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Abstract
We study the existence of non-collision orbits for a class of singular Hamiltonian systems

Gg+Vig =0

where ¢ : R — R? and V e C*(R?\({e}, R) is a potential with a singularity at a point
e # 0. We consider V which behaves like —1/|g — e|* as ¢ — e with a €]0, 2[. Under
the assumption that O is a strict global maximum for V, we establish the existence of a
homoclinic orbit emanating from 0. Moreover, in case V (¢) —> 0 as |¢| — 400, we prove
the existence of a heteroclinic orbit “at infinity" i.e. a solution ¢ such that

Jim g () =0, tl‘Too lg()] = +oo and 1im g(r) = 0.

Keywords Hamiltonian systems - Homoclinic and heteroclinic orbits - Minimization
methods

Mathematics Subject Classification 34C37 - 37C29

1 Introduction

In this paper we consider the second order Hamiltonian system

Gg+V'igp=0 (HS)
where g : R —> R? and V € C?(R%\{e}, R) has a singularity at a point e 0 such that
1
Vig) ~ —ﬁ as ¢ — e with o €]0, 2[. €))
q—e
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We will assume that V has a strict global maximum at ¢ = 0. So 0 is a equilibrium point for
(HS).

Our goal in the first part is studying the existence of nontrivial homoclinic solutions to 0 of
(HS), i.e. solutions g of (HS) such that

g #0 and lim ¢(t) = g(+o0) = 0 = §(F00).
t—+oo

We note that the order « in (1) plays an important role and we consider the existence of
homoclinic solutions of (HS) under weak force case (o €]0, 2[). This case has been studied
in several works which deal via variational methods with the periodic problem. See, e.g., [1],
[2], [5], [9], [15], [17]. Let us now define the strong force condition:

(SF) There exists a neighbourhood €2 of e in RZand U € CH(Q \ {e}, R) such that

|lU(g)] > 00 asqg—e,
—V(g) = |U'(q)* forallg € Q\ {e}.

Condition (SF) was introduced by Gordon [10]. For a potential V (¢) ~ —

7= el asq — e,

(SF) is satisfied if and only if o > 2. In fact, for ¢ > 2 we can take U (g) = —27!'In lg —el.
The major role of (SF) is the following property.

Lemma 1.1 Assume (SF) and V(q) — —ocas q — e. Leta < b € R and (gn) C
H([a, bl, @\ {e}) which converges weakly in H'([a, b], R?) to g such that q(ty) = e for
some ty € a, b]. Then

b
—/ V(gm)dt — +o0
a

b
(and thereforef [%|q'm|2 — V(qm)]dt —> 4+00).
a

The proof of this lemma can be found in ([11], Lemma 2.1) or in [13]. As a consequence, if
(SF) holds then functions with bounded energy are uniformly away from the singularity e.
Therefore, in such case, a standard variational arguments in [13] provided the existence of a
a pair of homoclinic orbits that wind respectively around the singularity e in a positive and
negative sense. These solutions were obtained by minimizing the energy functional

1<q>=/R[%|q'|2—V<q)]dr

on classes of sets with a fixed winding number around e (see also [6, 7] for multiplicity
results). If this condition is dropped (weak force case), Rabinowitz [13] proved the existence
of a “generalized” homoclinic solution of (HS) which may pass through the singularity.

In RN with N > 3, the existence of homoclinic solutions of (HS) was proved in [16] for
strong force potentials (see also [8] in the case of time periodic potentials) and [3, 14] for
weak force potentials like (1.1). In [3, 14], the authors introduced a strong force perturbed
potential V, fore €]0, 1]suchthat V.(q) = V(q)—¢/lq — e|2 near ¢ = e and proved through
a min-max method from Bahri-Rabinowitz [4] the existence of non-collision solutions for
approximated differential problems. Then they passed to the limit as ¢ — 0 with the aid of
appropriate estimates to obtain a generalized homoclinic solution. In [3] we studied the Morse
index of approximated functionals at critical points to estimate the number of collisions. In
particular we established the existence of non-collision homoclinic solution for o €]1, 2[ i.e.
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q(t) # eforallt € R, while in [14] this result is obtained by assuming that V (g) is radially
symmetric near g = e.

The main purpose of Sect. 2 is to prove the existence of non-collision homoclinic orbits
of (HS) in R? for weak force potentials. By exploiting the topology of the plane and using
a minimization method, we first show the existence of a generalized homoclinic solution of
(HS) as a limit of solutions of perturbed problems with boundary conditions. Then and for the
regularity of this solution, we will use a Tanaka’s rescaling argument to prove some additional
properties of approximated solutions near collisions, and we will prove how the generalized
homoclinic solution obtained is actually a non-collision orbit in the case o €]1, 2[.

In Sect. 3, we assume that V has another global maximum at infinity i.e. I ‘lim Vix) =
X|—+00

V(0) and we study the existence of a heteroclinic orbit “at infinity" i.e. a solution g of (HS)
satisfying

q(—00) =0, |g(+0)| =+o00 and ¢§(do0) = 0.

The problem in RY was treated by Serra in [14] for regular potentials where V(gq) ~
—a/|q|b as |g| — +oo with a, b > 0. He also treated the case of singular potentials
which behaves like (1) when N > 3 and established the existence of non-collision orbits
using some results from [15] on the analysis of collisions solutions of minimization problems.
In the present paper we deal with the case N = 2 and we will perturb V near e with a strong
force term to get the existence of sequence (g, ) of heteroclinic orbits at infinity for perturbed
problems. We obtain uniform estimates to show that (¢, ) converges to a generalized solution.
Some local properties of g, near collisions and the fact that g, is obtained via a minimization
procedure permit us to obtain a non-collision heteroclinic solution at infinity.

2 Existence of Homoclinic Orbits

In this section, we consider the existence of a homoclinic solution of (HS) where the potential
V satisfies the following assumptions:

(V1) V e C3(R2\ {e}, R) for some ¢ # 0;

(V2) V(g) < V() =0forallg € R? \ {0, e};
(V3) V is of the form

Vig) = — + Wi(g),

lg —el*
with @ €]0, 2[ and W is such that
lg —el*"W(g), lg—el* "W (g) and g —el* "W (q) — 0 as g — e
for some v €]0, af;
(V4) There are R > 2|e| and a function W, € C!(RZ, R) such that
[Woo(q)] —> +00 as |q] — +ocand =V (q) > [Wi,(q)| for |g| > R.

Remark 2.1 i) The condition (V3) remains valid when v = 0. In particular it involves
that V.~ —1/|g — e|® near ¢ = e with « €]0, 2[.

ii) The condition (V4) concerns the behavior of the potential at infinity. It will be satisfied
if for example V (q) ~ —alq|? as |g| — 400 wherea > 0 and 8 > —2.

Our main result of this section is
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Theorem 2.2 Assume (VI1)-(V4).

1) If a €]1, 2], then (HS) possesses at least one non-collision homoclinic solution.

2) Ifa €]0, 1], then (HS) possesses a non trivial generalized homoclinic solution q having
at most one collision. Moreover, if q(ty) = e then q(t) is a collision brake orbit, i.e.
qt+1) =q(to—1t) forallt e R.

Here, similarly as in [4], [17] for the periodic problem, we define a generalized homoclinic
solution as a continuous function ¢ : R —> R? such that

(i) ¢ € LA(R, R?) and I(g) < oo;
(i) D ={t € R, ¢g(t) = e} is a set of measure 0;
(iii) ¢ € C>(R\ D, R?) and satisfies (HS) onRR \ D;

1
(iv) E|q';(t)|2 + V(g(t)) = 0fort € R\D;
(v) g(t) — 0 and ¢(t) — 0O as t — Fo0.
If D =0, g is a classical (non-collision) homoclinic solution.

Remark 2.3 Since V is independent of ¢, g(—t) is a homoclinic solution of (HS) whenever
¢ (1) is a homoclinic solution.

The proof of Theorem 2.2. is divided in various steps. We shall construct a homoclinic solu-
tion of (HS) as a limit of solutions of approximate value problems. We started by modifying
the potential V near e. For ¢ €]0, 1], we define V, € CZ(R2\{e}, R) suchthat V) <V, <V
and

3 .
Vi) = V(Q)—m it 0<|g—e|l<=<lel/4,
0 it |g—e|>lel/2.

&
Remark that V. (g) ~ _ﬁ as g — e. So V, satisfies the strong force condition.
—e

Let (ex)nen+ CJO, 1] be a non-increasing sequence converging to 0. We consider for each
n € N* the Dirichlet boundary value problem

{'q' + V. (g) =0 in 10,n[,

4(0) = g(n) = 0. ©n)

The corresponding functional is

neq
ate) = [ 514 = Ve, @ Jar € €' a0
0
where
An={q € Hi([0,n], R®); q(t) #e, V1 €[0,n]}.

Let ind, () denote the winding number of a closed curve in C around a point zo. That is

. 1 dz
lndzo (V) = 7/
Y

2im Z—20

which is a integer representing the number of counterclockwise turns that y makes around

20-
A critical point of Iy , will be found as a minimizer of Iy , over the set

Il = {g € Ay, inde(q) = £1}.
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Clearly T:F! = @, so we can define

e = inf loa(q). 2)
qu‘

We remark that, since Iy ,(q) = 1p,n(q(n —.)) for all g € A,, then c,ll =c;
Proposition 2.4 1) There exist M1, M, > 0 such that
0<M <cl <My VneN* 3)

2) Foreveryn € N¥, there is g, € l",% such that Iy ,(qn) = c,l,. Moreover qy, is a non trivial
classical solution of (Dy,).

Proof 1) Let g € F,ﬁ. The fact that ind.(q) = 1 implies that [|g|| 0, 4. ®2) > lel. Since
q(0) = g(n) = 0, there exist s, < t, such that

2
ICI(Sq)I—U lq (14 )I—E du<| ()I<Lf0rallt€[sq,tq]

Using the Cauchy-Schwartz inequality, we have the general formula

t _ 2
/2 [%W — V(u)]dt > lutez) — ut)? + (2 —11) min —V(u(r))
" teln,n]

2(t, — 1)
> |lu(tz) —u(t)] /2 min —V(u(r)) 4)
teltr,n]
where u € H!([t1, 1], R?).
Wedenotec = min  —V(x) > 0. Then from (4), we get

el 2le
S <px <2

4y ]
@ = [ [51a - viglar

°q

> |::;|«/2 = M,.

Thus by the arbitrariness of g, we obtain c,ll > Mj > 0 for any n € N*.
In order to prove that c,ll is bounded from above, let g € Fll and define

g ifrefo, 1],
Unlt) = {0 if 1 €]1, nl.

Clearly v, € F,l, and then

1
L.
C,ll < Iy n(vy) = / |:§|q|2 - Vsn(q):ldt
0
< lo,1(q).
Therefore

< inf fo.1(q) =

‘161

1
Cn

2) Let (u,,) be a minimizing sequence for c . We have from (3), (u,,) is bounded in
HO ([0, n], R?). 1t follows that alonga subsequence (u,) converge weakly in Ho ([0, n], R?)
and uniformly in [0, n] to a function g, . Since fon — Vg, (un)dt is bounded independently of
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m and Vg, is a strong force, Lemma 1.1 shows that g, € A,. Moreover we know that the
winding number is continuous with respect to uniform convergence of curves. Therefore
ind,(g,) = limy,— 4o inde(u,,) = 1 and so g, € I‘,ll. Using the lower semi continuity of
lo.n, we get 1o, (gn) < liminf,— 4o Io.n(um) = ). Thatis Iy, (g,) = cl. Now in a stan-
dard way, we can see that g, is a critical point of Iy , and then a nontrivial classical solution
of (D). O

As a consequence of Proposition 2.4, we get the following estimates:

Lemma 2.5 (i) There is a constant C > 0 which is independent of n such that for any
n € N¥,

n
Ngnllr2 o, ®2) < C; /0 =Vi(gn)dr < C; lgnllpoo.n). ®2) < C-

(ii) For every n € N¥, there is a constant h,, > 0 such that
1.
S0 OF + Ve, (qn(®) = hy, V1 €10, n].

1 . 1 .
Moreover, h, = Elqn(0)|2 = Elqn(n)l2 — 0.

Since g, € F,l,, we have II%(E)IX] lgn ()] > |e|/4. Otherwise we would have ind,(g,) = 0.
te|l0,n

Then we can find numbers r,}, rnz €]0, n[ such that
g2 (TH] = g (tD)] = lel/4 and |ga ()| < lel/4 if € [0, 7, [Ulz2, nl.

Note that in [3], it was also proved the existence of approximated solution g, of (Dj,) in RN
(N > 3) such that

* max |gn(t)| > p where p > 0 is a constant;
tel0,n]

* 1, (0)] — 0and |G, (n)| — 0.

Using the continuity theorem of solutions with respect to initials conditions, we can see in a
similar way to Lemma 2.7 in [3],

2

r,l—>oo and n — 1, — o0.

Next we define ) qn(t-i-fl) if re[—tln—1h
an(1) = {0 Uit reR\T-gln -l ©
Clearly |g,(0)| = |e|/4 and g, verifies
Gn VLG =0 in]—zl n—gll,
1

| B )
310+ Ve, @) = hy in] =1 0 =7,

By (i) of Lemma 2.5, we can extract a subsequence -still denoted by g,- which converges
in Cloe (R, R?) to some function § € C(R, R?) N L®°(R, R?) with g € L%(R, R?). Since
—1) — —oocand n — 1! — 400, we can see ¢ is a non trivial generalized homoclinic
solution of (HS). The complete proofs to Lemma 2.5 and the last statements are ommited as

they are similar to its analogues in [3].
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In what follows, we focus our attention to study the regularity of g. First we state some
further properties of g, and g near the singularity.
Letz € R such that |g, () — e| < |e|/4. From the definition of V, , g,(t) verifies

dn
an +WW‘FW(%)+2%M =0, (6)
| 1 - &n
— -+ W - = hy. 7
2|Qn| G — €| + W(qn) |G _€|2 n @)
Then
2 .. . 2
2dt2|qn(l) | =< gn,qn — € > +Iqal
2—«a S -
== W(gn)(gn — e) — 2W(gn) + 2h,
|gn — el
1 ~ A s N ~ A
= m[z—a = |gn — el*W'(Gu)(gn — ) — 2|gn — e|* W(gn)
n
+ 2h,|Gn — e|”].

By (V3) (see Remark 2.1 1)) and the fact that #,, — 0, we can find 0 < § < |e|/4 such that
for sufficiently large n,

dr . .
Eﬁmnm—a%o it |Gu(t) —e| < 8. (8)

Similarly, if g () # e then g(¢) satisfies (HS) and of energy 0. From this, we obtain
2

a0 — el = g2 —a—1G = el W@ — ) =20 — e'W @)
Thus the property (8) holds also for g, i.e.
2
§ﬁ|é(f)—el2>0 if 0<|g@®) —el <. )

Taking into account the property (ii) of a generalized solution, (9) implies that the collisions
times of g (if they exist) are isolated.

Now we suppose that ¢ has a collision at t = 7 i.e. §(f) = e for some 7 € R. We will
study the angle which describes G, (t) around e when ¢ is near 7. In particular we will show
that g,, have one self intersection if « €]1, 2[.

Since G (t) —> 0 ast — o0, there exist 7] < f < 1 such that

8 8 -
19(m) —el =14(r2) —el =5 and 0 <|g(t) —el < 5 Vi €], nl\{r}.

Thus for sufficiently large n, we have

(s2)

|gn(ti) —e| = - for i=1,2 (10)

N

and
lgn(t) —el <8 Vitelr,n] (11)

Lett, € [t1, 2] and 8, > O such that §,, = |g,(t,) —e| = I[Ilil’l | |gn (1) — e].
tel|t;, 2
Clearly 8, < |gn () —e] —> |g(f) — e| = 0. So §, —> 0. Moreover, up a subsequence, we

have t, — .
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By (8), we have
d .
Elqn(t)—é’I <0 Vreln,ml (12)
d
Emn(t) —e| >0 Ve, nl (13)

In the sequel we use a rescaling argument as in [17] and we introduce the function

a2
Xp(s) = 5;1[qn (5,,2 s+ t,,) — e], s € R.
Remark that

X2 (0)] =1 and (x,(0), x,(0)) = 0. (14)

a+
Let/ > 0. For sufficiently large n, since 8, s + 1, € [11, T2] for s € [, [], we have from

(11) and (6)-(7),

2 n xn

Xn .
X (s) +a| T2 + 50!+1 W' (8,x, +€) + 82 @ Ton P =0 in[-1],1], (15)
1., 1 en 1 o .
Pl = [ F BT WGaxa +€) = T5 oy =8k in (1,11 (16)
We extract a subsequence still indexed by # such that
a= lim a7

exists. For d we need to show that

Lemma 2.6 The quantity d defined in (17) is a finite one.

Proof On the contrary, we assume that d = +00. We will prove that g,, has a self intersection
around e to find a contradiction. Let consider another rescaling of g,,:

_1
ya(s) = 8;1[@, (gn 2855 +tn> — e], s e R. (18)

1 1 @ 1
. -1 le— 1+¢ . -1
Since g, 285 = (an 183 “) 28,, 2 — 0, thenfor sufficiently large n, we have &, 285s+tn S

[t1, ©2], Vs € [—/, []. From (12)-(13), we get
d
—lyn () <0 Vs e[-0[
ds
d
—|yu(s)| >0 Vs €l0,1].
ds

As in [3], we can see that -up a subsequence-

Y —> cos(ﬁs)el + sin(«/zs)ez in C? (R, RQ)

loc

where (e1, e2) is an orthonormal basis of R2. Using polar coordinates, there exists a function
an € CE(R, R) such that

3 () = ya ®)] (costen(s))er + sin(an()ez ).
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We take I > ~/27. Since &, —> ~/2 uniformly on [—/, /], then for sufficiently large n, there
exist s < 0 < 57 such that

an(0) — an(s1) = an(s2) — @p(0) = 27 19)

We may assume that 1 < |y, (s1)] < |y,(s2)|. By continuity, there exists s3 €]0, s2] such
that |y, (s1)| = |yn(s3)]. Since &, > 0, it follows from (19) that

an(53) — oy (51) = ay(s3) — ap(0) + ; (0) — o (51)
> 27.

This implies the existence of 51, s5 € [s1, s3] such that y, (s{) = y,(s5) and

indoyﬂ'[xi,sé] = 1. From (5) and (18), it follows the existence of ', t” €]0, n[ such that
gn(t") = g (") and ind,q, [y »; = 1. But this contradicts the fact that g, is a minimum of
Io , over F,i. Indeed, let consider the function

qn () if 1 €[0,n]\[,1"],

a0 = {qn(t’ +t"—1n ifreld, "]

Then g, € I'; Iand 10.0(qn) = lo.n(qn) = cn = c’1 Therefore gy is a classical solution
of (D,). By the uniqueness of the solution of ordinary differential equation, we deduce that
qn = qn: clearly this is a contradiction since ind,(g,) = —1 and ind.(g,) = 1. O

Since d < 400, by the continuity dependence of solutions on initial data and equation,
we can see from (14)-(16) and (V3) the existence of an orthonormal basis (e1, e2) of RZ such
that

Xn(s) —> xq.q(s) in C2(R, R?)

loc

where x4, 4(s) is the solution of the initial value problem

{x+| ert + 2 =0
x(0) =e1, x(0) =42 +d)es.

We use polar coordinates and write
Gn() — e = G0 (1) = e cos(@, ()e1 +sin@, (1))e2),

Yad(5) = xa.a(9)]( c05@ua(s)er + sin(@aals)ez),

where 6, (s), On.a(s) € R with 6,,4(0) = 0. In [18] we observed the following properties for
ga,d

0p.a(s) >0 Vs eR, (20)
. 2w/ 1 +d
Abyg = lim (0yd(s) — Opa(—s) = —(—. 2D
§— 400 2 —«

We remark that A9, 4 > 7 Vo €]0, 1] and if o €]1, 2[ then Ay 4 > 2. B
Let B, (e) denote the open ball of radius r about e. We will give a estimate of 8, (1) when
qn(t) € By(e) \ Bys, (e) for sufficiently small ;o > 0 and large L > 1 and n.
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We have for ¢t < ¢/,

’

t .
|@M%wmns/|@mur
t
d () —e

[/

/t dt |gn(t) — e
On the other hand, Tanaka [18] studied under the condition (V3) with e = 0 the behavior of
generalized periodic solutions of singular Hamiltonian systems in R" . In a neighborhood of
the singularity, the generalized solution is a limit of classical solutions of perturbed problems
with potentials V; as in our case, so we can apply some locally property of approximated
solutions near a collision. More precisely, modifying the argument in Proposition 1.5 slightly,
we can see that for any n > 0 there exist constants x, S > 0 and ngp € N* such that for
n = ng,

(22)

t d ~ _
gn(t) —e . -
——ldt < - if 1), tye B and
/; dt [Gn(7) —e| ) it gu(t), gn(t) /L(e)
a2 w2
nn<t<t <t,—88,° or t,+585,>2 <t <t <. (23)

Combining (22) and (23), we get

Lemma 2.7 Forany n > 0, there are constants u €10, §/4[, S > 0 such that for sufficiently
large n, if Gn(t), G,(t") € B, (e) and

at2 at2
T <t<t <t,—88,° or t,+88,> <t<t <1,

then
|@05—@ansg.

End of the proof of Theorem 2.2. 1) If « €]1, 2[, there exists from (21) n > 0 such that
ABy.q > 2 + 1. For this n, we choose v €]0, §/4[, S > 0 and n sufficiently large as in
Lemma 2.7.

From (21) again we can take S; > § such that

Oa,d(S1) — O,a(—S1) > 27 + 1.

Then we obtain for sufficiently large n,
- at2 - at2
On (tn+6n2 Sl)—e,, (t,,—8n2 Sl) > 2w + 1. (24)

a2 N
On the other hand, since |g,, (t, & $18,> ) — e| —> |q(f) — e| = 0, we can assume that

5 at2
|Gn <tn + 818,° ) —e| < p.

+2

We set#{ , = t, — S18,” . Then we have from (10)

~ ) ~
|Gn (11 ,) —el < p < 7 =S lan(@) —el.
Therefore there exists 1 , €]t1, t{ L such that

|§n(tl,n) - e| =M.
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a+2

)
Similarly we set to., = t, + 818, . Since |Gn(t2.n) — €] < 1 < 7 < |gn(12) — e, there

exists 1 , €]tz , T2[ such that
|67n(f§,n) —e|l=pn.

Applying lemma 2.7 fort = t; y and ¢’ =t/ (i = 1, 2), we obtain

100 (t] ) = On(ti)| < 5 for i=1,2. (25)

SN

It follows from (24)-(25),

én(té,”) - én(tl,n) = én(té’n) - én(tz,n) + én(tz,n) - én(ti,n) + én(ti,n) - én(tl,n)

n n
>——4274+n— - =2m.
2 )
That is g, describes an angle greater than 27 in going from 9 B/, (e) back to 3 B, (¢) which
implies the existence of t{’ 0 té’ , with 71 < t{’ 0 < té’ 4 < T2 such that

n(t{) = qn(@5,) and indeGnlyy 1= 1.

Thus we deduce that g, has a self intersection around e for sufficiently large n. As in the
proof of Lemma 2.6, we get a contradiction and then we conclude that g is a non collision
homoclinic solution of (HS).

2) In the case o €]0, 1], the angle which describes g, near e is greater than 7 and g,
cannot have a self intersection. The fact that the collisions times of g are isolated and since
g(t) — 0ast — Foo, we get that the number of collisions of g is finite. Assume g (t)
enters the singularity e and let

to = min{t € R, g(t) = e}.
Since (HS) is time reversible, the function

_Ja® if 1 <1,
0= {é(2to—t) if 1> 1,

is a generalized homoclinic solution of (HS) and satisfies g (¢ + #9) = q(to — ¢) for all ¢.
Moreover g has one collision in R. The proof of Theorem 2.2 is finally complete.

Remark 2.8 The assumption (V3) is far too restrictive in the case @ €]0, 1] and the existence
of a generalized homoclinic solution with finite number of collisions and then a solution as
in Theorem 2.2 2) still holds if we replace (V3) by

(V’3) () V(g) > —ocasqg — e;
(i) There exists a constant § €]0, |e|/4[ such that

1
Vig) + EV’(q)(q —e) <0 for0<|qg—el<5.
We have kept (V3) in the case o €]0, 1], on the one hand to obtain a certain symmetry
in the statements of Theorem 2.2, on the other hand the study of approximated solutions

near collisions under (V3) will be useful in Sect. 3 to prove the existence of a non-collision
heteroclinic orbit at infinity for every o €]0, 2[ (see Theorem 3.1 below).
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3 Existence of Heteroclinic Orbits

In this section, the existence of non-collision heteroclinic orbits at infinity for (HS) will be
established. Consider the problem

G+V'ig) =0,
g(£00) =0,

where V behaves like (1) near e and satisfies the assumptions (V1)-(V3) of Theorem 2.2.
The natural condition for V at infinity for (P) is ‘ ‘lim V(q) = 0. More precisely, we
ql—>+00

assume

V’4) V(g) ~ —ﬁ as |g| - +oo forsome a > 0, b > 2.
q

When « €]0, 1], we need a further property of V near e
(V5) there exists ¢ € C2(10, r[, R) for some r €10, |e]/4[ such that

V(g) =¢(qg —el) VY q € B (e).

Theorem 3.1 Suppose (VI1)-(V3), (V’4) and (V5)(only when a €]0, 1]).
Then there exists at least one non-collision orbit of (P).

We now pass to the proof of Theorem 3.1. Solutions of (P) can be found as critical points
of the functional

1) = [ [31af - v@lar
defined on the set
AF ={g € H; g(—00) =0, |g(+00)| = +00, q(t) #eV t € R}
where
H= {q e H. (R.RY), /R lg|2dt < +oo}.

In [14] the case o > 2 (strong force case) has been studied and the existence of one classical
solution of (P) has been found as a minimizer of / on A§°. In our situation where 0 < « < 2,
we make a perturbation to the potential as in Theorem 2.2 and we consider for every n the
problem

G+V, (@) =0,
§(£00) = 0.

Since V, is a strong force, we can use Lemma 1.1, and a standard compactness argument
provides the existence of a classical (non-collision) solution g, of (P,) as a minimizer of the
functional

L.
L@ = [ [51df = Vi@ Ja
R
on Ag°,i.e. g, € Ag° such that

Li(gn) = inf I,(q). (26)
qeEN]
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By normalization, we can assume that

le] le]
lgnO)f = 7= and gn(1)] < 7= V1 <0.

Remark also that ¢, has energy zero.

Now we observe that /,,(¢,) < inf,¢ AP I1(g) = c1 < 400. We deduce then the existence
of a constant C > 0 independent of n such that ||g, ||y < C and fR —Vi(gn)dt < C. Thus
there is a subsequence still denoted by (g,) and a function ¢ € H such that ¢, converges
weakly in H and uniformly in Cj,. (R, R?) to q. By Fatou’s lemma fR —Vi(g)dt < C,sothe
set of collisions D = {r € R, g(t) = e} is of measure 0. In a standard way, we can see that
g € C>(R\ D, R?), satisfies (HS) and has energy zero in R \ D, that is ¢ is a generalized
solution of (HS).

Lemma3.2 ¢(t) #eforall t € R.

Proof We prove by contradiction assuming ¢ (f) = e for some 7 € R. From (V3) and the
conservation of the energy, ¢ satisfies the property (9) and then we can see that the collisions
times of ¢ are isolated. Moreover there is a sequence (t,,) such that , — 7 and |g, (t) — e|
takes its local minimum at ¢t = t,,.

As in Theorem 2.2 we define §, = |¢,(t,) —e¢| and d = lim % € [0, +00] (we
n

n—+00 §
extract a subsequence if necessary).
If we suppose that d = +00, we can see as in Lemma 2.6 that g, has a self intersection i.e.
there exist o1 < 07 such that ¢, (01) = g, (02) and ind,.g,|[s,,5,] = 1. Here we consider the
function

qn(t + 01 —02) if 1 <03,

n(t) = {qn(t) it 1> 00,

Then u, € A and it is easy to see that I, (u,) < I,(g,), which contradicts (26).
Therefore we get d < +o00. In that case, there is a function x, 4 such that after taking a
subsequence still denoted by n,

a+2

5" [an ((SF s+ rn> —e] = Faa(®) = x| c05(Oua(s)er + sin(@ua(s)e)

in Clzoc(R’ R2) where (e1, e2) is an orthonormal basis of R? and Ou.a : R —> R satisfies
0x.4(0) = 0 and the properties (20)-(21).

In polar coordinates, there exists 6,, : R — R such that

an(t) = € = gu(0) — el cos(Ba (1))e1 + sin(@,(1))e2).

For a €]1, 2[, we have from (21) A6y 4 > 2. Repeating the argument of Theorem 2.2, we
get that g, has a self intersection around e which is a contradiction as above.
For o €]0, 1], we will use (V5) to get a contradiction. Here A6, 4 > 7 and g, cannot have

a self intersection. However there exists L > 0 such that 6, 4(L) — 04,4(—L) > m. Setting
at2 a+2

Oln=t, —8,> Landop, =t,+8,> L, for sufficiently large n we have

lgn(t) —e| <r, Vié€loru 02l
011(02,;1) - Oil(al,n) > T,
9}1([) >0 Vte [Gl,m 02,11]- (27)
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Let crl/’n, Uz/,n € [01.1, 02.] such that
0,(03 ) — On(o],) =7
We consider the function g, defined by
4n(®) = gn(1) if 1 €R\[o],, 03,1,
Gu(t) — e = |qn(t) — e|<cos (= 0u(6) +20,(0] ))er + sin (— 6,(1) + 26, (a{’n))ez)
if 1€lof,.05,]

That is gy, o], 03] and g, |[Uf,n 03,1 T€ axially symmetric with respect to the axis joining the
two points g, (01"") and g, (02/,n)'
Clearly g, € A8° and from (V5), since V is radially symmetric about e in B, (e), we get
that I, (qn) = 1,(gn) = ir}\fOo I,(gq). It follows that g, is of class C? and satisfies the equation
qeEN

G + Vg, (q) = 0. By the uniqueness of solution of ordinary differential equation, we deduce
that ¢,, = ¢, which enters in contradiction with (27). Therefore we conclude that g () # e
for all r € R. O

End of the proof of Theorem 3.1. To prove that ¢ is a solution of (P), it remains to show
that g(—o0) = 0, |g(400)| = 400 and g(F+oo) = 0. Using the formula (4) and the fact
that /(g) < +o0 one can see that |¢g(—o0)| and |g (4-00)| exist and they are O or +o00. Since
lg(@®)| = lim [g,(r)| < |e|/4 V1 <0, then g(—o0) = 0.

To show that |g(+00)| = 400, we suppose that |g(+00)| = 0. We will construct as in
[12] a function Q,, € A8° such that 1,(Q,) < I,(qn)- Indeed, let € €]0, |e|/16[ and T, > 0
such that ¢(7;) € B the open ball of radius ¢ about 0. For sufficiently large n we have
qn(T¢) € Bae. We consider the function Q,, € A{° different from g, for t < T, such that

0 if t<T,—1,
On(t) =1 (t =T + Dgu(Tp) if t € [T — 1, T¢],
(1) if 1> T,

Since V;, = V in By, and V;, <V, we have
2 Trt .,
I,(0n) — In(gn) <2 + max —V(x) _/ |:7|Qn| - V(Qn):ldt- (28)
XEBy, —00 2

On the other hand, since |g,(0)| = |e|/4 and |g,(T:)| < 2e < |e|/8, there are t; < t in
[0, T¢] such that

ﬂ, lgn (22)| = lel and lel lgn ()] < lel forall ¢ € [11, 1]
4 8 8 ~ 4

By the formula (4), it holds that

ng [3his? = Vian]ir= [ [3inf = Vian]ar

o0 1

. %m (29)

lgn (11| =

where mg = min —V(x) > 0.

e e
e <pxi<td

Then combining (28) and (29), we get 1,,(Q,) — I,(g,) < O for sufficiently small ¢, which
contradicts (26). We conclude that |g(+00)| = +00.
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From the conservation of energy and the fact that V(¢ (t)) — 0 ast — oo, it follows that

1
§|c}(t)|2 = —V(q(t)) — Oast — Fo00, thatis g(+o0) = 0. The proof is complete.
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