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Abstract

In this paper we consider a spatial discretization scheme with an adaptive grid for the Nagumo
PDE and establish the existence of travelling waves. In particular, we consider the time
dependent spatial mesh adaptation method that aims to equidistribute the arclength of the
solution under consideration. We assume that this equidistribution is strictly enforced, which
leads to the non-local problem with infinite range interactions that we derived in Hupkes
and Van Vleck (J Dyn Differ Eqn, 2021). Using the Fredholm theory developed in Hupkes
and Van Vleck (J Dyn Differ Eqn, 2021) we setup a fixed point procedure that enables the
travelling PDE waves to be lifted to our spatially discrete setting.

Keywords Travelling waves - Adaptive grids - Singular perturbations - Spatial
discretizations

Mathematics Subject Classification 34K31 - 37L15

1 Introduction

Our goal in this paper is to complete the program initiated in [28, 29] to analyze the impact
of adaptive discretization schemes on scalar bistable reaction—diffusion PDEs of the form

U = Uy + g(u). (1.1

In particular, for any discretization distance 4 > 0 and any j € Z, we write x;(t) for the
time-dependent location of the relevant gridpoint and U j;, (¢) for the associated approximation
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for u(xj;(t), t). We then study the system

. U¢i t)—U¢ji— 1.
Un(0) =[ Gn(O=Ug—1yn () ()

X(j+Dh (=X~ (1) A o A o (1.2)
T i};?iih-(ii,-fjh”é'f ii,’:;g;—zﬁ]ﬂh((f))] +2(Ujn(),
in which x (¢) is defined implicitly by demanding that
(xG+nn @) — xjh(t))2 + (U0 (0) — Ujh(t))2 =hn? (1.3)
and imposing the boundary constraint
jlillloo[xjh(t) — Jjhl1=0. 1.4

This means that mesh locations are determined dynamically in time so that there is equidis-
tribution of a finite difference approximation of the arclength of the solution of (1.2). We
show that this system has solutions of the form

Ujp(t) = ©(xjp(t) + ct), (1.5)

which can be interpreted as travelling waves. For concreteness, we will use the cubic non-
linearity

g) = gew(u; a) = u(l —u)(u — a), 0<a<l1 (1.6)
throughout this introduction to explain the main ideas.

Travelling waves The pair (®, ¢) that we construct will be close to the travelling wave
(®y, cy) for the PDE (1.1). Using (1.6), this pair must satisfy the travelling wave ODE

Cq); = CD;Z + geub (P4 @), Dy (—00) =0, Dy (+00) = 1. (L.7)

Such solutions provide a mechanism through which the fitter biological species (correspond-
ing to the deepest well of the potential — f gcub) can become dominant throughout a spatial
domain. For this reason they are sometimes referred to as invasion waves.

It is well-known that these waves play an important role in the global dynamics of (1.1).
For example, using the comparison principle one can show that these waves are nonlinearly
stable under a large class of perturbations [15] and that they determine the spreading speed
of localized structures [42]. In addition, they have been used extensively as building blocks
to construct general time dependent solutions of reaction—diffusion systems. For example,
planar versions of (1.1) support (sharp) travelling corners [5, 17], expansion waves [36],
scattering waves [4] and modulated waves [10] that connect periodic travelling waves of
nearby frequencies.

Uniform spatial discretizations In order to set the stage, let us return to the lattice differential
equation (LDE)

. 1
Uj(t) = ﬁ[Uj—l(t) + Ujs1(t) —2U; ()] + geun (U (1); a), (1.8)

which can be used to describe the uniformly discretized approximants U;(t) ~ u(jh, t).
Mathematically speaking, the transition from (1.1) to (1.8) breaks the continuous transla-
tional symmetry of the underlying space. Indeed, (1.8) merely admits the discrete group of
symmetries j — j + k with k € Z. As a consequence, travelling wave solutions

Ujt) = D(jh +ct) (1.9)
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can no longer be seen as equilibria in an appropriate comoving frame. Instead, they must
be treated as periodic solutions modulo the discrete shift symmetry discussed above. The
resulting challenges occur frequently in similar discrete settings and general techniques have
been developed to overcome them [3, 8, 16].

Direct substitution of (1.9) into (1.8) yields the travelling wave equation

1
c®'(§) = ﬁ@(é —h)+ PE +h) —20E)] + geun (P (§); a), (1.10)
to which we again append the boundary conditions
P (—00) =0, ®(400) = 1. (1.11)

Due to the presence of the shifted arguments such equations are known as functional differ-
ential equations of mixed type (MFDESs). Note that the unbounded second derivative operator
in (1.7) has been replaced by a bounded second-difference operator. In addition, the transition
¢ — 0is now singular since it changes the structure of the equation. As a consequence, there
is a fundamental difference between standing and moving wave solutions to (1.8).

In the anti-continuum regime /4 >> 1, the second-difference operator can be treated as
a small perturbation to the remaining ODE. An elegant construction pioneered by Keener
[31] allows one to construct standing waves for a 7# % that satisfy the boundary conditions
(1.11) and block the two stable background states ® = 0 and & = 1 from invading the
domain. In particular, the shape of the potential — [ gcup no longer determines the sign of
the wave speed. This phenomenon is often referred to as pinning or propagation failure and
has attracted a considerable amount of attention [1, 9, 11, 12, 19, 24].

In the intermediate 4 ~ 1 regime the shifted terms cannot be handled so easily and one
needs to understand the full MFDE. Such equations are ill-posed as initial value problems and
hence must be handled delicately. Several important tools have been developed to accomplish
this, such as Fredholm theory [32] and exponential dichotomies [18, 34, 37, 38]; see [23] for
a detailed overview.

Using a global homotopy argument together with the comparison principle, Mallet-Paret
[33] constructed a branch of solutions (CD(a), c(a)) to (1.10) with (1.11), in which c(a)
is unique and ®(a) is unique up to translation when c(a) # 0. For the uniform spatial
discretization of the FitzZHugh-Nagumo PDE [28, Eq. (1.3)], a generalization of Lin’s method
can be used to establish a version of the exchange Lemma for MFDEs and construct stable
travelling pulses [25, 26]. Further results in this area can be found in [6, 7, 31, 33, 43] and
the survey [23].

Finally, in the continuum regime 0 < /& <« 1 it is natural to treat the second-difference
operator in (1.10) as a perturbation to the second-derivative in (1.7). Johann [30] developed
a version of the implicit function theorem that can handle such singular perturbations in
some settings. In addition, the spectral convergence approach developed by Bates and his
coauthors in [2] can be used to study the impact of this transition directly on the linear
operators involved. We used the main ideas behind this technique in [29] to provide the key
linear result that underpins the nonlinear analysis in this paper.

Uniform spatial-temporal discretizations The so-called backward differentiation formula
(BDF) are a family of six schemes that can be used for discretizing the temporal derivative in
(1.8). These are well-known multistep methods that are appropriate for parabolic PDEs due
to their numerical stability properties. As an illustration, we note that the two lowest order
schemes prescribe the substitutions
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Uj(t) = 2 [Uj(nAt) — Uj((n — DATL)],

. 1.12
Uj(t) — zim[w,- (nAt) —4U;((n — DAL) + Uj((n — 2)Ar)], (1.12)

in which Ar > 0 denotes the timestep and ¢ = nAt. The first scheme is also known as the
backward Euler method and has the advantage that it preserves the comparison principle,
unlike the five other members of the family.

In [27] we constructed fully discretized travelling wave solutions

Uj(nAt) = ®(j +ncAt), P (—o0) =0, P(400) =1 (1.13)

for the coupled map lattices arising from these discretization schemes. The relevant travelling
wave equations for the two lowest order schemes can be obtained by making the replacements

c®'(§) > [ D) — P& — cAD)],

1.14
c®'(€) > 51 [3P(E) — 4P (E — cAl) + P(E — 2cA1)] (1.1

in the MFDE (1.10). In the first case we leveraged the comparison principle to obtain global
results. We established that the ¢(a) relation can become multi-valued, which clearly distin-
guishes the fully-discrete regime from its spatially-discrete counterpart. The same behaviour
occurs for the five other BDF methods, but here we only have results for small Ar > 0. We
remark that related phenomena have been observed in monostable KPP systems [35] in the
presence of inhomogeneities.

These non-uniqueness results should be seen as part of the program that was initiated in
[12-14] to study the impact of temporal and full discretization schemes on various reaction—
diffusion systems. Indeed, these papers studied versions of (1.1) with various smooth and
piecewise linear bistable nonlinearities. The authors used adhoc techniques to obtain rigorous,
formal and first order information concerning the change in the dynamics of traveling wave
solutions. In addition, in [8] the authors considered the forward-Euler scheme and used
Poincaré return-maps and topological arguments to obtain the existence of fully-discretized
waves.

Computational frame In [28] we showed that the dynamics of the coupled system (1.2)—
(1.4) can be reduced to an equivalent system of the form

Ocn = G({Ujn)jze ) (1.15)

in which G is a (convoluted) nonlinear expression that we describe explicitly in Sect. 2. In
order to appreciate this equation, it is insightful to transform (1.1) into a new coordinate
system (6, t) by demanding 6, = /1 + u2. Indeed, in these new arclength coordinates the
transformed functions

w®, 1) =u(x@®,1),1), y(©.1) =1 —w(0,1)? (1.16)

can be shown [28, §1] to satisfy the nonlocal PDE
w =y wee + y2g(w) + wp / ()/_411)99 + g(w))wgg, (L.17)

in which we use the notation [ f_ f16) = f_r oS (9’)d6’. This coincides with the system
that arises by taking the formal 4 | O limit in (1.15).

In [29] we constructed a solution to (1.17) by stretching the PDE waveprofile @, into its
arclength parametrized form W, and writing

w0, 1) = W,(0 + ct). (1.18)
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Motivated by this observation, the main goal of this paper is to find solutions to (1.15) of the
form

Ujn(t) = W(jh + ct), W(—00) =0, W(+o0) =1 (1.19)

that bifurcate from the pair (W, c,). In particular, we study the travelling wave system
V') = (1% + ke ) (1.20)

posed in terms of the computational coordinate T = jh+-ct rather than the physical coordinate
& = x;(t) + ct appearing in (1.5). We note that the discrete term j/ now plays the role of 6.

To appreciate the advantage of this indirect approach, we note that any attempt to use &
will lead to an equation for the waveprofile ® with shifts that depend on the waveprofile &
itself. In particular, the resulting wave equation is a state-dependent MFDE with infinite range
interactions. At the moment, even state-dependent delay equations with a finite number of
shifts are technically very challenging to analyze, requiring special care in the linearization
procedure [41]. Indeed, linearizations typically involve higher order (continuous) derivatives,
making it very hard to close fixed-point arguments.

Physical frame It turns out that there is a close relation between the two wave Ansatzes
(1.5) and (1.19). In order to see this, let us assume for the moment that we have found a
triplet (®, ¢, x) for which x and the function U defined in (1.5) satisfy (1.2) together with
(1.3)—(1.4). Let us also assume that for each ¢ € R there is a unique increasing sequence
Yjn;s with yo.9 = ¢ for which

(P (j+1yms0) — q>(yjh;z9))2 + O+ hp — Yino)* = h? (1.21)

holds for all j € Z. This can be arranged by imposing a-priori Lipschitz bounds on ® and @’
and picking /& > 0 to be sufficiently small. Finally, let us assume for definiteness that ¢ > 0
and that the wave outruns the grid in the sense that xo(t) + ¢ > € > 0.

A direct consequence of this inequality is that

x0(T) + cT = x;,(0) (1.22)
for some T > 0, which implies
Uo(T) = Up(0) = ®(x;(0)). (1.23)
The uniqueness property discussed above hence implies that
Ujn(T) = @i, 0) = P(x(+1n(0)) (1.24)
forall j € Z. Since
(x4 vp(T) = x4(D))* = b2 — (UGn(T) — Ujn(T))?
= 1% = (@ (420 (0) — q)(x(jJrl)h(O)))z (1.25)
= (xG+2(0) = x( 410 (®)?,

we see that in fact

Xip(T) +cT = x(j+1)n(0) (1.26)
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for all j € Z. Taking the limit j — —oo, the boundary conditions (1.4) imply that ¢T" = h.
Exploiting the well-posedness of our dynamics in forward and backward time, we conclude
that

xjn(t) = x0(jT +1) + jh (1.27)
holds for all j € Z and ¢t € R. Writing E(¢) = xo(?/c), we hence find
xjp(t) — jh = B(jh +ct), (1.28)
which implies that
Ujn(t) = ®(xju(t) +ct) = ®(jh + E(jh +ct) + ct) (1.29)
forall j € Z and ¢t € R. Upon introducing the function
U (r) = d(r + E(1)), (1.30)
this allows us to obtain the representation
(Ujn@), xju(t) — jh) = (¥(jh + ct), E(jh + c1)). (1.31)

In fact, we show that for arbitrary solutions U to (1.15) for which U (%) is close to
V. (hZ+79), we indeed have the pointwise inequalities | X (fp)| < |c| whenever c is sufficiently
close to c,. This can be used to show that the coordinate transformation (1.30) can be inverted,
allowing us to reconstruct the profile ® (&) from W (7).

Fixed-point setup In order to construct our travelling waves, we write ¥ = W, + v and
decompose (1.20) into the form

(e = eV’ = Ly + G (10 +Klzt ) +G((Walr + k) hsr) — WL, (132)

using the linear operators £, that were introduced in [29]. In the limit /2 |, 0, these operators
reduce formally to the operator £, associated to the linearization (1.17) around the wave
(1.18). The singular nature of the transition between (1.15) and (1.17) is fully encoded in the
transition between L, and L, which was studied at length in [29]. As a result, our analysis
in this paper can be seen as the construction of a regular fixed point problem. However, there
are two main challenges that need to be overcome.

The first complication is that £, is not the ‘exact’ linearization of G, which is far too
complicated to handle. Instead, we recover our operator £ after several simplification steps,
which each introduce i-dependent errors that need to kept under control. In order to achieve
this, we reapply the approximation framework developed in [28] in order to systematically
bound the global errors that arise by modifying the individual factors of the products that
appear in the definition of G.

The second obstacle is that the nonlinearity G acts on sequences U : hZ — R, while the
fixed-point problem (1.32) is formulated in terms of functions v € L. Since the relevant
transitions between supremum and L>-based norms cost a factor of 2 ~1/2, special care must
be taken to construct appropriate function spaces that allow uniform bounds for /2 |, 0. This is
particularly dangerous for the terms that are quadratic in the second differences of U, which
correspond roughly to the f, y‘4w39 term in (1.17).

In fact, we need to exploit the special structure of G and take a discrete derivative of (1.32)
in order to close our problem. We hence need to obtain estimates on the discrete derivative
of the nonlinear residual G, which requires an elaborate bookkeeping system.
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Waveform and Mesh (t=0) Waveform and Mesh (t=40)

0.2 . . . .
0 10 20 30 40 50

Fig. 1 Plots of the initial condition and approximate solution at t = 40 to the discretized PDE (1.2) using the
cubic nonlinearity (1.6) with a = 0.8536. This bistable reaction—diffusion equation was coupled to the moving
mesh system (1.33) with o = 1073 and a = 103, which aims to equidistribute a modified arclength monitor
function. The red markers represent the location of the gridpoints, which become denser in areas where the
solution profile is steep. The problem was solved on a finite domain (0, 50) with N = 51 grid points and
(inhomogeneous) Dirichlet boundary conditions

Outlook We view our work here as a first step towards understanding the impact of adap-
tive discretization schemes on travelling waves and other patterns that exist for all time. In
particular, we believe that the waves constructed here can be seen as a slow manifold for the
dynamics of the full system (1.2) with the non-instantaneous gridpoint behaviour

oXjp = \/(x(j-H)h —xjn)? +aUgrnn — Ujn)?
—\/(x(j—l)h —xjn)? +aUg—nn — Ujn)?

(1.33)

prescribed by the MMPDES scheme [22] with « = 1. Here ¢ > 0 is a tunable speed
parameter, which we effectively set to zero by passing to (1.3).

Using the Fredholm theory developed in [29] for the operators £, one should be able to
leverage the ideas in [40] to effectively track the fast grid-dynamics inthe 0 < o < 1 regime.
A further step in the program would be to also handle temporal discretizations, inspired by
the approach developed in [27] that we described above. Finally, we feel that it is important
to understand the stability of the discretized waves under the full dynamics of the numerical
scheme. To achieve this, one could follow the approach in [39] to transfer information from
the operators £, to the linearization around the actual adaptive travelling waves constructed
in this paper.

To illustrate the feasability of this program, we used the MMPDELab package [20] to
numerically compute the solution of the discretized system (1.2) coupled to the moving
mesh scheme (1.33); see Figs. 1 and 2. Upon initializing the problem with the exact wave
solution to the PDE (1.1), the system quickly converged to a modified state whereby both the
location of the gridpoints and the associated solution values displayed wave-like behaviour.

We are specially interested here in the pinning phenomenon. Indeed, numerical observa-
tions indicate that the set of detuning parameters a for which c¢(a) = 0 shrinks dramatically
when using adaptive discretizations. Understanding this in a rigorous fashion would give
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Fig. 2 Plots of the temporal evolution of the mesh locations and solution values for the system discussed in
Fig. 1. Notice that both quantities display the wave-like behaviour (1.31) after an initial transient has passed

considerable insight into the theoretical benefits of adaptive grids compared to the practical
benefits of increased performance. Preliminary results in this direction can be found in [21].

Let us emphasize that the application range of our techniques does not appear to be
restricted to the scalar problem (1.1) or the specific grid-update scheme (1.33) that we use.
Indeed, using the framework developed in [39], it should be possible to perform a similar anal-
ysis for the FitzHugh-Nagumo equation PDE and other multi-component reaction—diffusion
problems. In addition, any numerical scheme based on the arclength monitor function will
share (1.3) as the instantaneous equidistribution limit.

Overview This paper is organized as follows. After formulating our main results in Sect. 2,
we introduce our notational framework and recap the key contributions from [28, 29] in
Sect. 3. In Sect. 4 we simplify the nonlinear functions that appear as factors in the product
structure of G and obtain estimates on all the resulting errors. These estimates are used in
Sect. 5 to compute tractable expressions for the linearization of G and its discrete derivative
GT around W, and obtain bounds on the residuals. We conclude in Sect. 6 by combining all
these ingredients with the theory developed in [29]. In particular, we develop an appropriate
fixed-point argument to construct our desired travelling waves.

In order to develop the main story in a reasonably streamlined fashion that focuses on
the key ideas, we have chosen to transfer many of the tedious underlying estimates and
algebraic manipulations to the appendices. In order to keep this paper as self-contained as
possible, these appendices also summarize some of the fundamental auxiliary bounds that
were obtained in [28, 29].

2 Main Results

The main results of this paper concern adaptive-grid discretizations of the scalar PDE
Up = txx + 8(u). 2.1
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Throughout the paper, we assume that the nonlinearity g satisfies the following standard
bistability condition.

(Hg) The nonlinearity g : R — R is C3-smooth and has a bistable structure, in the sense
that there exists a constant 0 < a < 1 such that we have

g(0)=g@ =g()=0, ¢'0)<0, g1 <0, (2.2)
together with
gu) <0foru € (0,a)U (1, c0), g(u) > 0foru € (—oo,—1)U (a, 1). (2.3)

It is well-known that the PDE (2.1) admits a travelling wave solution that connects the
two stable equilibria of g [15]. The key requirement in our next assumption is that this wave
is not stationary, which can be arranged by demanding fol gu)du #0.

(H®,) There exists a wave speed ¢, # 0 and a profile @, € C’ (R, R) that satisfies the limits
Jim @) =0, lim ®.) =1 2.4)

and yields a solution to the PDE (2.1) upon writing
ux,t) = Ou(x + cyt). 2.5)

In [28] we derived an effective equation for the dynamics of the sequence U () : hZ — R
featuring in the adaptive scheme (1.2)—(1.4) for (2.1) that no longer explictly depends on the
location of the gridpoints. In order to formulate this reduced equation, we recall the discrete
derivatives

[0%U1jn =k~ [Ugsn — Ujn].
[0~ Ulin = h~'[Ujn — UG—um),

[0°U 10 = @)~ [U+nn — Ug—um], (2.6)
together with the first-order differences
atU 20U
D°=(U) = DOWU) = 2.7)

J1—=@*0)? VI=@T0)2 + /1= (370)?

and the second order analogues

oy 2 2 D =Dm W)

h 1= @tU)2 +1-(0-U)?

This allows us to introduce the auxiliary functions
D°+(U)

1 4+ Do+(U)D*0(U)’

which using the notation

Za :hza(j—k)hv Za :hza(j-i'k)h (2.10)
—h +:h

jih k>0 ik k>0

D) = 9T D). (2.8)

pU) = qU) =h~" W [1+hp@)DH(U)], (2.9)

allows us to recall the definitions

o) = q). ZEU) = exp[ £ Q)] @11
—h
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and subsequently write
gWu) =D (U) +¢g(U)

—D(U)2~(U) Y pU)ZT(W)dF[D*(U) + g(U)). (2.12)
—:h

These ingredients allow us to formulate the effective reduced system [28, Eq. (2.25)] for the
dynamics of (1.2)—(1.4) as

Uy =6(Um). 2.13)

which will be the main system that we analyze in this paper.
We recall the arclength parametrization £, (7) defined by the identity

&x(T)
M) = [ i+ meo.@pas =z, (2.14)

together with the stretched waveprofile W, : R — R given by
Wi (1) = Dy (5:(0)). (2.15)

The main result of this paper states that for sufficiently small 2 > 0, the reduced problem
(2.13) admits a travelling wave solution

Ujn(t) = Vr(jh +cpt) (2.16)

with (W, cp) ~ (W, cy) in an appropriate sense. These waves are locally unique up to
translation. We note that items (iv) and (v) use the notation 8; v=~h"lwE+h) —v()]
for functions v. In addition, we use the shorthands L? = LZ(R; R) and H I — g 1(]R; R),
together with the Heaviside sequence Hj; = 1;>¢.

Theorem 2.1 (see Sect. 6) Suppose that (Hg) and (H®,) are satisfied. Then there exists a
constant 8y, > 0 together with pairs

(W, cp) € C'R; R) x R, (2.17)
defined for 0 < h < 8y, such that the following properties are satisfied.
(i) Forevery O < h < §;, we have the limits

lim W,(¢) =0, lim W,(¢) =1. (2.18)
E——00 £—+4o00

(ii) Forevery O < h < §;, we have the strict inequality

sup |V (t + h) — Yy ()| < h. (2.19)
TeR

(iii) For every 0 < h < &, the function U : R — £°°(hZ; R) defined by
Ujn(t) = Yr(jh +cpt) (2.20)
satisfies the inclusion
t Ut — H e C'(R; (hZ; R)). (2.21)
In addition, the identity (2.13) and the strict inequality ||8+U(t) ||oQ < 1 both hold for
allt e R.
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(iv) We have ), — ¥, € Hlfor every 0 < h < ), and the limit

len — el + 1190 — Wl + 3, [Wn — W] | 1y

+ 8 057, (Wi — Wil 1 — 0 (2.22)

holds as h | 0.
(v) Pickany0 < h < §j, and consider a pair (¥, ¢) € L*® x R that has ¥V — ¥, € H' with

+ 8 8 o, (@ — W] . < B (2.23)
Then the function U :R — (®(hZ;R) defined by
Upn(t) = Uy (jh + &) (2.24)
satisfies the inclusion
t+> U@t — H € CO(R; (2(hZ; R)), (2.25)

together with the strict inequality H 8+I7Hoo < lforallt € R
In addition, if U is a solution to the system (2.13) for all t € R, then we must have

(W), &) = (Wn(- + ), cn) (2.26)

for some ¥ € R.

We emphasize that the location of the gridpoints for the waves (2.16) can be determined
by using

2
ety = jh— 0 0O _Un@) (227)
J5Jh = Wrson @) = Ujn(@©)2 +

see [28, Thm. 2.3]. In fact, our final result shows how these waves in the computational
coordinates can be interpreted as wave-like objects in the original physical coordinates.

Coroﬂary 2.2 (see Sect. 6) Consider Lhe setting of Theorem 2.1. Then there exists a constant
0 < &, < 8y so that for all 0 < h < 8y, there exist pairs

(Ep, @) € C'(R; R) x C1(R; R) (2.28)
that satisfy the following properties.
(1) Upon writing

xXjp(t) = jh+ Ep(jh + cpt),

. 2.29
Ujn(t) = Wy il + ca). 229
the adaptive grid equations (1.2)—(1.4) are satisfied for all t € R.
(ii) Foreveryt € Rand j € Z, the functions defined in (2.29) satisfy the relation
Ujn(t) = @p(xjn(t) + cpt). (2.30)

We remark that if (2.16) and (2.30) both hold, simple substitutions yield the identity
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W, (jh+cpt) = Ujp(t)
= @4 (jh + En(jh + cnt) + cpt)
= ®,(jh + cut + En(jh + cpt)). (2.31)

In particular, the main assertion in Corollary 2.2 is that the perturbed coordinate transforma-
tion

&n(t) =1+ En(r) (2.32)

is invertible for sufficiently small # > 0, allowing us to transfer the waves back to the original
physical framework.

3 Setup and Notation

In this section we recall several crucial results and notational conventions introduced in
the prequel papers [28, 29]. This will ensure that the current paper can be read reasonably
independently. As a preparation, we recall the sequence spaces

€3 = (V- hZ — Rfor which [VI|% :=h Y [Vi|* < o0},
h
JEZ

;> ={V : hZZ — R for which ||V [|see := sup |Vij| < oo} 3.1
JEL
that were introduced in [28, §3.3], together with the higher order norms
IIVIIZzzl =1Vlg + ”8+V”fi’
IVilge = 1Vig + 87V ]+ 070" V],
IVilgs =1Vl + [0¥V]e + o707 V]p + [0T0T 0TV 3.2)
and their counterparts
IIVIIKZc:l = Vllee + H8+V\|gzo,
Vil = 1V llgge + 07V [ oo + 9707V - (3.3)

h

For a single fixed 2 > 0 all these norms are naturally equivalent to the E%-norm or the £§°-
norm. The point here is that the 2! factor in the definition of 8% introduces a natural scaling
that will allow us to formulate s-independent bounds.

In addition, we pick areference function Upet.« € CZ(R, [0, 1]) that satisfies the properties

Uref;*((_oov _2]) =0, Uref;*([z’ OO)) =1, 0= r/ef;* <1, | r,f/:f;*| <L
(3.4)

For any « > 0, this allows us to write
Uref;ic (T) = Unef; (K T) 3.5)

and introduce the subset

1
Vie =1V et IVllz2 + 1 Villge + 0707V ] oo < 5% Iand
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[0V 00 < 1— 2«1, (3.6)
h
which is open in Z% on account of the continuity of the difference operator and the supremum
norm. We can now recall the affine subset [28, §3.4]
Qh;K = Uref;K(hZ) + Vh;l( C EZO (3~7)

that captures the admissable states of the waves that we are interested in and provides adequate
control on the necessary difference operators.
Indeed, for each U € . we have the crucial bound ”8+U ” oo = 1 — «, which
h

ensures that our grid points are well-defined. In addition, the norms H atuU H 20 U 22

h h
and ||g(U)|| (2 are all bounded uniformly in & > 0. Finally, it is possible to pick €y > 0 and
« > 0in such a way that forany 0 < & < 1 and any v € H' that has

ol g + 212 0% 0] 0 < 2€0. (3.8)
we have the inclusion
[Ws + 0] + hZ) € Qi (3.9)

for all ¥ € [0, h]. These statements all follow from [28, Prop. 3.1-3.3]. Note that none of
these estimates involve third-differences, which will always be tracked separately throughout
the paper. Indeed, in Sect. 6 we explain how their special structure plays a crucial role in the
proof of our main result.

3.1 Linear Operators

In [29] we analyzed several important linear operators that will turn out to be closely related
to our travelling wave system (1.20). To set the stage, we recall the sequences

yuo =+v1—(°0)2, aPU =at9"U, (3.10)

which are well defined for any U € ... Following [29, §5], we introduce the linear
operators My : E% — E% that act as

My[V] = —coyy 3%V + 4y 20U 0P U1V + v, 202V +y2g' (U)V, (3.11)
together with their twisted counterparts Ly : E% — Eﬁ defined by
Ly[V] = ¢,V + My[V1+ U Y, v 0@ UIMy V], (3.12)

always taking U € Qp..
A special role is reserved for the discrete derivative 9 My, which we approximate by the
linear operator

Mo V1 = ¥5 (My.[V1+ My 111V + My 1111V 1)
2y, 2 %U P UMy (V. (3.13)
Based on the computations in [29, Prop. 5.5], this decomposition uses the expressions
My, [V] = 4[6y;® — 5y, 0P U1V
+8y,%9°U19P U@V
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+8"(WIUTV + ' (W)d°V,
My.111lV] = =3cay; 0°U P U1V — ey 0PV (3.14)

that feature at most second differences of V, together with
My.111[V] = 4y, %0°U1970P U1V + y*a TPy (3.15)

which contains third differences that needs to be treated carefully. Several crucial bounds for
these operators are collected in Proposition C.1.
We are now ready to recall the linear operator £, : H' — L? that acts as

Lpv = —cyv' + Ly, v, (3.16)
where we are slightly abusing notation. Indeed, recalling the discrete evaluation operator

levy fljn = f(O + jh) (G.17)

that ‘samples’ a function f on the grid ¢ + hZ, the identity £,v = f should be interpreted
as the statement that

evy[cxt + f] = Levyw,levyv] (3.18)

holds for each ¥ € [0, h]. We remark that the right-hand side above is continuous in Z% asa
function of ¢ as a consequence of (A.6) and the continuity of the translation operator on H'.

The key purpose of [29] was to construct a quasi-inverse for the operator £ . Indeed, [29,
Thm. 2.3] establishes the existence of two linear maps

B L* - R, Vi L? — HY, (3.19)
defined for small 4 > 0, so that for each f € L? the pair
B.v)=(Bif.Vif) eRx H! (3.20)
is the unique solution to the problem
Lyv=f+ BV, (3.21)

up to a normalization condition that can be used to fix the phase of our constructed wave.
The crucial point is that we obtain A-uniform bounds

B+ Vi f L + 105705 Vif o = KN F Iz
[0 Vil + Now 0y Vi f o = KDUAN + 0y 2] 322

which will provide the required control on the second and third differences of our travelling
wave.

We remark that these difference operators cannot be replaced by the corresponding deriva-
tives, which forces us to develop a rather delicate fixed point argument in Sect. 6. In addition,
we note that the spectral convergence framework used to obtain (3.22) relies strongly on the
inner product structure of L2, which explains why we do not have L>-based estimates (yet).
This is the reason that we go to great lengths throughout the paper to work with éﬁ-bounds as
much as possible. Indeed, the results in Sect. A show that these mix well with L>-functions,
unlike supremum bounds.
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3.2 Error Functions

The errors that need to be controlled during our reduction steps arise from various sources
that we briefly discuss here. As preparation, we recall the translation operators

[T*aljn = ag+vn, [T aljn = ag—n (3.23)

and the sums and products
1
S*ta = S+ T*a), Pta =aT*a. (3.24)
These allow us to recall the function
Em(U) = ha*[yl;“(z - yg,)sﬂa@)U]] (3.25)

from [28, Eq. (7.28)], which measures the smoothness of U in some sense. Indeed, it
becomes small whenever third differences of U can be controlled, which is the case when
taking U = W,.

In a similar vein, we introduce the error functions

Enu (V) =h|Vlp22,
Emu (V) =h|Vlaz+h[ ERCACANY PR KACACARY PP IVilz2, (3.26)

which can be used to ‘shift” function evaluations back and forth between neighbouring lattice
sites. We note in general that overlined symbols will be used for expressions related to
G™T, which naturally involve higher order differences than those related to G. Indeed, the
nonlinearities in our problem will be controlled by the product

gProd(W(l), W(Z)) = HW(I)H 2.2 W(Z) 2:2
G I
WO [ + [0 [ 329
& U U &
together with
B0 = 00 [0 920 o]
h o £ £ s
+ H W(l) 2;2 W(Z) 2;2
&y &
w® w® HW(I) w®
+ H I 62 + 6o o’
1 2 1 2
PO
h h h h

Observe here that the supremum norms are always at least one order smaller than the highest
£2-based norms. In addition, there are no squares of third-differences or products involv-
ing only supremum bounds. These facts will turn out to be crucial when passing between
sequences and functions in order to apply the estimates (3.22) in Sect. 6.

Our final error functions are given by

Ew(U) = v *0@U + g(U) — ey '8°U, (3.29)
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together with its approximate first difference
g{\:;apx(U) — 4)/(7680Us+[8(2)U]T"F[B(Z)U] + VJ48+3(2)U
+8'(U)3°U — oy ST U (3.30)

The relation between these two functions is explored in Proposition C.2. We view both
expressions as a measure for the difference between U and the stretched travelling wave W,.
Indeed, upon introducing the notation

ya(1) = /1 = W (1), (3.31)

we recall from [29, Eq. (3.4)] that W, satisfies the ODE
vy WL =yt 4 g (W), (3.32)
which resembles the continuum limit of (3.29). This can be differentiated to yield
v W =yt 4 Ay OB (W) g (W) WL (333)

the natural limit of (3.30).
Together with the smoothness term &y, the functions (3.29) and (3.30) can be used to
define our final remainder terms

Eemu (V) = IVl g2 [ 1€ @)l + 1€ @llge + IEm @2 |-

Eremu (V) = IVl 22 [||&W(U>||[,zl + 1 Em W)l + ||€sm<U)||lg]
+ VIl |97 Ew @] o - (3.34)

These are small when taking U = W, and describe the additional error contributions gener-
ated in this paper that cannot be absorbed by the terms in [28].

3.3 Initial Approximants for G and G+

The expression (2.12) for G(U) is too convoluted for practical use, featuring third differences
and double sums. It hence needs to be simplified, at the cost of introducing error terms. An
initial step in this direction was performed in [28, Eq. (6.10)], where we decomposed G(U)
into a number of products featuring nonlinearities from the set

Snl:short = (Y1, Vo, DO, D= Xy, X, X, Xp), (3.35)

which were all defined in [28, §6] and contain at most second differences. A similar decom-
position was obtained for GT(U) = dTG(U) in [28, Eq. (6.16)], but now with nonlinearities
from the set

gnl;short = Snl;short ) {yrv y;z,}v (3-36)

together with an explicit third-difference term. In addition, for each of the nonlinearities f €
gnl;shm we (implicitly) defined an approximation f,px(U) and an approximate linearization
Siin;u[V1in [28, §8]. B

In fact, the full definitions of the nonlinearities f € Spl.shore turn out to be irrelevant for
our purposes here, so there is no need to repeat them from [28, §6]. However, we do need
to manipulate their approximations, which we therefore evaluate in full here by substituting
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the relevant expressions from [28, §7] into the definitions [28, Eq. (8.1)-(8.4)]. This yields
the approximants

Xpzapx (U) = 3°U, Viapx (U) = 3°U,

X (U) = STy v, Vauapx (U) = v 40P U + g(U),

Xewapx(U) = Sty g — vd),s Vi) = vy ' STPUIT  yy,

Xpapx(U) = ST [yyd°U1°U, P apn V) = [Ed @) = v 0702 U |
+ewyy ST U, (3.37)

together with the approximate linearizations

Xatinw V1= 0"V +0°U[ Y &m)d°V],
—:h
Xgamu V] = STy 20000V + 75" [ 3 &m@0V] |
_;h

+5 g =4y UV,
XeamulV] = [y 008V + ;' Y Em @)V |07 = v)
—:h

+5 [y 2 — 4y218°U 8%y,
Xpinv (V1= STy, ' @vg — Da°V18°U + STy d®u1a®v

+S ULV Y Em)0OV, (3.38)
7;]1

respectively
itinuV1 ="V = °U[ Y~ &m@)a°V],
—h
Vostinsu V] = v " MylV1 + ey 200V,
Vo[V = [y 20U 9P U100V + y; ' sTO@ VT g
—y(jlS+[a<2>U]T+[yglaOUa°V +yu Zé’sm(U)aOv],
7;h

Vo [V1 = 46y, ® = 5y 18T 0P U1 0P U1V
+4y568°U[T+[a<2>U]S+[a<2>V] + s+[a<2>U]T+[a<2>V]]
+g"(H[°UV + ¢ (U)d°V. (3.39)

The corresponding expressions for the two remaining second-difference operators can be
copied from [28, Eq. (7.22)] and read

DT(WU) = v ST U], DYOTIV] =3y, 0°Usta® U1V
+yy STV,
Do (U) = y;°9%U, Dy V1 =3y, 20U 18?019V
+y, 8%V, (3.40)
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The expressions above were used in [28, §8.1] to define an initial approximant
gapx;I(U) = gA;apx;I(U) + gB;apx;I(U) + gC;apx;I(U) + gD;apx;I(U) (3-41)
for G(U), featuring the four components
Gnapsit (V) = [1 = Viape DT [Xniape )] |V2iae (U,

gB;apx;I(U) = yl;apx(U) Z y2;apx(U)T_I:XB;apx(U)]D:])_)(;+(U)7
—:h

g#;apx;] (U) = yl;apx(U) Z yZ;apx(U)T_ I:X#;apx(U)DgS)i+(U)]» (3-42)
—h

for # € {C, D}. In addition, we introduced the approximate linearization
Giin;u;11V1 = Gastin;v: 1LV1 + Gitinyu; 11V + Gestinu; 11V + Gpiinu; 1 [V (3.43)
by writing
Gastinu:11V] = =V1tin: v [VIT [ Xasaps (U) | Vasapx (U)
~Viapx (DT ™ [Xastin;u [V1]V2apx (U)
1= Vs O T [Xapn O] [P2imu V] (B4

and applying the analogous product-rule procedure to obtain Gy. jin,y: 1 [V ] for# € {B, C, D};
see [28, Eq. (8.6)-(8.7)] and Sects. E.1-E.3. Treating G in a similar spirit, we defined initial
approximants

+ _ ot + +
gapx;I(U) - gA’a;apx;l(U) + gA’b;apx;I(U) + gA’c;apx;l(U)
G5 a1 U) + G (U) + Gl (U,
+ _ ot + +
glin;U;I[v] - gA’a;lin;U;I[v] + gA’b;]in;U;l[v] + gA’c:lin;U;I[v]
+g;’;lin;U;I[V] + gg’;lin;U;I[V] + gg’;lin;U;I[V]’ (3'45)
in which we have introduced the expressions
gX’a;an;I(U) = J/[;23+3(2)U,
g:’b;apx;I(U) = [1 - yl;apx(U)XA;apx(U)]y;b;apx(U)v
g:\r’c;apx;l(U) = _yltapx(U)XA;apx(U)TJr[yZ;apX (U)]; (346)

together with

et ) = Vi DT D Vaapu DT [ Xpiapn () | D37 1,
—:h

g;’;apx;l (U) = y{’;apx(U)T-i_ Z yZ;apx(U)T_ I:X#;apx(U),D;}g;(-i_(U)]’ (3-47)

—h
for # € {C, D}. With the sole exception of
Ghatimu: 1 V1= vi My 11V = 25 *0°U10 9P U1V, (3.48)

all the approximate linearizations in (3.45) can be found by applying the product-rule proce-
dure underpinning (3.44) to the expressions (3.46)—(3.47); see [28, §8.2] and Sects. F.1-F.3.
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One of our main aims in [28] was to develop a framework to control the errors that arise
by these types of approximations. In particular, we needed to track the propagation of errors
on the individual factors of (2.12) through the full sums and exponents. The bounds in [28,
Lems. 8.1-8.3] provide a constant K = K (k) > 0 so that these errors satisfy

”g(U) - gapx;I(U) ” < Kh,

Hg+(U) ~ Gt ()| , = Kh[1+ 07007 U | ] (3.49)

G,
forall U € Q.. In addition, the nonlinear residuals

Gnu; 1 (V) =GWU + V) = GU) — Gnu;1[V1],

Ghva (V) =67 WU +V) =G W) = Gjf .. V] (3.50)
can be estimated as

[Gav: 1D 2 < KEproa(V, V) + Ky (V).

forany U € Q. andany V € Eﬁ for which U 4+ V € Q..

These initial approximants for G and G1 are already much easier to work with than
(2.12) and enabled us to establish the well-posedness of our reduced system (2.13) in [28].
However, they are still unwieldy on account of the shifts and the sums. In addition, several
simplifications can be made that only become apparent when looking at the full combinations
(3.41), (3.43) and (3.45). This will be the main focus of Sects. 4-5.

G W), = Koo (V. V) + KEaw (V) (3.51)
h

Convention Throughout the remainder of this paper, we use the convention that primed
constants (such as C}, Cj etc) that appear in proofs are positive and depend only on « and
the nonlinearity g, unless explicitly stated otherwise.

4 Component Estimates

The first important task in this paper is to build a bridge between the linear theory described
in Sect. 3.1 and the approximation framework outlined in Sect. 3.3. This requires us to refine
the approximants introduced in the latter section. We carry out the first step of this procedure
here, focusing our attention on the nonlinearities introduced in (3.35)—(3.36).

In particular, for any f € Syj:short We introduce the further decompositions

fapx(U) = fapx;expl(U) + fapx;sh(U) + fapx;rem(U):
flin;U[V] = flin;U;expl[V] + flin;U;sh[V] + flin;U;rem[V]~ (4-1)

The expressions with the label ‘expl’ are the actual explicit simplifications that will play a
key role in our further computations. The label ‘sh’ is used for terms which are always small,
which we will be able to absorb into the error terms &, and Eg, defined in (3.26). Finally,
the label ‘rem’ is used for remainder terms that are small when using U = W,.

The explicit decompositions (4.1) are provided in Sect. D. Our main contribution here is
to summarize the errors that arise in a structured fashion that resembles the main spirit of the
framework developed in [28, §7]. This will allow us to replace all the occurrences of fypx
and fiin;y in Sect. 3.3 by their refinements fapx;expt and fiin; U expl leading to a second round
of approximations Gapx; 1, QZ;X;”, Glin:v; 11 and Q;;:U;”.
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In order to achieve this, we define a preferred exponent set

Qf;pref C {2, 00} 4.2)
for each f € Syl:short, together with its counterpart
Ef;pref C {2, oo} 4.3)

foreach f € gn];shon. This is done in such a way that we can write

N
gapx;l(U) = Z”i[fapx;i;l(U)a e fapx;i;ki(U)]s

i=1

N
Gt 1) = Gkt ) = D T Fapeist )+ Fapir, )]s 4.4

i=1

for a set of bounded multi-linear maps

. pdist dik; 2 — . i qisk; 2
i XX, = e, Tl o xox T = g, 4.5)
each defined for 1 <i < N, where we have the inclusions
fi;j € Snl;shorb qi;j € Qﬁ;_/-;prefs fi;j € Sn];shorta ﬁi;j € Q?[;j;pref’ (46)

forall 1 < j < k;. Stated more informally, the Z% norm of Gapx;7(U) can be bounded in
terms of products of Kg -norms of nonlinearities f € Spj;short, Where each ¢ is taken from the
preferred set of exponents. This is the direct analogue of [28, Cor. 6.4].

A short inspection of the products (3.42), (3.46) and (3.47) readily shows that there is
some freedom as to which factors should be measured in Z%. In fact, it is possible to put
an Eﬁ norm on any chosen factor, at the price of possibly having to flip the exponent of a
companion factor that has 2 € Q ¢ prer from two to infinity.

This freedom is essential to obtain sharp estimates and hence requires us to deviate from
the preferred exponents from time to time. The main focus of [28, §5,§7-8] was to develop
a bookkeeping framework to keep track of this procedure. We build on this investment here
and follow the spirit of [28, §5.2] to define further exponent sets

Qf C {2, o0}, Qf;lin C {2, o0}, Qf;]in;rem C {2, o0} 4.7)

foreach f € Sp:short Ugnl; short- The first of these contains all values of g for which f,,x maps

into 62. On the other hand, the set Q ,j;, contains all g for which we need to evaluate the

ZZ -norm of fjin;7;expt @and fiin;v/;sh> While Q :1in:rem contains these exponents for fiin; v/;rem-
In order to illustrate these points, let us consider the example

Tex::0lV] = Y _p V2apx (U) Xpstin:u [V 1D T (U, 4.8)

which appears (after dropping a shift for notational clarity) as a factor in the component
Gp:lin:v;1 that needs to be evaluated in the supremum norm; see (E.17). Our goal is to
simplify this expression by writing

Iex;II;U[V] = Z—;h yZ;apx;expl(U)XB:lin;U;expl[V]D:ﬁ;Jr(U)v (49)

noting that Dgp‘; *isnot simplified further; see Sect. D. Exploiting the fact that 35, 3px:sn = 0,
a short computation readily yields the decomposition

Zex;I;U[V] = Iex;II;U[V] + z-ex;rem;a + Iex;sh;a + z-ex;rem:b’ (4-10)
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where we have introduced the terms

Iex;rem;a = Z yZ;apx(U)XB;lin;rem;U [V]D§5;+(U),

—:h
Iex;sh;a = ZyZ;apx(U)XB;lin;U;sh[V]Dgp_x;-i_(U)»
—:h
Iex;rem;b = ZyZ;apx;rem(U)XB;lin;U;expl[V]ID:[;x;+(U)~ (4-11)
—:h

We note here that the preferred exponent sets are defined in (D.12), (D.19) and (D.30) and
given by

Quyipref = {2}, Quagipret = {00}, Qoo ey = {2} (4.12)

Recalling the remainder function introduced in (3.34), we may readily use these preferred
exponents to compute

<O

ex;rem;a || poo =< 2;apx 2 B;lin;rem; U o apx; 5 =< rem; U .
(2 e < [V2apn @] 2 | W | P8, < KEemu ()
h
(4.13)

Here we use property (4.33) below with g = oo (see (D.36)) together with the a-priori bounds
(4.21). For the second term we can use the same properties, but now with g = 2 (see (D.36)).
In particular, we obtain

Do ()| , < KEniv (V).

”Iex;rem;ungzo =< ||y2;apx(U) ”[Zo ”XB;lin;sh;U[V]”[i

2
Zh

4.14)

Note that this required us to swap the first two exponents, which is made possible by the
demand oo € Q for each f € Spyi;short; see Proposition 4.1.
This swap is also required for the final term, which can be controlled by

Dapx + (U)

”Iex;rem;buzgo = HyZ;apx;rem(U) HZ?,O ”XB;]in;U;exp][V] ”@ﬁ =< Kgrem;U(V)~

&

(4.15)
Indeed, simply using £;° on the middle factor would lead to a contribution proportional to
v (25 see the third line of (D.32). Such a term would lead to problems in Sect. 6 and hence
is not contained in Eem;y. This scenario is covered in our structural results below by using
options (b) from both Proposition 4.2 and 4.3. We feel that this relatively small example

already clearly illustrates the benefits of utilizing an abstract bookkeeping scheme instead of
direct estimates.

4.1 Summary of Estimates

In order to state our results, we introduce the expressions

Seh;fan(U) = h, Sshi2:fix (U) = 0,
San(U) = h[1+ 070707 U o + 070707V o ] Sehzix(U) =0,

(4.16)
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together with
Srem;full(U) = ”gtW(U)”[ﬁ + ”gtW(U)”lgo s Srem;2;ﬁx(U) =0, (4 17)
Srem;full(U) = rcm;full(U) + ||a+[SIW(U)]||Kﬁ ’ Srcm;Z;ﬁx(U) =0 '
and finally
Saife:rat UV, U@) = UD UV o2 + |[UP = UD | it
h h (4.18)

Saitr;2ix (UD, UD) = U@ -y ”Klz;z .

These expressions are all related to the size of the fapx functions and play a very similar role
as the quantities Sgy and S».5x that were defined in [28, §7]. In particular, the ‘full’ terms
correspond to all the exponents that we need to use, while the ‘fix’ expressions reflect the
contributions that are only allowed to be evaluated in 02 see (4.26).

In addition, we recall the quantities

Tsafe(v) = ”V”ZQ:Z ) Tsafe(v) = Tsafe(v)a

h
T W) = [V ] . Tocson(V) = Tooon¥) - 050+ | 4
that are associated to the approximate linearizations fjin. Here Too;0pt TEpresents the contri-
butions where the use of the supremum norm is optional, in the sense that they could also be
measured in (%l. The remaining contributions are all reflected in 7g,r.. We emphasize that the
main point of our bookkeeping scheme is to ensure that products of the form Sg. fui Too; opt
are never needed, where # € {sh, rem, diff}.

Our main results summarize the structure that the decompositions described in Sect. D
will adhere to. Propositions 4.1 and 4.2 state that the approximants fa,x;# are all uniformly
bounded and that the full linear approximants fiji,,;y share the structure and estimates of
the nonlinearities in the sets Sy U Sy analyzed in [28]. These can be interpreted as the
counterparts of [28, Cor. 7.6 and 7.8]. On the other hand, Propositions 4.3-4.4 should be
seen as the equivalents of [28, Cor. 7.7], while Propositions 4.5-4.6 are the equivalents of
[28, Cor. 7.9].

Proposition 4.1 (see Sect. D) For every f € Spi;short We have oo € Q ¢ together with

Qripref € Qf N Orilin N O filinyrem- (4.20)
In addition, there exists K > 0 so that for each q € Q y, the bound
”fapx;expl(U)”Zz + ” fapx;sh(U)HZ;I + ”fapx;rem(U)”ZZ <K 4.21)

holds for all h > 0 and U € Q. The same properties hold upon replacing
('Snl;shortv Qf;pref) by (Snl;short, Qf;pref)-

Proposition 4.2 (see Sect. D) Assume that (Hg) is satisfied and fix 0 < k < % For any
f € Suiyshort, any # € {expl, sh, rem} and any q € Q f.pret, at least one of the following two
properties hold true.

(a) There exists K > 0 so that
H flin;U;#[V]”ZZ < KTqfe(V) (4.22)

holds for everyh > 0, U € Q. and V € E%.
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(b) We have g = oo and there exists K > 0 so that the bounds

” flin;U;#[V] ”g% < KT (V),

| inoatV1] e < Koo (V) 429

hold for everyh > 0, U € Q. and V € K%.

The same properties hold upon making the replacement
(Snl;shorty Qf;prefa Tsafe., Too;opl) = (gnl;short» af;pref’ Tsafea Too;opl)- (4-24)

Proposition 4.3 (see Sect. D) Assume that (Hg) is satisfied and fix 0 < k < % Then there
exists K > 0 so that for every f € Suishor, ¢ € Q f;pref and # € {sh, rem}, we have

| fapx: (@) ]9 < K Siran (U) (4.25)

foranyh > 0and U € Qp..
In addition, if 2 € Q f,pret then for every # € {sh, rem} at least one of the following two
properties hold true.

(a) There exists K > 0 so that
|| Sapx;#(U) ||ZI2’ < KSy2:6x(U) (4.26)

holds for every h > 0 and U € Q..
(b) There exists K > 0 so that

| fapxit ()] oo = K St (U) 4.27)
holds for every h > 0 and U € Q..
The same properties hold upon making the replacement

(Snl:shorh Qf;prcf, S#;full’ S#;Z;ﬁx) = (gnl;shorh Qf;pref, E#;ful]v E#;2;ﬁx)~ (428)

Proposition 4.4 (see Sect. D) Assume that (Hg) is satisfied and fix 0 < k < % Then there
exists K > 0 so that for every f € Sni:short, ¢ € O r;pret and # € {expl, sh, rem}, we have

| faprea(U®) — fapx;#(U(l))”gz < K Saitr:at (U, UP) (4.29)

forany h > 0 and any pair UV, UP) € Q%AK.
In addition, if 2 € Q f,pret, then for every # € {expl, sh, rem} at least one of the following
two properties hold true.

(a) There exists K > 0 so that

||fapx;#(U(2)) - fapx;#(U(l))”g% =< KSdiff;2;ﬁx(U(l)v U(z)) (4.30)

holds for every h > 0 and any pair UV, U®) e Q%_K.
(b) There exists K > 0 so that

H fapx;#(U(z)) - fapx;#(U(l))”gzo = KSdiff;full(U(l): U(z)) (4.31)

holds for every h > 0 and any pair UV, U®) e Qi_K.
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Proposition 4.5 (see Sect. D) Assume that (Hg) is satisfied and fix 0 < k < ]1—2 Consider
any f € Sni;short and any # € {sh, rem}. Then if 2 € Q f.pref, there exists a constant K > 0
so that

| finv# 2 < Kéro (V) (4.32)

holds forallh > 0, U € Q. and V € Kﬁ SJor whichU +V € Q..
Otherwise, there exists q € {2, oo} together with a constant K > 0 so that

| fimv:# (V) g < KEnv (V) (4.33)

holds forallh > 0, U € Qp., and V € 6% for which U +V € Qy.. The same properties
hold upon making the replacement

(Snl;shortv Qf;pref» S#) = (gnl;shorts af;pref, ?#) (4-34)

Proposition 4.6 (see Sect. D)
Assume that (Hg) is satisfied and fix 0 < k < ﬁ Consider any f € Spl.short and any
# € {expl, sh, rem}. Then if2 € Q f,pref, there exists a constant K > 0 so that

| finv@:(V) = finuoaW ]2 < KEpoa(U?P — UM, V) (4.35)
holds for all h > 0, any pair (UD, U®) ¢ Q%,K and any 'V € E%.
Otherwise, there exists g € {2, oo} together with a constant K > 0 so that

| finv@ V) = finww s g < KEproaa U = U, V) (4.36)

holds for all h > 0, any pair (U, U®) ¢ Qﬁm and any 'V € Eﬁ.

4.2 Refined Approximants for G and G+

We now introduce the expressions
{g#;apx;II(U)» g#;lin;U;II (U), g;;;apx;ll(U)’ g;;;lin;U;II(U)} (4.37)

for # € {A, B, C, D} respectively # € {A’b, A'c, B, C', D'} by inspecting the definitions
of their predecessors labelled by 7 in Sect. 3.3 (see (3.42), (3.43) and (3.46)) and making the
replacements

fapx(U) = fapx;expl(U)v flin;U[V] = flin;U;expl[V] (4.38)

for each f € Sul:short U Snt:short- The full explicit forms can be found in Sects. E-F, but
are not important for our purposes here. We leave the expressions for A’a intact and simply
write

g;\L’a;apx;u(U) = g;\L’a;apx;l(U)v g:\r’a;lin;U;H[V] = g;a;apx;U;Il[V]‘ (4.39)
Our interest here is in the refined approximants
Gapx; 11(U) = Gaapx; 11 (U) + Gprapx; 11(U)
+Gc;apx; 11 (U) + Gpiapx; 11 (U)
a1 1) = Gaiapns 110D + Gt 11 (U)
+G ccapre 11 (V)
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G 11 )+ Gt (V)
G 11 (U) (4.40)
and the corresponding linearizations
Giin;u;11LV] = Gastinu;11IV] + Gpstinsus 11 V]
+Gcitin;v;111V]+ Gpitinu; 111 V]
Ginzv:11V1 = Gavstimvs 11V + G111V )
+0 3 ctinu V]
+tinvsr 1V + Gntinuirs V1 + G V1 44D

In particular, the results below describe the residuals that arise when replacing the initial
approximants defined in (3.41), (3.43) and (3.45) by these refined versions. Since our book-
keeping framework has the same overall structure as in [28], we can reuse the analysis
developed there in a streamlined fashion.

Lemma 4.7 Assume that (Hg) is satisfied and fix 0 < k < % There exists a constant K > 0
together with sequences

gapx;sh;a(U) € Zﬁa gapx;rem;a(U) e, dpx sh; a(U) €, g;;)x rem; JU) € e,
(4.42)
defined for every h > 0 and U € Q. so that the following properties hold true.

(i) Foreveryh > 0and U € Q. we have the identities

gapx 1(U) = gapx 11(U) + gapx sh; a(U) + gapx rem;a(U)v
apx I(U) apx II(U) + gapx sh; a(U) + g;;ax ;rem; a(U)' (4.43)

(ii) Foreveryh > 0and U € Q. we have the bounds

Hgapx;sh;a(U) Hl% = KSsh;full(U),

| Gapriremia @) 2 < K Stemitun (V) (4.44)
together with

‘ apx;shia S K Ssh:funl (U),

‘g;;_)x rema (V)] o = K Srem:fun(U). (4.45)

h

Proof Restricting ourselves to G, we consider a single term of the sum (4.4). Dropping the
index i, we introduce the corresponding expression

I (U) = N[fl;apx(U)a cee fk;apx(U)] - n[fl;apx;expl(U)a cees fk;apx;expl(U)]~ (4.46)

Recalling the general identity

(a1 + b1)(az2 + b2) (a3 + b3) — ajazaz = by(az + b2) (a3 + b3) + arby(az + b3) + a1axb3
(4.47)
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and its extensions, we write

ZT[;#(U) = ”[fl;apx;#(U)v f2;apx(U)v ceey fk;apx(U)]
+m [fl;apx;expl(U)’ f2;apx;#(U)a cees fk:apx(U)]
+.oo+ JT|:fl;apx;exp](U)» f2;apx;exp](U)’ L) fk;apx;#(U)] (4~48)

for # € {sh, rem} and observe that
Iz (U) = Ix;sh (U) + Lr;rem (U). (4.49)
We now use (4.21) together with Proposition 4.3 to derive the bound
|Zxs ()] 2 = C1 St (). (4.50)

The desired estimates now follow from the fact that Gapx; 1 (U) — Gapx;17(U) can be written
as a sum of expressions of the form (4.46). O

Lemma 4.8 Assume that (Hg) is satisfied and fix 0 < k < ﬁ There exists a constant K > 0
together with linear maps

Glin;Ussh:a € L7, €3), Gt vishea € L3 £3) 4.51)
and their counterparts
Giin:Usrem:a € L7, £3), G vremea € L0, €63), (4.52)
defined for allh > 0 and U € Q.. so that the following properties hold true.

(i) Foreveryh > 0,U € Qp.c and 'V € K% we have the identities

glin;U;I[V] = glin;U;II[V] + glin;U;sh;a[V] + glin;U;rem;a[v]v
glltl;U;I[V] = gli+n;U;11[V] + gl-itl;U;sh;a[V] + glitl;U;rem;a[V]' (4'53)

(ii) Foreveryh >0,U € Qp.cand V € K%l we have the bounds

| Gtin; v:sh:a[V] ”fﬁ < K&nu V),

”glin;U;rem;a[V] ”@ﬁ < K&emu(V), (4.54)
together with
Hgl—il;l;U;Sh;a[V] 2 = KESh;U(V),
h
Hglitl;U;rem;a[V] 2 = KZTCm;U(V)- (455)
h

(iii) For every h > 0, any pair UV, U®) Qi_K and any V € E%L, we have the bound
”glin:U(Z):rem;a[V] - glin:U“);rem:a[V]HE% = KEPYOd(U(Z) -u®, V). (4.56)

Proof Restricting ourselves to G, we again consider a single term of the sum (4.4). Dropping
the index i, we introduce the two corresponding expressions

Iﬂ;a;U[v] = n[fl;lin;U[V]v f2;apx(U)» ey fk:apx(U)]
_”[fl;lin;U[V]s f2;apx;expl(U)a B fk;apx;expl(U)],
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I}T;b:U[v] = ”[.fl;lin;U[V]v f2;apx;expl(U)v cees fk;apx;expl(U)]
_ﬂ[flglin;U;expl[V]v f2;apx;expl(U)» ey fk;apx;expl(U)]~ (4-57)

Writing
TraulV] = 7 framu V] Frapat U)o friapn(U)]
o [ frino V] Brapep @) - friapt @)
TepvlV] = [ fraimu# V], frapxexpl(U)s - -« fisapxsexpl (U)] (4.58)
for # € {sh, rem}, we see that

Irr;a;U[V] = Irr;u;U;sh[V] + Irr;a;U;rem[V],
In;b;U[V] = IJT;}?;U;S]’I[V] + Iyr;b;U;rem[V]- (4-59)

Following the same reasoning used to obtain [28, Eq. (8.15)], we may use Propositions 4.2
and 4.3 to derive the bound

|Zacu#V1 2 = Cff Tate (V) St (U) + Toxop (V) Stz (U) ]
< Ch&u (V). (4.60)

Indeed, contributions of type Teo;opt(V)S#:fu1(U) can be avoided by deviating from the
preferred exponents judiciously.

In addition, following the arguments used to derive [28, Eq. (8.12)], we may use Propo-
sition 4.5 to obtain the bound

|Zr:v:4lV1] 2 < Ciru (V). @.61)
Writing
Api = ”I:fl;lin:U(z);rem[V] = Jitin:uO;rem V] f2;apx;expl(U(2))7 cees fk:apx;expl(U(Z)):Ia

Ab;ii = ﬂl:fl;lin;U(U;rem[V]s f2;apx;exp1(U(2)) - fZ;apx;expl(U(l))7 ey fk;apx;expl(U(z))]

+...
7 frtmvmenl V1, frapcesst U friapmienU) = frsapmien@ )]
(4.62)
we easily see that
Apii + Dpiii = Loy @exemV] — oy pem [V ] (4.63)
Arguing as above, Proposition 4.6 yields
[2billp = Clémoa@® —UD, V), (4.64)

while Propositions 4.2 and 4.4 imply
” Ab;ii ”[%’ =< CéI:Tsafe(V)Sdiff;full(U(l)y U(z)) + TOO;Opt(V)Sdiff;z;ﬁX(U(l)5 U(z))]
< Ci&proaU® — UMD, V). (4.65)
Finally, we write

Ao =Ts. 000 0emV] = Za 000 em V] (4.66)
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We note that A, consists of sums of expressions that arise from Ap.; and A, ;; after replacing
S1:in:U®:rem DY Sf1:1in; v and each occurrence of f:apx;expl by an element of the set

{fj;apx’ fj;apx;cxpla fj:apx;rem}~ (4~67)

We can hence again use Propositions 4.2, 4.4 and 4.6 to conclude that || A, || ¢ can be bounded
by terms that have already appeared above. The desired bounds now follow from the fact that
Glin:v:1LV] — Glin:v:11[ V] can be written as a sum of expressions of the form 7., + Z.5,
together with their obvious permutations. O

5 Estimates for G and G*

In this section we exploit the component estimates from Sect. 4 to analyze the function G
defined in (2.12), together with its first difference G*. In particular, recalling the operator
Ly defined in (3.12), we introduce our final approximants

Gapx (U) = ¢,0°U, Gin;u[V1 = Ly[V1],
Gix () = 8 [Gan ()], G y[V] = 8 [Ginw [V]] 6D
and write
Gn;u(V) =GWU + V) = GU) — Giin;u (V) (5.2)
together with
GhoW) =% GumuWMI=G"U+V) - G"WU) - Gi., (V). (5.3)
Using the discrete calculus outlined in Sect. A, one may readily verify the identities
Gan (U) = cxST9P U],
G lV] = e STOP VI + 07 [My[V]] + ;20 U8 UMy [V]
+STPUITT Y "y 2P UMyLVI. (5.4)

—h

Our main result quantifies the zipproxiination errors in terms of the functions & 7, Erem: v
and Eyroq and their counterparts Esp: v, Erem;v and Eprog; v defined in (3.26), (3.27), (3.28)
and (3.34). For convenience, we also reference the quantities (4.16)—(4.17).

Proposition 5.1 Suppose that (Hg) is satisfied and fix 0 < k < ﬁ Then there exists K > 0
so that the following properties hold.
(i) Foreveryh > 0and U € Q. we have
[9W) = Gax )|z = K[l + 1@z + NEn@)lg ],
= KSsh;full + KSrem;full

lo ) —an )|, = Kn1+ [o¥a*at U]z + 0" 007U ]

&,
+K 1€ @)l + 1EwW)lige + |07 ()] 2]
= Kgsh:full + Kgrem;full' (55)
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(ii)) Foranyh >0, U € Qp.candV € Zfl for which U + 'V € Qy.,, we have the estimates

||gnl;U(V)”£2 = Kgprod(V, V) + Kgsh;U(V) + Kgrem;U(V)a
h

(ili) Consider any h > 0, U € Q.. and any pair (VD ,V?) ¢ Ei X E% for which the
inclusions U + VO ¢ Qpe and U + v@ e Qp.ic both hold. Then we have the Lipschitz
estimate

|

2 < K?prod;U(Vv V) + Kh?sh;U(V) + KErem;U(V)- (5-6)
h

Geo (V®) = Gaio V)|, = KEroa (VO VD VD) 4 KEroa(VD, V@ — v
h

+KEny (VP — VD) L KEemp(VE® —v Dy (5.7)

5.1 Refinement Strategy

We recall the refined approximants Gapx; 7 (U) and Gyin;y;77/[ V] that we defined in Sect. 4.2.
The main task in this section is to track the errors that accumulate as we reduce these
expressions even further to our relatively simple approximants (5.1). In contrast to the abstract
approach in Sect. 4, we achieve this in a direct fashion through several explicit computations.
Indeed, in Sects. E-F we obtain the following representations.

Proposition 5.2 (see Sects. E-F) Assume that (Hg) is satisfied and fix 0 < k < 1—12 There

exists a constant K > 0 together with sequences

gapx;sh;b(U) € £%7 gapx;rem;b(U) € Zz, apx sh; [,(U) € 32’ gaJ;X rem; b(U) € Z2,
(5.8)

defined for every h > 0 and U € Q. so that the following properties hold true.

(i) Foreveryh > 0and U € Q. we have the identities

gapx ) = gapx(U) + gapx sh; »(U) + gapx rem;b(U)»
apx II(U) gzl_)X(U) + gapx sh; b(U) + gapx rem; b(U)' (5.9)

(ii) Foreveryh > 0and U € Q. we have the bounds
Hgapx;sh;b(U) ”E% = KSsh;full(U)
”gapx;rem;b(U)Hz% = KSrem;full(U)» (5.10)

together with

g+

2= K Sshfut (U),
h

= Kgrem;fu]l(U)- (5.11)

Proposition 5.3 (see Sects. E-F) Assume that (Hg) is satisfied and fix 0 < k < i There
exists a constant K > 0 together with linear maps

glin;U;sh;b € ﬁ((%, Z%,)» gﬂ;l;U;sh;b S E(ﬁ%, zi) (5.12)
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and their counterparts

Glin: Usrem:p € L(0F, €3, it vrem € LR €3), (5.13)
defined for allh > 0 and U € Q. so that the following properties hold true.
(i) Foreveryh > 0,U € Qp.c and 'V € K% we have the identities

Glin;u:111V] = Giin;u [V]+ Glinyv:sh;6[V1 + Giin; Usrem: s [ V],
g]-i‘:l;U:[I[V] = gl-ii;l;U[V] + gl-ii;l;U;sh;b[V] + gﬂ;l;U;rem;b[V]' (5'14)

(ii) Foreveryh > 0,U € Qp.c and V € K% we have the bounds

Hglin;u;sh;h[V]M < K&nu(V),

Hglin;U;rem:b[V]H[% < K&em:v(V), (5.15)
together with
Hgl-i:;U;sh;b[v] 2 = Kgsh;U(V),
h
”gliJrn;U;rem;b[V] 2 = KErem;U(V)~ (516)
h

(iii) For every h > 0, any pair WD, Uy e Q%_K and any 'V € K%, we have the bound
|Giinv@remsol V1 = Giinwiremp V1] 2 < KEproa@® = UD, V). (5.17)

Recalling the initial nonlinear residuals (3.50) together with the expressions (4.42), (4.51)
and (4.52), we have hence obtained the decompositions
Gnt;u (V) = Gn.u;1(V) + Glin;Usrem;a[V] + Giin; Usrem; s [V ] + Glin;v:shia[ V]
+Glin;U:sh;p[ V],
o0 V) = Gatwr V) + G vremial V1 F Ginremsn V1 + Giinsshial V]
+Ginuinnl V1 (5.18)
We now turn towards the Lipschitz bounds for Gy;.

L

13- There exists a constant

Corollary 5.4 Assume that (Hg) is satisfied and pick 0 < k <
K > 0 so that the estimate

||glin;u<2>[v] = Gy [V] ”zﬁ < K&uoa(U® —UD, V) (5.19)
holds forallh > 0, all V € Z%l and all pairs (UMD, UP) € Q%W.
Proof This is a direct restatement of [29, Cor. 5.3]. ]

Lemma 5.5 Assume that (Hg) is satisfied and pick 0 < k < 11—2 There exists a constant

K > 0 so that the estimate

gnl;U(V(z)) - gnl;U(V(l)) 2 < Kgprod(v(z) - V(l), V(z) - V(l))
h
+Kh HV<2> - v® 2
h
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+K Eemu (VP = VD)

+K Eproa (VD , V@ —vD) (5.20)
holds forallh > 0, allU € Q. and all pairs (v v@)y e E% Xﬁﬁforwhich the inclusions
U+v®De Qpe and U + v@ e Q. both hold.

Proof By definition, we have
Onu(V) =GWU + V) = GWU) — Giin,ulV1] (5.21)
In particular, we get
Got.v (V) = Guy (VD) = GWU + V) = Gy [V P+ Giinu [V = G0 + VD)
=gU+VY + P —v)) —gw +vh)
~Glin;u[VP = VD]
= Qlin;UH/(l)[V(z) —vih4 in;UJrv(l)(V(z) — vy
~Ginu[V® — V]
= Guyrvo (VO —v)
[ Giin: v — Ginw |[VP = VD], (5.22)
For convenience, we write
Glin; Uzrem[ V] = Giin;Urem;a V] + Glin; Urem;s [V ],
Glin;u;sh[V1 = Giin;v:sh;a V1 + Giin;v:sh;p[V]- (5.23)
In view of (5.18), we find
Gt (V) = Guu (VD) = Gy, (VP = viD)
+Gin04v e (VS = V) + Gy (VP = VD)
+[Giin:v v — glin;U][V(z) — v
= Guyay (VS = vy
FGiinvirem (VA = V) 4 Gy g (VP — v D)

+[glin;U+V<“;rern - glin;U;rem](V(z) - V(l))

+[Gin:v v — Grinu JIVE — vV (5.24)
The desired bound now follows from (3.51), Lemma’s 4.7-4.8, Propositions 5.2-5.3 and
Corollary 5.4. O

Proof In view of the expression (5.18), the statements follow from (3.49), (3.51), Lemma’s
4.7-4.8, Propositions 5.2-5.3 and Lemma 5.5. O

6 Travelling Waves

Formally substituting the travelling wave Ansatz (2.20) into the reduced system (2.13) leads
to the nonlocal differential equation

W = G(W). 6.1)
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In this section we set out to construct solutions to this equation for small 4 > 0 that can be
written as

V=V, + v, c=cy+¢C (6.2)

for pairs (¢, v) that tend to zero as & | 0. Care must be taken to ensure that the expression
G(V) is well-defined, but based on our preparations we are able to provide a relatively
streamlined fixed-point argument here, which allows us to prove the results stated in Sect. 2.

In order to control the size of the perturbation (¢, v) € R x H ! we introduce the norms

1@, )z, = & + [vllg + |98 v] (6.3)

for & > 0 and write Zj, for the set R x H' equipped with this new norm. Observe that for
fixed A this norm is equivalent to the usual one on R x H'.

Recalling the discussion at the start of Sect. 3, we pick 0 < k < ﬁ and ¢p > 0 in such a
way that the inclusion

evy [y + v] € Qi (6.4)

holds forall 0 < h < 1, all ¥ € [0,h] and all v € H! that satisfy (3.8). In order to
accommodate this and control the third-differences of v, we pick two parameters § > 0 and
8 > 0 and introduce the set

Zys5.50 = [(E ) € 2 1 1I(E, v)llz, < min{s, €0}
and (0,9, v)] ;, < min{s;", h'/%eo}}. 6.5)
Since 8; is bounded on H'! and L? for each fixed h, we note that this is a closed subset of

Zp.
Substituting (6.2) into (6.1), we obtain

U, + WV, + ¢V + v = G(Wy + )
= G(¥y) + Glinyw, [V] + Guipw, (v), (6.6)

which should be interpreted in a sense similar to that of (3.18).
Upon introducing the nonlinearity

Hp(E,v) = v’ — Gurw, (V) (6.7)
and inspecting the definitions (3.16) and (5.1), we can rewrite (6.6) as
Ly[o] = &, + Hy (@, v) + cx W, — G(W,). 6.8)

Recalling the two solution operators (3.19), we now introduce the map W, : 2,5 st = Zh
that acts as

Wi ) = 1B ViI[Ha@ v) + e WL = G(wa) |, (6.9)
which allows us to recast (6.8) as the fixed point problem
(@ v) =Wi(é v). (6.10)

In order to show that W}, is a contraction mapping on Z, s s we study the two expressions
Hp, and ¢, W, — G(W,.) separately in our first results. The sampling bounds from Sect. A play
a key role here, as they enable us to extract L?-based bounds on Gy, from the sequence
estimates obtained in Sect. 5.
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Notice that the control (6.15) on ||v|| 22 would not have been possible using only bounds
h

on (6.3), since L2-norms cannot directly be turned into Zi—norms. This would prevent us
from bounding the terms that are quadratic in these second differences. In fact, this is the
reason that we needed to obtain such detailed bounds on G in this series of papers. Indeed,
the additional third-differences only appear in a linear fashion, which does allow us to easily
pass between sequences and functions; see (A.18).

Lemma 6.1 Suppose that (Hg) and (H®.) are satisfied. There exists K > 0 so that for any
pair (8, 83‘) € (0, D2 and any 0 < h < 1 the estimates

IHn (@, V)l 2 < K[hS + 8% + 88,7 ],
0" 1@ )| 2 < K[18+ 6517 +h7 288 + 871+ his, +671]  (6.11)

hold for each (¢, v) € Zh;&é;, while the estimate

HHh(gw, V@) — 24, @D, U(l))HLZ < K[AV2[6 + 571+ h] H ED _ 0 @ _ v(l))‘

Zp
(6.12)
holds for each set of pairs @M, vy e Zh;a,aj and (6@, v@) € Zh;M;r.
Proof The first term in H, can be handled by the elementary estimates
[ev] . = 8%
Jeatv'],. =6,
[0 v, <85, (6.13)
together with
FOROY —zOp0y| < [z® 5<1>’ Hva) H T 5(1>’ va _,® ”
L2 H! H!
<5 H GO _ s @ M ‘ _ 6.14
<3|(e PSR v'V) ., (6.14)
Using Corollary A.1 we see that
vl 22 + 0]l < CiL8 + 6] (6.15)

for all (¢, v) € 2.5 5+. For any ¢ € R, we may hence exploit Propositions C.3 and 5.1 to
obtain the estimate

|Gnt;w, (evov) | P Cy[8+ 8 + h] llevovll a2 (6.16)
together with
‘gn];\p*(eVﬁv(z)) — Gatw, (evpvD) é < Gy[8+8) +h] Hevlyv(l) —evyr® e
+C5[8 + 81 Hevlyv(l) —evgr?® Hz”” )
h (6.17)
A second application of Corollary A.1 yields the bound
Il 22 + 10l ez < C5h™ 28 + 671, (6.18)
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For any ¥ € R, we may hence use Propositions C.3 and 5.1 to find

We now apply Lemma A.2 to obtain

Gw, @vov)| , < Ci[8 + 8 + h] levovll 2 + Cih™'2[8 + 811 levovll 2 -

2
Zl

(6.19)

[Gaw. )| 2 = Co[8+ 87 + h][ Il + 0707 0] 1» ]
< Cy[8+ 687 + hls,
| = Ci8 48 +h][lvlig + 9707 v] o+ 070 ]y + 0T 0T 0 ] 1o ]
+CLTP8 + s vl + 9701 0], ]
< Ci[8+ 8 +h][s+ 8]+ Cih 28 + 8116. (6.20)

Gow, )

L2

Using (A.6) we note that

Hv(2> —p® H <o Hv<2> - v“)H . 6.21)
0 H!

Applying Lemma A.2 once more, we obtain

gnl;\ll* (U(Q)) - gnl;\ll* (U(l))”Lz < Cé[(s + (33_ + h][ ”U(l) — U(Z) HHI
+ Ha+8+v(1) _8+8+U(2) H ]
L2
+205[5 + 712 [0 — 0@ HHI . (6.22)
The desired bounds follow readily from these estimates. O

Lemma 6.2 Suppose that (Hg) and (H®.) are satisfied. There exists K > 0 so that for each
0 < h < 1 we have the bounds

IA

Kh,
Kh. (6.23)

leswl — G| ;2
[0 [exwl = GOW]] 12

IA

Proof Applying Lemma A.2 together with Propositions C.3 and 5.1, we find

| Gapr (%) = G | 2 + |

G (W) — G (W)

L <Cih. (6.24)

We now compute

W, — G(W,) = W), — Gapx (W) + Gapx (¥) — G(W)
= W, — "W + Gapx (W) — G(W,), (6.25)

together with

3+[C*“I’; - g(\y*)] = 3+[C*\IJ; - gapx(\p*)] + a+[gapx(\y*) - g(\ll*)]
= [0T W) = 00T WL + G (W) — GF (). (6.26)

Applying (A.8) we see that
Jeaw, G2 < C3h WL+ Cin < o 627)
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together with
0% (s W] — G(WI]|,» < Cyh 0T W] ,» + C{h < Chh, (6.28)
as desired. O

Utilizing the linear theory from [29] that we outlined in Sect. 3.1, we are now in a position
to study the full nonlinear term W;,. Our main result subsequently follows in a relatively
standard fashion from the uniqueness properties of the contraction mapping theorem.

Lemma 6.3 Suppose that (Hg) and (H®,) are satisfied. Then for each sufficiently small
h > 0, the fixed point problem (6.10) posed on the set Z;,.;3/4 3+ has a unique solution.

Proof Using the estimates (3.22) together with the a-priori bounds (%, 8, 8;*‘ ) € (0,13, we
obtain the inequalities

”Wh(57 v)”Zh S Ci[ ”Hh(57 v)”L2 + HC*\IJ; - g(qj*)”LZ ]
< Ch[8% + 887 +h],
|10, 8F Wi @ )| 7, < CLLIHAE V)II2 + |87 HLE V)] 2]

+C[ ewwl = G |2 + 07 [enl = ]| 12 |

< Co[HV2515 + 871+ (5 + 897 + 1, (6.29)
together with
HWh(E(Z), @) = W, (@0, v(l))‘ < HH”(N)’ V@) 3, @D, D) p
h
< Cy[h™ P[5+ 8714 1]
|6 =0, @ — )] (6.30)
Zp
Picking
s =8 =n¥4, (6.31)
we see that § = 8;" < hl/ 260 for all sufficiently small 4 > 0. In addition, we find
IWh(@E, vl z, < C5[2h* +h1/4]s,
|10, 9@, v 5, = C5 [2h1/4 + 4+ hl/“]a, (6.32)
together with
=2) 2 = 4 =2) _ = 2
HWh(C( ) ol )) - Wh(c(l), v(l))th < Cé[Zhl/ + K] ” (c( ) — ¢ @ v(l))”Zh .
(6.33)
The result hence follows from the contraction mapping theorem. O

Proof of Theorem 2.1 We write (¢j,, v) for the unique solution to the fixed point problem
(6.10) that is provided by Lemma 6.3. This allows us to define

v, = W, + vy, Ch = Cy + Cp. (6.34)
For fixed & > 0, we claim that the map

9 > evp[Ws + vp] — evoWy € 63 (6.35)
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is continous. Indeed, this follows from the smoothness of W, together with (A.6) and the fact
that the translation operator is continuous on H'. Since the map

Vi GW, 4+ V) e bl (6.36)
is continuous on a subset of E% that contains evy vy, for all ¢ € [0, h], we conclude that
9 > Gevy W) € 07 (6.37)

is continuous. The travelling wave equation (6.1) now implies the inclusion (2.21).
In a similar fashion, the inclusion (2.25) follows from (A.6) and the continuity of the
translation operator on H!. The remaining statements are a direct consequence of Lemma 6.3.
O

We now turn to the proof of Corollary 2.2, which asserts the existence of a waveprofile
@, in the original physical coordinates. The key tool for our purpose here is [28, Prop. 4.2],
which states that the gridpoints associated to a solution U of (2.13) satisfy

x(1) = M(U@)). (6.38)
Here the sequence M can be written as

—h

+Z70) Y. MO T [Xe @)D U) + XpW)DOH )] (639)
—:h

see [28, Eq. (6.31) and (6.33)] where this function was referred to as ). Notice the strong
resemblance with the structure of (3.42). Indeed, we see that

NUMU) = 2= (D)IGWU) — N (U)] (6.40)
see also [28, Eq. (6.9)] for comparison. In view of the identities
Z ) =y, Vian(U) =3°U,
Gapx (U) = ¢:°U, Voapuiexpt(U) = cxygy 00U (6.41)

from [28, Eq. (7.29)], (D.1), (5.1) and (D.11), it makes sense to formally factor out 99U and
introduce the approximant

Mapx(U) = yues(1 — yi ") = ex(yy — 1). (6.42)

This allows us to extract a crucial lower bound for the speed of the gridpoints.

Proof of Corollary 2.2 Upon defining
(0T wy)?
S N TR
the identity (2.27) implies that (i) is satisfied. Using [28, Prop. 4.2] we see that
Xjn() = chB),(jih + cpt) = [M(Vn(- + Chl))]jh- (6.44)

Notice that the terms appearing in (6.39) also all appear in (3.42) after making the replace-
ment Z~ +— ). Thereduction Z~ Zapx leads to error terms that are covered by the theory

[1]

(6.43)
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in [28]. Since Zapx does not need to be reduced further, we can follow all the computations

in the present paper to obtain the error bound
[ M) = Mapx () | e = Ci[1 + 1w (W2 + 1€ (Dl gze ], (6.45)

which is the natural analogue of (5.5). Substituting U = W, and applying the Lipschitz
bounds (C.6), we find

€ (W) = Ea(Pllz < C51Wh — Wl 22
< Co[ W — Wall g + |07 1Wn — Wil 11 ]

< (6.46)
Using Proposition C.3, we obtain
€ (W)l < C3p** (6.47)
and hence
1w (W) llge < C3h'/2. (6.48)
In a similar fashion, we may exploit (B.4) to conclude
[y, = ve. | < Chh3* (6.49)
and hence
lvan = v e < Con'%. (6.50)

Together, these observations yield the pointwise bound
| MWp) — ey, — D] < Cih'/ 6.51)
Assuming for clarity that ¢, > 0, this implies the pointwise inequality
MWp) > co(yy, — 1) — Chhl/%, (6.52)
Since |cj — ¢x| < B34, we find
e[ 2 +1] > eutvw, = D+ — o'
> coyw, — CLh1/4, (6.53)
Since yy, is strictly bounded away from zero, uniformly in /, we conclude that
E,(m) > —1 (6.54)

for all sufficiently small # > 0 and all t € R. This shows that the coordinate transformation
(2.32) is invertible, as desired. O
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A Discrete Calculus

In this appendix we collect several useful identities and bounds from [28, 29] related to the
interplay between discrete and continuous calculus. In particular, we state a discrete version
of the product rule, provide two summation-by-parts identities and show how taking discrete
samples of functions in L and H' affects the various norms.

Recalling the notation introduced at the start of Sects. 3.1 and 3.2, a short computation
yields the basic identities

0%a =9%0"a, 379% = st[0Pa), (A.1)
together with the product rules

9 [abl = 0 aT b+ ad™b,
3%lab] = 3% Tth + T~ad’,
9 [ab] = [0 alb + [T—a]a—b, (A2)

which hold for a, b € KZO. As in [28, §3.1], these can subsequently be used to derive the
second-order product rule

3@[ab) = 0Pa)b+31ad b+ 9"ad b+ ad@p. (A.3)

Recalling the discrete summation operators (2.10), one can read-off the identities

ot Za =ajp, 0~ Za = —ajj (A4)
—h +h
for a € ¢!(hZ; R). In addition, the discrete summation-by-parts identities
1
+ T _ - +, 2 - -
;ba a=aT"b ;aa b, _Z};bs a=-hal b—i—;aS b (AS5)

hold whenever a, b € £2; see [28, Eq. (3.13) and (3.15)].
Turning to sampling issues, we repeat the useful estimates [28, Eq. (A.6), (A.4)] which
state that

lullp < @+ h) ull g1, oo < 272 i 2 (A.6)

for any u € H'. On the other hand, for any g € {2,00}and u € w4 we have

ol = 1'lo Exd P (A7)
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for any & > 0; see [28, Eq. (A.3), (A.13)]. For any ¢ € {2, 0o} and & > 0 we also obtain
the error estimate

+

05w =l pg = fu”] L, (A8)

whenever u € W9 (see [29, Lem. 4.1]), together with

2 2)
max{ | 9w — " g [ucem =]y = 2m ]y, (A9)
whenever u € W34 (see [29, Cor. 4.2]) and finally

aF9@u —u”|  <3n H (iv) A10
H e I e Y (A10)

whenever u € W9 (see [29, Cor. 4.3]).
We now recall the sampling operator evy defined in (3.17). Our final two results here
show how to pass back and forth between discrete and continuous estimates.

Corollary A.1 [28, Cor. A.3] There exists K > 0 so that for any ¥ € R, any v € H! and
any 0 < h < 1, we have the bounds

llevovlige < K [[v]lg1
levovll oo < K[l + 8,7v] 1 ],
levovll oz < K[ lIvllgp +h 2 gk 40 ], (A.11)
together with
llevovllzi < Kol
levovllza < K[l + 8570 4 ] (A.12)

LemmaA.2 [28, Lem. A.4] Considerany f € C(R; R) andany g € H'. Then the following
properties hold for all h > 0.

(i) If the bound

leva £l = liglloo (A.13)
holds for all ¥ € [0, h], then f € L? with
Ifll2 < llglloo - (A.14)
(ii) If the bound
leva fll2 < ||6stg|lzizl;z (A.15)

holds for all 9 € (0, h), then f € L? with

£z < lgha + |00, g 2 (A.16)
(iii) If the bound

lleva flle < ”eVz?g”K]Zﬁ (A.17)
holds for all ¥ € [0, h], then f € L? with
N2 < Mgl + (|95 8] g1+ 95 95 85 22 - (A.18)
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B The Gridspace Function yy

The gridpoint spacing function

yo =v1—0°0)? (B.1)

plays an important role throughout this paper and was analyzed at length in the prequels [28,
29]. We recall some of these results here and also obtain several novel bounds related to
the sums that are evaluated in Sects. E and F. Recalling the definitions (3.24) for sums and
products, we first state some useful identities pertaining to powers of yp .

LemmaB.1 [28, Lem. C.2] Consider any U € £°(hZ;R) for which |d%U | < 1. Then
we have the identities

450U 1SHOPUT STIYE]

8*[ 1= ,
Pyl Pty
288U 1SHOPU

oty = S 1Y

P [)/U]

Py = SHBOUISHOP U]
S*tyulPTlyul
S+[30U]S+[3(2)U]

+ _
" [ywl = Sty ,
3 ygl = —25TUIsT 9P U] (B.2)

Turning to estimates, we first note that
Yoo — Yy = —[Vy@ + vyw171@U@ + 30U @u® - 3%Uu@)  (B.3)

holds for any v@ y® ¢ Qp.; see [28, Eq. (C.4)]. This can be used [28, Cor. D.2] to
obtain the Lipschitz bound

g =K |otu® —atu@
) <

lyy@ — yuw (B.4)

q
[h

for g € {2, oo}, where K depends on « but not on 4. In addition, it can be exploited to
establish the following approximation errors for various expressions involving y.

LemmaB.2 [28, Lem.D.4] Fix0 < « < 11—2 Then there exists K > 0 so that for any h > 0
and any U € Qp., we have the pointwise estimates

2 2
0* 131+ 20°U s 0@ U] < K[ )20+ T @ 0|

2 2
[0t o1+ U s 01| < Kal [P 0[]+ T o],

2 >
‘3+[VJ] v U sta®u) ’ < Kh[‘a(z)u‘ +T+‘3<2>U‘ ]
2 >
‘8+[ ]—Zy—480us+ 8(2)[/]’ < Kh[‘a(Z)u‘ +T+‘a(2)U‘ ]

2 2
)8+[yU ]—4y568°US+[8<2)U]’ < Kh ‘B(Z)U‘ +T+‘a<2>U‘ (B.5)
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LemmaB.3 Fix 0 < k < % Then there exists K > 0 so that for any h > 0 and any
U € Qy.., we have the pointwise estimate
U
3+[7] _ )/53S+[3(2)U]

Yu

< Kn[[pPu| + 7+ 9?0 ]. (B.6)

Proof Using 819°U = $+9® U and the definition (3.10) for yy, we compute

a'U
a[—=] = o1y, 1T %U + y, 0t oU
Yu

= 0"y ' 10°U + &1(U) + y ' 010U
=y UST0PU1OU + £1(U) + &) + v ' ST U]
=y 2 SHOPUI+ £1(U) + &), (B.7)
in which
&1(U) = hdt [y, aTa%U,
&) = [ 1y7'1- vy 0°Us 1P U)o (B.8)
The estimates (B.5) now yield the bounds
W)+ &) = Cial [p@u]+ T+ [s®U]], (B.9)
which establishes (B.6). m]

We now continue the discussion from [28, §D] and consider discrete versions of the
integral identities

T / / " /
Mdr’ =1—-+v1 - u/(,)z,
—co V1 —u/(7)?
/T u/(_[/)v//(r/) _ u/(f)v/(f) /'T u”(f/)v/(f/)
o JTI—w (T2 J1-w(@? S U —u'(x))2)3?
Instead of computing the corresponding sums exactly, we obtain useful approximation that
are O (h)-accurate.

dt’.  (B.10)

LemmaB4 Fix 0 < k < 1—12 Then there exists K > 0 so that for any h > 0 and any
U € Qy., the two linear expressions

SaulVli=) vy '10°U10?V,
—:h

SpulV] =y '10°U10°V = 3 "y 0P U1V (B.11)
_;h

satisfy the pointwise estimate
[S8.01V1 = SaulVI| = Kh[T~[07V] + 07V |+ 0@V + [0+ V| .

(B.12)
+lororvi, ]

2
JorallV e ¢;.
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Proof Using (A.4) we first observe that

[ TFSaulV]= SaulV]| =h[0FSaulV]| < € (B.13)
The summation-by-parts identity (A.5) allows us to compute
T+SAU _T+|:Zy 3(2)\/]
-7 [Zygl[aov]eﬁa—v]
- T+[ - [ —laOU]a V- Z 9~ [)/_180U]3_V]
=y, U1V - Zaﬂy*‘a Ulatv. (B.14)
—h
Upon writing
Saw1 V1 =y '10°U10°V = 3 a1y, ' U100v, (B.15)
—:h
we use the identity
1
atv —93%v = Eha<2>U (B.16)
together with (B.6) to obtain
[Sa0:1[VI = T+Sau V1] = Coh 9PV | + Can [070%V . (B.17)
h
We now write
SavarrlV1 =y 1000100V = > "y ST 9P U100V, (B.18)
_;h

which gives

Sa.u;11lV] = Sa.u V] = —Z [3+[y 3%u7 — VJ3S+[8(2)U]]80V. (B.19)
_;h
In particular, (B.6) yields
[Saw:01 V1 = Sava V1] < C3h 0707 U 2 ”EJOVM =G|V (B20)
We now transfer the ST using the summation-by-parts identity (A.5) to obtain
_ L o
SaulV1 =y '1°U18°V — ShT [y, 0°V10 DU = > s~ [y 9°v]e@uB.21)
_;h

We hence see that
SpulVl = Sau:i VI = hT~ [y 0V1+ Y, hd [y 20°V]ePU.  (B22)

Using the fact that
Ha [y7380 ]

the desired estimate follows. O

<[Vl + [V 523

2
Zh

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:2743-2811 2785

LemmaB.5 Fix 0 < k < % Then there exists K > 0 so that for any h > 0 and any
U € Qy.., we have the pointwise estimate

> vy '1°U1PU - (1 = yy)| < Kh. (B.24)
o
Proof Since [yylj, — 1as j — —oo, we have
yw—-1=%_,3"w. (B.25)
In particular, writing
Si=Y_,vy USHI?U] (B.26)
we may use the estimates (B.5) to obtain
|S1 = (1= yo)l = 2KR [*9*U | < Cin. (B.27)

Using the second summation-by-parts identity in (A.5), we can transfer the ST to obtain

S = hd@UT [y, "% + 3, 5[y, '8°U]a@U]. (B.28)
In particular, writing
I=8 -3 _.,v; ' 18°U1?U, (B.29)
we see that
I="50UT [y, '0%U] - Y., b~ [y, 000 ?U. (B.30)
Using Lemma B.3 we see that
IZ| < Cih |8+ a* U |5 + Cy, (B.31)
h
from which the desired estimate follows. O

C Operator Bounds

Our goal here is to establish several crucial bounds on the linear operators and error functions
introduced in Sects. 3.1-3.2. The errors that arise when approximating 9™ My and 97 &, by

+ + o1
M Uapx and Stw;apx are of special importance.

Proposition C.1 [29, Prop. 5.1] Assume that (Hg) is satisfied and fix k > 0. There exists
K > 0sothat foranyh > 0, U € Qp.c and V € Z% we have the a-priori bounds
IMylVille < K1IVI22
+ +a+49+ +
Jo*MylVI]e < K IVil2o + K 07070 U o |07V ] .

|0 Mytv] = Myl9™V]| 2 < K IVl 22 + K (EACACARY PPN AR’ PP (SR

together with the estimate

H3+MU[V] — MV

<Kh ||V||£/z-,3 +Kh ||a+a+a+U||Z;,c ||V||Zi;z. (C.2)

2
[h
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In addition, for any h > 0, any pair (UM, UP) e Qi_K and any V € 2, we have the
Lipschitz bound
[Mye (V1= Myo[V] Hii <K|u®-Uu® Hd;z IVl g

K UD = U o V] 22 €3

Proposition C.2 Assume that (Hg) and (H®,.) are satisfied and fix 0 < k < 1—12 There exists
K > 0so that forany h > 0 and U € Q. we have the a-priori bounds

”&m(U)”ZZO + ||5sm(U)||g§ <K,
€ (Dllgge + 1EwW)l2 = K (C.4)

together with the estimate

Kh, (C5)

tw;apx

[ 16w @1 = €50 . + |07 1w W] = € @)
h

<
a -
while for any UV ¢ Qp.c and U® ¢ Q. we have the Lipschitz bounds

| Em(U D) — Ssm(UQ))”eg < K[ |otu® — 3+U“)Hzg
+|otoru® - atatu®], |, (C.6)
||51w(U(1)) - 6tW(U(2))“Zi =K ”U(z) -uW ”Zi;z.

Proof The bounds in (C.4) and (C.6) follow directly from |20~ < 2, the Lipschitz

Hg(zg,eﬁ)
bounds (B.4), the estimate
le@llz = 4[supyy=c1 [¢'@0)] ] ©7)
from [28, Eq. (3.43)] and the pointwise inequality
sW®) =g < [supy et [/ )| [ [U@ — U] €8

In order to establish (C.5), we compute

It [Ew(U)] = 3t [y T HBP U + y;*8T0PU + 0T [g(U)] — exd ™[y 90U

(C.9)
and notice that
0t [g(U)] - ¢'()U = at[g(U)] — /(1)U + g W)a®Pu.  (C.10)
Upon estimating
|07 [e(W)] = ¢ (W) U =h~" (U +hd*U) — g(U) — g'U)hdTU|
< %[suplulgrl "ol =" [no*u
- %h[sup‘ulfk_l lg" e | o+ U, (C.11)
we can use (B.5) together with (B.6) to obtain the desired bound. O
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Proposition C.3 Assume that (Hg) and (H®,) are satisfied. Then there exists K > 0 so that
for any h > 0 we have the estimates
[€sm (W) llgpe + 1Em (W)l 2 = KA,
€ (W llgpe + 1Ew (W)l 2 < Kh,
||a+[5tw(w*)]||ech,o + ||a+[aw(\1/*)]||eﬁ < Kh. (C.12)

Proof We have W, € W4 for g € {2, 0o}, which allows us to apply (A.7) and (A.6) to
obtain

l&am(o)llg < Cih 070%07 W0 < Cl W0, (C.13)

This yields the first bound.
Since the functions

ve =/ 1 = (¥))2, Yo, = V1= (09,2 (C.14)
are both uniformly bounded away from zero, we have the pointwise estimate

_ -1 _ -3 _ —4
e i I P e R S o

+

+

+

)
(C.15)

Exploiting the fact that W, ¥/, , y*_l yqj*l, 390, and 3@ W, are all uniformly bounded, we
now see that

o "W -y to0w,

< 4 0w, — ).

&,
[rrtwr—velo@wn], < ciffa0w. - Wil + |02 - v, )
h h
H )/J*48+3(2)‘-IJ* oyt p <) I W, — v ”[Z + H8+3(2)\p* — p ]
h h
(C.16)
for g € {2, 00}.
Since ¥, € W2 N W3, we may apply (A.8) and (A.9) to obtain
o WL =y 0L |+ [yt -y te @
i K (C.17)
+ y*_4\-ll>;” _ )/\;* 3(2)\];* p < Céh
h
for g € {2, co}. The travelling wave equation (3.32) allows us to write
Ew(Wi) = vy 0P W — y 74 — ey | 900 + cay W (C.18)

which using (C.17) yields the second bound.
Using the fact that ¥, € W42 N W%, which allows us to apply (A.10), we may argue
in a similar fashion as above to conclude

‘y;ﬁq:;/w;w;/ — WS W P W, < Cn,
h
lrotwl - ygist@w| , < i,
h
[rtwr —vgtoro@w.| , < cin (C.19)

h
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for g € {2, oo}. The differentiated travelling wave equation (3.33) allows us to write

Ereape (V) = 4y, 000U ST OO WAT 0D W, ] — 4y 0w/ W W]
+V\;*4a + P 2) \IJ* _ J/*_4 \IJ;//
+¢' (W)W, — ' (W)W,

—c2yy STIOP W, + oy W (C.20)

Using (C.19) together with (C.5) we may hence conclude

[0 1€ (g = €5 e (W0)

ot E - &

W;apx

(W)

< Cih,
o 3
(C.21)

which yields the third bound. O

D Decompositions forf € gm;short
Our goal here is to provide the explicit decompositions (4.1) for the nonlinearities (3.35)
and (3.36). In addition, we validate the bookkeeping claims made in Propositions 4.1-4.6,

providing the underpinning for the estimates in Sect. 4.2. For efficiency purposes, we combine
our treatment of nonlinearities that admit similar bounds.

D.1 Decompositions for ) and X

Recalling the definitions

Viape@) = U, VigmulV] = 3OV = °U[ Y., Em@)3V],

D.1
Xaiape ) = U, Xnimu[V1= 00V +0U[ S, em@yaov] PV
from (3.37) and (3.39), we realize the splittings (4.1) by writing
yl;apx;expl(U) = 30U, yl;lin;U;expl[V] = aova
yl;apx;sh(U) = 0» yl;lin;U;sh[V] = 0» (D.2)
yl;apx;rem(U) = O» yl;]in;U;rem[V] = _aoU[Z_;h ng(U)a()V],
together with
XA;apx;expl(U) = aOU’ XA;lin;U;expl[V] = BOV,
XA;apx;sh(U) = 0, XA;lin;U;sh[V] = 07 (D-S)
XA;apx;rem(U) = 07 XA;]in;U;rem[V] = BOU[Z_;;, g%m(U)BOV]
In addition, for both nonlinearities f € {), X4} we introduce the exponent sets
Qf;pref = af;pref = Qf = Qf;]in = Qf;lin;rem = {2, 00}. (D.4)
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LemmaD.1 Fix0 <k < % and pick f € {Y1, Xa}. Then there exists a constant K > 0 so
that the bounds

flin;U;rem[V]H 2 <K ”3+V” 2 < KTgfe(V),

| 2 2
” flin;U;rem[V]”gzo <K ||8+V||Z% < KTafe(V), (D.5)
| fimcvexilV1 2 + | fimosnl V1] 2 < K95V ]2 < KTare(V), '
”flin;U;expl[V]”ggo + ”flin;U;sh[V]HZZc <K ”8+V”[Zc =< KToo;opt(V)

hold for all h > 0, U € Q. and V € €3.

Proof The bounds follow from inspection. O

LemmaD.2 Fix0 <k < ﬁ and pick f € {V1, Xa}. There exists a constant K > 0 so that
the following properties are true.

(1) Forany h > 0and U € Q. we have the bound
”fapx;expl(U)HZ% + H fapx;expl(U) ”@lc;o <K. (D.6)

(ii) Forany h > 0 and any pair (UM, U@)) € Qp.«, we have the bounds

a0 ) = fipwo@ )], < & ot v ® a0,
< K Saitr:rant (U, UP),
a0 ) = frpwo@ )] = K [500 —ru@]
< K Saigr:iun (UM, UP). (D.7)
Proof These estimates follow by inspection. O

LemmaD.3 Fix0 <« < % and pick f € {V1, Xa}. There exists a constant K > 0 so that
the following properties are true.

(1) Forany h > 0, any pair U € Q. and any V € Z%, we have the bound
| fimvirem V1] 2 < K IEm@)llgz |07V 2
=< KSrem;U(V)- (D-S)

(i) Forany h > 0, any pair UD, U®) € Q% and any 'V € 02, we have the bounds
y y P hix

H flin;U(l);expl[V] - flin;U(2>;expl[V] 2 =0,
h

| o aemlV1 = fimoerent Vil 2 < K |04V [ [or 0 — a0

G
n H3<2)U<1> _ 5@y ]
&,
< K&uoa(UP —UD V). (D.9)
Proof Recalling the Lipschitz bound (C.6), the estimates follow by inspection. O
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D.2 Decomposition for ),

Recalling the definitions

Voax(U) =y *0PU +g(U),  VoginvlV] = v " MylV]+ ey 20V
(D.10)

from (3.37) and (3.39) and &, from (3.29), we realize the splittings (4.1) by writing

yZ;apx;expl(U) = C*V5180U7 yZ;lin;U;expl[V] = V&ZMU[V] + C*V[;?)BOV,

y2;apx;sh(U) = 0! yZ;lin;U;sh[V] = 0! (D-] 1)
yZ;apx;rem(U) = gtW(U)v y2;lin;U;rem[V] =0.
In addition, we introduce the sets
Qyz;pref = @yz;pref = {2}, (D.12)
together with
Qyz = {2, o0}, Qyz;lin;rem = Qyz;lin = {2}. (D.13)

LemmaD.4 Fix0 <« < 11—2 and write f = Y. Then there exists a constant K > 0 so that
the bound

| fiinzv:expt V] 2 < K IV 22 < K Teage(V) (D.14)
& £,

holds for allh > 0, U € Q,c and V € (3.

Proof This follows from Proposition C.1. O

LemmaD.5 Fix0 < k < 1—12 There exists a constant K > 0 so that the following properties
are true.

(i) Foranyh > 0and U € Q. we have the bound

”yZ;apx;expl(U)Hz/Z + HyZ;apx;expl(U)ngo + ” y2;apx;rem(U)”l£

+ | V2aprirem @) | o _x. @1y
(ii) Forany h > 0and U € ., we have the bounds
||y2;apx;rem(U)||(]21 < &)l = Srem:fun (U),
[ Va:apxcrem (U) ”z;@ = &w(U)lleze < Srem:fun (V). (D.16)

(ili) Forany h > 0 and any pair (U, U®) e Qp.«, we have the bounds

H yZ;apx;expl(U(l)) - yZ;apx;exp](U(z))

IA

K “8+U(l) _ 8+U(2)

e 2
h h
< K Sair2: (U, UP),
“yZ;apX;rem(U(l)) - yZ;apx;rem(U(z)) 2 <K HU(U —y® 22
h h
< KSaimrax (UD, UP).  (D.17)
Proof Recalling (C.6), these bounds follow by inspection. O
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LemmaD.6 Fix0 < k < L. There exists a constant K > 0 so that we have the bound
2
Hyz;lin;[](l);exp][‘/] - y2;lin;U(2>;expl[V] HZZ S K ” U(l) — U(Z) ”62:2 || V “g?o:l
h h g

+k U0 —u®@| L 1Vie

00;1
Zh

< K&uoa(U'V —U®, V) (D.18)
forany h > 0, any pair UV, UD) € Qﬁm and any 'V € Eﬁ.

Proof This bound follows directly from (B.4) and [29, Prop 5.1].

D.3 Decomposition for D°%5* and D°-3+
For both functions f € {D°0T, D= *} we write fapx:sh(U) = faprem(U) = 0 and
Siin:sh(U) = flin:rem (U) = 0 and introduce the exponent sets

Qf;pref = @f;pref = Qf:lin = Qf;lin;rem = {2}, Q= {2, 00}. (D.19)

Besides the Lipschitz estimates below, all the estimates we require here can be found in [28,
Prop. 7.3].

LemmaD.7 Fix0 <k < 11—2 and pick f € {D°%F, D°=F). There exists a constant K > 0
so that the following properties are true.

(i) Forany h > 0 and any pair (U, U®) e Qp.«, we have the bounds

fapx;expl(U(l)) - fapx;expl([-l(z))H(2 = K[ Ha+U0> - 8+U(2) 2
h h

n H3<2)U<1> _ @y ®

2 ]
< K Sair.:ix (U, UP). (D.20)

(i) Foranyh > 0, any pair UD, U®) € Q% and any 'V € 02, we have the bound
y y P ;i

” flin;U“);expl[V] - flin;U(z):expl[V]

L =K1
i ”3+3+VHZ§] ”3+U(1) _aty® sz
h

+K ||8+V||ZZ° H3+3+U(1) _ a+a+U(2)

G
< K&puoaUP —UW, V). (D.21)
Proof These bounds follow by inspecting the definitions (3.40). O

D.4 Decompositions for X’s, Xc and Xp

Recalling the definitions

Xg.ap(U) = STy "
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Xewapx(U) = STy g — v,
Xp.apx(U) = STy d°U18°U

from (3.37) together with
XpamulV] = Sy 20080V + yg‘[ngmw)aov]]y{ﬁ

+5 1y =4y a%udv,

XeamulV] = S*[yg 20UV + 5! Zssm(waOV](y;} — )

+8T [y 2 - 4yU]80U80
X + 1720 + 0 Oy
pilin;u[V] = STy, (ZVU 3°v10°U + sty U1’y

+85H 00100 ) Em(U)V
—:h

from (3.38), we realize the splittings (4.1) by writing

XB;apx;expl(U) = T+[)’(3]» XB;lin;U;expl[V] = _3T+|:)’U80U80V],

together with

XC;apx;expl(U) = _XD;apx;expl(U)
=g -,
XC;lin;U;expl[V] = _XD;lin;U;expl[V]
=y, (1 =3yHa°ud’v
for the explicit terms. The shift terms are given by
Xp:apx:sh(U) = —hST [y 197 ] — a+[y‘1]T+[y 1.
h _
Xesapesn(U) = 50Ty v (v = 1),
h
Apapin(U) = S0 [y d°U10°U

together with

h _
XBitin;u;sh[V] = _§8+|:)/ 330U30V]y4

—hST [y 18T =4y V] — ha Ty, T — 2938V,

h _
XeinushlV] = §8+[VU380U30V]V(2}(V5 -1

hofr
+50" vy N2 — 4y218°08°v

h h
Xpainu:snlV1 = 207 [y @y = Da°V]o°U + 0% vy d"U16°V

while the remainder terms are given by

XB;apx;rem(U) = XC;apx;rem(U) = XD;apx;rem(U) = 0,
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together with

XB;lin;U;rem[V] =8t I:VJI[ngm(U)BOV]:IJ/g,
—h

XC;lin;U;rem[V] = S+[VJI ngm(U)aoV]()/f} - V(%),
—h

Xptinvzreml V] = Styy0°U10°U Y Em(U)°V. (D.29)
—:h

In addition, for any f € {Xp, Xc, Xp} we introduce the exponent sets
O fipret = Q fipret = {00}, (D.30)
together with
Qy = {00}, Q r:1in = {2, 00}, O f:lin;rem = {00}. (D.31)

LemmaD.8 Fix 0 < k < % and pick | € {Xp, Xc, Xp}. Then there exists a constant

K > 0 so that the bounds

” flin;U;rem[V] “ezo

IA

K[a*v],
K Tage (V).
K[a*v]g
< KTae(V),
| fin:exptlV 1 oo + [ fimv:anl V1] oo < K35V |
< K Tocrop (V) (D.32)

IANTA

” flin;U;expl[V] ”IZ% + “ ﬁin;U;sh[V] ”g%

hold for all h > 0, U € Q. and V € £;.
Proof These bounds follow by inspection. O

LemmaD.9 Fix0 <k < % and pick f € {Xp, Xc, Xp}. There exists a constant K > 0 so
that the following properties are true.

(i) Foranyh > 0and U € Q. we have the bound
H Sapx;expt (U) ”[ZO + ”fapx;sh(U) ”[io <K. (D.33)
(i1) Foranyh > 0and U € Qy.,, we have the bound

| fapsn @) | oo = Kt < K Sipiqun (V) (D.34)

(iii) For any h > 0 and any pair (U(]), Uy e Qp.c, we have the bounds

FaprenUD) = FapeepU®)| < K |o*0 D — ot U@
h

o
< K Saise:ran (U, U(z)),

fapx;sh(U(l)) - fapx;sh(U(z)) < K “8+U(1) - 8+U(2)

& &

< K Saitr.ran (U, UP). (D.35)
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Proof These bounds follow from the discrete derivative expressions in Lemma B.1 and the
Lipschitz bounds for yy in (B.4). O

LemmaD.10 Fix0 < k < 1—12 and pick f € {Xp, Xc, Xp}. There exists a constant K > 0
so that the following properties are true.

(1) Forany h > 0, any pair U € Q. and any V € €2, we have the bounds
|fimosalVilz < K[54V 2 + 0707 V] ]
< K&n;u(V),
| finstirem V1] e < K 1€ @)l |07V 2
< Ké&emu(V). (D.36)

(i) Foranyh > 0, any pair UV, UP) e Q%:K and any V € 2, we have the bounds

H flin;U(l);expl[V] - flin;U(Q);expl[V]

<K H3+U(2) _aty® H Eiad
ZOQ

h

< K&proaU® —UD V),

” Jimu;snlV1 = flin;U(z);sh[V]”zﬁ =K HaJrU(Z) -ty Héoo ”8+VHZ§
h

’ 2 2
Zh h

< K&uoaU® —UW V),
| fim0aenlV1 = SimoenV1e < K 3%V [ |0 = 0

62,2
h
+|orv® —oru?| ]
6
< K&uoaU®P —UM, V). (D.37)

Proof Recalling the Lipschitz bounds (C.6), these estimates follow from inspection. O

D.5 Decomposition for ;"

Recalling the definitions
Vi @) = v ' STPUIT yy,
Vimo V1= [y 200ULsTaP U1V + v ' sTaPV]THyy

—yg ' STRAUIT UV 4 v Y Em@)®V ] (D38)

from (3.37) and (3.39), we realize the splittings (4.1) by writing

+ — 5@
yl;apx;expl(U) =9 U’

h _
Vs U) = Z070PU + 03 [y lyy ' ST U],
yiapx;rem(U) = 0’ (D39)

together with

ViinveqlV1 = STOPV,
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Vimvnl V1 = hy; 0t [y10°UsTaP U1V
+hyg 9 [yw1STOP V]
—hy ' STIOP U [y, U aoV],
ViimvenV1 =15 STOOUIT [0 Y Em@)d°V |. (D.40)
=

Notice that we have eliminated the 7 [3® U] term in the explicit expressions, while keeping
the 71 [3® V] dependency. This inconsistency is deliberate as it will help us to make a useful
substitution in the sequel.

In addition, we introduce the sets

Oy ipre = {2 00}, (D.41)
together with
Qyrr = (2. 00}, Q% i = O gy = (2,00). (D.42)
LemmaD.11 Fix 0 < « < 11—2 and write f = yﬁ. Then there exists a constant K > 0 so
that the bounds
| fimvexpilV1] 2 + [ fimo:nlV1l 2 = K[|7V ]2 + 9707V ] 2 ]
= KTsafe(V)v
[ fisvsexmlV 1 gee + [ finsvsn V1] oo = K[[07V ] oo + 0707V ] 1 ]

=< KToo;opt(V),

| fin:virem V1| 2 + [ fiin:visem V1] oo < K 07V ]| 2
< KTue(V) (D.43)
hold for all h > 0, U € Q. and V € €3.
Proof These bounds follow by inspection. O

LemmaD.12 Fix0 <k < 1—12 There exists a constant K > 0 so that the following properties
are true.

(i) Foranyh > 0and U € Q. we have the bound

+
Hyl;apx;expl(U)

+ +

+ ‘)y{tapx;sh(U) Heoc = K. (D'44)
h
(i1) Foranyh > 0and U € Qy.,, we have the bound

H lecaPX;sh(U)

P K[l + 070797 U 2]

IA

K Seh:un(U),
[V @] . = KnlL+ 754540

A

IA

K Seh:funt (U). (D.45)
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Proof These bounds follow from the discrete derivative identities in Lemma B.1. O

LemmaD.13 Fix0 <k < ﬁ There exists a constant K > 0 so that we have the bounds

+
”yl;lin;U;sh[V]

g < Knllorvig +lorarvi,]

=< KESh;U(V)a
< K lEm(@)llz |07V ]2

+
Hyl;lin;U;rem[V] 2
h
< KErem;U(V) (D46)
forany h > 0, any pair U € Q. and any V € Z%l.

Proof These estimates follow by inspection. O

D.6 Decomposition for

Recalling the definitions
Vhape ) = [Ed ) = v 04 0@U | + ey s 0@ U),
Vi [V1 = 416y, = 575018t [0PU1T 0P U1V
+4y5680U[T+[3(2>U]S+[3<2>V] n S+[8(2)U]T+[8(2)V]]
+¢"()H[B°UIV + ¢ )V (D.47)
from (3.37) and (3.39), we realize the first splitting in (4.1) by writing

y;;xapx;expl(U) = I:gt—\;;apx(U) - )/1743+3(2)Ui| + C*ylj3a(2)U’

1 _
Viveapeisn(U) = 5 exhyg 0 102U),
Vapapserem(U) = 0. (D.48)
The second splitting (4.1) is obtained implicitly by recalling the definition (3.15) and writing
Votinvsexpll V1 = 5207 [MulV1] + 2y *0°UIIP UIMy[V] = My 1111V
teu [3y5530U[a<2>U130V + y[;3s+[a<2>v1],
+ — vt +
yZb;lin;U;sh[V] - yZb;lin;U[V] - yZb;lin;U;expl[V]’
yg;?;lin;U;rem[V] =0. (D.49)
In addition, we introduce the sets

@yﬁ;pref = Q;)i;;;l‘m = Qyzt,;lin;rem = {2}, Qy;rb = {2, 00}. (D-50)

LemmaD.14 Fix0 < k < 11—2 and write f = y;;. Then there exists a constant K > 0 so
that the bound

”flin;U;expl[V]”[Z + ”flin;U;sh[V]”eZ <K |[V|,2 < KTsafe(V) (D.51)
i h &

holds for all h > 0, U € Q. and V € €.
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Proof The bound follows by inspection. O

LemmaD.15 Fix0 <k < ﬁ There exists a constant K > 0 so that the following properties
are true.

(i) Foranyh > 0and U € Q. we have the bound

+ +
Hy%;apx;expl(U) + HyZb;apx;sh(U)

+
5,2 + HyZb;apx;expl(U)
1

2
eh ZZO

N (D.52)
+ Hy2b;apx;sh(U)H€;° =K
(i) Foranyh > 0and U € Qy.,, we have the bound
[V e @) . = KL+ 840494 U] 2] = KSran @),
o b ' D.53)
+ +5+5+ < (D.
[V )] = KALL+ 0707070 ] < KSaurun ().
h
Proof Recalling (3.30), the bounds follow by inspection. O

LemmaD.16 Fix0 <k < ﬁ There exists a constant K > 0 so that we have the bound

+
”y2b;lin;U;sh[V]

o = KR[IVIg 4[4V 4 %07V |y + 057+ V] o

+a+a+ + +a+
k[0 0 U] o [1VIg + [0 V] o + 00" V]
= Kgsm;U(V) (D-54)
forany h > 0, any pair U € Q. and any V € (%l.
Proof Recalling (3.14), we make the decomposition
yZJ?J;lin:U[V] = MU?[[V] + yﬁ;lin;U:sh;a[V] (D.55)
by writing
Viptimvsshial V1 = 20165° = Sy 0P U1+ 9P U1V
+4h[6y,® — Sy C1sT P U1 9P U190V
+2hy 00U [0+ 0P UV + 5PV 9D V]|
+4hyg 00U [0 0P UIT @ V] + 0P U 9PV
(D.56)

Introducing the function

y;;);lin;U;sh;b[V] = —)/(72[3+[MU[V]] - M}

1 _
U;apx[v]] - Ehc*yU33+[3(2)V]

D.57)

and recalling (3.13), we see that

y;;;lin;U;expl[V] + y;;;lin;U;sh;b[V] = V[?ZMJ;apx[V] + 2)’(;480U[8(2)U]MU[V] - MU;[II[V]
e [3yg U P U1V + v V]

= MU;I[V] + MU;I[[V] + My.111V]
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_MU;III[V] — My, 11[V]

= y;;:;lin;U - th;;lin;U:sh;a[V]' (DSS)
In particular, we obtain
+ + +
yZb;lin;U;sh[V] = yZb;lin;U;sh;a[V] + yZb;lin:U;sh;b[V]' (D‘59)
In view of Proposition C.1, the desired bound now follows by inspection. O

Proof of Propositions 4.1-4.6 The statements can be readily verified by inspecting the results
in Sects. D.1-D.6. O

E Reductions for G

Our goal here is to construct the functions Gapx;sh:p» Gapx;rem:p» Glin;U;sh;p and Glin; U;rem; b
and demonstrate that they satisfy the corresponding bounds in Propositions 5.2-5.3. We
proceed in a relatively direct fashion, treating each of the components in (3.42) separately
and subsequently combining the results.

E.1 Simplifications for G4

We recall the definition
Gnapsi11(V) = [ 1= Viapriespt DT [Xnsaprienpt O] [Priapmienp V). (E:1)
Substituting the relevant expressions from Sect. D we find
Gnaps11(U) = [1= 00UT~[00U] Jes 000 (E.2)
We now make the decomposition
Gasapx; 1T(U) = Gazapx; 111 (U) + Gazapx;sh;p (U), (E.3)
by introducing

Gnape11(U) = e,[1 = 0OV |y "0%U )
= ¢,y d°U,
together with
Gasapxiship (U) = —c,hd"U~[8°U |y, ' a°U. (E.5)
We also recall the definition
gA;lin;U;II[V] = _.‘)jl;lin;U;expl[V]T_1 [XA;apx;expl(U)]yZ;apx;expl(U)
_yl;apx;expl(U)Ti1 [XA;lin;U;expl[v]]y2;apx;expl(u)
+[1 - yl;apx;expl(U)Til [XA;apx;expl(U)]:Iy2;lin;U;expl[V]~ (E.6)
Substituting the relevant expressions from Sect. D, we find
Gastinv: 11V = =0°VT 00 (cuyy ' 0°U)
=0T '3V 1(cryy '0°0)
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+[1 - 80UT’1[80U]](7/§2MU[V] +eyy2%V). (BT
We now make the decomposition
Gatin;u:111V1 = Gatin;v:111[V1 + Gaclin;U:ship [V ] (E.8)
by introducing
Gactinv:111[V] = =" V[3°U 1y 19U — ¢,.0°U18°V1y, 18U
+[1 = 80U | (v MoV + ey V)
= cayy Qg — DIV + My[V], (E.9)
together with
GalinUship V] = —C*haovaf[aoU]VﬁlaoU
—c*haOUa—[aOV]yglaOU
—hd°Ud~[8°U](yy *MuV] + ey 2 90V). (E.10)
We summarize our results by writing

gA;apx(U) :gA;apx;lll(U) :C*VUaOU,

— E.11
gA;]in;U[V] = gA;]in;U;lll[V] - C*VUI(ZV[Z] - 1)80V+MU[V] ( )
and obtaining the following bound.

Lemma E.1 Assume that (Hg) is satisfied and pick 0 < k < % Then there exists a constant
K > 0 so that the following properties hold true.

(i) Foreveryh > 0,U € Q). and V € Z%, we have the identities
gA;apx;II ) = gA:apx(U) + gA;apx;sh;b(U)v
gA;lin;U;II[V] = gA;lin;U[V] + gA;lin;U;sh;b[V]- (E.lZ)

(ii) Foreveryh >0,U € Qp.c and V € Z%l we have the bounds

H gA;apx;sh;b(U)H[ﬁ < Kh = KSsh;full(U)y (E 13)
“ gA;lin;U;sh;b[v]”Z% < Kh| V||£Z:2 = Kgsh;U(V)~ '
Proof In view of Proposition C.1, the bounds follow by inspection. O

E.2 Simplifications for Gg

We recall the definition

gB;apx;II(U) = yl;apx;expl(U) Zf;h yZ;apx;expl(U)T_ [XB;apx;expl(U)]D§5;+(U)~
(E.14)

Substituting the relevant expressions from §D we find

Gpiapxc11(U) = ¢, 0°U Y., vy ' 10°U 10U (E.15)
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In view of Lemma B.5, we introduce the expressions
gB;apx;III(U) = C*aoU(l — ),
GB:apx;sh;b (U) = Gpiapx; 11(U) — GByapx; 111 (U). (E.16)

We also recall the definition

gB;lin;U;II[V] = yl:lin;U;expl[V] Z yZ;apx;expl(U)T_ [XB;apx;expl(U)],Dgp;th(U)
—h

+y1;apx:expl(U)ZyZ;lin;U;expl[V]T [XB apx; expl(U)] apx (U)
—:h

T 1apxexpl (U) Z V2apriexpl (T~ [Xin0:expt V1] Di T (U)
—ih

+Vi; ;apx; expl(U) ZyZ apx; expl(U)T [XB apx; expl(U)] hn U [V]
—h
(E.17)

Substituting the relevant expressions from Sect. D, we find
Gpain:v:1[V1 ="V Y [eayy U0 U
_;h

+80UZ [v5*MylV]+ cay;3°v]ePuU
—39 UZ ey 30U [8°UV ]y, 20 PU

+80UZ ey 30U By 20 U@ U1V + 9P v). (E.18)
—:h

A little algebra yields

Gpiinu:11lV] = c*a 1% Z Yu (2)U

+3°U Z [y MuV] + sy 8°v]e@U
_;h

+¢,0°U Yy ' 100U192 V. (E.19)
_;h

In view of Lemma’s B.4 and B.5, we introduce the expressions
gB;lin;U;III[V] = C*BOV(I —vu)
+°U Y [y *MulV]+ ey 20°V]0@U

—h
+e,0°U 5 ' [0°U10°V — ,0°U Z[ 39@U13°v ]
GBlin;u;sh:b V] = Gpotinu:11[V] — Gitinu; 111[V]. (E.20)

After a short computation, we find

Gptim111V] = eV +y5' = 2p0) + 90U _, v 210U IMy[V]. (E21)
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We summarize our results by writing
gB;apx(U) = gB;apx;III(U) gB;lin;U[V] = gB;lin;U;III[V] (E-22)

and obtaining the following bounds.

LemmaE.2 Assume that (Hg) is satisfied and pick 0 < k < ﬁ Then there exists a constant
K > 0 so that the following properties hold true.

(i) Foreveryh > 0,U € Qp.c and 'V € K%, we have the identities

gB;apx;II(U) = gB;apx(U) + gB;apx;sh;b(U)»
gB;lin;U;II[V] = gB;lin;U[V] + gB;lin;U;sh;b[V]- (E-23)

(ii) Foreveryh > 0,U € Qp.c and 'V € Z% we have the bounds

||gB;apx;sh:b(U) ”@% < Kh = K Ssh;:rn(U), B4
[GnimumatVilys < KR[ [V ] 2 + [0+0*V] 2] < Kemp vy, 2P
Proof The estimates follow from Lemma’s B.4 and B.5. O

E.3 Simplifications for Gc and Gp
We recall the definition

Grapsi11(U) = Viapmiexpt(U) Xy Vaapsiexpt (DT~ [ Xrapriex (DG W) |
(E.25)

for # € {C, D}. Inspecting (D.25), we see that

gC;apx;II(U) = _gD;apx;II(U)- (E-26)

We also recall the definition

g#;lin;U;II[V] = yl;lin;U;expl[V] Z yZ;apx;expl(U)T_ [X#;apx;expl(U)’D:g;i_(U)]
—h
+y1;apx;expl(U) Z yZ;lin;U;expl[V]T_ I:X#;apx;expl(U)Dggy;(+(U):|
—:h

tapsiept(U) Y Vaapriept (T~ Xitinstrenn VIDGF V) |

—h
tapsiept(U) Y Vrapriept U™ | Frapriexpt(UIDR IV
o (E.27)
for # € {C, D}. Using (D.25) once more, we hence see
Gestinu;111V1 = —=Gpiin;u; 11V ] (E.28)
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E.4 Final Decomposition

Recalling the definitions (5.1), we observe that
Gasapn (U) + Gpiapx (U) = c4yud°U + ¢,0°U (1 = yy) = ¢40°U = Gapx (U). (E29)
together with
Gatinu [V + Gaainu[V] = cavy ' Qyg — 1)a°v + My[V]

+ed%V (" = 200) + 000 3y 0P UMy V]
—h
=¢,°V + My[V]+ 3°U Zy 2PUuIMy V]
—:h
= Gin;u[V]. (E.30)

Proof (Proof of Propositions 5.2-5.3 for G) Upon writing
gapx;sh;b(U) = gA;apx;sh;b(U) + gB;apx;sh;b(U)a

glin;U;sh;h[V] = gA;lin;U:sh;h[V] + gB;lin;U;sh;b[V]a (E31)
together with Gapx:rem;p = Glin;U;rem;p = 0, the statements follow from Lemma’s E.1 and
E.2. O

F Reductions for Gt

Our goal here is to construct .the functions Q:px;s‘h;h, g;l‘)x;rem;h, Q“Jrn;u;‘sh;b and gﬁ;;u;mm}h
and demonstrate that they satisfy the corresponding bounds in Propositions 5.2-5.3. As in
the previous section, we treat each of the components in (3.46) and (3.47) separately and
subsequently combine the results.

F.1 Simplifications for gA,b

We recall the definition
g;b;apx;ll U) = [1 - yl;apx;expl(U)XA;apx;expl(U):Iyzg,;apx;expl(U)- (E.1)
Substituting the relevant expressions from Sect. D, we find

gjtr’b;apx;ll(U) =Y |:€+ ) - )’7484_8(2)(] +C*)/733(2)U]i|

tw;apx
= yo&, ax(U) — vy 20T PU + cuyy o PU. (E2)
We now make the decomposition
+ + +
gA’b;apx;II(U) = gA’b;apx;III(U) + gA’b;apx;sh;b(U) (E3)
by introducing
g:\r’b;apx;lll(u) - 7/U tw; apx(U) 23+3(2)U +C*V S+[3(2)U]7 (F4)
together with
g:’b;apx;sh;b(U) EC*hVU 18+[8(2)U] (E.5)
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We also recall the definition
Gapetinv:111V1 = =VritingUsexpt 1V 18525 expl DV 0 expt (U)
~Vtsapxsexpl (V) Xastin; Usexpt [V 1V apscexpl (U)
[1 = Visapssexpt () Xasapxsexpl (D] Vi exptl VI (F6)

Substituting the relevant expressions from Sect. D, we find

Tiimuen V1 = —20008°V €, () = v 070U + .y 0@ U |

tw;apx
+vi [VL723+[MU[V]] + 2y U P UIMY V] - A’ZU;m[V]]
tyded3rg U1 U1 + 5 ST 1P V]|
= ey U 0P UV + ey ' ST V]
+IT[MyV1] + 2y 20U 8P UIMy (V] — i My.111V]
200U [, U) = v 00U |00V (F7)
We conclude by writing
gz’b;apx(U) = gj{’b;apx;lll(U)
= Vi (V) — 752070V + ey ' ST0P U,
gX’b;lin;U[V] = g:xr’b;lin;U;II[V] (F.8)

and obtaining the following bound.

Lemma F.1 Assume that (Hg) is satisfied and pick 0 < k < % Then there exists a constant
K > 0 so that the following properties hold true.

(i) Foreveryh > 0,U € Qp.c and 'V € 02, we have the identity
g:’b;apx;II(U) = gj{’b;apx(U) + gj\_’b;apx;sh;b(U)' (F9)

(ii)) Foreveryh > 0 and U € Q. we have the bound

Hg;,,;apx;sh;b(U) o = Kh [0¥9%97U | 2 < K Sencqun(U).- (F.10)
h
Proof The results follow by inspection. O
F.2 Simplifications for G, _
We recall the definition
gX’c;apx;II(U) = _y?;apx;expl(U)XA;apx;expl(U)TJr[yZ;apx;expl(U)]- (F.11)
Substituting the relevant expressions from Sect. D, we find
Gheapn 11 (U) = =9@ULCUIT H[eayy; 10U . (E12)

We now make the decomposition

gA’c;apx;II(U) = gA’c;apx;III(U) + gA’c;apx;sh;b(U) (F-13)
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by introducing

nveap111U) = —eldPU1°U [y '8°U] (F.14)
= —cyy =y,
together with
Grtrccapestip (U) = —h[0P U1V ey 100U, (F.15)
In addition, we make the splitting
Garcapx; 111U) = Gareiapx; 1v (U) + Gare;apx;shie (U) (F.16)
by writing
Geap v (U) = —cavy ' (L= y) ST U], (E.17)
together with
Gtrecapeesie ) = 2hesyy (1= vt [9@ U], (F.18)

We also recall the definition
Gaetint: 111V = =Viin vexpll VI X asapxiexpl (D T ¥ [ Vasapxsexpt (U)]
Y aprexpt U Xasting Uexpt LV IT ¥ [ Vasapxsexpt (U)]
YV aprexpt D Xasapiexpl DT T [Vostin;vsexpl V1] (F19)
Substituting the relevant expressions from Sect. D, we find
Threimv:i V] = =STOOVICUT* [eay 19U | = 9P UL VIT* [cay '°U |
—0DUUITH v MulV] + ey 9V |, (F.20)
We now make the decomposition
Gvestims V1= Gicinus V1 + Garctinvsship V] (F21)
by introducing
Ghimus V1 = ey (L= y)STOPV] = ey 1+ 1P U10°U 0V
_[0?U1°U [y,;QMU[V]], (F.22)
together with
G v lV] = =hSTOOVI U [eay ' 90U]
—h[dP U1Vt [eryy 19U
—h[a@UI U [y My VI + ey V] 623)
We summarize our results by writing
g:{’c;apx(U) = g:;’c;apx;IV(U) g:xr'c;lin;U[V] = g:{’c;lin;U;III[V] (F24)
and obtaining the following bounds.
LemmaF.2 Assume that (Hg) is satisfied and pick 0 < k < 11—2 Then there exists a constant

K > 0 so that the following properties hold true.
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(i) Foreveryh > 0,U € Q). and V € Z%, we have the identities
+ _ ot + +
gA’c;apx;II (U) - gA’c;apx(U) + gA’c;apx;sh;b(U) + gA’c;apx;sh;c(U)’
+ + +
gA’c;lin;U;lI[V] = gA/cglin;U[V] + gA:lin;U:sh;b[V]‘ (FZS)
(ii) Forevery h > 0and U € Qy;, we have the bounds
ng’c;apx;sh;b(U) 2= Kh < K S (U), 2
+ 2 = .
HgA/c;apx;sh;c(U) e = Kh H3+3( )UHZ% = KSsn:un(U).
(iii) Foreveryh > 0,U € Q. and V € K% we have the bounds
+ + a4 a9+ +
|95 sV g = KnIWVlga+ K [9797 97U ] o [97V]
< Kh€gm.ulV]. (F.27)
Proof Recalling Proposition C.1, the bounds follow by inspection. O
F.3 Simplifications for g;}
We recall the definition
g;’;apx;II(U) = y;’:apx;expl(U)TJr Z—;h yz;apx;expl(U)T7 I:XB;apx;expl(U)}Dgl;;+(U)
(F.28)
Substituting the relevant expressions from Sect. D, we find
Gt V) = DPUITH Y 0y U [ 1?9 U]
—h
= .[0PUITT Yy 10U U. (F.29)
_;h
In view of Lemma B.5, we introduce the expressions
Ghape 11 (V) = & PUITHA = o),
+ + +
gB’;apx;sh;b(U) = gB’;apx;ll(U) - gB’;apx;Ill(U)' (F30)
In addition, we make the splitting
+ + +
gB’;apx;III(U) = gB’;apx;IV(U) + gB’;apx;sh;c(U) (F'31)
by writing
G oy (U) = exSTOOUN1 = ), (F32)
together with
1
g;’;apxzsh:c(u) = _Ec*h8+[a(2)U]T+(l - )
+ehSTOP U (1 — yu). (F.33)
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We also recall the definition

g;’;lin;U;II[v] = yi‘;—hn;U;expl[V]TJr Zyz;apx;expl(U)T7[XB;apx;expl(U)]D:;;x;+(u)
—:h

+y1_tapx;expl(U)T+ Z yZ;Iin;U;expl [vir- [XB;apx;expl (U)]D:[;>(,+(U)
—h

+yl+;—apx;expl (U)T7L Z y2;apx;expl(U)T7 [XB;lin;U;expl[v]]D:[;)(;+(U)
—h

+J/1Jfapx;exp,(U)T+ Z yz;apx;expl(U)T_[XB;apX:eXPI(U)],Dﬁ;;;;[v]‘
—:h
(F.34)

Substituting the relevant expressions from Sect. D, we find

Gt V1= STOPVITT ZC*VJIBOU[VS[W;}BO)U]]
—h
HOPUITH Y [rg > MulV1 + eV ] [Vl 9 U]
—h
+OuITt Zc*yljlaOU[(—3)yyaouaOV[yl;3a<2)U]]
—h

HOPUITT Y ey aOU[y3[3y,;Sa°Ua<2>Ua°V + y,j3a<2>V]].
—:h
(F.35)

A little algebra yields

Gpimu: V1= STOPVITT Y ey 1000109 U
7;}1

+HOOUITT Y [1 MulVI+ e 80V ]9 PU
—h
+PUITTY ey '0%U PV, (F.36)
—:h
In view of Lemma’s B.5 and B.4, we introduce the expressions
G117 1V] = cxSTROOVITT (A - yy)

+a@uiTt Z [ygzMU[V] n c*y[;380V]3(2)U
_;h
+C*[a(2)U]T+|:)/Jl[8OU]8OV _ Z )/[;3[8(2)1]]80‘/],
_;h

+ + +

98 tin:v:ship V1 = Gptinw V1 = Gprginsve V1 (F.37)
A short computation yields

Ghginu V1= aSTROVITT( = yy) + c.[0PUIT [y 90"V ]

+HOPUITT Yy 0P UMy (V). (F38)
—:h
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We now make the decomposition

+ + +
gB/;lin;U;III[V] = gB’;lin;U;IV[V] + gB’;lin;U;sh;c[V] (F39)
by writing
GpginvV1 = eSTOP VI — yp) + c.[0P ULy '[0°U10°V
+STRPUITT Yy PP UMYV, (FA40)
—:h
together with

Ghtin sl V1 = cxhSTOPVIOT — vyl + heu 9P U1 [y 90UV ]

1
—§h8+[8(2)U]T+ > vy P UIMy VL. (F41)
_;h

We summarize our results by writing
g;r/;apx(U) = gg’;apx;IV(U) g;fr/;lin;U[V] = g;fr/;lin;U;IV[V] (F.42)
and obtaining the following bounds.

Lemma F.3 Assume that (Hg) is satisfied and pick 0 < k < 11—2 Then there exists a constant
K > 0 so that the following properties hold true.

(a) Foreveryh >0,U € Qp.candV € Z%l, we have the identities

g;’;apx;ll(U) = g;’;apx(U) + g;r/;apx;sh;b(U) + g;’; (U)’
+ _ ot + +
gB’;lin;U;II[V] - gB’;lin;U[V] + gB’;lin;U;sh;b[V] + gB’;lin;U:sh;c[V]' (F'43)

apx;sh;c

(i) Foreveryh > 0and U € Q. we have the bounds

+
”gB’;apx;sh;h(U)

- < Kh < K Ssp:un(U),
h

+
HgB’;apx;sh;c(U)

(F.44)

< Kh ||8+8(2)U||K% < K Ssh:punn(U).

2
Kh

(iii) Foreveryh >0, U € Qp.c andV € Z% we have the bounds

Hgg’;lin;U;sh;b[V] < Kh ”8+V”e§ + H8+8+V”€% ]

G,
= thsh;U (V),

< Kh|[Vllg2 + Kh ||8+8+8+U|}Z% IVl 22

+
” gB’;lin; U;sh;c[v] 02
h

< Kh&Eg.y (V). (F45)

Proof Recalling Lemma’s B.4 and B.5, the bounds in (ii) and the first bound in (iii) follow
by inspection. The final bound in (iii) follows from Proposition C.1. O
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F.4 Final Decomposition

Arguing as in Sect. E.3 we see that
+ _ ot + _ ot
gC;apx;II(U) - _gD;apx;II(U)’ gC;lin;U;II[V] - _gD;lin;U;II[V]’ (F.46)

so these can be neglected. Leaving the remaining component g}a intact, we recall (3.46),
(3.48) and (4.39) to write

G U) = Gl U) = 7520020,
Gratin V1= Ghtinv 11 V1 = v§ Mu 111 IV1 = 2y, *0°U 1070 @ U19"V
(F47)
This allows us to define the total
Gt 111) = G ) + Gl ) + G (V) + G (). (FAB)
Substituting the relevant expressions from Sects. F.1-F.3 we obtain
Gaper11(U) = g 207020
vEES, apx( ) — vy 20T0PU + cuyy ' STOP U]
—cvyy (L= y)SH8PU]
e ST U — )
= a:STPUL+ 75 €8x ). (F.49)
In order to suppress the final term, we introduce the expressions
Gashinsi (U) = Vi [E ap (U) = 8 [E ()],
Gt coremipi (U) = v [Ew (U] (F50)
Moving on to the linear approximants, we define the function
Gin:v: 1111V = G0ty V14 Gtin V1 + Gty V1 + G [V -
(E51)
As a first step towards evaluating this expression, we substitute the relevant identities from
Sects. F.1-F.3 to compute
Ghatino V1 + Gpin V] = Yo Mu;1111V1 = 298U a9 @ 018"V
+eyy PUIPUTOV + ey ' ST V]
+0T [MulV1] + 2y, 20U 0P UIMy V] = v My 1111V
2501 [gt:rv () — ‘43+8(2>U]30V
= ¢y °U DUV + ey ' STOP V]
+3 T [MyV1] + 2y, 20 UBP UIMy (V]
230U [ + apX(U)}E)O (F52)
In a similar fashion, we find

Gl lVI+Gh VI = —eayg ' (A =y S 02 V]
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—cwyy (L + 18P Uu18°ud’v
—[3(2)U]80U[)/JZMU[V]]

+e STRPVIA = yu) + cld@ Uy, ' 18°U18°V
+STOPUITT Yy 0P UIMy[V]

_;h
— C*S+[3(2)V] _ C*)/JIS+[8(2)V] _ C*)/J380U[8(2)U]30V
—yy 23U P UMy V]
+STPUITT Yy PP UIMy[V]. (E53)
—:h

In particular, we see that
Gt cetimus V1 = eSO VI+ 0t [MyVI] + v, 20°U0P UMy V]
+S+[8(2) U]T+ Z VJZ[a(Z) UlMy[V]
_;h

2%t (). (F.54)

tw;apx
Comparing this expression with (5.4), we set out to suppress the final term by introducing
the functions
G vsshipsi V1 = =20°U[E8 0 (U) = 9T (€ (NT]3°V,

Gitnstrsremipii V1 = —20°U 9 (€ (U)]"V. (F55)
Lemma F.4 Assume that (Hg) is satisfied, pick 0 < k < 1—12 and recall the definitions (5.4).
There exists a constant K > 0 so that the following properties hold true.
(i) Foreveryh > 0,U € Qp,c and 'V € 6%1, we have the identities
+ + + +
gapx;lll(U) = gapx(U) + gapx;sh;b:i(U) + gapx;rem;b;i(U)’
+ —_ ot + +
glin;U;III[V] - glin;U[V] + glin;U;sh;b;i[V] + glin;U;rem;b;i[V]‘ (F56)

(ii)) Foreveryh > 0and U € Q. we have the bounds

Gt (U)

apx;rem;b;i

+
gapx;sh:b;i W)

< Kh < KSsn.run(U),

2
¢ h

(iii) Foreveryh > 0,U € Qp.c and V € 6%1 we have the bounds

< K07 & (]| 2 < K Srem:sun (V). (E.57)

2
Zh

+
”glin;U;sh;b;i V]

o = KRV

< K&mnu V),
@ <K ||8+[gtw(U)]”[Z° ”8+V”Zi

+
” glin;U;rem;b;i [V]
= KErem;U(V)~ (F.58)

Proof Recalling (C.5), the bounds follow by inspection. O
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Proof (Proof of Proposition 5.2-5.3 for G*) Upon introducing the full remainder functions

+ +
gapx;rem:b(U) = gapx;rem;b;i(U)’
+ +
glin;U;rcm;b[V] = glin;U;rem;b;i[V]’ (F59)

together with their counterparts

+ _ ot + +
gapx;sh;b(U) - gA’b;apx;sh;h(U) + gA’c;apx;sh;b(U) + gA’c;apx;sh;c(U)
+g§’;apx;sh;b(U) + g;’; (U) + gg)x;sh;b;i(U)’
+ _ ot
glin;U;sh;b[V] - gA’c;lin;U;sh;b[v]

+ + +
+gB’;lin;U;sh;b[V] + gB’;lin;U;sh;c[V] + glin;U:sh;b:i[V]’ (F.60)

apx;sh;c

the desired estimates follow directly from Lemma’s F.1-F.4. m}
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