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Abstract

In the framework of a real Hilbert space, we address the problem of finding the zeros of
the sum of a maximally monotone operator A and a cocoercive operator B. We study the
asymptotic behaviour of the trajectories generated by a second order equation with vanishing
damping, attached to this problem, and governed by a time-dependent forward—backward-
type operator. This is a splitting system, as it only requires forward evaluations of B and
backward evaluations of A. A proper tuning of the system parameters ensures the weak
convergence of the trajectories to the set of zeros of A + B, as well as fast convergence of
the velocities towards zero. A particular case of our system allows to derive fast convergence
rates for the problem of minimizing the sum of a proper, convex and lower semicontinuous
function and a smooth and convex function with Lipschitz continuous gradient. We illustrate
the theoretical outcomes by numerical experiments.
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1 Introduction

1.1 Problem Formulation and a Continuous Time Splitting Scheme with Vanishing
Damping

Let H be a real Hilbert, A : H — 27 a maximally monotone operator and B : H — H a
B-cocoercive operator for some 8 > 0 such that zer(A 4+ B) # (). Devising fast convergent
continuous and discrete time dynamics for solving monotone inclusions of the type

find x € H such that 0 € (A + B)(x) (1)

is of great importance in many fields, including, but not limited to, optimization, equilibrium
theory, economics and game theory, partial differential equations, and statistics. One of our
main motivations comes from the fact that solving the convex optimization problem

;21% f) +gx),

where f : H — R U {400} is proper, convex and lower semicontinuous and g : H — R
is convex and Fréchet differentiable with a Lipschitz continuous gradient, is equivalent to
solving the monotone inclusion

0e@f +Vg)(x).

We want to exploit the additive structure of (1) and approach A and B separately, in the spirit
of the splitting paradigm.

Fort > 1) > 0,0 > 1,& > 0, and functions A, y : [ty, +00) — (0, +00), we will study
the asymptotic behaviour of the trajectories of the second order differential equation

d
(Split-DIN-AVD) i(t) + %)'c(t) +& (ETM)’”” (x(z))) + Ty (x(®) =0, (2)

where, for A, y > 0, the operator 7}, ,, : H — 'H is given by

T, = %[Id—JJ,A o (d-yB)]

The sets of zeros of A + B and of T} ,, for A,y > 0, coincide. The nomenclature
(Split-DIN-AVD) comes from the splitting feature of the continuous time scheme, as well
as the link with the (DIN-AVD) system developed by Attouch and Laszl6 in [9] (Dynamic
Inertial Newton—Asymptotic Vanishing Damping), which we will emphasize later. We will
discuss the existence and uniqueness of the trajectories generated (Split-DIN-AVD), and also
show their weak convergence to the set of zeros of A + B as well as the fast convergence
of the velocities to zero, and convergence rates for T} (),, (1) (x(¢)) and %Tm),y(t)(x (1)) as
t — +00.

For the particular case B = 0, we are left with the monotone inclusion problem

find x € H such that 0 € A(x),

and the attached system
. a, d
X(1) + ?X(I) +§ an(o,y(r)(x(t)) + Aviy,yy(x () =0,
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where, for A,y > 0, the operator A, ,, : H — H can be seen as a generalized Moreau
envelope of the operator A, i.e.,

1
Asy = X[Id —Jya]-

In particular, we will be able to set y(t) = A(t) for every t > to. Since for . > 0,
Aj . = Ay, this allows us to recover the (DIN-AVD) system

d
(DIN-AVD) X(¢t) + %X(I) + & <EAMI) (x(t))) + AA([) (x()) =0,

addressed by Attouch and L4szl6 in [9].
If A = 0, and after properly redefining some parameters, we obtain the following system

X (t a't dlBt 1Bt—O
x()‘f‘?x()‘?f(am x())"‘m x(t) =0,

with 1 : [#p, +00) — (0, 400), which addresses the monotone equation
find x € H such that B(x) = 0.

This dynamical system approaches the cocoercive operator B directly through a forward
evaluation, which is more natural, instead of having to resort to its Moreau envelope, as in
(DIN-AVD).

1.2 Notation and Preliminaries

In this subsection, we will explain the notions which were mentioned in the previous sub-
section, and we will introduce some definitions and preliminary results that will be required
later. Throughout the paper, we will be working in a real Hilbert space H with inner product
(-, -) and corresponding norm || - || = /{-, -).

Let A : H — 2™ be a ser-valued operator, that is, Ax is a subset of H for every x € H.
The operator A is totally characterized by its graph gra A = {(x, u) € HxH : u € Ax}. The
inverse of A is the operator A~! : H — 2™ well-defined through the equivalence x € A~ !y
ifand only if u € Ax. The set of zeros of Aisthe setzer A = {x € H : 0 € Ax}. For a subset
C C 'H, we say that A(C) = Uycc Ax. The range of A is the setran A = A(H).

A set-valued operator A is said to be monotone if (v — u,y — x) > 0 whenever
(x,u), (y,v) € gra A, and maximally monotone if it is monotone and the following implica-
tion holds:

A is monotone, gra A C grag = A= A.
Let A > 0. The resolvent of index A of A is the operator J; 4 : H — 2" given by
Jia = Ad4+2rA4)7",

and the Moreau envelope (or Yosida approximation or Yosida regularization) of index A of
A is the operator A : H — 27t given by

1
Ay = X(Id —Jra),

where Id : H — H, defined by Id(x) = x for every x € H, is the identity operator of H. For
A1, A2 > 0, it holds (AM)AZ = A +-

@ Springer



730 Journal of Dynamics and Differential Equations (2024) 36:727-756

A single-valued operator B : H — H is said to be B-cocoercive for some g > 0 if for
every x, y € H we have

BllBx — By|* < (Bx — By, x — y).

In this case, B is %—Lipschitz continuous, namely, for every x, y € H we have

1
[Bx — Byl < EIIX =l

We say B is nonexpansive if it is 1-Lipschitz continuous, and firmly nonexpansive if it is
1-cocoercive. For o € (0, 1), we say B is a-averaged if there exists a nonexpansive operator
R : ' H — 'H such that

B=(l—-a)ld+aR.

Let A > Oand A : H — 27t According to Minty’s Theorem, A is maximally monotone
if and only if ran(Id +1A) = H. In this case Jj 4 is single-valued and firmly nonexpansive,
A, is single-valued, A-cocoercive, and for every x € H and every A1, 1> > O we have

12, 4(x) = a4 — A2l Ax, (O]

Let B : H — H be a single-valued operator. If B is a-averaged for some « € (0, 1), then
Id-Bis %-cocoercive. If B is monotone and continuous, then it is maximally monotone.

The following concepts and results show the strong interplay between the theory of mono-
tone operators and the convex analysis.

Let f : H — R U {400} be a proper, convex and lower semicontinuous function. We
denote the infimum of f over H by miny f and the set of global minimizers of f by
argminy, f. The subdifferential of f is the operator d f : H — 2™ defined, for every x € H,
by

If)={x"eH: (x" y—x)+ f(x) < f(y) Vy € H}.

The subdifferential operator of f is maximally monotone and X € zer d f <> X is a global
minimizer of f.

Let & > 0. The proximal operator of f of index A is the operator prox, s : H — H
defined, for every x € H, by

. 1
prox; ¢ (x) = Jra s (x) = argmin, .4, [f(y) + 5l = yll2] ;

which also means that prox; ; is firmly nonexpansive. The Moreau envelope of f of index A
is the function f; : H — R given, for every x € H, by

1
Fr () = f (proxs,p (1)) + 5 llx = prox, ; (1)1
The function f; is Fréchet differentiable and
1
Vfi(x) = ; (x —prox; ;(x)) = (3f)a(x) Vx € H.
Finally, if f : H — R has full domain and is Fréchet differentiable with %-Lipschitz

continuous gradient, for 8 > 0, then, according to Baillon—-Haddad’s Theorem, V f is 3-
cocoercive.
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1.3 A Brief History of Inertial Systems Attached to Optimization Problems and
Monotone Inclusions

In the last years there have been many advances in the study of continuous time inertial
systems with vanishing damping attached to monotone inclusion problems. We briefly visit
them in the following paragraphs.

1.3.1 The Heavy Ball Method with Friction

Consider a convex and continuously differentiable function f : H — R with at least one
minimizer. The heavy ball with friction system

(HBF) () + pux (@) + Vf(x(1) =0 3

was introduced by Alvarez in [2] as a suitable continuous time scheme to approach the
minimization of the function f. This system can be seen as the equation of the horizontal
position x(¢) of an object that moves, under the force of gravity, along the graph of the
function f, subject to a kinetic friction represented by the term X (¢) (a nice derivation can
be seen in the work done by Attouch-Goudou-Redont in [8]). It is known that, if x is a solution
of (HBF), then x converges weakly to a minimizer of f and f(x(¢)) — miny f = O (%) as
t — +00.

Inrecent times, the question was raised whether the damping coefficient . could be chosen
to be time-dependent. An important contribution was made by Su—Boyd—Candés (in [20])
who studied the case of an Asymptotic Vanishing Damping coefficient () = % namely,

(mm)ﬂﬂ+%ﬂn+Vﬂum=o, 4)

and proved when « > 3 the rate of convergence for the functional values f (x(¢)) —miny f =
o (%2) ast — 4-o00. This second order system can be seen as a continuous counterpart to

Nesterov’s accelerated gradient method from [19]. Weak convergence of the trajectories
generated by (AVD) when « > 3 has been shown by Attouch-Chbani-Peypouquet-Redont

[6] and May [18], with the improved rate of convergence for the functional values f(x(¢)) —
miny f = o (%2 as t — +o0. For @ = 3, the convergence of the trajectories remains an

open question, except for the one dimensional case (see [7]). In the subcritical case o < 3,
it has been shown by Apidopoulos-Aujol-Dossal [5] and Attouch-Chbani-Riahi [7] that the

L 2
objective values converge at a rate O(t 3 )ast — +oo.

1.3.2 Heavy Ball Dynamics and Cocoercive Operators

If f:H — RU {400} is a proper, convex and lower semicontinuous function which is not
necessarily differentiable, then we cannot make direct use of (3). However, since for A > 0
we have argmin f = argmin f;, we canreplace f by its Moreau envelope f;, and the system
now becomes

X(t) + px(t) + Vfirlx(0) = 0.

In line with this idea, and in analogy with (3), Alvarez and Attouch [3] and Attouch and
Maingé [11] studied the dynamics

X(t) + pux(t) + B(x()) =0, 5)
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where B : H — H is a §-cocoercive operator. They were able to prove that the solutions of
this system weakly converge to elements of zer B provided that the cocoercitivity parameter
B and the damping coefficient p satisfy Su? > 1. For a maximally monotone operator
A : H — 2™, we know that its Moreau envelope is A-cocoercive and thus, under the
condition Auz > 1, the trajectories of

X (1) + px(0) + An(x () =0

converge weakly to elements of zer A, = zer A.
Also related to (5), Bot-Csetnek [16] considered the system

X))+ u@®x@) +v@)Bx(t) =0, (6)

where B : H — 'H is again f-cocoercive. Under the assumption that © and v are locally

2
absolutely continuous, () < 0 < v(¢) for almost every ¢ € [0, +00) and inf;>¢ ’f)(—gt)) > %,
the authors were able to prove that the solutions to this system converge weakly to zeros of
B.

In [12], Attouch and Peypouquet addressed the system

#(0) + %fc(f) + Ary(x(1) =0, @

where « > 1 and the time-dependent regularizing parameter A(¢) satisfies )L(t)%2 > 1 for
every t > to > 0. As well as ensuring the weak convergence of the trajectories towards
elements of zer A, choosing the regularizing parameter in such a fashion allowed the authors
to obtain fast convergence of the velocities and accelerations towards zero.

1.3.3 Inertial Dynamics with Hessian Damping

Let us return briefly to the (AVD) system (4). In addition to the viscous vanishing damping
term %)é(t), the following system with Hessian-driven damping was considered by Attouch-
Peypouquet-Redont in [13]

i) + %xm FEV2F(x(1)i(1) + VF(x(1) =0,

where & > 0. While preserving the fast convergence properties of the Nesterov accelerated
method, the Hessian-driven damping term reduces the oscillatory aspect of the trajectories.
In [9], Attouch and Laszl6 studied a version of (7) with an added Hessian-driven damping
term:

d
X(t) + %)’c(t) +& <EA)L(I) (X(t))> + Ay (x(1)) = 0.

While preserving the convergence results of (7), the main benefit of the introduction of
this damping term is the fast convergence rates that can be obtained for A;)(x(f)) and
%Ak(t) (x(t)) as t — 4o00. The regularizing parameter A(¢) is again chosen to be time-
dependent; in the general case, the authors take A(¢) = AtZ, and in [12] it is shown that taking
A(t) this way is critical. However, in the case where A = 9 f for a proper, convex and lower
semicontinuous function f, it is also allowed to take A(r) = At” with r > 0.
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1.4 Layout of the Paper

In Sect. 2, we give the proof for the existence and uniqueness of strong global solutions to
(Split-DIN-AVD) by means of a Cauchy—Lipschitz—Picard argument. In Sect. 3 we state the
main theorem of this work, and we show the weak convergence of the solutions of (2) to
elements of zer(A + B), as well as the fast convergence of the velocities and accelerations
to zero. We also provide convergence rates for 7)., 1) (x(¢)) and %T,\(,),y(,) (x(t))ast —
+00. We explore the particular cases A = 0 and B = 0, and show improvements with
respect to previous works. In Sect. 4, we address the convex minimization case, namely,
when A = df and B = Vg, where f : H — R U {+o0} is a proper, convex and lower
semicontinuous function and g : H — R is a convex and Fréchet differentiable function
with Lipschitz continuous gradient, and derive, in addition, a fast convergence rate for the
function values. In Sect. 5, we illustrate the theoretical results by numerical experiments. In
Sect. 5, we provide an algorithm that arises from a time discretization of (Split-DIN-AVD)
and discuss its convergence properties.

2 Existence and Uniqueness of Trajectories

In this section, we show the existence and uniqueness of strong global solutions to (Split-
DIN-AVD). For the sake of clarity, first we state the definition of a strong global solution.

Definition 2.1 We say thatx : [fg, +00) — His astrong global solution of (Split-DIN-AVD)
with Cauchy data (xg, up) € H x H if

(i) x, X : [t, +00) — H are locally absolutely continuous;
(i) X()+ %x +& (% o),y (x (z))) +Ti.),y () (x (1)) = 0 for almost every ¢ € [tg, +00);
(iii) x(tg) = xo, x(tp) = uo.

A classic solution is just a strong global solution which is C2. Sometimes we will mention
the terms strong global solution or classic global solution without explicit mention of the
Cauchy data.

The following lemma will be used to prove the existence of strong global solutions of our
system, and we will need it in the proof of the main theorem as well.

Lemma22 Let A : H — 2™ be a maximally monotone operator and B : H — H a
B-cocoercive operator for some B > 0. Then, the following statements hold:

(1) For A > Oandy € (0,2B), Ty, is a A‘ﬁ;y -cocoercive operator. In particular, this
also implies that T, ,, is %—cocoercive.
(i) Choose L1, 2 >0, y1,y2 € (0,2B) and x, y € H. Then, for x € zer(A + B) it holds

1B

4Bly1 — val
M1 T3, 0 () = A2 o0 D < 4llx =yl + B

2|ly1 — 2l _
+ ——lx =Xl
Y1

1 ly1—v2l
[ Ty30 () =Ty )| < " [4||x—y||+4ﬁTIIBXII

[A2 — Al
A

vl —xn] +2 |
4!

y=x|.
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(i) If x is a classic global solution to (2) and X € zer(A + B), then, for every t > to, we

have
d . (1 ly ()] -
” o (AOTawy,y i @) | < 4lx@ + 4ﬁ%l|3(ﬂt>)ll + Z%IIXU) — x|l

Proof (i) From [14, Proposition 26.1(iv)(d)] we know that the operator J, 4 o (Id —y B) is

o = 4§EV—averaged. From [14, Proposition 4.39], we obtain that Id —J, 4 o (Id —y B)
is ﬁ—cocoercive, namely, it is 4/27}/ -cocoercive. Since y € (0, 28), we have 4’?{” >

i—g = %, which implies that Id —J,, 4 o Id —y B) is %-cocoercive and thus

. 4B—v . .A .
Ty, is A -cocoercive and T,y 1is E-cocoercwe.

(ii)) We have

121751 () = 22T 5 D < X = I+ 1Ty1a(x = 1 B(x)) = Jya(y — v2 BVl
< lx =yl + IJyalx = y1B(x)) = Jppalx = i B))|l
+ 1palx = y1B(x)) = Jy,a(y — 2Bl
2x =yl 41y = r2lll Ay (x = 1B + [Iv1 B(x) — v2B(Y)l
2lx =yl + Iy1 = v2lll Ay (x — 1 BO)l
+ lY1B(x) = v2B(X) [ + [y2B(x) = 2B
= 2llx =yl + 1 = 72lllAy, (x = Y1 B(X))l
+v1 = 2l B + v20B(x) = B(y)|.

Now, notice that

IAIA

1 1
Ay (x =y B(x)) = ;(Id—-]ylA)(x -7 Bx)) =—-B(x)+ ;(x — Jyalx = y1B(x)))
=—B) + Ty 5 (),

so using (i) and the fact that 7,, ,, (X) = 0, we obtain

Ay (x = 1B = | = B(x) + Ty 5 O < 1B+ 1 T3y,50 () = Ty 5 D]
2 _ ®)
=B+ —llx —X].
4!
Altogether, plugging (8) into our initial inequality yields
2ly1 — »2 .
21750, (X) = 22T 0 (DI = 2]l = ¥l 4 2ly1 — 22l BOOI + Tllx — x|l
+ 721B(x) = Byl
4Bly1 — 12 2ly1 — »al . 1
=2x —yl+ ——IBOI+ ———lx =X +28( % ) Ix — »lI.
1 Y1 B
To show the second inequality, we use the previous one. We have
1
[0 = T O] = 5 [ Toiin ) = 22T o (0 + G2 = 2D Toan )
1 1 — 2l ly1 — 2l - A2 — A1l
< - [4||x =Vl Bx| + 27—y =¥ [+ = | T )|
Al 71 4l Al
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1 ly1 — »2l ly1 — y2l _
< — [4||x =yl +48——|Bx| +2—|lx — X
Al 12! 12!
[A2 — Aq] _
2—— ly — x|,
+ o ly —xI

where the last line is a consequence of T}, ,, being Lzz—cocoercive, and hence %—Lipschitz
continuous (see (1)).
(>iii) For ¢, s > 1y set

x=x(), y=x(s), A1 =4), yi=y@), 2a=2(s), y2=7v()
and use (ii) to obtain, for every ¢ > 1y,

A Tty (0) X (1)) = M) Tis),y (9) X ()l

[t — 5]
[lx (@) — x(s)l 4 |y () —y(s)l 2 |y@) —y@)l _
<4 T m | 1B+ mﬁllw)—xn-
Hence, by taking the limit as s — ¢ we get, for any ¢ > fo,
J . )
‘Ex(r>m,m(x(r>)” < 4l +4ﬁ'Z§—g'nB<x(r>)u T Z%nxm = .

The next theorem concerns the existence and uniqueness of strong global solutions to
(Split-DIN-AVD).

Theorem 2.3 Assume that A, y : [ty, +00) — (0, +00) are Lebesgue measurable functions
and that inf ;> A(t) > 0. Then, for any (xo, ug) € H x 'H there exists a unique strong global
solution x : [ty, +00) — H of the system (2) that satisfies x(ty) = xo and X (ty) = uo.

Proof We will rely on [17, Proposition 6.2.1] and distinguish between the cases £ > 0 and
& = 0. For each chase, we will check that the conditions of the afforementioned proposition
are fulfilled. We will be working in the real Hilbert space H x H endowed with the norm
G, I = llxll + llyll. Let X € zer(A + B) be fixed.

The Case & > 0. First, it can be easily checked (see also [4, 9, 13]) that for all > 7, the
following dynamical systems are equivalent

d
# () T + 6 (ETM,ym(x(z))) + Thto 0 (1)) = 0.
50+ § 00 0) = (1= %) x0) + Ey() =0,
30 - (F-2+%)x0+ by =o0.

In other words, (2) with Cauchy data (xq, ug) = (x(f9), x(fp)) is equivalent to the first order
system

*

iz‘(f) = F(,2(1)),

z(t0) = (x0, Y0),

where z(t) = (x(2), y(t)), F is given, for every t > tg, by

Fs [ er +<l_a> 1 <l_a+a§> 1
(,(x,y))—[ ETh ).y (1) (X) Er x gy, it e X gy:|

and the Cauchy data is xo = x (1), yo = —& (uo + ET. 1),y (19) (X0) — (é - g) xo).
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(1) Lett € [tp, +00) be fixed. We need to verify the Lipschitz continuity of F on the z
variable. Set z = (x, y), w = (u, v). We have

1 o
—& (Tx(t),y(t)(x) =T,y () + (* — *)

1F(t,2) — F(t,w)|| = £t

(x —u) — é(y—v)>H

1) 00w
—— 4+ —Jx—u)—-——=—v
t & Y
Set A 1= inf;>; A(f) > 0. Accordmg to Lemma 2.2(i), the term involving the operator
Ty.0),y (r) satisfies

[Ty, () ) = Tagyy i @) || < mllx —ull < %llx —ull.
It follows that, if we take
K1) :=max{§+ T e + T e , %} vt > 19,
A T A T A N S

then we have K € Llloc([to, +00), R) and
|F(,2) — F@,w)| < K@z —wll V= 1o.

(i1)) Now, we claim that F fulfills a boundedness condition. For ¢ € [fg, +00) and z =
(x,y) € H x 'H we have

7 _ T I «o 1 1 o o 1
ot =g+ (- 5) = pl+| (-3 5) - |

By Lemma 2.2(i), we have, for every ¢ > t,

[ Ta0r iy || = | Tary 0y @®) = Ty (9 @ || < mllx — x|
Hence, if we take
2 1 1 2 2
P(t)—max{ d I ) ) ﬁ,i,*} vt > 1o,
At ) & 1 & ¢ At) &

then we have P € LIOC([IO, +00), R) and

£ Il = PO+ llzl)-

We have checked that the conditions of [17, Proposition 6.2.1] hold. Therefore, there exists
a unique locally absolutely continuous solution ¢ +— x(¢) of (2) that satisfies x (fg) = x¢ and

x(tg) = ug.
The Case &€ = 0. Now, (2) is easily seen to be equivalent to

z2(t) = F(t,z(1)),
z(to) = (x0, uo),

where z(¢) = (x(¢), y(¢)) and F is given, for every ¢ > 1y, by

o
o) = [y =5y = Ty ]

Showing that F' fulfills the required properties is starightforward. O
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3 The Convergence Properties of the Trajectories

In this section, we will study the asymptotic behaviour of the trajectories of the system

d
(Split-DIN-AVD) 3(t) + ?xa) + 55 (Toty,y 1y (X (@))) + Taiey,p () (x (1)) = 0,

where 1
Ty (x) = X[Id —Jyao(Id—yB)].

We will show weak convergence of the trajectories generated by (2) to elements of zer (A+ B),
as well as the fast convergence of the velocities and accelerations to zero. Additionally, we
will provide convergence rates for Ty ),y () (x(t)) and %T;\(t),y(,)(x(t)) ast — +o0. To
avoid repetition of the statement “for almost every ¢”, in the following theorem we will
assume we are working with a classic global solution of our system.

Theorem 3.1 Let A : H — 2™ be a maximally monotone operator and B : H — H a
B-cocoercive operator for some § > 0 such that zer(A+ B) # (. Assume thata > 1, & > 0,
M) = )\,tszI’)\. > ﬁ andallt > to, and that y : [ty, +00) — (0, 2p) is a differentiable
1

Sfunction that satisfies Li) =0 (7) as t — +o00. Then, for a solution x : [ty, +00) — H to

(Split-DIN-AVD), the following statements hold:

(i) x is bounded.
(i) We have the estimates

+oo +00
/ tl%(1)|1*dt < +o00, / 1O Pdt < +oo,
fo 1o

/mm yi(t) HAm)["(I) - V(I)Bx(‘)] + Bx(’)szt < Tee

(iii)) We have the convergence rates

@l = o (%) JE0 =0 (}2) ,

[0 = vomx] + Beo] =0 (1)

2|4 ro

dt (1)
y2(0)

1

H% (4v0[x0 =y Bx0) ] + Bx)) H ~¢ (%) o

ast — —+oo.
(iv) If0 < infy>g y(t) < sup;s, ¥ (1) < 2B, then x(t) converges weakly to an element of
zer(A + B) ast — +o0.

Proof Integral Estimates and Rates. To develop the analysis, we will fix x € zer(A + B) and
make of use of the Lyapunov function £ : [#g, +00) — R U {400} given by

2 2
(@—1)
+ 8

a—1
2

1
E) = 3 H x(@) =%) + 1t + & Try,y) (x (1)) lx@) %1% (9)

@ Springer



738 Journal of Dynamics and Differential Equations (2024) 36:727-756

Differentiation of £ with respect to time yields, for every ¢ > 1y,

&) = <°‘ Lt -5 41 (£(1) + & Ty 0 (x(1))
> 1)30) +& T,y o(x(@) +1¢ (f(t) + S% (Tw),y(z)(x(t)))>>
@ == D ey — 7, ko)),
After reduction and employing (2), we get, for every ¢ > 1y,
£t = (“_1)2& (@) =X, Tag)y o0 (x (@) + a _2“” EOIS
+ (—ﬂ + @) (Tayy 0y @ (), £(0)) + EE — 01 | Tty x|

Now, by Lemma 2.2(i), we know that T}, () ) is M;) -cocoercive for every ¢t > fg. Using
this on the first summand of the right hand side of the previous inequality yields, for ¢ >
fi = max{§, fo},

3—
¢ <SS o +( +E2 ))(Tm,mx(n),fc(z))
(10)
—(E —Dr
+((‘" D (’)+5(5—r>r) | Ty )
Now, since A > ﬁ we can choose € > 0 such that

2
0<e<a—1—\/;<a—1. (11)

From (10) we get, for every ¢t > 1y,

) + 5r||x(t)||2 + Zm(z) 15000 @)

1 3
§<T+ >IIIX(1)|I +< é(

> (Ta),y (0 (x (1)), X(1)) (12)
+ <<w +5 ) (0 +E(E —nt ) [ Taco), V(f)(x(t))”
+

2

By (11) and the definition of A(¢), we know that 15¢

((w+, )MH@—m) (1_"‘ +5> 8o,
~—

§ <0,and

2 2 2 2
<0

sowecan find t, > #; such that for every r > 1, the previous expression becomes nonpositive.
According to Lemma A.2, the right hand side of (12) is nonpositive whenever

N 5(3—a)t2_ l—a €
o (552 (522

(@—=1)(¢E—1) A1)
t<<72 + = 5 ) + £(& —t)t)

@ Springer



Journal of Dynamics and Differential Equations (2024) 36:727-756 739

This quantity can be rewritten as

( (1—0l e>(a—1 e)k)4 3
Rt)=(1+4 > + = — =)= )T+ 0O@F) as t - +o0.

2 2 2)2

Sincee <a—1— \/E, we have % > Hence,

1
(a—1—€)2"

| +4 1—a+e a—1 €\ A 1 ] )Z)L 0
= ——z=1l—-(@—1—-¢)"= <0O.
2 T2 2 " 2)2 “ )

This means we can find 3 > t; such that for every ¢ > 3 we have R(¢) < 0, that is, for every
t > t3 we have

. € . € 2
£ + EtII)C(t)II2 + Zt)»(t) | Tty (x @) |~ < 0. (13)
Now, integrating (13) from #3 to ¢ we obtain
€ 4 . 2 € ! 3 2
E@t) + 3 sllx(s)|1*ds + ZA 57 | Ty (X (9)) |~ ds < E@3). (14)
13 3
From (13) and the form of £ we immediately obtain
t — ||lx(t) — x| is bounded, (15)
+00
/ HE@1Pdr < 4o, (16)
1o
+00 2
[ F IToso o] d < +. an
1o
a—1 .
sup (T) (x(@) = %) +1 (k) + & Ty (x (@) | < +oo. (18)
t=1o

From Lemma 2.2(i), we know that for every ¢t > t( the operator T,y () is %—Lipschitz
continuous, which gives, for every ¢t > 1y,

2
[ Ta0r. iy GO | = | Taioy.y iy @) = Taioyy oy @] < mnxm — x|l

Thus, from (15) and recalling that A(¢) = At2 we arrive at
| Taioy.y oy (x@) | = O (t%) as t — —4o0. (19)
By combining (15), (18) and (19) we obtain sup, ., [1X(t)[| < +oc and therefore
x| =0 (;) as t — +4o00. (20)

From Lemma 2.2, (15), (20) and the fact that B is é-Lipschitz continuous we deduce that,
ast — +o00o,

3 0Ty < ason+4s 7 e+ 27 e -z = 0 (1
dt @),y (1) = y (1) y (1) t
2n
On the other hand, for every ¢ > 1y we have
d . d
Hmk(t)T,\(z),y(z)(x(t))H = ’)\(t)Tk(t),y(t)(x(t)) + )L(I)ETX(t),y(t)(x(t)) ' , (22)
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so by combining (19), (21), (22) and the fact that (1) = 2Ar we arrive at

H)L(t)%TA(I).y(I)(x([)) < %)\([)TA(I),}/(I)(X([))“ +30) | Tayy iy x@)) | = © (;)
o(1) o(%)
as t — +o0o,
which yields
Hij)’y(,)(x(t))” = L(’) <1> =0 (%) as t — 4o0. (23)
t At) t t

Let us now improve (19) and show that

1
| Ty, iy x@) || = 0 (ﬁ) as 1 — +o0. (24)

According to (19) and (21) there exists a constant K > 0 such that for every t > 1y it holds
d 4 2
= O 0o = [4 120 T30 00

d
x <)»(I)TA(t),y(t)(x(t)), E?»(I)TA(t),y(t)(x(f))H
< 4[A OBy GO AO T,y @)

d
a)t(t)TA(t),y(t) (x(1) H
4K
=—|
t

X

2
AT 0y @)
By (17), the right hand side belongs to L ([fo, +00), R), so we get

d
m ||k(t)T,\(z),y(z)(X(t))H4 € L'([19, +00), R),

hence the limit

im0 Ty 0 )]

exists. Obviously, this implies the existence of L := lim;_ oo [A() Ty (X (1)) |*. By
using (17) again we come to

+00 1 2 2 +o0 ; )
/ 7 H)h(f)TA(t),y(t)(x(f))H dt =X / t ” Tk(t),y(t)(x(t))” dt < 400,
) 0]

and so we must have L = 0, which gives

1
| Ty, iy x@) | = 0 (72> as t — 400. (25)

By combining (2), (19), (20) and (23) we obtain, as t — +o0,

d
[X@1 = ”—(:X(t) - SETk(t),y(t)(x(t)) - Tk(t),y(t)(x(t))H
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. d 1
< % X1 +& ”ETA(t),y(t)(x(t))H + | Tayy iy x@) | = O (72) .

O — o

Moreover, by using the well-known inequality ||a + b + cll? < 3lall? + 31|b]1? + 3|c||? for
every a, b, c € H, for every t > tg it holds

. a. d 2
PlEm)* < — S0 = E =T,y (0) = T 0 (1 (0)

. 2 23] d g 3 2

<3t i) +36%° | — + 38 | Ty iy @) |7
From (16), (23) and (17) it follows

+0o0
/ B21E@0)1Pdt < +oo. (26)

to

To see that ||x(1)|| = o (%) ast — +oo, we write, for every t > fy,

d
- (PlEOI%) = 2tl2 ()17 + 202k (1), ¥ (1)) < 3]0 + 2 IE@) 12

From (16) and (26) we deduce that the left hand side belongs to L ([tg, +00), R), from which
we infer that the limit lim;_, 1215 (0)||? exists. Using (16) again, we get

| +00
f ~(PlioIP)de = / Ik ()2dt < +oo,
10

fo

from which we finally deduce lim;_, 4 2| x(#)||* = 0, therefore

%] = o (%) as t — +oo. 7)

Notice that we can write for every ¢ > 1y

) 40)
)

and remembering the definition of A(¢) we

1d=Jya(d =y 0B) | = 222 (4,0 [x0) =y 0 Bx®) | + Bx ().

Laovo = 35 )[

At)

Hence, multiplying both sides of (25) by G

obtain

HAN) [x) =y Bx()] + Bx () H =0 ( i )) as 1 — +00. (28)

For every t > 1y, we have

d @
T (1) = (K m) (40 [x®0 =y Bx0)] + Bx1))
v d

Tl‘)a (Ay(t) [x(t) — )/(t)Bx(t)] + Bx(t)) :

Therefore, by using (23) and (28), and recalling that A(t) = A2, we obtain
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Hddt (Ay(t) [X(Z) - J/(t)Bx(z)] + Bx(t)) H —0 <ty%>

2] ro

FIY0)
y2(1)

+o as t — +o00.

The fact that |3 (1)|| = O (tiz) as 1 — 400 comes from (2), (27), (23) and (24).

Weak Convergence of the Trajectories. Let X € zer(A + B). We will work with the energy
function & : [fy, +00) — R given by

1 _
h(t) = 2 llx () = x|
For every ¢t > 1y, we have

h(t) = (x(t) =X, 2(1)), h(t) = (x(1) =X, ¥(1)) + |5 (29)

Combining (2) and (29) gives us, for every ¢ > t,

. . d
h(t) + %h(l) + <T)L(t),y(t)(x(t))s x(t) — f) = i) + <_§ETA(I),)/(1)(X(I))7 x(1) —f>-

By using the %—cocoercitivity of Tj,1),y () on the left hand side, Cauchy—Schwarz on the

right hand side and multiplying both sides by ¢, the previous inequality entails, for every
t = 1o,

d

. . s
th(t) + ah(t) + t% | Ty, 0y x @) || < 2% (I + &t S D0 0E0)

llx(r) = x| vVt = 10.

Now, puttin together results in

k(@) =t &) + &1 lx(t) =Xl € L' (lt0, +00), R).

d
ETA(t),y(t)(x(t))‘

Now apply Lemma A.1 with 6(¢) := t% H Thty,y(t)(x(@)) || for every ¢t > t to deduce that
the limit
lim h(t)

t——+00

exists, which fulfills the first condition of Opial’s Lemma A.3.

Let us now move on to the second condition. Suppose X is a weak sequential cluster point
of t — x(t), that is, there exists a sequence (#,),eN < [f0, +00) such that t, — +o00 and
X = x(t,) converges weakly to x as n — +00. Define

U, :=1d—J,4 0 (Id—yB).

According to (25), we have Uy, (1) (x(t)) = A(t) Th.1),y (1) (x(t)) — O as t — +00. Now, since
y(t) € [6,28 — &] for all t > 1y for some § > 0, we can extract a subsequence (y (,,))keN
such that y(t,,) — ¥ € (0,2pB) as k — +oo. We may assume without loss of generality
then that y,, := y(¢,) = ¥ as n — 400. We now have for every n € N

”Uy,, (xn) — U?(xn)” = ”Jy,,A(xn — YuB(xn)) — J7A(xn —¥YBa))I
= ”JJ/nA(xn — YuB(xn)) — J}/,,A(xn =Y B
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+ ”JynA(xn —VB(x,)) — J?A(xn —YBQ))
=17 = vall BG)l + 17 — vall Ay (e — Y B(xn)) ]

Now, since every weakly convergent sequence is bounded and the operators B and Ay are
Lipschitz-continuous we deduce that the right-hand side of the previous inequality approaches
zero as n — +oo, therefore getting

U?(xn) =0, (xn) + (UV(xn) - Uy, (xn)) -0

as n — +00. Now, from the proof of part (i) of Lemma 2.2, we know that Uy is 4'2;7-
cocoercive, thus monotone and Lipschitz continuous and therefore maximally monotone.
Summarizing, we have

1. Uy is maximally monotone and thus its graph is closed in the weak xstrong topology of
H x H (see [14, Proposition 20.38(ii)]),
2. x, converges weakly to X and Uy (x,) — 0 asn — 400,

which allows us to conclude that Uy(X) = 0, and gives finally X € zer(A + B). Now we
just invoke Opial’s Lemma to achieve that x (¢) converges weakly to X as t — oo for some
x € zer(A+ B). ]

In the following subsections, we explore the particular cases B = 0 and A = 0, and
we will show improvements with respect to previous results from the literature addressing
continuous time approaches to monotone inclusions.

3.1 TheCaseB=0
If we let B = 0 in the (Split-DIN-AVD) system (2), then, attached to the monotone inclusion
problem

find x € H such that 0 € A(x),

we obtain the dynamics

(@) + %56(1) + 5% (Aniryy o x @) + Aniy,y o (x (@) =0, (30)
where
Ary () = 5 (0= ).
We can state the following theorem.

Theorem3.2 Let A : H — 2™ be a maximally monotone operator such that zer A # §.

Assume that « > 1, & > 0, A(t) = A2 for A > ﬁ and all t > ty, and that y :

[to, +00) — (0, +00) is a differentiable function that satisfies ‘;E—gl =0 (%) ast — —+oo.
Then, for a solution x : [ty, +00) — H to (30), the following statements hold:

(1) x is bounded.
(ii) We have the estimates

+00 too
/ l||x(t)||2dl < +00, f t3||jé(l)||2dt < 400,
1o f
+o0 ,,2 ¢
/ s “Ay(t)(x(l))szt < +o0.
0]

t
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(iii) We have the convergence rates

()| = ! i) =0 !
@l —0<;>, 1 = (72)

1
4o =o(5)

y (1)

24y
dt r(1)

1
=0 +
‘ <ry(z)) “\ o
ast — +oo.

(iv) If0 < inf;>4 v (t), then x(t) converges weakly to an element of zer A as t — +o0.

d
EAY(I)(X(I))

Proof The proof proceeds in the exact same way as the proof of Theorem 3.1. However, a
few comments are in order: first of all, now we have T} , = %(Id —Jya) = A,,,. Since
J;.4 1s firmly nonexpansive, by [14, Proposition 4.4] so is Id —J; 4. In other words, Id —J, 4
is 1-cocoercive, therefore A) , = %(Id —JyA) is A-cocoercive, so now the condition on A
becomes A > ﬁ

The proof also changes when we verify the second part of the Opial’s Lemma, to get
weak convergence of the trajectories ¢ — x(¢). This is in order to allow for y (¢) not to be

necessarily bounded. We do need, however, the assumption 0 < inf;~, ¥ (#). Indeed, from

1 Axiy.y o @ @) = o0 (,Lz) as ¢ — +o0, we obtain

y@) :=x@) — Jyyax () = M) Ayw),yiy(x (@) — 0
as t — +oo. Using the definition of the resolvent, we come to
1
Jynax@) =x@) —y@) & y) € y(DAx(@) — y(@)) & my(t) € A(x(t) — y(@)).

forall t > 1g. If (t;)nen C [f0, +00) is such that 7, — +o00 and x(#,) converges weakly to
X as n — +00, then the previous inclusion, together with the assumption on y gives

. 1
x(ty) — y(t,) converges weakly tox and @y(t) — 0 as n — 400,
14

and by the closedness of the graph of A in the weak x strong topology of H x H, we deduce
that X € zer A. O

Remark 3.3 The hypotheses required for y are fulfilled at least by two families of functions.
First, take r > 0 and set y (¢) = e, Then, we have

y()  —rt= 0D r 1
—=——=——==0\(-) as t— +oo,
y (1) el i t
and
y)=é¢ > =1 Vvi>0.

If y is a polynomial of degree n for some n € N, the conditions are also fulfilled. Assume
y(t) = apt" + an_1t"" '+ ... 4 agforall r > 1y, for some a; € R fori € {0, ...,n} and
a, > 0. Then, we have

y (@) iy napt""' 4+ (n — Day_1t" ' -+ a

v ant" + an_11""' 4+ +a
na

=n as t— +o0o,
dap
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SO % =0 (%) ast — —+oo. Since we also have y (1) — +ooast — 400, the condition

inf;>, ¥ (¢) > 0 is fulfilled for large enough 7.

In particular, we can choose y () = A(t) = At%, which fulfills y (£) > ktg > 0 for any
t > to and any f#o. Since A, , = A, for A > 0, this choice of y allows us to recover the
(DIN-AVD) system studied by Attouch and Laszl6 in [9]. Notice the way the convergence
rates for A, ) (x(t)) and %Ay(;)(x(t)) exhibited in part (iii) of Theorem 3.2 depend on
y(t). If we set y(¢t) = t" for every t > tg for any natural number n > 2, (Split-DIN-AVD)
performs from this point of view better than (DIN-AVD) without increasing the complexity
of the governing operator.

3.2 TheCaseA=0

Let us return to (Split-DIN-AVD) dynamics (2). Set A = 0, and for every ¢ > 1y take

y(®) =y € (0,28) and n(r) = nt> with n = A/y. Then, associated to the problem
find x € H such that B(x) = 0,

we obtain the system

xm+xm+&(%f(0+%fm»w G31)

The conditions A > ﬁ and y € (0, 2B) imply

A 2 21
y T y@—12 2pa—12  Bla- 12

With the previous observation, we are able to state the following theorem.

T]=

Theorem3.4 Let B : H — H be a B-cocoercive operator for some B > 0 such that
zer B # (). Assume that « > 1, & > 0 and n(t) = ntzfor n > —— and all t > ty. Take

x : [tyg, +00) — H a solution to (31). Then, the following hold:

/5()

(i) x is bounded, and x(t) converges weakly to an element of zer B as t — +o00.
(i1) We have the estimates

+o00 +o00
/ x> dr < +o0, / P50 )2 dr < +o0, / —IBx()||*dt < oo.
0]

(iii) We have the convergence rates
. 1 .. 1
Ix@®I =0 7)) X =0 )

[ Bx (@)l — 0

as well as the limit

ast — +oo.

Proof Since n > we can find € € (0, #) such that n > equivalently,

1 .
ﬁ(a 2’ (B—e)@—1)?’
2(B—€)n > 1)2 Smce (31) is equivalent to (Split-DIN-AVD) with A = 0 and parameters

A =2(8— e)n > 1)2 and y(t) = 2(8 — €) € (0, 2p), the conclusion follows from
Theorem 3.1. O
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Remark 3.5 (a) As we mentioned in the introduction, the dynamical system (31) provides a
way of finding the zeros of a cocoercive operator directly through forward evaluations,
instead of having to resort to its Moreau envelope when following the approach in [9].

(b) The dynamics (31) bear some resemblance to the system (6) (see also [16]) with (¢) =

Fandv(r) = %, with an additional Hessian-driven damping term. In our case, since
1 .
N> g1y the parameters satisfy
2 2.2
@ no(t) ot 5 1
V="n ’ = =a'n>— Vt>t
(1) 2= o0 P n 0

However, we have
(t) = 2 <0 Vit >
v(t) = —— ,
YEER

so one of the hypotheses which is needed in (6) is not fulfilled, which shows that one
cannot address the dynamical system (31) as a particular case of it; indeed, for (6) a
vanishing damping is not allowed. With our system, we obtain convergence rates for
x(t) and X(¢) as t — 400, which are not obtained in [16].

4 Structured Convex Minimization

We can specialize the previous results to the case of convex minimization, and show addi-
tionally the convergence of functional values along the generated trajectories to the optimal
objective value at a rate that will depend on the choice of y. Let f : H — R U {+00}
be a proper, convex and lower semicontinuous function, and let g : H — R be a convex
and Fréchet differentiable function with Lvg-Lipschitz continuous gradient. Assume that
argming, (f + g) # ¥, and consider the minimization problem

min f(x) + g(x). (32)
xeH
Fermat’s rule tells us that X is a global minimum of f + g if and only if
0ed(f+)X) =03f(x)+VgX).

Therefore, solving (32) is equivalent solving the monotone inclusion 0 € (A + B)(x)

addressed in the first section, with A = 9 f and B = Vg. Moreover, recall that if Vg is Ly,-

Lipschitz then it is L—lvg—cocoercive (Baillon—-Haddad’s Theorem, see [14, Corollary 18.17]).

Therefore, associated to the problem (32) we have the dynamics

.. o, d (y(@)
X(t) + 7x(t) + 55 (m (V Sy @) + Vg(X(t))))
140

+ o) (Vo @@®) + Vgx)) =0, (33)

where we have denoted u(t) = x(t) — y (t)Vg(x(¢)) for all ¢ > ty for convenience.

Theorem4.1 Let f : H — R U {400} be a proper, convex and lower semicontinuous
function, and let g : H — R be a convex and Fréchet differentiable function with a Ly,-
Lipschitz continuous gradient such that argming (f + g) # @. Assume that a > 1, & >

0, A(t) = 2 for » > ﬁ and all t > ty, and that y : [tg, +00) — (0, LLVg) is
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a differentiable function that satisfies % = O(1/t) ast — —+oo. Then, for a solution

x 1 [ty, +00) — H to (33), the following statements hold:

(i) x is bounded.
(i1) We have the estimates

+00 +o0
/ tE(@)|*dt < +oo, f 2IE@) |2t < +o0,
1o 1

/m yzt(t) Hnym[x(t) - V(t)Vg(x(t))] + Ve(x(1) sz, < 100,
0

(iii) We have the convergence rates

1 1
IIX(t)||—0< > [¥@®| =0 <7>

vam) [x(t) - V(I)Vg(x(t))] + Vg(x(t))H W (%) ’

d y@)
d 1 | g IY0)
’ T (nym [x(f) - (t)Vg(x(t))] + Vg(X(t))) H =0 <%) +o I
ast — +OO

(iv) IfO < inf;>4 y (1) < SUP;>, y(t) < %, then x (t) converges converges to a minimizer
- - 8

of f+gast —> +oo.
(v) Additionally, if0 < y(t) < L—lvgfareveryt > toandwe setu(t) = x(t)—y (t)Vg(x(1)),
then

1
 (Prox, gy (1)) + & (Prox, ) s (w(1))) — ming(f + ) =0 (%)

ast — +00. Moreover, }proxy(t)f(u(t)) —x(1) || — 0ast — +o0.

Proof Parts (i)—(iv) are a direct consequence of Theorem 3.1. For checking (v), first notice
that for all + > ry we have

Ty (60 = == [Ty pas o 10—y (V) (x(0)

)»()

=0 [x(t) Prox, ¢ (1) | (34)

Now, let x € argminy, (f + g). According to [15, Lemma 2.3], for every ¢ > ty, we have the
inequality
J (prox,, ) (1)) + g (prox,, ¢ (u(1))) — miny (f + ¢)
<f (proxy<,) F@®)) + g (prox,, ) (@) — f@ — g@
1
< - EYY (t) ||pr0xy(,)f (u(t)) — x(z)“ + ﬁ (x(t) —x*, x(t) — proxy(,)f(u(z))).

After summing the norm squared term and using the Cauchy—Schwarz inequality, for every
t > typ we obtain

2() (r) [prox, (o) = x|
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=f (PI‘OXV(;)f W) +¢ (proxy(t)f (1)) +

1
% Hproxy(t)f(u(t)) —x(1) ”2 —miny (f + g)

< o (x(t) proxy(,)f(u(t))), x(t) — f>

Hm Y= proxr(r)f(”(t)))‘ llx(t) — x|
)»(l)
v (1) 1Ty, 0y @) | 1x () — X
=o\oy) & 1>+
(ﬂt))
which follows as a consequence of x being bounded and || Tht),y (1) (x(t))“ =0 (tlz) as
t — +o0. D

Remark 4.2 1t is also worth mentioning the system we obtain in the case where g = 0,
since we also get some improved rates for the objective functional values when we compare
(Split-DIN-AVD) to (DIN-AVD) [9]. In this case, we have the system

Y ()
A1)

140

x(l)+ +$* (l(l‘)

Vi (t))> ——Vio&@®)=0 (35)

attached to the convex optimization problem
min f(x).
xeH Fx)
If we assume A > ﬁ allow y : [f9, +00) — (0, +00) to be unbounded from above and

otherwise keep the hypotheses of Theorem 4.1, for a solution x : [fg, +00) — H to (35), the
following statements hold:

(i) x is bounded,
(i1) We have the estimates

+00 +oo
/ t]1%(0))12dt < +oo, / PE@|2dt < oo,
to 0]

+o0 ,,2
/ LD fyipan | di < +ov,
0]

(iii)) We have the convergence rates

1 1
IIX(I)||—0< ) [¥®l =0 (72)

1
IV 0 @) = 0 (m) ,

2|d y®
dt (1)

d 1 !
v =0 () vo =

ast — +oo.
(iv) If O < inf;>4, ¥ (¢), then x(#) converges weakly to a minimizer of f ast — +-o0.
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(v) We also obtain the rate

Sy (@) —miny f =0 <%> as t— +00,

which entails

1
f (proxy(,)f(x(t))) —miny f = o <m> and Hproxy(,)f(x(t)) —x(t) || — 0

ast — +o00.

Parts (i)—(iv) are a direct consequence of Theorem 3.2 for the case A = 9 f. For showing
part (v), first notice that for A > 0 and u € H we have, according to the definition of f; and

Prox; s,

1
Fiu) =  (prox; o)) + 55 [ prox () = u[|* < f ).

Let X € H be a minimizer of f. We apply the gradient inequality to f, ), from which we
obtain, for every ¢ > 1y

fro&@®) —miny f = f,in(x@) — f&) < froy(x(®) — finn &)
<(VHun @), x®) = %) < ||V fyo @) Ilx@) —xII,

where the last inequality follows from the Cauchy—Schwarz inequality. Since ” V fyo(x(@)) ||

=0 (%) as t — +oo and x is bounded, the previous inequality entails the first statement

of (v). Again recalling the definition of the Moreau envelope of f, this finally gives

£ (prox, ¢ (x(0))) + Prox,, g,  (x(1) — x(0)|* = ming, f = f)(x(0)

o ||
2y (1)

. 1
—miny f =o0 (m)

as t — +o00, which implies the last two statements and concludes the proof.

As pointed out in Remark 3.3, we can choose y (1) = At? for every ¢t > to and recover the
(DIN-AVD) system for nonsmooth convex minimization problems studied in [9]. Moreover,
we can also set y () = " for a natural number n > 3 and all 7 > #y. Now, not only are the
convergence rates for V f, ;) (x(¢)) and %V Sy (x(1)) as t — +oo improved with respect
to the system in [9], but (Split-DIN-AVD) also provides a better rate for the convergence of
Sy (x(@)) tominy f ast — +oo.

5 Numerical Experiments

In the following paragraphs we describe some numerical experiments that portray some
aspects of the theory.

5.1 Minimizing a Smooth and Convex Function

As an example of a continuous time scheme minimizing a convex and Fréchet differentiable
function g : ‘H — R with Lyg-Lipschitz continuous gradient via (Split-DIN-AVD), we
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t
1 1
= ost =
g g
of
1 1.2 1.4 1.6 1.8 2 22 2.4 26 28 3 01 1.2 1.4 1.6 1.8 2 22 24 26 28 3
t t
@ (b)
Fig. 1 Trajectories of (Split-DIN-AVD) for B = Vg
10 25
8 2
=6 =15
=, g
2 0.5
0 0
1 1.2 1.4 16 1.8 2 22 24 26 2.8 3 1 12 1.4 1.6 1.8 2 22 24 26 2.8 3
t t
(a) (b)
Fig. 2 Fast convergence of the velocities
consider the system
{0+ 250 + 65 (Ve + Vet =0 (36)
X —X — | —Vgkx —Vg(x =0,
t dr \n() ()

where for (x1, x2) € R? we set g(x, x2) = %(xf + 100x§) and therefore Vg(xq, xp) =
(x1, 100x2). A trajectory generated by (36) is a pair x(¢#) = (x1(¢), x2(¢)). Figure 1 plots
both components of the solution to (36) with initial Cauchy data xo = (1, 1), up = (1, 1).
Notice that the Lipschitz constant of Vg is Ly = 100, which means that the cocoercitivity
modulus of Vg is 8 = %W = ﬁ‘ To fulfill n > m = %, we choose o = 20,
n = 0.278. Figure 1a corresponds to the case with no Hessian damping, thatis, § = 0. Figure
1b corresponds to a Hessian damping parameter £ = 0.2.

Figure 2 depicts the fast convergence of the velocities to zero for the cases §¢ = 0 (Fig.
2a) and & = 0.2 (Fig. 2b). In both figures, notice the effect of the damping parameter & > 0,
which attenuates the oscillations of the second component of the trajectories, as well as the
oscillations present in the velocities.
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— (Split-DIN-AVD)
— (DIN-AVD)

10 20 3 4 5 e 70 8 9 100 o 10 2 3 4 s 6 70 8 8 100 0 10 2 3 40 s e 70 8 0 100

t

z(t)
(1)
x(t)

Functional values
Functional values
Functional values

12 14 16 18 2 22 24 26 28 3

(a) (b) (c)

Fig.3 Trajectories and objective function values in the case A = 9 f

12 14 16 18 2 22 24 26 28 3

5.2 Minimizing a Nonsmooth and Convex Function

As an example of a continuous time scheme minimizing a proper, convex and lower semi-
continuous function f : H — R U {+o0} via (Split-DIN-AVD), we consider the system

. a d (y(®) y ()
X(t) + 7 + fa (mvfy(t)(x(l))> + mvfy(t)(x(f)) =0. 37

We will consider three options for f and plot for each of them the trajectories, the objective
function values and the gradients of the Moreau envelopes as follows:

o f(x)= %xz (Figs. 3a and 4a),
e f(x) = |x| (Figs. 3b and 4b),
o f(x)= x|+ $x? (Figs. 3c and 4c).

In order to fulfill « > 1 and A > ﬁ,

we take £ = Oand y(r) = 3. We compare the results given by (DIN-AVD) (that is, when
y(t) = Ar?) and the ones given by our system (Split-DIN-AVD). The choice of £ does not
seem to change the plots in a significant way for the examples we have chosen.

Figure 3 depicts the trajectories x (¢) of (37) and the function values f (proxy(t) (x (t))) for
our choices of f ast — +oo. Figure 4 portrays the fast convergence to zero of | V f,, (1) (x (1)) ||
as t — 4o00. Notice the big improvement over (DIN-AVD) for nonsmooth convex mini-
mization in [9] when choosing y (r) = 18, a result which we already knew theoretically.
Polynomials of high degree seem to be the ones which give the biggest improvements in
terms of rates.

we choose the parameters « = 2, A = 1.1, and

s ' 5
=, —(SplitDIN-AVD)||  — . =,
2 —— (DIN-AVD) =2 S
= 5 os B
<2 Sos <.
< < <5
>, B o By
o o
¥ s 4 5 s 7 & i 2 s 4 s s 71 8 v 2 s 4 s s 7 8
t t t
(@) (b) (c)

Fig.4 Gradients of the Moreau envelopes of f
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5.3 An Example with Operator Splitting

Now we consider the monotone inclusion problem (1) for A(xy,x2) = (—x2,x1) and
B(x1,x2) = (x1, x2) for every (x1,x2) € R2. For every (xp, xp) € R2, an easy calcula-
tion gives

X = L X

1 1492 142 1
Jya [X2] = [ A } [m],
1+]/2 1+}/2

and so

(Id —J, o (1d —y 1d)) [2]

X ! 2 T v 3 - 12 X

1 1+ 1+ 1 1+ 1+ 1

I:‘L2i| a ) J); ly |:‘(2:| oy ]; i yy |:‘(2:| ,
1+y2 14+y2

X1 y2+y2 y—12 X1
— | Ad+y5)  Ad+y9)
woll - B )
A4y r(+y?)

and

(Split-DIN-AVD) now reads

2

. . v (+y @) y()—1

HO) pefam) 4 Eoas2e  waso | |60

X (1) t | xX2(0) d 1y () y 4y @ x2(1)
O AO0+r20)

1—y () Y O+y®
11+y20) A0 A+yEm)

y 0+ () y(D-1
4| Mo ®n Zgaso) | (K@ | _ |0
x| o]

We choose the parameters @« = 7, A = 0.056, y () = 1.5, and the Cauchy data xo = (1,2)
and ugp = (—1, —1). Figure 5a corresponds to the case £ = 0, and Fig. 5b depicts the
trajectory when the Hessian damping parameter is & = 0.8. Again, notice how, not only
for optimization problems, but also for monotone inclusions which cannot be reduced to the
former, the presence of £ seems to attenuate the oscillations present in the trajectories.

6 A Numerical Algorithm

In the following we will derive via time discretization of (Split-DIN-AVD) a numerical
algorithm for solving the monotone inclusion problem (1). We perform a discretization of
(Split-DIN-AVD) with stepsize 1 and set, for an integer k > 1, x(k) = xi, A(k) := A,
y (k) := yx. We make the approximations

. o, o
X(t) = Xy — 2xx + X1, ?X(I) ~ ;(xk — Xk—1),

d
ETA(I),y(t)(x(t)) R oy 1) — Doy y o (k=15 Ty (K@) = Toy e Kkt 1),
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2 . . . : 2 . . . :
\ ——r — ()
151 \ —m(t)|] 151 —m(t)|]
1 \\ 1
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0 0
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0 5 10 15 20 25 0 5 10 15 20 25
t t
(a) (b)

Fig.5 Trajectories of (Split-DIN-AVD) for finding the zeros of A + B

so we get, for every k > 1,

o
Xk+1 —2)Ck —Xk—1 +; (Xk _xk—l)+g (T)Lk,yk (Xk) - Tkk,l JVk—1 (xk_l))+T)\.k+l S Vk+1 (xk-‘rl) =0.

(38)
After rearranging the terms of (38), for every k > 1 we obtain

X1 + Doy pps k1) = Xk + (1 - %) ok = Xk—1) = & (T Ok) — Ty sy (k—1)) -

(39)
In other words, after setting ax = 1 — % and denoting the right hand side of (39) by yj for
every k > 1, we obtain the following iterative scheme

yie = xk +ar(r — xk—1) — & (Tagn ) — Doy iy Gk=1))

1 (40)
Xk+1 = (Id +T)nk+1,}/k+1) (Yk)

(Vk = 1) {

Observe that the second step in (40) is always well-defined. Indeed, for A,y > 0, T}, ,, is
%—cocoercive, hence monotone (see Lemma 2.2(1)). This also implies that T, ), is %—Lipschitz
continuous, and a monotone and continuous operator is maximally monotone, according to
[14, Corollary 20.28]. Hence, by Minty’s Theorem (see [14, Theorem 21.1]), we know that
Id+T;, , : H — H is surjective.

We are in conditions of stating the main theorem concerning our previous algorithm.

Theorem 6.1 Let A : H — 2™ be a maximally monotone operator and B : H — H a
B-cocoercive operator for some B > 0 such that zer(A + B) # (. Choose xo, x1 € H any
initial points. Let ¢ > 1, &€ > 0, and (A)k>0, (Vk)k=0 Sequences of positive numbers that

fulfill

4 +2
A = A2 Yk > 1, with A>$7+,
(@ —1)2

— Vk— 1
0 < inf yx <supyx <2B and M:(’)(7> as k — 4o0.
k=0 k>0 Yk k

Now, consider the sequences (yi)k>1 and (x) x>0 generated by algorithm (40). The following
propetrties are satisfied:
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(i) We have the estimates
1 1
lxk+1 — x|l = O <%> and | Ay, (xx — v Bxi) + Bxi| =0 <%> as k — +oo.

(1) The sequence (xi)k>0 converges weakly to an element of zer(A + B).
(iii) The sequence (yi)k>1 converges weakly to an element of zer(A + B). Precisely, we have
Ixx — yell = O (1) as k — +oc.

The proof can be done by transposing the techniques used in the continuous time case to
the discrete time case. Algorithm (40) can be seen as a splitting version of the (PRINAM)
algorithm studied by Attouch and Ldsz16 in [10].

Remark 6.2 The second step in (40) can be quite complicated to compute. However, if B = 0,
we can resort to the fact that (Ay,);, = Ax 44, for A1, A2 > 0. We now have, for A, y > 0,

Y A

1
Ty = [14=ta] =S40,

which gives
-1 y y
(4Tpa) "= Jpa, = =3 Ay F1d=1d=5 4,

It is now possible to write (40) in terms of the resolvents of A. We have, for every k > 1,

1 1
Thaon 00 = Ty ) = o= [ = T @0 | =[5t = Ty
Ak Ak—1

(1 1) n 1 ( )
=\——— — (X% — X1
Ak M-l Ak—1

1 1
— <)\‘7kJVkA(xk) - Ejyk—lA(xk71)> )

Vk+1 Vk+1 1
— ALy NP 5 & . —
Yk ey s st (k) = yk Mot Portvi [yk (Ak+l+:/]$i)A()’k)i|
Akl
2
M Yk

= Y+ J vie1 ) 4 (VK-
)‘%J,.] + Vi+1 )"%J,.] + Vk+1 (MHH—ﬁ)A

So now (40) becomes

1 1 &
r=\(1-%& (* - 7>)xk+ (ak - 7) (Xx — Xk—1)

Y ( Mo Ak—1 Ak—1

1 1

(Vk > 1) +§ -]ykA(xk) l-lyk,|A(xk—1) ) 41)
)Lz
k+1 Yk
Xk4+1 = Yk + J ()’k)~
)‘k+1 + Vi+1 )»%4_1 + Vi+1 ()”’”H_VHI)
2641

Now, if we assume 0 < infz>o yx and A > @2 and otherwise keep the hypotheses of
Theorem 6.1, then for the sequences (xx)x>0 and (yx)r>1 generated by (41), the following
statements hold:

(i) We have the estimates

1 1
Ixe41 — xill = O <%> and A, (x| =0 (—) as k — 4oo.
Vk
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(i) The sequence (xx)k>0 converges weakly to an element of zer A.
(iii) The sequence (yx)x>1 converges weakly to an element of zer A as well. Precisely, we
have ||xy — vl = O (%) as k — +o0.

Notice that the condition required for (yx )0 is fulfilled in particular for y; = k" for every
k > 1 and a natural number n > 1. Thus, by choosing large n, we obtain a fast convergence
rate for Ay, (xz) as k — +oo.
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A Appendix

The following are three auxiliary lemmas that are used in the proof of Theorem 3.1. The
proof for Lemma A.1 can be found in [12], while the proof of Lemma A.2 is straightforward.
For the proof of Opial’s Lemma, we refer the reader to [1, Lemma 1.10].

LemmaA.1 Lettg > 0, and let u : [ty, +00) — R be a continuously differentiable function
which is bounded from below. Given a > 1, a nonnegative function 6 : [tg, +00) — R and
a nonnegative function k € L' ([ty, +00), R), let us assume that

ti(t) + au(t) +0(t) < k(t)

for almost every t > ty. Then, the positive part [it]y of it belongs to L' ([ty, +00), R) and
lim;_, y o u(t) exists. Moreover, we have f[:w 6(t)dt < +o0.

LemmaA.2 Let A, B, C € R and H a real Hilbert space. Then the inequality
AIXIP +2C(X,Y) + BIY|* <0
holds for every X, Y € H ifand only if A, B < 0 and C*> — AB < 0.

Lemma A.3 (Opial’s Lemma) Let S € H be a nonempty set and x : [ty, +00) — H a given
map, where ty > 0. Assume that

(1) forevery x* € S, lim;—, 40 ||x(¢) — x*|| exists;
(ii) every weak sequential cluster point of the map x belongs to S.

Then, there exists Xoo € S such that x(t) converges weakly to x», ast — +o00.
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