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Abstract

In this paper, we investigate the periodic pattern formations with spatial multi-peaks in a
classic diffusive Holling-Tanner predator-prey model with nonlocal intraspecific prey com-
petition. The main innovation is that a spatial dependently kernel is considered in the nonlocal
effect, which mathematically complicates the linear stability analysis. We first generate the
existences of Hopf, Turing, Turing-Hopf and double-Hopf bifurcations, and determine the
stability of the positive equilibrium. It turns out that the stable parameter region for the positive
equilibrium decreases with « increasing, which implies that the parameter region of pattern
formation for such kernel is smaller than the spatial average case. For double-Hopf bifurca-
tion, we calculate the normal form up to the third-order term restricted on the center manifold,
which is expressed by the original parameters of the system. Via analyzing the equivalent
amplitude equations, the system exhibits stable spatially nonhomogeneous periodic patterns,
the bistability of such periodic solutions, as well as unstable spatially nonhomogeneous
quasi-periodic solutions, all of them possess multiple spatial peaks. Interestingly, some pos-
sible strange attractors are found numerically near the double-Hopf singularity. Biologically,
the emerging spatio-temporal patterns imply that such nonlocal intraspecific competition
can promote the coexistence of the prey and predator species in the form of more complex
periodic states.
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1 Introduction

Numerous studies show that diffusive predator-prey system can exhibit richer dynamics in
space and time [1-7]. If the interactions among individuals are local, in many previous inves-
tigations, Hopf bifurcation is regarded as an effective tool to capture the temporal oscillation,
and a general result was found that when the positive constant steady state is destabilized, the
time-periodic solution bifurcated through the Hopf bifurcation are always spatially homoge-
neous, which is first concluded in [8]. However, this may be not realistic since it is common
that a species can distribute in different patches in the environment, putting it another way, for
some reasons the species can aggregate in the habitat, for this motivation, many researchers
explicated such spatial heterogeneity through Turing bifurcations or Turing instability [9].
Accordingly, the combination of Hopf and Turing bifurcations can always be regarded as
one of the mechanisms to interpret spatio-temporal oscillations [10, 11].

There will be a breakthrough if the interaction between individuals is not limited to be
local, the spatially nonhomogeneous solution is probable to emerge even though only Hopf
bifurcation occurs. Furter and Grinfeld [12] argued that populations may share common
resources or communicate visually and chemically, it means that taking the nonlocal interac-
tion into account in reaction-diffusion systems may be more realistic in population systems.
Britton [13] proposed the following single population model

u = DAu+ = <u —a +a)/ K (x, yuly, t)dy) . (1
K 2

If a species encounters some natural causes, for instance the depletion of food resources,
then the intraspecific competition not only depends on the population density at the current
location but also depends on the population density near the origin. A interesting result was
carried out in [14, 15], i.e. under the influence of the nonlocal interaction merely in the form
of purely spatial convolution, complex spatio-temporal dynamics can occur as well in the
reaction-diffusion system, including bifurcations to spatially nonhomogeneous steady states,
spatially nonhomogeneous periodic solution and periodic travelling wave solutions, more
studies on nonlocal interactions refer to [16-20] and references therein.

Recently, the nonlocal intraspecific competition of prey was introduced to the Holling-
Tanner predator prey system by Merchant and Nagata [21], they put forward the following
model

1 b
u,:dlAu—i-au(l—f/ K(x,y)u(y,t)dy)—A, xeN, t>0,

k Jo u-+m

oo 2)
v,:dzAv—i—cv(l——), xe 2, t>0.

u

here u(x, t) and v(x, ) model the densities of the prey and predator, respectively, d; and d;
are corresponding diffusive rates, k expresses the carrying capacity of the prey, a, ¢ measure
the corresponding intrinsic growth rates, b, e measure the strength of Interaction between
predator and prey, m measures the ability of the prey evading predation. the prey species
adopts Holling type-II functional response. They considered three common kernel functions
in aunbounded domain: Laplace kernel, Gaussian kernel and uniform kernel, and numerically
verified complex spatio-temporal pattern formations from viewpoints of Hopf, Turing and
Turing-Hopf bifurcations.

Forabounded domain, itis worth noticing thatif the kernel functionis chosenas K (x, y) =
8(x — ), then the system (2) is reduced to the classic diffusive Holling-Tanner predater prey
model, which has been extensively studied, see [6, 7, 22-24]. From the viewpoint of the
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predator species invading prey habitats without predators, a symmetric stepfunction kernel is
considered in [25], where the authors found that such invasion process can induce complex
spatio-temporal structures of species. Chen et. al [26] study the system (2) with Neumann
boundary conditions on a bounded spatial domain and K (x, y) = ﬁ i.e. spatial average
kernel function, they found that the system can produce stable spatially nonhomogeneous
periodic solution through Hopf bifurcation, this is completely distinct with the previous
works on systems with local interaction. Furthermore, there are some other studies for (2)
with spatial average kernel, for example, considering the combination of Hopf and Turing
bifurcation, Turing-Hopf bifurcation and double-Hopf bifurcation are discussed in [27], the
results showed that in addition to stable spatially nonhomogeneous periodic solution and
steady states, spatially nonhomogeneous tristability phenomenon can also emerge.

A natural question arises, whether the system (2) can exhibit more complex spatio-
temporal patterns if the kernel is not spatially average on a bounded spatial region? In this
paper, we will study the following Holloing-Tanner predator prey system with the nonlocal
prey intraspecific competition and a spatial dependently kernel,

1 [z b
wy = dyi +au(1 - %/0 KGyulyndy) = =2 10,

ev
vy = dyUyyx + CV (1 — 7) t >0, 3)
u(0,1) =v:(0,1) =0, uy(m,t) = vx(m, 1) =0, t>0,
u(x,0) =up(x) >0, v(x,0)=uvox)>0.
with
1 2 kx  ky _«
K(x,y)= . + T ];COSTCOSTE 2, “)

here x € (0,Ilw), [ > 0 is a positive constant. The kernel function (4) was put forward in
[28] where a single reaction diffusion equation model with time delay and nonlocal effect
was studied in a one-dimension domain. Considering homogeneous Neumann boundary con-
dition, Su et. al. [29] investigated a diffusive nonlocal Nicholson’s blowflies equation with
time delay, they gave detailed analyses of Hopf bifurcations, the results revealed that the
nonlocal effect can promote more complex spatial distributions of the species since spatially
nonhomogeneous transient patterns appeared. As in [21], Gaussian kernel function was con-
sidered in the system (2) on a unbounded domain, this kernel can more realistically describe
the strength varying of intraspecific interaction between individuals with the distance. Since
homogeneous Neumann boundary conditions is included. Compared to the case of Gaussian
kernel in [21], based on the nonlocal term f o K(x, y)u(y,t)dy, it can be verified that the
effect of the kernel (4) for the system (3) is mathematically equivalent to the Gaussian kernel
function in the unbounded domain. It is still worth noting that the kernel (4) is actually a
general form, which includes the local kernel for « — 0 and the spatial average kernel for
o — o0o0. Throughout this paper, the parameters d, da, a, b, c, d, e, k, a, | are positive
constants.

This paper is devoted to study spatio-temporal patterns of system (3). We find the kernel
function (4) can induce more complex spatio-temporal patterns with spatial multi-peaks for
the system (3) than corresponding Dirac and spatial average kernels. Firstly, we establish
the existence criteria of Turing, Hopf, Turing-Hopf and double-Hopf bifurcations, based on
these, we accurately characterize the stable and unstable regions of the positive constant
steady state. Importantly, when the positive constant steady state loses the stability, the
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system (3) could undergo any k-mode Hopf bifurcation for different values, which means that
bifurcating periodic solution can be not only spatially nonhomogeneous, it also can possess
multiple spatial peaks corresponding to multiple space wave frequencies. As a consequence,
the complexity of double-Hopf bifurcations increases as well, i.e. stable (k, kK + 1)-mode
double-Hopf bifurcation with the nonnegative integer k can occur for the system (3). It
extremely differs from the cases of Dirac kernel and spatial average kernel, as is well known,
itis impossible to undergo double-Hopf bifurcations for the system (2) with Dirac kernel, and
for the system (2) with spatial average kernel, only (0, 1)-mode double-Hopf bifurcation can
be stable, see [27]. Furthermore, we still find that the stable parameter region of the positive
constant steady state decreases as the parameter « increases, which implies that the region
of pattern formations for the kernel (4) is smaller than the spatial average case. Biologically,
if the scope of such intraspecific interaction among individuals is farther, then the positive
equilibrium The farther the scope of such intraspecific interaction among individuals is, the
more likely the positive equilibrium will be destabilized, accordingly, the system is morel
likely to generate complex spatio-temporal patterns.

As is well known, double-Hopf bifurcation plays an important role in demonstrating
periodic, quasi-periodic or multi-periodic oscillations [30-32]. In this paper, on account of
the bifurcation theory for partial differential equations in [33] and the frame of the normal
form computation given in [34-36], we calculate the normal form up to the third order term
of (k, k + 1)-mode double-Hopf bifurcation for the positive integer k, which is expressed by
original system parameters, it is beneficial for analyzing the influence of original parameters
on pattern formations. By studying the equivalent amplitude system near the double-Hopf
singularity, we theoretically and numerically demonstrate the existence of two stable spatially
nonhomogeneous periodic solutions with different spatial peaks and the bistability of them,
as well as a unstable spatially nonhomogeneous quasi-periodic solution. Interestingly, we
also numerically find a strange periodic solution and a strange attractor with multi-period
near the double-Hopf singularity.

The rest of this paper is organized as follows. In Sect. 2, we perform a linear stability
analysis near the positive equilibrium, the existences of Turing, Hopf, Turing-Hopf and
double-Hopf bifurcations are established, the stability of positive equilibrium is derived as
well. In Sect. 3, we calculate the third order normal form of the (k, k + 1)-mode double-Hopf
bifurcation for k € N, complex spatio-temporal dynamics of system (3) near the double-Hopf
bifurcation point are illustrated theoretically. Appropriate numerical simulations are carried
out to complete the theoretical analyses. Finally, conclusions and discussions are given in
Sect. 4.

2 Stability of Positive Equilibrium and Bifurcation Analysis

In this section, the first purpose of is to establish the existence criteria for Turing, Hopf
bifurcations, considering the interaction of Turing and Hopf bifurcations, we further discuss
the existences of Turing-Hopf bifurcation and double-Hopf bifurcation. Then the second
purpose is to determine the stable and unstable regions for the unique positive constant steady
state of (3). Our results show that when the positive constant steady state is destabilized,
(k, k + 1)-mode double-Hopf bifurcation occurs for (3), which leads to complex spatio-
temporal periodic, quasi-periodic or multi-periodic phenomena. Throughout this paper we
denote the set of all positive integers by N and denote the set of all nonnegative integers by
No.
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2.1 Hopf Bifurcation and Turing Bifurcation

This subsection is devoted to investigate the existence and non-existence of Turing bifurcation

and Hopf bifurcation for system (5). By transforming as in [26],7 = at, i = &, © = %,
denoting
- m o~ b . C ~ dy -~ d>
,8_—19 c=—,di=—,dr=—,
ae’ a a a

ignoring the tilde, system (3) can be transformed into

I buv
Uy = dyty, +u<1 — ,3/ K@, yuly, 1) dy) - S xe(Om). >0,
0

+ 1
v
v = dyvgy + cv (1 - 7), xe(0,ln),1>0, (5
u
MX(O7t):vx(O7t):Os ux(lﬂ,t):vx(lﬂ’,t)zo, t>03

u(x,0) =ugx) >0, vx,0) =uvo(x) >0,

2
kx ky *%
w1thK(xy)_m+mZk]coslcos[ 2,

For any given 8 > 0 and b > 0, as in [27], the system (5) has a unique positive constant
steady state, denoted by (u*, v*) with

* % . 1
u* =v* = Zﬂ( —B - b—l-\/(l—ﬁ b)2—|—4,3> (6)

The linearized system of (5) at (u*, v*) is given by

u*(1 — Bu®)

¢ (= By

15:4
¢ = di1pxx — ﬂu*/o K(x, y)¢(y, )dy +
Y = dofex +cp — i,

$:(0,1) =9, (0,1) =0, ¢(m, 1) =Y(m,t) =0,

)

k2
with K (x, y) = lﬂ + = Zk 1 cosk[xcosklve 12 forx € (0,1m), t > 0. Let {’;—j}keNO be

the eigenvalues of —d?/dx? with zero Neumann boundary condition.
Then the characteristic equations of (7) are given by

Pe(V) := A2 — Tr (A + Di(c) =0, k € Ny, 8)

where for k € Ny,

2 k2 k2

k ak?
Ti(c) = —c —dr— +ru* — Bue —dllz,

12

k2 k2 o k2 ©)
Di(c) =c¢ (r + Bu*e ™ 12 +d; 12> — dzl—z (ru* — Bute 12 — d11—2> ,

with r denoted by

1— Bu*

I > 0.

ro=

As is well known that the stability of the positive equilibrium can be determined if the
existences of Turing and Hopf bifurcations are established by analyzing the critical situations
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of Ty (¢) and Dy (c). To facilitate comparison with the system with the spatial average kernel
in [27], we introduce the following sets of S

B :={(ﬂ,b)lﬂz1,b>O}U[(ﬂ,b)|0<ﬂ<1’O<b5g]<1+f%2>]’
(10)

2
B, ;:{(ﬁ,b)|0<ﬂ<17b> %f/)s)}’

which are defined by computing the sign of Ty(B, b). As in [27], the (B, b)-plane can be
divided into two regions B and B;. It is obviously that when (8, b) € By, i.e. r < B, for
any other positive parameters, the positive constant steady state is locally asymptotically
stable for the ordinary differential equations corresponding to (5). To further define Hopf and
Turing bifurcations curves, we denote

h(x) =ru* — Bu*e ™™ —dix, (11)

if 2(x) = 0 has two different roots, then we denote them by x and x with x < X, based on
this, we address the following result.
Lemma 1 Foranyl, o > 0, if one of following conditions holds:
K% )
(i) (B,b) € By, di < afu* and ru* — Bu*e * 17 —d, ];—’2’ > 0, where ky is defined as in
(13), i.e. the positive integer that maximizes h(x);

(i1) (B,b) € By, d; > 0,

ok 2
then there exists a set A such that ru* — pu*e” * 2 —d, ]Z‘—z > 0 for k € A with

={keNo|k=k=k}, (12)
/ 1 dition (i) —
where k = Uyxl+ 1. jor con ! lon @ k= |I/X ], where |-| is the floor function.
0, for condition (ii)

Proof Forany [/, o > 0, we claim that A is nonempty since at least kg or O belongs to A.
For the proof of part (i), (8,b) € Bj is equivalent to r < B, according to (11), the
derivative of /(x) with respect to x is

K (x) = afue™* —dy,

if di < afu*, then there exists a unique positive constant éln B Guch that

h(x) >0, forxe ( lnaﬁ" ),
h(x)=0, forx= llnagr ,
h(x) <0, forxe ( ln“’s“ )E).

aﬁu

) and monotonically decreasing in
rxﬂu

Hence /(x) is monotonically increasing in (x

(3 ln“ﬂ” , X), and it will attain the maximum at 1ln . Hence, let x = ’l‘—z, considering

ot
k e N, if ru* — Bu*e 72 —d1,—§>0with

2 2
{ P “f‘“ . forh ( P "‘f‘“ J )>h(ll (L,/%ln%ﬁl) )
2 2 : 2 :
{ Bn “ﬁ" + , forh iz En “ﬂ” J <h lizq Cn®fx J+1) .
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K2
where h(x) defined in (11), |-] is the floor function, then ru* — Bu*e” “ 7 —d; ];—22 > 0 for k

belongs to {k € Ng | k < k < k}.

For the proof of part (ii), (8, b) € B, ia equivalent to » > B. Itis obviously that 2(x) =0
2

. . _ 2 _ak 2
has a unique solutions X, thus let x = ’;—2, k € No,we have ru* — Bu*e YT ’l‘—z > 0 for
any {k e No | 0 < k < k).

_ak?
Therefore, if one of the condition (i) and (ii) holds, ru*™ — Bu*e YT _d Il‘—zz > 0 for

k € A with A defined as in (12). O

As the definitions of Hopf, Turing, Turing-Hopf and double-Hopf bifurcations given in
[27], corresponding existence conditions can be obtained by the linear stability analysis. Next
we will address the existences of Turing and Hopf bifurcation.

Proposition 1 Foranyl, «, dy > 0, the following statements hold:

x2
(i) If(B,b) € By, dy > afu* ord, < afu™ and ru* — ﬁu*e_al% — dlljig’ < Owithky
defined as in (13), then there are no Hopf bifurcations and Turing bifurcations of (5)
forall ¢ > 0.
(i) If (B.b) € By, di > ru*l> — ﬂu*lzefl%, then there are no Turing bifurcations of (5)
for all ¢ > 0 and only 0-mode Hopf bifurcation occurs for (5) when ¢ = ru* — Bu*
(see Fig. 1a).

Following Lemma 1 and Proposition 1, as kg is defined in (13), we can define the following
sets

K2 2

* * ¥ —at kH
X1 ={(B,b,dy) | (B,b) € By,d| <aBu™and ru* — Bu*e ~ —dll—z >0
for any «, [ > 0}, (14)
5 ={(B.b,d1) | (B, ) €Ba, 0 <dy <rul®— u*12e 2 forany a, [ > 0}.
In the view of (9), we denote
" 2 _aﬁ k2
¢ (do) = —dzf2 +ru* — Bute "2 —d, 7
2
(ru* — Bute 7 — dﬂ;é) Ky (15)
cf (o) = :

—ak?
r 4 Bure 2 +d1/l‘—22
then we can define Hopf and Turing bifurcation curves according to Lemma 1 as follows

Hi:c=cll(d), 0<dr <), ) = 'l

/t‘iu*l2 —a%
2 _76 I _d], kGA,
Ti:c=cl(d), dy >0, ke A\{0).

(16)

Next we will establish the existence of Turing bifurcation.

Lemma2 For anyl, a, d» > 0, if (B,b,d1) € X1 U X, then there exists the unique

k3 e (max{0, \‘,/ %ln%iﬂj }, k1, such that the slop of Tr reaches the maximum at k = k3.
with

T T
£ :'ﬂ foreg(d) > cepy(da), LIvx*], (17)

Tk + 1. forel (@) < el (d),
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where x* is the maximum of f(x) on x € (max{0, x}, ) with f(x) defined in (18).

Proof Denote that
_ (ru* — Bu*e ™™ —dyx)x

Feo = r+ Bure ™ 4 dix (18)

it is obviously equivalent to

r(1 4+ u*)x
fx) = - —x
r 4+ Bu*e=** +dix

Now let
r(1+u™)x
r+ Bute % + dix

filx) = . [alx) = x.

It is easy to derive

>0, formax{0,x}<x <x,
f(x)§=0, forx =%,
<0, forx>x,

which means f'(X) < 0,i.e. f'(X) = fl/(i) — fz/(i) < 0 with x defined as in (11). By direct
calculations,
r(l1 4+ u*)(r + Bu*e™** + aBu*e™**x)
(r + Bu*e=** 4 djx)?
—r(1 + u®)[e?Bu*e " x +2(r + Bu*e ™ + afu*e " x)(d| — afu*e )]
(r + Bu*e=% +dyx)3 :

fi) = >0, fi(x)=1.

) =

The rest of proof is divided into two parts.

(i) For di > «afu*, we just need consider x € (0, X). It is obviously that f{'(x) < 0,
fl/(x) > 0 and fl’(x) — 0 as x — 4o00. In this case, we know that only (8, b) € B, is
possible, that is » > f, then

r(l+u*)

_— >

r + Bu*
ie. f/(0) = f{(0) — f;(0) > 0, therefore, there exists a unique x* € (0, X) such
that f/(x*) = 0, and f(x) is monotonically increasing on [0, x*) and monotonically
decreasing on (x*, X).

(ii) For d; < apu™*, we consider x € (max{0, x}, x] with x, X defined as in (11) and we
know that ru™ — Bu*e™** — dix > 0. We can compute the derivative of f(x) as

fi0) =

3

1
(r + Bu*e=2% 4 dx)?

f(x) = {(r + Bute™ ™ + afure ™ x)[(ru* — BuFe**
—dix) + x(aBu*e™ —d)] +x(u* — Bute ™ —dix)(aBute”* — dl)}.

o, o,

Obviously, x = éln d?* solves d; —afu*e™® = 0. When x € (max{0, x}, éln d’:*],

we have

afute™ —d; > 0,
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hence f'(x) > 0in x € (max{0, x}, ]ln“ﬁ” ]. When x € (éln“’ji‘*,i), under this
condition afu*e™** — d; < 0, by utlhzlng the same argument as the part (i), we can
prove that there exists a unique x* € ( lnaﬂ “_ ¥) such that f'(x*) = 0, and f(x) is
aﬁu

monotonically increasing on [ In

,xX*) and monotonically decreasing on [x*, X).

. 2 . .
In conclusion, let x = ';—2, above results imply that for any d, > 0, ckT (d») reaches its

maximum in (max{0, { 12] “’3“ J} k], denoted by k% and it is monotonically increasing

on (max{0, k}, k7.) and monotonically decreasing on (kJ., k].
O

Subsequently, we denote the intersection of cH (dr) and cH (d») by (d J , c ) fori, j € A,
where

V= - —di, ofji=cfl @), (19)

and denote the the intersection of cf (d») and ckT* (d2) by (d*, cf (d2})) with k € A and k7.
T
defined as in Lemma 2, where

2
_ ﬁ 2 k* k*2
<ru* — Bu*e 2 —dlll‘—z> <r+/3u*e e +di1 7
2 2 R L
o 2 —a-L- ks~ \ ki
(r—l—ﬂu*e s —|—d1 Nin ) Il‘—z + (ru* — Bure " 2 —d| 4 2 ) 2

Itis well known that Turing bifurcations can theoretically interpret the emergence of noncon-
stant steady state solutions. As in Theorem 1, the system (5) will undergo kj.-mode Turing
bifurcation at first, and other Turing bifurcations can also occurs near the equilibrium for
k € A\{0, K7}, but the bifurcating solutions must be unstable since there have been unstable
flows. Moreover, when the condition cf = cK 41 holds, more generally, when ckl =cT i for
ki, ky € A, (k1, kp)-mode Turing-Turing bifurcation for the system (5), in this situation the
parameter d» is not enough to describe the existence of Turing-Turing bifurcation, it can be
further study thus we ignore this case in following discussions. Our next theorem determines
the first Turing bifurcation.

Theorem 1 Foranyl, o > 0,if (B8, b,d1) € ¥1UX>, cK #* CKH, then fordy > 0, dy # do},
the system (5) undergoes a k.-mode Turing bifurcation near (u*, v*) at ¢ = cg* (da) (see
T
Figs. 1b—e), where ckT* (d2), K, daj are defined as in (15), (17) and (20), respectively.
T

dyf = (20)

Proof If (B,b,d;) € X1 U X, by (9), (15) and (16), we know that Di(c] (d2)) = 0 for
dy > 0,k € A, in particular, Dyx (¢f- (d2)) = 0. Since ¢[.. (da}) = ¢! (daf) when dy = daf,
T T

that implies T (cf (d2})) = 0, hence when d> > 0, dp # d, we have
Dy: (c,g (d»)) =0 and Tk(c,fl; () #0, ke A.

By utilizing Lemma 2, for any k € A, k # k; and d» > 0, we know that ckT* (dr) > ckT (d>),
5
then

Di(cs (d2)) < Dy (e (d2) = 0,
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provided by ¢/ # CK +1- Therefore, Py (1) = 0 has a simple zero eigenvalue, all other
eigenvalues have nonzero real parts.

Moreover, suppose that A(c) = a(c) + iy(c) is a complex root of the characteristic
equation Py; (A) = 0 near ¢ = ¢ (d2) with (¢ (d2)) = 0, y(cj; (d2)) = 0. By direct
calculations,

k*Z
30!(013; (d2) r —I—ﬂu*e lz +dk 12 40 en
dc B Tir (¢ (da)) '

i.e. the transversality condition holds. Therefore, system (5) undergoes a k}.-mode Turing
bifurcation near (u*, v*) at ¢ = ckT* (d?) O
T

Next we will concern the existence of Hopf bifurcation.

Theorem2 Foranyl, a > 0, lf(ﬂ b,dy) € X1, then system (5) undergoes a k-mode Hopf
bifurcation near (u*, v*) at ¢ = cj, H () for0 < dy < dyf, d # d with k, j € A (see
Fig. 1b,c). Moreover the bifurcating periodic orbits are spatially nonhomogeneous where
A, ¢ H(dy), day, d 7 are defined as in (12), (15), (19) respectively.

Proof For any [, « > 0, when (8,b,d;) € X, by Lemma 1, cf(dz) >00<d <

* * — /‘2
nif Bl
in (15), we know ¢ (dz) =ru* — Bu* <0, i.e. there is no 0-mode Hopf bifurcation.

Let Ti(c) = 0, we obtain ¢ = ¢} (d>) with ¢/ (d») defined as in (15), which means

foreach k € A, Ty (c,f’ (d2)) = 0, and (dg"/ ) is the unique intersection of ck H(dy) and
cJH (d»), which is defined as in (19) with 0 < d2 ] < dr!, then for the case of d2 J 50, we
know that Ty (cf! (d57)) = Tj(c! (dy?)) = 0. Hence, if 0 < dy < daf and dy # dy” with

d5? > 0, then Tj(c (dr)) # O forany j € A.
On the other hand, by direct calculation, we obtain

—d fork € A. (B8,b) € By is equivalent to r < B, in view of ¢; H ()

c,f’(dg) > ckT* (dr), for0 < dr < dy},
T
¢ (d) = (dy),  fordy = da, (22)
() < ¢l (dy),  fordy > dof,
T

where dy} is defined as in (20). By Lemma 2, we know that if ¢ > ckT* (dp) for dr > 0, then
T

Dj(c) > Oforany j € A. Thusif 0 < dp < dgﬁ*, then Dj(c,:’(dz)) > ( forany j € A.

Therefore, all other eigenvalues of Px (1) = 0 have nonzero real parts, except a pair of
purely imaginary eigenvalues. Moreover, suppose A(c) = «(c) £ iw(c) is a pair of roots of
characteristic equations Py (1) = 0 near ¢ = c}j (d») with cx(c,f] (dr)) =0, a)(c,fl (dr)) > 0,
the transversality condition holds, since

da(cfy 19T 1
= =——<0. 23
dc 2 dc 2 = 23)

The proof is complete. o

Theorem3 Foranyl, o > 0, if (B, b, d)) € X», then the followings hold:
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() Ifd; > aﬂu*e_l%, then when 0 < dy < d} for k € A then system (5) undergoes a
k-mode Hopf bifurcation near (u*, v*) at ¢ = c]fl(dg) (see Fig. 1d), where A, c{] (d2)
are defined as in (12), (15) respectively.

(i) If0 < di < afue 12 then when 0 < dp < d2k and dr # d fork j € A with
0< d2 J< M i » then system (5) undergoes a k-mode ngf bifurcation near (u*, v*)
atc = c,fl(dz) (see Fig. le), where A, C;:I(dz), dgljcw, dg’j are defined as in (12), (15),
(19) respectively.

Moreover, the bifurcating periodic orbit is spatially homogeneous for k = 0 and spatially
nonhomogeneous for k # Q.

Proof For any [ > 0 and (B, b) € By, we know r > B, i.e. c(’)"l (d2) > 0. In view of c,f’ (d2)
in (15), we can obtain

HO _ * * —a’[‘—; de

¢ (0)=ru”™—Bu'e — 11—2,

then
def (0 e
Ck():ozﬂu*e YTy, 24
d( )

A JC
It is easy to verify that aBu*e” 2 < ru*I> — Bu*1>¢” 12, so the rest of the proof is divided
into two parts.

For the proof of part (i), if d| > aﬂu*e_l%, then \:/ ln“ﬂ" J < 0, thus for any k €

A, c,fl (0) is monotonically decreasing with respect to k. Moreover, since c(’)"l (dr) > 0,
(B, b, dy) € X» and the slop of c,f’ (d») is monotonically decreasing, so c,f’H (dr) < c,f’ (da)
foreach k € A.

By ), Tk(c,f’ (d2)) = 0, Do(cf! (d2)) > 0.1f 0 < d> < d»}, then by the monotonicity of

(dz) T; (c (dy)) # 0 forany j € A, j # k. On the other hands, according to (22), we
derlve D; (ck (d2)) > Oforany j € A. Therefore, Px(A) = 0 has a pair of purely imaginary
eigenvalues and all other eigenvalues have nonzero real parts, the transversality condition is
satisfied as well by (23).

For the proof of part (ii), If0 < dj < otﬂu*e_l%,then L,/ ln“ﬂ" J > 0. Since ¢} (d2) >

0, thus for any k € A, cf (0) is monotonically increasing for 0 < k < { ln“ﬂ L J, and

monotonically increasing for \\,/ %]n%J k < k. Similarly, the slop of Cp A (dy) is

monotonically decreasing with k, then there exists some j € A, j # k such that 0 < dk J <
oM and Tk(c,f(d 7)) = T (cH(dkf)) = 0. Therefore, if 0 < d» < daf and d» # d
fork, j € A with0 < d < M © > then by using the similar argument as the Proof of
Theorem 2, we can prove that all other eigenvalues of the characteristic equation Px (1) = 0

have nonzero real parts, except a pair of purely imaginary eigenvalues, and the transversality
condition holds. O
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2.2 Turing-Hopf Bifurcation and Double-Hopf Bifurcation

In this subsection, we consider the interactions of Turing and Hopf bifurcations and derive
sufficient conditions for the existence of Turing-Hopf bifurcation and double-Hopf bifurca-
tion. First we define the following notation

k7, := max{k € A | dof attains the maximum in A with d>} > 0}. (25)

Remark 1 We can assert that k¥, defined as in (25) satisfies k}; < kp with ky defined in
(13), since when k € A, k > kg, c,fl (d) is monotonically decreasing for any d» > 0 as the
argument in Theorem 3, this means all c,fl (d2) forany k € A, k > ky completely lay below

cir (da).

Theorem4 Foranyl, a > 0, if (B,b,dy) € X}, c,{ * CZH, k3, is defined as in (25), then
the following hold:

(i) The system (5) undergoes a (k., k};)-mode Turing-Hopf bifurcation near (u*, v*) at

(da. ¢) = (do*, ¢*), provided by ki # k¥ and do* # ds "™ (see Fig. 1b, ¢, where
*® o * * . H *
B =, =l (@), (26)

Moreover, the real parts of other eigenvalues for the characteristic Eq. (8) are negative
except a pair of purely imaginary eigenvalues and a simple zero eigenvalue.

(i) Ifky < kp, the system (5) undergoes a (k, k + 1)-mode double-Hopf bifurcation near
w*, v at(dor, c) = (df’k'H, cgkﬂ)forallk € A, kj; <k < ky (seeFig. 1b,c), where

dé{’k'H , c,gkﬂ are defined as (19). Moreover, the real parts of other eigenvalues for the

characteristic Eq. (8) are negative except two pairs of purely imaginary eigenvalues. In
particular, there is no double-Hopf bifurcation if k%, = kp.

Proof 1If (B, b,d;) € X1, thenr < B, i.e. cg (d2) < 0 for any d» > 0. For the proof of part
(i), denote

. . H
dy* = dz;:g, c* = Ck}; (dzltg)
By Theorem 2, we know that (d2, ¢) = (d2*, ¢*), and for each k € A,
Ti(dr*, ¢*) < Tiz, (d2, c*) = 0. 27

In addition, since c,{ #*c
fork e A

/{+l’ applying Theorem 1, we derive that when (d2, ¢) = (d>*, ¢*),

Di(dr", ¢*) > Dy (dr*, ¢*) = 0, (28)

As results of k. # kj; and dy* # dé’“], when (d», ¢) = (dr*, c¥), Pz, (A) = 0 has two
purely imaginary roots, and Py: (1) = 0 has a zero eigenvalue. Moreover, (27) and (28)
also imply that Ti(dx*, ¢*) < 0, Di(da*,c*) > Oforeach k € A, k # kj,, k7, ie. all
the eigenvalues of Py(1) = 0 for k € A, k # kj;, kj have negative real part, and the
transversality conditions hold via (23) and (21). Therefore, system (5) undergoes (k7., k};)-
mode Turing-Hopf bifurcation near (u*, v*) when (da, ¢) = (d2*, ¢*).

5 ,

i

2
For the proof of part (ii), as in (19), by setting x = Y= ?—2 we define g(x, y) as

u*(e™r — W)
g(x,Y)=ﬂ v —d,
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then for fixed y > 0,
dg(x,y)  —afure ™ (y —x) + put(e — ™)
x (v —x)2
by direct calculation, when y > x,
—apute ™ (y —x) + put(e " — ™)
= Bute [—a(y —x)+ 1 —e *0 V] <0,

)

thus w > O when y > x, which implies that dé’j is monotonically decreasing withi € A

for fixed j. Similarly, it can be proved that dé’j is monotonically decreasing with j € A for
fixed i. As a consequence,

d5 s @yt s T fork e A {0, (29)

and (d§ ’kH, c,f X +1) is the first double-Hopf bifurcation point as (da, c) crosses Hy from top
to bottom. For each k € A, if k§; = kg, then Dy(ds™* ™', ¢!, . |) < 0 forany k € A, this

implies double-Hopf bifurcation can not occur. If k}, < kg, for k < k7, then d§ Al dy*,
by (9), (15), (19) and Lemma 2, we obtain

Tk(dg’kH’ i) =0, Dk(d;kﬂv i) >0,
Tk+1(d§’k+l’ i) =0, Dk+l(d§’k+l’ Clgkﬂ) >0,
andforany j € A, j £k, k+1,
Ty, i) < Ti(dy ™, i) =0,

kk+1 H kk+1 H
Dj(d, s Crkg1) > Di(dy s Crok1) > 0.

Therefore, when (d,¢) = (dy* ", cff, ). both of Pr(1) = 0 and Px41(1) = 0 have
two pairs of purely imaginary roots, all the other eigenvalues of P;(1) = 0 for j € A,
J # k have negative real part, and the transversality conditions hold via (23). Therefore,
system (5) undergoes (k, k + 1)-mode double-Hopf bifurcation near (u*, v*) when (ds, ¢) =
@y e . O

Theorem5 Foranyl, o > 0, if (B,b,d;) € X and di > aﬁu*e_l%, cZ #* CZ_H, k3, is
defined as in (25), then the followings hold:

(1) The system (5) undergoes a (k¥.,0)-mode Turing-Hopf bifurcation near (u*, v*) at
(d2, ¢) = (do¥, c*), where dy*, c* are defined as in (26) with k}, = 0 (see Fig. 1d).
Moreover, the real parts of other eigenvalues for the characteristic Eq. (8) are negative
except a pair of purely imaginary eigenvalues and a simple zero eigenvalue.

(ii) There is no double-Hopf bifurcation of system (5) for any d» > 0, ¢ > O.

Proof If (B,b,d;) € X, and d| > aﬂu*e_l%, then céi(dz) > 0, as a consequence of
Theorem 3-(i), for any k € A, cfﬂ(dz) < c,f] (dr) < céi (d») since c,fl (0) is monotonically
decreasing with k, which means forany i, j € A, c/ (d>) and cf (d2) can not intersect for any
dy > 0. Therefore, There is no double-Hopf bifurcation of system (5) for any d, > 0, ¢ > 0.

In addition, by Lemma 2 and Theorem 1, we know that when (d», ¢) = (d2*, ¢*) with
dy*, ¢* defined as (26) for kj; = 0, foreach k € A,

Ty (2™, ¢*) < To(dr*, c*) = 0.
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and
Di(d>*, ¢*) > Dy (dr™, ¢*) = 0.

So the characteristic equation Pp(A) = 0 has two purely imaginary roots, Prx (M) =0hasa
zero eigenvalue, and for k € A, k # 0, k%, all the eigenvalues of P (1) = 0 have negative
real part. Furthermore, the transversality conditions hold via (23) and (21). Therefore, system
(5) undergoes (k%-, 0)-mode Turing-Hopf bifurcation near (u*, v*). O

Theorem 6 Foranyl, o > 0, if (B.b.dy) € Sy and 0 < dy < afu*e 1, ¢! # el kg
is defined as in (25), then the followings hold:

(i) The system (5) undergoes a (k7. ki;)-mode Turing-Hopf bifurcation near (u*, v*) at
(da, ¢) = (da*, c*), provided by k% # k¥, and do* # ds* " with k = k%, (see Fig. 1e),
where dy*, c* are defined as (26). Moreover, the real parts of other eigenvalues for the
characteristic Eq. (8) are negative except a pair of purely imaginary eigenvalues and a
simple zero eigenvalue.

(i) If kj; < ku, system (5) undergoes a (k,k 4 1)-mode double-Hopf bifurcation near
(w*,v*) at (dy,c) = (dé"kH,c]ng)for allk € A, k¥, < k < ky (see Fig. le),

where dg’k'H, c}?k_,_] are defined as (19). Moreover; the real parts of other eigenvalues
for the characteristic equation (8) are negative except two pairs of purely imaginary
eigenvalues. In particular, there is no double-Hopf bifurcation if kj, = ky.

Proof The part (i) can be proved by utilizing the same argument as the Proof of Theorem 4-(i),
we omit here.
For the proof of part (ii), the case of k}, = kg is simple, we just give the proof for

ki, <kp. If (B,b,d)) € Zrand 0 < d; < aﬁu*e_l%, then cé”(a’z) > 0, as a consequence

12
o

apu*

of Theorem 3-(ii), then In @ J > 0,fork € A, c,f’ (0) is monotonically increasing for

0<k< gln"‘g]"*J, and monotonically increasing for L gln “’Z?*J < k < k, and there
exists dé"kH > 0 foreach k € A, k}j; < k < ky. Similar to the proof of Theorem 4-(ii),

we can derive that when (d», ¢) = (dg’k"'] , cfk+l), both of Px(A) = 0 and Pry1(A) = 0

have two pairs of purely imaginary roots, and all the eigenvalues of P;(A) = 0 for j € A,

J # k have negative real part. Furthermore, the transversality conditions can be verified by

(23), therefore, system (5) undergoes (k, k + 1)-mode double-Hopf bifurcation near (u*, v*)
kk+1 H

when (d2, ¢) = (d, , Ck,k+1)' ]

Remark 2 Theorems 4 and 6 exhibit similar results on the existences of Turing-Hopf bifurca-
tion and double-Hopf bifurcation, nevertheless, there still exist some major differences, i.e.
under the conditions in Theorem 4, 0-mode Hopf bifurcation is nonexistent, that is k3, # 0,
this means all bifurcating solutions through Turing-Hopf or double-Hopf bifurcations are
spatially nonhomogeneous. In particular, they could have more than two spatial peaks.

Remark 3 In Theorems 4-6, we neglect the situation of k}, = k7 and o™ = dg k1 Actually,

if kj; = k7, we can claim that a Bogdanov-Takens may occur for the system (5) when
parameter cross some critical values. If dy* = d§ K+ the system (5) may undergoes a more
highly degenerated Turing-double-Hopf bifurcation. We will not give more corresponding

investigations in this paper.
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% .‘ .
Stable region of (u*,v*) Stable region of (u*,v")
¢’ o 2
Hy
0 0 0 0 w0 d v 3 o g :’z e or o o 1 % Cl s (7&
(a) Illustration of Proposi- (b) Tllustration of Theorem (C) Ilustration of Theorem
tion 1-(ii) with dy = 6, 8 = 1,2, 4 for (B,b,d1) € X1 1,2, 4 for (B,b,d1) € X
0.15,b=1.1,l=5 aa=2. with di = 0.08, 8 = 1.1, with di = 0.2, § = 0.15,
b=11,1=5 a = 8 when b=10.5,1=05 a =238 when
ki = k. ki <kp.
u "
g %
sl rgn b rgin
Stable rogion of (u’,v*) Sl region ol ()
T
c Ty c

(2,0)-mode TH

i,

(d) Illustration Theorem 1, 3, 5 (E) Illustration of Theorem 1,3,
for (ﬁ,b, di) € Xy with dy =1, 6 for (,B,b, dl) € Yy with dp =
B=015b=1,1=5 a=2. 04, 8 =015, b =1,1 =5,

a=2.

Fig.1 Graphs (a)—(e) characterize the stable and unstable regions of the positive equilibrium in (d3, ¢)- plane,
which correspond to Corollary 1-(ii)(iii). Where TH represents Turing-Hopf bifurcation point, HH represents

double-Hopf bifurcation point, Hy and 7, for integer k are Hopf and Turing bifurcation curves defined as in
(16), respectively

The existences criteria for Hopf, Turing, Turing-Hopf and double-Hopf bifurcation are
contribute to further characterize the stability of the unique positive equilibrium. For the
sake of comparing to the case of the spatial average kernel in [27], we define the first Hopf
bifurcation curve C¥ for (B, b,dy) € X1 U Xy, itis given by

cfl (dy). 0<dy=ay? ™",

cfldy). dy"™ <dy<diM forke A, Ky <k<kn. ifk%, <ky — 1,
Ky ke +1

CH(dZ) = c’é{q (dz), d2 < d2 < dz*v
cfl (dy). 0<dy<ds™",
if ks =ky — 1,
el (d). dyt M < dy < do*, "
H
el (), 0<dy<dj, itk = kn,

(30)

then we define the following sets in the first quadrant of (d3, ¢)-plane:

S1:=1{(dr,¢) e RZ | ¢ > cll (dr) for dy > 0},
Sy i={(dr,¢) eR% | ¢ > CH(dr) for 0 < dy < dr* and ¢ > c,f; (dy) for dy > dr*}.
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As consequences of Proposition 1, Theorems 2, 3, 1 and 4-6, the stability of the positive
equilibrium can be determined as follows:

Corollary 1 Denote the closure of S; by S;, 1 < i < 2, ky is defined as in (13). For any
[, o > 0, the following statements hold:
K
(1) If (B,b) € By, di > afu* ordy < afu* and ru* — ,Bu*e_al% - dl% < 0, then
(u*, v*) is locally asymptotically stable;
(i) If (B, b) € By, dy > ru*I* — ﬂu*lzefl%, then (u*, v*) is locally asymptotically stable
for (da, c) € S1 and unstable for (da, c) € Ri_\Sl N
(iii) If (B, b, d1) € X1 U Xo, then (u*, v*) is locally asymptotically stable for (dy, c) € S»
and unstable for (dy, ¢) € Ri\Sz.

We provide respective figures in (da, c¢)-plane to illustrate Corollary 1; see Fig. 1, where
the colored regions match with the stable parameter regions of (u*, v*), and Fig. 1 can also
be used to illustrate Proposition 1,Theorems 1-3 and 4-6.

Remark 4 To explore the effect of the kernels on the spatio-temporal dynamics of the system
(3), we review the situation of (3) with the spatial average kernel,
g [ buv
ut=d1uxx+u(1—— u(y,z)dy)——, xe(0,ln), t >0,
I Jo u+1

v = davyyx + CV (l — g), x € 0,In), t >0, (31)

ux(0,1) =v,(0,1) =0, uy(m,t) =ve(m,t) =0, t >0,
u(x,0) =uglx) >0, vx,0)=uvo(x)>0.

In [27], if the positive equilibrium of (31) loses the stability through Hopf bifurcation, which
only can be 0-mode Hopf or 1-mode Hopf bifurcation, the system (31) can exhibit spatially
nonhomogeneous periodic solutions quasi-periodic solutions induced by Hopf, Turing-Hopf
or double-Hopf bifurcations, but there is only one spatial wave frequency, this means when the
positive equilibrium is destabilized through Hopf, double-Hopf or Turing-Hopf bifurcations,
the bifurcating solutions can only have one spatial peak for (31). Whereas, according to
Theorems 1, 2-3 and 4-6, when taking the kernel (4) into account instead of spatial average
kernel, the phenomena will be distinct, that is spatially nonhomogeneous periodic solutions
or quasi-periodic solutions can possess any spatial wave frequencies, i.e. there can be multiple
spatial peaks in one space period, this leads to the system can exhibit more complex spatio-
temporal patterns.

Remark 5 1t is worth noting that the kernel function (4) may be more reasonable, the effect of
which is equivalent to Gaussian kernel on a unbounded domain in [21], and it includes spatial
average kernel and Dirac kernel through parameter «. In view of [, K (x, y)u(y,t)dy and

Neumann boundary condition, let u(y, t) = X ,leooe“cosk%, then

/9 K(x, yu(y, t)dy = u(x, 1),

which indicates that the effect of the kernel (4) is equivalent to Dirac kernel when o — 0, i.e.
the classic Holling-Tanner predator prey system. In this case, only the spatially homogeneous
periodic solution generated by Hopf bifurcation could be stable, and double-Hopf bifurcations
are impossible, this also means that there is no the peak alternating periodic solution.

@ Springer



Journal of Dynamics and Differential Equations (2024) 36:673-702 689

On the other hand, it is obvious that

k 1
Kix,y)=—+— cos—rcos~2 e - — as @ — +00,
Ir Im P [ I I

i.e. the system (5) is equivalent to the system (31) when &« — +00. In view of (15), it is easy
to calculate the derivative of c,fl (d>) and ckT (d») with respective to «,

4 a2
acll(d) | K e ocl(dy)  (r+rutydaurlze” 2

P ﬁu*l—ze 2 >0, P > 0.

_ak?
(r+ Bure” 1T +d k)2

Hence Hopf bifurcations curve c}? (d) and Turing bifurcation curve c,{ (d») are monotonically
increasing on «, which imply that the stable region of positive constant steady state will
be smaller as « increases. Thus to some extent, we can assert that the pattern formation
region of the positive equilibrium may be smaller for the system (5) than (31), but spatio-
temporal patterns are more diverse. Ecologically, For the kernel (4), when the range of
nonlocal interaction is wider, the system is more likely to produce complex spatio-temporal
patterns.

3 Spatio-Temporal Patterns Near the Double-Hopf Singularity

In this section we investigate the spatio-temporal patterns of system (5) near the double-
Hopf singularity by the method of center manifold theory and the normal form reduction.
we first calculate the normal form up to third-order term by applying the formulas of the
normal form at double-Hopf singularity in [37]. Subsequently, the dynamics of system (5)
near the double-Hopf bifurcation point is illustrated by analyzing the reduced normal form,
and appropriate numerical simulations are carried out to support the theoretically results.

3.1 Normal Form of Double-Hopf Bifurcation
Introduce perturbation parameters (1, €2) by plugging d» = dé‘ kel &1, ¢ = c,f{ 1 e
into (5), and translate («*, v*) to (0, 0), consequently, the system (5) can be transformed into

b(u+u*)(v +u*)

)

153
up =dyiyy +(u+u*)(1 —/3/0 K(x,y)(u(y,t)Jru*)dy) -

. (1 4+u+u*)
b= @ e+l e (1 ),
(32)
where x € (0,17), 1 > 0, K (x, y) is given by (4). Via denoting
U@ = w®,ve)n’, U@ = /Om K(x, »)U(y, t)dy,
we can abstract (32) as
U(t) = Do(e) AU (1) + L(e)U (1) + L(e)U 1) + GU (1), U (1), e), (33)
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*(1—pu) *
a0 CEED —a-pun | —Bu* 0
D(e) = (0 dk,k+1+$>, Ley=| : L(e)=( b 0>,
2 ! k1 T 62 = g1 82

* * o b(&1+u™) (&2 +u™) *£ w* (1—Bu*) *
Gy = (@wu )1 = pu* — phy) — MEEOGEC) 4 gy By 4 (1 pu )52).

(@ +enE +uh) (1- BHD) - (¢ + )61 — &)
T & £ ENT & lm
where & = (§1,82)", & = (§1,62)" = Jo° K(x, y)&(y, 1)dy and & = (e1, £2). and

d 0
D(O) = (01 dk,k+1), Di(e) = (8 fl)
2

wA—=pu*) 1 _ % . a,%

Clk+1 0 0
0 O A 00
L1(8)—<82 _82), L1(8)—<0 O)' (34)
O(X.Y) = —Bx131 —fyll?l + (ﬂ%xmn - W(xlyz + x2y1) ’ (35)
—gExiy1 + e (xay2 +x2y1) — X2y
C(X,Y,7)
6bu* 2b
_ —mxl)’lZl‘i‘m(xlylZz‘i‘xl}’zZl + x1y121)
8¢ xiy1z1 — 25 (xiyiz2 + x1y221 + 023121) + 25 (1222 + x2221 +x23122) )
u u u
(36)

where X = (x1,x)7, Y = (1,37, Z = 21,227, &1 = ;7 K(x, p)x1(y, 1)dy, and
~ [
J1=Jo" K&, y)yi(y, )dy. As

I
/ K (x. y)Be(y)dy = e~ py., for k € No, 37
0

. 2 . . . .
with ur = ’l‘—z and By are the eigenvalues and corresponding eigenfunctions of Laplace

operator —d?/dx?, then the characteristic equation of (33) is equivalent to a sequence of
characteristic equations

detAr (L) =0 with Ag(X) = AL + ux Do — (L(0) + e~ ML (0)) (e 1), k € N,
(38)
For any k € Ny, denote the m x m matrix-valued function of bounded variation on [—r, 0]
by nx € BV ([—r, 0], C"™*™), which satisfies

0
— kDo (0) + (L(0) + e " LONY = [ dnk(@)y (), v €C. (39

Denote the eigenfunctions of characteristic Eq. (38) for k, k + 1 € Ny by ¢;, ¢;, and v, ¥,
i = 1, 2 represent eigenfunctions of adjoint characteristic equations, which satisfy ¥;¢; = 1,
Yi¢; = 0fori,j = 1,2, j # i. Denote corresponding purely imaginary eigenvalues by
+iw; and £iw,, here

o1 = | De@* ey D 02 = D @), (40)
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By direct calculating as in [38], we derive that

1 | AT AT
d’l:(m)’ ¢>2=(p2), W1=<%.i> . 102:(%22) , (41)

with
; * * —ak k
—iw) +rut —pute P —di 1 — Bu*
1= s 1= - 5
P 1 — Bu* d dbRr2
la)1+ckk+l+7
okl
—iwy 4 ru* — Bure 2 —dlklizl 1 — Bu*
p2: 3 q2:_ kk+1 3
1 — Bu* . H dy e+ 1)?
B i + cfl ) + Bt
iw] —ru* + Bu*e 12+d117 iwy —ru* 4+ Bu*e P2 +d—
Ni=1- ey , Na=1- Sk 2
dy" Tk (k+1)
lwl—{—ckkﬂ—}-i lw2+ckk+1+,72

So far we have derived the Q, C, and corresponding eigenfunctions ¢;, ¥, i = 1, 2, as a
consequent of (37) and utilizing the formulas of the normal form for double-Hopf bifurcation
in [37], we derive the normal form up to third-order of (5) at (k1, k2)-mode double-Hopf
bifurcation point as in the following proposition.

Proposition2 For anyl, o > 0, (8,b,d1) € X1 U Xy, k1,ko € A with A defined as in
(12), the normal form up to third-order term restricted on the center manifold of (5) at
(k1, k2)-mode double-Hopf singularity (dé(’kH, c,f{kH) is given by

. . 2_ -
Z1 = iw1z1 +a1(e)z1 + a21002721 + aio11212222 + h.o.t.,

71 = —io1Z1 + a1()Z1 + @i002121 + aro112122%2 + hoo.t., 42)
2 = iwaz2 + ba(e)z2 + boo212372 + bi110212122 + hoo.t.,
7y = —iwrZs + ba(e)Z2 + boo212275 + b1110212122 + heo.t.,
where
1 _ A
aj(e) = §¢1(0)((L1(8) +e MR L1(e))(P1) — 1x, D1(e)$1(0)),
1 _ o
by(e) = §W2(O)((L1(8) + e M L1(e))(92) — 1k, D1(e)$2(0)), (43)
3 1 1 _
a100 = 7 V100Cy 4,5, + 7 3(k2 = 2k1)¥1(0) [@(—Qm(pzl//z(o) + 04,6, ¥2000) 0y 5,

1 1 _
+ <m Q431¢2‘/f2(0) + mQ(],lq}z'ﬁz(OO Q¢|¢1]
+HY1 (O Qg, (1100

2% 0 %
ﬁhnbo) + 0, (h3000 + fhzof)o)]

1
atorr = ¥10)Cy 4,5, + 53k = Zk)¥1(0) [(@ Q4,5,¥1(0)

1

_ 1
+m Qd;ld_lzwl (0)) Opi¢p + (—@qubz‘/’l )
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1
+i(2w1 —w))

1 _ 1
+m Qd’,z(])z 1/’2(0)) Opipr + (m Oy, ¥2(0)

_ 1 1
04,4, "1 (0)) Qdmﬁz] + 53(k1 — 2k2)¥r1(0) [(H 04,4, ¥2(0)

1 - k1—k
+?1Q¢2¢32W2(0)> QM-,Z] +910) [Q¢1h80“ + g, ( [h'lo‘m ?

L ki+ho ki—kal , 1 kitk
+$h1001 + 04, 7h1010 +\72h1010 ;

3 1 -
boozt = ;¥2(0)Cy, 4.5, + 25(k1 — 2k2)¥2(0) [E(—Q@@wl(m + Q¢;|¢2¢1(0))] 0445

1 1 -
+ (m Q(plq;z‘/’l(o) + mQél(ﬁz‘l’l(o)) Opr¢,]
0200 [ Qg (i,

1 52k I o
+ﬁ hoot) + g, (h0020+ﬁh00220 ;

bi1io = ¥20)Cy 5,4, + 55(k2 — 2k1)¥2(0) [( 0416, ¥1(0)

1
i(wy —2w1)
1 - 1 1 -
+72 4,6, V1 (0)) 054, T (@ 04,41 ¢1(0)+qu§m§1 V1 (0)) Q¢1¢2}
1 1 1 -
+58(k1 — 2k2)¥2(0) [<_H 041, ¥2(0) + QOg)sz(O)) 0%,

1 -
+ (J 05,4,V20) + Q¢1¢2w2(0)> Q¢,¢2] +¥2(0) I:Qq)zh(])l()()

12wy + wy)
ki—kol L kit ki—kal L kit

1
+04, ([hono 750110 >+ Q3 <\7f2h1010 + /3 1010 )} (44)
here

hgiarasqs (@1 + a2 + 93 + 94 =2, q1, 92, 93, 94 € No) given by

1. 0 . _ ;
h9000 (@) = 7[216011—/4 11000171 0y g, €1,

1 1 -
h%bg(é’)— fts(kz 2k1)(ﬁ¢2(9)¢2(0) (Tm(e)mm)) Q¢

0 _. .
+5 75 ﬁ[ziwll_ f 0 ot (001! Qg 7
—r

-1
0
W00®) = — [/r dﬂo(G)} 04,5, h?l%o(g) =0,
-1
I o
Mo ® = 5 [ [ o (m} [—1 + 8k = kD) (62 OY2(0) + G2 OT2(0)12y, 5,

-1
1 (VR '
h0020(9) |:21w2]_/ e2lw20d770(9)i| Q¢2¢2g21w29’
—r

2ky 1 1 B 1 _ _
30 ®) = 581 ~ 2%k <7l.(w1_2w2)¢1<9)¢1(0> o +2w2)¢1(9>w1(0>) Qo
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1 (U _ ,
+2ﬁ[2lw21 _ / ezlwzgdnzkz (0)] 1 Q¢2¢2621w29’
—r

0 _1
011 (6) = = [ f dno(é’)} Qg hool1 @) =0,

1 (° . o
ﬁ[ . Ao, (D] =1 + 8k — 2k2)(¢1(0)91(0) + 1 (D)1 (00104, 5,

ho10®) = 0. Ao (6) =0,

2%
hoot1 (0) =

I 0o ) .
Hibl>©) = —=li@1 + )1 _/ @)l dn o )17 Qg el 1T
—r

V2
1 0 . _
Hiboi> @) = Sl —onl = ﬁ ) O dng 0170, 5y 1T,
ki —ks | 1. 0 oo . -
hior @) = lit@r+ )l = /_re ST CO) I
! 1 1 o
_E |:5(k2 —2kyp) <@¢] ©)y¥1(0) + m(bl(e)l//l (0))
1 - -
+3(ky — 2k2) (Hqﬁz(@)wz(O) + m¢2(9)‘//2(0)>] Oy
— 1 0 .
Migor €)= Sl el = /_, O dny @171 0y 5,6 1T
! ! 1 o
+% [5(1(2 — 2ky) <@¢1(9)1ﬁ1(0) - m@(@)wl(o))
1 1 o
—8(k1 — 2k) <H¢2(9)1//2(0) + m@(@)‘h@))] iy
W)= o 0. A0 = G0, 0 =
h8101 (9) = h?010(0)7 h(|)k110—1k2|(0) — h|1]816k2|(0)a hglla_lkz(e) — ],llf(l)'l'l‘(;ﬁ(e)7 (45)

0 €[—r,0],and5(x) = 0forx # 0;8(x) = 1forx =0, and ¢1, ¢2, ¥1(0) = Y1, ¥2(0) =
Yo and ny are defined as in (41) and (39).

Remark 6 The formula of the third normal form restricted on the center manifold of double-
Hopf bifurcation is also applicable to the system without time delay. As we did not consider
the effect of time delay in (32), the formulas in Proposition 2 satisfy » = 0, this implies
0 =0and ¢;(0) = ¥;, ¥; (0) = ¥;,i = 1, 2 in all formulas. Therefore, the normal form of
(5) can be directly derived by Proposition 2.

3.2 Pattern Formation Induced by Double-Hopf Bifurcation

In this subsection, we will investigate the spatio-temporal dynamics of system (5) near the
(k, k + 1)-mode double-Hopf bifurcation point. Based on the formulas of the normal form
given in the Sect. 3.1, the general third normal form of (5) at (k, kK + 1)-mode double-Hopf

bifurcation point have been derived, Next we fix the parameters

=5 a=05 =015b=08, d =04,
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Table 1 The correspondence

between (5) and (47) Planar system Original system

Ey Positive constant steady state solution

E; Spatially nonhomogeneous periodic solution
(with two spatial frequencies)

E> Spatially nonhomogeneous steady state solution
(with three spatial frequencies)

E3 Spatially nonhomogeneous quasi-periodic
solution

then the positive equilibrium (u*, v*) = (2.7540, 2.7540), utilizing the results in Sect. 2,
the system (5) can undergo (2, 3)-mode double-Hopf bifurcation near (u*, v*) at (da, ¢) =
(d22’3, cfS) with (d22’3, 6273) = (0.0945, 0.0515). According to (40), we can figure out w; =
0.2931, wp = 0.2826. Corresponding 2-mode and 3-mode Hopf bifurcation curves in (dz, c)-
plane are characterized as
Hy 1 ¢ = —0.16d> 4 0.0666, 0 < dr < 0.4162,
Hz : ¢ = —0.36d, + 0.0855, 0 < d» < 0.2375.
Through applying Lemma 2, the third-order truncated normal form of (5) near (2, 3)-mode
double-Hopf bifurcation point (d22 ’3, cf 3) can be figured out, corresponding coefficients in
(42) are given by
ai(e) = —(0.08 4+ 0.02034i)e; — (0.5 — 0.9955i)e2;
br(e) = —(0.18 4+ 0.0602i)e; — (0.5 — 0.9802i)e7;
ario0 = —0.0410 4+ 0.0145i; ajo1; = —0.0617 + 0.0288i;
boo21 = —0.0422 + 0.0195i; by110 = —0.0649 4 0.0338i.

(46)

By the transformation
z1 = p1cos(0) +ip1sin(@), z2 = p2c0s(0) — ip2sin(0),

and let v/|Re(az100)|p1 = p1, +/|boo21lp2 — p2, ignoring the equations of 8, the normal
form is transformed into the following planar system,

p1 = p1(—0.0881 — 0.56 + p? + 1.4618p3),

_ 47
02 = p2(—0.188] — 0.5¢2 + 1.583p7 + p3).

Via direct calculations, there are four equilibria for (47), denoted by Eo, E;, E> and
E3,which are given by

Eo = (0,0), E; = (w/—o.ossl - 0.582,0), for &y < —0.16¢] .
Ey = (o, J/—=0.18¢, — 0.582), for £7 < —0.36¢],

E3 = (J —0.1393e1 — 0.1757¢3, 1/0.0406¢| — 0.221982) ,

for ep +0.7931e; < 0and gp —0.1829¢; < 0.

Similar to [27], we give Table 1 to illustrate the correspondence of these equilibria and
the solutions of (5), including the positive constant steady state, periodic solutions and the
quasi-periodic solution. It follows from the twelve unfoldings classifications given in [39,
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Ho ——H,c=-0.36d ,+0.0855
- Zt ool —Hjc=036d,:00855 ||
\ Hy ——L,:c=0.7932d ,+0.1264
\ Ta
0081\ Stable region 0.8 D ——L,10=0.18294,+0.0342 [

Stable region of (u*,v*)

(623 ¢ )=(0.0945,0.0515)

(2.3)-mode HH 2 23

{1,1)-mode TH

o Hod 002
L A o om oo o aw  or o ow  om om0z
2
(a) When (8,b,d1) € Xa, for fixed pa- (b) The diagram shows the local graph of
rameters | = 5, « = 0.5, 8 = 0.15,b = diagram (a) near the (2, 3)-mode double-
0.8, di = 0.4. Diagram (a) is the bifurca- Hopf bifurcation point.

tion set near the positive constant steady
state (u*,v*) of (47) in (d2, ¢)- plane.

ARV
b |5 |

(€¢) The diagram shows the corresponding
phase portraits in D1-Dg in diagram (b).

Fig. 2 HH and TH represent double-Hopf bifurcation point and Turing-Hopf bifurcation point, Ho, H1,
‘H2, ‘H3 are corresponding 0-mode, 1-mode, 2-mode, 3-mode Hopf bifurcation curves, 74 is 4-mode Turing
bifurcation curve. H2+, H,, 'H;r, Hs5', £ and £ represent critical bifurcation curves defined as in (48)

Chap.7.5], the Case Ib occurs for (47), and the critical bifurcation curves in (d2, c)-plane are
characterized as

Hy e =clly—0.16(d, — d5?), fordy > d57,

Hy tc=clly—0.16(d —d5?), for0 <dr <d5”,
Hi c=clly—036(d —d3?), fordr > d57,

s —0.36(dr — d3?), for0 <dr < d3”,
Ly:c=chly—07931(dy — d3?), fords, > d5”,
Lr:c=chly+0.1829(dr — d3?), for0 <dr <d5”.

(48)

B
s
[

The bifurcation set and corresponding phase are shown in Fig. 2. As in Fig. 2b, the (d2, ¢)-
plane is divided into six regions near (d22 ’3, cf 3), corresponding phase portraits in each region
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Fig.3 The solution of (5), for parameters (d3, ¢) = (0.1445, 0.1015) € D; with initial conditions u(x, 0) =
2.7540 + 0.2005(2?)‘), v(x,0) = 2.7540 + 0.2005(2?)‘) Figures show that the constant steady state is locally
asymptotically stable

u(x,t) u(x,t)

© & & o
g 8 8 8

@
8

Time t
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g 8 & 8 &

o
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o
~
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6 8 10 12
Distance x

=

Distance x w0 o Time t

Fig.4 The solution of (5), for parameters (dp, ¢) = (0.1445,0.0415) € D, with initial conditions u(x, 0) =
v(x, 0) =2.75404-0. 2cos ZE % . The left figure shows that the spatially nonhomogeneous periodic solution with
two spatial wave frequencies is locally asymptotically stable, the right figure is corresponding projections in
(x, t)-plane. Here we omit the graphs of v for simplification since it is similar to the graphs of u

are portrayed in Fig. 2b. Next we will elaborate the spatio-temporal dynamics of (5) near the
(2, 3)-mode double-Hopf singularity, which are summarized in the following proposition.

Proposition3 Forl =5, « =0.5, 8 =0.15, b = 0.8, d| = 0.4, the unique positive equi-
librium E* = (2.7540, 2.7540), when (d, ¢) perturb near (d22’3, cf3) = (0.0945, 0.0515)
with frequencies w1 = 0.3014 and wy = 0.2199, (5) exhibits following dynamics near E* :

(i) When (dy, ¢) € D1, E* is locally asymptotically stable and a 2-mode Hopf bifurcation
of (5) occurs when (d», ¢) crosses ’H;

(ii) When (dy,c) € Dy, E* becomes unstable, a locally asymptotically stable spatially
nonhomogenoes periodic solution with two spatial frequencies E; bifurcates from E*,
which can be approximated by

_ - _ 2x
E* 4+ (p1191(0)e” + p11¢1(0)e ‘””)COST,

with p11 — 0 for (da, ¢) approaching (d22 ’3, 65{3). Moreover, (5) undergoes a 3-mode
Hopf bifurcation from E* when (dy, c) crosses H;.
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(a) The graphs of u in (u,z,t)-plane and (z, t)-plane, respectively.
Fig. 5 The solution of (5), for parameters (dr,c) = (0.1445,0.0315) € D3 with initial conditions
u(x,0) = v(x,0) = 2.7540 + 0.3cos 35" The left and middle figures exhibit the transition from spatially
nonhomogeneous periodic solution with three spatial wave frequencies to the stable spatially nonhomoge-

neous periodic solution with two spatial wave frequencies. The right shows the spatio-temporal patterns with
two spatial wave frequencies. Here we omit the graphs of v

(iii) When (dp, c) € D3, E* is unstable, spatially nonhomogenoes periodic solution 2
remains stable, a spatially nonhomogenoes periodic solution with three spatial fre-
quencies Eo appears through 3-mode Hopf bifurcation, it is unstable and shaped like

- _ 3x
E* 4+ (p2192(0)e™” + p21¢2(0)e m2’)COST,

with py1 — 0 when (d3, ¢) close to (d22’3, 053).

(iv) When (d>, c) € D4, E ’i is unstable, spatially nonhomogeneous periodic solution E 1 still
remains the stability, E; becomes locally asymptotically stable through a 2-mode Hopf
bifurcation when (da, ) crosses L1, and a spatially nonhomogeneous quasi-periodic
solution bifurcates from Eo, which is unstable and close to

- = —w 2x w - o 3x
E* + (p1201(0)e”" + p1261(0)e ‘Z)COST + (02202(0)e”>" + P2 (0)e 2’)6057

with p1a — 0, p2o — 0 for (d3, ¢) closing to (d22’3, cf3).

(v) When (da, ¢) € Ds, E* and spatially nonhomogeneous periodic solution E1 are unsta-
ble, the spatially nonhomogeneous periodic solution E» persists stable, and spatially
nonhomogeneous quasi-periodic solution E3 disappears (through a 3-mode Hopf bifur-
cation at El on L), .

(vi) When (d, c) € D, E* is still unstable, the spatially nonhomogenoes periodic solution
E3 remains the stability, the spatially nonhomogenoes periodic solution E» disappears
(through 3-mode Hopf bifurcation on H5 from E*).

Proposition 3 illustrates complex spatio-temporal dynamics near the double-Hopf bifur-
cation point, some numerical simulations with bifurcation parameters (da, ¢) fixed in regions
D1-Dg are carried out to support the theoretical results; see Figs. 3, 4, 5, 6, 7 and 8. Figure 5
show the locally asymptotically stable constant steady state in D;. As shown in Figs. 4 and 5,
the spatially nonhomogeneous periodic solution with two spatial wave frequencies is locally
asymptotically stable in D, and D3, in particular, when (da, ¢) belongs to D3, there exist a
transition from spatially nonhomogeneous periodic solution with spatial three-peaks to the
one with spatial two-peaks. In Dy, Fig. 6 show that the system exhibits the bistability, that
is the coexistence of spatially nonhomogeneous periodic solution with two and three spatial
wave frequencies, both of them are peak alternating, this is the distinct phenomenon revealed
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(b) Initial value u(z,0) = v(z,0) = 2.7540 + 0.5COS% + 0.50032?’”

Fig. 6 The solution of (5), for parameters (dp,c¢) = (2.4587,0.1512) € D4. The left figures show the
bistability of spatially nonhomogeneous periodic solutions with two and three spatial wave frequencies, and
the right are corresponding spatio-temporal patterns. Here we omit the graphs of v

ey Y E==2
LZ \\‘\5\@ - AN N o

Distance x

(a) The graphs of u and v in (u,z,t)-plane and (v, z,t)-plane, respectively.

Fig.7 The solution of (5), for parameters (d3, ¢) = (0.0445, 0.0465) € D3 with initial conditions u(x, 0) =
v(x, 0) = 2.7540+0.02cos %x +0.3cos %" . The left and middle figures exhibit the transition from the spatially
nonhomogeneous periodic solution with three spatial wave frequencies to the stable spatially nonhomogeneous
periodic solution with three spatial wave frequencies. The right shows the spatio-temporal patterns with three
spatial wave frequencies. Here we omit the graphs of v
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Fig. 8 The solution of (5), for parameters (dp,c) = (0.0445,0.0615) € D¢ with initial conditions
u(x,0) = v(x,0) = 2.7540 + 0.30053%, the spatially nonhomogeneous periodic solution with three spa-
tial wave frequencies is locally asymptotically stable. Here we omit the graphs of v

u(x,) u(x,t)
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Fig. 9 The solution of (5), for parameters (dr,c) = (0.1445,0.0015) with initial conditions u(x,0) =
v(x, 0) =2.7540 + O.ZCOS%X, Figures exhibit strange spatially homogeneous periodic solutions

by double-Hopf bifurcation for the system with kernel (4). Analogously, 8 illustrates a tran-
sition from spatially nonhomogeneous periodic solution with spatial two-peaks to the one
with spatial three -peaks in Ds, and the system will eventually convergent to the tree-peaks
one in both of D5 and Dg. Corresponding spatio-temporal patterns are addressed in Fig. 4,
5,6,7 and 8 as well.
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Fig. 10 The solution of (5), for parameters (d>, c) = (0.1445,0.0015) with initial conditions u(x,0) =
v(x, 0) =2.7540 + 0.20032%. Figures show spatially nonhomogeneous multi-periodic solutions emerge

4 Conclusion

This paper investigated the spatio-temporal dynamics of Holling-Tanner predator prey system
with nonlocal intraspecific prey competition and homogeneous Neumann boundary condi-

tions. The main distinction with previous investigations is that a spatial dependently kernel
2

Kx,y) = % + % Ziz‘l’o cos'%‘cos?e_a%2 is considered. Our results reveals that the
system can undergo more complex bifurcations when the unique positive equilibrium is
destabilized, which implies that such kernel can induce more diverse teme-periodic patterns
with spatial multi-peaks.

We establish the existences of Turing bifurcation, Hopf bifurcation, Turing-Hopf bifur-
cation and double-Hopf bifurcation in the current paper. As usual, double-Hopf bifurcations
occurs in the system with time delay, Our results reveal that it could occur under the effect
of the nonlocal interaction. If the nonlocal cometition is spatial average, i.e. the system (31),
double-Hopf bifurcation only can be (0, 1)-mode, which was argued in [27]. As in Remark 5,
if other system parameters are fixed, then the region of pattern formations in (da, ¢)-plane
will be smaller for the system (5) than the system (31). Based on the similar progress in [37],
the normal form up to the third-order at double-Hopf singularity is derived, in particular, it is
expressed by the original parameters of the system. Via analyzing the reduced normal form,
rich spatio-temporal dynamics near the double-Hopf bifurcation point are shown when the
positive constant steady state is destabilized. Especially, the system could exhibit periodic
oscillations with multiple spatial peaks alternating. In addition, bistability of such periodic
solutions with different spatial wave frequencies could appear as well.

Biologically, we can assert that the farther scope of such intraspecific interaction can lead
to complex spatio-temporal patterns. As a consequently of the existence of (k, k 4+ 1)-mode
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double-Hopf bifurcations for any k € Ny for the system (5), the coexistence states of the prey
and predator species will be more diverse, especially in spatially nonhomogeneous states.

Finally, we still find that some novel simulations for the system (5), see Figs. 9 and
10. Under the influence of the nonlocal effect, the system (5) can undergo more multiplicate
Hopf and double-Hopf bifurcations, the bifurcating periodic solutions could transshape when
bifurcation parameters vary from one critical value to another. As a result, Fig. 9 could
illustrate the periodic solution when the bifurcation parameter is away from the 0-mode
Hopf bifurcation singularity. Figure 10 exhibits the strange attractor with multiple time-
periods, which generally can be induced by double-Hopf bifurcations. It will be of interest to
analytically investigate these phenomena as the bifurcation parameter varying from a global
perspective.

Acknowledgements The research of D.X. Geng, W.H. Jiang and H.B. Wang are partially supported by the
National Natural Science Foundation of China (No. 11871176).

Data Availability This is an article describes entirely theoretical research, data sharing is not applicable to this
article as no datasets were generated or analyzed during the current study.

Declarations

Conflict of interest The authors declare that they have no conflict of interest.

References

1. Peng, R., Wang, M.: Positive steady states of the Holling-Tanner prey-predator model with diffusion.
Proc. Roy. Soc. Edinburgh Sect. A 135(1), 149-164 (2005)

2. Peng, R., Yi, E, Zhao, X.: Spatiotemporal patterns in a reaction-diffusion model with the Degn-Harrison
reaction scheme. J. Differ. Equ. 254(6), 2465-2498 (2013)

3. Wang, J., Shi, J., Wei, J.: Dynamics and pattern formation in a diffusive predator-prey system with strong
allee effect in prey. J. Differ. Equ. 251(4-5), 1276-1304 (2011)

4. Song, Y., Wei, J.: Local hopf bifurcation and global periodic solutions in a delayed predator-prey system.
J. Math. Anal. Appl. 301(1), 1-21 (2005)

5. Hsu, S.-B., Huang, T.-W.: Global stability for a class of predator-prey systems. SIAM J. Appl. Math.
55(3), 763-783 (1995)

6. Li, X., Jiang, W., Shi, J.: Hopf bifurcation and Turing instability in the reaction-diffusion Holling-Tanner
predator-prey model. IMA. J. Appl. Math. 78(2), 287-306 (2013)

7. Chen, S., Shi, J.: Global stability in a diffusive holling-tanner predator-prey model. Appl. Math. Lett.
25(3), 614-618 (2012)

8. Yi, F, Wei, J., Shi, J.: Bifurcation and spatiotemporal patterns in a homogeneous diffusive predator-prey
system. J. Differ. Equ. 246(5), 1944-1977 (2009)

9. Song, Y., Tang, X.: Stability, steady-state bifurcations, and Turing patterns in a predator-prey model with
Herd behavior and prey-taxis. Stud. Appl. Math. 139(3), 371404 (2017)

10. Baurmann, M., Gross, T., Feudel, U.: Instabilities in spatially extended predator-prey systems: spatio-
temporal patterns in the neighborhood of Turing-Hopf bifurcations. J. Theoret. Biol. 245(2), 220-229
(2007)

11. Wu, S., Song, Y.: Stability and spatiotemporal dynamics in a diffusive predator-prey model with nonlocal
prey competition. Nonlinear Anal. Real World Appl. 48, 12-39 (2019)

12. Furter, J., Grinfeld, M.: Local vs. nonlocal interactions in population dynamics. J. Math. Biol. 27(1),
65-80 (1989)

13. Britton, N.F.: Aggregation and the competitive exclusion principle. J. Theoret. Biol. 136(1), 57-66 (1989)

14. Gourley, S.A., Britton, N.F.: A predator-prey reaction-diffusion system with nonlocal effects. J. Math.
Biol. 34(3), 297-333 (1996)

15. Britton, N.F.: Spatial structures and periodic travelling waves in an integrodifferential reaction-diffusion
population model. SIAM J. Appl. Math. 50, 1663—1688 (1990)

@ Springer



Journal of Dynamics and Differential Equations (2024) 36:673-702

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

Fang, J., Zhao, Q.: Monotone wavefronts of the nonlocal Fisher-KPP equation. Nonlinearity 11, 3043—
3054 (2011)

Du, Y., Hsu, H.-B.: On a nonlocal reaction- diffusion problem arising from the modeling of phytoplankton
growth. SIAM J. Math. Anal. 42, 1305-1333 (2010)

Ni, W., Shi, J., Wang, M.: Global stability and pattern formation in a nonlocal diffusive Lotka-Volterra
competition model. J. Differ. Equ. 264, 6891-6932 (2018)

Billingham, J.: Dynamics of a strongly nonlocal reaction—diffusion population model, Nonlinearity 17:
313-346

Segal, B.L., Volpert, V.A., Bayliss, A.: Pattern formation in a model of competing populations with
nonlocal interactions. Phys. D 253, 12-22 (2013)

Merchant, S.M., Nagata, W.: Instabilities and spatiotemporal patterns behind predator invasions with
nonlocal prey competition. Theoret. Population Biol. 80(4), 289-297 (2011)

Ma, Z., Li, W.: Bifurcation analysis on a diffusive Holling-Tanner predator-prey model. Appl. Math.
Model. 37(6), 4371-4384 (2013)

Peng, R., Wang, M.: Global stability of the equilibrium of a diffusive Holling-Tanner prey-predator model.
Appl. Math. Model. 20(6), 664-670 (2007)

Hsu, H.-B., Ruan, S.: Spatial, temporal and spatiotemporal patterns of diffusive predator-prey models
with mutual interference, IMA J. Appl. Math. 80: 1534-1568

Bayliss, A., Volpert, V.A.: Complex predator invasion waves in a Holling-Tanner model with nonlocal
prey interaction. Phys. D 346, 37-58 (2017)

Chen, S., Wei, J., Yang, K.: Spatial nonhomogeneous periodic solutions induced by nonlocal prey com-
petition in a diffusive predator-prey model. Internat. J. Bifur. Chaos Appl. Sci. Engrg. 29(4), 1950043
(2019)

Geng, D., Jiang, W., Lou, Y., Wang, H.: Spatiotemporal patterns in a diffusive predator-prey system with
nonlocal intraspecific prey competition. Stud. Appl. Math. 148, 396432 (2022)

Liang, D., So, W.H., Zhang, F., Zou, X.: Population dynamic models with nonlocal delay on bounded
domains and their numerical computations, Differ. Equ. Dyn. Syst. 11, 117-39 (2003)

Su, Y., Zou, X.: Transient oscillatory patterns in the diffusive non-local blowfly equation with delay under
the zero-flux boundary condition. Nonlinearity 27(1), 87-104 (2014)

Yu, P, Yuan, Y., Xu, J.: Study of double hopf bifurcation and chaos for an oscillator with time delayed
feedback. Commun. Nonlinear Sci. Numer. Simul. 7(1), 69-91 (2002)

Lewis, G., Nagata, W.: Double hopf bifurcations in the differentially heated rotating annulus. SIAM J.
Appl. Math. 69, 1029-1055 (2003)

Du, Y., Niu, B., Wei, J.: Two delays induce Hopf bifurcation and double-Hopf bifurcation in a diffusive
Leslie-Gower predator-prey system. Chaos 29, 013101 (2019)

Wau, J.: Theory and applications of partial functional differential Equations. Springer-Verlag, New York
(1996)

Faria, T.: Normal forms and Hopf bifurcation for partial differential equations with delays. Trans. Am.
Math. Soc. 352(5), 2217-2238 (2000)

Faria, T., Huang, W., Wu, J.: Smoothness of center manifolds for maps and formal adjoints for semilinear
fdes in general banach spaces. SIAM J. Math. Anal. 34(1), 173-203 (2002)

Jiang, W., An, Q., Shi, J.: Formulation of the normal form of Turing-Hopf bifurcation in partial functional
differential equations. J. Differ. Equ. 268(10), 6067-6102 (2020)

Geng, D., Wang, H.: Normal form formulations of double-Hopf bifurcation for partial functional differ-
ential equations with nonlocal effect. J. Differ. Equ. 309, 741-785 (2022)

Jiang, W., Wang, H., Cao, X.: Turing instability and Turing-Hopf bifurcation in diffusive schnakenberg
systems with gene expression time delay. J. Dynam. Differ. Equ. 31(4), 2223-2247 (2019)
Guckenheimer, J., Holmes, P.: Nonlinear oscillations, dynamical Systems, and bifurcations of vector
fields. Springer-Verlag, New York (1983)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Nonlocal Competition and Spatial Multi-peak Periodic Pattern Formation in Diffusive Holling-Tanner Predator-prey Model
	Abstract
	1 Introduction
	2 Stability of Positive Equilibrium and Bifurcation Analysis
	2.1 Hopf Bifurcation and Turing Bifurcation
	2.2 Turing-Hopf Bifurcation and Double-Hopf Bifurcation

	3 Spatio-Temporal Patterns Near the Double-Hopf Singularity
	3.1 Normal Form of Double-Hopf Bifurcation
	3.2 Pattern Formation Induced by Double-Hopf Bifurcation

	4 Conclusion
	Acknowledgements
	References




