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Abstract

This paper aims to the investigation of the global threshold dynamics of an infection age-space
structured HIV infection model. The model is formulated in a bounded domain involving two
infection routes (virus-to-cell and cell-to-cell) and Neumann boundary conditions. We first
transform the original model to a hybrid system containing two partial differential equations
and a Volterra integral equation. By appealing to the theory of fixed point problem together
with Picard sequences, the well-posedness of the model is shown by verifying that the solu-
tion exists globally and the solution is ultimately bounded. Under the Neumann boundary
condition, we establish the explicit expression of the basic reproduction number. By analyz-
ing the distribution of characteristic roots of the associated characteristic equation in terms
of the basic reproduction number, we achieve the local asymptotic stability of the steady
states. The global asymptotic stability of the steady states is established by the technique
of Lyapunov functionals, respectively. Numerical simulations are performed to validate our
theoretical results.
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Mathematics Subject Classification 35Q92 - 37N25 - 92D30

1 Introduction

Inspired by the classical works of Ho et al. [17] and Perelson et al. [30], the dynamical
properties of differential equations modelling the with-in host viral dynamics have obtained
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much attention (see, e.g., [6,13,19,23,24,33,39,45,49]). It has been widely recognized that
some typical features of viral dynamics, such as, time delays, infection age structure, and
spatial heterogeneity should be taken into account in studying with-in host dynamics, which
may give us new insights into the interactions among uninfected target T cells, infected T
cells, and free virus particles. Let 7' (¢), u(¢, a) and V (¢) be the concentrations of uninfected
target T cells, infected T cells of infection age a and the free virus particles at time ¢,
respectively. Here the infection age is defined by the time since infection began and the
infection-age structure is used to demonstrate the mechanisms that the death rate and virus
production rate of infected T cells should be infection-age-dependent, denoted by 6 (a) and
p(a), respectively. The following initial-boundary-value problem was studied in Nelson et

al. [28], T
t

=h—dT(t)— BTV (),

(% + %) u(t,a) = —6(a)u(t, a),

dv (1) %
=/ pla)u(t,a)da — cV (1),
dr 0
u,1) = BTV @),

T(0) = To, u(0,a) = up(a), and V(0) = V,

(1.1)

where /1 and d are the constant recruitment rate and the natural death rate of uninfected
cells; By is the infection rate; c is the clearance rate of virions. In [28], the local dynamics
of the model was achieved for some special cases and the time to reach the peak viral level
are illustrated by numerical simulations. To evaluate the roles of a distinct combination of
therapies, Rong et al. [13,33] took the model (1.1) as a basis and adapted it incorporating
three different classes of drugs. The global dynamics of model (1.1) was completely solved
in Huang et al. [19] by the technique of Lyapunov functionals. Model (1.1) also be used as
a basic framework to investigate the dynamics of hepatitis B or C virus in Qesmi et al. [32].

As pointed in [3,7,31,48], the variant infectivity in different ages may arise from the
heterogeneous structure of the infected T cells. In recent years, more and more works have
been devoted to investigating the effects of cell-to-cell infection routes in lymphoid tissues
(via formation of virological synapses) on viral dynamics [11,18,37,38]. The cell-to-cell
infection routes have been recognized as important factors in virus spread (see, e.g., [6,
23,39,45,49]). Lai and Zou [23] formulated the distributed delay differential equations, and
investigated the global stability of equilibrium of the model. Wang et al. [40] further extended
the model (1.1) to the following model:

+00
dgt) =h—dT (@) - BTV (¢, x) — ﬂzT(t)/ q(@u(t, a)da,
0

<2 + g) u(t,a) = —60(a)u(t, a),

Jdt  da
3 . (1.2)

= / p(a)u(t,a)da — cV (1),

dr 0 +00

u(t,0)=pTOV()+ ﬂzT(t)/O q(@)u(t, a)da,

where > and g (a) measure the infection rate and the infectivity between uninfected target T
cells and infected T cells, respectively. The global threshold dynamics of (1.2) in terms of the
basic reproduction number was achieved by solid analysis. Subsequently, by incorporating
the logistic growth for target T cells, the oscillations via local Hopf bifurcation was studied
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in [45,46,49]. Shu et al. [39] gave the complete analysis on HIV infection model involving
nonlinear target-cell dynamics and nonlinear incidences, and studied global dynamics in the
aspect of global threshold dynamics and oscillations via global Hopf bifurcation. Cheng et al.
[6] proposed an age-structured HIV infection model in the form of a two-compartment model
and analyzed the global attractivity of the equilibria by the perturbation theory. Zhang and
Liu [50] investigated the Hopf bifurcation of a delayed infection-age structured HIV infection
model by appealing to the theory of integrated semigroup with the non-dense domain. Wu and
Zhao [43] studied the effects of drug resistance by formulating an infection-age HIV model
involving a drug-sensitive strain and a drug-sensitive strain, and revealed that the efficacy of
antiretroviral drug treatments becomes weaker arising from the presence of cell-to-cell route.

However, ordinary differential equations modeling of viral infection assumed that the
intracellular reaction occurs simultaneously. As argued in [12], the HIV spread and replication
in lymphoid tissues are affected by the tissue architecture and composition. The results in [25]
revealed that the dynamics of HIV in vivo may mainly be affected by different physiological
environments, especially, in the early stage of infection.

Due to the complexity of the physiological environment and the tissue architectures of
lymphoid tissues, the spatial aspects of the tissues should be taken into account on viral
dynamics. Very recently, Ren et al. [34] considered a reaction-diffusion within-host HIV
model in a heterogeneous environment. Let  and x be the time and location variables,
respectively. We denote by T (¢, x), T*(t, x), and V (¢, x) the densities of uninfected target
T cells, infected T cells, and the free virus particles, associated with diffusion rates Dj(x),
D>(x), and D3(x), respectively. The model formulated in [34] is the following form,

% — V.- [Di(x)VT] = h(x) —d(x)T — p1(x)TV — ﬂz(x)TT*, xeQ. 10,
88];* =V [Dy()VT* ] = BTV + ()T T* —r(0)T*, x € Q, t >0,

za;/ B ZT.’EDS();)VVV] = NOT"—c(x)V, x€Q, t >0,

- 9w :EZO, x€od, t>0,

(1.3)
where 2 is the spatial domain. v is the outward normal vector to 2. The space-dependent
parameters i (x), d(x), Bi(x) (i =1, 2),r(x), N(x) and c(x) (the biological meaning can be
found in [34]) are strictly positive, and uniformly bounded functions on €. In the bounded
domain, the authors obtained the global threshold type result in terms of the basic reproduction
number, while in the unbounded domain, the existence of traveling wave solutions and the
minimum wave speed was established. Furthermore, the authors also found that the minimum
wave speed and the asymptotic spreading speed are affected by the diffusion of cells and cell-
to-cell infection route.

Recently, the infection age-space structured models have attracted wide attentions, which
are spent on understanding the effects of the time since infection and the spatial heterogeneity
on the transmission of infectious diseases. In 2009, Ducrot and Magal [8] studied the traveling
wave problem for a diffusive SIR model with infection age. As a continuous study of [8],
Ducrot and Magal [9] further considered the external supplies in the age-space structured
SIR model, and they found that the model admits a traveling wave connecting the two
different steady states. Until recently, Chekroun and Kuniya [4] proposed an infection age-
space structured SIR model on a bounded domain. After reformulating the model into a
hybrid system of one diffusive equation and one Volterra integral equation, the threshold-type
results for the disease extinction and persistence in one-dimensional domain were studied.
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Later on, Yang et al. [47] made an attempt to extend the methods and ideas used in [4],
and proposed a spatial spreading of brucellosis model in a continuous bounded domain.
Some basic mathematical arguments, including the existence, uniqueness of the solution and
threshold dynamics were successfully addressed.

The stability analysis of infection-free and infection steady state has witnessed an impor-
tant and fundamental approach for understanding viral dynamics. We also mention that the
global asymptotic stability of the constant equilibrium of (1.3) was achieved in the spa-
tially homogeneous environment without considering the infection-age structure, and the
infection-age structured model (1.2) was investigated with two infection routes but without
considering the spatial aspects of the lymphoid tissues. Thus, we adopt the features of (1.3)
and (1.2), and continue to consider the global threshold-type results of the model involving
the following aspects:

e In the early stage of infection, uninfected target T cells, infected T cells, and the free
virus particles disperse at the target tissues (bounded domain)  C R” according to the
Fickian diffusion or Brownian motion associated with the Neumann boundary condition
and constant diffusion coefficients d; > 0, d>» > 0 and d3 > 0, respectively.

e With infection age a, we use u(t, a, x) to denote the concentration of infected T cells.
Based on model (1.2), the dynamics of infected cells is governed by

<3 + i) u(t,a,x) =dyAu(t,a,x) — 0(a)u(t,a,x), (1.4)
Jat  da

where 6(a) € LY (0, +00) is the natural mortality of infected cells. Further, we assume
that 6 (a) > 6Opin for some positive number Op,;p. The free virus particles are produced at
the rate f0+°° p(a)u(t, a, x)da, where p(a) € L3°(0, 4+00) is the age-specific per capita
viral production rate of infected cells. In fact, the functional form of the viral production
kernel, p(a), is unknown and remains to be determined experimentally. Here we give an
example that capture features of the biology:

_ Prax (1 — e—ﬁ(a—al))7 a>ap,
pla) = {O, else,

where Ppax is the maximum production rate, because cellular resources will ultimately
limit how rapidly virions can be produced. 8 controls how rapidly the saturation level
is reached. a; is the delay in viral production. This kernel can mimic either a very rapid
increase to maximal production or a slow increase to maximal production depending on
the value of 8. We refer the readers to [28] for more details.

e We measure the virus interference during infection as saturation effect. Thus, uninfected
target T cells are contacted by free virus particles at the rate 81T H%’ where « is a half-

saturation constant. As to the cell-to-cell transmission mechanism, we use the bilinear

mechanism

+00
ﬂsz q(a)u(t,a, x)da
0

to account for the sustaining interactions between uninfected target T cells and infected
T cells through the formation of the virological synapses, as it accounts for about 60%
of viral infection [22]. Here, g(a) € L5°(0, 4+00). Hence, we adopt
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u(t,0,x) =T

+o00
Tav -l-,32T/0 qg(a)u(t,a, x)da. (1.5)

e To make things not too complicated (as model involving the two infection routes and
spatial diffusion have already made the problem very challenging), we adopt the recruit-
ment rate &, natural death rates of cells (d and b) and the clearance rate of virus particles
c as constant. Biologically, there exist 0 < a; < a» < +o0o such that g(a) > 0 and
p(a) > 0, forall a € (ay, az). Moreover, we give the following hypothesis: (H) Assume
that lim,—, » u(t, a, x) = 0, which means that all the biological individuals cannot sur-
vive all the time.

Therefore, we arrive at the following reaction-diffusion and infection-age structured HIV
infection model,

oT
— =d|AT +h —dT —u(t,0, x),

Jt

d d

—+ — Ju(t,a,x) = dAu(t,a,x) —0(au(t,a, x),
ot da

+00 16
u(t,0,x)=piT + ﬂzT/ q(a)u(t,a, x)da, (1.6)
14+aV 0
v +oo
o :d3AV+/ p(@u(t,a, x)da —cV,
0 _
T(0,x) = ¢1(x), u(0,a,x) =¢2(a,x), V(0,x) =¢3(x), a =0, x € Q,
with the following boundary condition
oT ou(t,a, x) A%
—=————=—=0,x€0Q, t>0. 1.7)
av av av
For mathematical considerations, denote by X := C(, R) the continuous functions

space equipped with the norm |-|x. Denote by Y := L'(R,, X) the integrable functions
space equipped with the norm ||y = f0+°° lp(a@)|lxda, ¢ € Y. Let X* and Y be the
positive cones of X and Y, respectively.

Suppose that T; (t) (i = 1,2,3) : X — X, t > 0, are the strongly continuous semigroups
corresponding to the operators, d; A (i = 1,2, 3) with Neumann boundary condition. It is
well-known that

(TP () = fg Fitx, »)()dy. 120, ¢ € X,

where ['; (¢, x,y) (i = 1,2,3) is the Green function of d;A (i = 1,2, 3) subject to the
Neumann boundary condition. By the arguments as those in [36, Corollary 7.2.3] and [29,
Theorem 1.5, 7;(t) i = 1,2,3) : X — X, ¢ > 0, is strongly positive and compact. Further,
T(t) = (T1(2), Tr(2), T3(2)) : X3 > X3, r >0, forms a strongly continuous semigroup.

System (1.6) can be reformulated by the method of characteristics (see, e.g., [14,15,44]).
In the following, we give the details for this issue. Define U.(x,t) = u(t,t + ¢, x) with
¢ € R, one has that

a
ch(x, 1) =drAUc(x, 1) = 8(t +)Uc(x, 1), for 1 =1,
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with Neumann boundary condition

U,
av

=0, x €0, t >t
where 7. = max{0, c¢}. It follows from [15] that
Uy(x,1) = ehe 8tode /Q Lot —tc, x, y)Uc(tc, y)dy.
If a > ¢, then . = 0. Hence we have
u(t,a, x) = eff2 S(x+a—ryde /;2 Lot x, y)Uc(0, y)dy
= olicd(rFa—tde /Q Ca(t, x, y)u(c, 0, y)dy

= efrjffg(’)dr / Lo, x, y)u(a — 1,0, y)dy
Q

(a)
=——"— | D2, x,y)p2(a —1t, y)dy,
w(a—t) Jg

where 77 (a) = e~ Jo 0(@)do

Ift > a, then f, =t — a. With a similar argument as above, we can obtain that

u(t,a,x) = n(a)/ a(a, x, y)u(t —a, 0, y)dy.
Q
Hence, u(t, a, x) can be solved as

n(a)/ Ia(a, x, y)u(t —a, 0, y)dy, t>a,

u(t,a,x) = n(a)Q (1.8)
VN FZ([,xy)’)‘lsz(a_t’y)dy, [Sll.
wa—1) Ja

Note that
4(0, a, x) = $2(a. ) =/ L300, x. y)ba(a, y)dy, Vi < a. (19)
Q

Substituting (1.8) into (1.6) gives the following hybrid system containing two reaction-
diffusion equations (7" and V) and a Volterra integral equation (for simplicity, we denote
u(t, 0, x) as u(t, x)),

aoT
o =d|AT +h —u(t,x)—dT,

lg(‘t/, x)=pT TTav + BT (F1 + Fa),

o =d3AV +F3+F4 —cV,

T(0,x) =¢1(x), u0,x) = ﬁlcbl(x)lqb& + B2p1 (V)F2(0,x), V(0,x) = $3(x), x € Q,
+ ag3(x)

(1.10)
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where .

F, = q(a)n(a)/ I(a, x, y)u(t — a, y)dyda,

Q
+00
Fz=/ q(a)ﬂ/ o, x, y)pa(a — t, y)dyda,
t ﬂ(a_t) Q (1 11)
t .

Fs = f p(@(a) fQ Ca(a. x. yult — a, y)dyda,

+00
Fi— / pla)—24_ / Lot x, Vaa — 1, y)dyda.
t w(a—1) Jo

The main goal of the current paper is to rigorously investigate the global threshold type
results of (1.6). In Sect. 2, Theorem 2.2 tell us that (1.10) has a unique nonnegative solution
defined on [0, 00) x ©, and the solution is ultimately bounded in X* x Y+ x X*. Thus
it comes naturally to investigate system (1.10) in a bounded domain. Section 3 is spent
on defining the basic reproduction number (BRN). Our result in Lemma 3.1 indicates that
the next generation operator (NGO) L is strictly positive, bounded, and compact, which
is proved by the Ascoli-Arzela theorem. Thus one can get the specific expression of BRN
Nop by appealing to Krein-Rutman theorem, where N is the only positive eigenvalue of L,
corresponding to which, there is a positive eigenvector. Further, once 9ig > 1, (1.6) has a
unique space-independent infection equilibrium E= (f", u(a), \7) (see Lemma 3.2). In Sect.
4, Theorem 4.1 below indicates that iy works perfectly in determining the local dynamics for
infection-free steady state Eq and space-independent infection equilibrium E by checking
the distribution of characteristic root of Eq. (4.5). More specifically, if g < 1, Ep is locally
asymptotically stable (LAS), while E is LAS if 5ty > 1. Section 5 is devoted to the study of
the persistence of infection in the system (1.10) for {¢ > 1, where the strong persistence is
implied by the weak persistence. In Sect. 6, the global attractivity of Eq and E are obtained
by the technique of Lyapunov functionals. Lastly, the numerical simulations are performed
to reinforce the theoretical findings.

2 Well-Posedness of the Model

This section aims to verify that the solution of (1.10) exists globally. We first prove the
following result.

Theorem 2.1 For any (¢1, ¢, $3) € Xt x YT x X¥, system (1.10) with (1.11) admits a
unique nonnegative solution (T , u, V) on [0, tyay), where tyux € ]Rj_.

Proof LetY, := C(|0, tmax], X), associated with the following normin Y;__,

lolly, = sup [lv@, Ix, v € Vi
max
0<t<tmax

For (t, x) € [0, fmax) X 2, solving T and V from (1.10) yields that

t
T =F+/ e—‘“’—“)/ L1 — a,x, Yl — u(a, y)ldyda,
0 o 2.1
14

t
F+/ e_m_”)/ [3(t —a, x, y)[F3(a, y) + Fi(a, y)ldyda,
0 Q
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where F = ¢~ JoTi(t, x, y)¢1(y)dy and F=¢ Jo T3(t, x, y)$3(y)dy. Putting T and
V into u equation, we get that for (¢, x) € [0, fmax) X Q,

t
u(t,x) = [F—i—/ eid('fa)/ F](t—a,x,y)[h—u(a,y)]dyda:|
0 Q

« s (F + [y et~ [0 T3(t —a, x, y)[F3(a, y) + Fs(a, y)ldyda)
1+ a(F + [y et~ [0 T3(t —a, x, y)[F3(a. y) + Fi(a, y)ldyda)

+ B (F1 + Fz)i|
t

< [F+/ e_d(’_“)/ it —a,x, y)[h—ua, y)]dyda] X [ﬂz(Fl +F2) 2.2)
0 Q

t
+ p1(F +/ 67“’7”)/ I3t —a,x, y)[F3(a, y) + Fala, y)]dyda)]
0 Q
= F(u)(t, x).
In what follows, we shall utilize the Banach-Picard fixed point theorem to verify that the

operator ¥ : Y; . — Y, . admits a fixed point, that is, system (1.10) admits a unique local
solution. For the simplicity of notations, we denote

'
F, =F+f e_d(’_“)/ Iy (t —a,x,yhdyda,
0 Q

t
Gi(u) = _/ e*d“*‘”/ Tyt —a,x,yula, y)dyda,
0 Q
t

Gz(u)=/32/0 q(a)n(a)/ﬂrz(a,x,ym(r—a,y)dyda,

t b
G3(u) = pi f e=ct=b [ T3(t —b,x,y) f pla)m(a) / Ta(a, y, 2)u(b — a, z)dzdadydb,
0 Q 0 Q
t

F, = BoFa(1, x) +,61F+ﬂ1/ e*b‘“*“)/ I'3(t — a, x, y)F4(a, y)dyda.
0 Q

In these settings, F can be rewritten as
Fu =[Fi + Gi][G2(u) + G3(u) + F].
Hence, by selecting two functions #1 and u> in Y, and set it := u; — uo, we have
Fuy — Fuy
= F1G2(@1) + G1(u1)G2(it) + G2(u2)G 1 (i) + F1G3(t) + G1(u1)G3(@) + G3(u2)G1 (i)
+ F2G 1 (it)
< |(F1 + G1(u1))(G2 + G3) + (Ga(u2) + G3(u2) + F2)Gy| |uy — ualy,
where
t
G| = —/ e~ dt—® / I'y(t — a,x, y)dyda,
0, Q
Gy = ﬂz/ q(a)n(a)/ [y (a, x, y)dyda,
0 Q

t b
G3 = /31/ e_c(t_b)/ I'3(t — b, x, y)/ p(a)rr(a)/ I'2(a, v, z)dzdadydb.
0 Q 0 Q
Let

L(tmax) :== sup  |(F1 + G1(u1))(G2 + G3) + (G2(u2) + G3(u2) + F2) Gy -

0=t <tmax
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We can choose sufficiently small 0 < #p,x << 1 such that I:(tmax) < 1. Hence, we can get
the following inequality,

| Fuy — f“ZlY,maX < L(tmax) luy — ’/‘2|Y,max )

which means that F is a strict contraction in Y . This confirms the assertion that the system
(1.10) admit a unique local solution on [0, fyax)- ]

We next establish the positivity of the solution.
Proposition 2.1 For any (¢1, ¢2, ¢3) € XT x YT x Xt and (¢, x) € [0, tyax) X Q, we have
T(,x) >0, V(t,x) >0and u(t,x) > 0.
Proof By (1.9), we know that if ¢ € YT, then

@3(x)
I+ ags(x)

Define the following positive linear operator ®; (i =1,2) : Y — Y as

u (0, x) = Bigh1 (x) + B (1) fo (@2, x)da = 0, Vx € .

t

@1 (p)(1, x) ::/o q(a)ﬂ(a)/grz(a,x,yﬁﬂ(t —a,y)dyda, ¢ €Y,

! 2.3)
Da(p)(t, x) ::/o p(a)ﬂ(a)/ [2(a, x, )t —a, y)dyda, ¢ € Y,
Q
in the sense that ®; (Y*) C YT as 'y (a, x, y) > 0. It follows that

aT B1
— > diAT — | Bo(®1(u) +Fo) + — +d | T, t €[0, tmax), X € 2,
at o (2.4)
oT
3 = 0, t € [0, tmax), X € 0Q2.

v

Due to the fact that for any (¢, x) € [0, fynax) X 2, B2(P (1) + F>) + % + d is continuous
and bounded, we have that T'(z, x) > 0, by the standard strong maximum principle.

Next we shall show the positivity of u(¢, x). If there exist (¢1, x1) € [0, fmax) X 2 such
that

u(t,x) >0, t€[0,t1) and x € Q;
u(t,xl):O, t =1 and x| € Q;
ut+¢e,x1) <0, t=1,x1€Qand0 <e K 1.
Thus,
V(ty + e, x1)
u(ty +¢,x1) = 1Tt + ¢, x1) + BT (11 + &, x1)

1+aV(t +¢,x1)
t+e
X (/ q(a)n(a)/ Ia(a, x, Y)u(t + ¢ —a, y)dyda + Fo(t; + ¢, x1)> .
0 Q

Moreover, it follows from the third equation of (1.10) that

t
V(= /0 o) /Q [F3(s, )+ Fa(s, )IT3(—s, x, y)dyds+e /Q C3(tx. y)d3()dy.

Hence,

h+e
V(ti +¢) > / efc(’“ﬂ')/ Fi(s, y)['3(t; + € — s, x, y)dyds.
0 Q

@ Springer



2288 Journal of Dynamics and Differential Equations (2023) 35:2279-2311

Note that
Fs(s,y) = / p(a)rr(a)/ I'y(a, x, Y)u(s —a, y)dyda >0, s € (0,1t +¢),
0 Q

for small enough e. Together with F; > 0, F» > 0, we have u(#; + ¢, x1) > 0 for small
enough &, which results in a contradiction. By some similar arguments as above, we can
conclude that V (¢, x) > 0. This completes the proof. O

We next show the solution of (1.10) exists globally.

Theorem 2.2 Forany (¢1, $2, $3) € Xt x YT x X7, then (1.10) admits a unique nonnegative
solution (T , u, V) on [0, c0) x Q. Furthermore, the solution of (1.10) is ultimately bounded.

Proof In fact, by Proposition 2.1, we know that T equation of system (1.10) satisfies

oT
— <d|AT +h —dT, t € [0, tmax), X € Q,
ot (2.5)
aT
87:07 te[oytmax)v XEQ,
v

which implies that % is the upper solution of 7' (¢, x). We confirm that for any (¢, x) €
[0, fmax) X Q, u(t, x) < 4o00. Ifitis not true, we suppose that there exists (+*, x*) € [0, fmax) X
Q satisfying lim; .+ u(t, x*) = +o00. Hence, lim;_;+_o 9, T (¢, x*) = —o0, which results
in the contradiction to the positivity of T (see in Proposition 2.1). Hence, u(z, x) < co. We
are now ready to confirm the boundedness of V (¢, x). Let p* = ess.supa€R+p(a) < +o00.
Since

o0
F; +F4 < p+/ n(a)/ Ia(a, x, y)u(t — a, y)dyda
0 Q

> n(a+1)
+ p+[ —— [ Ia(t, x, y)¢a(a, y)dyda :=M,,
0 7 (a) Q

it follows that
t
v 5/ e’c(’*“)/ I3(t —a,x,y)MudydavLe*”/ [3(t, x, y)$3(y)dy
0 Q Q
M“ —ct —ct
S?(l—e )+e | @3 llx:= My. (2.6)

Hence, V never blow up in ¢ € [0, fmax), x € 2. Consequently, we arrive at the assertion
that the solution of (1.10) exists globally in X+ x YT x XT. After passing to some similar
arguments as before if necessary, we can confirm that for any (¢1, ¢, ¢3) € Xt x Y x X*
and a sufficiently large positive number M,

0 < limsup(7T (¢, x), u(t,x), V(t,x)) < M.

—00

In fact, solving the T-equation of (2.1) gets

t
T gh/ e‘d("”)/ Fl(t—a,x,y)dydaJre_d’/ Ly, x, y)¢1(y)dy
0 Q Q 2.7

h _ _
= (e My e | ¢y |x< o0.
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By taking the limit # — oo in (2.6) and (2.7), we immediately get

h
limsup T'(¢, x) < 7 and limsup V (¢, x) < M,.

1—>00 —>00

This together with u (¢, x) < 400 immediately gives the ultimate boundedness of the solution
in Xt x Yt x X+,
Since c is a constant, we have

AV (t, x)
TR > d3AV(t,x) —cV(t,x), t €0, tmax), X € Q,

2.8)
av(t, (
% —0, 1 €0, o), X € OS2

v

By the standard strong maximum principle, we get that V (¢, x) > 0. This completes the
proof. O

3 Basic Reproduction Number

Following the classical theory in [10,42], in this section, we shall define the basic reproduction
number Ny of model (1.10). Obviously, (1.10) always exists an infection-free steady state
Ey = (Tp, 0,0) with Ty = g. We are now ready to define the next generation operator for

model (1.10) on XT x YT x X*. We consider the following linear sub-system of model
(1.10) at disease-free equilibrium Ej.

0 0
—+ — Jut,a,x)=dAu(t,a,x)—0(@ul(t,a,x),
ot da

+00
u(t,0,x) =TV + ,32T0/ q(@u(t, a, x)da, 3.1
v +oo ’
o7 =d3AV —l—/ p@u(t,a, x)da —cV.
0

Firstly, we have

t
V() = f e f Ry (s, )31 — s, x, y)dyds + e~ / T3(1, x, y)¢3(y)dy,
0 Q Q
where
+o00
Ry (7, x) 2/ pla)u(t,a, x)da.
0
Recall that u(z, x) := u(t, 0, x). This combines with (1.8) gives that
t
u(t, x) = fTo (/ 2(@7(@) [ Ta@.x. it - a.y)dyda + Racr x))
0 Q
t a
+ BTy (/ ef“('ﬂ)/ l"3(t—a,x,y)/ p(s)rr(s)/ Fz(s,y,z)u(a—s,z)dzdsdyda-l—R3(t,x)),
0 Q 0 Q

where

w(a+1)

AT gy
@

Ra(z, x) ZﬂzTo/O q(a+t)/91"2(a+t,x,y)¢z(a,y)
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and

7(s)

w(a—s)

t
/ Ia(s, y, )ea(s—a, t)dzdsdyda.
0 Q

Rs(t, x)=p1Tp f e I3(t—a, x, ) / p(s)

Similar to [47], the next generation operator £ can be evaluated as follows,

£[¢](X)=/32To/0 q(a)n(a)/gFz(a,x,y)so(y)dyda

o0 t a
+ BT / f et f P3( —a.x. y) / () (s)
0 0 Q 0

/ (s, y, 2)¢(z)dzdsdydads
Q
— BTy /0 4(@)m(a) /Q Fa(a. x. y)o(y)dyda

o0 a
+ /31T0/ e / I'3(a, x, y)/ P(S)?T(S)/ ['2(s, y, 2)¢(z)dzdsdyda,
0 Q 0 Q
(3.2)
for any ¢ € X. Following the classical theory in [10,42], the basic reproduction number No

is defined by the spectral radius of £, i.e., R := r(L).
As to £, we have the following result.

Lemma 3.1 Let L be defined by (3.2). The next generation operator L is strictly positive,
bounded, and compact.

Proof Obviously, the next generation operator L is positive. Due to the properties of I'; and
'3, we denote by {¢, },en the bounded sequence in X, which satisfies |¢,|x < K, for some
K > 0. Let {¢/n }nen = Lgy. It then follows that

+00

h
W)l < B2 / g(@)m(a) / Fa(a. x, y)dydallgsllx
0 Q

o0 a
BT / o / Fs(a.x. ) / p(s)(s)dsdydallgn
0 Q 0

+00 oo ¢
5/32ﬁ/ q(a)n(a)daK—i—ﬂlTo/ 67“’/ 1"3(a,x,y)/ p(s)m(s)dsdydaK,
d Jo 0 Q 0

for all x € 2, which gives the uniform boundedness of {{,},en. By the Ascoli-Arzela
theorem, we are now ready to verify that {1, },en is equi-continuous. Taking any x, X € Q2
with |[x — X| < §. Direct calculation gives

- ho[t -
=Dl < poy [ a@@ [ 1,53 = Fata 7 lent)dvda
o0 a
+ﬁ1To[0 e‘““/ﬂIFs(a,x,y)fFa(a,i,y)I/O p(S)ﬂ(S)/QI‘z(s,y,z)w(z)dzdsdydw
Denote g7 = ess.sup,cg, ¢(a) < +oo and pt = ess.sup,cg, p(a) < +oo. From the prop-
erties of I'; (a, x, y), (i =2, 3), we can select e > 0 such that |[T'(a, x, y) —a(a, X, y)| <

W\q’fﬁz and |T'3(a, x,y) — I'3(a, X, y)| < WM for all y € 2, where || is the
volume of Q2. For such € and §, we immediately have

an(x) - Wn()z)bg <€,
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that is, {¥,, (x)},eN is equi-continuous. Thus, the next generation operator £ is compact. This
proves Lemma 3.1. O

Generally speaking, it is not east to get the spectral radius of the next generation operator
L, if not impossible, so that we can not get further information on dynamical properties of
(1.10). By Lemma 3.1 combined with the Krein-Rutman theorem [ 1, Theorem 3.2], we know
that the basic reproduction number is the only positive eigenvalue of £, corresponding to
which, there is a positive eigenvector. Substituting ¢(x) = ¢* > 0 (¢* is a constant) into
(3.2) and using [, [ (-, x, y)dy = 1, (i =2,3),

* h [ « , Pih * *
Lo = oy [ a@ntadas + 21 [ pamarag
0 cd Jo
Hence, Ny = r (L) is given by
No = BTo0 + %TOP, (3.3)

where
0= /ooq(a)n(a)da and P = /m p(a)m(a)da.
0 0

We should mention that with the assumption that all parameters of (1.10) are spatially homo-
geneous, Eg is constant equilibrium. It is crucial to (3.2) that the next generation operator
L does have a positive constant eigenvector, which in turn implies that iy can be explicitly
characterized by a positive constant (see also in [4,5]).

Denote by E the space-independent infection equilibrium of (1.10), if it exists. Then it

satisfies A
h—u(0)—dT =0,

dii(a) K
= —0(a)u(a),
da . . A
~ Vv ~ o0 .
80) = pii—— 1 poT / ¢(@)i(a)da, 34
1+aV 0

+00 R
/ p(a)i(a)da —cV = 0.
0
From the second equation of (3.4), one has that
ii(a) = 4(0)e %0 9% = 30y (a).

Furthermore, from the first and forth equations of (3.4), we have

) and V = 1/00 p(a)ii(a)da = 1/00 p(@)i(0)m(a)da = 5&(0). (3.5)
¢ Jo ¢ Jo c

Now, we can see that 7,V and 1(0) can be written as terms of (0). Putting 7 and V into
the third equation of (3.4) gives
T(@(0)) = ag(ii(0))* + a1i(0) + ax, (3.6)

whereap = afoPQ,a1 = cfrQ+pB1P+adP —apfrhQP andar = cd—p1hQ —cprhQ =
cd[1 — Ny]. Since ag > 0, it has Y (£oo) = +00. In the case that g < 1, we know that
T (0) > 0and

Y'(@(0)) = 2apii(0) + a;.
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Since Ny < 1, thatis, cBrh Q + B1h P < cd, thus we can conclude that

chrQ+ pi1P +adP —apphQP > aP(d — p2hQ) =0,
we have that Y'(1(0)) > O for any i#(0) > 0 when Ry < 1. It follows that Eq. (3.6)
has no positive root, which in turn implies that (1.10) has no space-independent infection
equilibrium E. In the case that g > 1, we know that Y (0) = a» < 0. From the properties

of the quadratic function Y (i2(0)), (3.6) admits a unique positive root i(0).
In summary, we have the following result.

Lemma 3.2 If Xo > 1, (1.6) has a unique space-independent infection equilibrium E =
(T, u(a), V), which is unique and defined by (3.5).

4 Dynamics for the System

This section is paid to the local and global asymptotic stability of Eq and E.

4.1 Local Dynamics

We are now ready to establish the local asymptotic stability of Ep and E. Let E* =
(T*,u*(a), V*) be Eg or E of (1.6), we linearize (1.6) around E* yields

T _ 4 AT —dT — T* prv +ﬂ/+oo (@u(t, a, x)d
— = — — —_— a)u(t,a, x)da
=T (W +ﬁ2/(; q(a)u*(a)da |,
Bl B
<—+—> u(t,a,x) =dyAu(t,a, x) — 0(a)u(t, a, x),
Jat  da
ov +0o0
o1 =d3AV +/ pla@)u(t,a,x)da —cV, 4.1
0
wo0=1" (LY __ g /+m (@ut, a, x)d
u(t,v,x) = —_— a)u(t,a, x)da
(avr )y 1
,BIV* o0
+T (W +,32/0 q(a)u*(a)da ,
g_ ou(t,a, x) B 37 .
EI av oy

By a classical parabolic theory [2], we denote by ¢;(j = 1,2,---) with0 = ¢y < {1 <
¢ < - - - theeigenvalues of — A subject to (1.7). Assume that the following parabolic problem
with the homogeneous Neumann boundary condition

au (¢,

‘4%j2=AUUJL

U, x)
av a

)

has the exponential solution in the form of U(z, x) = e"z(x), z(x) € X;. Further from
the exponential Ansatz (see, e.g., [27, Theorem 3.1]), we have that Az(x) = —¢jz(x). We
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substitute T = e ¢ (x), u(t, a, x) = e"p(a, x), V = " (x) into (4.1), obtaining that
B1y(x)
(14 aV*)?
ﬁl +o00o
—¢(x) + B2 q(a)u*(a)da

1+aV*
dp(a, x)
9

+00
ng(x) = —d1§i¢(X) —d¢(x)—T" < + ﬂz/o q(a)w(a,X)da>

- —dzzl-go(a, x) — 6(@)p(a. ),
o 4.2)
() = —dsip(x) + /0 p(@e(a, x)da — e (x),

ne(a, x) +

+oo
00, x) = T* (% + B / g@ea, x)da)
+(x) (ﬁl—v* + B / q(a)u* (a)da)
1 +aV* 0 ’

Combined with the second and fourth equation of (4.2), we get that

@(a, x) = 90, x)7 (a)e ", with 7 (a) = 7(a)e 2%,

We next claim that n # —(di¢; +d) and n # —(d3¢; + ¢). In fact, if n = —(d & + d),
together with the first equation of (4.2), imply that ¢ (0, x) = 0. Hence, by the third equation
of (4.2), n = —(d3¢&; + ¢), which results in a contradiction. n # —(d3¢; + ¢) < 0 can be
proved in a similar way. This claim together with the first and third equation of (4.2) imply
that

@0, x) (0, )P (i)

¢(x) = _m and 1,0()6) = m, (43)

where P (n) = fooo p(a)7t(a)e ""da. Plugging (4.3) into the fourth equation of (4.2) yields

prv: B2 fo ™ q(@u* (a)da

B1P ()
i+ d3&i +o)(1 +aV*)?

= T* (ﬂzl?m) + )wo,x), 4.4)

where I?(n) = fooo q(a)7 (a)e~"da. Canceling ¢(0, x) on both sides of (4.4), we conclude
that

pV* B Jo ™ q(a)u* (a)da
m+digi +d)(1 +aV*) n+dig+d

i BiIP(n)
=T <ﬂ2K(77)+ (n+d3{i+c)(1+o(v*)2>.

1+

4.5)

In what follows, we pay attention to analyze the characteristic roots of (4.5).

Theorem 4.1 IfNy < 1, Ey is locally asymptotically stable, while Eis locally asymptotically
stable if o > 1.

Proof Let us first prove the local stability of E. In this case, (4.5) can be simplified to

4.6
n+digi +c (4.6)

N
—E<ﬂz (n +
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Suppose by contrary that (4.6) admits a real positive root > 0. We directly have

hlf .= B1P(n) ‘
EK&K“”+FI%EI?XS}”

If Rp < 1, the above inequality leads to a contradiction to (4.6). Hence, all the real roots of
(4.6) are negative.

Letn = m xni (withm > 0 and n > 0) be a pair of complex roots of (4.6). After passing
elementary analysis, we directly have

] _h Bi1(m + ¢ + dsg;) fooo p(a)7(a)e " cos(na)da — Bin ja)o p(a)7 (a)e " sin(na)da
d (m+c+dsg)” +n

+f52/ q(@)7(a)e ™ cos(na)da) < No.
0

This contradicts with iy < 1. This proves the assertion that Ey is LAS.
We next prove the local stability of E. If n = m + ni with m > 0, the left-hand side of
(4.5) satisfies

BV B2 o q@i(a)da
m+digi +d)(1+aV) n+digi+d

1+

\/[(m +diGi +d)(A +aV) + EP 4+ n2(1 +aV)?
= > 1, %)

\/[(m +dig +d)? +n2)(1+aV)?

where & = 1V + B2 [i7 g(a)ii(a)da(l + aV). However, the right-hand side of (4.5)
satisfies

PN B1P(n) Lo B1P(n) ‘
T K + - <T K + —

K e roaravr = P e T o0 +ah)

< T lgpos pre? <L ﬂz/mq(a)n(a)da+;81L _
— a(0) +ds¢i + o)1 +aV)| ~ 4(0) 0 A +aV)

(4.8)
Comparing (4.7) and (4.8), we concluc}e that all roots of (4.5) have negative real parts if
NRo > 1. This proves the assertion that E is LAS if iy > 1. O

4.2 Persistence of Infection When % > 1

In this subsection, we are concerned with the uniform persistence of (1.10) for iy > 1.
Considering a semiflow associated with system (1.10), and replacing u(t — a, 0, y) in (1.8)
by u(t — a, y) for short, we have the following result (see also in [35, Section 9.4]).

Lemma 4.1 Let (¢p1,¢0,¢3) € XT x YT x XT. Forallt > 0 and x € , system (1.10)
admits a continuous semiflow defined by O(t, ¢1, ¢2, p3) = (T (t,-), u(t,-, ), V(t,-)) €
Xt x YT x XT.

Proof Forany r,f,a > 0andx € Q, let

T,(t,x) =T +1t,x), up(t,x) =u(r +1t,x), Vi(t,x) =V +1,x), u(t,a,x) =ulr +1t,a,x).
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Hence, we have

M =dAT(t,x)+h —u,(t,x) —dT.(t, x),
+00
WD —aavien+ [ p@a@ [ Py a0, y)dvda - eV @0,
0 Q
4.9)
with 7,.(0, x) = T'(r, x) and V,(0, x) = V(r, x), and
(0 = BT —2 gt )/W @ur(t, a, )da.  (4.10)
u,(t,x) = S X)—————— ,X a)u,(t,a, x)da. .
r 14y I+ aV. (. x) 21y o q r
This together with (1.8) implies that for x € €,
7'[(61)/ Ia(a, x, y)u,(t —a, y)dy, a<r+t,
u(t,a,x) = n(%) (4.11)
———— | Do(r+t,x, )@ —r —1,y)dy, a>r+t.
w(a—r—t) Jo
After passing elementary calculation, we have
n(a—t)/ Ia(a —t,x, y)u(t —a, y)dy, aclt,r+1),
u,(0,a —t,x) = N(a—t)Q
——— | Ta(r,x, y)po(a—r —t,y)dy, a=r+t.
wa—r—t)Jg
On the other hand,
(a)
VN FQ(tvxvy)ur(Ova_tsy)dy
w(a—t) Jo
n(a)/ Ia(a, x, Y)u,(t —a, y)dy, ae€lt,r+t),
= 7 (a)
- Co(r+t,x,y)po(a—r —t,y)dy, a>r+t.
wa—r—t)Jg
Combined with (4.11), we directly have
n(a)/ Ca(a, x, y)u,(t —a, y)dy, t—a>0,
up(t,a, x) = @ (4.12)
w(a)
——— | Dot x, y)ur(0,a — 1, y)dy, a—1t>0.
n(a — t) Q
It then follows from (4.9), (4.10) and (4.12) that for all » > 0 and ¢ > 0,
O, T(r,),ut,), V(r,)) = [T@),u(t,-), Vr (1)) = O + 1, 1, $2, ¢3).
This completes the proof. O
Let
#3
D:= {(¢1,¢2,¢3) e Xt x YT x Xt Bigy
I +a¢s

+00
+Bro1 / g(a)¢a(a, x)da > 0 for some x € Q} .
0
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The following result implies that the solution of (1.10) is uniformly weak | - |x-persistence
(see also in [5, Lemma 6.1] and [4, Lemma 5.2]).

Lemma4.2 IfRg > 1 and (¢1, P2, $3) € D, then

limsup |u(t, -)|x > €]
1—> 400

holds for a sufficiently small constant number g1 > 0.
Proof Since My > 1, choosing a sufficiently small number ¢ > 0 such that
h—c¢
d

If there exists #; > O such that

(,32 /Ooq(a)n'(a)da + (B —¢) /ooe_“ds /OO p(a)rr(a)da) >1. (4.13)
0 0 0

|u(t,x) |x<e, forallt > 1, x € Q,

then, by (4.13), we can choose a small A > 0 and 7, > #; such that R > 1, where
h—e¢

R = (1—e %) (,82/ g(a@)m(a)e da + (B — 6‘)/ e_”e_“ds/ p(a)zr(a)e_)”"da> ,
0 0 0

(4.14)
and § = 1, — t;. By using this ¢,

aT
o >AdIAT +h—¢e¢—dT, t > 1, x € Q.
Hence,

h —
T> e“’“"“f Tyt — 11,3, NT @, )y + (1 - e—d(f—m)
Q

d
h—e¢
>
~— d

(1 — e_ds), forallt > 1, x € Q.

Similarly,

t 00
V> / e ct=9) / C3(t — s, x, y)/ p(a)u(s, a, y)dadyds
0 Q 0

t r—s
> / e‘”/ I's(s, x, y)/ p(a)rr(a)/ Ia(a, y, 2)u(t —s — a, z)dzdadyds
0 Q 0 Q

holds forallz > #,, x € Q. Not that the incidence function f(V) = ,31% satisfies f(0) =

) . Vv
0, f'(V) = s > Oand £(V) = 2264 < 0. Dueto the fact that Vhino% = £(0),

there exists a ¢ such that

FW) = (f'O) —e)V, VIV <.

Using the fact ¢; = min{Q, ¢}, together with Lemma 4.1, we take #, = 0 (and thus, t; = —5)
by taking 7 (12, x), V(t2, x) and u(#2, a, x) as a new initial condition. Hence,

h—e¢ —d5 !
u(t,x) > 5 (1 —e ) ﬂzf q(a)n(a)[ I2(a, x, y)u(t —a, y)dyda
0 Q

t t—s
+ (B — 8)/ e / I3(s, x, y)/ p(a)n(a)/ To(a,y, u(t —s —a, z)dzdudyds) .
0 Q 0 Q
4.15)
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Obviously, for all x € €, foo e Mu(t, x)dt < oco. Define u(r,X) = mingeq u(t, x).
Taking Laplace transform on both sides of (4.15), we get

o
/ e Mu(t, $)de
0

h—e B 00 t
> — (1 — e_ds) (,32/ e_)"/ q(a)n'(a)/ Iy(a, X, y)u(t — a, y)dydadt
d 0 0 Q

o0 t t—s
+ (B —8)/ e*“/ e*”/ Fa(s,)?,y)/ pla)m(a)
0 0 Q 0

/ Taa, y, ut —s —a, z)dzdadydsdt)
Q

> (1) (ﬂz / g(@)m (@) f e f Fa(a, &, y)u(t - a, y)dydrda
d 0 a @

+ (A1 —8)/ 6_”/ B
0 s

t—s
/ I3(s, X, y)/ p(a)n(a)/ Ia(a, y,2)ut —s —a, z)dzdadydtds) .
Q 0 Q

After passing elementary calculations, we obtain

o0
/ e Mu(r, $)dt
0
— N 0o 00
> h y) ¢ (1 — e_ds) <ﬂ2f q(a)n(a)e_)‘af IM(a, X, y)f e =Dy (1, y)drdyda
0 0

+ (B —e)/ e e *“/ /F3(S £,

/ P(a)ﬂ(a)/ Ia(a, y, u(t — a, z)dzdadydtds)

. h—e (1 _e—d§) (/32[ q(a)n(a)eik“f Fz(a,)?,y)/ e Mu(r, y)drdyda
d 0 Q 0

+ (B —8)/ e*”e’“/ p(a)ﬂ(a)e*“/ [3(s, %, y)
0 0 Q

o
/ e M / Fg(a,y,z)u(t,z)dzdtdydads).
0 Q

Consequently, we obtain that

/*00 e Mu(r, $)dr
0
h— - e}
> — : (1 —e—‘”) (ﬁz /0 q(a)m(a)e ™ /Q Ia(a, %, y)

/ e_)‘tu(t,y)dtdyda

0

+Bi—e) / e f pl@m(@e™ f F3(s. £ y)
0 0 Q

oo
/Fz(a,y, z)/ e*)\’u(t,z)dtdzdydads)
Q 0
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- o0
> m/ e Mu(r, %)ds,
0

which is a contradiction with (4.14). This proves Lemma 4.2. O

By the arguments similar to those in [4, Proposition 5.3] and [16, Theorem 1], we arrive
at the below assertion on the strong | - | x-persistence.

Proposition 4.1 Suppose that R > 1. For any (¢1, ¢2, ¢3) € D, there exists a sufficiently
small number €y > 0 such that

liminf |u(z, -)|x > €.
—>—+00
With the help of Proposition 4.1, we show the following result.

Proposition 4.2 If g > 1, system (1.6) is uniformly strongly persistent, namely, there exists
a positive value € such that for any solution with the initial condition in D

liminf 7T(t,x) > ¢, liminf wu(z,a,x) > ¢, liminf V(¢,x) > ¢,
t—00,xeN t—00,xeR t—00,x€Q

Jor (a,x) € Ry x Q.
Proof By Proposition 4.1, there exists positive constants  and Ty such that u(z, a, x)

nr(a) for t > Ty. Then there exists a sufficiently small constant 1o such that u(t, a, x)
nm(a) — no. It follows from the third equation of (1.6) that

IV IV

av

where H = fooo p(a)(nm(a) — no)da. Hence,

t H
Vit x) = H/ e_w/ ['3(a, x, y)dady = — (1 — e~ ).
0 Q c

Thus, there exists n; and 7> > T such that V (¢, x) > ¢;. Lastly, by the positivity of 7' (¢, x)
and choose n = min{ng, 11}, we finish the proof. O

4.3 Global Attractivity of Steady States

This subsection is spent on the global asymptotic stability of £y and E. Combined with local
asymptotic stability and global attractivity of equilibria, we shall confirm that both Eq and
E are globally asymptotically stable. The global attractivity of Ey and E is achieved by the
technique of Lyapunov functionals.

Theorem 4.2 Suppose that Rg < 1, then Ey is globally asymptotically stable.
Proof Let g(a) = a — 1 —Ina, o € RT. Then g(a) > 0 for all @ € R and the equality

holds if and only if @ = 1.
Define a Lyapunov function Lg,(t) : D — R:

LEo(t):/[LT(tvx)+Lu(t»x)+LV(tvx)]dx»
Q
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where L7 = Tog(7:), Lu = [5° W(a)u(t, a, x)da and Ly = 10V The function W (a) is
nonnegative and integrable. We define W (a) as

o0 0 0
W(a) = / (mm@ +/32Toq(9)> %de.

Obviously, we have the following properties for W (a),

V' (a) = — (ﬁlTO@ + ﬂz%q(d)) +0(a)¥(a),
W (0) = No.

(4.16)

We first calculate the derivative of L (¢, x) along the solution of system (1.6), obtaining
that

LT (T = Ty)AT (T = Tp)?
— =d —d Ti
ot ! T T ATy
+00
+/32To/ q(a)u(t,a,x)da] —u(t,0,x). 4.17)
0

By (1.8), we rewrite L, (t, x) as

t
L, = / Yt —a)m(t — a)/ I2(t —a, x, y)u(a, 0, y)dyda
0 Q

w(a+t)
(a)

+/ V(a+1) 2 (t, x, y)pa(a, y)dyda.
0 Q

It then follows that

aL,
at

L 9W(t —a)
E—

=‘P(0)/ 20, x, y)u(z, 0, y)d)’+/
Q 0 at

(t— a)/ 2 (t —a, x, y)u(a, 0, y)dyda
Q
t
— [ Ot —a)V(t —a)m(t — a)/ 2 (t —a, x, y)u(a,0, y)dyda
0 Q

t _
+/ W(t —a)m(t — a)/ Mu(a, y)dyda
0 Q

ot
+/°° oV (t+a) n(t+a)
0 at w(a)

Taa+1, x, y)¢a(a, y)dyda (4.18)
Q

n(t +a)
w(a)
w(t +a) ol (a+1,x,y)

w(a) Q Jat

- / Ot +a)¥(t +a) Ma(a+t,x, y)pa(a, y)dyda
0 Q

+/ V(t+a) ¢ (a, y)dyda.
0

It follows from [21] that the Green function I'; satisfies fQ '2(0, x, y)u(t,0, y)dy =
u(t,0,x) and % = dyAu(t, a, x). On the other hand, it follows from (1.8) that
t
/ W, (t —a)m(t — a)/ Iy(t —a, x, y)u(a, 0, y)dyda
0 Q

w(t+a)

- -, N Fz(taxv y)¢2(asy)dyda
w(a) Ja

+/ U, (t +a)
0

t
:/ \If/(a)n(a)/ [a(a, x, y)u(t —a, 0, y)dyda
0 Q
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+ [T v D [ Patr ot = 1y
'
= /00 W (a)u(t, a, x)da

0

where V;(t — a) := N(’ 9 and W’ (a) = ‘N'(“) . Same arguments with the other terms of
(4.18), we have

oL o0
atu =Y O)u(r,0,x) +/ [V (a) — (B(a) — dr AW (a)lu(t, a, x)da. (4.19)
0
Further, we calculate the derivative of Ly, obtaining that
oL T
8ZV Bilo yay 4 B 0/ p(@u(t,a, x)da — BiTyV. (4.20)
c 0

Finally, we integrate the equation (4.17), (4.19) and (4.20) over €2, obtaining that

dLg,(1) _ / [d (T -T)AT _ (T =T
dt - Q !

\% +o00
Tt T t,a,x)d
- S BT+ e 0/0 g(@u(t, a, x)da

—u(t,0,x)+¥O)u(t,0,x)+ / [W'(a) — (B(a) — dra AV (a)lu(t, a, x)da
0

+’3 aav 4+ B0 0/ p(a)u(t,a,x)da—ﬂlTOV]dx
0

vT|? T — Tp)?
- _m/ VTl dx—d/ T=T)f,,
o T? Q T

(W(0) — Du(t, 0, x)d TopraV?
+/Q ()‘)“(”x”‘/gHav x

+// [ﬁlTo@+/32Toq(a)+‘11’(a)—(H(a)—dzA)‘I‘(a)]u(t,a,X)dadx.
QJO

Here we have used [, ATdx = 0 and [, ATT drx = [, ”VTT” dx. With the help of (4.16), one

arrives at
dLEO ® _ ||VT||2 (T —To)* To)2
—d —d

7Y 4« Ro — Du(r, 0, x)d
/.3101+V +/(10—)M(l xdx.

As a result, with the help of [41, Theorem 4.2], Ej is globally attractive in D if 9ip < 1. O

Now we are ready to confirm that E is globally attractive in D, where E is the space-
independent infection equilibrium of (1.10). We first show the following lemma.

Lemma 4.3 The infection steady state (f’, ua), ‘7) satisfies

AT /Oop(a)ﬁ(a)|:1— (1 +oV)TV©) i|da

c(l+aV)Jo 14+aV)TVu(t,0,x)

I . Tu(t,a, x)i(0)
+pT | q@ia) |1 - P g = o,
0 Tiu(a)u(t, 0, x)
Proof By the forth equation of (3.4), we have

'Blf /OO R R /oo ~
_AT . ; )
c(1+aV) Jo p@il@da+ T | q@i(a)da

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:2279-2311 2301

.V . [t R
BT = +/32T/ q(a)ii(a)da
14+aV 0
1(0).

On the other hand, using the fact that

u(t,0,x) =T + ﬁzT/ q(a)u(t,a, x)da,
0

1+aV
we have

T o0 14+ aV)TVA( L[
ﬁ‘iAf pla@ia) 1T VTVEO) da-i-ﬁzT/ 4 (@)i(a) =
c(l4+aV) Jo (14+aV)TVu(t,O0,x) 0 Ti(a)u(t, 0, x)

= (L [ @i S S o [ g@in@ )
cd+avy Jo (A +aV)TV 0 Ti(a) u(t, 0, x)
— 4(0).

Tu(t,a, x)u(0) da

This finishes the proof. O

Theorem 4.3 Suppose that Wo > 1 and initial data (¢, ¢2, ¢3) € D, then E is globally
asymptotically stable.

Proof 1In this proof, we first give some notations,
Lr(t.x) = GIT(t,x).T],

iu(t,x):/ W (a)Glu(t, a, x), i(a)]da,
0

- BT 5
Ly(t,x) = ——G[V(,x),V],
c(l+aV)
where m
Glm,n](t,x) =m—n—nln —,
n
and

< ( BiTp®) R 7(6)
)\ = _— Tq() | ——=do.
v / (c(l—l—ocV) +hTq( )> @)

Define a Lyapunov functional as
L) = / (L7t 2) + Lu(t. x) + Ly (¢, 0)]dx.
Q

We calculate the derivative of Ly, together with h = aT + i1(0), obtaining that

Ly T (T — T)? T\ .
— = (1 - T) AT —d—— + (1 - T) @(0) — u(t, 0, x)).

Next, we deal with L,,, clearly,

oL, _ /00 Wi (@) |:1 _(a) ] 8u(t,a,x)da
ot 0 u(t,a,x) ot
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:/Oowa)[l— 2 ](dmu(r,a,x)—9(a>u(”“’x)_M)da'
0

u(t,a, x) da
Note that
i )7 u(tA,a,x) -1 u(t: a, x)
da u(a) u(a)
. iu(a) ug(t,a, x)i(a) —u(t,a, x)i,(a)
=u(a)|1-— ~
u(t,a, x) iu*(a)
u(a) ou(t,a, x) u(a)
=1(1- 1— 0 t,a,x),
( u(t,a,x)) da + u(t,a,x) (@ut, a,x)
here we have used the fact that i1, (a) = —6(a)ii(a). Further, direct calculation yields

T
W) (@i (@) + ¥ (@i (@) = (’31”(3 +h Tq(a)) i(a).
c(l+aV)

Using integration by parts, one has

/Ooqj @ <1 B u(a) ) 3u(t,a,x)da
0 ! u(t,a, x) da

- /OO Wy (@)ii(a) - (“(i’a’x) —1—-In ”(t’a’x)>da
0 Ba

u(a) i(a)
_ /oo W (a) (1 — u(a) >9(a)u(t, a, x)da
0 u(t, a, x)
_ u(t,a,x) L ulta,x) a=ee
= Y (a)u(a )( i@ —1—1In ) ) Y
® fu(t,a,x) u(t,a, x) PR N
—/0 ( @ l—1In @ )(\yl (@)i(a) + Vi (a)i'(a)) da
—/ Y (a) (1 — (@) >0(a)u(t,a,x)da
0 u(t,a, x)
R ,0,
= lim ¥(@i(a)g (”(u(a) )) — W )i (0)g (”(;(O)X))

B1T p(a) - u(t, a, x)
T d
+./0 ()|:c(1+otV)+ﬂ2 qm)}( i(a) ) ¢

+/ u(a)@(a)llll(a)g<u(t a)x)>da
0

(
o0 i(a)
—/ W (a) (1— > (@)u(t,a, x)da
0

u(t a, x) u(t, 0, x)
= hm \Ill(a)u(a)g< i@ ) W (0)u0)g < 70 )

BT p(a) (u(t a, X)>d
+/0 ()[c(l—i-aA)—i_ﬂ Tata )j| i(a) .

_/oo\lll(a)(l— (@) >9(a)u(t,a,x)da,
0 u(t,a, x)

@ Springer



Journal of Dynamics and Differential Equations (2023) 35:2279-2311 2303

where g(x) was defined in the proof of Theorem 4.2. By hypothesis (H), we know that

) . (u(t,a,x))
aILH;O Vi(a)u(a)g =0.

i(a)
Hence,
oLy _ > ( AT ; - ORI GY%))
rra /0 (c(l—l—af/) + ,Bqu(a)> |:u(a) —u(t,a,x)+u(a)ln Td)] da

+ /00 W (a) |:1 — ﬂ] dryAu(t,a, x)da + ¥ (0)G[u(t, 0, x), u(0)].
0 u(t,a,x)

We further have the derivative of Ly as follows:

dLy giT 9 oAV
= —— V=V -V~
3  c(l4aV)dt v

BT | v\ ov
c(1+aV) V) ot

1% &P T T o0 %
—(1-= BTy AT / p@u(t,a, vyda — LY}
VI]\ed +aV) c(l+aV) Jo 1 +aV

By denoting L= Lt + L, + Ly, we directly have

aL < f) (T — T)? o0 [ i(a) }
=(1-= dlAT—di-i-/ Ui(@) |1 = ——— | drAu(t, a, x)da
T T 0 (

ot u(t,a,x)
14 dspi T
1—— )| —AV + E(,x),
+( V)c(l—l—aV) +EC

where

(1-7)
2(t,x) =1 @(0) — u(t, 0, x))

T
+f°° (W +ﬂ2fq<a>) [ﬁ@) —ult,a, %) + (@) In M]da
0 \c(l+aV) o
A u(t, 0, x) u(t, 0, x)
w0 (MGG -1 -n GE)
+ (1 - V) (ﬁlT foo a1 ﬂlTVA> |
v cl+aV) Jo tal
Recall that )
u(t,0,x) = /31TA1 v —l—ﬁszO g(@ut, a, x)da,

N Vv ~ ©
i) = pi7— +ﬂ2T/ ¢(@)i(a)da.
14+aV 0

Furthermore, by the forth equation of (3.4), we have

-V < BT .
BT ~ = — p(a)ii(a)da.
1+aV 0 c(l14+aV)
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Moreover, since

w1(0>=/ (’31 p@) +ﬁ2fq<9)>n<a>da,
0 c(l+« V)

and recall that ii(a) = i1 (0)7 (a), we have

u(t, 0, x) u(t,0,x)
w0 (G5 - 1-n GG
B1T p(a) u(t, 0, x) u(t, 0, x)
= _ LT 0 ——— —1—-In——|d
/0 (C(1+ TR q(a))u( )n(a)( 0 0 ) a
BiT p(a) u(t,0,x) u(t,O,x))
= _— ST ——— —1—In——— | da.
/0 (c(1+ )+ﬁ qw)) i )< i(0) "ao) )

It then follows that

R ‘7 . [ Vv 00
2t x) = piT— +/32T/ g@it@da ~ 7" —ﬁzT/ g(@u(t. a, x)da
14+aV 0 1+aV

. vV T L[
S ;—ﬁzT/ q(a)u(a)da + AT +av+ﬂ2T/ g(@ut. a, x)da
. / BTr@ b [u(a)_mx)ﬂ(an "““)]da

0 c(l+aV) i(a)
B1T p(a) R u(t,0,x) u(t,O,x))
L 4 BT —1-1 d

+/o <L<1+ ntr qw)) (a)( a0 i )™
ﬂ/wp(a)u(t,a,x)da— 'BITVA

c(1+aV) 1+aV

Vv ﬂlT / pla)u(t,a, x)da + L]TVA
c(1+aV) 1+aV

. 00 . T u(t,a,x)
= ,32T/0 q(a)ii(a) [1 T ~In u(t, 0, x)} da

p17 0 ) 7 va +aV) Vu(t, a, x) u(t,a, x)
/ Pl [2 T V Vv Vi o

c(1+ aV) 0
Note that

BT p(a) u(t, 0, x)
d
/o (c(1—|— carany P q(“)>”(“) a0

<[ BT p(a) . u(t, 0, x)
= S EE—— T da———
/0 (c(l g + B2 q(d)) i(a)da 70

=u(t,0,x)

=BT + 52T/ qg(@)u(t,a, x)da,
0

1+aV

and using the zero trick in Lemma 4.3, one has that

¥ o
B, x)=pT = +/32T/ q(a)i(a)da
14+aV 0
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r ﬂf/w()A()dTJrﬂf
~— — B a)ii(a)da— 1
1+aV T 0 a T

+ fooo (ﬂlT”(a) + ﬂzf"q(a)) i@ D g,

- BT

14+aV

c(1+aV) ii(a)
> ( piTp(a) A L u(r,0,x)
_ s T 1 - d
/o (c(]+aV) e qm)) o =g
_ ﬂlTVA _ K AT - /‘00 pa)u(t,a,x)da + 51TVA
I+aV Veld+aV)Jo 1+aV

L AT fwP(u)ﬁ(a)[l_ (1 +aV)TVi(0) ]da
0

c(l+aV) A +aWV)TVut,0,x)
Tu(t,a, x)ﬁ(O)]
— —————|da
Tu(a)u(t,0, x)

A [ . Tu(t,a,x)a(0) T u(t,a, x) 1(0)
=BT 2— o — = +1 - +1 d
P2 /0 @@ [ Ta@u,0.0 T a@ U0, x)} ¢

+52f/0 q(@)ii(a) [1

BT fooop(a)ﬁ(a) ,_ TV V(1+(xV)_Vu(t,a,x):|

c(l+aV) T TV Va+4aey) Vi@

T /°° T (1+aV)TVi(0) ult,a, x) i0)
—_— pla)i(a) |1 — — In — In
c+aV) Jo L U+ aV)TVu(r,0,x) ii(a) u(t, 0,x)

T oo r l+aV  1+aV
ﬂli/ p@ia) |1 -1+ %Y +aA:|da
c(l14+aV) Jo L I+aV  14aV

BT o [T T
_ p(a)i(a) [In - +1n — +In
c(1+aV) Jo T T

\% VidaVv 1+aV
— +In— ~ +1n da.
\% VitaV 14+aV

Clearly, the last two terms of the above equation is zero, where we have used the fact that
Ing +1In % = 0. We then have

oL T — T2
oL _ (1_>d1M_d<TT>
T T

+/ Wl(“)[l_&]dzAu(t,a,x)da%- I—K LITAAV
0 u(l‘,a,x) \% c(l+aV)

e [ q@ic )y <7T”(”“’XWO)> da
S S\r)7¢ Ti(a)u(t, 0, x)
_ ﬁlf /°° . i Vu(t,a,x)
cl+av) o p(“)“(“)[g(T)”( Vi(a) )
—|—g(l+a‘f)+g< (1+onA)Z"Vﬁ(O) )}da
l+aV (I +aV)TVu(t,O0,x)

T oo l+aV  V(I+aV) V
LAf p@ia) | -1+ LV YAxaV) Vi,
c(l+aV) Jo l4+aV VA+aV) V

4.21)

@ Springer



2306 Journal of Dynamics and Differential Equations (2023) 35:2279-2311

Consequently, we integrate (4.21) over €2, obtaining that

dLg() _ / ||VT||2 _d/ (T — T)2 _ BTV VR
dr c+aV)lJa V2
IVu(t,a, X)II2
_dZ/ \Ijl(a)u(a) deda

—ﬁQT// (a)u(a)|: ( ) <W):|dadx
Tiu(a)u(t, 0, x)
B ﬂlT // P(@)i(a) Vu(t:a,x)
c(l+aV) Vi(a)
+g<1+“Y>+g( <1+axi)fva(0) )}dadx
1+aV 14+aV)TVu(t,0,x)

BT a(V = V)2
/ / pla Yi(a) = adx
c(l—l—aV) V(1+aV)(l+aV)

=<0,

where g(o) = a — 1 —Ina > 0, fora € RT. Note that each term of dt( ) is non-negative,

L0 _ 0 holds if

dr
andonly if T = T, V = V. Moreover, since g() = 0 if and only if @ = 1, then dL (t) =0

means that

Hence, due to the terms contain (7 — T)2 and (V — V)2 we must have

T Vu(t,a,x) 1+aV  (+aVNTVa©)  Tut,a,x)i0)
T Vi@  1+aV  (+aV)TVu@ 0,x) Tiau,0,x)

Inserting T = T and V = V into the above relation, give us u(¢,a,x) = i(a). With
the help of [41, Theorem 4.2], together with Theorem 4.1, we confirm that E is globally
asymptotically stable if g > 1. This proves Theorem 4.3. O

5 Numerical Simulation

To support and validate the global threshold type result of (1.10), we perform numerical
simulations in the cases of the 1-dimensional and 2-dimensional domain. We first consider
the spatially 1-dimensional case and fix 2 = (0, 1). We artificially set

h=1,d=01,b=02, 0a=1,¢c=0.1,dy =dr,=d3 =0.0002, p=g=1, 8 =0.1.
5.1
If we take 81 = B> = 0.0026, then Ry = 0.95335 < 1. From Theorem 4.2, Ey is globally
attractive. Figure la—c demonstrate that the density of uninfected target T cells approaches
a positive level, the densities of infected T cells and the free virus particles decay to zeros
as time evolves. The spatial distributions of infected T cells gradually enlarge with higher
prevalence but decays as time evolves (see Fig. 1d).
If we take 81 = B> = 0.003, then Ny = 1.100021. Theorem 4.3 ensures that Eis globally
attractive. From Fig. 2a—c, the densities of uninfected target T cells, the densities of infected
T cells and the free virus particles go towards some positive distributions as time evolves.
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Fig. 1 The time evolution of the densities of uninfected target T cells, infected T cells (with U(z, x) =
fooo u(t,a,x)da) and the free virus particles of system (1.6) with (5.1) and g1 = B2 = 0.0026 (Ny =

0.95335 < 1). The initial datais ¢; (x) = 10, ¢ (a, x) = e ~2*a=J5 ()5 (v _0.3)(0.7—x), and ¢3(x) = 0

We have seen from Fig. 2d that the spatial distributions of infected T cells gradually enlarge
with higher prevalence as time evolves.

We next consider the spatially 2-dimensional case and fix 2 = (0, 1) x (0, 1). We arti-
ficially set the parameters the same as in (5.1). In Fig. 3, we see from Theorem 4.2 that Ey
is globally attractive. Figure 3a demonstrates that the density of uninfected target T cells
approaches a positive level. Figure 3b, c demonstrate that the densities of infected T cells and
the free virus particles decay to zeros as time evolves. In Fig. 4, we see from Theorem 4.3
that E is globally attractive, that is, the densities of uninfected target T cells, the densities of
infected T cells and the free virus particles converges to some positive distributions as time
evolves.

6 Discussion

The stability analysis of infection-free and infection steady state has witnessed an important
and fundamental approach for understanding viral dynamics. This paper is spent on the
global threshold type dynamics of an infection age-space structured HIV infection model
involving two infection routes. The formulated model is inspired from previous models (1.3)
and (1.2), where global threshold dynamics of (1.3) is obtained in a spatially homogeneous
case and global threshold dynamics of (1.2) is obtained without considering the spatial
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Fig. 2 The time evolution of the densities of uninfected target T cells, infected T cells (with U (z, x)
f0°° u(t,a,x)da) and the free virus particles of system (1.6) with (5.1) and g1 = B = 0.003 Ny =

1100021 > 1. The initial data is ¢1(x) = 10, ¢o(a,x) = e @=L 065 _ 03)0.7 — x), and
¢3(x) =0
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Fig. 3 The time evolution of the densities of uninfected target T cells, infected T cells (with U(t, x) =
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Fig. 4 The time evolution of the densities of uninfected target T cells, infected T cells (with U(z, x) =
fooou(t, a, x)da) and the free virus particles of system (1.6) with (5.1), 2 = (0,1) x (0,1) and B =
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aspects of the lymphoid tissues. The formulated model also extend models in [19,23,28,40]
in spatial aspects. In a bounded domain, we investigated the model (1.6) under the Neumann
boundary condition. We first transform the system into a hybrid system containing two
reaction-diffusion equations and a Volterra integral equation. By appealing to the Banach-
Picard fixed point theorem, we have proved the well-posedness of the system (1.10), that is,
the solution of (1.10) exists globally, and it is ultimately bounded. Following the classical
theory in [10,42], the basic reproduction number Ny is defined by the spectral radius of
L. We should mention that with the assumption that all parameters of (1.10) are spatially
homogeneous, Ej is constant. It is crucial to (3.2) that the next generation operator £ does
have a positive constant eigenvector, which in turn implies that basic reproduction number
Nop can be explicitly characterized by a positive constant (see also in [4,5]).

The global threshold dynamics in terms of basic reproduction number Ry is investigated
by determining the local and global asymptotic stability of Eg and E (see Theorems 4.2 and
4.3). The methods used here are standard but not trivial. We also proved the strong | - |x-
persistence of (1.10) with fip > 1, which is implied by the uniformly weak | - |x-persistence
(see (Proposition 4.1)). The global attractivity of Eq and E are achieved by the technique of
Lyapunov functional. Biologically, the HIV infection can be controlled with eradication and
persistence in terms of basic reproduction number Ny as time evolves. Finally, numerical
simulations in the 1-dimensional and 2-dimensional domain are carried out to validate our
main results.
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