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Abstract

We are interested in reaction—diffusion systems, with a conservation law, exhibiting a Hopf
bifurcation at the spatial wave number k = 0. With the help of a multiple scaling perturbation
ansatz a Ginzburg-Landau equation coupled to a scalar conservation law can be derived as an
amplitude system for the approximate description of the dynamics of the original reaction—
diffusion system near the first instability. We use the amplitude system to show the global
existence of all solutions starting in a small neighborhood of the weakly unstable ground
state for original systems posed on a large spatial interval with periodic boundary conditions.

Keywords Pattern formation - Conservation law - Amplitude equations - Justification

1 Introduction

We consider reaction—diffusion systems for u with u(x,t) € RY ford > 2 coupled to a
diffusive conservation law for v with v(x, t) € R, namely

du = Dd*u+ f(u,v), (1)
v = dydiv + d2g(u), 2)
where x € R, t > 0, D a diagonal diffusion matrix with entries d; > O for j = 1,...,d,

d, > 0 a scalar diffusion coefficient, and f : R x R — R? and g : RY — R smooth
reaction terms with

F,v)=0(ul(1+ul +v]) and  gu) = O(Jul?)
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Fig. 1 The relevant spectral curves of the linearization around the trivial solution plotted as a function over
the Fourier wave numbers for & — &, = &2 > 0. The left panel shows the real part of the eigenvalue curves
Lo (in blue), A1, and A7 (both in red), the right panel shows the imaginary part (Color figure online)

such that (#, v) = (0, v*) is a stationary solution for any constant v* € R. As a consequence
of the conservation law form the spatial integral of v is conserved in time. The fact that g
only depends on u or that D is a diagonal matrix are no restrictions w.r.t. our purposes. For
a detailed discussion about that see Sect. 6.

We are interested in the behavior of (1)—(2) close to the stationary solutions, w.l.o.g. for
our purposes take (u, v) = (0, 0). The linearization of (1)—(2) at (0, 0),

du = Ayu = Ddju+d,f(0,0)u, ©)
0v = Ayv = dva)%v, “4)

is solved by u(x, 1) = e+t T and v(x, 1) = e+t T where L € C,w € C¢, and v € C are
determined by

AL = —Dk*@ + 3, £ (0, 0)a, ®)

AT = —dy k7D, (6)
We find d curves of eigenvalues A ; = A (k) ordered as ReA (k) > - -- > ReAy(k) for (5) and
ro(k) = —d,k? for (6). The issociated normalized eigenvectors or normalized generalized
eigenvectors are denoted by U; € Céforj=0,...,d.

We assume that (1)—(2) depends on a parameter & and that for @ = @, we have the
following spectral situation.
(Spec) There is an wg > 0 such that Re ; (0) |g—z, = )Jj 0)|g=a, =0, Rekj 0)|g=z, <0

for j = 1,2 and ImA1(0)|g—z, = —ImA2(0)|z=5, = wo. Moreover, all other eigenvalues
Ajlg=g, for j = 1,..., d have anegative real part. Finally, we assume that dzReA (0) |g—z,. >
0.

For (1)-(2) from the assumption (Spec) a spectral situation follows as sketched in Fig. 1.
Notation. In order to make the notation more intuitive in the following we use the index
—1 instead of 2, i.e., for example we write A_; = A3.

We introduce the bifurcation parameter e2 = & — &, and insert the ansatz
u(x, 1) = eA((X, T)e'' T, (0) + c.c. + O?), 7
v(x, 1) = e’ By(X. T), ®)

@ Springer



Journal of Dynamics and Differential Equations

with X = ex, T = 21, By(X, T) € R, and A (X, T) € C in (1)~(2). We obtain the system
of amplitude equations
or A1 = agdx A + a1Ay + ay A By — az A1 Ay, ©
drBo = body Bo + b193 (1A11%), (10)
with coefficients ag, a3 € C, ay, az, by, by € R, satisfying Reag > 0, by > 0, a; > 0, and
Reas > 0, consisting of a Ginzburg-Landau equation for A coupled to a scalar conservation

law for By. The amplitude function A describes the oscillatory modes concentrated ak = 0
and By the conservation law modes concentrated at k = 0.

Example 1.1 In order to make this introduction less abstract the derivation of the amplitude
system will be explained for the following toy problem

o = Bful + iwouy +82u1 +u% +uju_q +u2_] +vuy +vu_g — u%u_l,
ofu_1 = Bfu_l —iwou_1 + szu_l + u% +uu_1+ uz_] +vuy +vu_g — uz_]ul,
dv =082+ 82(uru_y),
with u_1 = u7. Although it is not of the form of (1)—(2), it shares essential properties with

(1)—(2), in particular, it has qualitatively a spectral picture as plotted in Fig. 1. We make the
ansatz

ui(x, 1) = eA| (X, T)e'™" + &2 Ay o(X, T)
+87 A1 o (X, T)eX ™ + 2 A1 o(X, T)e >,
u_1(x, 1) = eA_|(X, T)e ' + £2A_1 o(X, T)
+e2A_12(X, T)eX ™ + e7 Ay o (X, T)e > ™",
v(x, 1) = & Bo(X, T),
with A_; = Ay, etc. For the u;-equation we find:
g3eleot . oTA| = 3)2(141 + A1 4+ BoA;
+2A10A1+A12A_ 1 +A_10A +2A_12A_| — A%Afl,
g2eHimor 2iwgA12 =iwpAr12 + A%,
g2elieot . g = iwpA1,0+ A1A_q,
g2~ 2wt —2iwgA1,—2 =iwpA1,—2 + Az_l.
For the u_1-equation we find similar equations and for the v-equation we obtain:
e* 1 9rBy = 0% By + 0% (A1A_1).
If we eliminate the A; o and A; > by the above algebraic equations we find
orA1 = a3 A1 + A1 + BoAr — y3lA1P AL,
dr By = 03 Bo + dx (1A11%),
with
2 1 1 2 2

- VB3=—T—+t—+: — —1l=—1+_—.
iwg lIwg Iwg 3iwg 3iwg

an

m}
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In order to establish the global existence and uniqueness for (9)—(10), in the following we
assume

(Coeff) The coefficients ag, . .., by of (9)—(10) satisfy for the normalized System (18)—
(19), subsequently computed in Remark 2.1, that 1 + =!8 > 0.

Using the same multiple scaling analysis, in [13], in case of no conservation law, i.e.,
in case v = 0 and without the v-equation in (1)—(2), a Ginzburg—Landau equation was
derived, and it was shown that all small solutions develop in such a way that they can be
approximated after a certain time by the solutions of the Ginzburg—Landau equation. The
proof differs essentially from the case when the bifurcating pattern is oscillatory in space
which is based on mode-filters and a detailed analysis of the mode interactions. See [15,
§10] for an overview. In contrast the proof of [13] is based on normal form methods. As
a consequence of the results of [13], the global existence in time of all small bifurcating
solutions and the upper-semicontinuity of the rescaled original system attractor towards the
associated Ginzburg—Landau attractor follows. The result of [13] applies for instance to the
Brusselator, the Schnakenberg, the Gray—Scott or the Gierer-Meinhardt model, cf. [16].

It is the purpose of this paper to prove a similar global existence result for (1)—(2), i.e., in
case of an additional conservation law, with the help of the amplitude system (9)—(10).

This question turns out to be very challenging for the following reason. Since (A, By) =
(0, B*), with constants B* € R, is an unbounded family of stationary solutions for (9)—(10),
this amplitude system does not possess an exponentially absorbing ball if posed on the real
line, in contrast to a single Ginzburg-Landau equation if Reaz > 0. However, assuming
(Coeff) an exponentially attracting ball exists in case of periodic boundary conditions, say

Al(X, T)=A1(X+2n,T) and Bo(X,T) = Bo(X+2n,T). (12)

Then we have the existence of an absorbing ball and the global existence and uniqueness of
solutions.

Theorem 1.2 Consider the amplitude system (9)—(10) with periodic boundary conditions (12)
and assume that the coefficients ay, . . ., by satisfy the condition (Coeff). Then for all s € Ny
there exists a Cgp = Cgr(s) > 0 such that for all C; > 0 there exists a Ty = Tp(s, C1) > 0
such that to a given initial condition (A1 (-, 0), Bo(-, 0)) € H*T! x H* with | A1 (-, 0) || gs+1+
| Bo(:, 0)||gs < Cq there exists a unique global solution (A1, By) € C([0, 00), Hstl % HY)
such that additionally ||A1(-, T)| gs+1 + |Bo(:, T)||gs < Cg forall T > Ty.

Remark 1.3 1In case of periodic boundary conditions the Sobolev space H* can be embedded
in the space H;', of uniformly local Sobolev functions for s > 0 and so in case of periodic

boundary conditions, the existence of an absorbing ball in Hlsjl X Hf . for (A, By) follows,

too. For the definition of the space H;, see the notations on Page 8.

As already said we are interested in a similar result for the original system (1)—(2) using
the existence of an exponentially attracting absorbing ball for the amplitude system (9)—(10)
and the fact that all solutions of (1)—(2) develop in such a way that after a certain time they
can be approximated by the solutions of the amplitude system (9)—(10).

The 27 -spatially periodic boundary conditions for the amplitude system (9)—(10) cor-
respond to 27 /e-spatially periodic boundary conditions for the original system (1)—(2),
ie.,

u(x,t) =ulx+2m/e,t) and v(x,t) =v(x +2m/e, t). (13)
Then for these periodic boundary conditions and small ¢ > 0 we have the global existence

and uniqueness of solutions for the original system (1)—(2).
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Theorem 1.4 Consider the original system (1)—(2) with periodic boundary conditions (13)
and assume that the coefficients ay, . . . , b1 of the associated amplitude system (9)—(10) satisfy
the condition (Coeff). Then for all n > 0 there exists a Cgr > 0 and an g9 > 0 such that for
all Cy > 0 and all ¢ € (0, &), there exists a ty = 0(1/82) > 0 such that to a given initial
condition (u(-,0),v(-,0)) € Hl’fj'l X Hl'fu with |lu(-, O)IIHﬁl + e v, O)HH,"u < Cie¢

there exists a unique global solution (u, v) € C([0, 00), Hl"l;rl X Hl"’u) such that additionally
llu (-, t)||Hln+l + e (., f)||H,”u < Cgeforallt > 1.

Remark 1.5 Hence, the global existence question can be answered positively at least for
original systems with periodic boundary conditions (13) which correspond in the amplitude
system (9)—(10) to periodic boundary conditions (12). Since the L2-norm of u = 1 on the
interval [—m /g, m/¢] grows as O(1/./¢) with ¢ — 0, Sobolev spaces are not adequate for
controlling the norm and so spaces have to be used where functions such as u = 1 can be
bounded independently of the small perturbation parameter 0 < ¢ < 1.

Remark 1.6 The three mainingredients of the global existence proof are (GL): the existence of
an exponentially attracting absorbing ball of the amplitude system, (APP): an approximation
result which shows that solutions of the original system (1)—(2) can be approximated on the
natural O(1/ 2)-time scale of (9)—(10) of the amplitude system via the solutions of (9)—(10),
and (ATT): an attractivity result, which shows that solutions of (1)—(2) to initial conditions
of order O(¢) develop in such a way that after an O(1 /82)-time scale they are of a form
which allows us to approximate them afterwards by the solutions of (9)—(10).

Remark 1.7 Approximation and attractivity results have been established in [2, 7, 17] in
case of a Turing pattern forming systems coupled to a conservation law. Attractivity and
approximation results in case of a simultaneous Turing and a long wave Hopf bifurcation can
be found in [16].

Remark 1.8 Theideais as follows. A neighborhood of the origin of the pattern forming system
is mapped by the attractivity (ATT) into a set which can be described by the amplitude system.
The amplitude system possesses an exponentially attracting absorbing ball (GL). Therefore,
by the approximation property (APP) the original neighborhood of the pattern forming system
is mapped after a certain time into itself. These a priori estimates combined with the local
existence and uniqueness gives the global existence and uniqueness of solutions of the pattern
forming system in a neighborhood of the weakly unstable origin.

Remark 1.9 Examples of reaction—diffusion systems (1)—(2), falling into the class of systems
we are interested in, are for instance the Brusselator, the Schnakenberg, the Gray—Scott and the
Gierer-Meinhardt model coupled to a conservation law coming for instance from ecology. As
an example we consider the Brusselator. The system, with the spatially homogeneous trivial
equilibrium as origin, is given by

duur = did7ur + (b — Dut +a’uz + f (ur, u), (14)

duz = drd3ur — buy — a’uz — f(uy, u2), (15)
with nonlinear terms

fuy,up) = (b/a)u% + 2auuy + u%uz.

The long-wave Hopf instability occurs at the critical wave number k = 0 for b = bypr(a) =
1 + a2. For more details see [16]. This system can be brought into the form (1)—(2) by
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introducing a variable v satisfying
dv = dyd7v + d2g(ur, u2),

with g(0, 0) = 0, by replacing b by v+ b, and by introducing the small bifurcation parameter
e = b - bhopf)/bhopf-

The plan of the paper is as follows. In Sect. 2 we discuss the global existence and unique-
ness of solutions of the amplitude system (9)—(10). The proof will be given in “Appendix D”.
Section 3 contains a number of preparations, in particular we eliminate a number of oscilla-
tory terms from (1)—(2) by so called normal form transformations. In Sect.4 we derive the
amplitude equations and define the Ginzburg—Landau manifold, the set of solutions which
can be approximated by our amplitude system. In Sect.5 we formulate the attractivity result
which is proven in “Appendix B”, the approximation result which is proven in “Appendix C”
and put them together to conclude on the global existence and uniqueness of solutions of the
original reaction—diffusion system (1)—(2). In Sect. 6 a few further questions are discussed.
Moreover, in “Appendix A” some estimates are provided which are used in the sequel.

Notation. The Sobolev space H* is equipped with the norm ||u||gs = Zj‘:O 18 u]| 12

2
L

. . . . . s j _
entiable functions is equipped with the norm ”u”HlS.u = ijo ||8xu||L%Ll, where ”u”Lzz,u =

where ||ul|%, = f lu(x)|2dx. The space H;', of s-times locally uniformly weakly differ-

supxeR(f;'H |u(y)|2dy)1/2, cf [15, §8.3.1]. Fourier transform w.r.t. the spatial variable is
denoted by F and the inverse Fourier transform by F~!. Possibly different constants which
can be chosen independently of the small perturbation parameter 0 < & <« 1 are often
denoted with the same symbol C.

2 Analysis of the Amplitude System

We consider

drA = agdt A +ajA +ayAB — azA|A|?, (16)
arB = body B + b10% (1A%, (17)

where T > 0, X e R, A(X,T) € C, B(X, T) € R, and with coefficients having properties
as specified below the Eqgs. (9)—(10). We are interested in the situation of an unstable trivial
solution, i.e., a; > 0. This is the general form of the amplitude system which appears for a
long wave Hopf bifurcation in a pattern forming system with a conservation law. The system
has been derived for pattern forming systems with a conservation law exhibiting a Turing
instability, too, cf. [8]. In a singular limit spike solutions have been constructed in [10].

Remark 2.1 By rescaling A, B, T, and X and by possibly changing the sign of B, four of the
coefficients can be eliminated. We set

A=CAX, B=CB§, T =cgT, and X=CX§.
We find

8;2 = cTaoc;Za§Z+ cTa1,Z+ crachZE — cTa3cle|K|2,
07B = crbocy 9% B + crbichcy ey 03 (1A1).
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We first choose ¢ € R such that cya; = 1. Next we set ¢4 > 0 such that ¢y (Rea3)ci =1.
Then we choose cx > 0 such that ¢y (Reao)c}2 = 1. Finally, we set cg € R such that
crbiciey’cy' = 1if by # 0.1f by = 0, subsequently in (19) the term 82 (|A|?) will be
away. Defining

B =craxp, o=crbocy’, yo=Im(crapcy®), y3 =Im(crasch)
and dropping the tildes we finally consider

A =(14+ip)dtA+ A+ BAB — (1 +iy)A|A]%, (18)
7B = ad%B + 0% (|A1%), (19)

with o > 0 and 8, yp, 3 € R.

Remark 2.2 Before we discuss the local and global existence of this system we have a short
look at a family of special solutions. There are the X-independent time-periodic solutions
B=bA= Aei®T with |A\|2 =14+pgbandw = —|Z|2y3 for every b with 1 4+ b > 0. In
case 1 4+ Bb < 0 we have the stationary solutions B = b and A = 0.

Remark 2.3 Global existence for the classical Ginzburg—Landau equation on the real line,
(18) in case B = 0, can be obtained in C[? (R) with the maximum principle if yp = y3 = 0.
By the smoothing of the diffusion semigroup, global existence follows in all C} -spaces and
H)", -spaces for m > 1/2. An approach for general yy and y3 is to work with weighted

energies [p ps(X)|A(X)|2d X, where ps(X) = (1 + (8X)?)~! for 8 > 0, cf. [9].

Remark 2.4 However, so far, both approaches described in Remark 2.3 do not give global
existence for the amplitude system (18)—(19) on the real line. Weighted energy estimates gives
via the linear terms 8)2( Aand aai B some exponential growth of order Q(82). For the classical
Ginzburg-Landau equation one can get rid of these growth rates with the —| A|> A-term which
allows for a point-wise estimate

/R ps(X)(JAX) 2 — [AX)|HdX < /R ps(X)(1 — JA(X)|P)dX. (20)

However, there is no counterpart in (18)—(19) which can stop the growth of the weighted
B-variable.

We help ourselves by considering the amplitude system (18)—(19) with periodic boundary
conditions. 27w -periodicity for (16)—(17) corresponds to L-periodicity for (18)—(19) with

L =2n./ai/ap.

Remark 2.5 In case of periodic boundary conditions, the mean value of B is conserved in
time. However, we could always further assume that the mean value b of B vanishes. If this
would not be the case, we could set B = b+ B , with B having a vanishing mean value. Then
we would obtain

IrA = (14iy0)d%A+ A+ BAWb+ B) — (1 +iy3)AlA%,
7B = ad%B + 0% (|A1%).

Hence, by redefining the coefficient a; we could always come to a system, for which the
mean value of B vanishes for all 7 > 0.

The choice of periodic boundary conditions allows us to use classical energy estimates
without weights. In case 1 + «~!8 > 0 we have the following global existence result.
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Theorem 2.6 Assume that 1 +a~'f > 0 holds. Fixs > 0, L > 0 and consider (18)-(19)
with L-periodic boundary conditions. Then there exists a Co > 0 such that for all C1 > 0
there exists a Ty > O such that the following holds. For initial conditions (A(-, 0), B(-,0)) €
HSH x HS with [} B(X,0)dX = 0 and

IAC, O)llgs+1 + I1BC,O)lms < C

the associated unique global solution (A, B) € C([0, 00), HstL x H) satisfies
IAG, Tl gs+1 + 1B, Dllas < Ca

forall T > Ty.

Proof See “Appendix D”. O

3 Some Preparations

All operators appearing in the following are so called multipliers. A linear operator M is
called multiplier if there exists a function M : R — C such that My = F~! (A? Fu), i.e.,
if the associated operator is a multiplication operator in Fourier space. Typical examples are
differential operators, semigroups, or mode-filters, but also the normal form transformations
at the end of this section can be interpreted as multilinear multipliers.

3.1 The Mode-Filters

For estimating the different parts of the solutions we use so called mode-filters. Since we
work in H]" -spaces we cannot use cut-off functions in Fourier space to extract certain modes
from the solutions. The associated operators in H;', would not be smooth and so we take a
X € C° with '

1, for [k| < 0.453,
1k =10, for |k| > 0.553, 1)
e [0, 1], else,

forad > 0 sufficiently small but independent of the small perturbation parameter 0 < &2 <
1. For extracting the modes around the Fourier wave number k = 0 we define a mode-filter
Ey by

Eo(kya(k) = X (k)a(k).
This operator can be estimated as follows.

Lemma 3.1 For every m € Ny the operator Eq is a bounded operator from leu to H}",, in
detail, there exist constants C, such that ||E0||L[2 S Hp < Cp.
Su Su

Proof We use multiplier theory in Hl’fu—spaces, cf. [15, §8.3.1]. We have
||E0v||H;j1u < C||A71||cg ||v||qu,

with M (k) = (1 + k225 (k). O
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3.2 The Normal Form Transformation

For the subsequent analysis we need a separation of the #-modes into exponentially damped

(j =3,...,d) and critical modes (j = %1). In order to do so, we let
~ 2 1 B 2\ —1
Pyy(k, e7)u = — (uld. — Ay(k, 7)) udp,
2mi g

where A, = FA,F 1, with A, defined in (3), and where I'11 is a closed curve surrounding
the single eigenvalue At1le=0k=0 = Fiwp anti-clockwise. By the assumption (Spec) the
projections P; can be defined for wave numbers in a neighborhood U, (0) for a p > 0 and
S0 we set

E :Eoﬁil, E.=E1+ E_, and E;=1d. — E,,
choosing S<p /2 in (21). Moreover, we define scalar-valued projections p+| by
Pei(k, 87)u = (par (k, ) Ui (k, 87)

and e+ = Eop+1. With these operators we separate our linearized system (3)—(4) in critical
and exponentially damped modes.
Then, in Fourier space, we write

Wk, 1) =1k, DU (k) + -1 (k, Y01 (k) + g (k. 1),

with €41 (k, t) € C, and define c+; and u; to be solutions of

0,c1 = Arer + fi(er, ug, v), (22)
drc—1 = A—jc—1 + foi(er, ug, v), (23)
orus = Agus + fi(c1, us, v), 24)
dv = Ayv+02g(ct, uy), (25)

with the additional assumption that the Fourier support of ¢4 is contained in the Fourier
support of EO.NMoreover, we assume that u (k) projected on span{U; (k), U_; (k)} vanishes
for |k| < 0.458. In (22)—(25) the linear operator Aj is the restriction of A, to the ug-variable
and

Feiler, ug, v) = er f(u,v) = O(ler|* + |us|* + (url + lus)Iv]),
fs(et,us, v) = Es f(u, v) = O(ler|* + lug* + (ur] + lus])|v]),
gler, ug) = O(ler? + lus|?).

Since c_; = ¢1 we do not explicitly denote the appearance of ¢_ in various places.
Since ¢ approximately oscillates as e'“" all quadratic combinations of ¢ and c_; can
be eliminated from the c|-equations by a near identity change of variables

it = c1 +O(ler]?).

A similar statement holds for the c_1-equation. For details see the subsequent Remark 3.3.

Remark 3.2 In a similar way terms vc in the v-equation could be eliminated in case of a
more general nonlinearity in the v-equation.
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After the transform we have a system of the form

dliy = Avity + fi(in, ug, v), (26)
at”s = As“s + .fs(ﬁl, Usg, U)» (27)
dv = Ayv + 828Gt uy), (28)

with

fii, ug, v) = O > + i |us| + lug)® + (itn] + lusDlvD),
fstin, ug, v) = O[> + lug* + (d1] + |usDlv]),
gy, ug) = Oy |* + us|?).

Detailed estimates about this transformation and the nonlinear terms are given below when
needed.

Remark 3.3 In lowest order the equation for c; is of the form
drc1 = Aic1 + Nyjiler, e1) + Ny —i(er, c—1) + Noy —i(c-1, c—1) + h.o.t.

where in Fourier space the N; ; have a representation
Nij(ci, ekl = /ﬁi,j(k, k —m,m)c;(k —m)c;(m)dm,

with kernel functions 72; ; R3 — C. The quadratic terms can be eliminated by a transform
iy =ci+ Bii(er,er) + Br—1(c1, c—1) + By —1(c—1, 1)

where in Fourier space the B; ; have a representation
§i,j(ci7 cp)lk] = /E,j(k, k —m, m)¢; (k — m)cj(m)dm.

The kernels ?;, j(k, k —m, m) are solutions of
(Ga(k) = Ri(k —m) — & m)bi (k. k —m,m) =7y j(k, k —m, m)
which are well-defined and bounded since

k,mgllfﬁp(O) i) = djp (k= m) = A ml 2 € > 0

for all ji, jo, j3 € {—1, 1}. For more details see [15, §11] or [13, §4].

Remark 3.4 After the transform we have a system of the form

Opity = Aty + Ny1,1 @k, ey, 1) + Ny, —1 (g, ey, thy)
+Ny 1@, iy, i)+ Noy 1,1 (g, g, i) + heo.t.

where in Fourier space the N; ; x have a similar representation as above. Except of Ny 1,1
the three other terms are non-resonant such that these can be eliminated by a second
transformation.

Example 3.5 Applying the normal form transformation to the system from Example 1.1 yields
a system of the form

orup = 8fu1 + iwoug +82u1 + vuyp — y3u%u_1 + h.o.t.
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ou_1 = Bfu_l —iwou_1 +82M_1 + vu_ —%u%lul +h.o.t.,
dv=0%v+3>(uu_r)+h.o.t.,

with y3 given by (11).

4 The Ginzburg-Landau Manifold

The notation Ginzburg-Landau manifold or Ginzburg-Landau set, cf. [4], was chosen to
describe the set of initial conditions of the original system (1)—(2) which can be described
by the Ginzburg-Landau approximation. In the non-conservation law case it was shown that
this set is attractive, cf. [1, 4, 12]. In the conservation law case a first result was established
in [2]. We will come back to this in Sect.B. It is the purpose of this section to derive the
amplitude system, to compute a higher order approximation and to define what we will mean
by Ginzburg—Landau manifold.

For possible future applications, similar to [9, 14], we introduce a new perturbation param-
eter § with 0 < ¢ < § « 1 and distinguish this parameter from the bifurcation parameter
0<exl.

4.1 Derivation of the Amplitude System

Our starting point for the derivation of the amplitude system is System (22)—(25) which we
write as

Res| = —d;c1 + Arer + fi(er, us, v),
Resy = —0rus + Asus + fs(c1, ug, v),
Res, = —d;v + Ayv + Bfg(cl, Ug).

The so called residuals Res;, Res, and Res,, contain all terms which remain after inserting
an approximation into System (22)—(25).
For the derivation of the amplitude system, cf. Example 1.1, we need an ansatz

c1(x, 1) = 8A|(X, T)e' " + 824, o(X, T)
+8%A12(X, T)eH ™ + 82 A1 o (X, T)e 20",
c1(x, 1) = 8A_|(X, T)e " + 82A_ o(X, T)
+82A_1 (X, T)e* ™ 4 §2A_1 (X, T)e 2ot
ug(x, 1) = 82 As 2 (X, T)e¥ " + 82 A, o(X, T) 4 8% Ay _o(X, T)e 20t
v(x, 1) = 8°By(X, T),

with X = dx and T = §%r. By equating the coefficients in front of §2einoo! withn = 0, £2,
to zero, we find Aj >, Aj o, Aj > for j = —1, 1, s as solutions of equations of the form

Ajr =yj2A141,
Ajo=vj0A1A-1,
Aj 2 =vyj,2A_1A_1,

with coefficients y; ;. The Ay, A_1, and By satisfy a system of the form
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2
& ~
I7 A1 = apd A1 + @A+ @A 1By - asAr A
+ Z ae,jAj2A-1 + Z ar,jAj oAl
j==xl,s j=%l,s

a7 By = body Bo + b19%(|A11%),

Eliminating the A; >, Aj o, Aj 2 for j = —1, 1, s through the above equations gives the
amplitude system
2
€
Or A1 = apdz Ai + a1 Al + A1 By — a3 Ail A1, (29)
dr Bo = body Bo + b19x (1A11%), (30)

similar to (9)—(10). We formally have
Res; = O(8%), Res; = O(8%), Res, = O(8Y)
for this approximation. In the residual of the cj-equation we have for instance a term
83 A? 310! and in the residual of the v-equation we have for instance a term 8% 8)2( (A%)ez’ @of
In order to show that the amplitude system (29)—(30) makes correct predictions about the
original system (1)—(2) we establish subsequently the approximation Theorem 5.3.

4.2 Construction of a Higher Order Approximation

In order to obtain a more precise approximation we add higher order terms to the previous
approximation. We insert
=y, =Y, U=y v=1,
with
N  Mi(N,m)

=35 3 SITAL L (X, e,

m=—N n=0

N  Mi(N,m)

Yo=Y Y §mTA L (X, T,
m=—N n=0
N  Mg(N,m)

Yoo, )= Y Y $BUII AL (X, T,
m=—N n=0
N My(N,m)

Yo(r, )= Yy §PITR, L (X, T ™,
m=—N n=0

where N, M{ (N, m), Mg(N,m), and M, (N, m) are sufficiently large numbers such that
Res, = 0(87%?), Res; = 0(81?), Res, = 0(871?)

for a given 6 € N and where

[_m_[[-3]-2]-1[0[1[2[3] m |
Bim) [ 3123 [2[1[2[3] m
B[ 3 2 [1[2[3[2[3] m
Bs(m) || 3|2 |3 [2[3)2]3] m
Bo(m) || 5 | 4|5 [2[5]4[5[m +2
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The associated approximation is then denoted with Wy.

The coefficient functions are determined as follows. The functions A 1,9, A— _1,0, and
By,o satisfy the amplitude system from above. The A, ; ,, A_ _1,, and By, forn > 1
satisfy linearisations of the amplitude system from above with some inhomogeneous terms
which in the end depend on terms A4 | j, A_ _ j, and By ; for 0 < j < n — 1. All other
Ay s A-mons Asmn. and By, , satisfy algebraic equations and can be computed in terms
ofthe Ay 1 j,A_ —1,j,and By j for0 < j < n.

The solutions of this system are uniquely determined by the set of initial conditions
Ai1,jlr=0, A— 1,jlT=0,and By j|r=o for 0 < j < n.

Definition 4.1 For initial conditions

Aiiolr=0 = Aillr=0, A_ _1olr=0 = Ailr=0,  Bo,olr=0 = Bolr=0

and

Ay jlr=0, A_ _1jlT=0, By, jl7=0

determined by the construction in “Appendix B.4” for 1 < j < n and (A1, Bo) satisfying
(29)-(30) we call the set of approximate solutions

(u,v)( 1) = Wy (A1(, T), Bo(-, T))

for the original system (1)—(2) the Ginzburg-Landau manifold, where Wy is the associated
higher order approximation defined above.

5 The Global Existence and Uniqueness Result

Throughout the rest of this paper we replace the boundary conditions (13) by the boundary
conditions

ulx,t) =ulx+2m/é,t) and v(x,t) =v(x+27/8,1t). 31
with 0 < &€ <§ <« 1 and set later on § = &.

Remark 5.1 There is local existence and uniqueness of (mild) solutions
(u,v) € C([0, 10], HT' = H',)

of (1)—(2) for initial conditions (ug, vg) € H[";H X H,’fu if n > 0 where the existence time
to > 0 only depends on |[lug]| H ~+ [lvoll H' - This can be established with the standard
fixed point argument for semilinear parabolic equations, cf. [5]. For n > 0 the right-hand
side of the variation of constant formula associated to (1)—(2) is a contraction in a ball
in C([0, rol, Hl”;r I x H" ) for tp > 0 sufficiently small using that the nonlinear terms
(f(u, v), 0y g(u)) are smooth mappings from Hl”:l x H', to H', x H}', and that the linear

. 2 2 . . . .
semigroups (eP%!, %19,y map H' x H} to H/"T I H}", with an integrable singularity
—172
t .

Hence, for establishing the global existence and uniqueness of (mild) solutions we need

to bound the solutions in H[",;H X H[" 4+ 1-€., if we establish an a priori bound

sup (lu®ll g1 + v llp,) = C3 < 00, (32)

t€[0,00) !
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where C3 is a constant only depending on ||ug|| By =+ |Jvo| H',» then the local existence and

uniqueness theorem can be applied again and agam and the local solutions can be continued
to global solutions

(u, v) € C([0, 00), H"I' x H}',).

The necessary a-priori estimates (32) for (1)—(2) can be obtained in a sufficiently small O(§)-
neighborhood of the weakly unstable origin with the help of an attractivity and approximation
result for the Ginzburg-Landau manifold and the existence of an absorbing ball for the
amplitude system.

The attractivity theorem is as follows

Theorem 5.2 Forall Ry > 0, n > 0, and all 6 € Ny the following holds. Consider (1)—(2)
with initial conditions (ug, vg) € Hl";rl x H', satisfying

-1
<
luoll rs1 + 6" l1voll g, < Rod.

Then there exists a time Ty € (0, 1), ad; > 0, an Ry > 0 and a Cy > 0, all only depending
on Ry, 0, and n, such that for all § € (0, 61), all ¢ € (0,6], and all m > 1/2 there are
(A1(-,0), Bo(-.0)) € H"F' x H" with

141G, Ol g + I1BoC, O)ll g, < Ry

such that the solution (u, v), with the initial conditions (ug, vo), satisfies at a time t = T1/82
that

et 67 )=y 52 = (Vo W) (A1, 0), BoC, O)ll gt gy < €87
Proof See “Appendix B”. O

The dynamics on the Ginzburg—Landau manifold is determined by the amplitude system
(29)—(30). Although the Ginzburg—Landau manifold, constructed above, is not invariant under
the flow of the original system (1)—(2), it is a good approximation of the flow near the
Ginzburg-Landau manifold. This is documented in the following approximation theorem.

Theorem 5.3 For all Ry, Ty, C» > 0, n > 0 and all 6 € Ny there exists C3,80 > 0 and
m > 0 such that for all 0 < ¢ < § < §¢ the following holds: Let (A1, By) be a solution of
(29)—(30) with

sup ([ A1C Dll st + [1BoC Dll ) = Ro,
Te[0,To]

with initial conditions (A1, Bo)|lr=0 = (A1(-,0), Bo(-,0)), and (ug, vg) € Hl’f:l X Hl”’u
with

(0, 87" 00) = (Wo.u» Wo.0)(A1(:, 0), BoC, )| sty gy < C26°.
Lu Lu
Then there exists a solution (u, v) of (1)—~(2) with initial condition (u, v)|;=0 = (4o, vo) and

sup ([, 87 ) (o 1) — (Wi, Wo,0) (A1, Bo) (-, D)l it < C38°.
0<t<Tp/8? Lu Lu

Proof See “Appendix C”. O
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Now we have all ingredients for establishing a global existence result through some a-priori

bound (32). For 6 > 3 the following holds:

()

(b)

©

(d)

We start with the attractivity, cf. Theorem 5.2. For a sufficiently large Ry > 0 we obtain
Ry >0,T) >0,and A (-, 0) and By(-, 0) with

1ALCL Ol st + 1 BoC, )Ly, < Ry
such that the solution (u, v), with the initial conditions (uq, vg), satisfies
Gt 87 0=y 52 = (Vo Wo,w) (A1 (-, 0), Bol, O)ll ot e < €8

for § > 0 sufficiently small.

According to Theorem 1.2 and Remark 1.3, in case of periodic boundary conditions (12),
the amplitude system (29)—(30) possesses an absorbing ball of radius Cg in H, Z’ZH xHJ",.
Solutions of (29)—(30) starting in the ball of the above radius R; need a time Tj to come
to the absorbing ball of radius Ckg.

‘We have to make sure that the original ball R6 for the original reaction—diffusion system
(1)—(2) is so big that the Ginzburg-Landau embedding of the absorbing ball for the
amplitude system (29)—(30) of radius Cg is contained in this ball. In detail, for A; and
By satisfying

| ALCL T gt + 1B T, < Cir
we need that the starting radius Ry is so big that
(W6, Wo,0) (A1, Bo) (. To/8™) | yyut o < Ro8/2.
Lu Lu

Finally we use the approximation property, i.e., that the amplitude systems (29)—(30)
makes correct predictions about the dynamics of the original system, cf. Theorem 5.3.
Then the triangle inequality guarantees that

-1
Il (u, v)|(T1+T0)/52 ||Hln+1 X H}!
WU WU

< 1(Wo.u. Wo,0) (A1 BO)C, To/8%) |l sty

+ sup G, 8 )C, T /8% + 1) — (Wo,u, Wo o) (A1, Bo) Gy )l gt
0§t§T0/52 Lu Lu

< Ro8/2 + C38% < 3Rp8/4

for 8 > 0 sufficiently small. Thus, after a time (7] + Tp)/8> the flow of the original
reaction—diffusion system (1)—(2) has mapped the rescaled initial ball of radius Rpd into
the smaller rescaled ball of radius 3 Ryé/4. Since the magnitude of the solution (u, v) is
also controlled between r = 0 and = (T} + Tp) /82 by our estimates, we established an
a priori bound (32). Thus, with the above arguments the global existence and uniqueness
of the solutions of (1)—(2) follows for § > 0 sufficiently small.

Remark 5.4 'We remark that from a technical point of view, in contrast to previous approaches,
we moved the first step of the approximation result as stated [9, 11, 14] to the attractivity
result. This allows us to combine the attractivity and approximation result more easily.
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6 Discussion

Before we give proofs of the attractivity theorem 5.2, the approximation theorem 5.3, and
of Theorem 2.6 we would like to close the paper by discussing two other points, namely
the restriction to a nonlinearity g = g(u) and the global existence question in case that the
periodic boundary conditions (12) and (13) are dropped.

Remark 6.1 For us, (1)—(2) is a toy model which already contains many features which are
relevant for the global existence question addressed in this paper. The major restriction of our
model (1)-(2) seems to be the assumption that g(u) = O(|u |2) only depends on u. However,
an additional dependence on v without further smoothing would lead to a quasilinear system
and to functional analytic difficulties having to do with the quasilinearity of such a system,
but not with the question addressed in this paper. Alternatively, instead of (2), one could
consider the following semilinear toy problems

v =dyd>v+02(1 —3H Tgu,v)  or  dv=—0rv+dyd>v+d’gu,v),

with g(u, v) = O(Ju |2 4 |v]?). Since we are not interested in the sideband unstable situation
in the v-equation at the wave number k = 0, cf. [3], in these alternative models for notational
simplicity we would assume g (u, v) = O(|u|>+|v|?)) instead of g (u, v) = O(|u|>+|v|). Itis
essential to remark that, w.r.t. the scaling used above, a term | v|2 is of higher order than a term
|u|? and will not appear in the amplitude system (29)—(30). In hydrodynamical applications
the quasilinearity of the problem often cannot be avoided, cf. [18]. Global existence by the
above approach is a problem which is unsolved in quasilinear situations even without a
conservation law so far.

Remark 6.2 In this remark we would like to discuss a few observations about the global
existence problem if the periodic boundary conditions (12) and (13) are dropped. We consider
the situation when in lowest order in (9)—(10) the B-equation decouples from the A-equation,
i.e., by = 0. In this case the amplitude system in normal form is given by

IrA = (1+iy)dxA+ A+ BAB — (1 +iy3)A|A]%, (33)
dr B = €d% B. (34)
By the maximum principle B stays bounded and for A a uniform bound in time can be
established with the weighted energy method explained in Remark 2.3. Hence, the solutions
of the amplitude system exist globally in time and stay uniformly bounded. However, due to

the B-equation the system does not possess an absorbing ball.
Adding the higher oder terms to the B-equation gives a system of the form

ar B = dyd3 B + 03 (O(e)).

With the variation of constant formula we obtain
T
B(T) = ™7 B(0) + /0 T2 (O(e))d T

and using the estimate

dyd2T 0220
vOy aX

le e, < CT"™!

Lu —

we expect

T
B(T) — e™%T B(0) = O(s/ (T — 1)’ ldr) = O@T?)
0
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for a ¥ > 0 arbitrarily small, but fixed. Hence, in the A-equation the term AB can grow
as O(sT?)A. It can be expected that it can be balanced with the —A|A|>-term as long
eT? < O, ie. for T < O(s‘l/ﬂ), i.e., on arbitrary long, but fixed, time scales w.r.t. .
With more advanced estimates we even would obtain

T-1
B(T) — e™%T B(0) = O(C + 8/ (T =) 'dt) = O(C +¢InT),
0

respectively T < O(exp(1l/¢)). It will be the subject of future research to make these argu-
ments rigorous by iterating the attractivity and approximation result for a growing sequence
of perturbation parameters §. Note that an iteration, as used in [9, 14] with a sequence of
suitable chosen §;s, is not possible in case of periodic boundary conditions.

A The Analytic Set-Up

This section contains a few preparations for the subsequent proofs of the attractivity and
approximation result.

(1) It turns out to be advantageous that all variables in (26)—(28) have the same regularity,
i.e., we introduce the new variable v by

v= (30 =(1-23)"%

such that (26)—(28) becomes

ity = Artiy + f1aGin, ug, V), (35)
dus = Agus + fs 11, ug, V), (36)
U = Ayd + 8281 (it uy), 37)

with
FinGin, ug, 0) = fiGi, ug, (3,:)0)
= O + lii1lug] + lug* + (lii1] + lus DY),
Fonlity, ug, V) = folity, ug, (3:)0)
= O 1> + lus|* + (it | + |us)|D]),
g1y, ug) = (3) 7' g, uy)
= O(lii1 * + Jus ).

As a consequence, the nonlinearities f; , and 32g; are smooth mappings from Hf:] to

) Hlf u The mapping fl n is arbitrarily smooth due to its compact support in Fourier space.
(i) We introduce the scaling operator

(Ssu)(x) = u(dx)
and the scaled spaces Hf”j = H;, equipped with the norm

o = 115,
Wu M
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(iii) Before we start with estimating the linear semigroups we define the H;  -norm for s €
0, 1) by

lallig, = lull 2, +10:00) " ull 2 . (s € O, D).
Forn € Ngand s € (0, 1) we set
il s = g, + 135 ull gy,
We need

LemmaA.1 Fors,r > 0 there existsaoc > 0, a C > 1 such that for 0 < e <8 < 1 and all
t > 0 the following estimates hold:

_ 2
1M N gy _ppesr < CA A 177728,

2
e |y, pystrs < C(L+ (820712,

e gy _ypgesr < Ce™ (L1772,
WU WU
Ayt —ot 2.\—r/2
et s, grirs < Ce™! (14 @277,
Ayt —r/2
e gy gy < CA+1772),

e s, grera < CA+ @7
Proof These estimates have been established in a number of papers, cf. [15, §10]. ]

Remark A.2 We refrain fromrecalling a complete proof of Lemma A. 1. Itis based on estimates
like

sup |e_k2’(ik)”| <t ?
keR

for n € Ny and on estimates like ’):1 (k) < —ak? for an « > 0. For real-valued n > 0 with
n=no+swithny € Nands € [0, 1) we use

sup |e %k (k)* | < sup |e ™ |k|* | sup [[k|' S k)Y < CrY2
keR keR keR

B Proof of the Attractivity Theorem 5.2

In order to prove the attractivity result we have to show that the solution (u, v) of (1)—(2) to
a small, but otherwise arbitrary initial condition (uq, vg) € Hl’f: Iy H[fu develops in such a
way that after a certain time it can be written in the form stated in (7)—(8), i.e., after that time
we must be able to extract functions A1 and By which are functions of the long spatial variable
X = dx. For the derivation of the amplitude system (29)—(30) we make a Taylor expansion
w.r.t. the small perturbation parameter §, with 0 < ¢ < § <« 1, and among other things we
use that 97" A1(6x) = O(8™) and 97 Bo(8x) = O(8™). In the end this means that we have
to prove estimates such as 3" ((Equ(-, t))) = O(8"*) and 3" (Equ(-, 1)) = O(8"*+?) for
t > 0O sufficiently large with initial conditions of (1)—(2) satisfying the estimates assumed in
Theorem 5.2.
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Remark B.1 By looking at the Fourier representation of the linearized problem we see that the
u-solution and the v-solution are exponentially damped for all wave numbers except around
k = 0 where in physical space the solutions are of order O(§). By nonlinear interaction no
other modes of order O(§) are created.

B.1 The First Attractivity Step

We consider (1)—(2) after applying the normal form transformation from Sect. 3.2, i.e., in the
following we consider (35)—(37).

(D

2

We start with solutions of order i1 = O(8), uy = O(8) and ¥ = O(82). Setting it; = 8ul1,
us = 8ily, and ¥ = 827 gives

ot = Ml + fi@, iy, D), (38)

8[”7? = Axﬁs + fv (ﬁlv ﬁS7 5)7 (39)

0T = AT + 9781, i), (40)

with
FiG, s, D) = OGP + 8l 5] 4 8lits 1> + 82 (i1 | + i DI,
Fs G, i, 0) = O 1> + 8y 1> + 82 (| + lasDIv),
8@y, iy) = O 1> + [ 1).
Considering the variation of constant formula
t
By (1) = M1, (0) + / MO @ T B (2
0

it is easy to see that u; = O(82) for instance for t = 1/8'/4 using the exponential decay
||eASt||Hn+14)Hn+l < Ce %! fora o > 0 independent of 0 < ¢ < § <« 1 under the
Lu Lu

assumption that fs(ﬁl, Uy, ) = O(8) fort € [0, 1/8/4]. However, since there is no §1/*
in front of the nonlinear terms in the v-equation we cannot guarantee that v = O(1) for
t = 8~ 1/4 In order to guarantee this, some extra work has to be done. Since the argument
follows the arguments of next (more complicated) step 2) we assume for a moment that
we have proved i1, = O(8), u; = 0(82) and v = (9(82) fortr = 1/(31/4 and close the
gap in the proof in Remark B.2 after completing step 2).

We start (35)—(37) again, but now for initial conditions iz, = O(§), u; = O(8?), and
v = O(8?). Setting i1 = 81, uy = 81y and v = §>v. We find now

ity = M + fi@, T, D), (41)

atﬁs = Asﬁs +fs(ﬂlvﬁs»5)» (42)

OV = AT+ 0251, Ty), (43)

with
FiGi, s, D) = O@? i1 1P + 82 (@ 11175 | + 83 (12 + 82 ([t | + Sl DID)),
Fs G, i, ) = O[> + 8l ||| + 82131 + 8 (i | + 85 DI,
g, W) = O[> + 8l ||| + 821317,

Since attractivity happens on an O(1/82)-time scale we have to control the solutions of

the last system on this long time scale. The first equation is not a problem since in front of
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all nonlinear terms there is a factor 82. In the second equation there is linear exponential
damping which allows us to control all nonlinear terms in this equation. The main difficulty
to control the solutions on the long O(1/82)-time scale is the missing 82 in front of the
nonlinear terms in the third equation. In order to get this missing 82 we need that i is two
times differentiable w.r.t. the long space variable X. In detail, we need that these derivatives
are O(1)-bounded. However, this is a problem since this exactly what we are going to prove
and what is not true for t = 0.

(a) We proceed as follows to get rid of this problem. We consider the variation of constant
formula

t

() = e u1(0>+/ MU0 £ @, 1, D) ()d,
0
t

By (1) = eMTE(0) + / MO T T, D) (2)d

(1) =eAvf~(0)+/ M=) 8250, ) (T)d.

For this system we are now going to establish a priori estimates which in combination with the
local existence and uniqueness theorem will guarantee the long time existence of solutions
on the long O(1/52)-time scale.

We set

Sc.0(f) = sup ||u1(f)||Hn+1, Ss5,0(1) = sup ”us(f)”H"Ha
7€[0,7] 7€[0,¢]

and

Sv,0(t) = sup IIU(T)IIHn+1
1€[0,1]

Moreover, we need the quantity

Se1(t) = Seo(t) + sup 7'/2)9, Bl

7€[0,7]

Before we start, we remark that all H/ -norms for i are equivalent due to the compact
support of % in Fourier space.
(i) We estimate

~ At~
1)l gt < 14T Oy
Su
A — oo~ o~
[P s 1 G T DO
0 N 3y i

t ~
=< Clla O]l gt +C fo LA G s D) (D) | g d T
< CSe0(0) + C8%1(Sc.0(t)> + Se.0(t)Ss.0(1) + Sc.0(t)Sp.0(1)
+8(S5,0(0)* + Ss,0(1)Sp,0(1))),

where we used the semigroup estimate from Lemma A.1 and the bound on f] after (43).
(i1) Next we find

H 20,0 Ol 2,

<123, e*'f~1<0>||Lz
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t
+1172 /0 10ce™ T N i 2 LG Ty, D)@ i dT
t
< ClI@ O 01 + tl/zf (6 =o)L B D@y
Ju 0 !

t
< CSc0(0) + ca%l/zf (t — ) de
0

X (Se,0(1)® + Se.0(t)S5,0(t) + Se,0(t)Su,0(t) + 8(S5,0()* + S5,0(2)Sy,0(1)))
< CS..0(0) + C8%1(Se.0(t)> + Sc.0(t)S5.0(t) + Se.0(2)Sy.0(t)
+8(S5.0(1)% + S5,0(1)Sy.0(1))),

where we used the semigroup estimate from Lemma A.1 with » = 1 and again the bound on
f1 after (43).
(iii) For the exponentially damped part we use that

t t
fo e g _ g < /0 e+ (¢ — )7 = 0(1)

uniformly in # > 0, and the bound on f; after (43), and so we find

~ At~
I () s < et (O) | s
su U

t
+A ”eAS(t_r) ”HI’TH‘)H;”LTI ”ﬁ(ﬁl’ ﬁls’ T}I)(T)”le.ludr
= ||;[s(0)||1-1[”u+1
t ~
n / eI A 4 — )T ) i@, T, D () | gy d
i !

< CS5.0(0) 4+ C(Se.0(t)* + 8Sc.0(1)Ss.0(1) + 82S5.0(1)>
+88,.0(1)(Se.0(t) + 8S5.0(1)).

(iv) The estimates for the v-variable are obtained from

1T g1 < CITO) s
t
+ /0 et Dl gy, gy 1928 @y, B ) (D) g1 dT
t
< C5,00)+ € [ (0= 0P 2S00
0

t
+C f (t — 7)1 PdT(8Sc.0(t)Ss.0(t) 4 8%S5.0(1)S5.0(1))
0

< CSy.0(0) + CSe.0(t)Se.1(1) + C8:1%(S,.0(t)Ss.0(1) + 8S5.0(1)?),

where the semigroup term is estimated with Lemma A.1 with r = 1, where we used that all
H} -norms for i1 are equivalent due to its compact support in Fourier space, and where we
used estimates like

e 2 2o (0] < 7281 (0).
(v) Taking the sup w.r.t. t on the left-hand side gives the inequalities

Se.0(t) < CSe0(0) + CT(Se,0(t)” + Se.0(t)Ss,0(t) + Se.0(t)Su.0(t)
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+8(S5.0() + S5.0(1)Su,0(1))),
Se1(t) < CSe0(0) + CT(Seo(t)® + Se.0(t)S5,0(t) + Se.0(t)Sy,0(1)
+5(S5.0()? + S5.0(1)Su.0(1))),
S5.0(t) < CS5.0(0) + C(Se.0()* + 8Sc.0(t)Ss.0(1) + 6255,0(1)?
+388u,0()(Sc,0(?) + 8S5,0(1))),
S0,0(t) < CSy0(0) + CSe.0()Se1(1) + CTV(Se 0(t) S 0(t) + 8S5.0(1)).
For§ > O and T > O sufficiently small the last two inequalities allow to estimate Ss o(¢) and
Sv,0(t) in terms of S;,0(0), Sy,0(0), S¢,0(¢), and S 1 (7). Replacing then S o(¢) and S,,o(?) in

the first two inequalities by these estimates and choosing g > 0 and 77 = O(1) sufficiently
small, gives the existence of a C; = O(1) with

Se.0(t) + Se.1(t) + Ss.0(t) + Sy 0(t) < C (44)
forall r € [0, Ty /6%] and & € (0, 8o).

Remark B.2 1t remains to close Step 1), i.e., we have to prove that i1} = O(8), uy = O(5)
and ¥ = O(82) tor ¢ € [0, 1/8]/4]. In order to do so, we follow the argument in Step 2) but
now with uy = 8% instead of u; = 82i;. Moreover, we set

Su0(t) = sup (w1 ()|l yner 4+ sup [us(T)|| g+t
7€[0,1] Lu 1€[0,1] Lou

and

Su1(t) = Suo(t) + sup 7!/

lax@1 (D2 + sup /218,55 (D)l 2
7€[0,¢] b 1e10,1] Lu

With exactly the same calculations as in 2) we end up with the inequalities

Su.0(t) < CSu.0(0) + C8(Su.0(t)> + 8Su.0(1)Sv.0()),
Su1(1) < CSu0(0) + C81(Sy0(t)> 4 8Su,0(1)Su,0(1)),
Su.0(t) < CSy0(0) + CSe.0(t)Se.1(1).

The last inequality allows to estimate S, () in terms of Sy ¢(0), Sy,0(¢), and S,,,1(¢). Replac-
ing then S, 0(¢) in the first two inequalities by this estimate and then choosing o > 0
sufficiently small, gives the existence of a C1 = O(1) with

Su,0(t) + Su,1(t) + Sp0(t) < Cy (45)
forall t € [0,1/8'/4]and 8 € (0, &).

B.2 The Second Attractivity Step

Our estimates from the first attractivity step also guarantee that the solutions u1, i, and ¥
of (26)—(28) are O(1)-bounded in H, ll ;48’ H™ and Hl”;r l, respectively, on time intervals of

lu

length (’)(1/82), for instance considering (45) for ¢t € [T /(282), T /82].

In the next step we prove that under these assumptions i and v will be in Hll/ 28

su
O(1/8?)-time scale. Since we have the existence and uniqueness of solutions it is sufficient
to establish the bounds on this long time interval.

(1) We split

after an

f:(ﬁla ﬁm 17) = f:,a(ﬁl) + f:,b(ﬁla ﬁm 17)7
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with

Foa@) = O ),
Fop @, T, D) = O | [T | + 821312 + s (|| + 8l DI,

and find for ¢ < T7/82 with T} = O(1) that
410y () 2 ()] o

< V49, (0,) 12N 5 (0)] o1
+t‘/4/ M e 1000~ Fa @ (Ol d

+el/4 /o 18y (35) 1/ 2eAs =T ez g L fsp i s, D)@y, de

< Cll/4lil/4eiat“ﬁx (O)”HI"*'
t
+!/4 / e+ (0 = )T A)9:(80) TV fea @@y, d T
A |

t
+!/4 /0 e 7O+ (1 = O fip i, Ty, D (@)l gy, d

< CS8;.0(0) + C8Y21/45, 1 (T /8%)?
+811/4(Se.0(0) Ss.0(t) 4 8S5.0(1)% + Su.0(t)(Se.0(t) + 8S5.0(1)))

which is O(1) for r = Ty /8.
(ii) Similarly, we find for r < Ty /82 with Ty = O(1) that

/0, (05) ™ l”N(z)nwl

< Cr'4 9 (8,) 12N B O) | s
t
+11/4/0 ||8x(3X)_1/2(€Av(t_r)ax)“H/’_':l”Htr,l;l ||3x§b(i71, ﬁs)(f)”H[rT:—ldT
t
< CS8u,0(0) + C1'/* f (t = 07 desS, 1 (T1/6%)?
0

t
e / (1 = 1) T (5S00(1)Ss.0(1) + 87S5.0(1)Ss.0(1))
0
< CS0.0(0) + Co1V2S, 1 (T1 /8% + C81Y2(S,.0(1)S5.0(1) + 8S5.0(0)%)

which is O(1) for r = Ty /8.

B.3 The Attractivity Induction Steps

Our estimates from the first two attractivity steps so far guarantee that the solutions i, iy, and
¥ of (26)-(28) are O(1)-bounded in H,’, H/>* N H'H!, and H}'}>* 0 H[', respectively,
on time intervals of length O(1/ 52).

In the next step we prove that under these assumptions #; will be in H; 3/ 28

after an

O(1/8?)-time scale. After this we show that this implies that i and ¥ will be in H ll I’f after an
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O(1/8%)-time scale. In the next step we show that | will be in H 5 after an O(1/8%)-time
scale, etc. We will do this by induction. Again it is sufficient to estabhsh the bounds.
() In the first step we assume that

Unm,c(t) = sup ||M1(T)||Hms, Un—1/2,s(t) = sup |us(®)ll, =172
ze(0,1] 7ef0,1]

and

Un—12,0(t) = Sup @l , m=1/25

t€[0,
are finite and of order O(1). We find for r < T1/82 with 71 = O(1) that
402 (0) T2 (O]

<t"¥a, (0,712 A”Nl(mn,,ms

t
+tl/4 / ||ax <ax)71/26)\1 (=7 ||H]m71/2,5_>H]m,8 ”fl (’IZI ) ﬂ.&‘a B,)(.L—) ”H]’"*l/ladt
0 u e U
< Cl O] s
R

t
+tl/4/ (t— o) 420 - r))_1/4llfl(ﬁ1,iy,i)(f)llH;n—l/z,adf
0 P

t
< CIT O] s + 8211/ fo (P

X(Um,c(t)3 + Um,c([)Umfl/Z,s(t) + Um,c([)Umfl/Z,v(t)
+8Um—1/2.5(1)* + 8Unm—1/2,5(VUp—1/2,0(1))
< ClEr O s + COV2E U o(0) + U e (VUn-1/2,5(1)

+Um,c(t)Um—]/2,v(t) + 6Um—1/2,s(l‘)2 + 8Um—1/2,s(t)Um—l/2,v(t))

which is O(1) for t = T1/82 and so 1 (¢) € H, ;'71/2’5 fort = (’)(1/82).

(ii) In the second induction step we assume that Uy, +1/2,¢ (1), Un—1/2,5(t),and Uy, —1 /2,4 (2)
are finite and of order O(1). We find for r < T1/82 with 71 = O(1) that

4 10g ()" P 01, o1z

§l1/4||8x<8 ) 1/2 Ay t~ (0)” m 1/28
+tl/4/ et = r)|| 126 pyn— 1/2s||3 (3~ Uzﬁ,a(ﬁl)(f)||H;n—l/2,6dt

+11/4/ 10 ( ~1/2As (1= T)|| m=1/25_, 1n—1/2,5||ﬁ’b(ﬁ],ﬁs,m(f)|lan—l/2.5dT
Lu Lu

< ci' _1/46_‘”IIMS(O)IIHlm—l/z.s
t
e [ a0V T @) grosdT
0

t
+11/4/ e = —r)_1/4||fs,b(51,i7s,Tf)(f)llH;n—l/z,adf
O Su

< Cls O 1725 + C8 20 U1 ,o(T1/6)?
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+8t1/4(Um+1/2,c(t)Um—1/2,s(t) + 8Um—1/2,s(t)2
FUm—172,0O) Un+172,(0) (1) + 8Up—1/2,5(1)))
which is O(1) for t = Ty /82 and so @ (¢) € H;ﬁf fort = O(1/82).

(iii) In the second part of the second induction step we assume again that U, 41/2,0(2),
Un—1/2,5(t), and Uy,_12,4(t) are finite and of order O(1). We find for ¢ < T1/82 with
T1 = O(1) that

t4 18, (0) 2B o

< Cr' o (3) ™ 2N O -2

t
4yl ](; ||Bx(8)()_1/2(61\”(’_”3):)||H;T’Ll_l/2‘5»H;f’Ll_l/2‘5 10,25 (U1, ﬁs)(r)||Hli,1ll_1/2,adr
t
< CITO) 120+ Co [0 = 080,121 /6
u 0

t
e / (t = O AT Uns1 2. OUn—1/2.5 (1) + 8 Un—1 /2.5 (1)
0
< CITO) 120 + C81 U1 2.0(T1/8%)
+C81 2 (U1 12, (O Un—172,5(8) + 8Um—1/2,5(1))

which is O(1) for t = Ty /6% and so T(¢) € Hi”f fort = O(1/8%).

B.4 Attractivity of the Ginzburg-Landau Manifold

In the first step we proved that the solutions of (22)—(25) develop in such a way that for
arbitrary large but fixed m we have

—1y . -2 -2 —
5 etz s ”Hl”,ilgﬂHl}?uH +3 ||MS|T'/82||H1'$6“H1T] + 07l e ”HI'TIL;[SHH;IH = 0.
Then, we set

c1 = Y1 +8°Ri 1,
co1=v_1+8R_11,
us = Ys +82Rs,17
v=1, +8R,1.
where V1, ¥_1, ¥y, and ¥, were defined in Sect.4.2. In the following we explain how to
choose the A+ ;. 1, Ag mn. and By, , initially such that in the end the 82Ri1,1, 82RS’1, and
83Rv,1 will become smaller and smaller.

We start with Ay 1 olr=0 = 87101|t=T1/62’ A_10lT=0 = 571671|,=T1/52, Aso0lT=0 =
S’ZMSIIZTI/(;z, and Boo|lr=0 = 8’2Eov|,:Tl/52. We choose the other A+ ., Ag m.n, and
By, n asin Sect.4.2. However, by this choice we cannot guarantee that the remaining parts of
the solution 82R1,1, 82R,1,1, 82RS,1, and 83Rv,1 are smaller than the displayed orders w.r.t.
8.

These estimates can be improved by the following procedure. For ¢ = T} /8% we have

c1(8x, T1 /8%) = (8A4,1,0(8x,0) + 8% A4 1.1(8x,0) + 87 A4 1 2(8x,0) +...)
+(82 At 2,0(8x,0) + 8% Ay 21(8x,0) + 8 A4 2(8x, 0) +..)
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+(8%A4.0,0(8x,0) + 83 A4 0,1(5x,0) + 8* A4 02(8x,0) +...)
+(82 At 2,0(8x,0) + 87 Ay _2,1(8x,0) + 8T A4 52(8x,0)+..))
+0(8%).

We set
Ag1,0(8x,0) =8 e (8x, T1 /8%).

By this choice and the construction of the improved approximation in Sect.4.2 we obtain
initial conditions for 8 Ay 5 0(8x, 0), 82 A 0.0(8x, 0), and 8> A5 ¢(8x, 0). Therefore, for
a cancelation of the O (82)-terms we set

82A41.1(8x,0) = —(8%A4 2,0(8x,0) + 8% A4 0.0(8x,0) + 82 Ay _20(8x,0)).

Similarly, by the choice of A 1,0(6x,0) and Bg,(5x, 0) higher order O(8M2)-terms are
determined. The A4 1, (8x,0) can then be used to adjust the initial conditions at order
O(8m+2).

Next we consider the B-equation. There we have

v(8x, T1/8%) = (8% Bo,o(8x,0) + 82 Bo.1(5x,0) + 8*By 2(8x,0) +...)
+(8*By.0(8x,0) + 8By, 1(8x,0) + 8By 2(8x,0) +...)
+(8*B_2.0(8x,0) +8°B_51(5x,0) +86°B_5(8x,0) +...)
+0(8%).

We set
Bo.o(8x,0) = 8 2v(8x, Ty /8%).

By this choice, the choice of A 1,0(5x, 0), and the construction of the improved approxima-
tion in Sect. 4.2 we obtain initial conditions for §* B3 o(8x), 8 B_5,0(6x), etc.. The By, (6x)
can then be used to adjust the initial conditions at order O(8"+2).

Finally, we come to the us-equation. We have for r = Ty /8 that

ug(8x, T1 /8%) = (8% As.2.0(8x,0) + 83 Ag2.1(8x,0) + 8*As22(8x,0) +...)
+(8%A5.0.0(8x, 0) + 82 Ag.0.1(8x, 0) + 8 A5.02(8x,0) +...)
+(8% Ay, _2.008x,0) + 83 Ay _2.1(8x,0) + 8*Ay_22(5x,0) +...)
+0(8%) 4 8% R;.0(8x, 0).

By the choice of A 10(6x,0) and Byo(6x,0) the Ag20(8x,0), As0,0(0x,0), and
Ag, —2,0(6x, 0) are determined. However, in general there is a mismatch between the solution
on the left-hand side and the approximation terms on the right-hand side and so we need
an initial correction 82Ry,o(8x, 0) on the right-hand side. Since the linear semigroup e’s*
decays with some exponential rate the variation of constant formula immediately yields

82 Ry 0(8x, 1/81%) = 0(8%).

Then we can go on and adjust the next order initial conditions in the c¢;- and v-equation. An
iteration of this procedure finally yields the statement of Theorem 5.2.
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C Proof of the Approximation Theorem 5.3

We consider (1)—(2) after diagonalization and application of the normal form transformation
from Sect. 3.2, i.e., we consider (26)—(28). We introduce the error functions by

(is1, g, v) = 8V, 820y, 82W,) + (8% Rey, 89 T1R,, 89T1R,) (46)

where (8 \Ilil, 82w, 82W,) are the components of the Ginzburg—Landau approximation for
(26)—(28). We look for an O(1)-bound for

IR<1l 1o + N Rs [l gt + I Ry, -
on the long O(1/82)-time scale.

Remark C.1 This choice of norms allows us to use the 3 in front of nonlinearity in the v-
equation as follows. One 9, is transformed into a § by using the smoothing of the linear
semigroup, i.e.,

edl,(‘)slax — O(t71/2) — 80(7«71/2)
where T = §2¢. The second 9, is transformed into a § by using the estimate

il s < Cllul s,

Thus, in sum we obtain a factor §2 which allows us to bound the solutions on the long
O(1/8%)-time scale.

Inserting the ansatz (46) into (26)—(28) and applying the variation of constant formula
gives for the error (Ry, Rs, R,) that

t

Ri(t) = e™ E\Ry|i=0 + f M D E NI (R(T))dT,
0
t

Ry(t) = ™' EsRyli—o + / MU EN(R())d7,
0

Ry() = ™' Ryl=o + /0 (MO0, BN RO,
with
INUR s < C@*R + 87 R?) + Cresb?,
INCCR) g < ClIR |16 + COR + 8R?) + Cres,
10 Nu(R) 1, < CBIR1 I 15 + COR + 87 R?) + Cresd?
where R = R(t) is defined by
R@ = IR Ol g1 + 1ROl s + 1ROl 7, (47)

and where Cges stands for the O(1)-constants coming from the residual terms.
In the following Cir denotes O(1)-constants which are obtained when integrating the
residual terms or O(1)-constants coming from the initial conditions. We obtain

+8%)(R(7) + 8R(1)?) dx,

t
IRI 0l 15 < Ci +/ c(
Lu 0 r—1
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t
IR @)l g1 < i+ / Ceo0D (14 (1 — 1)~ 11?)
u 0

<R (D) 1o +8(R() + R(1)*) dr,

IRy (1)l gy, < Crr + R() +8R()?) de

/‘ rCs (
0 AI—T
using Lemma A.1. Next we introduce

qc(t) = sup [IRi(D)] 15,

7€[0,7]

gs(@) = sup [|Rs() |l yntt,
7€[0,1] Lou

qv(t) = sup [|Ry(D)llgp, -
1€[0,1] '

We immediately obtain
qs(t) < Cir + Cq(1) + C8((q(t) + g5 (1)) + (q(1) + gs(1))),
where
q(t) = qc(1) + qu (0).
For C§(1+4(g(¢)+qs(1))) < 1/2thisyields g;(¢) < C(g(¢)+Cir) and then as a consequence

t
qe(t) < CCRr + / c( +52> (q(v) + 8q(v)%) dr,
0

)
JE—T
(q(v) +8¢q(v)*) dr.

(t)y <=CC +/t €
qv = IR 0 m

Adding these two inequalities yields

t
q(t) < CCRr + / c( +52) (q(v) + 8¢ (v)*) dr
0

8
=T

! 8
<ccC +/2c +52> 7)dr
IR A <\/t—71 q(t)
if8q(r) < 1. With T = 82 and q(T) = q(¢) this can be written as

- T C e
Q(T)SCCIR-F/O 2<m+l>q(r)dr.

Since this equation is independent of §, Gronwall’s inequality immediately yields the
existence of a constant M,; = O(1) such that

sup g(T)=:M,; < o0
T€[0.Tp]

or equivalently

sup q(t) = M, < oo.
1€[0,To/62]

Then

qx(t) <M := C(CIR + Mq)~
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Choosing 8g > 0 so small that oM, < 1 and CSo(1 + M, + M) < 1/2 we proved the error
estimates stated in Theorem 5.3. m]

D Proof of Theorem 2.6

Inthe following L = O(1) is fixed. Therefore, it is not a problem that the subsequent estimates
depend very badly on L for L — oo. For B, with vanishing mean value, we have Poincaré’s
1/2

inequality
L L L
—~1p2 2
(/ [0y B| dX) < — </ |B| dX) , (48)
0 2 \Jo

where 8§1B is defined via its Fourier transform §(k)/ik using E(O) = 0. Since
Re [ iyoldx Al2dX = 0 and Re f; iys|A[*dX = 0 we find

172

1d L L
-— |A|2dX=/ —|ax Al* +|A]* — |Al* + BBIA[dX,
2dT J, 0

1d [t L

f—/ |a;13|2dX=/ —a|B|*> — B|A*dX.

2dT J 0

In case B > 0 we estimate

1d [f

- AP + Blog' Bl2dX

2d7 ), |AI= + Bloy " B

L
< / —[ax Al + A1 — |AI* + BBIA|* — aB|B|* — BB|APdX
0

L
< f |A]> — |AI* — af|BI*d X
0

L
< / 1— AP — @)’ L %aBldy ' BI*dX,
0
where we have used (48). Thus, we find

L 2
L
. 2 12 .
llz{n sup/o |Al” + Bloy B|°dX < L max <1, 7(2 )20l) =: Cw0,0-

For estimating the higher order derivatives we keep some of the negative terms in the above
calculations. Doing so, we also find

L
- Al? a7 BPdX 49
247 J, |Al” + Bloy B (49)

L
< / —[ax Al —aB|BI* + 1 — A — 2n)* L apldy ' BI*dX.
0

Next we compute

1d

L
— ax Al? B2dX
a7 J, [0xA|= + B|B|

L
< / —[0% AI* + [ax Al — 2| A*|ax AI* — Re((1 +iy3) A% (9x A)?)
0
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+B(dxA)dx (BA) + B(dx A)dx (BA) — aBldx BI* — B(dx B)dx|A|*dX
L
s/o —[0% AI* + [9x A|* — aBlox B|?
—Re((1 +iy3)A%(0xA)?) +2BB|ox A|*dX.

We add y times the inequality (49) to the last inequality. and use that we already know that

an are bounded. On the right hand side of the new inequality
L |AI2dX and [; |05"B|?dX are bounded. On the right hand side of th i li
for y > 1 we have the negative terms

L L L
—(y—l)/ lox A|2d X, —/ aBy|Bl*dX/2, and —/ 107 AI*dX
0 0 0

which we use to estimate the remaining non-negative terms on the right hand side of the new
inequality.
Using Young’s inequality, an interpolation inequality for ||8XA||E,0, that fOL |AI’dX < C
b

and fOL |8);1 B|?dX < C fora C > 0 uniformly in time, we estimate for every § > 0 that

L
/ Re((1 + i)/3)A2(3xA)2)dX‘ < (L4 yDIAIL: ox Al
0 2

IA

CllaxAll 2103 All 2

IA

1 2 2 s 2 2
55 C2lox Al + S 03 Al

L L
/ B|3XA|2dX‘ = V (35" B)ax (|1ax A|H)d X
0 0

< 2019x ' Bll 2193 All 2 19x All co

32

1/2
Y lox Al

L2

IA

CllazAll

A

6 1)
SC I AL, + S 193 Al

Therefore, by choosing y sufficiently large, in case of periodic boundary conditions, we have
established a-priori estimates for A € H' and B € L?. Since we also have local existence
and uniqueness in these spaces for (18)—(19) global existence in H' x L? follows, too. The
global existence for A € H**! and B € H* follows by using the smoothing properties of
the diffusion semigroup.

Incase 8 < 0 with 1 +a~!8 > 0 we proceed similarly. However, there is no cancelation
and so we compute

L d L|A|2+ |0y BI2d X
24T J, 1%
L
5/ —[ax A + |A]* — |A1* + BBIA|* — aq|B|* — ¢ B|A|*dX
0
L
sf AP — r|A[* - raB|BI2dX
0

under the assumption that we can establish an estimate

(g — B)BIAI* < (1 — )ag|Bl* + (1 —r)|Al* (50)
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foranr e (0, 1]. If we have established such an estimate we can proceed as above to establish
the global existence of solutions However, the constant C o has to be modified since we
no longer have r = 1. A simple calculation shows that the required estimate (50) can be
established for «, 8 satisfying 1 + =!8 > 0 if r > 0 is chosen sufficiently small and
q = 2o + B. We refrain from optimizing the bound around 8 = 0. O

Remark D.1 1In case of periodic boundary conditions the H*-space can be embedded in H}' ,.
Together with the smoothing in case of periodic boundary conditions we have established
the existence of an absorbing ball for spatially periodic A € Hl‘f:l and B € H} , too.

Remark D.2 Dropping the periodic boundary conditions for the problem on the real line the
global existence question remains an open problem.

Remark D.3 We expect that the condition 1 + @ =!8 > 0 is sharp. The reason is as follows.
In case yo = y3 = O stationary solutions can be obtained by a simple integration of the
conservation law (19) giving «B = —|A|* + b, where b € R is an arbitrary constant.
Inserting this into (18) yields

0=02A+(14+a '80)A — (1+a'B)AIA.

Hence, the coefficient in front of the effective nonlinear terms is only negative for 1 +a =!8 >
0. See also [6].
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