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Abstract

In this paper, we study the existence of global attractors for a class of discrete dynami-
cal systems naturally originated from impulsive dynamical systems. We establish sufficient
conditions for the existence of a discrete global attractor. Moreover, we investigate the rela-
tionship among different types of global attractors, i.e., the attractor .4 of a continuous
dynamical system, the attractor A of an impulsive dynamical system and the attractor Aofa
discrete dynamical system. Two applications are presented, one involving an integrate-and-
fire neuron model, and the other involving a nonlinear reaction-diffusion initial boundary
value problem.
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1 Introduction

The theory of impulsive dynamical systems describes the evolution of processes where the
continuous dynamics are interrupted by abrupt changes of state, i.e., the system can experience
a sudden “impulse”. For example, the introduction of a new predator or the removal of
a food source can cause a sudden change in the population of a species, which can be
modeled using an impulsive dynamical system. The new phenomena presented in impulsive
dynamical systems have been drawn attention because of their irregularity. Besides, these
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systems admit a more complex structure than the non-impulsive systems and have many
real-world applications. The reader may consult [4, 5, 8, 9, 11, 15, 17] for more details.

In 1990, Saroop Kaul [12] constructed the theory of impulsive dynamical systems where
the impulses depend on the state, that is, there exists a set in the phase space which is
responsible by the discontinuities of the system. Although this theory is well-developed, there
is no study of the long-term behavior of discrete dynamical systems that arise naturally from
a given impulsive dynamical system. Given an impulsive dynamical system (X, &, I, M) it
is possible, under certain conditions, to construct an associated discrete dynamical system
(X, g). Some recursive properties as periodicity, minimality and recurrence are developed for
this new class of discrete dynamical systems in [13]. However, the theory of global attractors
has not been explored for this new class of discrete dynamical systems. Therefore, in this
paper, we aim to investigate the existence of global attractors for such discrete systems. In
what follows, we describe the organization of the paper.

In Sect. 2, we present the basis of the theory of impulsive dynamical systems. In particular,
we exhibit some results on global attractors that will be useful in the main results of this paper.

Section 3 is dedicated to studying the long-term behavior of the class of discrete dynamical
systems of type (X, g) associated with a class of impulsive dynamical systems of type
(X, m, I, M). We define the concept of discrete global attractors, and we exhibit sufficient
conditions for the existence of a such attractor, see Theorem 3.11. Some characterizations of
the discrete global attractor are given in Theorems 3.12 and 3.14.

In general, there is no relation among the existence of the attractors A4, A and A of
the systems (X, 7), (X, w, M, I) and ()?, g), respectively. This fact is illustrated in Sect. 4,
based on some examples. Moreover, in Subsection 4.1, we provide some conditions to relate
these attractors (see Theorem 4.14). In Subsection 4.2, we establish the existence of the
discrete global attractor of ()A( , &) provided (X, m) and (X, w, M, I) admits their attractors,
see Theorem 4.17.

In Sect.5, we present two applications. Subsection 5.1 deals with the existence and the
relationship among the global attractors A, A and A of an integrate-and-fire neuron model.
In Sect. 5.2, we consider the nonlinear reaction-diffusion initial boundary value problem

uy — Au = f(u) for (x,t) € Q x (0, 00),
u(x,t) =0, for (x,t) € 022 x (0, 00),
u(x,0) = ug(x), for x € 2,

under impulse perturbation, where €2 is a bounded smooth domain of R"” (n > 2) with
smooth boundary, A is the Laplace operator in 2, and ug € L>($2). The nonlinearity f
satisfies some general conditions. We investigated the existence and the relationship among
the global attractors A, Aand A.

2 Preliminaries

Considerametric space (X, d).LetRy = {x e R: x > 0}, N = {1, 2,...}and Ny = NU{0}.
We represent by 5(X) the set of all bounded subsets from X.

A semidynamical system (or semiflow) on X is a family of maps {m(¢): t € R} acting
from X to X satisfying the following conditions:

(a) 7(0) =1, where I: X — X is the identity operator;
b)) nw(t+s)=n(t)m(s) forallt,s € Ry;
(¢) Ry x X > (t,x) — m(t)x € X is continuous.

@ Springer



Journal of Dynamics and Differential Equations

A semiflow on X will be denoted simply by (X, 7).
Let Z C X and A C Ry be given. The past of Z with respect to the set A is given by

F(z,n)=Jro) '@
teA

For each fixed x € X andr € R, the set F(x, t) in the context of semiflows is not singleton
in general. See [3] for more details.

Given a semiflow (X, ), a nonempty closed subset M C X is called an impulsive set if
for each x € M there exists €, > 0 such that

U trxynm =0, 2.1)
t€(0,ey)
i.e., the trajectories of (X, ) are in some sense “transversal” to the set M.

Definition 2.1 An impulsive dynamical system (X, 7, M, I') consists of a semiflow (X, ),
an impulsive set M C X and a continuous function /: M — X called impulsive function.

Remark 2.2 In[4,5, 8, 9], an impulsive set M satisfies the following property: foreachx € M
there exists €, > 0 such that

F(x,(0,e,)NM =¢ and U (rx}N M = 0.
t€(0,ey)

However, the condition
F(x,0,e)NM=0 2.2)

is not necessary to obtain many properties of attractors, as discussed throughout this paper.
In this way, we consider just condition (2.1) to define an impulsive set.

An important tool to study the evolution of an impulsive dynamical system is the impact
function, i.e., the function ¢: X — (0, oo] given by

bx) = s, ifn(s)xeM and w(t)x ¢ M for 0 <t <'s,
' = ) oo, if m(t)x ¢ M forall t > 0.

If ¢ (x) < oo, then ¢ (x) stands for the smallest positive time such that the trajectory of x
meets M. The function ¢ is not continuous in general (see [8]). Using the impact function,
we can describe the impulsive positive trajectory of x € X in (X, w, M, I) that is represented
by a map

a()x: Jy—> X

defined on some interval J, € Ry containing 0, given inductively by the following way: if
¢(x) = oo then 7 (t)x = m(t)x for all + € Ry. On the other hand, if ¢ (x) < oo then we set
x = xar and we define 77 (-)x on [0, ¢(x0+)] by

m(t)xg it 0<1<¢(x)),

Y= @), i = g0,

In order to simplify the notation, write s = <z§()car ), X1 = zr(so)xo+ and xf =1I(r (so)x(}L ).
Since sgp < 00, the previous process can go on, but now starting at x1+. Ifo (x1+) = oo then we
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define 7 (t)x = 7 (¢ —so)xl+ forall > sg. But,if s; = ¢(x1+) < ooie,xp = 7r(sl)xfr eM
then we define 77 (-)x on [so, so + s1] by
(t —so)xr, if so <t <sg+ s,

T(t)x = ]
1(x7), if t=s0+s1.

Here, denote x;r = I(x2). This process ends after a finite number of steps if ¢ (x;7) = oo for
some n € Np, or it may proceed indefinitely, if <z§(x,:r ) < oo forall n € Ny and, in this case,

o
77 (-)x is defined in the interval [0, T (x)), where T (x) = Z s; can be finite or infinite. The

i=0
reader may consult [4, 5, 8, 9, 12] for more details.
Note that
ROx =7 —1)x5, e <1<, (23)
k—1
where xa“ =x,fo=0andt = > ¢(x;.r), k>1.
j=0

In order to study the long—terrﬁ behavior of impulsive dynamical systems, we shall consider
the following condition:

(H) There exists £ > 0 such that ¢ (x) > & for every x € I(M).

This condition guarantees that an impulsive dynamical system is defined for all positive
times. Note that, if 7(M) is a compact set and I (M) N M = { then condition (H) holds.

Next, we recall the concepts of invariance, impulsive @-limit sets, asymptotic compactness
and dissipativeness.

Definition 2.3 A subset A C X is called:

(a) positively -invariant, if 7(t)A C A forallr € Ry;
(b) negatively 7 -invariant, if 7 (t)A D A forallt € Ry;
(¢) m-invariant, if it is both positively 77-invariant and negatively 7 -invariant.

Definition 2.4 Let B € B(X). The impulsive w-limit set of B in (X, 7w, M, I) is defined as

o(B) = ﬂ U 7 (s)B = {x € X : there exist sequences {t,},en C Ry
1>0 s>t
and {x,},en C B such that 7, "% 50 and 7 (ty)Xp e x}.
Definition 2.5 An impulsive dynamical system (X, 7w, M, I) is called asymptotically com-

pact, if given a set B € B(X), a sequence {t,},en C R4 with 2, "% 0, and a sequence
{xn}nen C B, then the sequence {7 (¢,,) X, }neN possesses a convergent subsequence in X.

Lemma 2.6 [4, Lemma 3.3] Let B € B(X). Assume that (X, m, M, I) is asymptotically
compact satisfying condition (H). Then &(B) is nonempty, compact and attracts the set B.

Remark 2.7 The proof of Lemma 2.6 does not require condition (2.2).

Definition 2.8 An impulsive dynamical system (X, 7, M, I) is called dissipative, if there
exists a set By € B(X), called absorbing set, such that for every B € B(X) there exists a
time Tp > O such that 7(¢)B C By forallt > Tjp.
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As described in [4], for the purpose of obtain a well behavior of the evolution of impulsive
dynamical systems, we shall consider condition (T):

(T) If x € M, {zu}nen C X is a sequence that converges to z and ¢ > 0 are such that
n—0o0 .
m(t)z, — x, then there exist a subsequence {z,, Jreny and a sequence {ai}ren C R,

k
o i 0, such that # 4+ ax > 0 and 7 (¢ + o)z, € M.

Condition (T) implies the following result on the continuity of ¢, which does not require
condition (2.2).

Theorem 2.9 Let (X, 7w, M, I) be an impulsive dynamical system satisfying condition (T).
Then ¢ is upper semicontinuous in X and it is continuous in X\ M.

Proof The continuity of ¢ in X\M is a particular case of [4, Theorem 5.2]. The upper
semicontinuity of ¢ in X follows by the last part of the proof of [4, Theorem 5.2]. O

In Lemma 2.10, under conditions (H) and (T), we present sufficient conditions for an
impulsive dynamical system to be asymptotically compact. This result is a consequence of
[4, Lemma 6.3] and its proof does not require condition (2.2).

Lemma 2.10 [4, Lemma 6.3] Let (X, w, M, I) be an impulsive dynamical system satisfying
conditions (H) and (T). If the semiflow (X, 7) is compact and (X, 7w, M, I) is dissipative,
then (X, w, M, I) is asymptotically compact.

Lemma 2.11 deals with an important property that is used in the proof of the existence
of a global attractor. This result is presented in [4, Lemma 6.7] for multivalued impulsive
systems. However, the authors provide a proof using condition (2.2). In contrast, in the paper
[6], the authors consider a version of [4, Lemma 6.7] under weaker conditions but for positive
invariant sets. Since our result holds for any bounded set, we rewrite the proof of [6, Lemma
2.9] for the case of single-valued impulsive dynamical systems, using condition (T).

Lemma 2.11 Let (X, 7w, M, I) be an impulsive dynamical system satisfying conditions (H)
and (T). Assume that (X, &, M, I) is asymptotically compact and let B C X be a bounded
set. Then o(B) "M C @w(B)\M.

Proof Let x € @(B) N M. Then there exist sequences {t, },en C Ry and {x,},en C B such
that ¢, "% 00 and

~ n—oo
T(ty)x, —> X.

Using (2.3), for each n € N, there exists an integer k, > 0 such that ‘K]:ln <t, < t,?”H and
T(ty)Xxn = (ty — Tyl:k)(xn);(:»

where 7 (t)x, = w(t — r,:‘n)(x,,); for t,?n <t < ‘Egl+1 (if t, < @(xpn), then we may just
take 7/ = 0 and k, = 0, and if the number of jumps is finite and equal to k,, then we
set r,:ln 41 = 00) and r}?, Jj € N, are the jump times in the trajectory starting at x,. Up to
subsequences, we may consider the following three cases:

(i) tn— 1 =50,

.o n—oo
@ii) t, —r,:’n —r >0,

(iii) 1, — 1 "= 0.
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Case (i). Let mg € N be such that mio < €y, where €, > 0 comes from condition (2.1).
Define w)! = 7 (t, + %)xn for m > mg and n € N. By condition (H), we may assume that
t, + % c (r”ﬂ, r,:'nH) for all m > mg and n € N. Using the asymptotic compactness, we
also may assume that w)’ e vy for every m > myg. Note that y,, € &(B), m > mg. We
claim that y,, ¢ M for all m > my. In fact, note that

1 1 1 1
wy =7 <tn + —) Xp =T (tn +— - r,?ﬂ) )i =7 <—> Aty — 7 (—) x,
m m n m m

which implies that y,, = n(i)x m > my. Since l < €, forallm > mo, we conclude that

Y & M, ie., yym € &(B)\M for all m > my. Hence ym =7 (5 1 )x “2° x and the proof
of this case is complete.

Case (ii). Let m; € N be such that rk <ty — % % < rk 41 for all m > my. Using the
asymptotic compactness of (X, &, M, 1 ), up to subsequences we have

~ + n—>x©
”(T]?")xn = (x")k,, - %

for some z € @(B). Now, define w' = 7 (t, — %)xn form > m| and n € N. Then

w™ =n<%)7‘r (;n —%— )(x,,)+ "% <r— i)z ‘= ym € O(B).

We claim that y,, ¢ M for all m > m. Indeed, if y,, € M for some m > m, it follows by
condition (T) that, up to a subsequence, there exists {&;, },eny C R such that «), "% 0 and
7 (i = & =7, +an) (o), € M which implies

r=limsup(t, — 73 ) < 11m sup(rk 41— ,) = lim sup¢>((x”),;)
n—00 n—oo

. 1 n 1
<limsup |ty — — -7 +o,|=r——,
m n

n—o00 m

which is a contradiction. Hence, the claim follows.
On the other hand, x = 7 (r)z as 7 (t,)x, = 7w (t, — r,f‘n)(xn);; e 7 (r)z. Hence,

1 m—00
Ym=n|r—— )z — w(r)z=x
m

which completes the proof of case (ii).
Case (iii). Using again the asymptotic compactness of (X, =, M, I), up to a subsequence,

we may assume that 7 (1, — 1 — %) X, =T (t,, - = 1= %) (xn),:; converges and, for

each m € N, there exists y,, € @(B) such that
1
7 (rn - —) xp=m ()7 (rn — T - ) @ =
m n

We claim that y,, ¢ M for allm € N. If y,, € M for some m € N then, by condition
(T), up to a subsequence, there exists a sequence {a,},en C R such that o, "% 0 and
(t,, — E — ‘L'k + an) (x,,),‘(: € M which implies

1
fr(tn———i-cx,,)eM
m
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which is a contradiction. Hence, y,, ¢ M for allm € N.
The compactness of @(B) implies that y,, 20 X0 (passing to a subsequence if necessary).

Since
~ l - 1 n— 00 ]
T(t)xp=na|—|a\ty,—— |x, — 7 Vm = X,
m m m

as m — 00, we obtain x = xg. It follows that y,, converges to x and the proof of case (iii)
is complete. o

Given two nonempty subsets A, B C X, we denote the Hausdorff semidistance between
A and B (in this order) by

du(A, B) := sup inf d(a, b).

acAbeB
Definition 2.12 A nonempty set A C Xiscalled a global attractor for (X, w, M, I) if:
(6)) fi is pre-compact and A = E\M ;
(ii) Ais m-invariant;
(i) dy(7(1)B, A) "= 0 for every B € B(X).

By [5, Proposition 4.1], if the global attractor exists, then it is uniquely determined.

The next result deals with the existence of the global attractor. The proof of Theorem 2.13
follows by [4, Theorem3.9] and [4, Corollary 4.8], and condition (2.2) is not needed as we
have Lemma 2.11.

Theorem 2.13 Let (X, w, M, I) be an impulsive dynamical system satisfying (H).

@) If (X, m, M, I) has a global attractor Athenitis asymptotically compact and dissipative.
(i) If (X, 7w, M, I) is asymptotically compact, dissipative with absorbing set By, and it
satisfies (T), then it has a global attractor A.

As in the non-impulsive case, we can characterize the global attractor through global solution.
Definition 2.14 A function ¥ : R — X is called a global solution of 7 if
a)Y(s) =y +s), forall >0 and s € R.

If ¥ (0) = x then we say that ¥ is a global solution through x. Moreover, if ¢ (R) is bounded
in X then v is said to be a bounded global solution.

Theorem 2.15 If (X, w, M, I) has a global attractor Aand I(M) "M = {), then
A= {x € X : there exists a bounded global solution of & through x}.

Proof The proof is analogous to the proof of [5, Proposition 4.3] and condition (2.2) is not
required. o

Remark 2.16 If M = (3, then the previous results are valid for the continuous semidynamical
system (X, 7). The definitions of invariance, w-limit sets, asymptotic compactness, and
dissipativeness in (X, ) are the same as those previously defined, where we replace 7 with
7. The global attractor of (X, ) is a compact set A C X that is -invariant and satisfies
dg(m(t)B, A) "5 0 for every B € B(X). A global solution of 7 will be represented by
¢: R — X, that is, a map such that 7 (#)p(s) = ¢(t + s), forallt > 0 and s € R. Since
conditions (H) and (T) are related to the impulse set M, Lemma 2.6, Lemma 2.10, Theorem
2.13 and Theorem 2.15 hold for the semidynamical system (X, =) without these conditions.
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3 The Discrete Global Attractor

In [13], Saroop Kaul introduced a new class of discrete dynamical systems that arise naturally
from a given impulsive dynamical system. More specifically, consider an impulsive dynamical
system (X, , M, I) satisfying the following general conditions:

(H1) (X, m, M, I) satisfies conditions (H) and (T);
(H2) there exists z € 1(M) such that ¢>(z,':) < oo forall k € Ny;
H3) IM)NM =@.

Now, define the set
={x € I(M): ¢(x;") < oo forall k € Ny}
and the map g: X - )A(by

gx) = I(m(¢(x))x). (3.1

Firstly, note by condition (H2) that the set X is nonempty. Also, ¢ maps X to X, hence,
(X, g) defines a discrete dynamlcal system on X associated with the impulsive dynamical
system (X, mw, M, I). Note that g 0(x) = x and g (x) = x+ forallx € X and n € Np.

Consequently, g(x;) = xt  forallx € Xandn € No. The positive orbit of a point x in

N n+1
(X, g) is represented by
O(x) = {g"(x): n € No}.

The map g: X — X defined in (3.1) depends on the impact function ¢, the impulsive
function / and the semiflow . Under conditions (H1), (H2) and (H3), we have the following
result.

Lemma 3.1 AssAume that (X, m, M, I) satisfies conditions (H1)-(H3). Then the map g is
continuous on X.

Proof Since conditiop (T) holds, it follows by Theorem 2.9 that ¢ is continuous on X\ M.
By (H3), we obtain X N M = (). Moreover, [ is continuous on M and Ry x X > (t,x) —
m(t)x € X is continuous. Hence, g is continuous on X. ]

The following definitions are established based on concepts already known in the theory
of attractors for discrete dynamical systems, as presented in [10].

Definition 3.2 A subset B C X is said to be:

(i) positively g-invariant w.r.t. (X, g), if g(B) C B;
(ii) negatively g-invariant w.r.t. (X, g), if g(B) D B;
(iii) g-invariant if it is both positively and negatively g-invariant w.r.t. (X, g).

The positive orbit of a point x € Xis positively g-invariant, but it is not generally negatively
g-invariant.

Example3.3 Let S' = {z e C: |z =1}, X =S x Rand 1: C — C be a map given by
rMz) =¢ O+279) for » — ¥ where o defines an irrational rotation. Now, let us consider the
semiflow {m(¢): t > 0} given by

w(t)(z,5) = (2,1 +5),
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forallz € S!, s € Rand t € R,. Define the impulsive set M = S! x {2} and the impulsive
function 1: M — S' x {0} by I(z,s) = (A(2),0), (z,s) € M. Since ¢(z,0) < oo for all

z € S!, we have X = 1(M). Note that @(z, 0) = X for every z € st Although @(z, 0) is
positively g-invariant for every z € S!, it is not negatively g-invariant since 2%z = z for
every n € N.

Definition 3.4 The omega limit set of a subset B C X is given by
é)(é) ={xe X : there exist sequences {xi}xen C B and {nglkeny C N
with ny k2% 5 such that g™ (xx) koo x}.

In Example 3.3, @(z, 0) = X for every z € S\
Next, we provide some properties of omega limit sets.

Lemma 3.5 Assume that (X, w, M, I) satisfies conditions (H1)-(H3).

(a) If BcCXis compact and positively g-invariant, then (B ) is nonempty and compact.
(b) Given B C X, the omega limit set &(B) is positively g-invariant.

Proof Let us prove item (b). Suppose that &(B) # @ and let x € &(B). Then there are
sequences {xi}xen C B and {nitxen C N with ng klof oo such that g"* (xx) ki’f X.
By the continuity of g (see Lemma 3.1), we have ¢! (x¢) = g(g™ (x)) =3 g(x), i.e.,
g(x) € @(B). O

Let B(X) denote the set of all bounded subsets from X. Next, we present the concept of
a global attractor for the system (X, g).

Definition 3.6 A set A C X is called a discrete global attractor for (}2, g) if:
1) Ais compact;

(i) Ais g-invariant;

(i) du(g"(B), A) =5 0 for every B € B(X).

The property (iii) means that the discrete global attractor .A g-attracts all the bounded sets
from X.

If a discrete global attractor exists, then it iAs uniquely determined. Indeed, suppose that
Ap and Aj; are discrete global attractors for (X, g). By invariance, g"(A;) = A;,i = 1,2,
for all n € Ny. Consequently,

d(Ar, Ay) = du(g" (A, A) =0
and
di(Az, Ap) = du(g" (A2), Ap) "= 0.

Hence, fll = .ﬁz.
The notions of asymptotic compactness and dissipativeness are presented in the sequel.
These conditions will play an important role for the existence of the discrete global attractor.

Definition 3.7 A discrete dynamical system ()A( , ) is called asymptotically compact if, given

~ ~ . k ~
aset B € B(X), a sequence {ng}reny C Ry with ng =3 00, and a sequence {xi}xen C B,
then the sequence {g"* (xx)}xen admits a convergent subsequence in X.
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Definition 3.8 A disgrete dynamical system ()A( , g) is called bourzded di{sipative if, there
exists a set By € B(X), called absorbing set, such that for every B € B(X) there exists an
integer n 3 > 0 such that g"(B) C By foralln > ng.

Lemma 3.9 Assume that (X, 7w, M, I) satisfies condition (H), I(M) N M=0X # 0, and
(X g) is asymptotically compact. Then for any bounded set B C X, the omega limit set

n—oo

w(B) is nonempty and compact. Further, dy(g" (B) a)(B)) — 0.

Proof Let B C X be a bounded set. Given x € B, it follows by the asymptotlc compactness
of (X g) that {g () }ken admlts a convergent subsequence in X. Hence, w(B) - 0.
Now, let {x,;}men C a)(B) be a sequence. For each m € N, there ex1st sequences

{wi'lken C B and {n'}ken C N with n}! m K2 oo such that g (wi) k> Xm. Thus,
for each m € N, one can obtain k,, > m such that

1
-

n;(rll"l m

d (g (wkm)a xm) <
Using the asymptotic compactness of ()A( , &), we may assume up to a subsequence that
g (wi!) "Z25° 2 € &(B). Hence, x,, —> 7z and &(B) is compact.

~ k
Lastly, suppose to the contrary that there are € > 0, {xx}reny C B and ny % 00 such
that

d(g" (x), &(B)) > e,

for all k € N. Again, by the asymptotic compactness, there exists w € X such that

d(g™ (xx), w) kiio 0. This means that w € (I)(é) and we obtain a contradiction. m]

Lemma 3.10 Assume that (X, &, M, I) satisfies conditions (H1)-(H3), and (}2 g) is asymp-
toncally compact. Then the omega limit set a)(B) is negatively g-invariant for every
B € B(X).

Proof Let B B()A() and x € d)(é). Then there are sequences {xx }xen C B and ng klo;) %)

k . 5 . . . 5
such that g"* (xi) —%° x. Since (X, g) is asymptotically compact, there exists z € X such
that, taking a subsequence if necessary,

g ) "5 2

Note that 7 € c?)(é). Using Lemma 3.1, we obtain
_ k
g () = g(g" () = g(@).
By uniqueness, x = g(z) € g(d)(é)). Hence, &(B) C g(d)(é)). O

In Theorem 3.11, we establish sufficient conditions for the existence of a discrete global
attractor.

Theorem 3.11 Assume that (X, 7w, M, I) satisfies conditions (I—Il)-(H3) ai}d ()A(, g) is asymp-

totically compact and bounded dissipative with absorbing set Bo. Then (X, g) has a discrete
global attractor A given by A = &(By).
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Proof By Lemma 3.9, w(Bo) is nonempty and compact. By Lemmas 3.5 and 3.10, w(Bo) is
g-invariant. Let us show that a)(Bo) attracts all the bounded sets from X. Indeed, let B C X
be a bounded set. Note that a)(B) - a)(Bo). Thus, using Lemma 3.9, we get

du(g" (B). &(By)) < du(g"(B). d(B)) =5 0.

By the uniqueness of the discrete global attractor, we conclude that A =d( éo) is the discrete
global attractor of (X, g). O

Next, we give some characterizations of a discrete global attractor.

Theorem 3.12 Let A be the discrete global attractor of()A(, 8). Then
(a) Ais the minimal subset of X which is closed and g-attracts bounded sets from X;

b) A=Ugepi @B).

Proof (a) Let K be a closed set in X which g-attracts bounded sets from X. Then

n—oo

di(A, K) = du(g"(A), K) =0,

that is, AcCK.
(b) Since Aisadiscrete global attractor, we have | J BeB(X) a)(B) C A. On the other hand,

let x € A. Since g(A) = A, there exists a; € A such that g(a;) = x. Now, we can take
ar € A such that g(az) = ay. Continuing with this process, one can obtain a4 € A such
that g(ax+1) = ak, k € N. Thus,

k—o00

d(x, d(A) = d(g"(ar), &(A) = 0.
By the boundedness of ./i, we conclude the other set inclusion. O

Definition 3.13 A function ¥ : Z — X is called a discrete global solution of g if

" (W (k) = Yk +n)

forallk € Zand n € N. If U (0) = x, we say that Visa discrete global solution through x.
Further, v is said to be bounded if there exists a bounded set B C X such that (k) C B for
allk € Z.

We end this section, characterizing the discrete global attractor through the bounded
discrete global solutions.

Theorem 3.14 Let A be the discrete global attractor of()A(, 8). Then
={xe X there exists a bounded discrete global solution of g through x}.

Pﬂroof Letx € X and ¥/ be a bounded discrete global solution of g through x. Then x =
v(0) = gk (¥ (—k)) for all k € Ny. Since { (—k)}xen is bounded, we have

d(x, A) = d(gk( (—k)), A) =0,

that is, x € A.
On the other hand, let x € A. Since g(A) = A, there is a_; € A such that g(a_1) = x.
Also, there exists a_ € A such that g(a_>) = a—;. Continuing with this process, one can

@ Springer



Journal of Dynamics and Differential Equations

obtaina_;_; € A such that gla_r—1) = a_y for every k € N. Note that gF(a_y) = x forall
k € Nand

gm+n (afk) = Am+n—k>
whenever m, n, k € Nand m 4+ n — k < 0. Define the map I/A/: 7 — )A(by

ar k<0, keZ,

vk = {gk(x) if k € No.

Letk € Z and n € Ny. If k > 0 then
g" (W (k) = g" (" (%)) = g" () = Yk +n).
Ifk <Oand k +n > 0 then
g (k) = g" (@) = g"* (g @) = " (x) = Yk +n).
Ifk <0Oand k +n < 0 then
g" (W) = g"(glar—1) = g" M (ar—1) = anx = Y (n + k).

Thus, ¥ is adiscrete global solution of ¢ through x. By construction, V(k) C Aforallk € Z.
Therefore, v is a bounded discrete global solution of g through x. O

4 Relationship Among the Attractors A, A and A

Let (X, ) be a continuous semidynamical system, (X, 7w, M, I) be an associated impulsive
dynamical system and (X, g) be its associated discrete dynamical system. Does the existence
of a global attractor in one of these systems imply the existence of a global attractor in the
others? As presented in the next examples, we show that there is no relationship between the
existence of the attractors of these systems. When it exists, we will denote by A the global
attractor of (X, ), by A the global attractor of (X, w, M, I') and by A the discrete global
attractor of (}A( ,8).

Example 4.1 Consider the system of differential equations

x' = —x,
Y ==,
in X = RZ. In this simple example, A = {(0, 0)}.

(@) UM = ey My with M, = {(x,y) € R?: x2+y2 =#n?,n=1,2,..,and
I(x,y) = (x(1+ 2), y(1+ 5)) for (x,y) € My, n = 1,2,..., then the systems
(X,m, M, I)and ()A( , &) do not admit global attractors.

(b) ¥ M = U,y My with M, = {(x,y) € R? : x> +y* =n?},n = 1,2,..., and
I(x,y) = (3, 3;) forall (x,y) € My,n = 1,2,....Then A= Aand X = ¢.

(¢c) f M =R x {1} and I(x,1) = (arctan(xA),Z), x € R. Then A = {(0,2)} and A =
{0,y): 1 <y <2}U{(0,0)}. Note that X = I (M) = (-7, 5) x {2}. Moreover,

A=7r(0,In2))AU A.
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Example 4.2 Consider the system x” = |x| in X = R. The semiflow {z(¢): t € R} is given
by

xet, x>0,
w(t)x =10, x =0,
xe ', x <O.

There is no global attractor A since the solutions with positive initial data are not bounded.

(@) M =NandI(n) = —1,n € N, then X = fand A = [~1, 1).

(b) f M =Nand I(n) = 3,n € N, then A = [0, 1) and A = {1}.

(¢c) f M=Nand I(n) =n + %, n € N, then the systems (X, 7, M, I) and ()A(, g) do not
admit global attractors.

Example 4.3 Consider the semiflow 7(t) f = e fin X = L2([0, 1]) defined for all # > 0.
Note that A = {0}. Leth € L2(R) be such that ||h[2, = 2.1f M = {g € L*(Q) : [Igl?, = 1}
and I(g) = h forall g € M, then A = X = {h}. Here, the global attractor A does not exist
due to a lack of pre-compactness.

Example 4.4 Consider the semiflow 7 (t) f = €' fin X = L2([0, 1]) defined for all ¢ > 0.
There is no global attractor A for this system. Let i € L2(2) be such that ||h||i2 = % If
M={gelL*Q): ||g||2L2 =1}and I(g) = hforallg € M, then A= X = {h}. The global

attractor A does not exist.

When the global attractors .4 and A exist, and AN M = @, then the impulsive attractor
A contains A. This fact is shown in the next result.

Proposition 4.5 Assume that (X,Jr)~ has a global attractor A with A N M = {0 and
(X, m, M, I) has a global attractor A satisfying (M) "M = (. Then A C A.

Proof Letx € A. By Theorem 2.15 and Remark 2.16, there exists a bounded global solution
¢: R — X of m such that ¢(0) = x. Using the invariance of A in (X, ), we obtain
¢(R) C A. Since AN M = ¢, we also obtain ¢(R) N M = (. Therefore, for any s € R and
t > 0, we deduce

T(t)p(s) = w()e(s) = ot +5),

i.e., ¢ is a bounded global solution of 7 through x. By Theorem 2.15, we conclude that
x €A ]

If AN M # (J, then the result established in Proposition 4.5 can be not true. In fact,
consider the semiflow {7 (¢) : € R} generated by the solutions of the system

0 =
{r’ =1-r,
inX ={(rcosf,rsinf) e R?: r €[1,2],0 € [0,27]}. Let M = {(x,0) : x €[1,2]}and
I(x,0) = (—x,0) for 1 <x < 2.1In this case, A = {(cosf, sinf) € R% : 6 € [0, 2]} and

A ={(cos0,sind) € R?: 0 € [, 27)}. Moreover, {(—1, 0)} = AcAc A
However, by defining the sets

Sy ={¢: R —> X : ¢ is a bounded global solution of = through x}, x € A,
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and
S={xeA:p({(—00,0]) N M # @ for every ¢ € S,},
we have A\S C A. This fact is presented next.

Propositio[l 4.6 Assume that (X, ) has a global attractor Aand (X, m, M, I) has a global
attractor A satisfying (M) N M = (. Then A\S C A.

Proof Letx € A\S. Then there exists a bounded global solution ¢ : R — X of 7 such that
¢(0) = x (see Theorem 2.15 and Remark 2.16). Moreover, we know that ¢ ((—oo, 0))NM =

) because x ¢ S. In this way, define the function ¥ : R — X by
(1), 1<0,

vy =1%
T(t)x, t=>0.
Lets € Rand ¢ > 0 be given.
o Ifs <Oandf+s <0, then

TP (s) =T De(s) =T (O)@(s) = (s +1) =Y (s +1).
o Ifs <Oandt+s > 0, then
Y +s)=nt+s)x =7 +5)p0) =7+ s)m(=5)p(s)
=7+ )7 (=5)e(s) =7 (De(s) =T OY(s).
e If s > 0, then
aMY(s) =a@)a@s)x =a+s)x =¥ +s).

Thus, ¥ is a bounded global solution of 7 through x. It remains to check that ¥ (R) is
bounded. The set {y/(#) : t < 0} is bounded since ¢ is a bounded global solution. Since
(X, m, M, I) is dissipative, there exists £y > 0 such that {7 (t)x : t > t.} C By, where By
is the absorbing set. Finally, on the interval [0, #,], there are 0 < N < oo jump times. Since

([0, t1D)x, ([0, 1, —t1])x, ..., ([0, £y — txy])x are compact sets, where t1, . .., ty are the
possible jump times, then ¥ ([0, #,)) is bounded. Hence, t/f(I@) is bounded in X and v defines
a bounded global solution of 77 through x. Therefore, x € A. O

On the other hand, when the attractors .A and A exist, then the impulsive attractor A also
contains A as shown in Proposition 4.7.

Propositio[\ 4.7 A:vsume that (X, m, M, I) satisfies conditions (Hl)-(H3), it has a global
attractor A and (X, g) has a discrete global attractor A. Then A C A.

Proof Letx € A. By Theorem 3.14, there exists a bounded discrete global solution 1/} 7 —
X of g through x. Since

k
x=90) =W k) =7 Y @) | ¥k
j=1
k k
for all k € No, {/ (—k)}ken C Aand Ty := " ¢((—j)) —> oo (as condition (H) from

j=1
(H1) holds), we obtain

k—00

d(x, A) = d#&(T)v (—k), A) "= 0.
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Hence, x € A. Using condition (H3), we obtain XNM=g. Hence, Ac A\M. O
As a consequence of Propositions 4.5 and 4.7, we deduce the following result.

Corollary 4.8 Assume that (X, ) has a global attractor A with ANM =0, (X, 7, M, I)
satlsﬁes (H1)- (H3) and admits a global attractor A, and (X g) has a discrete global attractor
A. Then it holds AU A C A.

4.1 The Relation A = 4 U < U (o, qb(a)))a).
acA

Throughout this subsection, we shall assume that conditions (H1)- (H3) hold. Let A be the
global attractor of (X, ) and A be the discrete global attractor of (X, g). Our aim in this
section is to prove that if AN M = {J, then the global attractor A exists and the attractors
A, A and A are related by the equality

A=Au| 700, ¢@)a
acA

For that, let A} = |J 7 ([0, ¢(a)))a. Before to present the existence result, we point out
acA
in the next remark that if the attractors A, A and A exist then A U Al C A

Remark 4.9 (i) If the attractors Aand A exist, then Ay C A. Indeed, let x € Aandr ¢
[0, ¢ (x)). We aim to construct a bounded global solution of 7 through 7 (r)x. Since x € A,
it follows by Theorem 3.14 that there exists a bounded discrete global solution ¥ : Z — X
of g with ¢/ (0) = x. Now, consider the notations

to=0, i = $(x), x; = 7(t))x, and x]” = I (x)).
For each n > 1, let us define

Iny1 =1In + ¢(x;lL)» Xp1 = T(tpt1 — tn)x; and x2-+1 = I (xn+1),

and, for eachn < —1, set

tn = tongl = () (=n)).
Thus, define the map ¥ : R — X by

Tt — )Y (), 1€ty tur1), n >0,
w(t — - (—n), 1€ [top,toptr), n> 1.

Yi(t) =

By construction, 1 is a global solution of 77 through x (1(0) = 1&(0) =x).SetT =
sup,.. 4 #(x). Since conditions (HI)-(H3) hold, we have ¢ is continuous on the compact set
A, consequently, 7 < oo. Now, note that ¢ (R) C 7 ([0, T]).A which implies that ¥ is
bounded. Therefore, the map ¥ : R — X defined by ¢ (¢) = 1#1 (t +r) is a bounded global
solution of 77 through n(r)x Thus, by Theorem 2.15, A; C A

(if) If the attractors A, A and A exist and A N M = @, then by the previous item (i) and
Proposition 4.5, AU A; C A

In what follows, we exhibit some auxiliary results.
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Lemma 4.10 Assume that (X, ) admits a global attractor Awith ANM = {. Let B € B(X)
be such that ¢ (x) < oo for every x € B. Then there exists K > 0, depending on B, such
that ¢ (x) < K forall x € B.

Proof Suppose that for each n € N, there exists x, € B such that ¢ (x;) > n. Since {x,},eN
is a bounded sequence, ¢ (x,) —> 400 and (X, ) is asymptotically compact (see Theorem
2.13 and Remark 2.16), we have {7 (¢ (x,))x, }nen admits a convergent subsequence, which
will be denoted by the same, with limit x. Note that x € M as 7w (¢ (x,))x, € M, for every
n € N. But, we also have x € A. Thus, we conclude that x € AN M which is a contradiction.
Hence, ¢ is bounded on B. m}

Lemma 4.11 Assume that ()A( , &) has a global attractor A. Then

@) Ay = U #([0, ¢(a)]a is compact.
acA
(ii) Ay is 7-invariant.

Proof (i) Let {x,},en be a sequence in A; such that x,, "% x.Foreachn e N, there exist
a, € Aand 1, € [0, ¢(ay)) such that x, = 7 (t,)a,. Since t, < ¢(ay) forevery n € N, A is
compact and ¢ is continuous in A, we may assume without loss of generality that 7, gt
and a, —> a € A witht < ¢(a). Hence, x = n(t)a € ([0, ¢p(a))a with a € A.
Thus, the equality A; = |J 7 ([0, ¢ (a)])a holds. Using again the compactness of A and
acA

the continuity of ¢ on A, we conclude that A; is compact.

(ii) First, let us prove that A is positively 7-invariant. Let a € Aands € [0, p(a)). We
will prove that 77 (1) (s)a € A; for every ¢ > 0. For that, denote

=0, n=¢@Ea), a =g,

and for any integer n > 1, 1,41 = 1, + ¢ (a;") and a;l:] = g"t(a).
Given ¢ > 0, there exists n € Ny such that ¢ € [#,, t,41). Note that

A ()a =T — t)T(ty + 5)a = w(t — 1,)8" (a).

Since g"(a) € Aandt —1, < ¢(g"(a)), we obtain 77 (1) (s)a € A;.

Now, let us prove that A; is negatively 7 -invariant. Let a € A's € [0, ¢ (a)) and fix
an arbitrary £ > 0. We need to prove that there exist x € Aandr € [0, ¢ (x)) such that
() (r)x = mw(s)a. Infact,if t < s,thentake x =aandr =s —¢. Thus, t < ¢p(a) —r =
¢ (7 (r)a) and

a)a(r)x =a)n(s —t)a = n(s)a.

However, if t > s, then by Theorem 3.14 there exists a bounded discrete global solution
12/: 7 —> X of g through a. Seta, = @(n) foralln € Z,and definety = 0,1_1 = —¢p(a—1)
andt_, = t_,41 — ¢(a_,) forn > 2. There exists n € N such thats —t € [r_,, t_p+1)-
Takex =a_,andr =s —t —t_,, > 0. Then

f=s+@a)) o+ dlay) —r

and
Tt (r)x = ($)a(pla-1) - 7(Ppa—nt1))7T(P(a—p) — r)w()a—pn
= =7a()a(@a-1)a- =a(s)a =m(s)a.
In conclusion, A; is 77 -invariant. O
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Lemma 4.12 Assume that (X, ) admits a global attractor Awith ANM = @ and ()A(, g) has
a global attractor A. Then AU A is pre-compact, 7 -invariant and AU Ay = AU A\M.

Proof Since the global attractor A is compact and 7 -invariant as A N M = @, it follows by
Lemma4.11 that AU A, is pre-compact and 7 -invariant. Moreover, by Lemma 4.11 we have
AI\M = Ayj,ie, AUA = AU A\M. O

Lemma 4.13 Under the conditions of Lemma 4.12, assume also that (X, w, M, I) is dis-
sipative and ¢(x) < oo for all x € I(M). Then AU A 7-attracts bounded sets from
X.

Proof Let B € B(X). By dissipativeness, there exists an absorbing set By C X, consequently,
there exists Tg > 0 such that 7 (¢) B C By for all t > Tg. Now, let us denote

By :={x €7 (Tg)B : ¢p(x) =00} and B, :={x € 71(T)B : ¢(x) < o0}.

Clearly, both sets are bounded.

Let € > 0 be arbitrary. Since 7 (#)x = 7 (¢)x for every t > 0 and every x € By, and
dy(m(t)Bso, A) z 0, there exists 71 = T1(Bso) > 0 such that dg (77 () Boo, AU A}) < €
forall t > Tj.

Now, we claim there exists 7o = T»(Bgn) > 0 such that dg (7 (¢) Bfin, A U Aj) < € for
all r > T>. In fact, define the set

By ={7(¢(y)y : y € Bin}.

Since By C I1(M)NBy,itis bounded. Note that g (B;) is bounded forevery n € Ny according

to its definition. By Lemma 4.10, for each n there exists K,, > 0 such that ¢(y) < K, for

every y € g"(B1). Moreover, there is K_; > 0 such that ¢ (y) < K_; for every y € Bgp.
Using the compactness of A, the continuity of 7w and the continuity of ¢ on A, we obtain:

(D) T :=max{¢(a) :a € fl} + 1 < o0;
(II) there exists §; = §1(¢) € (0, 1) such that if s;,s0 € [0,T],y € X, a € A, with
|s1 —s2] < 81 and d(y, a) < &1, thend(w(s1)y, m(s2)a) < €;
(III) there exists 63 = &§2(81) > O such thatif y € X, a € A with d(y,a) < &, then
() — pl@)] < 8.

Take 8 = 1 min{8;(€), 2(81), €}. Since dy(g"(B1), A) =5 0, there exists N € N such
that dg(g" (B), A) < 8 whenever n > N.

Besides, if t > K_1 + Ko + - - - + Ky, then every point in By, suffered at least N + 2
jump times under 7 until time 7. Thus, ift > K_| + Ko+ --- + Ky and x € Bgj, then

a(t)x =m(r)g"(y), forsomeny > N +2, y€ Biand0 <r < ¢(g"(y)).

Note that there exists @ € A such that d(g"(y),a) < 4.

Case 1: If r < ¢(a), then using (I) we obtain d( (r)g"° (y), 7 (r)a) < €.

Case2:1fr > ¢(a),then(a) <r < ¢(g"(y)). By (IIl), we have ¢ (g"°(y)) —p(a)| <
81. Thus, ¢(a) < r < ¢(g"(y)) < ¢(a) + 81 < T which implies, by using (II), that
d(m(r)g" (y), m(¢(a))a) < e.

By taking 7, = K_| + Ko + - - - + K, we conclude that dgy (7 (1) Bn, AU A;) < € for
allt > T».

In conclusion, dg(7 (#)B, AU A) < € forall t > max{Tp + T\, Tg + T»}. Since € > 0
is arbitrary, A U A; indeed 7 -attracts bounded sets from X. O
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As a consequence of the previous Lemmas 4.12 and 4.13, we may state the following
result.

Theorem 4.14 Under conditions (H1)-(H3), assume that (X, 7) admits a global attractor A
with ANM = 0, (X, g) has a global attractor A, (X, 7, M, I) i{dissipative and p(x) < o0
forall x € I(M). Then (X, w, M, I) admits a global attractor A given by

A=AU| =0, ¢@))a

acA

Remark 4.15 Lemma 4.13 still holds if we replace the dissipativeness of (X, 7w, M, I') by the
boundedness of 1 (M). Indeed, let B € B(X) and define the bounded sets

Boo={x€B:¢(x) =00} and Bfp, ={x € B:¢p(x) < oo}.

As in the proof of Lemma 4.13, given € > 0, there exists 71 = T1(Bs) > 0 such that
dy(7 (1) Boo, AU Ay) < € forallt > T7.

For the set Bgp, we also define By = {7 (¢(y))y : y € Bgn}. But now, By and g"(B) are
bounded since (M) is assumed to be bounded. The rest of the proof is exactly the same as
in the proof of Lemma 4.13.

4.2 Existence of the Discrete Global Attractor A

In this section, we provide sufficient conditions for the existence of the discrete global attractor
A when (X, m) and (X, w, M, I) admit global attractors. We shall assume that conditions
(H1)-(H3) hold.

Let (X, ) be a semidynamical system with global attractor A and (X, 7w, M, I) be the
associated impulsive dynamical system with global attractor A.

Lemma4.16 Assume that ANM = @ and let y : R —> X be a bounded global solution of

- . . . . . —00
7. If ¥ has one jump time, then there exists a sequence of times {t,},en with t, P —x
such that each t,, is a jump time of V.

Proof Suppose to the contrary that there exists a jump time #, € R of ¥ such that there are no
jump times before z,. Thus, let us define the set B = {/(¢) : t < t, — 1}, which is bounded.
Then

lim dy(w(¢)B, A) = 0.
—00
On the other hand, define the continuous map ¢: R — X by

Y (@), r<ty—1,

PO r = - -1, - L,

By construction ¢ is a bounded global solution of 7, consequently, ¢(R) C .A. But we know
that ¢(t,) = w(1)Y (¢, — 1) € M, because ¥ has a jump time at t,. Thus, ¢(t,) € ANM
which is a contradiction since A N M = ¢J. Hence, the result is proved. O

In Theorem 4.17, we prove the existence of the discrete global attractor A and we also
relate this attractor with A N X.
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Theorem 4.17 Assume that X is a nonempty closed set. Then (X g) has a discrete global
attractor A. In addition, if ANM = @ then A = AN X.

Proof First, let us prove that (X ,8) 1sAd1551paAtlve. Indeed, since (X, 7, M, I) is dissiApative,
there exists an absorbing set By. Let B € B(X). There exists t; > 0 such that 7 (1) B C By
forall # > 5. Since BcXc I (M) and condition (H1) holds (hence, ¢ (w) > & for all
w € I(M)), one can obtain kg € N such that ¢ (x) + ¢(xr) + ...+ ¢(x,j(')) >ty for all

x € B. Thus,
n—1
)= qu(xj) x€e€ByNX forall n>ky+1 and x € B.
=0

Therefore, g" (1§) C By N X for every n > ko + 1.
Now, let us prove that (X, g) is asymptotically compact. Let {x;}ren be a bounded

N k
sequence in X and 7y % 0. Note that

nip—1

gra) =7 [ Y (@) [x, kel

j=0

Since ¢ (w) > & forallw € I (M) (as condition (H1) holds) and ng kiof oo, wehave T (x;) =
ni—1

Z ¢((xk)j.r) kiof oo. By the asymptotic compactness of (X, w, M, I'), we conclude that
j=0

{7 (T (xx))xx }ken has a convergent subsequence. Therefore, {g"* (xz)}ren has a convergent
subsequence with limit in X because it is closed.

By Theorem 3.11, ()2 , &) has a global attractor A.

Now, assume that A N M = (. By Proposition 4.7, we have A c AN X. On the other
hand, let x € AN X. By Theorem 2.15, there exists a bounded global solution ¢ : R — X
of 77 through x. Since x € X, we have ¢(x;.r) < oo for every j € Np. Let 1 = ¢p(x) and
th+l =t + qb(x,‘f), n € N. By Lemma 4.16, there exists a sequence of times {7_, },cn With
t_, — —oo asn — oo such thatz_, are jump times of ¥ and ¥ (—7_1) = x. Setro = 0. By
construction, we obtain

V(1) =m(t — 1) ¥ (1n)

fort € [t,, t,+1) and n € Z. Thus, w R— X given by W(n) ¥ (t,) is a discrete global
solution of g through x. Hence, by Theorem 3.14, x € A and we conclude that A = AN X.
]

5 Applications

5.1 An Integrate-and-Fire Neuron Model

Integrate-and-fire neuron models describe the behavior of a membrane potential u = u(t)
(leaky and current-clamped membrane) along with a dissipation constant y and an applied

stimulus S = S(¢). Such models can be represented by the following ordinary differential
equation

u'(t) = —yu(t) + S@) (.1
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with the additional condition
if u(t) =6 then u(r) isresetto value u, < 6. 5.2)

The membrane potential u(¢) is charged through the excitation, S(¢), and when it reaches the
threshold value 6, the neuron fires and it is reset to the rest potential u,, see [14]. Based on
[4], we assume that the excitation S > 0 is constant with § # 6,y > 0 and 6 > 0. Define

M = {0} and 1(0) = u,.

If [0, 00) 5 t > 7 (t)ug € R is the solution of (5.1) with initial condition uq at ¢t = 0, then
(R, r, M, I') defines an impulsive dynamical system which describes the trajectories of the
system (5.1)-(5.2). Note that M is an impulsive set satisfying I (M) N M = @. Since u, < 6
the condition (H) is satisfied. Moreover, it is not difficult to see that condition (T) also holds.

On one hand, the semiflow (R, ) without condition (5.2) admits a global attractor given

by A= {3].

On the other hand, if the excitation S is small, less than the threshold value 6y, it follows
that the membrane potential u stabilizes to the value %, i.e., the global attractor of (R, w, M, I)
is given by

A:{E} if 6y > S.
Y

However, if the excitation S is sufficiently larger than the threshold value 6y, then the structure
of the attractor undergoes a significant change, meaning that the neuron is now capable of
producing action potentials. Indeed, note that qﬁ((ur),j') < oo for all k£ € Ny, which implies
that

A= {u,).
The set
S S
Bo=[u’,9]u[——1,—+1]
14 14

is an absorbing set, which implies that (R, 7, M, I) is dissipative. By Theorem 4.14, the
global attractor A of (R, , M, I) is given by

A:[u,,e)uif} if 9y <.
14

Remark 5.1 Assume that the integrate-and-fire neuron model is consider under several thresh-
old values 0y, ..., 0, with6; < 0, < ... < 6, such that

if u(t)=0; forsome j € {l,...,k} then u(z) isreset to value uﬁ < 0.

N 1
Ifu,l<01<u%<92<...<uf<9p<;<uf+ <9p+1<...<u’r‘<9kthen

y L S
A=l 0) u{—}.
j=1 Y
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5.2 A Nonlinear Reaction-Diffusion Initial Boundary Value Problem

Consider the nonlinear reaction-diffusion initial boundary value problem

ur — Au = f(u) for (x,1) € Q2 x (0, 00),
u(x,t) =0, for (x,1) € 92 x (0, 00), (5.3)
u(x,0) = ug(x), for x € 2,

where 2 is a bounded smooth domain of R” (n > 2) with smooth boundary and A is the
Laplace operator in 2. The operator —A with the Dirichlet boundary conditions admits

an orthonormal complete sequence of eigenfunctions {e;}{°, in L*(2) with corresponding

eigenvalues {A;}72, satisfying0 < Ay < A2 <... <A, < ..., A "% 50. The nonlinearity

f: R — R satisfies the conditions:

(a) |f@®)— f(s)| <c|t —s| forallt,s € R, where ¢ > 0O;
(b) lim Sup|s|_)oo TS < )\.].

Foreach ug € L2(2), there exists a unique solution u of (5.3) withu € C ([0, 00), L3())
such that the map ug +— u(t) is continuous in L2(). Thus, the map 7 (t): L2(Q) — LX(Q)
given by

w(t)ug = u(t)

defines a semidynamical system (L2(2), ) on L?(R). Also, 7(¢): L*(Q) — L*(Q) is a
compact operator for each # > 0. Let us consider the usual norm || - || and the usual inner
product (-, -) in L%($2). The reader may see [1, 2, 7, 16] for more details.

According to condition (b), there exist g > 0 and R > 0 such that @ < A — €
whenever |s| > R. Thus, sf(s) < (A; — €)s> provided |s| > R. Also, there exists C > 0
such that |sf(s)| < C forall s € [-R, R]. Hence,

sf(s) < (k1 —€)s> +C forall s eR.
According to the proof of [5, Lemma 4.14], we have
2 C|Q
€0

7 (uoll3 < llugll5e 2" + (1—¢e72, forallt > 0. (5.4)

By (5.4), the semidynamical system (L%(Q), ) is dissipative with absorbing set

C|Q
BOZ{vGLZ(Q)illvllzpr | '}, po > 1.
€

Since 7 (1): LZ(Q) — LZ(Q) is also compact, it follows by Lemma 2.10 and Remark 2.16
that (L2(2), ) is asymptotically compact. Now, according to Theorem 2.13 and Remark
2.16, we may state the following result.

Lemma 5.2 The semidynamical system (L%(Q), ) admits a global attractor A.

2poC|<| . 2
Let ro > max {1, ——— ¢. Consider the set M = {v € L“(2) : ||v|l2 = ro} and the
€0
function I: M — I(M) given by

I(v) = v+ 3rge; forall veM.
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We recall that if u € L2(2) then

o0
w=y ajWe,
i=1

where «; (1) = (u, e;) is, for each i, the Fourier coefficient. The solution of the problem (5.3)
is given explicitly by the formula

(g = u(t) = Y ai(ne;,

i=1

with «; () = o (u; (t)) satisfying the ODE otlf () + Miai(t) = (f(u(t)),e), i € N.
Lemma 5.3 M is an impulsive set, I (M) is bounded and [(M) N M = (.

Proof Clearly M is a closed set in L2(S2). Let us verify that condition (2.1) holds. Let
C|Q

= {v e LX(Q) : vl > —l} According to (5.4), for every u € T', there exists #,, > 0
€0

such that w(#)u € By for all ¢ > ¢,. Also, the map ¢ +— || (¢)ul|, is strictly decreasing for
every t > 0 such that w(f)u € T'. Thus, if u € M then 7 ((0, co))u N M = (. Hence, M is
an impulsive set.
On the other hand, let w € I(M). Then there exists v € M such that w = I(v) =
o

(o1 (v) +3rg)er + Y- aj(v)e;. Thus,
j=2
o0
w3 = (1 (v) +3r0)* + > a3 () = [[v]|3 + 9§ + 6roei (v).
j=2
Since ||v]l2 = rg, we obtain | (v)| < rg. Then
4rg < lwll3 < 16r5. (5.5)

This implies that (M) is bounded and I(M) N M = (. ]

Lemma 5.4 There exists K = K(|f(0)],||,c,C,€) > 0 such that (f(w(s)w),e;) <
K (1 + rg), whenever w € (M), s > 0and j € N.

Proof Letw € I(M), j € Nand s > 0 be arbitrary. By (5.5), we have |[w|2 < 4r¢. Then

1

(f@w),e)) < I f w12 < J@(/Q(If(o)l +c|n<s>w|)2dx>2
< [F(O)IV2IQ + V2IQcllm (s)wll2

1
5.4 CI|\2
< |f(0)|ﬁ|9|+\/2|§2c(IIwII%Jr?>
< K1 +ro),
for some constant K > 0. ]

Lemma 5.5 The impulsive dynamical system (LE2(Q), 7, M, ) satisfies conditions (H) and
(T).

@ Springer



Journal of Dynamics and Differential Equations

Proof At first, let us show that condition (H) holds. Let w € I (M). Then
o0
w=1(v) = (1) +3ro)er + Y _ e (v)e;,
j=2

for some v € M. Lett > 0 be such that 7 (t)w € M. Then

1 2
= r@wl} = ((al(v) + 3rg)e ! +/ (f (T (s)w), el)eM(Hus)
0

oo t 2
+2 (ow(v)e**f’ + / (f (e (s)w), ene%'“*’)ds) :
j=2 0
Thus, using Lemma 5.4, we obtain

t
ro > |y (v) + 3rgle ™" — ‘ / (f((s)w), et ds
0

1 —e Mt
—hit
> 2rpe” ! —K(l—i—ro)<7}L ),
1

that is, t > /\1—1 In (1 + ro-i-lﬂ;iol(l-t-ro)) Hence, ¢ (w) > )3—1 In (1 + m> for all
we I (M).

Now, let us show that condition (T) holds. Letv € M, {wj, }, <N be aconvergent sequence in
L2(2) with limit w, and # > 0 be such that || () w, — v||2 "Z50.LetK = max,eN || wy||2.

Take 7 > ¢ such that e=2€07 K2 %flﬂl By using (5.4), we have the estimate

ClQl 5

_ Cl€| _
I (D wall3 < lwal3e 07 + —— < K?e T+ —= <}, neN.
€0 €0
On the other hand, we have v = 7 (#)w, consequently,
2
2 2 2 2 182 2, "o
rog =l = llr@wll; < llwll; + —— < llwlz + 5—.
€0 200

Since pg > 1, there exists ng € N such that rg < ||w,||2 for all n > ng.
Now, define the function ®,: [0, ] — R by ©,(s) = |7 (s)wy|l2 — ro, s € [0, t] and
n € N. Note that

®,0) > 0> 0,(r) forall n > ng.

By continuity of ®,,, there exists r, € [0, t] such that || (r,)w, |2 = ro, i.e., T(r))w, € M

whenever n > ng. We may assume that r, e [0, 7]. Thus, 7 (r)w € M and, hence,

r =tas ||lw|y > ro (by Lemma 5.3, the trajectory 7+ (w) = {w(t)w : t > 0} cross
. . . n—oQ

the impulsive set at most once). Taking o;, = r, — t, n > ng, we get o, — 0 and

a(t + ay)w, = x@y)w, € M. m]

Theorem 5.6 The impulsive dynamical system (L*(2), 7w, M, I) is dzsstpattve and asymp-
totically compact. In addition, (L*(Q), 7, M, I) admits a global attractor A.

Proof Since (L%(Q), 7) is dissipative and ro < ||[T(t)wl2 < ||w|l2 < 4rg forall w € 1(M)
and all ¢ > 0 (see (5.5)), it follows that (L%(Q), 7, M, I) is dissipative with absorbing set
Bo = {v e LX) : |lvll2 < 4ro). By Theorem 2.10, (L*(2), r, M, I) is asymptotically
compact. Theorem 2.13 ensures the existence of the global attractor of (LZ(Q), w,M,I).0
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Since qﬁ(v,:r) < oo forall v € I(M) and all £k € Ny, we have I:Z(Q) = I (M). The set
I(M) = {v+3rpe; : v e M} is closed in L2(2) as M is closed. Also, A N M = ¢. In this
way, according to Theorem 4.17, (Zz(Q), g) admits a discrete global attractor A. This result
is stated next.

Theorem 5.7 The discrefe d)jnamical system (i2(Q), g) admits a discrete global attractor
A which satisfies A = AN X.

In the last result, we relate the global attractor A with the attractors A and A.

Theorem 5.8 There holds

A=Au| =00, ¢@)a

acA

Proof Tt is a consequence of Theorem 4.14. O
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