all these dominance
relations appear to be rather coarse incomplete orderings. In most real data situa-
tions they are unable to compare empirical distributions. Even in one-dimensioned
measurement the Lorenz curves of empirical income distributions often intersect.

Given a quasi-ordering (that is, a reflexive, transitive, but generally incomplete
binary relation) of inequality among d-variate distributions, d ≥ 1, a real-valued
index is regarded as an inequality index if it is consistent, that is increasing, with
that quasi-ordering. In contrast to the quasi-ordering, an inequality index provides a
complete ordering among distributions: any two distributions of well-being can be
compared by the index. But, if two distributions are not comparable by the quasi-
ordering, inequality indices can be constructed which point in different directions:
some indicate more inequality at the first distribution and others at the second
distribution.

In most practical applications, no inequality ordering but several inequality in-
dices are employed to compare distributions. This approach raises many questions:
Which indices should be chosen? What are the consequences of combining the
indices? How to decide when the indices point in opposite directions? Usually,
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these questions are not explicitly addressed and the decisions made on an ad hoc
basis, which appears to be unsatisfactory.

The multivariate approach to economic inequality has been put forth by To-
bin [18] and Sen [17]. Special quasi-orderings of multi-dimensioned inequality
have been proposed and investigated by Kolm [5], Atkinson and Bourguignon [1],
Mosler [13, 14], Koshevoy [6], Koshevoy and Mosler [7], Mosler [15, Ch. 9]. For
multivariate inequality indices and practical measurements, see Maasoumi [10],
Tsui [19], and others. Maasoumi [11] provides a comprehensive survey.

In the sequel a new approach to the ordering of (single-dimensioned and multi-
dimensioned) inequality is proposed that focuses on properly defined central parts
of the distributions. When looking at two empirical distributions of income, it is
often observed that their Lorenz curves are ordered in the middle, but cross in the
upper or lower tails. Therefore we introduce the restricted L-dominance, which
is simply the pointwise ordering of usual Lorenz functions (shortly, L-functions)
restricted to a central subinterval [p0, p1] of the unit interval [0, 1]. Comparing
two income distributions by the restricted L-dominance means that we do not care
about the incomes in the lower and upper parts of the two populations. A simi-
lar restriction is introduced for the univariate decreasing (resp. increasing) convex
dominance, which is not scale invariant. The restricted decreasing (resp. increas-
ing) convex dominance focuses on those incomes in the population that lie between
two properly chosen income quantiles.

The idea of restricting the Lorenz dominance to a proper central part of the
distributions is then extended to the multi-dimensioned case. We consider three
quasi-orderings of multivariate distributions that have been proposed in the lit-
erature: the convex scaled dominance, the convex-linear scaled dominance, and
the price Lorenz dominance. Each of them generalizes the usual univariate L-
dominance and is characterized by a class of utilitarian social welfare functions.
The second quasi-ordering is finer than the first, and the third is finer than the
second. Besides that, the three quasi-orderings are very similar.

Recently (see Koshevoy and Mosler [9]), a different characterization has been
given for the convex-linear dominance: This quasi-ordering is equivalent to the
inclusion of sets from a properly defined family of central regions of the two given
distributions in d-space.

In this paper, we employ the characterization to define a new dominance relation
among distributions in d-space: the restricted convex-linear dominance. This is
done by restricting the set inclusion to a ‘relevant’ subfamily of central regions.
Analogously, a restricted version of the price Lorenz dominance is introduced.
Finally, we develop similar restricted dominance relations which are also sensitive
to changes in scale. The new restricted quasi-orderings provide flexible tools to
compare multivariate distributions.

Politically speaking, the restricted L-dominance relations focus on the ‘middle
class’. On empirical grounds, our approach is also justified by the fact that the data
on incomes (and other attributes) in the lower and upper tails of the distribution
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is often difficult to obtain. Further, the restricted univariate L-dominance is robust
against outliers, which is important when dealing with such data. (Due to the wide-
spread reluctance to revealing income related information, the data often has low
quality and contains ‘bad’ outliers.)

Section 2 starts with the measurement of single-dimensioned inequality by re-
strictions of the Lorenz dominance and the decreasing (resp. increasing) convex
dominance. Section 3 introduces the three multivariate extensions of the Lorenz
dominance. Next, in Section 4, characterization theorems in terms of set inclusions
are given for two of them and these characterizations are used to restrict the rank-
ings to a ‘relevant’ family of central regions. Section 5 presents restricted multi-
variate dominance relations which are not scale invariant, and Section 6 concludes
with remarks on limitations and possible extensions of our approach.

2. Comparing single-dimensioned inequality

Consider a vector X = [x1, . . . , xn] of data xi in R which have positive mean,
x̄ > 0. We regard the data as an income distribution in a population of n house-
holds. Let x(1) ≤ · · · ≤ x(n) denote the ordered data and QX : ]0, 1] → R,

QX(p) = x(k) if
k − 1

n
< p ≤ k

n
, k = 1, 2, . . . , n,

the quantile function. The integral of the quantile function,

GLX(p) =
∫ p

0
QX(p′) dp′, p ∈ [0, 1],

is the generalized Lorenz (GL) function, its graph the GL-curve.
Let Y = [y1, . . . , yn] be another vector of data in R with mean ȳ > 0, say, an

alternative income distribution in the population. By definition, X is larger than Y

in the decreasing convex dominance, X �dcx Y , if

GLX(p) ≤ GLY (p) for all 0 ≤ p ≤ 1. (1)

In other words [12], X �dcx Y means that X weakly supermajorizes Y . X is
larger than Y in the increasing convex dominance (or: X weakly submajorizes Y ),
X �icx Y , if

x̄ − GLX(1 − p) ≥ ȳ − GLY (1 − p) for all 0 ≤ p ≤ 1. (2)

Notate X/x̄ = {x1/x̄, . . . , xn/x̄} and let

LX(p) = GLX/x̄(p) = 1

x̄
GLX(p), p ∈ [0, 1].

The function LX is the usual L-function, its graph the L-curve. Then, by definition,
X is larger than Y in the L-dominance, X �L Y , if

LX(p) ≤ LY (p) for all 0 ≤ p ≤ 1. (3)
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Figure 1. Restricted L-dominance, d = 1.

It is seen from this definition that the L-dominance is the decreasing convex dom-
inance (and, as well, the increasing convex dominance) of the two distributions of
data scaled down by their means.

Many indices have been proposed in the literature that are consistent (equiva-
lently, increasing) with the L-dominance, among them the Gini ratio, the coefficient
of variation, the Pietra (see also Kuznets) index, the coefficients by Theil, Atkinson
and Kolm, the coefficient of equal shares, and the coefficient of minimal majority;
see, e.g., Piesch [16] and Cowell [2]. All these indices are (at least, weakly) increas-
ing with the Lorenz dominance but each of them relates to a particular concept of
distance between the two distributions and is sensible to changes in different parts
of their L-curves.

As mentioned in the introduction, in order to focus on the central parts of the
two distributions and to neglect eventual crossings of the L-curves in their outer
tails, we introduce the following restricted quasi-orderings.

DEFINITION 1 (Univariate restricted dominance). Let 0 ≤ p0 ≤ p1 ≤ 1 and
define

(i) the restricted decreasing convex dominance X �p0,p1
dcx Y if GLX(p] ≤ GLY (p)

for p0 ≤ p ≤ p1,
(ii) the restricted L-dominance X �p0,p1

L Y if LX(p) ≤ LY (p) for p0 ≤ p ≤ p1.

Figure 1 illustrates the restricted L-dominance.

Properties of the Restricted Rankings. Given a set of distributions and p0, p1

being fixed, both the restricted L-dominance and the restricted decreasing convex
dominance are reflexive and transitive, but in general not complete, that is, only
quasi-orderings. Each is monotone on dilations and implied by the respective non-
restricted version. (Observe that the distribution of X is a dilation of that of Y if
and only if x̄ = ȳ and X �L Y holds.)
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The restricted rankings abstract from the distributions of X and Y in the popula-
tion’s poorest p0 ·100 percent and richest (1−p1) ·100 percent. If two income dis-
tributions have the same mean income, the restricted decreasing convex dominance
is equivalent to saying that the distributions are ordered in the usual, unrestricted
decreasing convex dominance under the assumption that all ‘poor people’ below
the p0-quantile have an egalitarian distribution, and all ‘rich people’ above the p1-
quantile have an egalitarian distribution as well. (However, the same claim is not
true for the restricted L-dominance.)

The question remains how the bounds p0 and p1 should be chosen. In view
of the coefficient of minimal majority, which is given by MM(X) = L−1

X (0.5), it
makes sense to choose p0 and p1 in �p0,p1

L such that

p0 ≤ L−1
X (0.5) ≤ p1 (4)

holds for any data X under consideration. Then the coefficient of minimal majority
is consistent with the restricted L-dominance on these X. Similarly note that the
Pietra index of X, i.e., the maximum vertical distance of the L-curve from the
diagonal, is attained at p = FX(x̄), where FX is the empirical distribution function
of X. If we choose p0 and p1 such that

p0 ≤ p = FX(x̄) ≤ p1 (5)

holds for any data set X at hand, the Pietra index is consistent with the restricted
L-dominance on these data sets.

Beyond the restrictions (4) and (5), the actual choice of p0 and p1 is to be based
on the subject of the application and the quality of the data. E.g., when the personal
income distributions in a developing country are studied, the extremely poor and
the extremely rich (say, all people living from less than 2 Euro per day and all
earning more than 1000 Euro per day) may be incidently omitted from considera-
tion. Concerning data, e.g., tax statistics disregard the poorer part of the population
which pays no income tax, while many censuses do not cover the rich. (Note that
the German EVS (Einkommens- und Verbrauchsstichprobe 1998) is restricted to
monthly net incomes below 17900 Euro.)

Also, like calculating and reporting several indices of inequality, one may check
the restricted rankings for several values of the parameters p0 and p1 and report
these results.

3. Multivariate extensions of L-dominance

In this section we survey three rankings of multivariate distributions each of which
extends the usual, univariate L-dominance. The definition (3) of the L-dominance
in dimension d = 1, which is based on ordered data and quantile functions, does
not extend to dimensions two and more, since there exists no natural order of
data in R

d , d ≥ 2. However, the L-dominance in dimension one is equivalently
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characterized by convex evaluations of the scaled data,

X �L Y ⇐⇒
n∑

i=1

ϕ

(
xi

x̄

)
≥

n∑
i=1

ϕ

(
yi

ȳ

)
for all convex ϕ : R → R.

(6)

In other words, Y is unanimously preferred over X on the basis of a utilitarian
social welfare function with arbitrary concave utility. This characterization of the
L-dominance as a ‘convex scaled dominance’ generalizes in a straightforward way.

Consider a d × n data matrix X = [x1, . . . , xn] with xi = (xi1, . . . , xid)
′ for

i = 1, . . . , n. We notate

x̄j = 1

n

n∑
i=1

xij , j = 1, . . . , d.

Then, for i = 1, . . . , n,(
xi1

x̄1
, . . . ,

xid

x̄d

)

is the i-th data point, componentwise scaled down by the component mean.
Two data matrices X = [x1, . . . , xn] and Y = [y1, . . . , yn] in R

d×n
+ , d ≥ 1, may

be compared by each of the following three multivariate dominance relations.

DEFINITION 2 (Multivariate dominance). Let d ≥ 1 and define

(i) the convex scaled dominance X �s
cx Y if

n∑
i=1

ϕ

(
xi1

x̄1
,
xi2

x̄2
, . . . ,

xid

x̄d

)
≥

n∑
i=1

ϕ

(
yi1

ȳ1
,
yi2

ȳ2
, . . . ,

yid

ȳd

)
(7)

for all convex functions ϕ : R
d → R,

(ii) the convex-linear scaled dominance X �s
lz Y if (7) holds for all convex-linear

functions ϕ : R
d → R, that is, for all ϕ that have the form

ϕ(z1, . . . , zd) = ψ(α1z1 + · · · + αdzd) (8)

with ψ : R → R convex and α1, . . . , αd ∈ R,
(iii) the price L-dominance X �PL Y if (7) holds for all convex-linear ϕ of

form (8) with ψ convex and α1, . . . , αd ≥ 0.

X �s
lz Y says that, for all coefficients α1, . . . , αd ∈ R, the linear combinations

of the attributes are ordered in the univariate L-dominance,
(

d∑
j=1

αj

x1j

x̄j

, . . . ,

d∑
j=1

αj

xnj

x̄j

)
�L

(
d∑

j=1

αj

y1j

ȳj

, . . . ,

d∑
j=1

αj

ynj

ȳj

)
.
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X �s
PL Y means the same for all nonnegative coefficients. The coefficients can

be interpreted as ‘prices’, the linear combinations as ‘expenditures’. So, X �s
PL Y

is tantamount saying that for all nonnegative prices the values (that is, expendi-
tures) of individual endowments are less equal in the X-population than in the
Y -population.

The multivariate convex scaled dominance �s
cx and the price L-dominance �PL

have been introduced to inequality measurement by Kolm [5]. The convex-linear
scaled dominance �s

lz is also mentioned as the lift zonoid scaled dominance [9].
It is obvious from the definitions that

• X �s
cx Y ⇒ X �s

lz Y ⇒ X �PL Y ,
• each of the three relations is reflexive and transitive, but in general not com-

plete (i.e., a quasi-ordering),
• each is scale invariant and extends the univariate L-dominance,
• each implies the usual L-dominance for every single attribute j = 1, . . . , d.

A simple example may illustrate the three quasi-orderings: Consider two distribu-
tions of income and wealth among three households,

X =
[

0 2 4
0 40 80

]
, Y =

[
1 2 3

20 40 60

]
.

In both distributions, the mean income equals 2, and the mean wealth equals 40.
Obviously, the restriction (7) is satisfied for any convex function ϕ : R

2 → R,
hence X �s

cx Y holds and, consequently, X �s
lz Y and X �PL Y . For income and

wealth alone, X1 �L Y1 and X2 �L Y2 is satisfied. Now we exchange the wealth of
the first and the third household in X,

X̃ =
[

0 2 4
80 40 0

]

and obtain X̃1 �L Y1 and X̃2 �L Y2 as before. But, e.g., with ϕ∗(z1, z2) = (z1+z2)
2

the left-hand side of (7) amounts to 12, while the right-hand side is 14 > 12,
hence X̃ �PL Y . Moreover, a small calculation shows that the inequality (7) with
ϕ(z1, z2) = ψ(a1z1 + a2z2) holds if either a2/a1 ≥ 3 or a2/a1 ≤ 1/3 and ψ is
arbitrary convex, and the reverse inequality holds if 1/3 ≤ a2/a1 ≤ 3 and ψ is
arbitrary convex.

The price L-dominance �PL relates to a dominance relation proposed by Atkin-
son and Bourguignon [1] as a ranking of multivariate well-being. For d = 2,
�PL is implied by the first dominance relation in Atkinson and Bourguignon [1],
which is defined by postulating (7) for all differentiable functions ϕ whose mixed
partial second derivatives are nonnegative. Obviously, ϕ in (8) with nonnegative
α1, . . . , αd is such a function. Note that, with �PL, every correlation increasing
transfer increases inequality. As a consequence, �PL appears to be a sensible mea-
sure of inequality only if attributes are substitutes rather than complements.
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Figure 2. Example for X �lz Y , but X �cx Y .

Further, it can be demonstrated that each of the quasi-orderings �s
cx, �s

lz and
�PL is

• antisymmetric among distributions,
• increasing on multivariate dilation. (Note that the distribution of X is a mul-

tivariate dilation of that of Y if and only if X �s
cx Y and x̄i = ȳi holds

for every i.) In particular, the quasi-orderings are minimal at an egalitarian
distribution, which is constant at the mean.

The three quasi-orderings are different, but the differences are small. For example,
compare the following two distributions of income and wealth [in Thsd. Euro]
among n = 6 households,

X =
[

0 4 8 4 4 4
20 0 40 20 20 20

]
,

Y =
[

2 2 4 4 6 6
10 10 30 30 20 20

]
.

Figure 2 exhibits the percentages of households possessing the given pairs (z1, z2)

of income and wealth. It can be shown (see a similar example in [4]) that Y �s
lz X

and thus Y �PL X holds, but with ϕ(z1, z2) = max{z1, z2, 1}, which is a convex
function, we obtain

n∑
i=1

ϕ

(
xi1

x̄1
,
xi2

x̄2

)
= 7 < 8 =

n∑
i=1

ϕ

(
yi1

ȳ1
,
yi2

ȳ2

)
,
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i.e., X �
s
cx Y .

For details and many more properties of the three relations, see Mosler [15,
Ch. 9, 10].

4. Restricted multivariate dominance

Now we turn to the task of restricting the multivariate rankings to the ‘essential’ or
‘central’ parts of the distributions. The idea is that only those statistical units should
be considered which have values not too far from the mean. In the univariate case an
interval between two given quantiles has been used above. As income distributions
(as well as distributions of many other attributes of well-being) are asymmetric,
this interval is generally not symmetric to the mean.

In the multivariate case we rely on recent notions of interquantile regions, that
is central sets, and adapt them to our setting of restricted inequality comparisons.
As the joint distribution of income and other attributes of well-being is mostly
dependent and asymmetric, we restrict the comparison to central regions of the
distributions that are not necessarily balls or ellipsoids. We employ a theorem
which characterizes the convex-linear scaled ranking in terms of certain central
sets.

Let X = [x1, . . . , xn], Y = [y1, . . . , yn] be given data matrices, xi = (xi1, . . . ,

xid)
′, yi = (yi1, . . . , yid)

′ ∈ R
d+,

ri =
(

xi1

x̄1
,
xi2

x̄2
, . . . ,

xid

x̄d

)
, si =

(
yi1

ȳ1
,
yi2

ȳ2
, . . . ,

yid

ȳd

)
.

PROPOSITION 1.

X �s
lz Y ⇔ Bt(X) ⊃ Bt(Y ) for all 0 ≤ t ≤ 1,

where

Bt(X) =
{

z ∈ R
d
+ : z =

n∑
i=1

λiri ,

n∑
i=1

λi = 1, 0 ≤ tλi ≤ 1

n

}
.

For proof, see Def. 8.4 and Prop. 8.1 in Mosler [15].
The set Bt(X) is a central region of the scaled distribution of X, called zonoid

central region [8]. Note that the sets are convex, nested and decreasing with t .
For t = 0, B0(X) equals the convex hull of the points r1, . . . , rn. For t = 1, we
have B1(X) = {(1, . . . , 1)}. Given the data X, the set Bt(X) may be regarded as a
region that includes a central part of the (scaled) data, and t indicates its degree of
centrality.

Figure 3 exhibits the zonoid central regions of 50 simulated data points in R
2.

It illustrates how the regions reflect the asymmetric shape of the data distribution.
For the computation of zonoid central regions, see Dyckerhoff [3].

Similarly, the PL-dominance is characterized by the inclusion of certain regions.
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Figure 3. Zonoid trimmed regions Bt (X), t = 0.1, . . . , 0.9, for n = 50 observations.

PROPOSITION 2.

X �PL Y ⇔ Ct(X) ⊃ Ct(Y ) for all 0 ≤ t ≤ 1,

where

Ct(X) =
{

z ∈ R
d
+ : z ≥

n∑
i=1

λiri ,
∑

λi = 1, 0 ≤ tλi ≤ 1

n

}
.

This proposition can, with some calculations, be derived from Theorem 9.7 in
Mosler [15]. Note that the region Ct(X) includes the zonoid central region Bt(X]
and, in addition, all points that are larger with respect to the componentwise order
of R

d .
When d = 1, for any t ∈ [0, 1] holds

Bt(X) =
[

1

t
LX(t),

1

t
(1 − LX(1 − t))

]
,

Ct (X) =
[

1

t
LX(t), ∞

]
,

hence

Bt(X) ⊃ Bt(Y ) ⇔ LX(t) < LY (t) and LX(1 − t) ≤ LY (1 − t), (9)

Ct(X) ⊃ Ct(Y ) ⇔ LX(t) ≤ LY (t). (10)

Consequently, in the univariate case, the convex-linear scaled dominance as well
as the price L-dominance coincide with the usual L-dominance.
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As we have explained above, in comparing inequality by dominance relations,
it makes sense to restrict the comparison to the central parts of the distributions.
In view of the Propositions 1 and 2, this is readily done with the multivariate
dominance relations �s

lz and �PL.

DEFINITION 3 (Multivariate restricted dominance). Let d ≥ 1. For given t0 > 0
define

(i) the restricted convex-linear scaled dominance X �s;t0
lz Y if Bt(X) ⊃ Bt(Y )

for t ≥ t0,
(ii) the restricted price L-dominance X �t0

PL Y if Ct(X) ⊃ Ct(Y ) for t ≥ t0.

When d = 1, by (9) and (10) these two rankings specialize to univariate re-
stricted dominance relations as follows:

X �s;t0
lz Y ⇔ X �t0,1−t0

L Y,

X �t0
PL Y ⇔ X �t0

L Y.

5. Restricted multivariate generalized dominance

The multivariate rankings considered so far are invariant to transformations of
scale, with possibly different scale factors in the components. It may be argued
that a measure of multi-dimensioned economic status should, beyond changes of
the units of measurement in the attributes, not be scale invariant, since substitutions
are possible. Once the units of measurement of each attribute are fixed, an increase
or decrease in one attribute can affect the valuation of the other attributes.

The dominance relations �s
cx, �s

lz and �PL have been defined on the basis of data
scaled down by their means. Now, in a similar way, we introduce two dominance
relations which are not scale invariant and based on the non-scaled data instead.

The univariate rankings of generalized L-functions are characterized through
monotone convex evaluation functions (e.g., Marshall and Olkin [12, p. 109]):

X �dcx Y ⇐⇒ (11)
n∑

i=1

ϕ(xi) ≥
n∑

i=n

ϕ(yi) for all decreasing convex ϕ : R → R,

X �icx Y ⇐⇒ (12)
n∑

i=1

ϕ(xi) ≥
n∑

i=n

ϕ(yi) for all decreasing convex ϕ : R → R. (13)

DEFINITION 4 (Multivariate generalized dominance). Define, for d ≥ 1,

(i) the decreasing (increasing) convex dominance X �dcx Y (X �icx Y ) if
n∑

i=1

ϕ(xi1, xi2, . . . , xid) ≥
n∑

i=1

ϕ(yi1, yi2, . . . , yid) (14)
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for all decreasing (increasing) convex functions ϕ : R
d → R,

(ii) the decreasing (increasing) convex-linear dominance X �dlz Y if (14) holds
for all convex-linear ϕ of form (8) with ψ decreasing (increasing) convex and
α1, . . . , αn ≥ 0.

Again, these relations are reflexive, transitive, and antisymmetric. X �dcx im-
plies X �dlz Y and X �icx implies X �ilz Y . The relation �dlz is mentioned
as the decreasing convex-linear dominance, while �ilz is named the increasing
convex-linear dominance. These dominance relations are also characterized by the
inclusion of certain regions as follows.

PROPOSITION 3.

X �dlz Y ⇔ Et(X) ⊃ Et(Y ) for all 0 ≤ t ≤ 1,

where

Et(X) =
{

z ∈ R
d
+ : z ≥

n∑
i=1

λixi ,
∑

λi = 1, 0 ≤ tλi ≤ 1

n

}
.

Proof. In Mosler [15, pp. 243f] the inverse generalized L-function glX is in-
troduced. A short calculation shows that Et(X) = 1

t
{z : glX(z) ≥ t}. Note that

the ranking X �dlz Y is the same as price supermajorization, which is char-
acterized [15, Th. 9.12] by the pointwise ordering of the inverse generalized L-
functions, glX(z) ≥ glY (z) for all z ∈ R

d+. This proves the proposition. �
Similarly, there holds:

PROPOSITION 4.

X �ilz Y ⇔ Ft(X) ⊃ Ft(Y ) for all 0 ≤ t ≤ 1,

where

Ft(X) =
{

z ∈ R
d
+ : z ≤

n∑
i=1

λixi ,
∑

λi = 1, 0 ≤ tλi ≤ 1

n

}
.

In the univariate case (d = 1) we obtain

Et(X) =
[

1

t
GLX(t), ∞

]
, Ft (X) =

[
−∞,

1

t
(x̄ − GLX(1 − t))

]

and, therefore,

Et(X) ⊃ Et(Y ) ⇔ GLX(t) ≤ GLY (t),

Et(X) ⊃ Et(Y ) ⇔ x̄ − GLX(1 − t) ≥ ȳ − GLY (1 − t).

In order to focus the inequality comparison on the central parts of the distribu-
tions, these set inclusions, again, are restricted to parameters t in some subinter-
val of [0, 1]. The restricted version of the multivariate decreasing convex-linear
dominance is obtained in the following straightforward way.
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DEFINITION 5 (Multivariate restricted non-scaled dominance). Let d ≥ 1. For
given 0 ≤ t0 < t1 ≤ 1 define the restricted decreasing convex-linear dominance,

X �t0,t1
dlz Y if Et(X) ⊃ Et(Y ) for t0 ≤ t ≤ t1,

and the restricted increasing convex-linear dominance,

X �t0,t1
ilz Y if Ft(X) ⊃ Ft(Y ) for t0 ≤ t ≤ t1.

In the univariate case, the two rankings coincide with the restricted decreasing
(resp. increasing) convex dominance, that is, the pointwise ordering of generalized
L-functions: If d = 1,

X �t0,t1
dlz Y ⇔ GLX(t) ≤ GLY (t) for t0 ≤ t ≤ t1,

X �t0,t1
ilz Y ⇔ x̄ − GLX(t) ≤ ȳ − GLY (t) for t0 ≤ t ≤ t1.

Note that, with these non-scaled restricted orderings, the lower and the upper
bound can be independently chosen. The actual choice is to be based on the specific
economic question under inquiry and on the availability and quality of the data.

6. Concluding remarks

To measure multi-dimensioned inequality, four new notions of restricted L-domi-
nance have been introduced: two of them, the convex-linear dominance and the
price L-dominance compare distributions of relative well-being (ratio to the mean),
while the other two, the decreasing and the increasing convex-linear dominances,
compare distributions of absolute well-being and reflect also differences in the
mean values. All four are quasi-orderings; the first dominance relation implies the
second one, and the second implies the remaining two relations. Each unrestricted
dominance relation is based on set inclusions of a certain family of central regions.
A restricted dominance relation is obtained by restricting the set inclusions to a
properly chosen inner part of the family. Thus, the restricted ordering focusses on
a ‘central’ aspect of the distributions. By reducing the inner part, the ordering can
be successively made finer.

The restricted orderings are also useful in comparing one-dimensioned distri-
butions. Then they amount to the ordering of a central part of two Lorenz curves
(resp. two generalized L-curves) and neglect eventual crossings in their lower or
upper ends.

The ordering of convex-linear dominance is rather close to that of convex dom-
inance (which is also known as multivariate majorization). In dimension one, the
two orderings coincide. But for d ≥ 2 the convex scaled dominance s

cx, as well
as the non-scaled relations dcx and icx, cannot be restricted that way. As the
restricted multi-dimensioned orderings are stronger than the unrestricted ones (in
particular, stronger than multivariate majorization), many real data sets which are
not comparable by multivariate majorization may become comparable by properly
restricted dominance relations.
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It should be emphasized that, in dimension d ≥ 2, the size and shape of a
given central region depends on the whole distribution, and not only on the data
included in that region. Therefore, our restricted dominance notions depend on all
data, and not just on some central part of them. In particular, they should not be
interpreted as unanimous utilitarian social welfare preference restricted to subsets
of the populations.

In restricting (d = 1) the univariate L-dominance we fix a proportion of poor
households whose within-group inequality is not considered; similarly a proportion
of rich households is fixed. In dimension d ≥ 2, with the restricted convex-linear
order we fix just one proportion of very poor and very rich people together whose
within-group inequality we neglect. As the multi-dimensioned distribution has no
separate ‘upper’ and ‘lower tails’ there is only one parameter t0 to choose.

We close with a few remarks on limitations and possible extensions of our
approach.

• The above definitions extend to probability distributions and data with differ-
ent sample sizes, and the same results are valid.

• Further multivariate inequality orderings can be based on other families of
central regions, like Mahalanobis or halfspace central regions [15], and
others.

• The above multivariate inequality orderings imply that the attributes are sub-
stitutes. Moreover they treat the different dimensions in a symmetric way.
No dimension is regarded as ‘more important’ than another with respect to
inequality. Asymmetric orderings which are finer than the above convex-linear
orderings can be developed by imposing further conditions on the coeffi-
cients αj in (8). For multivariate indices, including those which give different
weights to the dimensions, see, e.g., Kolm [5], Maasoumi [10] and Koshevoy
and Mosler [8].
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