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Abstract

We study private equity in a dynamic general equilibrium model and ask two questions: (i)
Why does the investment of venture funds respond more strongly to the business cycle than
that of buyout funds? (ii) Why are venture fund returns higher than those of buyout? On (i),
venture brings in new capital whereas buyout largely reorganizes existing capital; this can
explain the stronger co-movement of venture with aggregate Tobin’s Q. On (ii), the cost of
reorganized capital has been high compared to new capital. Our model embodies this logic
and fits the data on investment and returns well. At the estimated parameters, the two PE
sectors together contribute between 7 and 11% of observed growth relative to the extreme
case where private equity is absent. Using an alternative plausible measure of PE excess
returns in the literature, this contribution could be as low as 5.8-9.7%.
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1 Introduction

Private equity funds account for a growing share of real investment in the U.S. economy,
with the amounts placed in these funds reaching more than 6% the size of private domestic
investment on average since 2001.' We build a model of private equity investment consist-
ent with its cyclical properties, and fit the model to the observed levels and returns.

We focus on the empirical regularity that investments in both venture capital (VC) and
buyout funds rise relative to other forms of investment as a function of aggregate Tobin’s
Q, but that venture responds more strongly. The left panel of Fig. 1 shows the relative
“intakes” of VC and buyout funds along with fluctuations in Q from 1987 to 2016, and the
scatterplot in the right panel shows the positive relation between the two.? The left panel of
Fig. 2 shows the individual intakes and the closer link of venture with Q is apparent there
as well.

Why is intake more Q-elastic for VC than for buyouts? Our model implies it is because
buyout funds reorganize existing capital, which is costlier to acquire when Q rises, whereas
VC does not face this impediment (and indeed ordinary investment faces it to an even
greater extent than buyout). The right panel of Fig. 2 shows our second empirical regular-
ity: payoffs to venture funds on average exceed those of buyout funds over the cycle.? In our
model this occurs because both ventured and bought-out capital collect the same amount,
Q, per unit when sold to the public, and it is thus only the difference in costs that drives
the stronger response of VC intakes. Moreover, both types of private equity outperform the
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Fig. 1 The relation between the log ratio of venture and buyout fund investments to aggregate Tobin’s Q,
1987-2016

! According to estimates from Thomson Reuters and the Bureau of Economic Analysis (BEA).

2 Annual estimates of monies placed with U.S. venture and buyout funds are from the Thomson One
VentureXpert database. Private domestic investment is from the BEA, and estimates of aggregate Q are
constructed from Hall (2001), Abel and Eberly (2011), and the Federal Reserve Board’s Flow of Funds
Accounts. See “Appendix A” for detailed descriptions of all data and methods used in our analysis.

3 Annual estimates of returns to U.S. venture and buyout fund investments are from Cambridge Associates,
and real returns on the S&P 500 are from Damodaran (2017), deflated with the CPI. See “Appendix A” for
details.
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Fig.2 The intakes of PE funds with respect to gross private domestic investment, and their respective
returns, as related to Tobin’s Q and the S&P 500, 1987-2016

S&P 500, and both co-move with it, yet venture returns respond more strongly to returns
on the S&P 500.

The key feature of the model is that the returns to venture and buyout are drawn from
different distributions with the expected returns known before investment decisions are
made. This implies that the investment choice for each type of fund is described by a sim-
ple cutoff rule: invest as long as the return is sufficiently high. The cutoffs vary over the
business cycle, and the relative returns, as well as the cyclical variation in relative intakes
of venture compared to buyout funds, are determined by the shapes of the distributions
from which the returns are drawn. We show that, so long as the distribution of venture
funds returns has a thinner tail than buyout returns, and the cutoffs are sufficiently close to
each other, the model is consistent with the empirical regularities documented above. The
model delivers premia over the S&P 500 return because private equity pays more when the
cost of capital is high, but that’s also the time when aggregate investment is low and con-
sumption is high. Higher returns to private equity thus tend to be realized when consump-
tion is valued less at the margin. Earnings of the S&P 500 firms, on the other hand, depend
primarily on TFP shocks, and there is no incentive to substitute toward consumption when
TFP is high. Hence the premium for private equity.*

Why do these distinctions between the two types of private equity matter for macro-
economics? Although monies placed in these two types of funds together amount to only
2-7% of the size of total domestic investment, with the average exceeding 6%, this ratio is
growing rapidly. With VC intakes and returns more procyclical than those for buyout, it is
clear that VC can amplify business fluctuations, and importantly at times when activity is
expanding and less promising ideas are getting implemented. At the same time, venture
has higher external benefits than buyout that may offset the change in the average quality
of ideas: Gompers et al. (2005), for example, show that founders of venture capital-backed
start-ups disproportionately come from prior positions at previously venture-backed com-
panies. This is learning-by-investing and therefore the Arrow (1971) type of effect that

4 Not pictured is the relation between returns and investment, but Kaplan and Stromberg (2009, Table 3,
panel B) find that private equity commitments rise as a function of returns realized over the previous year,
and this occurs in our model as well.
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Searle (1945) and Lucas (1993, Fig. 1) document, with such learning disproportionately
associated with new ventures.

In particular, we embed VC and buyout funds in a traditional Ak model and show, ana-
lytically and numerically, that their addition contributes to growth while retaining all of the
standard implications of the Ak model. A stylized parametric example shows that PE can
account for as much as half of observed growth. This effect falls to 7% of observed growth
in numerical estimations with less extreme distributional assumptions about the quality of
new projects and under Epstein—Zin preferences. Under CRRA preferences the effect is
11% of observed growth. Using another plausible measure of PE excess returns in the lit-
erature, these contributions could be as low as 5.8-9.7%. In all cases the effect of venture
on growth is larger than that of buyout, and the overall growth effects could be even larger
if PE were embedded in a heterogeneous-idea model of the Lucas and Moll (2014) or Perla
and Tonetti (2014) types.

We then ask if the Ak structure of our model, with its constant returns to factors, may
overstate the growth effect of PE funds if in reality returns to factors diminish. In that case
PE raises not long-run growth but the steady-state level of GDP. We indeed find the effect
to be three or four times smaller than in the Ak version. That said, we believe that the
Ak framework should apply to PE generally and especially to the venture capital sector,
which deals with projects close to the technological frontier. Since technologies build on
one another, they probably do not face the diminishing returns that ordinary capital faces.

Opp (2019) also models the implementation of heterogeneous ideas by VC funds, and
in his model as in ours VC activity is procyclical, with funding standards declining dur-
ing booms in the sense that the average quality of implemented ideas is countercyclical.
He analyzes venture only, whereas we also analyze buyouts. As a result, we can study the
movements in the relative intakes (Fig. 1) as well as the relative performance of venture
and buyout funds (Fig. 2). To the best of our knowledge, our paper is the first to endogenize
both types of investments or “intakes” in a dynamic general equilibrium model. In addi-
tion, Opp (2019) quantifies VC funds’ impact on aggregate growth and welfare while we
study contributions to growth from both types of PE funds.

A complementary explanation for the premium in private equity returns is illiquidity,
where there is an effective lock-up period of as long as 10-12 years. Sorensen et al. (2014)
model the effects of these lock ups and find an annual premium of slightly more than 1%,
which we subtract from the returns that we target when estimating the model. Ang et al.
(2014) also find the premium to be about 1%. Amihud and Mendelson (1986) argue that
the low liquidity premia are the result of a selection effect whereby investors who can toler-
ate risk more easily are drawn into private equity—a preferred habitat view.

Our discussion of private equity is confined to PE funds. A broader measure of pri-
vate equity includes occupation-specific investments in physical and human capital such
as those made by self-employed people. Hamilton (2000) and Moskowitz and Vissing-Jgr-
gensen (2002) find the risk-adjusted return to self employment insufficient to compensate
for foregone wage earnings, and that perhaps non-pecuniary benefits play a major role.
Such benefits are presumably not present when investing in PE funds. Vereshchagina and
Hopenhayn (2009) point out, however, that the option of liquidating a private equity invest-
ment after realizing a low return can also lower its equilibrium return.

Earlier work finds that the mode of business investment varies across firms and over
the cycle; in particular, young firms contribute a larger fraction of investment when stock
prices are high. Gompers et al. (2008) find that VC investment is positively related to Q.
Jovanovic and Rousseau (2014) show that a rise in aggregate Tobin’s Q leads incumbents
to reduce investment, thereby creating opportunities for investments by new firms.
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The paper is organized as follows. Section 2 introduces our model. Section 3 character-
izes the equilibrium and provides analytical examples. Section 4 discusses the plausibility
of the model by first providing some empirical evidence, and then provides estimates from
baseline calibrations of the model. Section 5 examines robustness of our findings to alter-
nate modeling assumptions. Section 6 concludes. All data sources, estimation methods,
and derivations are in the “Appendix”.

2 Model

We begin with a model of the real side of the economy in Sect. 2.1, and then add a private
equity sector in Sect. 2.2.

2.1 An Ak structure

Output, y, is produced with physical capital, k as
y=7zk, (1)
where z is a shock. Output is consumed, C, or invested in k in amount X at the unit cost of
g. The income identity reads
y=C+gX. )
The law of motion for k is
K=(1-8k+X, 3)

where a prime, “’”, denotes a variable’s next-period value, and § is the rate of depreciation.
Households Households are homogeneous with preferences EO{Z o B'U ( )} with
UlC)=— They own the firms, which pay out profits as dividends back to households.

Flrms Flrms own k, and optimal investment in k requires that the cost of a unit of physi-
cal capital, g, equals the present marginal value of expected dividends (discounted at the
household’s stochastic discount factor) of that unit. Expressed recursively, the condition
reads

'\ Y
q:ﬂ/(%) (Z+ (1 =6)q)dF(s,s), )

where y’ is next period’s output and where the two aggregate shocks, (z, ) = s, follow first-
order Markov processes with the CDF of s’ given by F (s’ , s). The value ¢ is the price of a
unit of k, and the gross return on equity is R = %{(z’ +(1- 5)q’).

2.2 Private equity and the implementation of ideas

The arrival process for new ideas. Households get new ideas, and their number is propor-
tional to the capital stock k. The number of ideas implementable by VC funds is Ak, and the
number implementable by buyout funds is 6k. Not all the ideas are implemented. The pres-
ence of 4 and 6 is external to the households’ and firms’ decisions.
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Formally, the production function (1) remains the same, but in (3), X is broadened as
follows:

X = Z Xj — nbk, (5)
j€f{cv,b}

where X, represents investment in continuing projects, X, is venture-backed investment in
new projects, X, is investment mediated by buyout funds, and n,, is the intake of buyout
funds, which is formally defined in Sect. 2.2.2. The term n,k is subtracted to avoid double
counting the capital from firms purchased by the buyout funds.

In other words, all three methods create the same commodity—physical capital, but
their production functions differ. We now describe each in turn:

(1) Continuing projects. X, is created via existing projects and its total cost is gX_ in
units of consumption.

(i1) VC-backed projects. X, denotes efficiency units of k created by implementing new
projects. A project uses as inputs a unit of the consumption good and an idea. As
output it delivers € units of capital ready for use in the next period. The quality of the
project, €, is known at the start. New projects are born each period, and their quality
is distributed with a CDF G"(¢). Ideas arrive at the rate A so that the unnormalized
distribution of new ideas is AG"(¢).

(iii) Upgraded projects. X, denotes efficiency units of k created by buyout funds; 6k units
of existing physical capital k can be upgraded at a cost = per unit. When upgraded,
its efficiency changes from unity to €. Idea qualities for upgrading are described by
€’s drawn from the CDF G®. The unnormalized distribution of new ideas is 8G®(¢).
As with the venture funds, € is known before the fact.

Contracting between agents and PE funds. Funds raise new subscriptions each year and
close the following period. Each vintage of investors thus receives a return on their invest-
ments alone—there is no mixing of dividends among investments of different vintages.
Costs predate returns by a period.” We assume that the PE fund owners get all the rents
from the projects in which they invest.® It takes one period for the projects to mature. PE
funds sell the capital to incumbents at the start of the following period. Capital created
though new projects is sold by venture funds to incumbent firms or floated by IPO also at
the start of the following period. Similarly, capital created through buyout activity results
in an effectively larger capital stock in the hands of existing firms.

2.2.1 Venture funds

Let &, be the minimum project quality accepted by a VC fund.
The intake of VC funds. Each implemented idea costs one unit of consumption, and the
total VC fund investment then is the same as the number of projects

n, = # VC-backed projects = [1 — G* (&, )]. (6)

5 The typical fund lasts 10-12 years but our data will allow us to infer the year-to-year returns.
¢ For VC funds Jovanovic and Szentes (2013) obtain this outcome if VCs are scarce relative to founders of
new firms.
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VC fund payout. Since capital is delivered in time for next-period production, next period
fund dividends and their closing revenues are

D,(s") = (Z+ 1 =84 )x,, (7

where

X, = /1/ edG". (8)

v

The VC fund'’s project-portfolio decision. A VC fund chooses €, to maximize the expected

utility of its investors:
c\’
mj"{ﬁ /(&) Dv<s'>dF(“‘"S)‘"V}' ©)

Y 4 S .
Since [ <C£> DdF =x, [ <C£> (¢ + (1= 8)q')dF = 7 [ edG", the problem in (9)
reduces to

7,(q) = max (q/l/ edG" — nv>, (10)

v

where n, is given in (6). The first-order condition states that

Y

2.2.2 Buyout funds

Let g, be the minimum project quality accepted by a buyout fund.

The intake of Buyout funds. Each implemented idea costs 7 units of consumption and
one unit of physical capital the price of which is g. The total buyout fund investment then
is

ny = (t+q)0[1 - G°(g,)]. (12)

Buyout fund payout. Next period dividends are the closing revenue

Dy(s") = (2 + (1 = 8)q' )x,, (13)
where
Xy = 9/ £dGP. (14)

Buyout fund’s project-portfolio decision. The fund chooses €, to maximize the expected
utility of its investors,
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b [ (&) Duls)ar(s's) =,

and using the same logic as that behind the proof of (11), we get the buyout fund’s decision
problem

7(g) = max <q9/ edG® — nb>, subject to (12), (15)
£ .

with its optimal cutoff rule

T+q

£ =
*T g

(16)
To summarize: Firms live forever and are publicly owned with share prices ¢ in (4). Funds
live for one period and are not publicly tradable. The timing from one period to the next is
as follows:

(1) s =(z,¢q) and the profile of £’s are realized at the start of the period;

(i) Incumbent firms purchase capital created in the previous period by PE funds—the
capital is productive this period and incumbent firms buy it at zero profits, paying
z+ (1 — 6)g per unit;

(iii) Production and ideas implementation occur, determining €., &, x, and k;

(iv) The equity market opens; firms invest, converting goods into k’;

(v) firms and PE funds distribute their profits to households and consumption takes place.

2.2.3 Differences between the two funds

In the model, venture funds create new physical capital whereas buyout funds transform
and upgrade existing physical capital units into new ones subject to an implementation cost
7. One can interpret a VC fund in our model as an investment vehicle that provides equity
financing to startups and growth firms in their early stage. In our sample for empirical
analysis, the majority of VC funds (1070 out of 1680 funds) are in the early stage and earn
large and positive net-of-fee returns; this is consistent with Korteweg and Nagel (2016),
who document that VC start-up investments earn large positive abnormal net returns
whereas those in the later stage earn net returns closer to zero.”

On the other hand, buyout funds can be interpreted as investment vehicles that acquire
existing firms. As a result, the implementation cost = could include any transaction fees
charged when a buyout fund buys or sells a company, similar to the M&A fees charged
by banks. Metrick and Yasuda (2010) argue that transaction fees are common features for
buyout funds but are rare for VC funds.® A buyout fund therefore does not pay  to its capi-
tal providers; rather, 7 is a real cost that may in fact compensate fund managers (i.e., the

7 Similarly, Korteweg and Sorensen (2010) find positive abnormal round-to-round returns from start-up VC
investment. We therefore adjust PE returns for early versus later-stage funds when estimating the model in
Sect. 4.2.

8 This difference is reflected in the RHS of Eqs. (6) and (12). Depending on the funding terms, transaction
fees for BO funds range from 1.68 to 3.37 cents per dollar of committed capital (Metrick & Yasuda, 2010).
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general partners) for the due diligence they perform with takeover deals. That is why the
cutoff quality £, depends positively on 7.

3 Equilibrium and its properties

We write variables relative to k. The law of motion for k in (3) changes to

kl
F="=1-6+i (17)

where i = X /k so that corresponding to (5),
i=x,+x,+x,— 1. (18)
Second, in the absence of PE the income identity would read
z=c+gqi. (19)

The two PE funds, however, generate k at a cost lower than ¢ and the difference is reflected
in their profits z, + , that are added to the LHS of (19) along with —= nb of the buyout

funds’ costs, which are transfer payment costs not reflected in 7. Thus the income identity
becomes

q .
+ 7, + T+ n, = ¢+ qi.
dhm b my q (20)

With k dropping out of the equations, the state of the economy is s = (z, g). Using I'(s)
(defined in 17)), we substitute into (4) to get

_ﬂ/(

The functions (51"”1" ”i) are defined in terms of primitives. The remaining unknowns are
c(s), x.(s), and I'(s); these three functions solve Eqgs. (20), (17) and (21) for all s.
Existence and characterization. Let the constant L solve

s
) (2 + 1 =8 )dF(s,s). (21)

1/y

(1+4"7L) @+ (1 - 8)g)
L= ﬂ/ @) 1 _dFGo| . @2

Z+Z7r(q)+0q[l—Gb<l+ )] +(1—5)q)

“Appendix B1” shows that if

I-y
ﬂm/<1_5+§> dFGs) < 1, 23)

a unique solution for L in Eq. (22) exists. Then “Appendix B1” also proves

Proposition 1 If Eq. (23) holds, the equilibrium ¢ and i are
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z+2m(q)+9q[1 —Gb(l + ;)] +(1-8)q
€= 1+ g'-lrL ’

24)

and

<z+ Y 7(q) + Oq[l - Gb<1 + ;)] >q‘1/7L —(1-0)
1+q'-'/7L '

(25)

1=

We use both ¢ and i from Egs. (24) and (25) to estimate parameters of the model, and
when we generalize the model in Sect. 5.1 to include Epstein—Zin preferences, Eqs. (24)
and (25) will continue to hold with only the constant L differing.

3.1 Private equity and growth

According to (54), y grows at the same rate as k in the long run. From (17), the growth rate of k is
g=i—o.

We first consider an analytical example when project qualities are distributed as Pareto.
Example: Pareto G¥ and G". Fori € {v,b}, let p; > 1. And fore > g, (, let

—P;
Gi(e)=1- <i> . (26)

€0

“Appendix B3” then proves the following result in the deterministic case where z and g are
fixed:

Proposition 2 If households have log preferences so that y = 1 and if G¥ and G® follow
the Pareto distribution in Eq. (26), with lower bounds satisfying €, o < i and &, o < ?,
then the growth rate is
=P -
(z+ v+0q<ﬂ> '>q—1ﬁ—q(1 —5)(1 —f+ [z + (1 - 6)q] 1v>
_ q€y,0 _ 27)
g= — 5 (
1+ [z+ (1 =8| v

1-p, I-p,
0 T+ A 1
Py — 1\ g&, g pv—1\gqe,

Growth is increasing in z and in the thickness of each tail,

where

Jg Jg Jg
— >0, — <0, — <0,
0z op, dp

v

and decreasing in q and in the implementation cost of buyout funds t,
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§§<0’§§<0
dq at
The solution in (27) is of the same general character as other Ak models of growth,
increasing in z and decreasing in g. What we add is a role for PE. When g¢ is high, so also
are the costs of reorganizing capital through buyouts relative to VC, and while both forms
of PE rise to offset the general decline in investment partially, VC rises more.” These points
are clearer in the linear approximation. “Appendix B4” further shows the following:

Corollary 1 A first-order Taylor approximation around (1, 6) = (0,0) yields the following
expression for the growth rate,

g=Ai-a-s (29)

where

1-p, 1=py
~ - - +
A=q'pl z +i|--2 <;> iy ﬂ<_‘1> and
—— py— 1\ ge, o — 1\ g&p 0

TFP term o N _/

v R
Value added by Venture Value added by Buyout

- [Z+(1 —é)q]flv

1_
a=qp(l - 5) Tﬁ

——

Discount Rate without PE

are the PE-adjusted TFP term and the PE-adjusted discount rates, and where

® When G"(e) is Pareto, as in Eq. (26) with p > 1, this means that n, = il e’ > e, = ﬂ'/”ev.on;l/", and
therefore that '

e - P li YA
E(slest)zsﬂo/ pE /’d.g:p_le ":p_l(ﬂl/"e‘,vonvl/") ’
£,

v

1-p
€
— P&y A(l_p)/”n(f—l)/p.

p—1

Equation (4) of Opp (2019) assumes that, as a function of the number of projects, expected venture output
is proportional to n! with # set at 0.59. Our returns to scale would therefore be the same if we set

el 1 1 _
== PET Ty T oa -

2.4.

As p rises the right tail gets thinner as the left tail thickens, and returns to scale rise because more pro-
jects are undertaken without that much loss in quality. Since buyout has a thicker right tail (see Fig. 6 in
Sect. 4.3 below), its left tail is thinner and p is smaller, meaning that its returns diminish more rapidly, i.e.,

the parameter # in Eq. (4) of Opp (2019), had buyout been modeled there, would be smaller than that for
venture.
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i (1 -6)q 5= 1—%4

T4+ (-6 T z4+(1-6)q
are proportional to the arrival rate A and 0. Moreover, A increases with z and decreases
with q, and the opposite is true of a.

The growth rate depends on the TFP term z and the cost g of physical capital as in all Ak
models, but also depends on the value added from the two PE sectors in our model. Value
added by buyout is linear in p,/(py, — 1), which is the mean of &,. The value added from
the two PE funds becomes zero in the limit case where A and 6 are zero so that there are no
implementable ideas in the PE sectors, or when the distribution of € converges to a degen-
erate distribution, as discussed next.

Limiting case. As A — 0 and 6 — 0, the supply of PE projects disappears. And as
p, = o and p, — oo, the two Pareto distributions collapse to a degenerate distribution at
€ and g, In these limiting cases PE plays no role in the model and

g—*%—(l—ﬁ)(l—é)q—& (30)

which is the same as Eq. (2) of Rebelo (1991) with his CRRA parameter ¢ = 1 and the
share of capital set to unity.

Parametric example. We now provide a simple quantitative illustration of the impact
from the PE sectors to growth in the model using (27) and the Pareto assumptions above.
This is meant as a benchmark—we later refine the model to consider alternative and more
realistic distributions for G¥ and G®. For now, we target the moments listed in Table 3
reported in Sect. 4 using the Pareto with p, = p, = 1.6, which Jovanovic and Szentes
(2013) used in their simulations.'® The estimated growth rate from Eq. (29) is 2.66% per
annum, and is reduced to 2.36 and 2.24% when we shut down buyout funds (# = 0) and
venture funds (4 = 0), respectively. When there are no PE funds at all (A =0 = 0), the
annual growth rate is reduced to 2.17%. In this parametric example, the PE sectors con-
tribute to nearly 20% of total growth and the effect of venture is larger than that of buyout.
Figure 7 in “Appendix C” further shows that the marginal impact of PE funds on growth
flattens out as p, and p, increase, which indicates that the PE sector has a larger impact
on the real side of the economy when the distributions of its projects’ qualities are more
dispersed.

While these relatively large growth effects and the contrast between VC and buyout rely
on log utility and Pareto distributions, they represent closed-form analytical solutions for
how much PE may affect the economy. We relax these assumptions in Sect. 4, and further
connect the model to the macro data and evaluate its empirical plausibility. We derive the
model’s implications for asset prices next.

3.2 Asset returns

We first derive the general expressions for returns, and then provide three examples.

10 Different from parameters in Table 3, we set y = 1 as used in Proposition 3 and further set the deprecia-
tion rate to 8% to achieve a reasonable range of growth rates. Similar to Table 3, we preset g = 0.95. The
estimated parameters are A = 0.016, 7 = 0.76, 0 = 0.001.
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Return on equity. By (54) we have y' /k' = 7’ and therefore the gross return on equity is

RE=%I(Z’+(1—6)61’), G1)

which depends on both 7’ and ¢'.
Gross return of VC and Buyout funds. Realized returns are
D, (s D, (s’
v( ) and R, = b( ) (32)

ny,

R, =

v

ny

With the return on equity, Ry, defined in (31) and the project-selection rules €, and &,
defined in (11) and (16), returns relative to Ry; are

RV < vC vC 1 >

— =qE{&"~ | e > - and 33
Rg q (33)
R, ( BO. BO . T+ q)

— =qE( " | " > —— ). 34
Rg q (34)

Cyclical implications. The model has the following cyclical implications for the ratios in
(33). The means of the €’s and their truncation points are scaled by their costs which are
unity for venture and = + g for buyout. Three examples now follow—the derivations are in
“Appendix B2”.

Example 1 Exponential G' and GP°. For € > 0, let Gi(e) = 1 —exp (—iie) for i € {v,b}.
Then

R, q R, q
—=1l+—and — =14+ ——, (35)
Ry v Ry AT +9q)
so that
R,ZR, & (@494 24, (36)

Example 2 Pareto G and G®. We consider again the Pareto example in Eq. (26). Then

R R
o= P and 22 = 37)
Rg  py—1 Rg  pp—1
As aresult, the distribution with the thicker tail yields the higher returns:
Ry Z R, © py 20y (38)

It’s worth noting that under Pareto distribution, the return ratios no longer depend on g.

Example 3 Normal G* and G. Let &, ~ N(u,.62) and &, ~ N(u,.02). Then for the
generic normal distribution N ( M, 02), the inverse Mills ratio is expressed as
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Table 1 Private equity intake regressions, 1987-2016

Dependent variable: log intakes

In(n)) In(n®) In(n)/n®)
0, 1.615%#% 0.955%# 1.452%% 0.706%# 0.163%* 0.250%*%*
(6.57) (6.75) (5.19) (4.30) (2.06) (2.87)
Trend 0.084%%:% 0.095%#:* —0.011%*
9.28) (9.06) (- 1.99)
Constant 7.405% %% 7.316%% 7.671%5% 7.57 1%k —0.267* —0.255%
(15.65) (31.05) (14.24) (27.71) (- 1.75) (- 1.76)
R? 0.607 0.906 0.490 0.874 0.132 0.242

Estimation is by OLS, with robust T-statistics in parentheses. Q,_, is aggregate Tobin’s Q measured at the
start of year 7. The variables n,V and nf are in millions of constant 2000 dollars

#xxp < 0.01, #*p < 0.05, *p < 0.1

¢( € min—Hi )
1= ¢< Ei,m:_f‘i )

where ¢ and @ are PDF and CDF of the standard normal distribution N(0, 1), respectively.
In our model the truncation points are €, ., = 1/q and &, ;, = (¢ + q)/q, and the ratio of
returns is proportional to the ratio of inverse Mills ratios

MRi(gi,min) = E(S | e > ei,min) =u;+o; ,i=vb

R, MR,(e
Ry - MRb(fb,min)

v, min)

(r+9). (39)

Choice of G' and G°. While the Pareto case provides closed-form expressions for
returns, (38) implies that higher returns are associated with thicker-tailed distributions. Yet
we will show in Sect. 4.3 that the actual cross-sections of buyout and VC returns reveal the
opposite: a lower average return for buyout coexists with a thicker cross-sectional tail. On
the other hand, when G" and G follow normal or exponential distributions, (39) and (36)
show that even if VC has a thinner tail (smaller ¢) than buyout, VC could still have a higher
mean return £ [RV] > E [Rb ] for sufficiently large ¢ and implementation cost 7 + g. We find
that this inequality indeed holds at the estimated parameter values reported in Sect. 4.

In the Pareto case, (37) implies that the relative returns R, /R,, are driven entirely by
choices of distributional parameters and thus do not depend on g or aggregate risk, but
there is less support for this empirically as we will show in the next section. This, however,
is true for the Pareto case only. For these reasons, we assume G* and GP follow normal dis-
tributions in the estimation that follows.
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Table 2 Private equity fund return regressions, 1987-2016

Dependent variable: fee and inflation-adjusted returns

RVC,! RBA,I RVC/RB
0., —0.514%% —0.531%* — 0.254%%x — 0.256%% - 0211 - 0222
(=232 (=237 (— 4.74) (=521 (- 1.16) (- 1.16)
0, 1.014%% 0.966%* 0.312%%% 0.304% 0.557 0.527
(2.15) (2.16) (5.63) (6.08) (1.46) (1.45)
z, 4.258 0.671 2.708
(1.62) (0.95) (1.24)
Constant 0.212 - 1310 0.996% 0.756%+ 0.381 - 0.586
0.42) (- 0.97) (21.97) (2.75) (0.95) (- 0.62)
R 0.443 0.479 0.591 0.607 0.314 0.342

Estimation is by OLS, with robust T-statistics in parentheses. Q,_, is aggregate Tobin’s Q measured at the
start of year ¢

wrkp < 0,01, #*p < 0.05, *p < 0.1

4 Empirics and model estimation

Figures 1 and 2 in the introduction provide some preliminary and distinct features of buy-
out and venture funds. We begin this section by describing the empirical evidence in more
detail and follow with estimation of the model to verify its ability to fit the aggregate time
series of private equity investment and returns, as well as some key macro moments. See
“Appendix A” for details of the data sources and estimation methods.

4.1 Empirical evidence

We begin with regression tests of our model’s predictions. We first verify the implica-
tions for observed intakes and returns to private equity. Table 1 reports the results of
time-series regressions of the logs of venture and buyout intakes, as well as their log
ratio, with respect to aggregate Tobin’s Q,_,. The table shows that both log intakes are
positively related at the 1% level to aggregate Q,_; (i.e., measured at the start of the
period), but that venture intakes are more responsive to Q,_;. The regressions in the
right-most panel show that the log ratio of the intakes is also positively related to Q,_,;
at the 1% level when we include a linear time trend and at the 5% level without a trend.
These results offer empirical evidence that venture activities co-move more strongly
with the business cycle and therefore should pay higher premia than buyout.

Table 2 reports time-series regressions for the returns to the two funds and their
ratio on aggregate Q and the productivity shock z,. Returns to both venture and buy-
out funds are related negatively to start-of-period Q,_; and positively to end-of-period
Q, as the model predicts, and typically at the 5% level or less, and returns to ven-
ture are more Q-elastic than buyout returns. Consistent with the model in showing no
significant relation between the ratio R, /Ry, and Q,_,, the regression in the right-most
panel indicates that the relation with end-of-period Q, is positive but is imprecisely
estimated.
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Fig.3 The ratio of buyout and venture returns to the S&P 500 in the data, 1987-2016. The red lines show
the estimated OLS fitted values while the blue line in the left panel excludes the outlier in 2000. The
Newey—West z-statistic is reported

Table 3 Parameters for the estimation

Pre-set parameters

Discount rate Risk aversion Depreciation rate
B Y é
0.95 3 0.01
Estimated parameters
Average VC quality SD of VC quality Average BO quality SD of VC quality
Hy Oy Hp Ob
- 1.65 1.31 - 1.48 2.68
[-1.97, - 1.33] [0.20, 2.82] [-1.65, — 1.31] [2.03, 3.32]
Arrival rate of VC idea BO implementation cost Arrival rate of BO
upgrade
A T [4
0.012 0.76 0.001
[0.00, 0.33] [0.17, 1.36] [0.00, 0.02]

The table reports parameters for the estimation, with 95% confidence intervals computed with GMM in
brackets

Comparing to the findings in the literature, Kaplan and Stromberg (2009) measure
returns over the previous year and find in their Table 3 that they relate positively to
current period commitments. Our model also predicts this: commitments rise in ¢ and
so do returns over the previous period—see Eq. (37). Gompers et al. (2005) also find
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Table 4 Fit of model to observed means

Targeted Non-targeted

Data Model Model? Data Model Model?
Mean Ry 1.139 1.139 1.079 Mean g 1.020 1.054 1.055
Mean Ry, 1.105 1.105 1.049 Mean i 0.050 0.064 0.065
Mean Rggp 1.086 1.089 1.042 Volatility Ry, 0.550 0.383 N/A
Mean n, /i 0.80% 0.80% 0.85% Volatility Ry, 0.128 0.314 N/A
Mean ny /i 0.76% 0.76% 0.77% Volatility Rggp 0.172 0.178 N/A
Mean ¢ 0.300 0.300 0.301 Mean gRy/Rsep 2.670 2.416 1.910

The table reports targeted and non-targeted moments of the variables of interest for the baseline estimation.
The empirical moments are computed over the sample from 1987 to 2016

that an increase in initial public offering (IPO) valuations leads venture capital firms
to raise more funds, an effect that is particularly strong among younger venture firms
(Kaplan & Schoar, 2005).

To provide further evidence for our model’s implications on returns in Sect. 3.2,
Fig. 3 plots, in the left and right panels respectively, the ratios of VC and buyout
returns to those of the S&P 500 against g. The figure shows that, consistent with mod-

el’s prediction, both 11:_V and % are rising in g, whether we include the extremely high R,
E E

observation from 2000 or not, and are statistically significant at 10% level or less. The
correlations with g are 0.42 and 0.32 for % and 2—‘“, respectively.
E E

4.2 Model estimation

In this section we estimate the model and evaluate its performance with respect to the
available time series for private equity returns, intakes and other variables of interest. To
do this, we assign values to f, y, and 6 and then choose A, 0, 7, and the parameters of
G, and G, jointly to target the means of c, n,/i, n, /i, Ryc, Ry, and Rggp, using the S&P
500 return as our observed measure of the return on equity in (31). As Kaplan and Schoar
(2005, p. 1792) point out, if high-quality general partners (GPs) are scarce, differences in
returns between funds could persist, and a buyout fund’s GPs may require better proprie-
tary deal flow to succeed, thus allowing better GPs to invest in better deals. In this case the
reward to GP skill could include a higher probability of obtaining a follow-on fund. This
effect is not included in the model but one could plausibly think of 7, which is a real cost
parameter paid in terms of foregone consumption of the representative agent, as payment
to a buyout GP.

For g, we use fourth quarter observations underlying Hall (2001) for 1987-1999, and
then join them with estimates underlying Abel and Eberly (2011) for post-1999 periods.
Details on the construction of the series are in “Appendix A”. The National Income and
Product Accounts provide us with z, the ratio of output to physical capital. Gross domestic
product is defined as y = zk.

Table 3 reports the values we assign for parameters f, y, and 6, along with those we esti-
mate. We assume the £’s are normal: £, ~ N (y,, 02 ) and &, ~ N(u,, 62 ). We set the model
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Fig.4 Intakes of venture and buyout in the model and the data, 1987-2016. The intakes are the sum of
investments made annually in U.S. venture capital and buyout funds, divided by annual estimates of gross
private domestic investment from the BEA

to an annual frequency with # = 0.95 and a 1% rate of capital depreciation.!! Table 3 shows
that all estimated parameters are statistically significant at the 5% level or less based upon
95% confidence intervals computed using GMM. The estimated distribution of ¢ for buyout
has a larger mean (u;, > u,) and a thicker tail than VC (¢, > o,).

Table 4 reports the means of the series of interest as estimated and in the data for
1987-2016. The table incorporates two adjustments to the data:

Adjustment for early versus late-stage. For PE returns, Korteweg and Nagel (2016) doc-
ument that VC start-up investments earn large positive abnormal returns whereas those in
later stages earn excess returns near zero, net of fees. To address this, we adjust VC returns
as follows

Ryc = oycRyc + (1 - wvc)Rs&Ps

where oy = W and Ry is the combined VC return (i.e., without adjusting
for early versus later staglfl:nfsunds).12 In our sample, 1070 out of 1680 VC funds are early
stage, indicating that wy- = 65%. We also note that the average combined VC return, RVC,
in our sample is 18.1%, which is in line with the estimates in Table IA.Il of Harris et al.
(2014).

Adjustment for capital share. PE funds incur direct expenses in setting up the fund

and its infrastructure, and in managing the fund. These include the fees of attorneys,

' We set 6 = 1% to match the level of equity returns. Realistically, however, in a one-capital Ak model, & is
an amalgam of physical and human capital. Lucas (1988), for example, assumes zero depreciation of & and
in Eq. (30) he assumes that it even can appreciate through learning by doing. We later show that the results
are robust to depreciation rates of 4% as in Karabarbounis and Neiman (2014), 5% as in Jovanovic and
Rousseau (2014), and 6% as in Nadiri and Prucha (1996).

12 Table 7 in the robustness section later shows that our model also fits the data well using combined VC
returns.
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Fig.5 Returns to buyout, venture, and the S&P 500 in the model and the data, 1987-2016. Aggregate
returns to U.S. PE funds are from Cambridge Associates (2016a)

consultants, custodians, administrators, accountants, litigation expenses, and others. More
importantly, much of the proceeds placed with PE funds are used to compensate labor in
projects that are undertaken and thus do not end up being used for capital investments. To
correct for this, we multiply the observed intake values by one-third, the standard capital
share in the literature, to approximate the amounts going directly to capital investments.

Adjustment for the liquidity premium. We further subtract 1.05% from buyout and
venture returns, which is the liquidity premium reported by Sorensen et al. (2014) for
these types of funds. This value was also subtracted from the series shown in the top
two panels in Fig. 4. The 1.05 premium is similar to the value of 0.9% reported by Ang
et al. (2014). One concern is that buyout funds are highly levered whereas our model
doesn’t feature any leverage. The Modigliani—Miller theorem, however, states that lever-
age should not affect returns because investors can undo the financial positions of the
firms that they invest in. This holds because our model has no private information or
other frictions that would affect this reasoning.

The column labelled “ModelP” shows the model’s prediction for asset returns with
z and ¢ held constant at their sample averages (i.e., the opposite of a mean-preserving
spread). In this case, the predicted S&P return falls by 4.7%, becoming a risk-free rate,
the VC return drops by 6%, and the buyout return falls by 5.6%. This occurs because,
as Egs. (31)—-(34) show, each return is convex in g and as a result of Jensen’s inequal-
ity. The returns are all linear in 7’ and ¢’ and mean preserving spreads in 7’ and ¢’ do not
matter.

Table 4 shows that the model matches most of the means in the data well, and matches
the second moments of asset returns and average investment i reasonably well. The model
predicts larger average returns for VC than for buyout because the estimated average
g-adjusted Mills ratio for VC, E [MRV(T + q)], is larger than for buyout E[ MR, ], as was
discussed in example 3 in Sect. 3.2. The model, however, overestimates the average growth
rate in order to match average stock returns based on (31). Using the estimated parameters,
the PE sectors together contribute to 11% of growth. Table 8 in Sect. 5.3 below shows that
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the model can match the average growth rate g with capital depreciation 6 set to 4% per
annum but at a cost of slightly lower fitted average stock returns. In addition, the model
overpredicts the volatility for buyout whereas the estimated venture return is less volatile
than the data.

The last non-targeted moment in Table 4 relates to Kortum and Lerner’s (2000) find-
ings that, from 1983 to 1992, the ratio of venture intake to R&D spending averaged less
than 3% and venture generated 8% of industrial innovations. Assuming that the return to
R&D would be the same as to ordinary investment, our model indicates that the ratio of the
average to marginal product of VC, €, was 8/3 ~ 2.67. Our model would interpret this via
Eqgs. (11) and (33) as implying

Eeleze) 4 R,
= / edG'(e) = g— = 2.67.
&y 1- G(fv) £, RE

Our data on average show that g = 1.83, and Rve — 1, 32, and their product is 2.416, which

&P
as shown in the last row of Table 4, is a slight underestimate.

Figure 4 shows the intakes of venture and buyout funds as percentages of gross private
domestic investment in the data and in the model."* The upper panel of Fig. 4 shows that
the model fits the cyclical properties of the intake for venture investment well, with a cor-
relation of 0.68 between model and data. The series in the lower panel have a correlation of
0.75, and indicate the model can reproduce the spike in buyout funds that occurred in the
year 2000, albeit overly so.

Role of Spikes in 2000. It is worth noting that the high correlation between the model
estimates and the data is not driven by observations from the year 2000: when we exclude
2000 from the sample, the upper and lower panels of Fig. 4 continue to exhibit high cor-
relations of 0.73 and 0.69 respectively.

Figure 5 shows the fit between the model and data with respect to returns. The model
once again fits venture well with a correlation of 0.65 (upper panel) when we include the
spike in 2000 and 0.64 without the spike, and fits the returns to buyout funds even more
closely with a correlation of model and data of 0.73 (center panel). The lower panel shows
the fit to the S&P 500 return, where the correlation of the model with the data is 0.90.

In sum, our model is able to match the dynamics of returns to buyout, venture and stock
well using data on the macro series (z, g).

4.3 Evidence from returns distributions

One of the key distinctions between venture and buyout funds in the model is the differ-
ence in the distributions G¥(¢) and G®(¢). In fact, under the Pareto case (Example 2 in
Sect. 3.2), we show that the relative returns are driven only by the parameters of the dis-
tributions, p, and p,. In general, the model requires buyout €, to have a thicker tail than
venture g, to match the mean returns in the data. Does this hold empirically? To answer
this question, given that systematic data on the individual projects of venture and buyout
funds are generally unavailable, we construct an empirical counterpart of G'(g) and G®(¢)

13 To produce the model-based time series, we insert historical (¢, z) into the corresponding policy func-
tions in the model.

@ Springer



Journal of Economic Growth (2022) 27:315-363 335

Fig.6 The data and respective Venture
estimated distributions of € for o6k '.'\\. EEData |
venture (top panel) and buyout - =Model
funds (bottom panel). Data on 0.4 1
venture and buyout are from the 02t i
Securities Data Company (SDC) '

. 0 [11 —
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Merged (CCM) Database. The
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using actual IPOs and acquisitions from the Securities Data Company (SDC) Platinum and
CRSP/Compustat Merged (CCM) databases.

We define a firm’s value by that of its common stock and trim the top and bottom 2.5%
of firm-year observations to avoid extreme values that may reflect data errors.'* We exam-
ined various other definitions of firm value such as total assets (common stock plus cash,
debt, and preferred stock), but chose to work with the value of common stock to obtain the
largest possible number of venture and buyout observations, although results using total
assets are very similar. The final sample contains 8209 venture and 665 buyout observa-
tions spanning the period from 1986 to 2017. “Appendix A” provides detailed descriptions
of data and sources.

When a firm has an IPO or is taken over, its €, or &, is computed as follows:

_ IPO Value .

v g x total Assets (40)
Combined Value — Acquirer Value

= @1

g X Target’s Assets

where both the IPO value and “Combined Value” are defined as the number of common
shares outstanding at year end multiplied by the annual closing price. Following the model,
we further truncate the distribution of €, and £, by cutoffs 1/g and 1 + 7 /4.

Figure 6 shows the estimated conditional probability densities of € for venture (blue
dashed line in the upper panel) and buyout (red dashed line in the lower panel), using the
parameters reported in Table 3, against their corresponding empirical distributions from
the SDC database. The data are pooled over years and more observations tend to come
from years when ¢ was high. The model implies that in year ¢, £, would be included only if
e, > 1/g,, and &, would be included only if &, > ( +¢,)/q,. The predicted number of
IPOs in year t,, is therefore (1 -G (i > )/ ZITZI (1 -G ( qi ) ), and similarly for the num-

do
ber of buyouts. Thus the predicted distributions are calculated as

14 Results are highly robust to how we trim the sample.
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SAIED)

where g is the PDF of N ( M o-l-) with the values y; and o; reported in Table 3 fori =v, b,
and GY and G" are the associated CDFs. I(-) is an indicator function."

Figure 6 shows that, consistent with model’s implication, the distribution of project
qualities for buyout indeed has a thicker tail than that for venture. This is consistent with
Fig. F.3 of Gupta and Van Nieuwerburgh (2019), which shows the profit distribution of
buyout has a thicker tail than venture. Other evidence on fat tails in PE returns include
Scherer (2000) and Silverberg and Verspagen (2007).

Before we conclude this section, it’s worth noting that we generate the estimated dis-
tributions by fitting the same moments used in Table 4 rather than by fitting the targeted
empirical distributions directly. Therefore, Fig. 6 can be considered as further empirical
validation of the model.'®

5 Additional robustness checks

In this section, we consider alternative estimations of model and different calibration tar-
gets as robustness checks on our results.

5.1 Extension to recursive preferences

In the model, households are assumed to have power utility over consumption C. Even
though this simplifies the analysis and allows for closed-form solutions of PE returns under
certain distributional assumptions, it also leads to excessive volatility of the implied risk-
free rate and an implausibly low equity risk premia as analyzed by Mehra and Prescott
(1985). To address these issues, we now relax the power utility assumption using Epstein
and Zin (1989) preferences, which separate parameters of risk aversion and the elasticity of
intertemporal substitution.
More specifically, we extend the model to allow for EZ recursive preferences

v

U, = [(1 —pCY + ﬁ(E,[U:{ )] 42)

15 By construction then, [ g(e)de = 1fori =v,b.

16" An additional validation of distributional assumption is based on Jovanovic and Szentes (2013), who use
the Pareto distribution for their analog of e,. When fitting distributions of waiting times to successful exit
and to termination of venture projects, in their Table 1 for the parameter p, (for which their analog was
titled ) they use 1.55, 1.6, and 1.73. At the middle value of p, = 1.6 and the average g of 1.83, Eq. (37)

from our model implies 1’:—“ = % i = 1.46, which is close to the ratio I’:"C = 1.32 in the data.
E T S&P
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where v is the inverse of the elasticity of intertemporal substitution (EIS) and y is the cur-
vature parameter. Our baseline power utility is a special case with y = y. The stochastic
discount factor m, | is

s

C I U
! (Et(Ut+1)l_y) i

For firms, optimal investment in k requires that the cost of a unit of physical capital, ¢,
equals the present marginal value of expected dividends (discounted at the household’s sto-
chastic discount factor) of that unit. The condition now reads

v=ry

r\ V¥ ’
q=ﬂ/ (%) YRS (- )aE(ss).
(E(V(K, 5" )=

The following proposition, proven in “Appendix B5”, shows that the Ak property is pre-
served under EZ preferences:

Proposition 3 Proposition 1 holds under EZ preferences and the value function takes the
formV(k,z,q) = v(z, q)k.

Next, let the constant Ly, satisfy the following equation:

1/w WI%
Lg, = (%) [/ v(z,q)l_de] ( ), where

Ve q) = [(l—ﬂ)<z+ Zni(q)wq[l—Gb(Hg)] @9

+(1 =81+ ¢V L]

Then “Appendix B6” proves that the optimal policies take on the same functional form
under EZ preferences as they do under CRRA preferences except that the constant L is dif-
ferent. In particular, analogously to Proposition 2, we have:

Proposition 4 With recursive preferences in Eq. (42), the solutions for ¢ and i in
Egs. (24) and (25) remain valid but with y substituted for y, and with Lg, substituted for L.

Comparison to Proposition 2. When y # y, the only effect of the additional parameter on
the policies ¢ and i is through Ly, being different from L. Equations (24) and (25) remain the
same. In “Appendix B6”, we show that Lz, = L wheny = y, and so are ¢ and i.

We next estimate the extended model and evaluate its performance with respect to the
available time series for private equity returns, intakes and other variables of interest. Similar
to the baseline estimation with power utility, we preset f = 0.95, but choose a higher deprecia-
tion rate § = 5% as in Jovanovic and Rousseau (2014). We further set 1/, the elasticity of
intertemporal substitution (EIS), to be 0.95 which is in line with studies such as Hall (1988),
and let the data determine the curvature parameter y. Table 10 in “Appendix C” shows an
alternative estimation result when we freely estimate both y and y where the estimated EIS
1/ remains less than 1.
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Table 5 Parameters for the estimation under EZ preferences

Pre-set parameters

Discount rate Depreciation rate EIS

p 1) 1hy

0.95 0.05 0.95

Estimated parameters

Average VC quality SD of VC quality Average BO quality
Hy oy Hy

- 0.54 1.09 - 0.07

[-0.67, — 0.40] [0.61, 1.58] [-0.14, — 0.00]
SD of BO quality Arrival rate of VC idea BO implementation cost
oy, A T

2.31 0.007 0.66

[2.10, 2.51] [0.001, 0.018] [0.47, 0.86]
Arrival rate of BO upgrade Curvature parameter

0 Y

0.002 19.27

[0.001, 0.021] [7.81,31,91]

The table reports parameters for the estimation under EZ preferences, with 95% GMM confidence intervals
in brackets

Table 6 Model versus data,

estimation under EZ preferences Target Non-target
Data Model Data  Model
Mean Ry, 1.139  1.139 Meang 1.020 1.019
Mean Rz,  1.105  1.105 Meani 0.050 0.064
Mean Rgep 1.086  1.052  Volatility Ry, 0.550  0.499

Meann,/i 0.80% 0.80% Volatility Ry, 0.128 0214
Meann,/i 0.76% 0.76% Volatility Regp ~ 0.172  0.172

Mean ¢ 0.300 0.300 Mean gRy/Rggp 2.670 2.891
Addition to the baseline estimation
Mean R; 1.034  1.034  Volatility R, 0.025 0.031

The table reports targeted and non-targeted moments of the variables
of interest for the alternative estimation under EZ preferences. The
empirical moments are computed over the sample from 1987 to 2016

As in the baseline estimation, we choose G,G,, 4, 8, and 7 to target the means of c, n, /i,
n, /i, Ryc, Ry, and Rggp. We again assume the distributions of €’s are normal: €, ~ N ( Hy» o-\%)
and g, ~ N ( Hys 65). The additional parameter y is jointly estimated with other parameters by
targeting the mean of the risk free rate defined as
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Table 7 Alternative estimation

T t Non-t t
under power utility, combined aree on-taree
VC returns Data  Model Data  Model
Mean Ry, 1.170 1.170 Meang 1.020 1.055
Mean Rz,  1.105  1.105 Mean i 0.050  0.065

Mean Rgep  1.086  1.089  Volatility Ry 0.550 0.403
Meann,/i  080% 0.80% Volatility Rp, 0.128 0.314
Meann,/i  0.76% 0.76%  Volatility Rggp 0.172  0.178
Mean ¢ 0.300 0.300  mean gRy-/Rgep 2.670 2.828

The table reports targeted and non-targeted moments of the variables
of interest for the alternative estimation under power utility with com-
bined VC returns and without adjusting for early versus later stage
funds

Table 8 Alternative estimation under power utility, higher depreciation rate

Target Non-target
Data Model Data Model
6=4% 6=6% 6 =4% 6=6%

Mean Ry, 1.139 1.139 1.139 Mean g 1.020 1.025 1.014
Mean Ry, 1.105 1.105 1.105 Mean i 0.050 0.065 0.065
Mean Rggp 1.086 1.058 1.037 Volatility Ry 0.550 0.389 0.389
Mean n, /i 0.80% 0.80% 0.80% Volatility Rp,, 0.128 0.313 0.313
Mean ny /i 0.76% 0.76% 0.76% Volatility Rggp 0.172 0.173 0.170
Mean ¢ 0.300 0.300 0.300 Mean gRy¢/Rggp 2.670 2.858 2916

The table reports targeted and non-targeted moments of the variables of interest for the alternative estima-
tion under power utility with depreciation rates set at 4 and 6%, respectively

v—y -1

'\ "V !
SR g

1
E(V(K, s~ )=

Table 5 reports that all estimated parameters are statistically significant at the 5% level or
less based on 95% confidence intervals. Similar to the results reported under power utility,
the estimated distribution of € for buyout has a larger mean and a thicker tail than VC.
Table 6 shows that the extended model matches most of the means in the data well
and improves upon the fit of the baseline model. The model is able to match the non-
targeted average growth, mean investment, and volatility of both PE returns and equity
return Rggp. More importantly, the use of EZ preferences provides a much closer fit to
both the mean risk-free rate (targeted) and its non-targeted volatility, as highlighted in
the last row of the table. The model under EZ can thus jointly fit the volatility of the
risk free rate and the equity risk premium. Moreover, the model’s non-target average
growth is 1.9%, which is very close to the 2.0% observed in the data, and under the
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Table 9 Alternative estimates for PE excess returns

Target Non-target

Data Model Data Model

Harris et al. Harris et al.

(2014) (2014)
Mean Ry, 1.100 1.100 Mean g 1.020 1.054
Mean Ry, 1.098 1.098 Mean i 0.050 0.064
Mean Rggp 1.086 1.089 Volatility Ry 0.550 0.373
Mean n, /i 0.80% 0.80% Volatility Ry, 0.128 0.315
Mean ny /i 0.76% 0.76% Volatility Rggp 0.172 0.178
Mean ¢ 0.300 0.300 Mean Ry /Rgep 2.670 2411

The table reports targeted and non-targeted moments of the variables of interest for the alternative estima-
tion using excess returns for venture and buyout

estimated parameters, the two PE sectors together contribute 7% of observed growth,
relative to the extreme case when both A and 0 are set to zero, in which growth is 1.8%.

5.2 Combined venture capital returns

Table 7 reports estimation results using combined VC returns without adjusting for
early versus later stage funds. In this case, average venture returns rise to 17% from
13.9%. We now use the same pre-set parameters and targets from the baseline calibra-
tion to re-estimate the model, and Table 7 shows that it continues to fit the data well.

5.3 Higher capital depreciation under power utility

Table 8 reports the results when we increase the annual depreciation rate from 1 to 4%, as
in Karabarbounis and Neiman (2014), and to 6% as estimated by Nadiri and Prucha (1996).
It shows that the model generates an annual growth rate of 2.5% with 6 set at 4%, which
is closer to the 2.0% growth rate in the data than the baseline estimate, albeit at a cost of
slightly lower returns on the S&P 500. Table 8 also shows that the model can still match
the means of growth and investment and the means and volatilities of various returns report
results well with depreciation set at 6%, but that the average equity return is about half of
that in the data. As shown earlier in Table 6, however, this discrepancy can be partially
resolved under general EZ preferences.

5.4 Using alternative estimates for PE excess returns
One potential concern is that our estimates of excess returns for PE in Table 4 are larger
than others in the literature. To explore this, we consider alphas estimated by Harris et al.

(2014, Table III, p. 1864) using the public market equivalent (PME) method, where they
get 1.36% and 1.12% for venture and buyout funds respectively. We then add these alphas
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to the S&P return to bring our venture and buyout returns in line with HJK. Table 9 reports
the results. Compared to the baseline results in Table 4, our model produces a similar fit to
both first and second moments of growth and investment with these alternative estimates
for PE excess returns, and the two funds now contribute to 9.7% of growth, down from
11%. Under less restrictive EZ recursive preferences, the two PE sectors together now con-
tribute 5.8% of observed growth, down from 7%.

5.5 Decreasing returns to factors

The growth effect in our model arises in part because of its AK structure, which has con-
stant returns to factors. This may, however, be overstating the growth effect if PE funds
have decreasing returns to factors, and we consider the possibility with some back-of-the-
envelope calculations for growth with decreasing returns in an otherwise similar model. To
illustrate, consider a steady state with k and n given. The level effect is MPK X A, where A
is the amount of extra capital PE creates. If output is Cobb Douglas in capital k and fixed
labor n we have

y = Zkanl—a’

where returns to k diminish with k. Since the capital-output ratio is roughly 2.5 (or 5/2),
and the capital share a is about 1/3, the level effect on output is %A:
dy 1

Sa= a%A ~ <§><§>A = 0.133A.

With measured PE intakes at roughly 1% of GDP, this implies that

dy 1\/2
SAw <§>(§>A = 0.00133y,

so that in levels PE raises GDP by about 2/15 of 1%. Of course, the capital created by
PE, A in this notation, is smaller than the intakes plotted in Fig. 1, and thus the 13.3%
we calculate is an upper bound on the level effect. When we assume only one third of the
intake is used for new capital, the level effect of PE is slightly less than 0.05 of a percent
of GDP. By contrast, our new estimate in the Ak version is between 7 and 11% of observed
growth. With annual growth at 1.9% of GDP, the year-to-year level effect in the Ak version
is between 0.13 and 0.21% of GDP, i.e., three or four times larger than when returns to k
are assumed to be diminishing. While it’s true that the contribution to growth is smaller, a
case could be made that the Ak framework, if anywhere, should be particularly applicable
to the venture capital sector, which is arguably more about pushing the technological fron-
tier than just ordinary capital accumulation.

5.6 Adding human capital to the model

This section adds human capital, A, to the production function
y = Zk*h' =, (45)
where Z now stands for the TFP shock. Output is invested in amounts X and X, in the two

types of capital at the unit cost of ¢ and ¢,,. The income identity (2) becomes
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y=C+gX + g Xy (46)
The law of motion for & in (3) is unchanged and for 4 we have
W =0-8h+X,, 47)

where 6 is the rate of depreciation, same for 4 and for k.
Households own 4, which earns the competitive wage

Y
=(1-a)-=.
w=(1-a) Y
Profits and dividends become z(k, h) = ay — wh — gX. Optimal household investment in £

requires that the cost of a unit of 4 equals the present value of its expected wage payments.
Written recursively, this condition reads

q, = ﬂ/ (g)y((l - a)% + —5)q{1>dF(s’,s), (48)

and optimal investment in k now requires that
o\ /
q:,;/ <E> (a%+(l—6)q'>dF(s',s), (49)

Firms. They own k and the gross return on equity becomes Ry = é(ai—: +(1 - é)q’).
Let

where s = (Z, G q).

_ %
C—q~ (50)

If ¢ is a constant, the model simplifies as k and 4 can be aggregated into a composite that is
proportional to k. Let

= 1- a’ 1)
al
and let z be the scaled TFP shock
z=2Zk'""" (52)
We summarize the results as follows:
Proposition 5 If{ is constant, then h is proportional to k,
h = xk, (53)
output can be written as a function of k alone,
y=7zk, (54)

the goods cost of a unit of composite capital is
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g1+ =1, (55)

and the income identity reduces to a function of C, k, and composite capital investment, X,
reads zk = C + gX, or in units of k,

q
=c+ -x,
t=ct-x (56)

where x = X /k is investment in physical capital.

Proof Equations (51) and (53) imply that

/

(1 - a)% - Ca%. (57)

Substituting from (50) and (57) into (48) yields (4). Equation (55) follows from (50) and
(51). Finally, (46) reads

y=C+gX+qX,=C+q(X+¢X,) =C+q(1 +x)X
and division by k yields (56). a

Households still get the new ideas, but the number arriving is now AhG'(e) and
6hGP(¢). The households get no net revenue from these ideas because PE funds will
collect all the rents that these ideas generate, and so investment in # still satisfies (48).
Equation (5) is unchanged.

Proposition 6 For i € {v, b} the fund intakes n; in (6) and (12), the number of backed
projects in the payouts, D; in (7) and (13), and (15) are multiplied by the factor k in (51).
As a result, the funds’ objective functions n;(q) in (10) are also just scaled by k. Thus the €;
still satisfy (11) and (16).

Equilibrium. With the following minor changes, Proposition 1 still holds:
Instead of (22) let the constant L now solve

1/y

(1+¢""7L) (z+ (1 - 8)g)
L= ﬁ/ _AFG)| . (58)

z+x2ﬂ(q)+01<q[1 —cr(1+ )] +(1-8)q)

and “Appendix B1” shows that if (23) holds, a unique solution for L to Eq. (58) exists.
Then “Appendix B1” also proves that

Proposition 7 If Eq. (23) holds, the equilibrium ¢ and i are

_Gb z _
C:z+,<zni(q)+a,<q[1 G (1+q>]+(1 8)q )
1+ g'=lrL ’

and
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(60)

(245 Zmig) + 0xg[1 = G*(1+2)] )L -1 - 5)

= 1+ g-lrL
The stocks of k and & grow at the common rate g = i — 6. And for the Pareto example
in Eq. (26) and log preferences (y = 1), “Appendix B3 proves the extended version
of Proposition 6 for the deterministic case where z and ¢ are fixed; in Proposition 6 as
stated, (27) and (28) become

<Z+ v+9kq<;;i>_ph>q‘lﬁ —q(1 - 6)(1 -B+[z+0 —5)f]]_1‘/>
g=a ' 0

1+ [Z+(1 —é)q]_lv

(61)

1=p, 1-p,
(7 T+ A 1
Py — 1\ gz, pv— 1\ gg, ¢

Corollary 1 changes in a minor way so that a first-order Taylor approximation around
(4,0) = (0,0) yields the following expression for the growth rate:

where

g=a(A-a) -3, (63)
where
I-p, 1-py

~ ~ ~ K <+
T P e B R Fe T e B [

~—— py—1\4ge o Py — 1\ g&y 0

TFP term N ~ N P J

Value added by Venture Value added by Buyout
1- -

a=qaf(l-46) —ﬁﬂ - [Z+(1—6)q] 'y

——

Discount Rate without PE

are the PE-adjusted TFP term and the PE-adjusted discount rates, and where

1= AM and 6 = 9&
z+ (1 -0)q z+ (1 =06)q
are proportional to the arrival rate A and 6. Moreover, A increases with z and decreases with
g, and the opposite is true of a.
Identification of k. From Proposition 6, one can see that we cannot identify «, A, and 6
separately, only (x4, k0). As a result, adding human capital does not quantitatively change
model’s fit to the data described in Sect. 4
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6 Conclusion

We document that the returns to venture funds are higher than those of buyout funds, and
that venture funds’ intake responds more strongly to the business cycle than buyout funds’
intake. The model assumes that venture brings in new capital whereas buyout largely reor-
ganizes existing capital, leading venture intake to co-move more strongly with aggregate
Tobin’s Q.

Our focus on private equity funds may raise questions about their net contribution to
growth, given that incumbent firms can and do fund similar extensive investments inter-
nally. Yet incumbents may lack the flexibility to bring new ideas to market quickly and pro-
ductively due an inability of management and governance to offer appropriate incentives
to retain key members of internal entrepreneurial teams (Gompers & Lerner, 1998). Even
when done successfully, Gompers (2002) notes that internal VC is set up through an arms-
length division that insulates the group from the established (and potentially entrenched)
corporate management. The rapid growth of independent PE funds likely reflects the dif-
ficulties incumbents face in operating internal VC-like divisions. Incumbents may also
engage in buyout fund-like activities for reasons that do not promote growth. Cunning-
ham et al. (2021), for example, contends that “incumbent firms may acquire innovative
targets solely to discontinue the target’s innovation projects and preempt future competi-
tion.” Together, these arguments suggest a unique role for private equity as an innovation
contributing to growth beyond what could be accomplished internally by incumbent firms.

An extension we do not pursue is that of returns to self employment. Perhaps the mod-
eling distinction we make between how VC and buyout funds add value to capital also
applies in the domain of self employment choices. One can open a store in an entirely new
location, or one can buy someone else out or simply take over a location that someone else
has vacated. Another extension would be to an open economy; U.S. private equity firms
are active abroad and our estimate that private equity contributes between 7 and 11% of
observed growth does not include the effects that private equity activity in or from the U.S.
has on growth elsewhere in the world.

Appendix A: Data and methods

In this appendix we document the data sources and methods used to construct the series
depicted in our figures and included in the empirical analysis.

Figures 1 and 4. The “intakes” are the sum of investments made annually in U.S. ven-
ture capital and buyout funds, divided by annual estimates of gross private domestic invest-
ment from the BEA (2017, Table 5.2.5, line 4). Venture and buyout investments are from
the April 2017 version of Thomson One’s VentureXpert database, and are the sum of all
investments made in a given calendar year at any stage or round across funds of each type.
The “intake ratio,” n, /n,, is the ratio of the respective investment sums in each year.

For aggregate g,, we use fourth quarter observations underlying Hall (2001) for
1987-1999, and then join them with estimates underlying Abel and Eberly (2011) for
1999-2005. Abel and Eberly derive aggregate Tobin’s Q from the Federal Reserve Board’s
Flow of Funds Accounts as the ratio of total market value of equity and bonds to private
fixed assets in the non-financial corporate sector. We bring these estimates forward through
2016 using the same sources. Hall’s measure of Q in 1999 is higher than that of Abel and
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Eberly (3.376 vs. 1.819), so we use a ratio splicing factor of 1.856 to adjust the series from
2000 forward.

Figures 2, 3 and 5. Aggregate returns to U.S. venture capital funds for 1987-2016 are
from Cambridge Associates (2016a), and are annualized returns constructed by com-
pounding one quarter horizon pooled returns. Aggregate returns to U.S. buyout funds for
1987-2016 are from Cambridge Associates (2016b), and are also annualized returns con-
structed from single quarter horizon pooled returns. Both series are net of fees, expenses,
and carried interest.!” The majority of the VC funds (1070 out of 1680) in our sample are
in the early stage and earn large and positive returns. This is consistent with Korteweg and
Nagel (2016), who document that VC start-up investments earn large positive abnormal
returns whereas those in the later stage earn net returns close to zero. In addition, the posi-
tive VC returns could also reflect the possibility that general partners have considerable
equity in the projects in addition to collecting fees. The average combined VC return RVC in
our sample is 18.1%; this is in line with the estimates in Table IA.II in the Internet Appen-
dix of Harris et al. (2014).

We convert each series into ex-post real returns using the annual growth of the con-
sumer price index from the National Income and Product accounts. Annual returns to the
S&P 500 are from Damodaran (2017),'® and deflated by the consumer price index. We
then subtract 1.05% from both venture and buyout returns, which is the liquidity premium
reported in Sorensen et al. (2014).

Tables 1 and 2. For z,, we use private output, defined as GDP less government expendi-
tures on consumption and investment from the BEA (2017) for 1987-2016. We then divide
the result by K,_; after adjusting it for inflation during year ¢t — 1 by averaging the annual
inflation factors across the 2 years that overlap r — 1 and then using its square root as a
deflator. The K, are end-year stocks of private fixed assets from BEA (2017, Table 6.1,
line 1) for 1987-2016. The aggregate investment rate i, is constructed as annual gross pri-
vate domestic investment from BEA (2017, Table 5.2.5, line 4) for 1987-2016 divided by
K,

Figure 6. We obtained the data on venture and buyout funds from the Securities Data
Company (SDC) Platinum and CRSP/Compustat Merged (CCM) Database.

For buyouts, the SDC lists the acquirer’s CUSIP and the market value before the merger.
It also lists the year the merger occurred and the target’s assets. In the CCM, there are mul-
tiple CUSIPs per year in both the SDC and CRSP/Compustat data. The multiple CUSIPs
per year in the SDC are due to an acquirer completing multiple mergers in a year. The
multiple CUSIPs per year in the CRSP/Compustat are due to firms with different perma-
nent numbers having the same CUSIPs. Unfortunately, the SDC does not contain perma-
nent numbers (Ipermno) so we can only match via CUSIPs. As a result, all observations in
both datasets in which the same CUSIP appeared multiple times in a year were dropped
from both datasets. We then merged the CCM and SDC based on the CUSIP and year of
the merger. The combined value was then the shares outstanding at end of the year of the
merger (CSHO from the CCM data) times the calendar year closing price (PRCC from
CCM).

17 The fees that go to general partners absorb most of the rents and are thus not compensation going to
capital providers. While an investor obtains the return on the S&P 500 almost fully (an ETF costs a few
basis points annually), an investors’ PE investment comes with a hefty fee, likely in excess of 10% (Metrick
& Yasuda, 2010).

18 http://www.stern.nyu.edu/~adamodar/pc/datasets/histretSP.xls
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For venture, we use the firms from CCM, only keeping data for the first year a firm
appears in the CCM data, and defining IPO value as the shares outstanding at the end of
that year (CSHO) times the closing price (PRCC)."”

For both buyouts and venture, we further trim the sample based on firm’s value of com-
mon stock at 95% level (i.e. observations at the bottom 2.5% and top 2.5% of common
stock values are dropped). Our final sample contains 8209 venture observations and 665
buyout observations. The annual data spans the periods from 1986 to 2017. For each ven-
ture and buyout funds in our sample, we compute the €, and g, as defined in Eqgs. (40)
and (41), where IPO and combined value are defined as CSHO times the PRCC.. We trun-
cate the distribution of €, and &, by ql[ and q’TJ:T, respectively, for each time ¢.

Appendix B: Proofs
B1: Proof of Proposition 1

Let L satisfy the equation
¥ 1/y
1+q" V7L
L= ﬂ/ 1
Z+Z¢i+9q[1—Gb<l+2>]+(1—5)q

[z+ (1 - 8)q]dF(s)

(64)
First, suppose that a solution for L exists (its existence will be shown at the end of this
i c _JK . K
proof). Since =T (4) implies
- k _y_ (/)—7[I+(]_5) /]dF(/)
qc I =f c z q s"), (65)

therefore

q

ok = <E [k +a —5)q']dF(s’))_l/y,

where k' /k is defined in (17).
To simplify notation, we now omit the input of the function and denote G = G® (1 + :—I )
From income identity (20)
2+ Xm+0q(1-G)—c
l —
q

thus we have

19 We also examined the CRSP Delistings Data, results do not change.
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k c
kK 1—5+}1[z+ ¥ 7+ 0g(1 - G) — |
1
%(1—5+§(z+2¢j+9q(1—c))) -

%
q
where the second line uses the identity (56) which implies z — ¢ = gx.

Therefore
=1/r
1 1 I - = (E/(c’)_y[z'+(l—6)q’]dF>
z<1—5+;(z+2ﬂ'j+0q(l—G)))—; q

ie.,

1<1 —5+ l(z+ D i+ 0q(1 —G))> =1, <ﬁ/ ()77 +a —5)q']dF>l/y
c q J q q

ie.,

1
o 1—5+;(Z+Z7Ij+0q(1—G))

17
(L@ +a- 6)q’]dF(s’)) ’

2+ X7, +0q(1 = G) + (1 - 8)g
L+ g=1r (B [ (@Y7 [2 + (1 = 8)g'|dF(s) "

2+ Y, m(q) +09(1 — G) + (1 — 6)g
1+qg'-1/rL

1
q

where L is defined in (64), and

i+ Xm+0q1-G)—c¢
i= -
q
[+ X7+ 0q(1 - G)g™ /"L — (1 - 5)
1+q'-1/rL ’

Existence of solution for L in Eq. (22). Next, we show that L exists when (23) holds. Divide
both sides of (64) by L to get

4L Y 1/y
= s -
1 (ﬁ/L <z+27r_,—+(1—6)q> [+ 5)q]dF>
1/y
L g g1l 4
= 1-6)q|dF | .
(ﬂ/(z+2nj+(1—5)q> [o+ (1= 0] )

Since L~! ranges from zero to infinity as L ranges over the positive line, and since y > 0, a
necessary and sufficient condition for a solution for L to exist is that
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11/ y 1y
ﬁ/ 1 [z+1-d)glaF ) <1
2+ Y a+(1-d)q -

This is equivalent to

_ (I-6)q
12ﬂ1/r/ y—1 i+ dF.
T Gt Za@+a-oq) (66)

Since z; and y are positive, for (66) to hold it suffices that

1-y
1 1/7/ o1 20 20)g F = 1/7/<1— E) F,
S e a g "ty

ie., (23).

B2: Proof of Proposition 2
When y = 1, z and g are constant, Eq. (64) becomes
L(z+ X+ =8)g) = p+ D)z + (1 = 8],

This implies that

_ Blz+ (1 - 6)q]

@+ T+ (1-8)g) — flz+ (1 - 6)q]

_ p
1-f+[c+(1-8)4q] " Tx

‘We denote

-1
p=lz+1-8q| .
then L can be expressed as,

J/
L=——"—.
1—ﬂ+,bl2ﬂ.'j

‘We then have

<z+q0/£:° sdGb>q‘1ﬂ —q(1-8)(1-B+u)m)

Ltudx

1=

Using (6) and (12), we have
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Y m=q0 /oo €dG® — (1 +q)0[1 - G*(&,)]

+ qxl/ edG' — A[1 - G*(e,)]

0 <T+q>1_ﬂb 1 < 1 >1—If\,
=q + )
Py — L\ g&p Py — 1\ qe,

(2440 /7 edG)q ' p—q(1 = )(1 - p+u T )
L+uym
—Pp
(z+Zm+0g(1+-=) " )q'p-q-6)(1-p+uXx)
l+uXm .

This implies

1=

Thus the growth g = i — 6 becomes,

T+q —Pp 1
<Z+v+9q(a) )q B —q(l = 8)(1 =+ uv)

= . —6’
& 1+ uv

(5 (520 ()
P — 1\ g&, g v —1\gqe,

As for the comparative statics, first we have

where

7]
% _ q'p>0.
0z

Next, we observe that,

v 9[1“<ﬁ>(”b‘1)“] <T+q>1-ﬂb

L -y
9y (py— 1) q€v,0
<0.
The last line follows because &, < ? so that qu > lorln <qr+q ) > 0. Therefore, we
b0 €b.0

have,

v <0.

opy
Similarly,
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dv [ln (qelv,o>(pv B 1) N l] < 1 >1_ﬂb
= —qi 5 <0,
apv (pv — 1) g€y, o

1

where the inequality follows because > lorln ( ! ) > 0. This implies that

qEv,0 qEv,0

ag _
5 = (@A =) +pv)
T+ —Pp _
—ﬂ[<2+\/+9q< q) )q 'p—g(1-5)1 —ﬂ+u\/)]
q€p, 0
T4 —Pp
=q4ﬁ1+yv—y<z+v+0q<%;q> >]+qa—5my
b, 0
_ (1-20)q T4+q\ " -1
=qlﬁZIHTEE+9m753_ +q(1 = 8)plz+ (1 - 6)q|
b, 0

>0

> 0,

which implies that
dg _ 0g dv 0
dp, 0vop,
98 _ 98 ov. 0
dp, Ovap, '
Similarly,
@ T " <0
or g€y ’

as stated in the proposition.

B3: Taylor approximation for growth and proof of Corollary 1

We consider a first-order Taylor expansion of the growth g(4,0) at A = 6 = 0. First we
notice that

v(0,0) = 0.
Therefore we have,
80.0)=z¢"'f — g1 = )1 - ) - &.
The first-order Taylor approximation reads,
8 =8(0,0) +g;(0,0)4 + 4(0,0)6.

Note that,
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I-p,
v, =—1 <1 > 67)
pv_l qgv,O
1=p,
+
vy =—1 (T q) . (68)
=1\ q& 0

Therefore, we have

[1 +z+0- 5)4]_1\/] (7' pv; = q(1 = d)pv,)

{lervam(z=) ook o)

—q(1 = 6)(1 = f + puv)

£,(0,0) = D
|1+ [+ 1 -] 7]
= (q7"Bv; —q(1 = &)uv,) — {zg7' B — q(1 = 5)(1 = B)} [uv,]
(1-96)q _
= mw 'p—q(1 - 8)B(nv,).
Similarly,

20(0,0) = { (<v9+q<quz>_pb>q‘1ﬁ—q(1 —5)([z+(1 —5)q]_1v9>> }

~[2g7'B - (1 = &)1 = P [+ (1 = 6)g] v,

__(d=dq g\ "\| s,
_Z+(1—5)Q[<v9+q<qeb’0> >]q p—aq(l =) (uvy).
so we have

N M1 = 8)q (1 — &)q t+q\ "\ i
gN<Z+z+(1—5nvf+z+(r—®q(“+q<q%ﬂ> ))q ¢

~q(1=8)(1 = p~ p(uav;) = p(ubvy)) — 6

_ A1 = 6)q (1 = 8)ppq g NI B
- < z+(1 —é')qv’1 z+ (1 _5)qv0>q B —qp 6)[_[3 ﬂv] 8,

where the last line follows
Av,+0v, =v.

Now we plug in (67) and (68), and get

Al =6 ST T ) +q\'"
P 1-8q ¢ < 1 ) L 04 =38q ap, (f q)
z+(1=8)gp, — 1\ gz, z+ (1 =68)g p, — 1\ g&p ¢

%—uv]—&.

—qp(1-9)

We then get Eq. (29) using the following notation
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o (1-8q | _4q (1 \'™"
A=gq ﬂ(Z+Z+(1_5)q[pv—l<q5v,0>
L (=84 | bgp, <T+‘1>l_pb
2+ (1=8)q | py— 1\ gep

1- _
a=qpl —5)<Tﬂ — [z + (1 =d)q] 1v>.

Last, we notice that

4 ey A 1 O oy . —ﬂ/,r+q
¢ zH(l-d)yq qey o g%, g b gty 0 q*ey o

% _ ) >0 ’
99
) - g ( 1 >1—p,. .\ M(ﬂ)l_pb
a-o"g 41| p, — 1\ ge, o Py — 1\ gy
| ) >0 because ;\,r>1andp/,>1 ’ 1
<0

and

1—268)g2
% (- ppr -y LI,
4 (zg' +(1-9))
> ( because v > 0.

Therefore we have

3 -
_g = % — a_a <0
dq dq dq
N~ Y~
<0 >0

as stated in Proposition 2 and corollary 1.

B4: Derivations of Eqgs. (35) and (37)

Derivation of (35). We first show the derivation for venture. Since 1 — G¥(e,) = e~**, the
first equality in ( 33) reads

R (5]
— = qlve’lvg"/ ge e, (69)
RE £,

By a change of variable from € to u = ¢ — ¢, the RHS of (69) reads
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A et /0 (5\/ + M)e—/lv(evﬂt)du =&, + ,% (70)

v

Substitution for €, from (11) into (70) and using (69) yields the first equality in Eq. (35).
Next, the derivation for buyout. Equation (34) reads

« +
4 e'lbgb/lv/ cehede = I &, + 1y _¢2 (z*4 + 1 ,
T+q e T+q Ay T+¢q q Ay

i.e., the second equality in (35).
Derivation of (37). When ¢, is sufficiently small, Since the parameter ¢; , cancels from
the ratio (1 — G(g;) )dG' = pje~'~*i fori € {v, b}, the first equality in Eq. (33) reads

R Py Lo p—1 I-p,
—V=q<l> / poePede = <1> al (1> =2
Rg q 1/q q pv—1\q py—1

The second equality in Eq. (33) reads

R, <r+q>”b 1 /"" . Py <r+q>”"‘1<r+q>l_""
— =g ppe rde =
R a9 ) T4 Jerar =1\ ¢ q 72)

14
Py =1

Thus we have the two equalities stated in Eq. (37).

B5: Value function under EZ preferences

Nothing in Proposition 1 changes with EZ preferences, so the proof of Proposition 1 holds.
As for the value function, we first notice that the resource constraint is

q .
+ 7, + 7, + n, = c + qi.
2+ m, +m, T+q b q (73)
The law of motion is

%:1—5”. (74)

Combining (73) and (74), we get

c=z—-qI' =14+06)+n, +m,+ n,. (75)

T+q

We will verify that the value function takes the conjectured form:

Wz @)k = max [(1 - PO + B(EVE g7 l'-u:] I_W

= max [(1 — B)(c)' ¥ + p(EIV(E. ¢ TKI'™) ] )
Using Eq. (75), then
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1
_ oy 1
— — — 4
v(z, @k = max a ﬁ)((z qr=1+8)+x+ ”l’]::: r+qnb)k)
! +B(E0E, T\ ™
1
_ -y -
— a1- ﬂ)(z —q' =1+8)+nx,+m,+ ﬁnb> kv
I—J
g +B(E0(E, )Y =7 ) = kv
1
[ -y |15
— — — 4
= max a ﬂ)(z g =1+0)+m+ 7]rf,w+ T+qn”> k.
g +B(EG( )T~ )
Therefore, we define
1
-y 1=
1- (— r-1+6)+x,+m,+-L >
V(Z, q) — ml@.X ( ﬁ) < ‘]( ) , ﬂ]:h T+qnh (76)

+B(EM . g ) 7)) =

so that v(z, g, k) = v(z, ¢)k as conjectured.

B6: Proof of Proposition 4

Taking first order conditions from 76:

'
[(1 — B —W)<z—q(F—l+6)+ﬂ'v+7rb+ q nb> q]
T+q
1y
=Bl —y) Y (Ev(,¢)' "),
which implies that
= (1= Pgc™ = pr" (Ev(Z,q)'™") .

Substituting our conjectures:

'
+ X m(q) +0g[1 -G (1+ )| +(1-0)
M el a A
i <z+27ri(q)+0q[1—Gb<1+2)]>q"/“’L—(1—5)

1+q!-/vL

-y
1-y

X (EV(ZI, q/)]—y)

1
and multiplying both sides by (1 + g VL)

'
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-y
a —ﬂ)q<1+ Zﬂi(q)wq[l —Gb<l + g)] +(1 —5)q)
1 s
= ﬂ<<z+ Zﬂ,-(q)+0q[l —Gb<l + 2)])q*1/WL_ (1=8)+(1-6)1 +6]1_6L))

Iy
1=y

X (Ev(@,¢)'7) ",

which implies that,

v
= (1 —ﬂ)q<z+ Zﬂi(q)+9q[l - Gb<1 + g)] +(1 —5)q>

1 -y
= ﬂ<<Z+ Z 7(q) + 6’q[1 - Gb<1 + g)] >q"/"’L+ a- 6)q1_vL))

X (Ev(z’, q’)l_}') .

Multiplying both sides by L¥, we have
~y
a- ﬁ)q(z+ Z m(q) + Hq[l - Gb<1 + 2)] +(1- 5)q> LY
L\ TV
= ﬂ<<z+ PIEACIE Gq[l - Gb<1 + 2)] )q_l/"’ +(1- 5)q1_W))

I-y
1=y

X (Ev(Z.q)'77) ",

or equivalently,

This delivers a recursion for L that satisfies the FOC.
Now we need to verify that (42) holds. Notice that

vz ) = |1 —ﬂ)<2+2ﬂ'i(q)+€q 1—Gb<1 + g)

1

+(1=8)q) (1 +4' VL]

- (1—ﬁ)<z+2ﬂi(q)+6'q 1—Gb<1+§> +(1—5)q>]l_w

L
L

z+zm(q)+0q[1 - Gb(l + ;)] +a-8yq|
(+g VD)

1—Gb<1+3)
q

If our value function guess holds, then (24) implies

X

1

-y

= [(1 - ﬂ)<z+ Y 7g) +0q

+(1- 6)q> c_"’]
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1

Iy

[(1 —ﬁ)(z+ Zm(!]) +0q[1 - Gb<1 + 2)] +(1- 5)q>c“"]

= [(1 - P’ + ﬁF""’(Ev(z',q’)'_y)llu;] o

<

This implies that,

:(1—ﬁ)<z+zni(q)+9q 1—Gb<1+§) +(1—6)q>c_"’

= (1= P + pI¥ (v 4)'7)

Or equivalently,

2+ Y m(@)+0g[1 -G (1+ )| +(1=6)q

_ -o(1+2)
C
r\'=v_»s PNE =2

=1+<;> m(EV(Z,q)l J/) -r

2+ 2 m(@+0g|1 =G°(1+ )| +(1-0)q _
N [ : ( q)] =1+<§>‘ Vv,

Plugging the conjecture for consumption on the LHS:

1 1-y
1+q17L=1+<£> LY
C

which implies
1
q_ v] = £ .
c

Using the conjectures for ¢ and I", we can write the ratio g as

(77)
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2+ T +0g[1 -G (1+ )| + (1 - )g )

- 1
¢ 1+q1_?L

Ao, <z+2n,.(q)+aq[1 —Gb<1 +§)])q‘iL—(1 ~5)

1+¢ VL
=81 +¢""WL)+ <z+ 3 7(q) + eq[l - Gb<1 + ;)] >q‘$L— (1-8)
2+ Y 7.9 +0q[1 - Gb<1 + ;)] +(1-6)q
(1= 8)q" WL+ (z + Y 7(g) + eq[l _ Gb<1 + 5)] >q‘$L

z+27r,-(q)+0¢1[1 ~cr(1+ ;)] +(1-d)q

i
= q_JL_

From Eqs. (77) and (23) it is clear that the conjectured decision rules satisfy the problem.
Last, from the budget constraint, we have

. Z+Zﬂ,-(c1)+0q(1 _Gb(1+§>> <

q

=+ 1(9)+09(1-G)+(1-8)q
I+q'-1/vL

ql—WL[z+ Y 7(q) + 9q(1 - Gb<1 + 5))] —(1-8)g
g(1+4¢'-"/vL)
) [z+ Zni(q)+9q<l -6 (1+ 2))]61—1/1%— (1-6)
1+g!=-1/vL

and we plug in ¢ = , we have

i=

as stated in the proposition.
Proof that Ly, = L when y =y. To show that Ly, = L, we set w =y in Eq. (44),
which then reads

1- 1/r
[ﬁ 1Kz, ) iy ] , (78)

A= P+ A=) (1+¢"Lg,)"
[z+ zm(q)+9q[1 ~co(1+ ;)] +(1 —5)q]7.

where v(z, )77 =

(79)

Substituting from (79) into (78) and simplifying makes the resulting equation the same as
Eq. (22) in Proposition 2.
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B7: Proof of Propositions 6 and 7

We first give the proof for venture: Using (53) we find that relative to k the number of ideas is
Ah/k = Ak, and the intake of VC funds (6) becomes

n, = #VC-backed projects = A[1 — G (e, )]. (80)
Their payouts now are
D,(s") = (a + (1 = 8)q')x,.

and x, in (8) is normalized by «:

X, = /1/ edG". (81)

v

A VC fund chyooses €, to maximiyze the expected utility of its investors exactly as in (9).
Since [ (&) DydF=x, [ (&) (a% +(1 = 8)q' )dF = Lix [ €dG", the problem in

(9) reduces to

7,(q) = max <q/l/ edG" — nv>. (82)

Since n, in (80) is now also normalized by «, we have
7 (q) = 7,(q), (83)

and the minimal accepted quality of VC-backed projects is still €, = cl/ as stated in (11)
Buyout Funds Instead of (12), total buyout fund investment is

ny = (t+q)0[1 - G°(g,)]. (84)
and buyout payouts become
Dy(s') = ay—/+(1—5) ") x,
b = X q ) Xb>

where instead of (14), we have

Xy = 9/ edG". (85)

The buyout fund chooses &;, to maximize

ﬁ/(%)yDb(s')dF(s',s) —n,

and using the same logic as that behind the proof of (11), we get the buyout fund’s decision
problem

7, (@) = max <q6/ €dG® — nb>, subject to (A21), (86)
£, &
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with its optimal cutoff rule €, also the same as in (16). Now let L satisfy the equation
Y 1/y
14¢'-V7L
L=|p / 1
Z+Zﬂj+01€q[1 —Gb<l + ;)] +(1-08)q

[z+ (1 — 8)q|dF(s)

87)
Since % = %%, (4) implies
- ~
() = / ()7 + = 8)g|aF (), (88)
therefore

q

"5 - <ﬁ/ ()72 +a —5)q’]dF(s’)>_l/y,

where k' /k is defined in (17). To simplify notation, we now omit the input of the function
and denote G = G (1 + 3) From income identity (20)

2+ X7 +0kg(1 = G) —c
« .
q

1=

thus we have
k c
K 1—5+§[Z+Zﬂ'j+9Kq(1—G)—C]
1
%(1 -5+ §(z+27rj+91<q(1 —G))> -

%
q
where the second line uses the identity (56) which implies z — ¢ = %x. Therefore

1 = <E/(c')_y[z'+(1—6)q']dF>_l/y

%(1—6+§(Z+Zﬂj+9m](l—6)))— q

1
q
ie.,

1—5+§(z+2nj+9;<q(1—c))

c= 7
- (§ [+ - 5)q’]dF(s’)> ’
2+ Y aq) + 0xq(1 = G) + (1 = b)q
B 1+g!=1/7L

where L is defined in (64), and
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as stated in Proposition 7.

Appendix C: Additional tables and figures

See the Table 10 and Fig. 7.

2+ YA+ 0kq(1-G)—c
a

q

[+ X 7+ 0xg(1 = G)|q™/"L — (1 - 6)
- 1+ g-UrL '

Table 10 Parameters for the estimation under EZ preferences, Freely Estimate (y, y)

Pre-set parameters

Discount rate

Depreciation rate

p 6

0.95 0.05

Estimated parameters

Average VC quality SD of VC quality Average BO quality

Hy Oy Hy

- 1.40 1.31 - 1.06

[-1.51, - 1.30] [0.86, 1.76] [-1.12, - 1.01]

SD of BO quality Arrival rate of VC idea BO implementation cost
oy i T

2.75 0.010 0.82

[2.57,2.94] [0.009, 0.013] [0.62, 0.99]

Curvature parameter EIS Arrival rate of BO upgrade
Y 1w 0

2791 0.68 0.001

[12.79, 40, 35] [0.31, 1.21] [0.000, 0.002]

This table reports the parameters for the estimation under EZ preferences when both y and y are freely
estimated. The GMM 95% confidence intervals are reported in brackets. The volatility of R, is added as an

additional target
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18 Growth and Buyout o5 Growth and Venture
—q=1,z=1
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Fig.7 Growth and PE: a numerical example for the Pareto distribution in Eq. (26)
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