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Abstract
We consider a derivative nonlinear Schrodinger equation with general nonlinearlity:

i0ou + 8%u + i|u|* du =0,

In Tang and Xu (J Differ Equ 264(6):4094-4135, 2018), the authors prove the stability of
two solitary waves in energy space for o € (1, 2). As a consequence, there exists a solution
of the above equation which is close arbitrary to sum of two solitons in energy space when
o € (1, 2). Our goal in this paper is proving the existence of multi-solitons in energy space
for o > % Our proofs proceed by fixed point arguments around the desired profile, using
Strichartz estimates.
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1 Introduction

In this paper, we consider the following generalized derivative nonlinear Schrodinger equa-
tion:

idpu + 82u + i|u|* dyu =0, (1.1)

where o € RT is a given constant and u : R; x R, — C.

The Eq. (1.1) was studied in many works. In the special case o = 1, local well-posedness,

global well posedness, stability of solitary waves and stability of multi-solitons have been
investigated. In [15], Ozawa gave a sufficient condition for global well posedness of (1.1)
in the energy space by using a Gauge transformation to remove the derivative terms. In [2],
Colin—Ohta showed that the equation has a two parameters family of solitary waves and
proved the stability of these particular solutions by using variational methods. In [8], Kwon-
Wu gave a result on stability of solitary waves when the parameters are at the threshold
between existence and non-existence. In [11], Le Coz—Wu proved stability of multi-solitons
in the energy space under some conditions on the parameters of the composing solitons.
In the general case, the local well-posedness and global well- posedness of (1.1) was studied
in [6] when the initial data is in the Sobolev space HO1 (£2), where €2 is any unbounded interval
of R. In this work, Hayashi-Ozawa used an approximation argument. In [16], Santos proved
the local well-posedness for small size initial data in weighted Sobolev spaces. The arguments
used in this work follow parabolic regularization approach introduced by Kato [7].

The Eq. (1.1) has a two parameters family of solitons. The stability of the solitons has
attracted the attention of many researchers. In [12], by using the abstract theory of Grillakis—
Shatah—Strauss [3, 4], Liu—Simpson—Sulem proved that in the case ¢ > 2, the solitons of
(1.1) are orbitally unstable; in the case 0 < o < 1, they are orbitally stable and in the case
o € (1,2) they are orbitally stable if ¢ < 2z9+/w and orbitally unstable if ¢ > 279/ for
some constant zg € (0, 1). In the critical case ¢ = 2z¢+/w, Guo-Ning—-Wu [5] proved that

solitons are always orbitally unstable. In [1], Bai—-Wu—Xue proved that when o > %, the

solution is global and scattering when the initial data small in H*(R), % < s < 1. Moreover,

the authors showed that when o < 2, the scattering may not occur even under smallness
conditions on the initial data. Therefore, in this model, the exponent ¢ > 2 is optimal for
small data scattering. In [17], in the case o € (1, 2), Tang and Xu proved the stability
of the sum of two solitary waves in the energy space provided that solitons are stables i.e
¢ < 2z0+/w, using perturbation arguments, modulational analysis and an energy argument
asin [13, 14].

In this paper, we show the existence of multi-solitons in energy space in the case o > %
Before stating the main result, we give some preliminaries on multi-solitons of (1.1).

As mentioned in [12], the Eq. (1.1) admits a two-parameters family of solitary waves
solutions given by

B ) c 1 x—ct 2
Ya,e(t, X) = Qu.c(x — ct) exp <l <wt + E(x —ct) — 20 +2 /700 (/)w,c(n) d’])) s
(1.2)

2
where @ > % and

(0 + Ddw — c?)
NI (cosh(a«/4w —c2y) — 2\6/5) .

02 (y) = (1.3)
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The profile ¢, . is a positive solution of

2

— 0} 00 + (w — %) Po.c + %|‘Pw,6|2a‘/)w,c - %I%,cl“”%,c =0. (1.4)
Define
Po,c(¥) = Po,c(p)e %<, (15)
where
. e
O, c(¥) = 2 T %12 /_OO Py () dn. (1.6)
Clearly, we have
Yo.o(t,x) = e dy, o (x — ct). 1.7
and ¢, . solves
= 0 ¢0.c + OPo.c +ichybuc — i|Po.cl dypuc =0, yeR. (1.8)

Let K € N, K > 2. Foreach 1 < j < K, let (wj, cj,0;) € R3 be parameters such that
2

wj > %.Deﬁne, foreach j =1,..., K

Rj(t,x) = ¢ Yoy, X)

and define the multi-soliton profile by

R=YR;. (1.9)

K
j=1

For convenience, define h; = | /4w; — c?, for each j = 1, ..., K. Our main result is the
following.

Theorem 1.1 Leto > %, K eN, K >2andforeachl < j < K, (8, wj, cj) be asequence
of parameters such that0; € R, cj # cx, for j # k. The multi-soliton profile R is given as in
(1.9). There exists a certain positive constant Cy such that if the parameters (wj, cj) satisfy

2(6—1
Co (1 IRIZZLR) (14 IR 1) (1 + N0 Rllr + IRIFE))
< v, =inf hile; — cil, 1.10
= Uk Tk J|Cj Ckl ( )
then there exists a solution u of (1.1) such that
lu—Rlg < Ce™, V=T,

for positive constants C, Ty depending only on the parameters wy, ..., wg,c1, ..., Cx and
1
A= T6U*.

Remark 1.2 The condition o > % is used to prove the existence of solution n of (2.14) by
using contraction mapping theorem.

The condition (1.10) is an implicit condition on the parameters. Below, we show that for
large, negative and enough separated velocities, the condition (1.10) holds.

@ Springer



Journal of Dynamics and Differential Equations

Remark 1.3 We prove that there exist parameters (w;, c¢;, 6;) for I < j < K such at the
condition (1.10) is satisfied for any prescribed %; and ratio ¢y : ¢z : - - - : cg between
negative ¢;. Let M > 0, h; > 0,d; < 0,foreach 1 < j < K. We chose (cj,w;) =

(M dj, %(h? + M 2d?)>. We verify that this choice satisfies the condition (1.10) for M large
enough. Indeed, we see thatc; < 0 and 1; < [c| for M large enough. We have

2
hj
2 /a7 (cosh(oh;y) — 555

1
) ( h o\ —sinh(ch, y)
xPwij,c; ~ 2\/7 L
J . _ Cj 20
(cosh(@h;») — 5%-)

~

Pojc; ™

Using | sinh(x)| < |cosh(x)]| for all x € R we have

h2 20 l
[0xPw;c;| < ! ) < [9w;.c;l-
" 2@ (cosh(ohjy) — 5= % "

2\/0)7]_)26
Thus,
h2
IRl = gyl S Y75 <1
Cj
195 Rjll ooz = 1195 c; Il
¢j 20+1
5 ||8x‘pwj,cj-||L°° + H?(owj,c_,- - 2% +2(pa}j,6j 1o
S @w;c;llne + el @) c; e
| h% | h2
S 20 7] + |CJ| 20 7]
lejl ;i
Hence,
2
20
IR oo S Z
[ Rll oo S Z ,/ +| ¢jl ,/
Furthermore,

2 2 2 2 2
”Rj”LooHl = “Rj”LooLZ + ||3ij||LooL2 = ||§0w_,~,c_,-||L2 + ||3x(/’w_,-,c_,-||Lz

2 1
h2. a hz. 4 hi
S oy 122 S | 52 <L) ne 72,
3o€5 2 Ja; L \2ve;

h2 7 1 1
~<nent=pr !,
2/7 hj Ji J

1

cosh(ohjy)%
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where we use h; < 2, /w;. Thus,
1
2 }: 71
J

The condition (1.10) satisfies if the following estimate holds:

2 2
%71 20 h] 20, h] .
Cil |1+ Ej h 1+ Ej ‘,|07j|+|c'i| WH fjlr;éihﬂcj = Ckl.

(1.11)

We see that the left hand side of (1.11) is order Ml_ﬁ and the right hand side of (1.11) is
order M. Hence, the condition (1.10) satisfies if we choose M large enough.

Remark 1.4 The exponent o = 2 is the borderline for the existence of stable solitons. Since
the example given in Remark 1.3 chooses all ¢; negative, by the work of Liu-Simpson-Sulem
[12], solitons are stable for o < 2 and unstable for o > 2. This shows that in Theorem 1.1,
we can construct multi-solitons from stable solitons or unstable solitons.

Our strategy of the proof of Theorem 1.1 is as follows. First, we define ¢, ¥ based on
u in such a way that ¢ and v satisfy a system of nonlinear Schrodinger equations without
derivatives (see (2.3)). Let R be a multi-soliton profile which satisfies the assumptions of
Theorem 1.1. Then R solves (1.1) up to a small perturbation. Let (4, k) be defined in a similar
way as (¢, ¥) but replace u by R. We see that (4, k) solves (2.3) up to small perturbations.
Setting = ¢ —h and W = ¥ —k, we see that if u solves (1.1) then (@, ) solves a system and
arelation between ¢ and 1/~/ holds and vice versa. By using the Banach fixed point theorem, we
prove that there exists a solution (¢, V) of this system which decays exponentially in time on
H'(R) for ¢ large. Combining with the assumption (1.10), we can prove a relation between
@ and V7. Thus, we easily obtain the solution « of (1.1) satisfying the desired property.

This paper is organized as follows. In Sect. 2, we prove the existence of multi-solitons for
the Eq. (1.1). In Sect. 3, we prove some technical results which are used in the proof of the
main result Theorem 1.1. More precisely, we prove the exponential decay of perturbations
in the equations of /2, k (Lemma 3.1) and the existence of decaying solutions for the system
of equations of ¢, 1]/ (Lemma 3.8).

Before proving the main result, we introduce some notation used in this paper.

Notation (1) We denote the Schrodinger operator as follows
L=id +0°.
(2) Given a timet € R, the Strichartz space S([t, 00)) is defined via the norm

”u”S([[’OO)) = Sup ||M”L;]L’ ([t,00)xR)"
(q.r) admissible XL

We denote the dual space by N[t,00) = S([t, 00))*. Hence for any (q, r) admissible
pair we have
llull v, 00 < ”u”L;”L;’([z,oo)xR)'

(3) Fora,b € R?, we denote |(a, b)| = |a| + |b|.
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(4) Leta,b > 0. We denote a < b if a is smaller than b up to multiplication by a positive
constant and denote a <. b if a is smaller than b up to multiplication by a positive
constant depending on c. Moreover, we denote a =~ b if a equals to b up to multiplication
by a positive constant.

2 Proof of the Main Result

In this section we give the proof of Theorem 1.1. We use the Banach fixed point theorem and
Strichartz estimates. We divide our proof in three steps. Step 1. Preliminary analysis. Let
ue C, H' (R)) be a H'(R) solution of (1.1) on /. Consider the following transform:

@(t, x) = exp(i Au(t, x), 2.1
¥ = exp A = e — Slole, 2.2)

where

1 * 20
A = 5 lu(t, y)|=° dy.
—00

As in [6, section 4], using |u| = |¢| and Zm(ud,u) = Zm(pr), we have

X
WA = —oZm(|u)*© Vudu) + oIm U

—0oQ0

1
ax(|u|2<“*“ﬁ)axudy] i
Thus, using |u| = |¢| and Zm(ud,u) = Im(pyr), we have

X
_ o _ o 1
WA =—0lpP VIn@y) + o / 3y (||~ Im(@du) dx — Z"’)'%

—00

X
- — o— — 1 o
= =0l VIn@y) + o / 0l In@y) dx — Lol

—00
Since u solves (1.1), we have
Lo = L(exp(iA))u +exp(iA)Lu + 20, (exp(iA))dyu
= L(exp(iA)u + exp(iA)(Lu + i|u|*° u)
= L(exp(iA))u
= (i3 + 07) (exp(i A))u,

_ [— exp(i A)d, A + ax(exp(iA)%luF”):I u
—1 i
— —po A+ [exp(iA)TWU - exp(iA)axuuP")} ’

1 i
=g A+ [—lel“" + 5ax(|¢|2“)}

= olp|* VoTn(gy) —og / 3 (o>~ N Im(gyr) dx

—0o0
1 1 . - _
+ 410l = Jelel" +iole* T e Re@0rg)
= oloP 7 Dp@n@Y) + iRe@drg)
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—op / 191272 (0 — D (lp|)Im(@y) dx

= olpl* Vo@n(@y) + iRe@V))

— oo — 1) f 102D 2Ry ) In (@) dx

X
=iolpl? D’y — o (0 — Dy / o122 Im(y %) dy.
o0

As in [6, section 4], we have
Ly = L(exp(iA)odycu)

= exp(iA) [—%8x(|u|2")8xu + o uP D In(@o u) o u

X
—0/ Zm(ax(|u|2(”_1)ﬁ)8xu)dyaxui|

—00

= —%axuwz”w + o lePC D Im@y)y — of 3 ()N Im(@du) dyy

= 306 + Py TnG) ~av [ P @) ay
=0l VY (Tn@y) — iRe@dp))

oy [ ;(" — DIV 2ReGI Tn @) dy
= o lpl? VY Tn@y) — iRe(g))

—o(0 -y f o[22 2Re(@Y) Im(@Y) Im (@) dy
=—iolp/*° Vy?’g—o(c — Dy /X |2 Im(y*@%) dy.

Thus, if u solves (1.1) then (¢, V) solves

Lo =io|p?C D2y —o(o — Do [~ 10?2 In(y>3%) dy,
. 2 1 2— oox 2 2 2—=2 (2'3)
Ly = —io|pP° VY25 — o (o — DY [* 10| D Im(y27%) dy.
For convenience, we define
X
Plp, ¥) = iolpl? Ve?Y — (o — Dy / o2~ Im(y*@?), (2.4)
—00

O(p, ) = —iclp?" VY25 —o(c — Dy / 2D Im(y?@?).  (2.5)

Let R be the multi-soliton profile satisfying the assumption of Theorem 1.1. Define £, k by

h(t, x) = exp (% /x [R(t, x)|*° dy> R(1, x),

i
k= 0.h— 5|h|2<’h.
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Since R; solves (1.1) foreach 1 < j < K, we have
LR+i|R* Ry = — Y i|R;|* Rjy +i|RI*° R,. (2.6)
J

By Lemma 3.1 for > Ty large enough we have

=Y iR Rj +i|RPR.| <e M. 2.7)
J H2
Thus, we rewrite (2.6) as follows:
LR+ iR R, =e M, (2.8)
where
Q=€ (=) ilRjI* Ry + iR Ry). (2.9)
j

By an elementary calculation, we have

Lh=io|h?° D’k —o(c — Dh [* 2O Tm(k2R) dy + e M m(t, x),
Lk = —io|h2C DT — o (0 — Dk [* 12O DTn(2R) dy + e n(t, x).
(2.10)

where

: X X
m = exp (’5 / |R|> dy> Q- ah/ R[>~ DIm(RQ) dy, (2.11)
o0 —0Q

: X X
n = exp (i/ |R|> dy) e**’(axsz—aaxR/ IRI*DIm(RQ) dy).  (2.12)

2/ —00

Since €2 is uniformly bounded in tim~e in H 2(]R), we see thz}t m, n are uniformly bounded in
time in H'(R). Let $ = ¢ — h and ¥ = y — k. Then (@, V) solves:

{L(ﬁ = Plp,¥) = P(h,k) — e Mm(1, %), (2.13)

Ly = Q(p, ) — Q(h, k) — e Mn(t, x).

Setn = (@.9)., W = (h.k) and f(p.¥) = (P(p.¥). Q(p.¥)) and —H = ™" (m,n).
We will find in Step 2 a solutions of (2.13) in Duhamel form:

n(t)zi/ S =W +n) — fF(W) + H](s)ds, (2.14)
t

where S(¢) denote the Schrodinger group. Moreover, since ¥ = 0,9 — %l(p|2"<p, we will
prove in Step 3

V= 0e — ’5(|¢+h|2“<¢>+h)— Ih1% h). 2.15)

Step 2 Existence of a solution of the system From Lemma 3.8, there exists 7, > 1 such
that for Ty > T, there exists a unique solution 1 of (2.13) defined on [T}, 0o) such that

Inllx := sup (e Inllsqr,000xS(it,00) + € 185 s(1t,00)x Sr00n) < 1. (2.16)
t>To
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Thus, for all ¥ > Ty, we have

101 + 1 g1 S e (2.17)

Step 3 Existence of a multi-soliton train We first prove that the solution n = (¢, V) of
(2.13) satisfies the relation (2.15). Set¢p = @ +h, v = + kand v = 9,¢ — f|<p|2“(p and

v = v — k. Since (@, 1/~/) solves (2.13) and (A, k) solves (2.10), we have (¢, ) solves (2.3).
Furthermore,

i
Lv=0d,Ly— 5L(|<p|2"go>. (2.18)

Moreover,

L(1¢|* ¢)
= (i0 + 09" T'T%) = i3, (0" 1T + 7 (0" ' R7)
=i(o + DIpl ¢ +iolel** Ve85
+0:((0 + D> drp + o107 V%3, 9)
=i(o + DIp| g +iolel*" Ve?g + (o + 1) [370lel* + depdx(101*))]
+ 0 [02910 P06 + (0 + DIl P g + (@ = DIgP V6% 0,9)]
= (0 + DIpl* (¢ + 979) + olpl* " Ve (i9,9 + 979) + (o + D)dcpdy (Ip[*)
+o (0 + DIl lo" Vo + o0 — 13907V’
= (0 + DIg* Lo + ool Vp?(—Lp + 2019) + (0 + Ddxpdy (|0*)
+ (0 + DIdeplPlelP Vo + o0 — 1)(3:9) 2.

Combining with (2.18) and using (2.3), we have
Lv=0d,Lp— %L(|go|2“<p)
=d,Lp — % [(o + DIgl* Lo + o lp*" Ve?(~Ly + 2079)
+(o + D3@d(I9*7) + 0 (0 + DIdxpl 1 Vo + o (0 — 1D(@3:9)° |9 *]

= 0 (P(p, ¥) — P(p,v)) + 0: P(g,v) — L(G + Dlgl* (P(g, ¥) — P(p, v)

~ 2@+ DI P, v) + Lol (Bl 1)~ Pl )
+ 20100 P ) — iolpPOVgilp

— 2 [0+ Dagatipl) + 00 + Dl Pipl g

o0 = D@D e 2¢?)

= 0 (P(p,¥) = P, v)) — %(0 + DIl (P(p, ¥) — P(p, v))

+ 30107V (Plg.9) = P(p.v) + Glp. ).
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where G (¢, v) contains the remaining ingredients and G (¢, v) only depends on ¢ and v:
G(g.v)
= 3 P(p.v) — 30 + Dipl Plo, ) + 5010 Plp,0)
—iolg V%0l — ’5 (@ + D010l + 0 (@ + Dideg oDy
+0(0 = D@:P o7’ (2.19)

As the calculations of L1 in the step 1, noting that the role of v is similar to the role of ¥ in
the process of calculation, we have G (¢, v) = Q(¢, v) (see Lemma 3.7 for a detailed proof).
Hence,

Ly —Lv = Q(p,¥) — Q(p,v) = (P, ¥) = P(g,v))

+ 15(" + DIp* (P(g, ¥) — P(p, v))

— §o|¢|2<“*%2(P<<p, ¥) — P(p, v)).
Thus,
Ly — Lo =Ly — Lv
= Q@ ¥ +k) — Qp, 5 +k) — 0. (P(p, ¥ +k) — P(p, b +k)

+ ’5(0 + Dol (P(@, ¥ + k) — P(g, T +K))

— 30le PV (P g, +1) — Py, 5+ k). (2.20)

Multiplying both side of (2.20) by ¥ — 7, taking imaginary part and integrating over space
with integration by parts we obtain

%a,nlﬁ — 97,

=Im/R(Q(<p,1/7+k)— Q. T+ k) — D) dx 2.21)
—Im/Rax(P(<p,&+k)—P(<p,ﬁ+k))($—5)dx (2.22)
+(o+ I)Im/R %|¢|20(P(¢, W+ k) — P(o, b+ k)W — 0)dx (2.23)
—oInm fR ;w*mpz(m-m@-m. (2.24)

We denote by A, B, C, D the terms (2.21), (2.22), (2.23) and (2.24) respectively. First, we
try to estimate A, B, C, D in term of R. We have

Al < ‘/R(Q(w F4K) — 0.5+ k)F — ) dx

S ‘ f o2 VG + 02 = @ + kD) — 1) dx
R
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‘ / [ v +k) / o2 D Im((f + k)*@%) dy

—(@ 4 k) / 912D Tm((D + k)*@?) dy} ( — 1) dx

< ‘ / o2 VG + 02— @ + D) — 1) dx
R

+ ‘ f [(& _ %) / PO D Tn((J + k>2¢2>dy} G - % dx
R —00

+’ / [(ﬁ+k) / |w|2<“*2>1m(¢2(<&+k)2—(ﬁ+k>2))dy} By dx
S =013 el % I + 0 + 2k o

/ 02D Tn((F + k1’7 dy

+ v =112,

L

+ 19 — Bll 210 + kll 2

/ 02D Im@ (F + k) — (5 + k)?)) dy

Ly
S = I M@l 7% I + 8+ 2kl + 19 = 172 10° V@ + 5%l
H 10 = Bl 210+ k2 10V + 0> = B+ 0PI
S = 332 llel 7% I + B+ 2kl + 19 — 1132 119* D G + 6%l
10 = D150 + Kl 2102V + 5+ 262
S = l7.K), (2.25)
where,
= llol7% Y + 7 + 2kl + 19* D@ + b2l
15+ k2 9* D@ + 5+ 20l 2.
Furthermore,

1B| S fRaxuwF“’ D2 — D)W — D) dx

+ f Ay <¢ / ) |¢|2<“—2>Im(¢2(<1/7+k>2—(a+k>2>>dy) ( — D) dx
R —

< fax(|<p|2<” Do) (i — 1) dx| +
R

‘|¢|2<" Do 2] 5 ((F — D)) dx

4 / 00 / 0P DT @ (G — 5 + 5+ 26) dy(§ — ) dx
R —00

(2.26)

+ / ololP D In(@(F — D)W + 5+ 26))( — D) dx|.
R

By using integration by parts for the second term of (2.26) and using Holder inequality we
have

1Bl S 1 = 172 10x (01> DDl + 19 — 11721105 (101> Dp?) | oo

X
+ ||ax<p||Lz||/ 1012 D In@? (F — )W + 5+ 20) dyllzee |9 — ll 2
—0oQ
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1 = 31721977 O + 5+ 26| Lo
S = D172 10x (e Do)l oo + 19 — 1175 10x (917 V)l Lo
+ 100l 219 = 0l 219%™V @ = D@ + T+ 2011 (2.27)
19 = 01720927 G + 5+ 26) | oo
S = 512200 (P VD) oo + 19 — 31172 110x (1012 D p?) | oo
10wl 219 — 3132192V @ + 5+ 26l 2 + 1% — 5112, 19771 + 5 + 26) [ 2o

=y — ilI7. K2, (2.28)
where
Ky = 13(@l*“ Do) e + 13:0ll 2192 V(@
+5 + 20112 + l9® T @ + B+ 26) [ e
Using (2.4), we have

|C|s‘/R|<p|2"|w|2<" D2 — B dx

+ ’ /R lo*7 ¢ f o2 D In(@ (& + k)% — (5 + k) dy( — D) dx
S = D12 1% e
+ 19 = Bl 2 le* 2 / lp? D Im(@* (F — D) + T + 2k) dyl 1

S = 017200 Iz + 119 — Bl 219 Tl 210D (W = D)W + 5+ 26) | 1
S = 013200 e + 19 — 0117219 Tl 2 10* D (W + 5 + 26) || .2
= Iy — |7, K3, (2.29)

K3 = 19" Iz + 102 T 2010V + 5 + 20 2.

Now, we give an estimate for D. We have
ID| < ’/ 1012 D2lp PO VG (G — 5)( — D) dx

‘ / o2 D2y / 0P DIn@(F + 6 — (5 + 02 dy(F — ) dx
S = 0l172 0™ e
+ 19 = Bl 2 9 2l / 0P D In@(F + k) — (@ +5)?) dyll L

S = 017200 Nz + 119 — Bl 210 T 21197 D (@ = D)@ + T+ 26) |11
S = B2 00* oo + 19 — 3172 19° T 2 119*C D@ + 5 4 26) [ 2
= [l — Bl17.K3. (2.30)
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Combining (2.25), (2.27), (2.29) and (2.30), we have
Ul — Bl172| S I — l172(K1 + Kz + K3).
Using the Gronwall inequality, we have for any t < N < oo,

5 5 N
1% (6) = 51172 < W (N) — 5(N)[|7, exp (/ (K1 + K>+ Ks)ds>
12

N
< e PNexp (/ (K1 + K> + K3) ds) ) (2.31)
t
The second inequality is by (2.17). Now, we try to estimate K; + K> + K3 in term of R.

When we have this kind of estimate, we will use the assumption (1.10) to obtain that I/NI = .
We have

N
/ (K1 + K2+ K3)ds
¢

= /thgoni%;‘n& + 0+ 2kl + 19>V + k) 1
+ 10+ Kl 2192V + 5+ 2K6) || 12 ds (2.32)
+ / N||ax<|¢|2<“*“¢2>||m + 10x@ll 2197V @ + 5+ 26) 2
F 102 W + 5 + 2K) || L ds (2.33)
+ / Nngo““nmo + 102 219>V @ + D+ 26) || 12 ds. (2.34)

Using (2.16) and (2.17), we have

lellzee < lI@llizee + 1kl S 1+ Al (2.35)
lellz2 < l@lipz + Al S 14 Nl (2.36)
Wi~ <1 (2.37)

Wedenote by Z;, Z,, Z3 theterms (2.32), (2.33) and (2.34) respectively. Using (2.35), (2.36),
(2.37), (2.16) and (2.17), for N > t, we have

2(0-2) .7, ~
1210 S U930y 1o IPITL L2 + B + 2Kl sy

2o—1) 7
+ (N = DIl Wl o2 + 1Kl oo 2)?

~ 2(c—1 ~ ~
aa R B U et [ (e PRI L PRV

S (N =03 @l2% e (1 + Kl oo e (N = £)4)

+ (N = DA+ RIS DA + 1k« ,2)

+ (N = 03 (14 [kl oo p2) (1 + 1Al o 2)(1+ IR (1 4+ (N = 03 [kl o)
SN = Dkl eeroe (14 [171%%5) + (N — 01+ [A17% 20 + k12 )

+ (N = DIkl oo oo (14 1Kl oo 12) (1 A+ 1A Lo 12) (1 + [1A]17%20)

= (N —t)Wi(h, k).
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Similarly, for N > ¢, we have
1Z2] S 185090 M p1gnyroe + (N = D18c@ll oogrny 2 10179 10 + D+ Kl ooy 2
+ (N = D3 1012% e 1 + Bll e + 1Kl g w200
SN = D (3x@ll 2wy e + 10xh oy 1) 011257
+ (N =01+ 71720+ 1Kl o 2)
+ (N = D31+ 13550 (1 + (N = D F [kl o)
SN = D)llaxhl oo (14 [A12% %) + (N = (A + 111592 (1 + 1kl oo 2)
+ (N = D)llklleoro (1 + [1717%,%)
= (N —t)Wa(h, k),
and
1Z31 S (N = )(UI@ll oo + Al gooL)*
+ (N = D1l oo 12 19013% Lo 9172 72 (1 + Tll oo 2 + Ikl Lo 12)
SN =1+ 11]1% o) + (N = (L + ] oo 2) (1 + [1R117% ) (1 + 1Kl oo 2)
= (N —t)W3(h, k).

Hence, from (2.31), we have

N
19 (1) — 51172 < e N exp ( / (K + Ky + Ka)dS>
t

< e PN exp((N — 1) (Wi (h, k) + Wa(h, k) + W3(h, k) (2.38)
The above estimate is not enough explicit. As said above, we would like to estimate the right
hand side of (2.38) in terms of R. Noting that |#| = |R| and |k| = |9, R|, we have
Wi (h, k) = |85 Rl| oo oo (1 + [ RI2% %) + (14 [RIFS 2D + 185 RIP oo 2)
+ 10 Rll oo oo (1 + 195 Rl por2) (1 + [ Rll oo p2) (1 + [ RIFS 20
S A+ IRIFS ) [19x Rl oo r (1 + [ Rl zozo) + (1 + [|0x Rl oo 12)
H10x Rl oo poe (1 + [10x Rl oo 2) (1 + IRl oo 2)]
S U+ RIFE %
< (N85 Rll oo (1 + 1Rl oo 1) + (L4 [1RIF oo 1) + 10 Rl| oo oo (1 + 1R oo 1]
S A+ IRIFLDA + IRIZ w ) + 18RIl oo ).
Similarly, by noting that [3.%| < |k| + |2|2°t!, we have
Wa(h, k) S Ikl zoeroe + 171255 (1 + 1A17972) (1 + 1Al Lz
+ (14 [P DY+ 1k oo 2) + N1kl oo o (1 + [BI79700 + 1]l Lo ro)
S+ 1R1PC D) x
x [(||k||L°°Lv° RIS A+ ] o)
+(1+ [kl goo2) + Ikl oo oo (1 4 [[Rll oo ro0) ]
S+ 1RIPCD) x
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X [ WAl e o) K oo+ RIS + (4 K e )]
= (1 + |RI7% )%
X [ (1 IR ) (103 Rl oeroe + IRIFE ) + (1 10 Rll e 2)
S A+ IRIZL DA+ IRl o) (4 18 Rl Lo + [ RIS )
SAHIRITELD A+ IRIZ )L+ 3Rl Loz + [RITR ),
and
W3h,k) = (1 + [ Rl % ) + (14 [ Rl oo 2) (14 [ RIS ) (14 (135 Rll o)
S+ IRIFR ) [+ IR o po0) + (1 + IRl oo p2) (1 + [0x Rl 1o 2) ]
S A+ IRIFE )+ IRIZ )
Combining the above estimates, we have
Wi (h, k) + Wa(h, k) + Ws(h, k)
S A+ IRIZZDA + IR ) (14 10 Rllwr + IRIFE )
+ (L + RIS ) (L + IR e 1)
S A+ IRIFZ DA + IR ) (14 10 Rlor + RIS )
+ (L IRIZZD A+ IRIF% o) (1 + IR 1)
s(14—an?ﬁz£)m-+aninl)(1+wwaanLm-%nRu%§2m).
Thus, there exists a positive constant C such that
Wi(h, k) + Wa(h, k) + W3 (h, k)
= Co (L +IRIFE DA+ IR ) (14 1Rl er + IRBEE ) )

Note that the constant C in the right side is independent of parameters w;, ¢;. Let Cy = 16Cy.
Using the assumption (1.10), we have

Wih k) + Walh, k) + Wa(h, &) < T2 = 2
for ¢ large enough. Thus, by (2.38), we have
19 (1) = 50|37, < e 2NTN=D2
for ¢ large enough. Letting N — oo in the above estimate, we obtain
1% (t) — 5ll7, =0,
for all ¢ large enough. This implies that
¥ =0 Lol k. 239

which is equivalent to (2.15) and then
i
¥ == 5lel". (240)
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Moreover, since (&, @) solves (2.13) we have (v, ¢) solves (2.3). Combining with (2.40), if

we set
i * 20
u = exp —5 lp|=®dy ) ¢ (2.41)
—0Q

then u solves (1.1) by Lemma 3.6. Furthermore, by Lemma 3.6, we have

i i
exp <—5|¢|2“ dy) ¢ —exp (§|h|2” dy) h
H

S Clolg Wllg)lle = Al S 1@l S e,

llu =Rl =

Thus for ¢ large enough, we have
u—R|y <Ce™, 2.42
I |l M ( )

for A = %61)* and C = C(wq,...,wk, 1, ...,Cck). This completes the proof of Theorem
1.1.

3 Some Technical Lemmas
3.1 Properties of Solitons

In this section, we give the proof of (2.7). We have the following result.

Lemma3.1 Let A = %61)*, where vy is defined by (1.10). There exist C > 0 and such that
fort > 0 large enough, the estimate (2.7) uniformly holds in time.

Proof First, we need some estimates on the profile. We have

|Rj(tyx)| = |Ww_,-,cj-(t»x)| = |¢wj,cj-(x - Cjt)| = |‘pa)j,c]-(x - Cjt)|
1

2 20
4o; — ¢

2@ (cosh(@h(x = ¢;0) = 5%=)

&

|
§-

2
oy c;

2/ (cosh(@h(x = ¢;0) = 3= cosh(ah; (x = ¢;1)))

A

doj = << 2J@; + Ie;| )
(2 /@j — |cj|) cosh(ohj(x — cjt)) ~ \cosh(oh;(x —cjt))

hf
T\xfcjf\’

A

< _
~wj,lejl ¢

Furthermore,

2\ 2 .
Doy ) ~ (1) —sinh(@h;y)
i 2, /@) ¢ \1+3
(cosh(ohjy)—\/@)
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Thus,
hZ %
i ’ | sinh(oh;y)|
10xPay.c; DI S | 52 A
2/@j L= L\ hoh )
~ Je; cosh(ohjy) "2
1 _hy
Sojle)l = Sople € 27,
cosh(ohjy)z

Using the above estimates, we have
|aij(t7x)| = |ax1pwj,cj-(t’x)| = |ax¢w_,-,c_,-(x _le)|
= |ax§0wj,c]-(x - Cjt) +i‘ﬂwj,cj-(x - Cjt)axewj,cj-(x - Cjt)l
S |8x(pw_,,c‘_,~(x - Cjt)| + |(/7wj,c_,-(x - Cjt)||8x9w_,~,6/(x - C]t)|
—h:
e
Swj,k'j\ |ax‘ij,Cj(x _C]t)|+e 2 \)C Cjt‘
7ﬂ|x7c-t|
Sowjle;l € 29
By similar arguments, we have

e,
02R (1, )] + (02 R (1, )| Snppey €7 90,

~!

For convenience, we set

x = —ilRI* ;R +i%;|R;|* 0 R},
f(R,R,3:R) = i|RI*d,R,

g(R, R, 3R, 0, R,3’R) = id,(|R|** 0, R),
r(R,0:R,...,02R,0,R, 0°R) = id>(|R|*° 3, R).

Fix t > 0, for each x € R, choose m = m(x) € {1, 2, ..., K} so that
[x — ¢pt| = min |x — c;t].
j

For j # m we have

1 1 t
e —ejtl = S (x = ¢jtl + I = et]) = Slejt = cntl = S lej = el
Thus, we have

[(R = Ru)(t, )| + [0, (R = Ry} (2, )| + 107 (R — Rp)(t, )| + |07 (R = Ry)(2, x)|
< D AR 0]+ 10, R (1, )| + [97 R (1, )| + 197 Rj (£, x)1)

j#Em
—h;
e
IO G o [ PN \cKl‘sm(f,x) = Ze T et
j#Em
Recall that

Uy = inf hj|Cj — Ck|.
J#k
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We have
[(R = Ru)(t, X)| + [85 (R — Ri)(t, X)| + [32(R — Rp)(t, )| + |33 (R — Ryp)(t, x)|
< 8m(t, x)

s e
We see that f, g, r are polynomials in R, 3, R, 3R, 3R, 3, R and 32R. Denote

A= sup (df1+1dgl + ldr|).
[t 4+1D 1| 1820 |+183u1 <3 [ R 1| ya

We have

x|+ 185 x| + 183 x|
<If(R.R.R) — fr 3% &, | +8(R.R.0R..) = g(R. Rin. 95 R, .|
+ (R, 3R, ..., 02R, R,..) = r(Run, x Run, . . ., 8> Rin, R, ..)]
+ Sim (F(R;, R}, 0:R;) + g(Rj, 9:R;, >R;, R;, 0. R}) +7r(Rj,..., 0 R;, R}, ..., 0°R}))
S AUR = Ryl + 10 (R = Ry)| + |07 (R — Ry)| + 107 (R — Ry)])
+ ASjm(IRj| + 10, Rj| + [02R;| + |02 R;])
S2A% 2 (IR | + |8 R;| + 192R; | + 82R; )
< 248, (1, x).

In particular,

1
”X”WZOO Se_zu*t. (31)
Moreover,

Ixllwar S S;ANR; PRl 1 + 18x IR 1% 8x R 1 + 182 R; 1% 0 R)II 1)

S TR 20 + 1) + IR 125 + 1R 1125 < oo

Thus, using Holder inequality we obtain

1

X1 2 Seorok etk € 87
It follows that if ¢ > max{wy, ..., wk, |c1], ..., |ck|} is large enough then
Xl < e T80 = ™,
This implies the desired result. O
3.2 Some Useful Estimates
Lemma3.2 Fixa, B € Rwitha + B > 0. We have
[+ 2@ + 2P —w | < 2P + |zl Jw|* P (3.2)

Proof We may assume that w # 0. We may assume w = 1 be replacing z by <. Let

F@) =1 +12)%(1 +2)P.
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It suffices to show
IF (D) = £ < 121" + Iz). (3.3)

When |z| > 5, wehave|f(1)— f(0)| < |z|**#. When |z| < §,wehave f(1)— f(0) = f'(t)
for some ¢ € (0, 1) by mean value theorem, but supy_,; | /' (©)| < |z|. This shows (3.3) and
hence (3.2). ]

As a consequence of (3.2), we have the following result.
Lemma3.3 Fixa > 0. We have
[lw + 21 = [w|*] < J2* + lzllw]*~". (3.4)
Proof Using (3.2) for « = 8, we obtain (3.4). O
Lemma3.4 Let wi, w2, n1,n2 € Cando > % Define
J @1, m2) = |wi 4 01 P72 In((wa + m2)* @1 +71)).
Then
(1. m2) = J O, 0] S Il >~ + WP,
where [n| = ||+ [n2| and [W| = |wi| + [wa].
Proof We have
(1, m2) — J(©O,0)] =[S, m2) = J (1, 0)| + [/ (1, 0) — J(0, 0)[.
Moreover,
[Ty m2) = T, O S Tw +m 277V (wa + m2)* — w3
< lwi 4 mi PVl (n2] + |wa))
S (Wl D> |
S WP P hinl.

Thus, it suffices to check the other term. Rewrite

1 _ o .
IO, 0) = w4+ m P77 [wi@ +7)? - W31 +m)?]

w% o—2/— — \O w% o — — \yo—2
= Ti(wl + ) “(wr +177)° — Ti(wl + 1) (w1 +7171)° " .
By (3.2),
I (n1,0) — J (0,00 < [wa*(m 1% =2 + [ llwi]*72)
SIWEMIAW2 73 4 0127 73)
S nl(nP 4+ wFeh,

|20=2 is superlinear provided o > % and in the last

where in the second estimate, the term |7
estimate, we use the Cauchy inequality |W|2[n|2° =3 < W2~ + |5|>*~! provided o > %

This implies the desired result. O
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Lemma3.5 Let w,n € Cand o > 1. We have
19y (Jw + 72D +m? — w2 Dw?)| < aenl(w?e = + 2 h
+axwl (27 =2 + Jw[>72).

Proof We have

8, (Jw + 712D w + )2 — w2 Dw?))|

= |3 ((w+ @+ 7)) —wHwe )

Slo+ D@ew + e+ @+m " = (0 + Daywuww’ |

+ 1 = D+ @w+ @ +7°% = (0 — Dw’ o, ww® 2.

We only need to treat the first term. The second term is similar. Using o > % and (3.2), we
have

(0 + D(@xw + o)+’ @+7° " = (0 + Doww’w’ !
S laenllw + 0~ + 3wl |(w + )7 @ +7)° " — ww !

S el (w4 P77 + 3w (1?7~ + Il w2

= [Benl((w ™"+ 277 + 18wl (1272 + [w]* ).

O
Lemma 3.6 Let u be defined as in (2.41). Then u is a solution of (1.1) on (Tp, 00). Moreover,
el ooy 001 11 @y S NN Lo (T, 00 11 Yy + 1017200 o1y (3.5)

and
lull Lo (7,00, 1 (RY) S 1- (3.6

Proof Since ¥y = 0,¢ — %|<p|2”<p and (¢, ¥) solves (2.3), we have

Lo =P(p.y) = P (q), Do — ’5|¢|2“<p) . 3.7)

i
u = exp (7/ lp|>® dy) Q. (3.8)
—00

Using (3.7) and (3.8), we may prove that u is a solution of (1.1).
Since (3.8), foreach ¢ > 0,

We recall that

lu@lz2@wy = eI 22w
1
I (®liz2 < 190 Ol 2g) + S 1107 2y
S el @ + eI,

This implies (3.5).
Moreover, using (2.17), we have, for all > Ty,

Il w)
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< NeO gy + 1l oo, 11 (r))

—ATY 2041
S e HIRI Lo 11 (R)) T ||R||Li:?R’H1(R))

1.

N R

Combining with (3.5), we obtain (3.6). This completes the proof. ]

3.3 Proof G(@, v) = Q(@, V)

Let G (¢, v) be defined as in (2.19) and Q be defined as in (2.5). Then we have the following
result.

Lemma3.7 Letv = d,¢ — %|g0|2”<p. Then the following equality holds:
G(p,v) = Q(p, v).
Proof We have

X
P(p.v) = oo V0?0 — (0 — Dy / (0P In(u?5?) dy,
)
X
0(p.v) = —ic P 5 — (o — Dy / 102D Tn(v%5%) dy

G(p.v) = 8, P(p,v) — ’5@; + Dlg* P, v)

i .
+ 50107 Ve Plo, v) — ol V%0

i —
-3 [(a + Dac@dc(191%7) + 0 (o + D]orp* 0> Ve
+o(0 = D@ lpP ¢

The term contains f v o I(plz("’2)Im(v2¢2) dy in the expression of G (¢, v) is the following.

X
oo — i / 1020 DT (?7) dy

—0o0

i X
— 50+ Dlgl* (=)o (o — l)q)f o2~ Tim(v*@%) dy

—00

i x - .
+301PC V(1o — g / 102D Tm(?5?) dy
o0

X -~ . i i
=—0(0 — 1)/ lo* " D Im(v*@?) dy (axw -5+ Dip* ¢ + 50|¢|2"¢>
—00
x _ N i
=—o -1 / o~V In(v’5%) dy (axq) - §|¢|2"¢)
—0Q

X
=—0(0c — l)v/ o2 Tim(v*3%) dy,
—00

which equals to the term contains ffoo |¢|2(“_2)Im(v2¢2) dy in the expression of Q(g, v).
We only need to check the equality of the remaining terms. The remaining terms of G (¢, v)
is the following.

109197 Vg?0) — 0 (0 = DIgP D gTn(v7?)
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i . _ _
— 5+ Dlp*? (io]p* "~V e?D)

2(0— ]) 2 2(0— ]) —2 v) —

[ . _ _
+50l¢l (—io gl iolpl* " Ve*alp 3.9)
i _

— 5 [@+ Dog. e P) + o @ + Digell g
o0~ DD PV, (3.10)
Noting that 3y (|¢|?) = 2Re(vg) and v = 3¢ — 5|@|** ¢, we have
the term (3.9)

=i, (|ol* " ?0 +ic |l V208,00 +icle* " Ve?a, v
_ N o
— (0 — Dg|* ™2 p2Re(v@) Im(v@) + §a|¢|“" 2p%0
+ 02 |p|* 2pRe(pv) — io|p|*Ve?alp
=2io(0 — Dlpl* P Re(v@)p?v + 2ic |o[*Vd, v + io|p|* " Vp?d, (v — drp)

—20(0 — D¢ P gRe(vp) Im(vp) + %0|¢|4"_2cp25+ o |o|* ¢ Re(p?)
=20 (0 — D]p|*" P Re(v@)(i9v — Im(v)) + 2ic|p|** Ve, v
+iolp V%0, (2|w|2“*>+ 5010l Q%0 + 02 g7 2 pRe(eD)
= 2io (0 — D]e|*" P o(Re(v9))* + 2ic|p|** Vi pv
—%amz(“ Do? 20 |p* "V Re(v®) + |9|* 0:7)
+%a|qo|4“ 0%+ 0o o Re(gD)

=2io(0 — 1)|¢|2<"—2>¢<Re(v¢>>2 +2i0 |9 Ve,

402,25 402,25

—%Glfpl @ + lel
=2io (0 — DIpl“ P p(Re(vg))” + 2ia|p|*" " Vpd pv + %awr‘“—%z(v - 0.:9)
=2io (0 — DIgl“ P p(Revy))* + 2ic o[ Vpd.pv + §o|¢|6”<p.

Moreover, using Re(d,¢p) = Re(vp) we have

the term (3.10)

= _7’ 0@ + DIelIe P g + o (@ + Dip P 00 (0,50 + 0.99)
+0 (0~ DEP e V]

= _7’ 201062102 D¢ + 0 (0 = DIp P 20,50 (0247 + 0:7)
+20(@ + Dlp27 Vo, Re(v7) |

—1 _ _ o .
= 5 [20100P10 P V0 + 20 (0 — DIpl T2 0,5¢ Re(v7)
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+20(0 + DIeP Vo0 Re() |
= —i [o19pPlgP" Vg + o (0 - DIpPC?8,50 Re(v)
+0(@ + DlpT i, Re7) |

2(0—1)

= —i [a10¢ 16127V + 0 (0 = DIpT DR (0: ¢ + 0:67)

+201¢ PV 0,9 Re() |

—i[o100Plp D¢ + 20 (0 = DIp D (Re(vg)) ¢
= —2io (0 — D]e|* P o(Re(vp))*
— i |00 * 191" Ve — 2ic|p* Vo pRe(v).
Combining the above expressions we obtain

the remaining term of G (¢, v)

) _ _ . _ . _ _
= 2io|p|*@ “q)axgov+Zo|<p|6“<p—zo|axgo|2|¢|2<“ Do —2ic oD, gRe(vp)

: - _ _ i . B
= 2iclpl Va9 — Revp)) + o lple — io o lpl T Vg

20-1)y 197 20-1),

= —20]¢| —i0|0:0l’ o]

g

 pIm(pv) + Zolw
_ o i

= —o o[ V8,0 2Tm(pD) + i3, Pp) + Zo|<p|6“

= — 0|92 Dy, 0 2Tm(pd, g 2042 9.3) — 9.5 L 6o

= @l 0 (2Im(pox @) + |¢] + iRe(p0x @) — Im(p xw))+40|</>| 4]

- - i
= =0l Voo + iG0rg) + o lol™ e

2(c—1) 408

i
@+ —oel*

(3:0)* — olgl 1

= —io|g|

. 2 . .
l l l

—io|p|* Vg <v + 5|¢|2“<p> —olel* (v + §|<p|2"¢> + Z"""'Gg

= —iolpl* Vg

This is exactly the remaining terms of Q (¢, v). Thus, G(¢, v) = Q(p, v). ]

3.4 Existence of a Solution of the System

In this section, using similar arguments as in [9, 10], we prove the existence of a solution of
(2.13). For convenience, we recall the equation:

Tl(t)zi/ St —)fW+n) — f(W)+ H](s)ds, (3.1
t
where

W = (h, k),

H=e¢(m,n),
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f@.¥) = (Plp. V), Q. ¥)).

We have the following lemma.

Lemma3.8 Let H = H(t,x) : [0,00) x R — C%, W = W(t,x) : [0,00) x R — C? be
given vector functions which satisfy for some C; > 0, Co > 0, . > 0, Tp > 0:

IW (Ol Lo @yx Lo + e I1H Ol 2@yx 2y < C1. ¥t > To, (3.12)
OW O 2®)yxr2®) + 1OW (@Ol ®R)x Lo (R) + 3M||3H(t)||LZ(R)><L2(R) <C, Vt=Tp.
(3.13)

Consider Eq. (3.11). There exists a constant A, independent of Cy such that if A > A then
there exists a unique solution 1 of (3.11) on [Ty, 00) x R satisfying

Ml se, 00 xS(1t,00)) + € 1301 511,000 xS((t,00)) < 1, V1 > To.

Proof We rewrite (3.11) by n = ®n. We show that, for A large enough, ® is a contraction
map in the following ball

B ={n:Inlx = sup (" nllsr.00nxS(t.000 + € 18xmls(1t,000xS(r000) < 17 -
t>Ty

We will use condition A > 1 in the proof without specifying it.

Step 1. Proof ® maps B into B

Lett > To,n = (n1,m) € B, W = (w1, wp) and H = (hy, hy). By Strichartz estimates,
we have

1Pl s(tr,00)xSU1000) S NFW + 1) = FWIN(1,00) x N(11.00)) (3.14)
F IH N L1 22 (11,00)) x L1 L2 (11.00))- (3.15)
For (3.15), using (3.12), we have
IH L1 22 (11,000 x L1 L2 (11,00 = N1 LIL2(12,00)) F IB21 L1 22 (11,00)

o0 1 1
< / e Mdr < —e M < —eM, (3.16)
; Y 10

For (3.14), we have

[P(W+n) — P(W)|
= |P(wy + 01, w2 + n2) — P(wy, wa)]

b ‘le +m? Dwy +n0)%wa2 F 2 — lwi P Vwinmg (3.17)
X
+ ’(w1 +n1) / lwi + 01122 Im((wa + 12)* @01 + 7))
—00

—w; f lwi 2D Im(wiwr?)| . (3.18)
—00

Using the assumption o > % and the inequality (3.4), we have

the term (3.17)

S [llwr + PO = g PO Dl + oy Pz + ol

|t PO + )% = whiws + nal| + [lwr POV wi P
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S (mPeY + llw POV AW+ D’
+ w1 POV (wi I + 1P wa + 2l + (w17 2]
S (POD + W RPOTDTh W + )
+IWPCDAW Il + AW+ D) + (W (5]
Sl P2+ W) (P + WP + WPV AWE + ) + W (]
Sl 4+ WP + [l IWP + [P IWPPO ™D + (W2 ]
S Pt 4 mlw.

Moreover, using Lemma 3.4, we have

the term (3.18)

X
S |'I1|/ lwi 4 0122wy 4+ 22wy + m|* dy
—00
X
+|w1|/ J (s ) — J(0, 0)dy
<|n|f |W|2“+|n|2”dy+|WI/ AW P+ [ dy

|n|/ W% + |n|* dy+|W|/oo|n||W|2"*‘ + [ dy.
Thus, we obtain
|P(W +n) — P(W)|
<|n|2"+‘+|n||W|2"+|n|/ 2"+|n|2"dy+|W|f W= 4 22 dy.
Similarly,
QW + 1) — Q(W)

X X
< 2ot +|n|IW|2"+|n|/ |W|2"+|n|2"dy+|W|/ WP+ 1 dy.
S —00

Hence, using o > % we have:

I f W +n) — FWIINQr,00)) x N([2,00))
SIHPW +m) = PW)Li 2,00 + QW 4+ 1) — QW)IIL1 121,009

X
S 1P 22000y + 11 / WP+ 112 dyll 12000
—00
. 2 1 2
FIWL [ WP 1P d sz
-0

4
< Il oo 22 1,00 1 L4 Lo 17,00

X
+ Il L2 1,00y H/ W% + 0> dy
—00

LZLE([1,00))

X
F W mrzaoond | IIWES ™ 4+ 1P dylgzgsoon
—00
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S e Ml 2 qroop NNWET + P Moot
F W zeor2 1121 22 10,00 W™+ 10177 220 121,000
o0
Se M lmllp 2oy =€ + / e Mdt
t
1 1
< oM 4 e M < —e*)",
~ A 10
Combining with (3.16) and (3.14), (3.15) we obtain

1 _
P71l 5((1¢,00) x S((2,00)) < 3¢ M, (3.19)
We have

10x @1l s (11,000 x St.00)) S N0x (F (W + 1) — FWDINQr,000) x N([1.00)) (3.20)
F 10x H Il L1 12 (11.00)) x L1 L2 (11.00)) - (3.21)

For (3.21), using (3.13) we have

® [ SV Y
19x HllLy 12 (1r.con L1200y S | €77 dT= e < me™, (3.22)
t

For (3.20), we have

10, (f (W +n0) — FWDIINQr,00)xN([2,000) = 10x(P(W + 1) — P(W)IN(r,00))
+ 10 (QW + 1) — QW) In(r,00))-

Furthermore,
|3 (P(W + 1) — P(W))]
S ax(wi + m PPy + n)?@a + 7)) — lwi P Dwiwy)| (3.23)

+

X
By (wi + ) / w1+ 7 P Tn((ws + 022 @1+ 7)) dy
—o0
X
— 3, w) f |w1|2("—2>zm(w§w%)dy‘ (3.24)
—00

| ol +m PO Tn(wn + 1) @1+ 7))
—wijwy |2<“—2>Im(w§w%)’ . (3.25)
For (3.23), using Lemma 3.5 and (3.2) we have

the term (3.23)

S e (wr + 01 PP i +n1)? = [wi P Vwhw, |
+ Ml W + 18D (W~ + 21
+ (w1 + 2V wy + 1) = w07
+ el AW + )

S 1w+ P77 4 w1 (0 2072+ w272
+ Ml W + 18D (W~ + >
+ 1B wa (17 + [ lfwr 277

2 J—
wl)axw2|
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+ 13 ml (W2 + [5]*).
Thus,

1 _ |
Ithe term (3.23) 111 £2s000 S 111+ 10011220000 < €7 < 157
For (3.24), using the inequality (3.4), we have

|| the term (3.24) ”L%L%([I‘,OO))
X
S 181121 221,000 | f lwi + 27D Im((w + n2)* @1 + 7)) dylloor
—00
+ 10xwill Lo 2 %

X

/ J(n,m2) — J(0,0)dy

—00

LiLge
<1la 20-2)7, 20— | = \2
S 10mlliL1 22 r.00p Hwi + 1l m((w2 4+ 12)" (W1 +71) )l o1

+ 1171, m2) = JO,0) 2171

1

o0 1
5 ||8771||L}L§([t,oo)) + |||'7|||L}L§([z,oo)) < / e dr S Xe_)" < Ee_)‘t,
t

For (3.25), using the inequality (3.4), we have
lIthe term (3.25) 1l 21 12 (11,00))
< InlAWPe + Inlz”)llL;qut,oo)) + NWI (1, m2) = T, DN L1 221100
S NIAW P+ 102721 22 00y + IIWIAW P 12 1 12 000y
< |||77|||L1L§([t,00))

R [y L
< e "tdr < —e < —e M,
[ A 10

Combining the above estimates, we obtain

105 (P(W + 1) — P(W))lINGr,00))

= 1 (P(W +m) = PIWDIL112 (1,000 = 13*067)\[» (3.26)
Similarly,
[3x(QW 4+ 1) — Q(W))lIN(ir,000) = l%e’“, (3.27)
Combining the estimates (3.20), (3.21), (3.22), (3.26) and (3.27), we have
19x Pl 517, 00)) xS ([1,00)) < lloe_“ (3.28)

Combining (3.19) with (3.28), we obtain

9 _
1 P75 (17,000 x S([r.00)) T 10x Pl s (17, 00)) x S(I1,00)) < T0¢ M (3.29)
Thus, for X large enough

[Pnllx < 1.
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This implies that ® maps B into B.

Step 2. @ is a contraction map on B

By using (3.12), (3.13) and a similar estimate of (3.29), we can show that, for any n € B and
k € B we have

1
[Py — Pxllx < 5||’7-'¢||x~

for A large enough. From Banach fixed point theorem, there exists a unique solution in B of
(3.11) and thus a solution of (2.13). This completes the proof of Lemma 3.8. O
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