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Abstract

The classical and the new Euler-Jacobi formulae for simple and double points provide an
algebraic relation between the singular points of a polynomial vector field and their topolog-
ical indices. Using these formulae we obtain the geometrical configuration of the singular
points together with their topological indices for several classes of polynomial differential
systems in R” when these differential systems, having the maximum number of singular
points, either all their singular points are simple, or at most one singular point is double (i.e.
it has multiplicity two).

Keywords Euler-Jacobi formula - Singular points - Topological index - Polynomial
differential systems
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1 Introduction and Statement of the Main Results

Consider the polynomial differential system in R”
Xi=P(xy,....,xp), i=1,...,n n>2 [€))

where P;(xy, ..., x,) are real polynomials such that deg(P;) = 1 for i > 3, and either
deg(P;) = 1 and deg(P,) = m with m € N, or deg(P;) = 2 and deg(P,) = m with
m = 2,3,4,5. Moreover we assume that the n — 2 hyperplanes P; = 0 for i > 3 intersect in
a two dimensional plane X contained in R”. We assume that system (1) has either m singular
points, or m — 1 singular points one of these singular points is double if deg(P;) = 1, and
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if deg(Py) = 2 then it has either 2m singular points, or 2m — 1 singular points and one
of these singular points is double. In the case in which there are deg(P;)m finite singular
points we use the classical Euler-Jacobi formula (a proof of the classical Euler-Jacobi formula
can be found in [1]), and the case in which there are deg(P;)m — 1 finite singular points,
the classical Euler-Jacobi formula is not valid anymore but Gasull and Torregrosa in [6]
provided a generalization of the classical Euler-Jacobi formula in the case that the system
has one double point and we will use such a formula. Using these formulae we obtain all the
possible distributions of the singular points of system (1) when it has either deg(P;)m, or
deg(P1)m — 1 singular points with m € N when either deg(P;) = 1, orm = 2,3, 4,5 and
deg(Py) = 2.

Since all the singular points of the differential system (1) are contained in the plane ¥ we
can restrict the study of the configurations of the singular points of the differential system
(1) to study the configuration of the singular points of system (1) restricted to the plane X.
Note that the plane X is not necessarily invariant by the flow of system (1). On the plane X
we can reduce system (1) to the planar polynomial differential system

X=Px,y), y=0(xy), (@)

where P(x, y) and Q(x, y) are real polynomials such that either deg(P) = 1 and deg(Q) =
m withm € N, or deg(P) = 2 and deg(Q) = m withm = 2, 3,4, 5.

It follows from geometry that given two analytic curves g = 0 and f = 0 and a point p
such that f(p) = g(p) = 0, p is simple if and only if the determinant of the Jacobian matrix
of fand g at p, i.e.

of dg df g
J(f, =Jp)=|———-——
(f,8)(P) 02) <8x oy By ox
is different from zero, and that it is double if and only if J(p) = 0and I(f, g)(p) := [ (p) #
0 where

(x,y)=p

af)2 <8f g g Bzf)

1. )(p) == I(p) = (5 o Vs 0s0f

JIDF (0 0 b
dx dy \ dx dxdy  Jx dxdy

of \* (3f s _dgd’f
+<3x> (3x 9y?  dx 8y2>

For a proof see Lemma 2.2 of [6]. Moreover it is well-known that for planar polynomial
differential systems (2), a simple singular point p has index 1 (if J(p) > 0), or —1 (if
J(p) < 0) (see for instance [12]), and that a double singular point of our system has index
Zero.

It was proved in [5] and [7] that in the case of polynomial differential systems (2) the
absolute value of the sum of the topological indices of all singular points is either O or 2 if m
is even, and it is O if m is odd.

Consider a differential system formed by two real polynomials of degrees 2 and m respec-
tively in the variables x and y. If the set of singular points of that system (that we denote by
A) contains exactly 2m elements, then the Jacobian determinant evaluated at each zero does
not vanish (see again [12]) and for any polynomial R of degree less than or equal to m — 1

we have R
3 @ _ 3)
J(a)

acA

(x,y)=19'
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Using this classical Euler-Jacobi formula in [8] the authors characterized the number
and distribution of the singular points of the polynomial differential systems (2) with m =
2,3, 4,5 when these systems have 2m finite singular points.

Now we consider the case in which one of the singular points is double. We will use the
new Euler-Jacobi formula for double points proved in [6] which can be stated as follows. We
need the following notation. We write the polynomial differential system (2) with deg P = 2
and deg Q = m as

P(x,y) = Piox + Po1y + Paox® + Prixy + Ppy?,
0(x.y) = Q1ox + Qo1y + Q20x” + Q11xy + Qu2y* + ...
and given a polynomial R we also write it as
R(x,y) = Roo + Riox + Ro1y + Raox® + Ryjxy + Ropy” + ...

The next result is proved in Theorem 3.2 of [6] for two real polynomials of degrees n and
m. We state it here for the case in which n = 2 when the system has 2m — 1 finite singular
points.

Theorem 1 Consider a differential system of two real polynomials of degrees 2 and m > 2
respectively withm > 2 in the variables x and y. If the set of all singular points of the system
(that we denote by A) contains exactly 2m — 1 elements (2m — 2 being simple and one double
that without loss of generality we can assume it is at the origin), then for any polynomial R
of degree less than or equal to m — 1 we have

R(a) _
> @ TS0 =0. )

aeAs
where Ag denotes the set of simple singular points of the system and S(0) is equal to

4P1oRooN  2P19(PioRo1 — Po1R10)

S0) = 102 + 10) )

where
N = Py(Q10 — P10Qo3) — PiyPo1(Q10 — P1oQ12)
+ PloPgl(Qlo — P1p021) — Po31(Q10 — P10030)
+ Piy(Q11 P2 — P11Q02) — 2Py Po1(Q20Po2 — PaoQo2)
+ P10P021(Q20P11 — Py 011),
where Q30 = 02,1 = Q12 = Q0,3 =0incasem = 2.

Before we state the main results of this paper we need to introduce some notations.

Let X = (P, Q) be the vector field associated to the differential system (2). We denote
by Ax = A the set of points p € R? such that X (p) = 0. Given a finite subset B of R?, we
denote by B s 9B and #B its convex hull, the boundary of the convex hull, and its cardinal,
respectively.

Set Ag = Aand Aj41 = A; N 3A; for i > 0. Note that there exists a positive integer ¢
such that A; # @ and Ay = 0.

We say that A has the configuration (Ky; Ka; ... ; Kg) if K; = #A;fori =1,...,q. We
say that A has the configuration (K1; K»7; ...; K,; %) if we do not specify for the values of
K; for i between r + 1 and ¢. We also say that the singular points of X belonging to A; NdA;
are on the i-th level.
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We want to be more precise and study also the indices of the singular points of X = (P, Q)
with P and Q as in (2). Then we substitute each K; by the sign of the indices of the points
of Aj;, i.e. instead of K; in the configuration we write the string (s{,sé, R s}{i) where
sij € {+, —, 0}. When Ai is a polygon, the starting s{ will be the point with multiplicity two
(denoted by po) if such point is in the i-th level and the signs s5, . . ., SZK,» are the signs of the list
of positive or negative indices that follow the point with multiplicity two in counterclockwise
or clockwise sense according with the largest list of points with the same index between the
two lists closest to the point with multiplicity two. In case that both closest lists have the same
length, we choose the one with the second largest closest list, and so one. In fact when there
are £ equal consecutive signs, for instance if they are +, then instead of + - - - 4 £-times we
shall write £+. In the case that the i-th level does not contain the point with multiplicity two,
then si is the length of the largest list of positive or negative indices of the singular point in
the i-th level. The numbers s5, . . ., s’K1 are chosen following the previous criteria changing
the point with multiplicity two by si.

When A; is a segment, which does not contain the point with multiplicity two, we identify
all the list of signs of this segment cyclically, i.e. after one endpoint it follows the other
endpoint. The signs of the strings are ordered starting at one of the endpoints. Then we start
for the endpoint having the larger list of signs independently if this list is formed by plus or
minus signs. In case that the length of the list of signs of both endpoints are equal, then we
choose to start with the endpoint whose second list is larger, and so on.

It Ai is a segment containing the point with multiplicity two again we identify all the list
of signs of this segment cyclically, i.e. after one endpoint it follows the other endpoint. Then
the starting sign in the list is the sign O of the point of multiplicity two, and after it we choose
the largest list closest to pg. In case that the two lists of signs separated by po have the same
length, then we choose to start with the list near pg whose second list is larger, and so on.

With these notations we can state the main results of the paper. The first main result is
when deg(P) = 1.

Theorem 2 For the polynomial differential (2) with deg(P) = 1 and m € N having 2m
singular points, the following statements hold.

(a) If it has m singular points then only the following configurations are possible:

(@l m)=QC+,— 4+, — ...+, )or(m) = Q-+, —, +,...,+) ifmis odd;
@2) m)=(H,— 4+, — ...+, —)or(m)=(—,+,—, +,..., —, +) if m is even.
(b) Ifit has m — 1 singular points with one of them double then only the following configu-
rations are possible:

b m-1)=0,+,—+,—....+, —Hor(m)=0,—, +, —, +,....+,—) ifm
is odd;

®2) m-1)=0,+,—,+,—, ...+, —)or(m) =0, —, 4+, —, 4+, ..., —, +H) ifmis
even.

Moreover there are examples of all these configurations.

The proof of Theorem 2 is given in Sect. 3.

From now on we consider the cases in which deg(P) = 2. The first main result under
these conditions, which is the second main result of this paper, is when system (2) has 2m
finite singular points.
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Theorem 3 For the polynomial differential system (2) with deg(P) =2, m = 2,3,4,5 and
with 2m singular points, the following statements hold.

(a) If m = 2 then only the following two configurations are possible

(1) (4) = (+9 ) +7 _))
(i) G; 1) =G+ -), G—+),

and there exist examples of such configurations.
(b) If m = 3 then only the following two configurations are possible

i) 6) =, — +, — +, )
(i) (4:2) = (2+,2—+, ),

and there exist examples of such configurations.
(¢) If m = 4 then only the following configurations are possible

(1) (8) = (+a ) +! ) +’ ) +7 _))
() 5;3) = @G+, — — +, =), G—, +;+, — +), C+, —, +, —; —, +, —),
Q-+, -+ 4+, — 1),
(i) & =H, —+, =+, —, +, ),
@Giv) (4;3;1) = (4+;3—; +), 4—;3+; ),
W) 3;5=06+2—+,—4), B— 24, —, +, ),

and there exist examples of such configurations.
(d) If m =5 then only the following configurations are possible

»H 1) =+, —+, -+ -+ -+ )
(11) (6; 4) = (2+7 2_7 +s - +s ) +7 _)) (2+a 2+7 ) +; +7 ) +a _)’

(i) (4;6) = 2+,2—;+, —, +, —, +, —),

@1v) (4;4;2) = 2+,2—;2+,2—; +, ),

) 4;,3;3) =Q+,2—;2—, +; 2+, —), CQ+,2—; 24+, —;2—, +),

i) 37 =QC—, 24, -+, — +, ), C+, = 2— +, — +, —, +),

and there exist examples of such configurations.

The case m = 2 of Theorem 3 is the well-known Berlinskii’s Theorem proved in [2]
and reproved in [4] using the Euler-Jacobi formula. The case m = 3 was proved in [4]. The
cases m = 4,5 were proved in [8]. So we do not need to prove Theorem 3. However the
configurations on that papers were counted in a slightly different way.

The second main result in the paper takes into account the case in which system (2) has
deg(P) = 2 and 2m — 1 finite singular points and m = 5.

Theorem 4 For the polynomial differential (2) with deg(P) = 2, m = 2,3,4,5 and with
2m — 1 singular points with one double singular point, the following statements hold.

(a) If m = 2 then only the configurations (3) = (0, 4+, —), and (0, 2+) are possible, and
there exist examples of such configurations.
(b) If m = 3 then only the following two configurations are possible

@ G =0,+,—,+, ),
(i) 4 1) = (0,24, = -), (0,2—, +; +), 2+,2—:0),
(i) (3;2) =0, +, =+, ), 2+, —0,-), 2—, +;0,+4),

and there exist examples of such configurations.
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(¢) If m = 4 then only the following configurations are possible
H D=0+,—+, -+, )

(i) (5:2) = 0,24, — ++,-),  0,2— 4+, -+, —), 0,3+, —
+, _)) (07 3_7 +; +, _)! (4+a - Os _)! (4_7 +; 07 +) (O +; +, ) (
+ =+ =+ ) 0,4+, 2=+ 4, ), (0, =, 24, — 4, —), (2 ;0,4),

Q2+, —, +, —0,-),
(iii) (4:3)=(0,34;2—,+),(0,3—;24, —), (4+;0,2—),(4—;0,2+4), (0, +, —, +; 2—,
+), 0, —, +, =24, =), (+, —, +, =0, +, —),
iv) 3:4) = (0,24: 4, —, +,—), 0,2— +, —, +,—-), B+;0,—, +,—), (3—;0,
+,—.+), 3+0,2—4), 3—;0,2+,-), (0, +, —; +, —, +, —),

and there exist examples of such configurations.
(d) If m =5 then only the following configurations are possible

H» D=0+ -+ -+ -+ )
(i) (6;3) = (0,2—, +, =2+, -), (0,24, — +;2—,+), (0, +,2—,+, =2+, ),
(07 E) 2+5 ) +; 2— ) +) (2+ 2— + ) Oa +7 );

+

(i) 5;4) =(0,24,2—+, — +,-), (0, +,2— + +, — +, ), (0, =, 2+, — +, —,
+,-), 0, +, — +. = +, - +, -)

iv) 45 =02+, = —+,—,+,-), 02—+ +, -+ — +) 2+,2—0,+, —,
+7 _))

w) 441 = Q2+,2—;2+,2—;0), 2+,2—;0,2—,+; +), 24,2—; 0,2+, —; —),
0,2+, = 3—,+:+), (0,2—, +; 34+, —; —).

(vi) 4;3;2) = (2+,2—;2—,+0,+), 2+,2—2+,—0,-), 2+,2—;0,+, —;
+, ), (0,2—, +; 24, —; +, —), (0,24, = 2—, +; +, —),

(i) 3;6) = O+, —+ — +, —+,-), C—+ 0,4+, — +,— +), 2+ —;0,
-+ =+, ),

and there exist examples of such configurations.

The cases m = 2 and m = 3 were proved in [6]. The case m = 4 was proved in [11]. In
these two papers with the configurations counted in a slightly different way. In the present
paper we will prove the case m = 5, see also [9, 10].

Note that the configuration of the singular points of the differential system (2) studied in
Theorems 2—4 are the configurations of the singular points of the differential system (1), but
the information on the indices of these singular points are only for the restriction of system
(1) to the plane %, i.e. for system (2).

2 Preliminarities

In the proof of Theorem 4 we will use the following auxiliary result proved in [3].

Lemma5 Let (P, Q) be a polynomial vector field with max(deg P,deg Q) = n. If (P, Q)
has n + 1 singular points on the straight line L(x, y) = 0, then this line is full of singular
points.

First observe that if a configuration exists for a polynomial vector field X = (P, Q), then
itis possible to construct the same configuration but interchanging the index +1 by the index
—1. For doing that it is enough to take the vector field ¥ = (—P, Q) instead of the vector

field X = (P, Q). So we can restrict ourselves to the cases in which ), ix(a) > 0.
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Assume that the vector field (P, Q) has degrees 2 and 5 (respectively), 8 simple singular
points and 1 double singular point pp. We can consider pg at the origin and denote by
P1, - - -, ps the simple singular points. Clearly po has index 0 and the other singular points
have index +1. During the proof of statement (d) of Theorem 4 we will denote by p; the
singular point for which there is no information about its index, by p;r the singular points

having positive index, and by p_ the singular points having negative index. Also we will
denote by L; j the straight line L, ,;(x, y) = 0 through the points p; and p;, and we will
denote by L; a straight line through a singular point p; such that for any singular point g
with ¢ # p; wehave L;(¢) #0and L;(p;) = 0.

It was proved in [7], see also [5], that in the case of polynomial vector fields of degree
(1,m) with m odd it holds that |y, ., ix(a)| = 1, and )", 4 ix(a) = 0 if m is even.
Moreover in the case of polynomial vector fields of degree (2, m) with m odd it holds that
Y acaix(a) =0andif miseventhen |, ,ix(a)| € {0,2}.

3 Proof of Theorem 2

By statement (a) of Theorem 4 we have that if m is even then there are m /2 singular points
with index +1 and m /2 singular points with index —1. If m is odd, by the explanation in the
previous section, we can assume that there are (m + 1)/2 points with index +1 and (m — 1) /2
singular points with index —1.

Since P has degree 1, P(x, y) = 0 is a straight line and the m finite singular points of
system (2) are on this straight line. Therefore when there are m finite singular points, the
unique possible configuration is (m) because any convex hull of m points on a straight line
has all points in the boundary of the convex hull. For the same reason when there are m — 1
finite singular points the unique possible configuration is m — 1.

We first study the configuration (m). Assume that the subscripts of the points in A are in
such a way that py, ..., p, are ordered in 9A consecutively. Take

Ci=Ly---Ly—, Cu_1=L3Lsy---Ly
andfori =2,...,m— 2,
Ci=Ly---Ly—i1Lm—it2---Lp,

where all the straight lines which appear in the C;’s fori =1, ..., m — 1 are parallel.
Then the Euler Jacobi formula (4) applied with R = C; yields

Ci(pm-i) . Ci(pm—i+1) —0
J(Pm—i) J(Pm-it+1)

Since all the points p1, ..., p, arein a straight line, the polynomial C; (x, y) has the same
sign on the two points p,,—; and p;y—i+1.S0 J (pm—i)J (pm—i+1) < Oforalli =1,..., m—1.
Hence the indices of p,,—; and p,,_;4+ are different fori = 1,...,m — 1 providing the

configurations (a.1) and (a.2) of statement (a) of Theorem 2.

The configurations of statement (a) can be realized intersecting a straight line P(x, y) =0
with m parallel straight lines Q(x, y) = 0. This completes the proof of statement (a) of
Theorem 2.

Now we prove statement (b). Assume that the subscripts of the points in A are in such a
way that po, p1, ..., pm are ordered in dA consecutively. Take

Ci=L{L1 L3, Cpa=LiL3Ls- Ly
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andfori =2,...,m — 3,
Ci=L3L1- Ly—i—1Ly—it2-- L1,

where all the straight lines which appear in the C;’s fori = 1, ..., m — 2 are parallel.
Then the Euler Jacobi formula (4) applied with R = C; yields

Ci(pm—i) . Ci(Pm—i+1) _
J(pm—i) J(pm—i+1)

Since all the points pg, p1, ..., pm are in a straight line, the polynomial C;(x, y) has
the same sign on the two points p,—; and p,—it+1. So J(pm—i)J (pm—i+1) < O for all
i =1,...,m—2.Hence the indices of p,,_; and p,,_;+ are differentfori = 1,...,m —2

providing the configurations (b.1) and (b.2) of statement (b) of Theorem 2.

The configurations of statement (b) can be realized intersecting a straight line P(x, y) =0
with m straight lines, Q(x, y) = 0, being m — 1 parallel straight lines and the other straight
line intersecting P and one of the other m — 1 straight lines in the same point. This completes
the proof of statement (b) of Theorem 2.

4 Proof of Statement (d) of Theorem 4

In principle we could have the configurations (9), (8; 1), (7;2), (6;3), (5;4), (5;3; 1),
4;5), 4:4; 1), (4;3;2), (3;6), (3;5; 1), (3;4; 2), (3; 3; 3) and (2; %). Note that since the
polynomial P has degree two, P(x, y) = 0 is a conic and the nine singular points of system
(2) are on this conic. Clearly configurations of the form (2+; %) cannot occur because the
seven singular points would be on a straight line, and by Lemma 5 this straight line will be
full of singular points, a contradiction. Moreover the configurations (8; 1) and (7; 2) are only
possible if the conic P = 0 is formed by two straight lines intersecting at a real point but
then either seven or six singular points would be on the same straight line, and by Lemma 5
this straight line will be full of singular points, a contradiction. The configuration (6; 3) is
only possible with two straight lines intersecting at a real point. The configuration (5; 4) is
only possible with two straight lines intersecting at a real point. The configuration (5; *; *)
is not possible because any convex hull of 5 points on a conic with five points at least in
the first level can only be supported by a conic formed by two straight lines intersecting
to a real point and this configuration do not support having points in the 2nd-level. The
configurations (4; 5), (4; 4; 1) and (4; 3; 2) are only possible with either a hyperbola or two
straight lines intersecting at a real point, and the configuration (3; 6) is only possible with a
hyperbola. The configurations (3; 5; 1), (3; 4; 2), (3; 3; 3) are not possible since no real conic
(ellipse, parabola, hyperbola, two parallel straight lines, two straight lines intersecting in a
real point, one double straight line, two parallel straight lines, or one point) do not support
such configurations and the configurations.

In short the unique possible configurations are: (9) (realized with either an ellipse, or
two straight lines intersecting at a point), (6; 3) and (5; 4) (both realized with two straight
lines intersecting at a real point), (4; 5) (realized with either a hyperbola or two straight lines
intersecting at a real point) and (4; 4; 1), (4; 3; 2), (3; 6) (all realized with a hyperbola). We
study them separately.

Configuration (9). We first show that two consecutive points py,, pr, none of them
being pp must have opposite index, otherwise applying formula (4) with R(x,y) =
Lpo,ng LPO»PMLPkstkeLPthx with py, fori € {3, ..., 8} being all different and different
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from py,, pr, we get

J(pe)  T(pry)
which is a contradiction because R(p,)R(pi,) > 0 and J(pr,) = J(pk,).
In short, the only possible configurations are (0, 4+, —, 4+, —, +, —, +, —) (and of course
©,—,+,—,+,—, +,—, +)). System (2) with

R(Pkl) + R(sz) _

P(x,y) = xy,

Q(x,y) = —96 + 224x +219.2y — 190x? — 180y* 4 75x> + 224xy? + 68y>
—14x* — 224x3y + 224x%y% 4 224xy® — 12y + X7 4+ 224x%y
+224x3y% +224x2y3 +0.8)°,

has the singular points
(4,0, (0,5), (0,4), (0,3), (0,2), (0, 1), (1,0), (2,0), (3,0),

in the configuration (0, 4+, —, +, —, 4+, —, +, —) (we recall that the other configuration can
be obtained reversing the sing in P).

Configuration (6; 3). We note that the configuration (6; 3) only can be realized with a conic
formed by two straight lines (R and R») intersecting at a point g. Without loss of generality
we can assume that five singular points are in R; and five or four singular points are in Ry
depending if the intersection point ¢ is a singular point or not. Note that all points of R; are
in the 1-st level.

If ¢ is not a singular point then pg is in R, otherwise applying formula (4) with R(x, y) =
RiL py g1 L po,go L py,q5 Where g1, g2 and g3 are three singular points on R;. Then we reach
a contradiction. Moreover if ¢ is a singular point then ¢ = po. Indeed, if pg is in R; and
Po # g the previous argument also provides in this case a contradiction. Also if pg # g is
in Ry we can repeat the same argument. So ¢ = po.

We separate the proof in two cases.

Csse 1: g is not a singular point. Therefore pg € R;.

Let py, and py, be two consecutive singular points in R not separated by ¢. Applying
formula (4) to R(x,y) = RzLPOst3LPOka4LPOaPk5 where py; for j = 3,4, 5 are singular
points in R; and different from py,, p,, we get that py, and py, have different index.

Let p, and py, be two singular points in R such that the segment having them as endpoints
contains the point ¢ and not other singular points. Applying formula (4) to R(x,y) =
RQLPO,,,,(3 Lpo,qupo,ka where Pk; for j = 3,4, 5 are singular points in R; and different
from py,, pk,, we get that py, and py, have the same index.

Let pg, and p¢, be two consecutive singular points in R, different from po. Applying
formula (4) to R(x, y) = RiLpg,py, Lpo, pi, L pey. pig Where py; for j = 1,2, 3 are singular
points in Ry and py, is a singular point in R> and different from py, and py,, we get that py,
and py, have different index.

Let p¢, and py, be two singular points in R such that the segment having them as
endpoints contains only a singular point, which is pg. Applying formula (4) to R(x, y) =
RyL po, pi, L po, piy L pey. prg Where py; for j = 1,2, 3 are singular points in Ry and pg, is a
singular point in R; and different from p¢, and py,, we get that p;, and py, have different
index.

Csse 2: g is a singular point. Then g = po.

Let py, and pi, be two consecutive singular points in Ry different from py. Applying

formula (4) to R(x,y) = R%Lm1 Phy LPI,szk4 where py; for j = 3, 4 are singular points in
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Ry and different from py,, pk, and py,, pe, singular points in Ry, we get that py, and py,
have different index.

Let px, and py, be two singular points in R; such that the segment having them as
endpoints contains only a singular point, which is pg. Applying formula (4) to R(x, y) =
R%Lm1 Phs Lmz,mq where py; for j = 3, 4 are singular points in R and different from py,,
Dk, and py,, pe, singular points in R», we get that py, and py, have different index.

Let pg, and p¢, be two consecutive singular points in R, different from po. Applying
formula (4) to R(x,y) = RIZL%J,,C] Lp,.pi, where py; for j = 1, 2 are singular points in
Ry and py;, pe, singular points in R and different from py, and p,, we get that py, and
D¢, have different index.

The possible configurations are (0,2—,+, —, +;2+, —), (0,4+,2—, +, —; 2+, —),
2+,2—,4, —; 0,4+, —) (andof course, (0, 2+, —, +, —; 2—, +), (0, —, 24+, —, +; 2—, +)).

System (2) with

P(x,y) =x(y+ 1),
1 3 7 5 17
_ 2 2_ 23,12 D 2 3, ,4,.3 2,2
Qx,y) =X Fx7+xy+ py” — X7+ 3Ty = xy oy X Ty Xy
5 5 1
+xy? + §y4+x5 - ﬁx4y + 3y 223 oyt 4 §y5,

has the singular points

©0,0), (—1,-1), (=2/3,=1), (—=1/2,-1), (=1/4,—1), (1, —1) in the 1st level, and
0, —-2/3), (0,—1/3), (0, —1/4) in the 2nd level,
in the configuration (0, 2—, 4+, —, +; 24, —) (configuration (0, 2+, —, +.—; 2—, 4+) can be

obtained reversing the sing in P).
System (2) with

Px,y) = —x(y + 1),

1 1, 7 3 17
O, y) = x+a% +xy— 2oyt — x4 oxly oy = oyt bty )y

5 11 1
+xy? = Syt 4+ —axty %y %y ot — oy,
8 12 2
has the singular points

0,0), (1,-1), (—1,-1), (—=1/2,-1), (—1/4,—1), (2/3, —1) in the 1st level, and
0, —2/3), (0,—1/3), (0, —1/4) in the 2nd level,

in the configuration (0, +, 2—, +, —; 24, —) (configuration (0, —, 24, —, +; 2—, +) can be
obtained reversing the sing in P).
System (2) with

P(x,y) =x(1+y),
19, 165 65, 14 , 11 5 ,
180 TN TRty T g Ty W
1,

1
-5 +x° + §x4y +x%y? =3y,
has the singular points

Q(x,y) =x —y/9+x* -

(1,-1), (0,0), (=2,-1), (1/3,-1), (1/2,—-1), (2/3, —1) in the Ist level, and
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0, -2/3), (0,—-1/2), (0, —1/3) in the 2nd level,

in the configuration 2+, 2—, +, —; 0, 4+, —).

Configuration (5; 4). We note that the configuration (5; 4) only can be realized with a conic
formed by two straight lines (R and R») intersecting at a point ¢g. Without loss of generality
we can assume that four singular points are in R (all in the 1st-level) and five singular points
are in R».

Note that the intersection point ¢ is not a singular point otherwise one of the straight lines
would have six singular points, and by Lemma 5 this straight line will be full of singular
points, a contradiction.

We note that pg is in Rj. Otherwise if pg is in Ry then applying (4) with R(x, y) =
RyL o g1 L po.go L po,q3 Where g1, g2 and g3 are three singular points on Ry we reach to a
contradiction. So pg must be in Ry, and so in the 1st-level.

Let pr, and pg, be two consecutive singular points in R different from po and not
separated by ¢. Applying formula (4) to R(x, y) = RaL py, py, L pg,p, L pey. pr, Where py, is
a singular point in R different from py, and pi,, and p¢; for j = 1,2, 3 are singular points
in Ry, we get that py, and py, have different index.

Let py, and pi, be two consecutive singular points in Ry such that the segment having them
as endpoints does not contain ¢ and contains only a singular point, which is pg. Applying
formula (4) to R(x,y) = R2Lpo,pzl LPoﬁpzz LP£3aPk3 where py, is a singular point in R;
different from py, and py,, and py; for j = 1, 2, 3 are singular points in Rz, we get that py,
and py, have different index.

Let py, and py, be two consecutive singular points in R; different from pg and separated
by ¢. Applying formula (4) to R(x, y) = R2Lpo.,pz1 Lpo,p@ Lpz3.pk3 where py, is a singular
point in Ry different from pg, and px,, and pg; for j =1, 2, 3 are singular points in Ry, we
get that py, and py, have the same index.

Let pi, and pg, be two consecutive singular points in Ry such that the segment having
them as endpoints contains only ¢ and one singular point which is pg. Applying formula (4)
to R(x,y) = RaLpg py, Lpy.pe, L pey. pr; Where pr is a singular point in Ry different from
Dk, and py,, and pe; for j = 1, 2, 3 are singular points in R, we get that py, and py, have
the same index.

Let py, and py, be two consecutive singular points in Rp. Applying formula (4) to
R(x,y) = Rleo.p@ LPO,!,KALPO,,,(5 where Pe; for j = 3, 4,5 are singular points in R»
and different from py,, p¢,, we get that py, and pg, have different index.

The possible configurations are (0,2+,2—; 4+, —, +, —), (0, +,2—, +; 4+, —, +, —),
o, +, -, 4+, —; 4+, —, 4+, —) (and of course (0, —, 24+, —; +, —, +, —)),

The differential system (2) with

P(x,y) =x(1+y),

1 7 5 9 1 79
Qex. ) =x_ﬁy+x2+xy_§y2_Zx3+1x2y+1xy2_gy3+x4+x3y

21
2y 4+ xy? — Zy4 + 27+ 23y + 5293 + 0yt =3y,

has the singular points

(1,-1), (0,0), (-1,-1), (=1/2,-1), (1/2, —1) in thelst level, and
0, -2/3), (0,—-1/2), (0,—-1/3), (0, —1/4) in the 2nd level,

in the configuration (0, 24, 2—; 4+, —, +, —).
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The differential system (2) with

P(x,y) =x(1+y),
_ 1 2 7 2 5 3 21 2 3 2 79 3 3 2.2
Qx,y)=x 24y+x TR + g XY T Y T’ +x7y+x7y
21 1, 3 5

txyt = oyt T = ety byt byt - 0y,

has the singular points

(1,—1), (0,0), (=1, —1), (=1/2,—1), (1/2, —1) in the Ist level, and
0, —2/3), (0,—1/2), (0, —1/3), (0, —1/4) in the 2nd level,

in the configuration (0, 4, 2—, +; 4+, —, 4+, —) (note that (0, —, 2+, —; 4+, —, 4+, —) can be
obtained reversing the sing in P).
The differential system (2) with

P(x,y) =x(y+ 1D,

_ 1 2 T 5 53, 2 .2 5 195 4. 3
Q(x,y)—x+18y+x +xy+12y 3% +x y+3xy +36y +x"+x7y

7 5
-i—)czy2 —i—xy3 + 5)}4 +x° + 8x4y —I—x3y2 —|—)czy3 +xy4 + 2y5,

has the singular points

(1,-1), (0,0), (-1,-1), (1/3,-1), (1/2, —1) in the 1st level, and
0, -2/3), (0,—-1/2), (0, —1/3), (0, —1/4) in the 2nd level,

in the configuration (0, +, —, +, —; +, —, +, —).

Configuration (4; 5). We note that the configuration (4; 5) can only be realized in a hyperbola
or the conic formed by two straight lines intersecting to a real point. We do not consider the
case that the conic is formed by two straight lines intersecting in a real point because the proof
in this case is completely similar to the proof when the conic is a hyperbola. In this last case one
branch of the hyperbola, B; has the two singular points pg, pg ordered in counterclockwise
sense which are both of them in the st level and the other branch of the hyperbola B, has
the seven singular points pi, p2, p3, p4, ps, Pe, p7 ordered in counterclockwise sense. Note
that p1, p7 are in the 1st level and p», p3, ps4, ps, pe are in the 2nd level. Note that one of
the p;’s must be pg but we will make it explicit during the proof.

Assume that pg € B,. We show that two singular points py,, pe¢, in B> none of them being
Ppo either are consecutive, or are consecutive and such that the arc of the hyperbola having
them as endpoints contains only a singular point, which is pg, must have different index.
Otherwise, applying formula (4) to R(x, y) = L ps po L po.pe, L po. pe, L pes.pe, DeIng pe; for
i =3,...,6singular points in By different from py,, p¢, we reach a contradiction.

Assume that pp € Bj. Without loss of generality pgp = pg. Then two consecutive sin-
gular points py,, py, of the branch B, have different index. Indeed, applying formula (4) to
R(x,¥) = Lpg.poLpo.pey L pey.pes L peg.pe, bEING py; for i = 3,.... 7 singular points in By
different from py, and py, it follows that py, and py, have different index.

This characterized completely the indices of the singular points of the branch B;.

Assume first that pg is in the Ist level. Then by the arguments above the unique pos-
sible configurations in the 2nd-level must be (+, —, +, —, +) or (—, +, —, +, —). If po
is in the branch Bj then, again by the arguments above, the unique possible configuration
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is (0,2—, +; +, —, +, —, +) in the first case, and (0, 2+, —; —, +, —, +, —) in the sec-
ond case. If pg is in the branch B, then without loss of generality we can assume that
it is p7 and applying formula (4) to R(x,y) = Ly psLpy, prLps,psLps,ps We get that
p1 and pg must have the same index and so the unique possible configurations are again
0,2—,+;+,—, +,—, ) and (0, 2+, —; —, +, —, +, —).

If po is in the 2nd-level it must be in B;. Then the unique possible configurations in the 2nd
level is (0, 4+, —, 4+, —). Applying formula (4) to R(x, y) = mepsto.pzl LpoypezLszpu
with py, for i = 1,...,4 the singular points in B different from po and p;, we
get that p; and p9 have the same index. In short the unique possible configuration is
2+,2—;0,+, —, +, —).

The differential system (2) with

P(x,y) =x(1+y),
5 25, 13 , 18, ., 5 3, 2

32 , 3
Qx,y) = my +ﬁx +1—8x y—l—l—gxy my Yy —x Exy By,

has the singular points

(1,-1), (0,0), (—1,-1), (0, —16/3) in the 1st level, and
0, —1/2), (0,-2/3), (1/3,—-1), (1/2,—1), (2/3, —1) in the2nd level,

inthe configuration (0, 24, —; —, +, —, +, —) (theconfiguration (0, 2—, +; +, —, +, —, +)
can be obtained reversing the sing in P).
The differential system (2) with

P, y) =y(y—x). Q(x,y) =x(*=DH* -4,
has the singular points

(=2,-2), (=2,0), (2,2), (2,0) in the 1st level, and
(1,0), (1, 1), (—=1,-1), (—=1,0), (0,0) in the 2nd level,

in the configuration 24, 2—; 0, +, —, +, —).

Configuration (4; 4; 1). We note that the configuration (4; 4; 1) can only be realized in a
hyperbola or the conic formed by two straight lines intersecting to a real point. We do not
consider the case that the conic is formed by two straight lines intersecting in a real point
because the proof in this case is completely similar to the proof when the conic is a hyperbola.
In this last case one branch of the hyperbola, B; has the four singular points pe, p7, p8, po
ordered in counterclockwise sense being pg, po in the 1st-level and p7, pg in the 2nd level,
and in the other branch B; of the hyperbola there are the five singular points p1, p2, p3, p4, ps
ordered in counterclockwise sense. Note that p1, ps are in the 1st level, ps, ps4 are in the
2nd-level and p3 is in the 3rd-level. Note that one of the p;’s must be pg but we will make it
explicit during the proof.

Assume pg € B,. We show that two singular points py,, pe, in By none of them being po
that are either consecutive, or are consecutive and such that the arc of the hyperbola having
them as endpoints contains only a singular point, which is pg, must have different index.
Otherwise, applying formula (4) to R(x, y) = L g, poL p7,ps L py, pey L po.pe, beING pes, pe,
singular points in By different from py,, p¢,, we reach a contradiction. Moreover, we show
that two consecutive singular points py,, pr, in B have different index. Indeed, applying
formula (4) to R(x, y) = Lpo.piy L po.piy Lpe,.pey L pey.pe, DEINE Phs» Pry singular points in
B different from py,, pi, and py, fori =1, ..., 4 singular points in B different from py,
we get that pi, and py, have different index.
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Assume py € Bj. We show that two consecutive singular points py,, pe,, € B>
have different index. Indeed, applying the Euler-Jacobi formula (4) to R(x,y) =
Lpo,p@Lpo,pkl Lszka3LPZ4’P45 being py; fori = 1,...,4 the singular points in By dif-
ferent from po, and py,; fori = 3, 4, 5 singular points in B, different from py,, p¢, we reach
a contradiction. Finally, we show that two singular points py,, pk, in Bj none of them being
po that are either consecutive, or are consecutive and such that the arc of the hyperbola hav-
ing them as endpoints contains only a singular point, which is pg, must have different index.
Otherwise, applying formula (4) to R(x, y) = Lpo,pk3 L po,pe, Lmz,p@ LP(4~P/Z5 being py, a
singular point in B; different from py,, pi,, po and py, fori = 1,...,5 the five singular
points in By, we reach a contradiction.

If po is in the 3rd-level then pp = p3 and we show that ps and pg have the same index.
Indeed, applying formula (4) to R(x, y) = Lp; psLp,, po L po, ps L py, p» We get that ps and pe
have the same index. So the unique possible configurations are (24, 2—; 2+, 2—; 0).

If po is in the 2nd-level then without loss of generality we can assume that it is p4
(otherwise we can make the same argument if it is py). Applying formula (4) to R(x, y) =
L ;. ps L1, po L po, p3 L po, p» We get that ps and pg have the same index. So the unique possible
configurations are (2+, 2—; 0, 2—, +; +) and of course (24, 2—; 0, 2+, —; —).

If po is in the 1st-level then without loss of generality we can assume that it is ps (oth-
erwise we can make the same argument if it is pj). Applying formula (4) to R(x,y) =
L po, o L po, ps L p3, pa L p7, ps We get that py and pg have the same index. So the unique possi-
ble configurations are (0, 2+, —; 3—, +; +) and of course (0, 2—, +; 3+, —; —).

The differential system (2) with

P(x,y)=x(y+ 1),

SRS NSNS - FESE AR IR INETE IS
X, y)=x+ - x“+x —y = —x" 4+ —x —x — X
Y g YT167 T 16 g YT 16" T 167

5 3
+x3y + 22y +xyd + §y4 +x° =2ty + 3y %y 4t + Zys,

has the singular points
(1, =1), (0,0), (=2, —1), (0, —2) in the 1st level,
(1/4,-1), (0, —1/3), (-1, —1), (—1/4, —1) in the 2nd level, and
(0, —1/2) in the 3rd level,

in the configuration (24, 2—; 2+, 2—; 0).
The differential system (2) with

P(x,y) =x(y+1),

1 35, 11 45 7 3 38
Q0 y) =x+ oy +x7 +xy+ oyt — ot ey ow? + Tyt at 4y
7 11 4
iy §y4 o §x4y+x3y2 +xy? + 5%y +ayt + §y5,

has the singular points
0,0), (—1,-1), (0,-2), (1, —1) in the Ist level,
0,-3/2), (—1/2,—-1), (0, —1/4), (2/3, —1) in the 2nd level, and
(—1/4, —1) in the 3rd level,

in the configuration (24, 2—; 0, 2—, +; +) (the configuration (24, 2—; 0, 2+, —; —) can be
obtained reversing the sing in P).
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The differential system (2) with

P(x,y)=—x(y+1),

1 5 3, 17 45 25, 1 5, 455 . 4
O(x,y) =x )T YT T e Xy eyt ey X Xy
29 3
+x2y2+xy3—Ry“—i—xs—x4y+x3y2+x2y3+xy4—§y5,

has the singular points

(1, =1), (0,0), (=2, —1), (0, —2) in the 1st level,
(1/4,-1), (0,—1/3), (=1, —=1), (=1/4, —1) in the 2nd level, and
(0, —1/2) in the 3rd level,

in the configuration (0, 24, —; 3—, +; +) (the configuration (0, 2—, +; 34+, —; —) can be
obtained reversing the sing in P).

Configuration (4; 3; 2). We note that the configuration (4; 3; 2) can only be realized in a
hyperbola or in a conic formed by two straight lines intersecting into a real point. We do
not consider the case that the conic is formed by two straight lines intersecting in a real
point because the proof in this case is completely similar to the proof when the conic is a
hyperbola. In this last case one branch of the hyperbola, B has the three singular points
P7, P8, po ordered in counterclockwise sense being p7, po in the 1st-level and pg in the
2nd level, and in the other branch B, of the hyperbola there are the six singular points
P1, P2, P3, P4, Ps, Pe ordered in counterclockwise sense. Note that pj, pe are in the 1st
level, p2, ps are in the 2nd-level and p3, ps4 are in the 3rd-level. Note that one of the p;’s
must be pp but we will make it explicit during the proof.

Assume pg € B,. We show that two singular points py,, pe, in By none of them being po
that are either consecutive, or are consecutive and such that in the arc of the hyperbola having
them as endpoints contains only a singular point, which is pg, must have different index. Oth-
erwise, applying formula (4) to R(x, y) = L po.p6 L p1.po L po.pe; L pe, . pes being pe¢y, pey, Pes
singular points in By different from py,, p¢,, we reach a contradiction. Moreover, we show
that two consecutive singular points py,, pr, in B have different index. Indeed, applying
formula (4) to R(x,y) = LPOst3 Lpo:l?e, Lmz,pz3 mem5 being py, a singular point in B
different from py,, pr, and py, fori =1, ..., 5 singular points in By different from pg, we
get that pg, and py, have different index.

Assume py € Bj. We show that two consecutive singular points pg,, pe, € B
have different index. Indeed, applying the Euler-Jacobi formula (4) to R(x,y) =
Lpo_pk1 LpO»szLPZ:;-,PQLPlS’pé() being py, for i = 1,2 the singular points in By different
from pg, and py, fori = 3, ..., 6 singular points in B, different from py,, pg, we reach a
contradiction. Finally, we show that two singular points py,, px, in Bj none of them being
po that are either consecutive, or are consecutive and such that in the arc of the hyperbola
having them as endpoints contains only a singular point, which is pg, must have different
index. Otherwise, applying formula (4) to R(x, y) = Lpo,pzl Lpo,pez Ll’lavl’u Lm5 Pee being
pe; fori =1, ..., 6 the six singular points in B>, we reach a contradiction.

If po is in the 3rd-level then the possible configurations are (24, 2—; 2—, +; 0, +) and
2+,2—; 24, — 0, —).

If po is in the 2nd-level then it can be either in B or B;. If pg is in B; the unique possible
configuration is (2+, 2—; 0, +, —; +, —). If pg is in B; then it is pg. Applying formula (4)
to R(x, y) = Lp,, poL po, pa L ps, pr L ps,py We get that py and p7 have the same index. Again
the unique possible configuration is 2+, 2—; 0, +, —; +, —).
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If po isin the 1st-level then it can be eitherin By or B,. If pg isin B; then the unique possible
configurations are (0, 2—, +; 2+, —; +, —) and (0, 2+, —; 2—, +; +, —). If pg isin Bj then
without loss of generality we can assume that it is pg (if itis p7 the arguments are analogous).
Applying formula (4) to R(x, y) = Ly, p; L pg, po L ps,p1 L ps, ps We get that p3 and pg have
different index. Again the unique possible configurations are (0, 2—, +; 2+, —; +, —) and
0,24, —;2—,+; +, —).

The differential system (2) with

Pa,y) =y —(x—=D>+1, Q(x,y) =yQ2x + ) —Hx +4Hx +5),
has the singular points

(3. —=3), (3.v/3), (=5,/35), (=5, —+/35) in the 1st level,
(2,0), (—4,2+6), (=4, —2+/6) in the 2nd level, and
(=2/3,4/3), (0, 0) in the 3rd level,

in the configuration (24, 2—; 2—, +; 0, 4) (the configuration (24, 2—; 24, —; 0, —) can be
obtained reversing the sing of P).
The differential system (2) with

P(x,y)=x(y+ 1),
43 1 5 7,

3
Q(x,y) =x+Zy+—y — —x’ + Zx’y — 2xy

107 4 3 20 27 4
3 16 1 3 1 + YV AxTy +x7yT 4+ —y

16 4

5

1 9
+x° — §x4y +x%y3 oyt + 2y,

4

has the singular points

(1, =1), (0,0), (—1,—1), (0, —3/2) in the 1st level,
(-1/2,-1), (1/2,—-1), (0, —1/3) in the 2nd level, and
(0, —2/3), (0, —1/2) in the 3rd level,

in the configuration (24, 2—; 0, +, —; +, —).
The differential system (2) with

Pl,y)=x(y+ 1),
19, 11, 15, 3 61 .

_ 1 2 2 2 3
Q(x,y)—x+24y+x +xy+48y 8x+8xy+8xy +48y 4x

37 1 1
+x3y+x2y2+xy3+ﬂy4+x5+Zx4y+x3y2+xy4+§y5,

has the singular points

(—1,—1), (0,-2) (1, —1), (0,0), in the Istlevel,
(=1/4,-1), (1/2,-1), (0, —1/4) in the 2nd level, and
(0, —1/3), (0, —1/2) in the 3rd level,
in the configuration (0,2—, 4+; 2+, —; +, —) (the configuration (0, 24, —;2—, +; 4+, —)
can be obtained reversing the sing in P).
Configuration (3; 6). We note that the configuration (3; 6) only can be realized with a conic

formed by a hyperbola. Moreover one branch B; of the hyperbola has one point pg (which is
in the 1st-level) and the other branch B; of the hyperbola has eight points. We denote them
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by p1, ..., pg ordered in counterclockwise sense. The points pq, pg are in the 1sst level and
the remaining points are in the 2nd-level.

If po € By, ie., po = po, then we show that two consecutive singular points
in pg;, pe, € By have different index. Indeed, applying formula (4) to R(x,y) =
L po.pey Lpo.pey L peg.peg L pey.peg DeINg pe; fori = 1,..., 8 singular points in By different
from py, and py,, we get that p;, and py, have different index.

If po € B> we show that two singular points py,, p¢, € B> none of them being p that
are either consecutive or are consecutive and such that in the arc of hyperbola having them as
endpoints contains only a singular point, which is pg have different index. Otherwise applying
formula (4) to R(x, y) = L py. po L py. pe, L pe, . pes L peg.pe, DeINg py; fori =1, ..., 7 singular
points in B, different from py,, p¢, and po, we get a contradiction.

If po is in the Ist-level then the 2nd-level must be (4, —, +, —, +, —) and in this case
the 1st-level can only by (0, 4+, —). Hence we have the configurations (0, +, —; +, —, +, —,
+, ).

If po is in the 2nd-level the 2nd-level must be (0, 4+, —, +, —, +) (or (0, +, —, 4+, —, +))
and in this case the 1st-level can only by (2—, +) (or (24, —). Hence we have the configu-
rations 2—, +; 0, +, —, +, —, +) and 2+, — 0, —, +, —, +, —).

The differential system (2) with

P.y) =y = =D+ 1 Q@.y) =xkx=5Hx=3)(x —4)(x -06),
has the singular points

(0,0), (6, —24/6), (6,2+/6) in the st level, and
(5,V15), (4,23/2), 3,+/3), (3, =/3), (4, —2+/2), (5, —+/15) in the 2nd level,

in the configuration (0, 4+, —; +, —, +, —, +, —).
The differential system (2) with

PO,y) =y —@=D’+1, Q@.y)=-yQx+N&+3)E+H0x+5),
has the singular points

(=5, —/35), (=5,+/35), (2,0) in the 1st level, and
(=4, —=2v/6), (—4,2V6), (=3, —/15), (=3, /15), (=2/3,4/3), (0, 0) in the 2nd level,

in the configuration (2—, +; 0, 4+, —, +, —, +) (the configuration 2+, —; 0, —, +, —, +, —)
can be obtained reversing the sing in P).
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