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Abstract

By applying the method of characteristics, we prove that the periodic peakons of the -
Camassa-Holm (;.CH) equation are unstable under W!-*-perturbations. Also, we show that
small initial W !-*°-perturbations of the above periodic peakons can lead to the finite time
blow-up in the nonlinear evolution of the £CH equation.

Keywords p-Camassa-Holm equation - Periodic peakon - Instability

1 Introduction

In this paper, we are concerned with the dynamical stability of peaked periodic waves to the
following integrable ;wCH equation

() — tyyy = =20ty + 2Uxttyy + Ullyxy, t>0,x € st = R/Z, (1)

where u(t, x) is a real-valued spatially periodic function and p(u) = f g1 u(t, x)dx denotes
its mean. This equation was introduced in [1] as an integrable equation arising in the study of
the diffeomorphism group of the circle, and it describes the propagation of weakly nonlinear
orientation waves in a massive nematic liquid crystal with external magnetic field and self-
interaction.

The 1CH equation (1) is a midway equation between the following well-known Camassa-
Holm (CH) equation [2, 3]

Up — Uyxy + 3uty = 2Uxliyy + Ulyyy, (2)
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and the Hunter-Saxton (HS) equation [4]
— Upyx = 2UyxlUyx + Ulyxyy. 3)

All the three equations (1)-(3) share many common properties. For instance, they are all com-
pletely integrable in the sense that they all have a Lax pair representation, a bi-Hamiltonian
structure, and an infinite sequence of conservation laws (see [1, 6, 7]). Similar to Egs.(2)
and (3), Eq.(1) can be also regarded as a geodesic equation with respect to a right invariant
Riemannian metric induced by the p inner product

< f.g>u=n(fHng + /S1 (08 (x)dx. 4)

Moreover, they all can be written as Euler-Arnold equations on the regular dual of the Lie
algebra T,Diff(SY) = vect(S') of smooth vector fields on the circle (see [9-11]). Besides,
they all admit wave breaking phenomenon, i.e. the solution remains bounded but its slope
becomes unbounded in finite time, even though it admits initially smooth solutions (see [4-0,
8, 1214, 24])).

Set A(p) = u(p) — @y, then the wCH equation (1) can be rewritten in the following
conservation form

1
wy + uiy = —A 9, (ZM(u)u + 5ui> : ®)

where A=l = (u— 8)%)’l is the operator defined by A7 u(x) = gxu = fsl g(x—=y)u(y)dy,
and the Green’s function g (x) of the operator A~! is given by the explicit form

13 1
glx) = f(x —x)—}-ﬁ xes, (6)

and is extended periodically to the real line. In other words,

| 1 13
g(x—x’)zf(x—x’)z—ﬂx X+ —=, x,x eS8,

12’
which shows that g e H pe, SHhnwteshisa piecewise C! function with the maximum
atg(0)=¢g() = and the minima atg( ) = %.

More recently, Khesm etal. [1] studied the well-posedness and wave breaking of the uCH
equation (1). They proved that the periodic Cauchy problem is locally well posed in H* for
s > % Moreover, they also showed that the solutions breakdown in finite time provided
that the initial data u satisfies 4| (ug)| < |u6|L2. Following closely the ideas used in [19,
20], Tiglay [25] studied the periodic Cauchy problem for ;«CH equation (1) and proved the
existence and uniqueness of global conservative weak solutions. This global conservative
solution is consistent with the three conserved quantities of the CH equation:

Ho[u]=/ udx, Hilu] = /(M(u)u+u ydx, Hlu /(M(u)u +uu Ddx.
s!
@)

An important feature of the CH equation is that it admits peakon solutions. Furthermore,
its peakon solutions are all orbitally stable in the non-periodic case [15] as well as in the
periodic case [17, 18]. Analogous to the CH equation, it was shown in [8] that the ©CH
equation also admits peakons of the form:

u(x, 1) = clx —ct), ¢(x)=%(12x2+23), xe[ ; ;} ®)
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Fig. 1 The periodic peakon ¢(x) of Eq. (1) forc = 1

where ¢ € R and ¢ is extended periodically to the real line. It should be noted here that the
above peakon solution (8) can be reformulated as

u(x,t) =ce(x —ct), ga(x):%x(x—l)—i—l, X eSl, )

where we identify S ! with the interval [0, 1] and view functions on S! as periodic functions
on the real line of period one (see Fig. 1). We can easily find that it admits the following
relationship between the Green’s function g(x) and ¢(x):

)= 10)
o) = 13800, (

In other words, the corresponding traveling peaked periodic wave equation of the uCH
equation (1) can be rewritten as

- %g/ +88' + g * Qu(g)g + %g/z) =0, xeS', (11)
where the nonlocal equation is piecewise C! on both sides from the peak at x = 0 or x = 1.
Notice that this traveling peaked periodic wave equation (11) has nothing to do with the wave
speed ¢, then we can take ¢ = 1 for simplicity in the rest of the paper.

By virtue of the inequalities related to the three conservation laws (7), it was proved in [21]
that the periodic peakon u(x, t) = ¢ (x — t) is dynamically stable under small perturbations
in the energy space H'(S!). Liu, Qu and Zhang [22] proved that the periodic peakons of
the modified «CH equation are orbitally stable. Qu, Zhang, Liu and Liu [23] further proved
that the periodic peakons of the generalized uCH equation are orbitally stable. We reproduce
here the corresponding result from [21].
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Theorem 1 [21] For every ¢ > O there is a § > 0 such that ifu € C([0, T), H'(SY) isa
solution to the WCH equation (1) with

luC-, 0) — ¢||1-11(s1) <4,

then

1
lul 1) =@ —&@) — E)HHI(SI) <e, t€][0,7),

where £(t) is any point where the function u(-, t) attains its maximum.

The purpose of this work is to study the problem of stability of the periodic peakon
in the time evolution of the ©CH equation. More precisely, we will prove that the peaked
periodic waves are all unstable in despite of the linear evolution or nonlinear evolution for
its perturbations. It should be noted here that Theorem 1 only implies that H'-norm of the
solution is sufficiently close to H ' -norm of a translated peaked periodic wave, which certainly
does not exclude the growth of W!->-norm of the perturbation. As a matter of fact, we shall
prove that the W!--norm of the perturbation can blow up in a finite time.

Most recently, the question of stability of peakons beyond the H' orbital stability [15—
18, 21] had been studied for some different important models. For instance, Natali and
Pelinovsky [26] proved that peaked solitary waves of the CH equation are strong unstable
with respect to piecewise C! perturbations. Madiyeva and Pelinovsky [27] further proved
that the peaked periodic waves for the CH equation are strongly unstable with respect to
w koo perturbations. Similarly to [26] and [27], Chen and Pelinovsky [28] proved that the
peakon solutions for the Novikov equation were also unstable under W !> perturbations.
Moreover, they also established the local well-posedness result of the initial-value problem
in H(R) N W12 (R). It should be noted here that the study performed in [26-28] is inspired
by the work on smooth and peaked periodic waves in the reduced Ostrovsky equation [30,
31], in which smooth periodic waves were linearly and nonlinearly stable, whereas peaked
periodic waves were proved to be linearly unstable. Due to the lack of global well-posedness
in the space H', the question of nonlinear instability of peaked periodic waves for the reduced
Ostrovsky equation remains open.

Our main result of this paper is reformulated as the following theorem.

Theorem 2 Forevery§ > O there existsat; > 0 and ug € H[ler (SHnwheesh satisfying

lluo — §0||H1(s1) + ||146 - €0/||L0<>(sl) <34,

such that the local solution u € C([0, T), H},er (SHnwheesh) ro the wCH equation (1)
with the initial date ug and T > t| satisfies

lux (o 11) — @' (- = E@) oo (sty = 1,

where &(t) is a point of peak of the function u(-, t) on S'. Moreover, there exist ug such that
the maximal existence time T is finite.

The proof of Theorem 2 mainly relies on the method of characteristics, and is inspired
by the pioneer work of [26, 27] where the instability of the peakons and periodic peakons
of the CH equation is proved. The present work here is similar, but there are also differ-
ences. The main difference lies in that in [27] the Green function g(x) associated with
the convolution operator (f * g)(x) = f g1 f(x — y)g(y)dy can be represented explic-
cosh(}—|x|)

S X € [—l, %], whereas here the Green function is g(x) =
sinh(3)

itly as g(x) =
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%(x2 — |x]) + %, X € [—%, %]. However, these two Green functions also have common
characters, that is, both of them are piecewise smooth. Thus, it turns out to be enough to
ascertain that in some sense that the £ CH equation still keeps similar dynamical evolution
behaviour as the CH equation. In addition, it should be remarked here that the above Green
function for the wCH equation is piecewise smooth over the interval [—%, %] and x =0
is the peak, and thus we have to split this interval into two subintervals [—1, 0) and (0, %]
and analyze the corresponding problem separately. This will make the process more tedious.
For the sake of convenience in researching the problems, in view of translation invariance
one can shift the interval from [—%, %] to [0, 1], and then the corresponding Green function
becomes g(x) = %(x2 —x)+ % It is easily seen that the Green function now is sufficiently
smooth over (0, 1) and its two peaks 0 and 1 are exactly the two endpoints, which is more
convenient for us to analyze the problem. Therefore, we choose the Green function for the
1 CH equation to be g(x) = %()c2 —Xx)+ % x € [0, 1] throughout this paper.

The remainder of this paper is organized as follows. In Sect. 2, we define weak solutions
to the CH equation and derive the evolution equations for perturbations near the peaked
periodic wave. In Sect. 3, we study the linearized evolution equations for perturbations to
the peaked periodic wave. By taking an approach similar to [27], we simplify the linearized
evolution equation and solve it explicitly by using the method of characteristics. Moreover,
we also show that the linearized instability in H ! is related to the two conservative quantities
Hi(#) and H>(u) in (7). In Sect. 4, we study the nonlinear evolution equations for peaked
perturbations to the peaked periodic wave. By applying the method of characteristics, we
prove that the W1 > norm of the perturbation can grow and even blows up in finite time.
Similar to [26, 27], we confirm once again that the passage from the linear to the nonlinear
theory is false in H'! as was stated in [16].

2 Peaked Periodic Waves as Weak Solutions

We first rewrite the Cauchy problem of the ©CH equation (1) in the form

u; +uuy + Qlul =0, t>0, (12)
uli=0 = uo,
where
1
Olul(x) := fsl gx—y <2u(u)u(y) + E[u’(y)f) dy, xeS". (13)

The properties of Q[u](x) are described in the following lemma.

Lemmal Ifu € H), (S"), then Qlu] € CY,,(S'). Furthermore, if u € W' (S), then
Qlu] is Lipschitz on st

Proof Q[u](x) can be rewritten as the explicit form

* 1 1
Qful(x) = /o x—y=3) <2M(u)u(y) + E[u/(y)]2> dy

! 1 1
+/ (x—y+ 5) <2M(M)M(Y) + E[u’(y)]2> dy.
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Each integral is continuous since it is given by an integral of the absolutely integrable function

ifu e H;er(Sl). Ifue H;e,(Sl) N Woosh), then 2u(u)u + %u’z is also bounded, so that

each integral is Lipschitz on S'. O

We say that u € C([0,T), H;er(Sl) N whoe(sh)) is a weak solution to the Cauchy
problem (12) for some maximal existence time 7 > 0 if

T 2
/ / (th + Sy, - Q[M]1ﬁ> dxdt +/ ug(x)¥ (0, x)dx =0 (14
0 St 2 sl

is satisfied for every test function r € C([0, T] x S') such that ¥ (T, -) = 0.
Following [27], in order to consider peaked periodic wave solutions with a peak on '
placed at the point x = &(¢) for every ¢ € [0, T'), we introduce the following function class

Cii={ueH (SHnwhesh u, e Cl(S"\(ED). (15)
Similarly to [27], the location of the peak moves with its local characteristic speed.

Lemma 2 Assume that u € C([0,T), H,l,e,(Sl) N WL (SYY) is a weak solution to the
WCH equation in the form (12) for some T > 0 with a jump of u, across x = &(t) such
that u(t,-) € Csl(l),t € [0, T). Then, we have € € CY(0,T) and € (t) = u(t, £(t)), for
tel0, 7).

Note that the identity (11) can be checked directly by explicit computation, this then verifies
the validity of the peakons u(x, t) = ¢(x — t) as solutions to the £ CH equation.

In order to study the evolution dynamics near the peaked periodic wave, we need to search
a weak solution u € C([0,T), H;er (SH N whoesh) to the u-CH equation in the form

(14), for which there exists £(t) = ¢t + a(t) € ! fort € [0, T) such that u(z, -) € cg(,) for
t € [0, T). We now decompose this weak solution as in the form:

u(t,x) =¢px —t—a@)+vt,x —t—a()), t€l0,T), x¢€ st (16)

where a(t) is the deviation of the peak position from its unperturbed position, and v(¢, x) is
the perturbation to the peaked periodic wave ¢. By Lemma 2, we can know thata € C'(0, T)
satisfies the equation

d—a— (t,0), tel0,T) (17)
5 = V0, e[0, 7).

Substituting (16) and (17) into the Cauchy problem (12) yields the following Cauchy
problem for the peaked perturbation v to the peakon ¢:

U= (1= Eove + Blio — v)gx + Wlx=o — v)Uy
—2¢' % (Dg+ v+ $gcve) — Olvl, 1€[0,7), (18)
Uli=0 = vo,

where

D:/ v(t, x)dx.
SI

Here we have used the relation (10)(¢(x) = % g(x)) and replaced x — ¢t — a(t) by x thanks
to the translational invariance of the system (12) with (13).
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3 Linearized Evolution Near the Periodic Peakon

In this section, we study the linearized evolution equation, which can be obtained by the
truncation of the nonlinear equation in system (18) at the linear terms in v:

= 12 Jux + *12( | ) Ealll (Vg +v+ ! ) (19)
_ 0 — — * — .
Uy 138 Ux 13 Ulx=0 — V)8x 13g vg T v ngUx

By using straightforward computation, we can easily obtain the following result, which allows
us to simplify the nonlocal terms in (19).

Lemma3 Forv € H;er(Sl), we have

1 1 [x
&% (D U+ =2:00) = —(x + 1)(5 — 2x0)5 — f/ v(y)dy
2 12 2 )

1 1 (20)
+ E(x — 5)[U(O) —v()].

From Lemma 3, we can rewrite the Cauchy problem for the linear equation (19) in the
following equivalent form:

{u,:l%(x—xz)vx—zx(xﬂl);szx)f)—{—i%w, t >0, @1
Uli=0 = vo,
where
X 1
w(t, x) 12/ u(t, y)dy, v(t) 12/ v(t, y)dy = w(t, 1). (22)
0 0

We now consider the linearized Cauchy problem (21) in the space Cé’l defined by (15) with
& =0and & = 1. The next result shows that both v (¢, 0) and v(¢) don’t depend on ¢.

Lemma4 Assume that there exists a solution v € C(RT, Cé’l) to the Cauchy problem (21).
Then, v(t, 0) = vg(0) and O(t) = Uy for everyt € RT.

Proof If v € C(RT, cg“), then w € C(RT, C'(S1)) so that w(zr, 0) = 0 in view of (22).
Thus, it follows from (21) that

Iim v(t,x) = lim v, (¢t,x) =0, ¢t >0,
x—0t x—1-

due to v(t, -) € C{ | for every t € RT. Hence, v(t, 0) = vy(0) for every t € RT.
Integrating the evolution equation (21) with respect to x on S! and using integration by
parts, we get for every t € R*:

d _ 're 5 2 _ 12
EU(Z‘) = /0 [B(x — x)uy — 1—3x(x + 1S —2x)v + T3w(t’ x):| dx

6 [! 2 1
= ——/ (1 —2x)v(t, x)dx — —D/ x(x 4+ 1)(5—2x)dx
13 Jo 0

13
1
+B 0w(t,)c)dx
= 6'+12 1 (t,x)d 6'+12 l(t )d
= 13v 130xu , x)dx 131} 130w,x X.
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12'+12 @1 12/1 (t, x)d +12/1 (t,x)d
=——v4+ —wt,1)— — w(t, x)dx + — w(t, x)dx
13 13 13 Jo 13 Jo
=0.
Therefore, 0(t) = 0(0) for every t € R™. O

Following the idea of [26-28], we proceed to solve the linearized problem (21) by using
the method of characteristics. For this, we first define the characteristic curves X (¢, s) as

{ o 23)
X(0,s) =s.

For any fixed s € S!, the initial-value problem (23) has a unique solution since the right hand
side of (23) is Lipschitz. Moreover, it follows that

t
X(t,s) =exp (%/0 2X(t,s) — 1)d1’> (24)

thus X (, ) is a diffeomorphism on S! for any r € R .
Solving (23) explicitly, we obtain

N

——————, teRT, s5€[0,1] (25)
s+ (1 —s)en!

X(t,s) =

such that
lim X(t,5) =0 and lim X(t,s) = 1.
s—0F s—1-

Substituting v = w, into (21) yields
6 2x(x+1)(5—2x)_ 12
Wi = 3 (0 = 2wy 3 o+ gw, ¥ €l0,1]

which can be integrated with respect to x as follows:

6 6 2 —2x -5
wy = —(x —x2)wx + B(Zx— l)w—l—u_ x €[0,1]

= v,
13 13

where the integration constant is zero thanks to the boundary condition w(t, 0) = 0 for every
t e R,

Along each characteristic curve x = X(t,s) satisfying (23), function W(t,s) :=
w(t, X(¢, s)) satisfies the initial-value problem:

20y2_ _5y _
AW _ 60X — w4+ XX 132x 5.

dr (26)
W0, s) = wo(s),
where wo(x) = f(;‘ vo(y)dy. After simple computation, we can find that
6
X !
sy =—— | teRY, sel0.1], 7)
ds [s+ (1 —s)es']?

such that
bt

. 0X _6, . 0X
lim —(t,s) =e B' and lim —(t,s5) = eB'.
s—>0t ds s—>1- 0§
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Integrating (26) with an integrating factor yields

v
K 6 s+(1-— s)e%' (28)

reRY, sel0,1],

X ¥ 21 =
Waw)zi[wm>—gﬁm+d)— ‘Y(s)+aﬁaﬁi,

such that

lim W(t,s) =0 and lim W(t,s) = v.
s—0t s—>1-

Along each characteristic curve x = X (¢, s) satisfying (23), V(¢,s) = v(t, X(¢, 5))
satisfies the initial-value problem:

v _ 12 2X(2X%2-3X-5) -
qar — ﬁW(I,S) + - 13 v, (29)
V(0,s) = vy(s).
By using the chain rule
ow 0X
7(2"5) = V(LS)*(I"S)’
as as
we can obtain
352 + 10 25(s — 1)2e B+ 52(1 — 25)]D
Vit,s) = vo(s) — 2105 4 pgpe—tyr _ [5G = D7el +5 (6 $)1v
6 6[s + (1 — s)es']2
2et — 1) (s +5) _ s2(1 =)D (30)
— e [wo(s) — o — -
(1 —ets')s + e’ 6 6(s + (1 — 5)eT3")

_ _6
+ s2e 137]
such that

Ilim V(t,s) =v9(0) and lim V(t,s) = vo(1) = vg(0).
s—>07F s—>1-

The next lemma follows from the solutions to the initial-value problems (23),(26) and (29).

Lemma5 For every vy € Col,l, there exists the unique solution v € CH(R™, Cé’l) to the
Cauchy problem (21).

Proof Firstly, since vy € Cé 1»themap (0,1) 55 — V(t,s) € Ris C! for every t € RT.
Secondly, since the right—harid side of (30) implies that V (¢, 0) = vp(0) = vo(1) = V (1, 1),
then V(t,-) € C(l)’] for every ¢t € R™. Finally, it follows from (27) that the change of
coordinates R™ x (0, 1) > (¢, s) — (¢, X) € RT x (0, 1) is a diffeomorphism. Combining
this with the compactness of S1leads to that the solution v(z, -) = V (¢, s = X 1(1, ")) € C(l)’1
for every t € RT. i

By analyzing the exact solution (30), it is shown in the following lemma that v(z, -)
remains bounded in the L norm.

Lemma 6 Assume that vy € C&l in the Cauchy problem (21). Then, there exists M > 0 such
that

o, Mipeesty <M, 1 eRF. (31)
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Proof By Lemma 5, the unique solution to the Cauchy problem (21) with vy € Cé,l satisfies
u(t,:) € Cé’l for every ¢t € R*. Using Sobolev’s embedding theorem leads to v(z, ) €

L®(SY) for every t € RT. So we only need to show that (31) holds true uniformly for
t eRT.
Since X (¢, -) is a diffeomorphism on S! for any r € RT, we have

v(t, )|y o = max |V(t,s)|,
[, sty = max [V, 5)]

Note that V(¢,0) = V (¢, 1) = vg(0) € L, then it suffices to consider the exact solution
(30) fors € (0, 1) and t € RT.
Fors € (0,1) andt € R, we have

25(s — 1)%eTs!

25(s — 1)2e~ ! 2612 s 1
6ls + (1 — 5)e B2

=-<

- 6[se—1%t + (] —S)]2 - 6(1 —S)2 3 5’

and
s2(1 — 2s)
6ls + (1 — s)ets' |2

s21—2s] 1
< <
652 -

<(z++)151=300l
=\3+g)lol=5l0k

Since vy, wy € L®(S1), we only need to estimate the function Y (¢, s) denoted by

)

o)

which leads to
[2s(s — 12T 4 s2(1 — 25)]0
6[s + (1 — s)e 2

6

2(en3’ — 1
Y(,s) = (676)
(1 —s)es’ +5

Notice that
6
Y 2(ens’ —1)?
7([’ S) = (6—6) > 0’

ds [(1 —s)ets! + ]2

this means that Y (¢, s) is monotonically increasing with respect to s for any fixed ¢ € R*.
Thus, for s € (0, 1) it follows that

0<Y(t,s)<Y(t,17) =25 — 1) < 2B,
On the other hand, for s € (0, 1) and t € R, we also have

2(1 — e T _ 2

0<Y(t,s) = — < )
(1—s)+se 15t 1—=s
Notice that
2 2 -
5 1—
wo(s) = SO0FN 5 SUZI0 o
6 6(s + (1 — s)en?)
K 6 — 2 5 2 1—
:/ vo(s))ds' + S+ — s 5) G D—l—Dsze*%t.
1 6 6(s + (1 — 5)eT")
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And then based on the estimates of the function Y (¢, s), we can derive that

_ 2 _6,4 -2 _
vs‘e” B'Y(t,5)| < 2|vu|s® <2|v|

and
s 2
</ UO(S/)dS/) Y(t,5)| < llvollpoosty (1 —s) - 15 2lvoll oo (sty-
| _
We further can obtain
6—s>(s+5 2(1 -
GG S b G N 7PN
6 6(s + (1 — s)eTs")
L [6=52(s+5 s(1—yv) 2
< . .
= vl [ 6 T ] 1—s
A+s)6+s) _ 14 _
= —F—Ivl = vl
3 3
A combination of all these estimates yields the bound (31). ]

Lemma 6 implies that the peaked perturbations are linear stable in the L° norm. In what
follows, we show that the perturbations grow in the W% norm as is listed in the following
Lemma.

Lemma 7 Assume that vy € Cé,l in the Cauchy problem (21). Then we have

. Iy .St S_ 6,
111{)1+ v (t, x) = vg(07)e " + 2up(0) — gv)(e13 -1 (32)
X—>
and
. S 6, 5_ _5,
lim v, (¢, x) = vy(17)e” B" + (2vp(0) — gu)(l —e 1Y), (33)
x—1-

Proof Differentiating (21) with respect to x yields

6 6 2(—6x24+6x+5)_ 12
Uy = E(X — xz)vxx + E(l —2X)uy — #U + EU'
Thus, along each characteristic curve x = X(t, s) satisfies (23), function ®(¢,s) =:

vy (t, X (¢, s)) satisfies the initial-value problem:

2_ _ -
4o — (1 -2X)®(1,5) + 20X 54 By o),

@(0, 5) = vj(s). (34)

Note that the coefficients in (34) are all C'(0, 1). Taking the limit s — 07 in (34) yields

d 6 12 10

iy} +y — ;) + -~ 5

7 (t,07) E (#,07) + 13vo(O) Y (35
while the limit s — 17 in (34) yields

d _ 6 _ 12 10 _

where we have used V (¢, 1) = V (¢, 0) = vg(0). Hence, the assertion of the Lemma 7 follows
by solving the linear differential equations (35) and (36).

@ Springer



526 Journal of Dynamics and Differential Equations (2024) 36:515-534

The exponential growth of v, (¢, -) as t — oo at the right side of the peak x = 0 indicates
the linear instability of the periodic peakon in the W!°° norm.
Following [21], we define the p-inner product < u, v >, and the associated pu-norm

llull, by

<u,v >u= puu)uv) +/ UxVydx, ||u||12L =<u,u>,= Hi[u], u,ve Hl(Sl).
Sl

The following Lemma shows that the peaked perturbations are linearly unstable in the -
norm. This also means the instability of peaked perturbations in H'!, since it is noted in [21,
Lemma 3.5] that the y-norm is equivalent to the H'(S')-norm.

Lemma 8 Assume that vy € Cé’l in the Cauchy problem (21). Then we have
2 L — &
lu(, )y, = CyeB" + Co+ C_e™ 13, (37)
Sfor some uniquely defined constants Cy, Cop, C_.

Proof Firstly, the evolution equation for v and v, can be written explicitly as

BTN SR I YO B - P o) (38)
v = 3@ = XD+ mw = (=2 X X),
and
O (% = x)one = 2 @x = Dy + 2V Cex46x+5).  (39)
V. = — (X —X)Vv — —(ZX — v —U — —(—0X X .
T3 3 T3 13

By multiplying (39) by vy, integrating it on [0, 1] and using integration by parts, we get

1d 're 5 6 , 12
EE”UX(L M2, = A E(X—x )Uxex‘i'E(l—zx)Ux-l-EUUx dx

'T2o )
— —(—6x" + 6x + S)uy | dx
o |13

T3 , 6 , 120
= | E(Zx—l)ux—i-ﬁ(l—2x)Ux+?(1—2x)U dx

1 U2
:—/ (/)/ [26U+7x}dx,
0 2

where we have used v(t, 0) = v(t, 1) and ¢ is defined by (9). This is equivalent to

d 1 2
—H][u]:—zf o' | 200 + 2 | dx (40)
dt 0 2 ’

due to the independence of p(v) with respect to ¢, where Hi[v] := /L(v)2 + fsl u)%dx in
line with (7).

Next, by multiplying (38) by 2v¢ + %U and (39) by ¢uv,, integrating it on [0, 1] and
using integration by parts, we obtain
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d [! 6 ! 240
) (Zthp + Ezﬂ) dx = /O [2(2¢ . Y T;w} dx

1402 72
- —(—2x3 +3x2 +5 dx + —10°
/0 |: 3 (=2x7 +3x~ + x)(p] x + 169U

6 [! 47
+B | [(p’vz — %(—M3 +3x2 4 5x)i| dx

and

d ' ev? 1 v2 6 2uv
— Ly = — 22— o (—6xP 4 6x +5) | d
dt/OZx /Ofp|:2+13v+13(x+x+)x

12 ! _
+— (1 —2x)pvvdx
13 Jo
where we have used w’ = v, w(z, 1) = 0. Adding these two identities yields

dt Jo 2

Now we define

d 1 2 6 1 2
— [gﬂ(% +20v) + sz] dx = —/0 ¢ [ZDU + U—x} dx. 41)

1 V2 6 1 v?
P(t) := / o(== +20v) + —v? |dx, S(@) = / ¢ |20v+ =X |dx. (42)
0 2 13 0 2
Then from (40) and (41) we can derive that

2P(t) = Hi[vl + Cy, (43)

where C| is an arbitrary constant.
Finally, by multiplying (38) by 20¢’ + %v and (39) by ¢'vy, integrating it on [0, 1] and
using integration by parts, we obtain

d (! 'r72 240 24 492

— | 20vg'dx = ——ux? -6 1) — — d iy L

dt/o vve'dx /O |:169UU( X x + 1) 3 <pui| x + 131} 3 o
and

d ['v? 24 .
*/(‘) 7x¢/dx = @U|x=0(3u|x=0 —5v)

'r 36 , 1., 72,
— D Wy = 2 |d
+/0 [ 6o TE T 169“] *

Irog
+/ = Du(—18x> + 18x +2) | dx
o | 169

where ¢ = fol @' (—2x3 4 3x% + 5x)dx is obviously a constant. Adding the two identities
yields

LSt = ~2P() + - Hy[u] + € (44)
a3 1o TR

where C; is a constant defined by

372 — 52¢p _ 24 _
C2 = TUZ + @U|X:O(3U|x:0 - SU),
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since both v|y—g and U don’t depend on ¢. By combining with equations (41),(43) and (44),
we obtain the following system of differential equations

36
P'(t) =—=S@), S'@t)= —@P(t) +Cs,

where C3 := C;— £9:Cy. Thus, we have S (1) = (&)2S(#). This allows us to solve explicitly
the above system of differential equations and its general solution is given by

13 13 169
S(t) = SpeB +S_e B!, P(1) = —€S+el%t 4 ZS_e—%’ + 30 G

where S; and S_ are arbitrary constants. Substituting it into (43) leads to (37) for some
constants C, Cp, and C_. O

4 Nonlinear Evolution Near the Periodic Peakon

In this section, we study the nonlinear evolution equation (18) and prove Theorem 2.
Firstly, we derive the evolution equation for v, and w. It follows that the Cauchy problem
(18) can be rewritten as

(45)

v = S0 — 2Dy — 2x(x+l)(5 2x)v+ 2y 4 (s — v)vs — Q[V]
vlr=0 = vo,

where w and v are still defined by (22) and

1
Olv](x) ;:/ gx—y [ZM(U)U + -v ](y)dy

Differentiating (45) with respect to x yields
—6x2 _
Ue = S0 = xD) v + (1= 200, — %}WU + B
+(Ulxz0 — Vs — V2 — Plo] + 202 + 1 [ vldx, (46)
Uxli=0 = U(/),

where
1
Plv](x) := [ glx—y)|2u@v + = v (»dy,
st
and we have used the relation

1 1
/Sl g'x—y [ZM(U)U + 5 }(y)dy = / gx—y) [ZM(U)U + 5 }(y)dy

Substituting v = w, into (45) leads to

6 2x(x + 1)(5 —2x) _
Wi = 3 (x — X)Wy — 3 O+ B“’ + (Uly=0 — V)wyy — QO[V].
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By integrating this evolution equation with respect to x and in view of that w(z, 0) = 0, we
obtain

w, = %(x —xHw, + %(ZX —Dw — xiz(_ngzx’%)(;
—5(Wlx=0 — v)? = P[v] + P[v]|.=0. (47)

wl;=0 = wo,

where wo := [; vo(y)dy.
The following Lemma shows that v still does not depend on ¢. However, v|,—¢ indeed
depends on 7.

Lemma9 Assume that there exists a solution v € C([0,T), C(l)’l) to the Cauchy problem
(45). Thus, v(t) = vg foreveryt € [0, T).

Proof By integrating the evolution equation (45) with respect to x on [0, 1] and using the
results presented in Lemma 4, we can know that % U(t) = 0 holds true if and only if
1 1 pl
| owiewar= [ ["ge = yatoie. ydvax = o
0 0 Jo

where both g’ and ¢[v](z, y) := 2u(v)v + %v)z are absolutely integrable.

By direct computation, we obtain

X

1 1 1 1
/0g’(x—y)q[v](t,y)dy=(x+§)/0 q[v](t,y)dy—f0 yq[v](t,y)dy—/0 qvl(t, y)dy,

so that
1 1 1 1 X
f O[v(r, x)dx = f gIvl(e. y)dy — f yqlvl(e. y)dy — f / gIvl(e, y)dydx
0 0 0 0 0
1 1 1
=/ (l—y)q[v](t,y)dy—/ dy/ qlvl(t, y)dx
0 0 y

1 1
- fo (1 = »alvl, ydy —/0 (1 = »alvl, y)dy = 0.
Therefore, v(t) = vg for every ¢ € [0, T). ]

Notice that the local well-posedness in Cé’l for the Cauchy problem (45) has not been
established in S'. Now, our attention is turned to get the local well-posedness result by using
the method of characteristics as well as the theory of dynamical systems.

Firstly, the evolution problem (45) suggests us to introduce the characteristic curves x =
X (t, s) which satisfy the following evolution problem:

{cy; = Z(X2=X) +v(t, X) —v(t,0), (48)

X(,s)=s, seSh

Assuming that v(¢, ) for every ¢ € [0, T), and then differentiating (48) with respect to
s € (0, 1) yields

X [S02X — 1) +uelr, X125,

d 0X
dt 0s
{Xs(O,s)zl, s € (0, 1). (49)
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with the unique solution

t
X (t,s) =exp (/ [%(ZX(I’, $) =D +ue (', X, s))]dt’) > 0, (50)
0

thus X (¢, -) is invertible with respect to s € [0, 1] for # € [0, T). Moreover, the peak’s
locations at O and 1 are invariant in the time evolution if v(z, -) € Cé,l forevery t € [0, T),
since X(¢,0) = 0 and X (¢, 1) = 1 are equilibrium points of (48).

Next, we establish the following local well-posedness result for the Cauchy problem (45).

Lemma 10 For every vy € C&l, there exists the maximal existence time T > 0 (finite or
infinite) and the unique solution v € C1([0, T), H'n Cé 1) to the Cauchy problem (45) that
depends continuously on vy € C(l)’l.

Proof Setting V(t,s) := v(t, X(t,5)), W(t,s) := w(, X(¢,s)) and O(t,s) = vy
(t, X(t,s)), then along each characteristic curve x = X(t, s) satisfying (48), the functions
Vit,s), W(t,s) and ®(¢, s) satisfy the following Cauchy problem

{ = 1BW = BX(2X7 +3X +5) - Q[vI(X), 51
V=0 = vo(s),
W = 80X - DW — ZX2(=X?+2X +5) + 1 [V2 - (v]x=0)’]
—P[v](X) + P[v](0), (52)
Wli=0 = wo(s),

and

4® = S (1 -2X)® — 39(—6X2 + 6X +5) + 13V — @2

3
—P](X) +28% + } [ v2ay, (53)

D=0 = vy (s).

Ifve C&], then by Lemma 1 we can know that Q[v] € Cger(Sl) N Lip(Sl). By
Lemma 9 and in view of [ Q[v](r, x)dx = [ P[v],(t, x)dx = 0, we can derive that
Plv]eC 117€r (S1). Therefore, the nonlocal parts of the Cauchy problems (51), (52), and (53)
are well-defined and we can regard X € [0, 1] as corresponding to s € [0, 1].

For s € [0, 1], we can rewrite the evolution equations (48),(51),(52) and (53) as the
dynamical system

X FOX, V)

d|v FYNX,V, W) .

alwl=| & viw [=Fr&v.we.
@ FOX, V, W, D)

with the initial datum

_ | vo(s)
-0 wo(s)
v (s)

0T < X
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and the boundary conditions
X0 =0, Xt 1)=1,
Vi, 00 =V, 1) = Vis=o,
W, 0)=0, W, 1) =m0,

where components of F (X, V, W, ®) are given by

6
&, v) = E“z - X)+V — Voo,

W) 12 20 )
FOX VW) = W= ZX (2K 43X 45) — Qll(X),

FfWx, v, w) = %(2){ —DHW — %X%—XZ +2X +5)
1
+5[v2 — (V]s=0)*1 = P[v](X) + P[v]|s=0,

6 20 12
FOXYV W) = 21 =200 %(—6){2 +6X +5) + 3V - ®2

1 1
—P[U](X) +20% + = / vidy.
2 )0 7
In particular, V|s—q satisfies

iV| = —Q[v](0)
dr =07 VIt

Denote V (s) = v(X(s)), W(s) = w(X(s)), P(s) = v, (X(s)). Thanks to invertibility of
X(t,-) withrespectto s € [0, 1] for¢ € [0, T), we have V, W € C0171 and @ is bounded and
continuous. Thanks to the chain rule, it follows from v € H' that V, W € L? and ® € L2
Thus, the nonlocal term fol U%dy in f(q’) (X, V, W, ®) islocally Lipschitz in (X, V, W, ®)
forevery X € [0, 1], V, W € L2, and ® € L2, thanks to integrability of v%, invertibility of
X (s) with respect to s and the following chain rule

1 1
/ vidy = / D% (s") Xy (s))ds'.
0o - 0

Note that Q[v] € C9,.(S") N Lip(S") and P[v] € C},,(Sh), then it follows that the
nonlocal terms in F(g, V, W) are locally Lipschitz in (X, V, W, ®). Also, it is easily seen
that all local terms in F (X, V, W, ®) are locally Lipschitz in (X, V, W, ®). Therefore, the
vector field F (X, V, W, ®) of the dynamical system is locally Lipschitz in (X, V, W, ®)
on [0, 1] x R x R x R. By the existence and uniqueness theory for differential equations,
there exists the unique local solution X (-, s), V(-,s), W(-,5),U(-,s) € C'([0, T)) to the
Cauchy problem for some maximal existence time 7 > 0. The solution depends continuously
on the initial data for every s € [0, 1]. Moreover, since the initial data is C 1(0, 1), then
X(t,),V(, ), W, ), P@,) e cY0, 1) for every t € [0, T). Thanks to preservation of
the boundary conditions, the solution V (¢, -) € C1(0, 1) canbe extended to V (7, -) € C(l)’ Lon
S!. Therefore, the invertibility of the transformation formula V (¢, s) = v(¢, X(¢, 5)) yields
the unique solution v € clqo, 7, H'n C&l) which depends continuously on vg € C(%,r O

Proof of Theorem 2. By Lemma 10, we can define the one-sided limits ot e cl, 1) by

OT = lim ®(r,5) = lim v (t, X (¢, 5)),
s—0t s—01
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O™ = lim ®(t,s) = lim v (z, X(1, 5)),
s—>1- s—>1-
By taking the limits s — 0T and s — 17 in (53), and in view of P[v](0) = P[v](1) we
can know that for ¢ € (0, T) the functions ®+ satisfies:
do* 6 ., 10_ 12 i , L[t
— =3x—®F — — 0+ —V]j=0 — (®F)° — P[v](0) + 20 = dy. (54
=t et - o Vg — (09) [v1(>+v+2/0 vidy. (54)
The instability argument relies on the behavior of v, (¢, x) near the peak at x = 0 from
the right side, where Lemma 7 has demonstrated the exponential growth of solutions v,.
Therefore, we now focus on the the study of evolution of o,
It follows from the decomposition (16) that the initial bound presented in Theorem 2 can
be rewritten as the form

”U()”Hl(sl) + ”U(/)”Loo(sl) < 4. (55)
Then picking ®* in (54) and we obtain
dot 6 10 12 1!
— = —dt — =T+ = V][—o — (P> — P[v](0) + 20> 7/ 2dy. (56
T 3 13v+ 3 ls=0 — (™) [v](0) + 20 +2 A vydy. (56)

By Theorem 1, we know that for every small ¢ > 0, there exists v(¢) > 0 such that if
lvollgiesty < v(e), then [[u(, )llgi1(s1y < € for every ¢ € [0, T). Therefore Sobolev
embedding implies that

lo@, Mooty < rllv, gy < re, (57)

for a positive constant r.
Due to the bound (57), we have for sufficiently small &

0. 12 P B 10 12
_EU+T3V|S=0—P[U](O)+2U +§/0 Uydy < 1—3re+ﬁrs
25 25
+€r282+ﬁ82
=re

for some e-independent constant 7| > 0. Thus, it follows from (56) that &7 satisfies the
following Ricatti inequality
aeT — (@t — i)2 + 2 +rie.
dt — 13 169
By performing simple analysis of this differential inequality (see [29]), we can know that if
the initial datum satisfy

3— 9+ 169r1¢
13

then ®T(#) — —oo in finite time. To this end, we only need to pick the initial datum
voe H' N Cé | satisfying

dH(0) < , (58)

lvollg1 < v(e), lim v(’)(x) = —5r1e, v(e)+5re <3,
x—0t

then (58) is satisfied, and therefore v, (¢,0) — —oc ast — T* for some T* < oo. This
implies that the maximal existence time 7T is finite. Meanwhile, this also implies that there
exists t1 € (0, T') such that [|u,(t1, )|z~ (,1) = 1. So the proof of Theorem 2 is completed.

O
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