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Abstract
For a topological dynamical system (X, 7T),/ € N and x € X, let N;(X) and Lﬁ[ (X) be
the orbit closures of the diagonal point (x, ..., x) (/ times) under the actions ¢ and T

respectively, where ¢ is generated by T x ... x T ([ times) and 7y = T x ... x T'. In
this paper, we show that for a minimal system (X, T) and d,! € N, the maximal d-step
pro-nilfactor of (N;(X), %) is (N1(X4), %), where X, is the d-step pronilfactor of (X, T).
Meanwhile, when (X, T') is a minimal nilsystem, we also calculate the pro-nilfactors of the
system (Li (X), ©y) for almost every x w.r.t. the Haar measure. In particular, there exists a
minimal 2-step nilsystem (Y, 7') and a countable subset 2 of ¥ such that for every y € Y\Q
the maximal equicontinuous factor of (Lg(Y), 1) is not (L2 , (Y1), 7o), where Y, is the

w1(y)
maximal equicontinuous factor of (Y, T) and 71 : ¥ — Y7 is the factor map.

Keywords Pro-nilfactors - Arithmetic progressions - Nilsystems

Mathematics Subject Classification 37B05 - 37A99

1 Introduction

1.1 Background

By a topological dynamical system (system for short) , we mean a pair (X, T), where X is a
compact metric space with a metric p, and 7 : X — X is a homeomorphism.
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For a minimal system (X, T),! € Nand x € X, the orbit closures of (x, ..., x) (/ times)
under the actions ¢ = (o7, 77) and 7; are denoted by N;(X, T, x) and Lf( (X) respectively,
where

=0T =Tx...xT!, and oy=0)(T)=T x ... x T (I times).

Since (X, T) is minimal, it is easy to see that N;(X, T, x) is independent of x, which will be
denoted by N;(X, T) or N;(X). We call N;(X) and Lﬁc (X) the space of arithmetic progres-
sions of length | and the space of simple arithmetic progressions of length [ for x respectively.
A basic result proved by Glasner [5] is that N;(X) is minimal under the ¥ action.

Arithmetic progressions in topological dynamical systems relate to the pointwise conver-
gence of multiple ergodic averages. We refer to [9] for more details.

In the recent years, the study of the nilsystems and inverse limits of this kind of dynamics
has drawn much interest, since it relates to many dynamical properties and has important
applications in number theory. We refer to [7] and the references therein for a systematic
treatment on the subject.

In a pioneer work, Host Kra and Maass [8] introduced the notion of regionally proximal
relation of order d for a system (X, T), denoted by RP“! Ford e N, we say that a minimal
system (X, T') is a d-step pro-nilsystem if RP!“] = A and this is equivalent for (X, T) being
an inverse limit of d-step nilsystems (see [8, Theorem 2.8]). For a minimal distal system
(X, T), it was proved that RP!“! is an equivalence relation and X /RP[‘” is the maximal
d-step pro-nilfactor [8]. Later, Shao and Ye [16] showed that in fact for any minimal system,
RP!“! is an equivalence relation and RP!?! has the so-called lifting property. Moreover,
RP[>®! = N1 RP!“I can be defined and it is also an equivalence relation for any minimal
system [3].

Let (X, T) be a minimal system. For / € N, the maximal equicontinuous factor (1-step
pro-nilfactor) of (N;(X), ¢4 ) plays an important role in [6, 13]. In this paper, we would like
to study the pro-nilfactors of (N;(X), ¢) and (L, (X), t7) respectively. In particular, for the
maximal d-step pro-nilfactor X; of X, we want to know whether the maximal d-step pro-
nilfactor of the space of arithmetic progressions of X and the space of arithmetic progressions
of X, coincide.

In [6], the authors showed that for any d,! € N, the maximal d-step pro-nilfactors of
(N1 (X), %) and the one of (N;(Xo), %) coincide. Therefore to study the pro-nilfactors of
(N1 (X), %), we canrestrict to the case that X is an co-step pro-nilsystem, which is an inverse
limit of minimal nilsystems [3]. Since the inverse limit is easy to handle, we need only to
focus on nilsystems.

1.2 The Space of Arithmetic Progressions and Pro-Nilfactors

Following the ideas in [7, Chapter 14], we can view the space of arithmetic progressions
of a minimal nilsystem as a nilmanifold. Thus it suffices to compute the pro-nilfactors of a
minimal s-step nilsystem (Z = L/ T, Ty, ..., Tx). The similar question was considered in
[15] and it was shown that the maximal d-step pro-nilfactor of Z has the form L/(Lj4+1T)
ford = 1,...,s, where L; is the ith-step commutator subgroup of L, i.e., L = L and
Liy1 =[L, Li]fori > 1.

From this, we can prove:

Theorem A Let s > 2 be an integer and let (X = G/ T, T) be a minimal s-step nilsystem.
Assume that G is spanned by G° and the element t of G defining the transformation T,
where G is the connected component of the unit element of G. For d = 1,...,s, let
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Xa = G/(Gg41T"). Then for everyl € N, the maximal d-step pro-nilfactor of (N;(X), %) is
(Ni(Xa), ).

Thus, combining the previous result [6, Theorem 5.6] we can show:

Theorem B Let (X, T') be a minimal system and d € N. Then for every | € N, the maximal
d-step pro-nilfactor of (N;(X), %)) is (N;(X4), ), where Xy = X/RPldJ.

1.3 The Space of Simple Arithmetic Progressions of Nilsystems and Pro-Nilfactors

Up to now, all of the conclusions are expected. In the process of studying the pro-nilfactors
of the space of simple arithmetic progressions of nilsystems, we find a surprising result:
there exists a minimal 2-step nilsystem (Y, 7) and a countable subset €2 of Y such that
for every y € Y\ the maximal equicontinuous factor of (&7, 72(y, y), T x T?) is not
Oryr2 (), (), T x T2), where 7 : ¥ — Y/RPm is the factor map.

Indeed, for a minimal s-step nilsystem (X = G/ I', T') we can calculate the pro-nilfactors
of the space of simple arithmetic progressions for myx-a.e. x € X, where my is the uniquely
ergodic measure of (X, 7). (See [7, Chapter 12, Section 2], for exmaple, that any minimal
nilsystem is uniquely ergodic.)

Before stating our result, we need define two subgroups of GZ+ (see also Sect. 2.4). Define

HP(G) = {(ggl(l)...gsS))neZ+ :g€G, gie€Gi,i=1,...,5)

which is called the Hall-Petresco group, and
HP,(G) ={p € HP(G) : ¢(0) =15},

where 1¢ is the unit element of G.
The groups H P(G) and H P,(G) play an important role in the study of arithmetic pro-
gressions in nilsystems. We have:

Theorem C Let s > 2 be an integer and let (X = G/ T, T) be a minimal s-step nilsystem.
Assume that G is spanned by G° and the element t of G defining the transformation T, where
GY is the connected component of the unit element of G. For mx-a.e. x andd =1, ...,s,
the maximal d-step pro-nilfactor of (LﬁC (X), 1) is conjugate to the system

(HPP(G)/(HPP(G)ag1 - (HPP(G)NTH), 7.0)
for some nilrotation 7, x, where HP(G) = {(¢ (1)) 12n=i : ¢ € HP.(G)} and HP (G

is the k™-step commutator subgroup ofHPe(l) (G) fork =1, ..., s. Moreover, if G is simply
connected, then H Pg(l)(G)k is generated by

{(g"l)lsnsl 18€Gj, j=k, ..., s}

The paper is organized as follows. In Sect. 2, the basic notions used in the paper are
introduced. In Sect. 3, we give a proof of Theorem A and by using Theorem A, we prove
Theorem B. In the final section, we show the conclusions in Sect. 1.3.
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2 Preliminaries

In this section we gather definitions and preliminary results that will be necessary later on.
LetZ, (N, Z, respectively) be the set of all non-negative integers (positive integers, integers,
respectively).

2.1 Topological Dynamical Systems

A transformation of a compact metric space X is a homeomorphism of X to itself. A
topological dynamical system (system for short) is a pair (X, T'), where X is a compact
metric space and 7 is a transformation of X. For x € X, Or(x) = {T"x : n € Z} denotes
the orbit of x. A system (X, T) is called minimal if every point has a dense orbit in X.

A homomorphism of systems (X, T) and (Y, T) is a continuous onto map 7 : X — Y
which intertwines the actions; one says that (Y, T) is a factor of (X, T') and that (X, T) is
an extension of (Y, T). One also refers to  as a factor map or an extension and one uses the
notation  : (X, T) — (Y, T). The systems are said to be conjugate if  is a bijection. An
extension 7 is determined by the corresponding closed invariant equivalence relation

Ry ={(x,x)e X x X: n(x) =m(x")}.

2.2 Regional Proximality of Higher Order

Forii = (ny,...,ng) € Z and & = (g4, ..., 84) € {0, 1}, we define

d
n-e= E n;&;.
i=1

Definition 2.1 Let (X, T) be a system and d € N. The regionally proximal relation of order
d is the relation RP!“! (or RP(X) in case of ambiguity) defined by: (x, y) € RP“) if and
only if for any § > 0, there existx’, y € X and7i € N? such that: p(x, x') < 8, p(y, y)) < &
and

p(T™x' Ty) < 8, ¥ e e {0, 1}\(0).

A minimal system is called a d-step pro-nilsystem if its regionally proximal relation of
order d is trivial.

Theorem 2.2 [16, Theorem 3.3] For any minimal system and d € N, the regionally proximal
relation of order d is an equivalence relation.

The regionally proximal relation of order d allows to construct the maximal d-step pro-
nilfactor of a minimal system. That is, any factor of d-step pro-nilsystem factorizes through
this system.

Theorem 2.3 [16, Theorem 3.8] Let 7 : (X,T) — (Y, T) be a factor map of minimal
systems and d € N. Then,

(1) (7 x m)RPIE(X) = RP(Y).
(2) (Y, T) is a d-step pro-nilsystem if and only if RPIV(X) C R;.

@ Springer



Journal of Dynamics and Differential Equations (2024) 36:2627-2644 2631

In particular, the quotient of X under RPN X) is the maximal d-step pro-nilfactor of X.

Remark 2.4 Whend = 1, RP! is nothing but the classical regionally proximal relation. For
a minimal system (X, T), we call it equicontinuous instead of a 1-step pro-nilsystem if its
regionally proximal relation is trivial and call X /RP! the maximal equicontinuous factor
instead of the maximal 1-step pro-nilfactor.

It follows from Theorem 2.3 that for any minimal system,

RP'™ = () RP!
d>1

is a closed invariant equivalence relation.
Now we formulate the definition of co-step pro-nilsystems.

Definition 2.5 A minimal system is an oco-step pro-nilsystem, if the equivalence relation
RP™! i trivial, i.e., coincides with the diagonal.

2.3 Nilpotent Groups, Nilmanifolds and Nilsystems

Let G be a group and denote its unit element by 1. For g, h € G, we write [g, h] =
ghg~'h~! for the commutator of g and %, we write [A, B] for the subgroup spanned by
{la,b] : a € A, b € B}. The commutator subgroups G;, j > 1, are defined inductively by
setting G| = G and G| =[G}, G]. Let k > 1 be an integer. We say that G is k-step
nilpotent if G4 is the trivial subgroup.

Let G be a k-step nilpotent Lie group and I" a discrete cocompact subgroup of G. The
compact manifold X = G/ T is called a k-step nilmanifold. The group G acts on X by left
translations and we write this action as (g, x) +— gx.Lett € G and T be the transformation
x +— tx of X. Then (X, T) is called a k-step nilsystem.

We also make use of inverse limits of nilsystems and so we recall the definition of an inverse
limit of systems (restricting ourselves to the case of sequential inverse limits). If (X;, T;);en
are systems with diam(X;) < 1 and ¢; : X;41 — X; are factor maps, the inverse limit of
the systems is defined to be the compact subset of ]_[ieN X; given by {(x;)ieN : @i (xiy1) =
xi, i € N}, which is denoted by l(iLn{X,- }ien. It is a compact metric space endowed with the

distance p(x, y) = > ;e 1/ 21 p;i (x;, yi). We note that the maps {7;} induce a transformation
T on the inverse limit.
The following structure theorems characterize inverse limits of nilsystems.

Theorem 2.6 (Host-Kra-Maass). [8, Theorem 1.2] Let d > 2 be an integer. A minimal system
is a d-step pro-nilsystem if and only if it is an inverse limit of minimal d-step nilsystems.

Theorem 2.7 [3, Theorem 3.6] A minimal system is an co-step pro-nilsystem if and only if it
is an inverse limit of minimal nilsystems.

2.4 Hall-Petresco Groups

Let G be an s-step nilpotent group. A geometric progression in G%+ is defined by the
following form

MO

(g8, IneZ s
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where ¢ € G and g; € G, fori = 1,...,s. The collection of all such progressions is the
Hall-Petresco group H P(G) for G (see [7, Chapter 15, Section 1] that H P(G) is a group).
We also define the following group

HP.(G)={¢p € HP(G) : ¢(0) = 1g}.
An observation is that every element ¢ € H P,(G) has the form

o) =g "

where g; € G; fori =1,...,s.

s n€Z+,

3 Arithmetic Progressions In Topological Dynamical Systems

In this section, we will study the space of arithmetic progressions of a minimal nilsystem. As
an application, we give a proof of Theorem A. Among other things, we can show Theorem
B.

3.1 Nilsystems

We start by recalling some basic results in nilsystems. For more details and proofs, see [1, 7,
14]. If G is a nilpotent Lie group, let G° denote the connected component of its unit element
1g. In the sequel, s > 2 is an integer and (X = G/I', Ty, ..., Tr) is a minimal s-step
nilsystem with k commuting transformations. That is, there exist 71, .. ., #y € G defining the
transformations 71, ..., Tx: T; : gI" — t;gI" suchthat T;T; = T;T; for 1 <i < j <k.

If (X, Ty, ..., Ty) is minimal, let G" be the subgroup of G spanned by Glandty,..., 1
and let ' = ' N G’, then we have that G = G'T. Thus the system (X, Ty, ..., Ty) is
conjugate to (X', T}, ..., T}), where X" = G'/T’ and T} is the translation by #; on X’ for
i = 1,..., k. Therefore, without loss of generality, we can restrict to the case that G is
spanned by G° and 71, ..., 1. We can also assume that G° is simply connected (see for
example [1] or [12] for the case that G = GY and [11] for the general case). This in turns
implies that the commutator subgroups G;,i = 2, ..., s are connected and included in GY.
Moreover, GY is divisible, i.e., for any g € G%and d € N, there is some i € GY with h9 = g
(see for example [7, Chapter 10, Corollary 9]).

The following theorem characterizes the pro-nilfactors of minimal nilsystems.

Theorem 3.1 [15, Theorem 1.2] Let s > 2 be an integer and let (X = G/, Ty, ..., Ty) be
a minimal s-step nilsystem. Assume that G is spanned by G° and the elementst, ..., t; of G
defining the commuting transformations Ty, ..., Ty. Ford = 1, ..., s, if X4 is the maximal

factor of order d of X, then X4 has the form G /(G 441T"), endowed with the translations by
the projections of t1, ..., tx on G/Gg441.

3.2 The Space of Arithmetic Progressions of Nilsystems

Let (X = G/T', T) be a minimal s-step nilsystem. Ford = 1, ..., s, let HP(G)4 be the
collection of the element with the following form

(ggl(‘) . ~gs(S))”EZ+,
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where g, g1,....84 € Ga, i €Gi,i=d+1,...,sand () =0ifn <.
It is clear that H P(G) is the Hall-Petresco group H P(G) for G and

HP(G)g = G+ N HP(G), (1

which implies that every H P(G)g is a group. In [7, Chapter 15, Corollary 1,2], it was shown
that H P(G) is a nilpotent Lie group and its discrete cocompact subgroup is H P(G) N e+ =
I". Write

HP(X) = HP(G)T.
Define t*, 12 € GZ+ as
F=lgxtxt?x...,and t2 =t xtxtx....

and let 7, o be the translations by #* and ¢* respectively. Let & be the group generated by o
and 7. The nilmanifold H P (X) is invariant under the ¢ action as the elements #* and 2 both
belong to H P(G). Moreover, in [7, Chapter 15, Theorem 5], it was shown that the nilsystem
(HP(X), %) is minimal. That is, for any x € X, one has

Oy (x) = HP(X). ()

We first study the pro-nilfactors of the nilsystem (H P (X), ¢). To do this, we need some
intermediate lemmas.

Lemma3.2 Let H be a normal subgroup of G. For g, h € G, if gh € H, then g"h" € H for
alln € Z.

Proof Forn € Z, write w, = g"h". In particular, wop = 1g, w| = gh.
For positive integer n, as

wy, = ¢"h" = gw,—1h = gh(hilw,,_lh),
and H is normal in G, we deduce inductively that w, € H. m]

Proposition 3.3 H P(G)g is the d™-step commutator subgroup of HP(G) ford =1, ..., s.

Proof Ford =1, ..., s, denote by /IEI\I;(G)[[ the d‘h-step commutator subgroup of H P(G).
In particular, /I-—I\F(G)l = H P(G). By (1), the inclusion /I-—I\F(G)d C HP(G), is trivial.

To prove the converse, we proceed by induction on the degree s of nilpotency. When
s = 1, G is trivial and there is nothing to prove. Assume that s > 2, that the result holds
for any (s — 1)-step nilmanifold, and that G is s-step nilpotent. Write H = G /G and let
p : G — H denote the associated quotient map. Then H is an (s — 1)-step nilpotent Lie
group. We need the following claims.

Claim 1: HP(G)y - HP(G); = HP(G)y ford =1, ..., s.

Proof of Claim 1 ?I\_I;(G)d and H P(G); are obviously subgroups of H P(G)4, and therefore
sois HP(G)y - HP(G)y.

We next show the converse. Let ¢ = (¢ (n))nez, € HP(G)g = G? N HP(G), then
pop = (pod(n))yez, liesin HdZ+ NHP(H) = HP(H),. Thus by the induction hypothesis,
p o ¢ also belongs to ;I\_P/(H)d. It follows that there exist ¢ € 7—1\_};(G)d and 0 € GAZJ’ such
that ¢ = 0. Since H P(G) is a group, 8 € HP(G). By (1), we get that 0 € H P(G);.

This shows Claim 1. ]
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Claim 2: Forany g € Gy andm € {1, ..., d}, the sequence whose terms are g(nrﬁl) belongs
to HP(G)g.

Proof of Claim 2 'We show this claim by induction on m.

When m = 1. For g € G, by the definition of the group H P(G)4, the sequence whose
terms are g('ll ) and the constant sequence g ! both belong to H P(G)4, and thus the sequence
with terms of form g(”Tl) = g(T) - g~ ! belongs to HP(G)g.

Assume that m € {2,...,d}, that the sequence whose terms are h(:r:ll) belongs to
HP(G)g forany h € Gg. Let g € Gy, notice that g('n') = ¢G) - (g71)Gi-), and by the
definition of the group H P (G)4, the sequence whose terms are g(;) belongs to H P(G), and
by the induction hypothesis the sequence whose terms are (g’l)(f’:'ill) belongs to H P(G)g4,

and thus the sequence with terms of the form g(”r;l) belongs to H P(G)g.
This shows Claim 2. O

Since G is abelian, form =0, 1, ..., s, the set
Hpy = {a € Gy : @)z, € HP(G);)
is a subgroup of G;.

Claim3: H,, = G, form =0,1,...,5s.

Proof of Claim3 When m < s, it suffices to show that for any » € Gs_1 and ¢ € G , the

sequence whose terms are [b, c] () belongs to HP(G),. Let B = (b(zrvlv)),,eer and y be the

constant sequence ¢, then 8 € HP(G)s;—1 andy € HP(G).By Claim 1 ford = s — 1, there

exist ¥ € HP(G)s—1 and @ € H P(G); such that 8 = {0, and thus [, y] € HP(G);. As
Ly

0 € Gy, we get that

[B.v1(n) = [B(n), y ()] = [y (m)0(n), y (n)] = [¥(n), y ()] = [V, y1(n)

for any n € Z., which implies [B, y] = [V, y] € ﬁf(G)s and the sequence with terms
of the form [b(:«), c] belongs to ;I\F(G)S. As G is s-step nilpotent, the commutator map
(x,y) = [x,y] taking Gs—1 X G to Gy is a homomorphism in each coordinate. Thus
[b (»’111), c]l=1b, c](r'r’«), and the statement follows.

Assume now that m = s. Since s > 2, the group Gy is connected and so is divisible. Thus
it suffices to show that fora € G, we have a® € Hy ,andthusforallb € Gy_; andc € G, the
sequence whose terms are [b, c]s('sl) belongs to /I?f/’(G) s- By Claim 2, the sequence whose
terms are b(z:}) belongs to HP(G),—1, and the sequence whose terms are ¢" belongs to
H P(G). By a similar argument for the case m < s, we can get that the sequence with terms
of the form [6(-1), ¢] belongs to HP(G);. Notice that [b, c]) = [bG-1), ¢, thus the
statement follows.

This shows Claim 3. ]

From Claim 3, as 7—1—\}/’(G)5 is a group, (aoal(l) .. .as("')),lez+ € ?I-\F(G)S ifag, ..., a5 €
H; = Gg. Thus we get that HP(G); = HP(G);. Combining Claim 1, we deduce that
HP(G)y is the dth-step commutator subgroup of H P(G) ford =1, ...,s. ]

Lemma3.4 (G,I)Z+ NHP(G)=HP(G)y-T ford=1,...,s.
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Proof Recall that T = H P(G) N T'%+. Notice that H P(G)d and T are obviously subgroups
of (G4T)%+ N H P(G), and therefore so is H P(G)4 -

We next prove the converse. Let ¢ = (q’)(n)),,ez;+ € (Gc,gF)Z‘r N HP(G), then by the
definition of the group H P(G) there exist g € G and g, € G, m = 1, ..., s such that for
neZZy

¢(n) = ggfn)~ gs( )

As ¢ € (G4 F)Z+, we deduce that g, g1, ..., g € G4I" inductively. It suffices to show that

the sequence whose terms are g,S{” and the constant sequence g all belong to HP(G), - r
First, as g € G4I', there exist 1 € G4 and y € I such that g = hy. By the definition of the
group H P(G)4, we get that the constant sequence & belongs to H P(G)4 and the constant
sequence y belongs to T, as was to be shown.

(Ill )

If m > d, since g, € Gy, we get that the sequence whose terms are g,,;"" belongs to
H P(G)y, and thus belongs to HP(G)y - T

Ifl <m<d-—1,as gy, € G4T, thereexist h,, € G4 and y,,, € I" such that g,, = hp, Vi,
Recall that g, € G, we get y, = hm gm € G, and thus the sequence whose terms are

(,’") belongs to H P(G).

We next claim that the sequence whose terms are g,gl )(ym 1)( ) belongs to H P(G)q.

To prove the claim, notice that the sequence whose terms are g( %
H P(G), it suffices to show thatg( )(y,,jl)( ) e Ggforalln € Z,. As gmy,,j =hy € Gg,

by Lemma 3.2 we have gk y,—* € G, for all k € Z.. In particularly, g,51 )(ym 1)( ) e G, for

all n € Z, and thus the claim follows. From this claim we deduce that the sequence whose

Y 1)(m) belongs to

terms are g,g,’”) belongs to HP(G)g - r
This completes the proof. O

Lemma 3.5 The group H P(G) is spanned by (HP(G))° and the elements t*, t*.

Proof We first show that the group H P(G); is included in (H P(G))°. Indeed, for every
n € Zy the projection 7w, : HP(G)2 — G2, (¢(n))nez, > ¢(n) is surjective and open,
and G is included in G° and hence connected, we get that the group H P(G); is connected
and thus it is included in (H P(G))°.

It is easy to see that any constant sequence is spanned by (H P(G))? and the element 2.

For g € G, let ¢; = (Pg(n))nez, € GZ+ such that ¢g(n) = g", then ¢, € HP(G).
We claim that there exist ¥ € (HP(G))? and k € Z such that ¢ = ¥ - (t*)*. As G is
spanned by G and ¢, there exist & € G® and k € Z such that g = hr*. Since G is normal
in G, by Lemma 3.2 we get that ¢ = ¢, - % e (GY%Z+. As HP(G) is a group and
t* € HP(G), ¥ € HP(G). There exists some ¢ € HP(G); such that ¥ = ¢pep. As
én € HP(G®) c (HP(G))?, we deduce that ¥ € (H P(G))? as was to be shown.

Recall that the group H P(G) is spanned by the constant sequence, the sequence whose
terms are g", where g € G and H P(G)», thus the lemma follows. O

Now we calculate the pro-nilfactors of the nilsystem in (2) that

Theorem 3.6 Let (X = G/ T, T) be a minimal s-step nilsystem. Assume that G is spanned
by G and the element t of G defining the transformation T. Ford = 1, ...,s, let Xg =
G/(Gg41T), then the maximal d-step pro-nilfactor of (HP(X),¥9) is (HP(X4),¥9).
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Proof Let X; = G/(G44+1T) and p : X — X, be the quotient map, and let t' = p(z). Then
the transformation induced by T on X is the translation by ¢/, which also denoted by 7.

There exists a natural quotient map p™* : X%+ - X? by (x(M)nez,. — (Px(MW))nez., -
Moreover p* induces a factor map: p* : (HP(X),¥) - (HP(X4),9).
To show the statement, it is sufficient to show !

RPY(HP(X)) = Rx.
As (HP(Xy4),¥) is a minimal d-step nilsystem, by Theorem 2.3 we have
RPY(HP (X)) C Rp».

We next show the inverse inclusion. Let x, y € H P(X) with p*(x) = p*(y). Recall that
H P(X) is the nilmanifold H P(G)/T", where I' = HP(G) N I'Z+| then there exists some
¢ € HP(G) withy = ¢x, which implies ¢ € (Gd+1F)Z+. By Lemma 3.4 we have

¢ € (G D)% NHP(G) = HP(G)as: - T

On the other hand, by Lemma 3.5 and Theorem 3.1, the maximal d-step pro-nilfactor of
HP(X)is

HP(G)/(HP(G)as1 - 1),

which meaning (x, ¢x) € RPIY/(H P(X)), and so (x,y) € RPIYI(H P(X)).
We conclude that the maximal d-step pro-nilfactor of (H P(X),¥) is (HP(X4),¥). O

3.3 Proof of Theorem A

Now we are able to give a proof of one of our main results.

Proof of TheoremA Let X; = G/(G4+1') and p : X — X, be the quotient map, and let
t' = p(t). Then the transformation induced by T on X is the translation by ¢/, which also
denoted by T'.

When / = 1, the result is trivial, as the system (N1(X), ¢;) is conjugate to the system
(X, T).Forl € N, notice that the projection p; : X%+ — x!: x(M)nez, H (x())o<n<
induces a factor map

pr: (HP(X),9) — (Ni41(X), 9p41).

By Theorem 3.6, the maximal d-step pro-nilfactor of H P(X) is H P(X), thus by Theo-
rem 2.3 the maximal d-step pro-nilfactor of Ny (X)is p;(H P(X4)) whichequals Ny 41 (X ).
This completes the proof. O

3.4 Proof of Theorem B

In this subsection, we will show Theorem B. Proving it, we need some intermediate lemmas.
We start from the following simple observation.

Lemma 3.7 Let (X, T) be an inverse limit of a sequence of minimal systems {(X;, T)}ieN-
Then for everyl € N, (N;(X), ) is an inverse limit of the sequence {(N;(X;), 4)}ieN-

1 One can see the definition for RP!9] and R« in Sects. 2.1 and 2.2.
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Lemma 3.8 [15,Lemma 5.4] Let (X, T) be an inverse limit of a sequence of minimal systems
{(Xi, T)}ien. Fori,d € N, let Z; 4 be the maximal d-step pro-nilfactor of X;. Then the
maximal d-step pro-nilfactor of X is an inverse limit of the sequence {(Z; 4, T')}icN.

Lemma 3.9 [15, Lemma 5.6] Let (X, T) be a minimal system and d € N. Let R C X x X
be an equivalence relation of X with R C RP'Y, then the maximal d-step pro-nilfactors of
Y = X/R and X coincide.

Lemma 3.10 [3, Theorem 3.8] Let (X, T') be a minimal system. IfRP[d] = RP[dH]for some
d € N, then RP™ = RP forall n > d.

Theorem 3.11 [6, Theorem 5.7] Let (X, T') be a minimal system and d € N. Then forl € N,
the maximal d-step pro-nilfactors of Nj(X) and Nj(X ) coincide, where X oo = X/RP[OO].

Now we are able to show Theorem B.

Proof of Theorem B Let X; = X /RP!4 for d € N U {oo}. It follows from Theorem 3.11 that
the maximal d-step pro-nilfactors of N;(X) and N;(Xo) coincide.

It suffices to show that the maximal d-step pro-nilfactor of N;(X ) is N;(Xy).

If RPI] = RP[‘H'”, then RP“1 = RpI*! by Lemma 3.10. On this moment, X , is equal
to Xy and Nj(X ) is a d-step pro-nilsystem.

If RPIY £ RPY*! By Theorem 2.7, there exists a sequence of minimal nilsystems
{(Y;, T)};en such that Xoo = l(iI_n{Yi},-eN. Without loss of generality, we may assume that

the nilpotency class of Y; is not less than d for every i € N. Let X4 and ¥; 4 be the maximal
d-step pro-nilfactors of X and Y; respectively. By Lemma 3.9, X, is also the maximal d-step
pro-nilfactor of X, and thus X is an inverse limit of the sequence {Y; 4};cn by Lemma 3.8.
As Y; is a minimal nilsystem, the maximal d-step pro-nilfactor of N;(Y;) is N;(Y; 4) by
Theorem A. Note that N;(X ) is an inverse limit of the sequence {N;(Y;)}ieny by Lemma
3.7, we deduce that the maximal d-step pro-nilfactor of N;(X) is an inverse limit of the
sequence {N;(Y; 4)}ien by Lemma 3.8, which is equal to N;(Xy).

We conclude that the maximal d-step pro-nilfactor of (N;(X), 4) is (N;(X4), 9)). ]

4 Simple Arithmetic Progressions In Nilsystems

In the last part of this paper, we first give the example which is mentioned in the introduction.
That is,

Example 4.1 There exists a minimal 2-step nilsystem (Y, T') and a countable subset 2 of Y
such that for every y € Y\ the maximal equicontinuous factor of (Or, r2(y,y), T X T?)
isnot (Opyr2(w(y), w(y)), T x T?), where 7 : Y — Y/RPl1J is the factor map.

Let G =7Z x T x T, with the multiplication given by
(k,x, )« (K',x",y) =k + k', x+x',y+y +2kx)).

Then G is a Lie group. Its commutator subgroup G; is {0} x {0} x T and G is 2-step
nilpotent. The subgroup I' = Z x {0} x {0} is discrete and cocompact. Let Y denote the
nilmanifold G/ " andlet Z = G/(G>T"). Leta be irrational, t = (1, @, @) and T : ¥ — Y be
the translation by . Then (Y, T) is a 2-step nilsystem. We can also view the nilsystem (Y, T')
as T : T2 — T2, x, > x4+a,y+2x+a),and (Z,Tz)as Tz : T - T, x — x + .
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Since « is irrational, the rotation (Z, Tz) is minimal and (Y, T) is minimal too. By
Theorem 3.1, (Z, Tz) is the maximal equicontinuous factor of (Y, T). Let & be the factor
map, i.e., T : T — T, (x,y) — x.For (x,y) € T2, m(x,y) =x and

Or XTZz(x,x) =, x)+{(na,2na) :neZ} ={(x+z,x+2z):z€ T}

z

Thus the system (ﬁrszg (x,x), Tz x Tzz) is conjugate to the system (Z, T7).
Claim: For (a, b) € T2, the maximal equicontinuous factor of (07 r2(a, b,a, b), T x Tz)
is conjugate to the system (Jg,, (0, 0), Ry,), where R, : T2 — T2, (x, y) > (x4a,y+c)
for ¢ € T. In particular, if o, a are rationally independent, the system (Og,, (0, 0), Ro,) is
not conjugate to the system (Z, 7z).

To show the claim, we start from the following simple observation.

Lemma4.2 Let (X, T)and (Y, S) be minimal systems. If there exists a continuous onto map
h:X — Yandx € X such that h(T"x) = S" (h(x)) for all n € 7Z, then h induces a factor
map between systems (X, T) and (Y, S).

Now we are in position to show the claim.

Proof of Claim For € T, let Sg : T? — T? be defined by
Sg(x,y) =(x+a,y+2x +a+p).

When 8 =0, So = T. The system (T2, Sg) is minimal (see for example [4, Lemma 1.25]).
LetUg : T3 — T3 be defined by

Ug(x,y, ) =(x+o,y+2x+a+ B, 2+ 28).

Step 1: A special case.
Let 4 : T* — T3 be defined by

hix,y, z,w) = (x,y,4y —w).
Note that
(Sg x $3)"(0,0,0,0) = (no, n*a + np, 2nat, 4n*a + 2n )
and
h((Sp x $5)"(0,0.0,0)) = (nat. n’a + np. 2np)

= U}(0,0,0)
= U;(h(0.0,0,0)),

thus by Lemma 4.2, h induces a factor map:

h: (G,,53(0.0.0,0), Sg x 8§) = (61,(0.0,0), Up).

For any (x1, x2, X3, x4) € ﬁsﬁxsé (0,0,0,0), we have x3 = 2xy. It follows that 4 is a
bijection and thus / is a conjugation.

Write L = ﬁ’Uﬂ(O,O, 0). Notice that for (x, y1,z2), (x,y2,2) € L with y; # y»,
((x, Y1, 2), (x, y2, Z)) e RpPI(L, Ug), we deduce that the maximal equicontinuous fac-
tors of systems (L, Ug) and (Og4(0,0), Rg) coincide. As the system (O, (0, 0), Rp) is
equicontinuous, it is also the maximal equicontinuous factor of (L, Ug).
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Finally, the maximal equicontinuous factor of (ﬁsﬁx 52 0,0,0,0), Sg x Sé) is conjugate
to the system (ﬁRﬂ (0, 0), Rp).

Step 2: The general case.
Fix (a, b) € T?. Let g : T* — T* be defined by

gx,yv,z,wy=x —a,y—b,z—a,w—D>).
Note that
(T x T>"(a, b,a,b) = (a, b, a, b) + (na, n”’a + 2na, 2na, 4n*« + 4na)
and
g((T X Tz)”(a, b,a, b)) = (na, n?a + 2na, 2nao, dnla + 4na)
= (524 x $3,)"(0,0,0,0)
= (824 x 83,)"(g(a. b.a, b)),

thus by Lemma 4.2, g induces a conjugation:

gt (Or,q2(a,b,a.b). T x T — (0, 2 (0,0,0,0), S2 x S3,).

Therefore, by Step 1 the maximal equicontinuous factor of (0, r2(a, b,a,b), T x Tz)
is conjugate to the system (Og,, (0, 0), Ra,).
This completes the proof. O

4.1 Proof of Theorem C

Before proving Theorem C, we need some lemmas.

Lemma4.3 [10, Section 3.4] For ki, ...,k € N, let g1,..., 81 be elements of G with
8j € Gi;, andlet py, ..., pr : Z" — Z be polynomials with deg pj < k; for j =1,...,1.
Fix a linear ordering on the set Z',. Then for every (I1, ..., 1) € Z!_, there exists zj,
Gy +..+1, such that

r

.....

! ny ny
| | pj(ni,...n.) GH-- ]r)
gjj Zl] ,1...,[, (3)
j=1 ,

forall (ny,...,n,) €Z', where I ={0 <1} <ni}x...x{0 <1 <n,}and the factors
in the product on the right-hand side of (3) are multiplied in accordance with the ordering
induced on I from 7, .

Lemma 4.4 [7, Chapter 1, Lemma 4] Let G be an s-step nilpotent group. If 2i + j > s, then
for every y € G the map from G; to G, given by x > [y, x] is a group homomorphism.
In particular, for any x1,...,x; € G,y € Gs_j andny, ...,nj,njy1 € Z,

Loy X2 Y = e [, X, e X ], p] it

Definition 4.5 Let G be an s-step nilpotent group. Ford = 1, ..., s, define A; ¢ G%+ as
the group generated by

k
{(¢" nez, 18 € Gy, k=d,... s}
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Proposition 4.6 Let G be an s-step nilpotent group and assume that G g is divisible for every
d=2,...,s. Then the d™-step commutator subgroup of A1 is Ag ford =2, ...,s.

Proof Ford = 2,...,s, let Ay be the d™M-step commutator subgroup of A;. To show the
statement, we need the following claims. Let d > 2.
Claim 1: For any /,...,lqs € Nand z € Gy 4. 4, there exist wy, ..., Wy 4. .41, €

Gy +..41, such that for all n € N,

I+l

Z(Ir:)"'(l:;): 1_[ w;yj'
j=d

In particular, (Z(’l)'"(’“’))nez+ € Ag.

ProofofClaim 1 Fixl;,...,l; € Nandlet! =i +...+14,z € G;. Noticel > d > 2, then
by the assumption G is divisible, and thus there exists some w € G; such that w!*¢' = 7.
Write ! - - - ld!(l"]) ... (l':i) =nl +aq_n"'+...+an?, wherea;_i, ...,ay € Z. Then

ll!"'ld!(lr;)-"(z";)

nl+a1,1n1_l+...+adnd 4 -1 n4

Z(ll)"'(ld) —w =w = wl” wln—l cewy
where w; = w% € G;fori =d,...,l — 1 and w; = w, as was to be shown.

We next show that (1)), 7, € Ay. By the definition of the group Ag, (w" ez, €
Ag forevery j =d, ..., I and thus the statement follows. O
Claim 2: Let ¢1, ¢, ..., ¢q € Ay, then for any (ny, no, ..., ng) € N one has

(DG4
[...[p1(n0). g2 ()], .. pa )l = [ |2, "

1

where zj, 1, € Gy 4y and I = {(ly, ..., lp) e N [y + ... +1; <s).
In particular, [...[¢1, ¢21, ..., pal € Ag.

Proofof Claim2 Let ¢y, ¢3, ..., ¢pq € Aj. It follows from Lemma 4.3 that

(D)}
Sy, nz, ... ng) =[..[p1(0), g2, ... pama)) = [ [z, "

Lol
1

where z, 1, € Gipsiyand I = {(lh, ..., lp) € Z : ly + ...+ 1g < s).
We first show that z;, .., = lg if ; = 0 for some i € {1,...,d}. Without loss of
generality, assume that /1 = 0. Notice that ¢1(0) = 15 and thus

Ig =1[...[910), p2(n2)]. . .. pa(na)]

forall ny,...,ng € Z+.
On the other hand, we have
lg = ®(0,...,0,0) =zp,..0
=&(0,...,0,1) = z0,..020,..,0,1
=®(,...,0,2) = z,.., 02p,...,0,1%0,...,0,2
which implies that zo 4,,.. 1, = 1 forevery (0,1, ...,14) € I, as was to be shown.
Thus by Claim 1, we get that ® € A,. O
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It follows from Claim 2 that Zd C Ay fordd =2,...,s.
Claim 3: For k > d and g € Gy, one has (g" )ycz, € Ag.

Proof of Claim 3 We first show this claim for k = s and 2 < d < s. Let g € Gy and let
81,---,8d—1 € G, 84 € Gyp1—g such that g = [...[g1, 821, ..., gal- As (§/Inez, € A1
fori =1,...,d and g”d =[...[g]. &) ..., gjl forany n € Z,, by Lemma 4.4 we have
(g"d)nem € Ag.

We will prove this claim by the decreasing induction for d. When d = s, it follows by the
argument above for the case k = s and2 <d <.

Let d < s and assume that this statement is true forall j =d + 1, ..., s, i.e.,
(*)forany j >d + 1, (z"j),,.ez+ € Zj fork > j and 7z € Gg.

Now for d, we will show that (g"d),,ezJr € Zd for k > d and g € Gy inductively on k. It
follows by the argument above for the case k = s and 2 < d < s that (g”d)nez . € Xd for
g € G5. Letd < k < s and assume that
(%) (¢""Vpez, € Agforany j > k+1andg € G;.

Leth € Gyandlethy,...,hg—1 € G, hg € Ggy1—qsuchthath =[...[hy, h;,]’ oo hgl.
Let o; = (h)pez, fori =1,...,d,theng; € Ajand [...[¢1, ¢2],...,¢4] € Ag.

By Claim 2, for any (n1, na, ..., nq) € N9,

GG
[ o1, 2(n2)], .. ooama)l = | |z, 4,
1
where z;, 1, € Gijqqpyyand I = {(ly, ..., 15) e N 1 [y + ...+ 1y <s}.
By taking ny = ... = ng = n, we have

In particular, z;,.. | = h.
Fix (4,...,1y) €e Nd withd +1 < < s, where [ = [ + ...+ 3. By Claim 1, there
exist wq, ..., w; € G; C G441 such that foralln e N

1
(zn)---(ln) J
1 d’ | | n-
le = w; .

,,,,, la J
Jj=d
Therefore by the induction hypothesis (*),
! ~ a1 ~ pd+1 ~
(W) Inez, € A1, (W Inez, € A1, -, (Wi Inez, € Ad+1,

and by (¥%), (wzd),lez+ € Zd. Notice that Zd is a group and Zl Cc...C Zd, thus

ARG

7) ”l n(l ~
A nezy = (W) Inezy -+ (W Inez, € Ad.

and thus (h”d),,ezJr € Zd, as was to be shown.
This completes the proof. O
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Recall that A, is generated by

k
{(§" Inez, 1 g € Gk, k=d, ... s},

thus by Claim 3, A; C Xd.
We conclude that A, is the d™-step commutator subgroup of Aj ford =2, ..., s. O

Theorem 4.7 [7, Chapter 15, Theorem 7] Let (X = G/ T, T) be a minimal s-step nilsystem.
For x € X, set

HP(X) ={¢ € HP(X) : $(0) = x}.
Then for mx-almost every x € X, the nilsystem (H Py(X), T) is minimal.

Now we are able to show Theorem C.

Proof of Theorem C By Theorem 4.7, there is a full-measure subset Q2 of X such that
(H Py (X), t) is minimal for every x € . Recall that H P(G) is a nilpotent Lie group,
it follows that H P,(G) is also a nilpotent Lie group. Write

L(X) = HPe(G)/(HPg(G) ﬂFZ+).
For x € X, let g € G be alift of x and let t, = g~ 'rg. Define t;‘,gA € G%+ as
f=lgxtyxt?x.. ., and g2 =gxgxgx....

and let 7, o, be the translations by #; and g” respectively. Note that 0y is a transformation
of X%+ and t, is a transformation of L(X) as t¥ € HP,(G).

Claim 1: For any x € X, o, induces a conjugation: o, : (L(X), 7o) = (H Py (X), 7).

Proof of Claim 1 Recall that , = g~ 'tg, then g - " = t" - g for all n € Z, which implies
that o, 7,¢ = 10, ¢ for any ¢ € X%+ and thus o, induces a factor map: oy : (L(X), 1) —
(HP.(X), 7). Note that g2 HP.(G) = {¢ € HP(G) : $(0) = g}, and thus g2 is a
homeomorphism of L(X) and H P, (X). This shows that o, : (L(X), 7u) — (H Py (X), 7)
is a conjugation. O

Claim 2: H P,(G) is generated by (HPe(G))0 and ..

Proof of Claim 2 Note t,t~' = g7 'tgt~! € G° and thus G is spanned by G° and 1, .

We first show that the group H P, (G), isincluded in (H P, ( G))O. Indeed, foreveryn € Z
the projection 7, : H P.(G)2 — G2, (9(n))nez, = ¢(n) is surjective and open, and G is
included in G° and hence connected, we get that the group H P,(G), is connected and thus
it is included in (H P.(G))°.

For g € G, let ¢y = (Ppg(M))pez, € GZ+ such that ¢g(n) = g", then ¢, € HP.(G).
We claim that there exist ¥ € (HP(G),)" and k € Z such that ¢ = ¢ - (t)*. As G
is spanned by G and t,, there exist # € G° and k € Z such that g = ht¥. Since G is
normal in G, by Lemma 3.2 we get ¢ = ¢ - (tj(")_k € (GHZ+. As HP,(G) is a group and
t¥ € HP,(G), ¥ € HP,(G). There exists some ¢ € HP,(G)> such that v = ¢,¢. As
én € HP,(G% C (HP.(G))°, we deduce that € (H P.(G))? as was to be shown.

Recall the group H P,(G) is spanned by ¢, for g € G and H P,(G), thus the claim
follows. m]
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By Claim 1, (H P, (X), t) is conjugate to the system (L(X), t,). It follows form Theo-
rem 3.1 and Claim 2 that the maximal d-step pro-nilfactor of (L(X), ty) is

(HPo(G)/(HPo(G)as1 - (HP(G)NT?)), 7).

We next compute the commutator subgroups of H P,(G). To do this, we assume that G°
is simply connected.
Claim 3: The d"-step commutator subgroup of H P,(G) is generated by

k
{(&" nez, 18 € Gk, k=d, ..., s},
ford=1,...,s.

Proofof Claim 3 As G is simply connected, G; is divisible for every i = 2, ..., s. Thus by
Proposition 4.6, it suffices to show H P,(G) = A1. Recall that A is generated by

k
(" nez, 18 €Gr, k=1,...,s}.

Ford > 2 and g € Gy, there is some i € Gg such that k%" = g. Write d!(}})) =
n? +ag_in? '+ ... +an, where ag_1, ...,a; € Z. Then

" d\() _ 11d+ad,1nd_l+...+a|n_ nd ) pd=1 n
g@Wp?@ = p S Y L)

wh¢re hi = h% € Gg,i = 1,...,d — 1 and hy; = h. By the definition of A, we have
(h;"),,ez+ € Aj foreveryi =1, ...,d. This shows that H P,(G) C Aj.

On the other hand, for d € N there exist by, b1, . .., bg € Z such that n? = b, (Z) +...+
bi(}) + bo. Let n = 0, we get by = 0. Then for z € Gy,
()

n
nd _ ba(p) b1 () zf;’) gD

z
where z; = 2% € Gy fori =1,...,d. By the definition of H P,(G), we have (zl.(")),,ez+ €
HP,(G) foreveryi = 1,...,d. This shows that A; C HP.(G).

From this, we deduce that A} = H P,(G). O

Forl € N, let p; be the projection p; : XZ+ - x!: (x(m)nez, = (x(n))1<n<- For any
n € Z, we have p;(t"x?) = tl”xl, where x2 € X%+ is the constant sequence x for x € X.
Fix x € . Notice that x® € HP,(X) and the system (H P, (X), 7) is minimal, it follows
from Lemma 4.2 that p; induces a factor map p; : (H Py (X), 1) — (Li (X), 7). Moreover,
there is a commutative diagram:

(L(X), 7o) —— > (HPy(X), T)

(L, (X), 1,0) —2= (LL(X), 7)

where 1; ., 0 ¢ are translations by #, x t)% X ... X t)lc and g x ... x g (I times) respectively.
Let HP(G) = pi(HP.(G)) = {(¢())1=n=i : ¢ € HP.(G)}, where p; is the projec-
tion py : GZ+ - G (@(M)nez, = (¢(n))1<n<i, then HPE(Z)(G) is a nilpotent Lie group
and its discrete subgroup is HPe(l)(G) Nl =170, Moreover, ford =1, ..., s the dth—step
commutator subgroup H Pe(l) (G)qof H Pe(l)(G) is p;(H P,(G)4) which is generated by

k
{(€" )i<n<i : g € Gk, k=d,...,s}.
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Clearly, we can view L. (X) as the nilmanifold HPP(G)/T?D, and thus the maximal
d-step pro-nilfactor of (L. (X), ;) is conjugate to the system

(HPDG)/(HPO Grasr - TO), u).
This completes the proof. O
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