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Abstract

Whereas the positive equilibrium of a planar mass-action system with deficiency zero is
always globally stable, for deficiency-one networks there are many different scenarios, mainly
involving oscillatory behaviour. We present several examples, with centers or multiple limit
cycles.

Keywords Limit cycles - Centers - Liénard systems - Reversible systems - Mass-action
kinetics - Deficiency one

1 Introduction

In this paper we study mass-action systems in dimension two with a unique positive equilib-
rium and deficiency one. The deficiency is a non-negative integer associated to any chemical
reaction network, and is explained in Sect. 2. If the deficiency is zero, the Deficiency-Zero
Theorem gives a rather complete picture: existence and uniqueness of a positive equilibrium
is nicely characterized through the underlying directed graph of the chemical network. And
if it exists, it is globally asymptotically stable (at least in dimension two). In contrast, the
Deficiency-One Theorem is a purely static statement: there is at most one positive equilib-
rium, and if it exists, it is regular. However, nothing is said about the dynamic behaviour. In
the present paper we take a step towards filling this gap, at least in dimension two.

We show that Andronov—Hopf bifurcations may occur, even generalized ones, that produce
more than one limit cycle near the equilibrium, and also degenerate ones that produce centers.
Note that the uniqueness and regularity of the positive equilibrium rules out the classical fixed
point bifurcations such as saddle-node and pitchfork bifurcations.

We start with a brief summary of reaction network theory in Sect. 2. Then in Sect. 3
we study the simplest weakly reversible network with deficiency one, an irreversible cycle
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along a quadrangle. This is always permanent, but we present examples with up to three limit
cycles. On the other hand, we also give a sufficient condition that guarantees global stability
of the positive equilibrium for all rate constants.

In Sect. 4 we consider irreversible chains of three reactions. Even though this is not
weakly reversible, a positive equilibrium may exist, and could be globally stable, or may be
surrounded by up to three limit cycles. Furthermore, the equilibrium may be surrounded by
a continuum of closed orbits and a homoclinic orbit.

In Sect. 5 we study three separate reactions, and produce two types of centers, and an
example with four limit cycles.

Finally, in Sect. 6 we give a simple example where existence of the positive equilibrium
depends on the rate constants.

2 Planar Mass-Action Systems

In this section we briefly introduce mass-action systems and related notions that are necessary
for our exposition. We restrict to the case of two species. For more details about mass-action
systems, consult e.g. [9,11]. The symbol R denotes the set of positive real numbers.

Definition 1 A planar Euclidean embedded graph (or a planar reaction network) is adirected
graph (V, E), where V is a nonempty finite subset of R2.

Denote by (ay, b1), (a2, b2), ..., (am, by) the elements of V, and by X and Y the two
species. Accordingly, we often refer to (a;, b;) as a;X + b; Y. We assume throughout that the
reaction vectors (aj — aj,bj — b;) € R? ((, j) € E) span RZ. The concentrations of the
species X and Y at time t are denoted by x(7) and y(7), respectively.

Definition 2 A planar mass-action system is a triple (V, E, k), where (V, E) is a planar
reaction network and «: E — R, is the collection of the rate constants. Its associated
differential equation on ]R?,_ is

X = Z (a; —ai)/c,-jxa"yb",
@i,j)eE

y = Z (bj —b,‘)K,‘jxaiybi.
(i,))eE

€]

We remark that the translation of a network by («, B) € R? (i.e., taking (a; + o, b; + B)
instead of (a;, b;) fori = 1,2, ..., m) amounts to multiplying the differential equation (1)
by the monomial x*y#, an operation that does not have any effect on the main qualitative
properties. Thus, any behaviour shown in this paper can also be realized with a;, b; > 0 for
alli =1,2,...,m,asetting that is more standard in the literature.

In some cases, a network property alone has consequences on the qualitative behaviour of
the differential equation (1). For instance, weak reversibility implies permanence [6, Theorem
4.6]. We now define these terms.

Definition 3 A planar reaction network (V, E) or a planar mass-action system (V, E, k) is
weakly reversible if every edge in E is part of a directed cycle.

Definition 4 A planar mass-action system is permanent if there exists a compact set K C Ri
with the property that for each solution t — (x(t), y(7)) with (x(0), y(0)) € Ri there exists
a 79 > 0 such that (x(7), y(r)) € K holds for all T > 1.
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Theorem 1 ([6]) Weakly reversible planar mass-action systems are permanent.

We now recall two classical theorems on the number of positive equilibria for mass-action
systems with low deficiency. The deficiency of a planar reaction network (V, E) is the non-
negative integer § = m —{ —2, where m = |V| and £ is the number of connected components
of the directed graph (V, E).

Theorem 2 (Deficiency-Zero Theorem [8,13,14]) Assume that the deficiency of a planar
mass-action system is zero. Then the following statements hold.

(1) There is no periodic solution that lies entirely in ]Ri.
(ii) If the underlying network is weakly reversible then there exists a unique positive equi-
librium. Furthermore, it is asymptotically stable.
(iii) If the underlying network is not weakly reversible then there is no positive equilibrium.

Notice that the combination of Theorems 1 and 2 yields that the unique positive equi-
librium of a weakly reversible deficiency-zero planar mass-action system is in fact globally
asymptotically stable.

For stating the second classical result, we need one more term. For a directed graph (V, E),
denote by ¢ the number of its absorbing strong components.

Theorem 3 (Deficiency-One Theorem [10]) Assume that the deficiency of a planar mass-
action system is one. Further, assume that £ =t = 1. Then the following statements hold.

(1) If the underlying network is weakly reversible then there exists a unique positive equi-
librium.
(ii) Ifthe underlying network is not weakly reversible then the number of positive equilibria
is either 0 or 1.
(iii) The determinant of the Jacobian matrix at a positive equilibrium is nonzero.

We now highlight the main differences between the conclusions of the above two theorems.
For a planar mass-action system that falls under the assumptions of the Deficiency-One
Theorem,

(A) in case the underlying network is not weakly reversible,

(a) a positive equilibrium can nevertheless exist,

(b) whether there exists a positive equilibrium might depend on the specific values of
the rate constants,

(c) evenif there exists a unique positive equilibrium, there could be unbounded solutions
as well as solutions that approach the boundary of R2,

(B) regardless of weak reversibility,

(a) the unique positive equilibrium could be unstable (however, the Jacobian matrix is
nonsingular),
(b) there is no information about the existence of periodic solutions.

Points (a) and (b) in (A) above are studied in detail in [1,2], respectively. In this paper, we
touch these questions only briefly: we show a network in Sect. 6 for which the existence of
a positive equilibrium depends on the specific choice of the rate constants.

Investigation of points (a) and (b) in (B) above is the main motivation for the present paper.
The only (published) example so far of a reaction network that satisfies the Deficiency-One
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Theorem but with an unstable positive equilibrium (and presumably a limit cycle) seems to
be the three-species network
YE=Z = X2 2X

1]

X+Y

which is due to Feinberg [10, (4.12)]. In this paper we show that such examples are abundant
already for two species. Note that Feinberg’s example is a bimolecular one. It is shown in [16]
that the only bimolecular two species system with periodic solutions is the Lotka reaction
[15].

Sections 3 and 4 are devoted to studying the cycle of four irreversible reactions and the
chain of three irreversible reactions, respectively. These networks all satisfy the assumptions
of Theorem 3.

In Sect. 5 we examine the case of three irreversible reactions that do not necessarily
form a chain. Although these networks typically have deficiency one, they are not covered
by Theorem 3. Nevertheless, we show the uniqueness and the regularity of the positive
equilibrium for these systems.

For all these types of planar deficiency-one mass-action systems we study the existence
of periodic solutions.

3 Quadrangle

In this section we study the mass-action system
K3
asX + bgY +——— a3X + b3Y
4 % @
aiX+ b1Y T) aX + byY

and its associated differential equation

X = (@ — apkix™yP + (a3 — a)kox 2y + (as — az)k3x @y + (a1 — anrax ™y,
¥ = (b2 = b1y + (b3 — ba)kax @y + (by — b3)3x @Y™ + (br — ba)iax® y*
3)

under the non-degeneracy assumption that (ap, b1), (a2, b2), (az, b3), (aa, bs) are distinct
and do not lie on a line.

Note that the mass-action system (2) is weakly reversible and its deficiency is § = 4 —
1 —2 = 1. By the Deficiency-One Theorem [10, Theorem 4.2], there exists a unique positive
equilibrium for the differential equation (3). Moreover, the determinant of the Jacobian
matrix at the equilibrium does not vanish [10, Theorem 4.3]. Since additionally the system is
permanent [6, Theorem 4.6], the index of the equilibriumis +1 [12, Theorem 19.3]. Hence, the
determinant is positive, and consequently, the unique positive equilibrium is asymptotically
stable (respectively, unstable) if the trace is negative (respectively, positive). In case the trace
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is zero, the eigenvalues are purely imaginary and some further work is required to decide
stability of the equilibrium.

In Sect. 3.1, we present a system for which the unique positive equilibrium is unstable and
a stable limit cycle exists. In Sect. 3.2, we prove that even three limit cycles are possible for
the differential equation (3). Finally, in Sect. 3.3, we describe a subclass of the quadrangle
networks (2) that are globally stable for all rate constants.

3.1 Unstable Equilibrium and a Stable Limit Cycle

Let us consider the mass-action system (2) with
(a1, b1) = (0, 1), (a2, b2) = (1, 0), (a3, b3) = (1, 2), (a4, bg) = (0, 3).

Thus, the network and its associated differential equation take the form

V
X+ 2Y
Y

AN

A short calculation shows that the unique positive equilibrium is given by

1
by 1
o K13K4 + K1k2 \ 4
x,y) = 3 N
K3K2 K3K4

and the trace of the Jacobian matrix at the equilibrium is positive if and only if

K K K
[kr [k 6 [ke
K2 K4 K3
By picking rate constants that make the trace positive, one gets a system, where the posi-

tive equilibrium is repelling, and, by combining permanence and the Poincaré—Bendixson
Theorem, there must exist a stable limit cycle.

3Y

X =K1y — k3xy?,
and . 2 5
Y = =K1y + 2K2x + Kk3xy° — 2K4y”.

X

3.2 Three Limit Cycles

Let us consider the mass-action system (2) with
(a1,b1) = (0, 1), (a2, b2) = (0,0), (a3, b3) = (1, 2), (a4, ba) = (1,5).

Thus, the network and its associated differential equation take the form
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X+ 5Y

K3

X =1 — Kaxy”,
and . ) s
y = —k1y + 2K + 3k3xy° — dKkaxy’.

/ X + 2Y
Y /
/q/

0

Our goal is to show that there exist rate constants k1, k2, k3, k4 such that the above differential
equation has three limit cycles.
Linear scaling of the differential equation by the equilibrium (¥, y), followed by a multi-
plication by X yields
X =Ky — K4xy°,
. U )
y = K[—K1y + 2k2 + 3k3xy” — 4k4xy’],
where
X
3
As a result of the scaling, the positive equilibrium is moved to (1, 1), and the focal value
computations become somewhat more convenient. Note that

K1 =K1Y,K2 =K2,K3 = K3Wz,f4 = K4W5, and K =

0=k — kg4,
0= —«k1 + 2k + 33 — 4k4.

From this, we obtain that

K1 = K4y,

K2 = K4,

s = my +2
3

for some y > 0. After dividing by k4, the differential equation (4) thus becomes
x=1-1xy°,
V= K[=yy + 2+ (y + 2xy* = 4xy°],
where K > 0 and y > 0. One finds that the trace of the Jacobian matrix at the equilibrium
(1, 1) vanishes for y = 16 + % In this case, the eigenvalues are purely imaginary and we
have to look at higher order terms for deciding stability. In particular, we compute the focal

values following the procedure described in [7, Chapter 4], see [3] for an implementation in
Mathematica. The first focal value is

T (3416K3 4+ 1250K2 — 29K — 5)

L =
20/2(2 + 35K)3

(&)
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which is zero for K = Ko =~ 0.06862, negative for 0 < K < K, and positive for K > K.
Assuming K = K, one finds that the second focal value, L,, is approximately 0.01293, a
positive number.

Take now K = Kp and y = 16 + K%) Since the first nonzero focal value is positive, the
equilibrium (1, 1) is repelling. First, perturb K to a slightly smaller value, and simultaneously
perturb y in order to maintain the relation y = 16+ % .Then L < 0, and thus the equilibrium
(1, 1) becomes asymptotically stable, and an unstable limit cycle I} is created. Next perturb
y to a slightly larger value. Then the trace becomes positive, and thus the equilibrium (1, 1)
becomes unstable again, and a stable limit cycle I is created. Finally, by the permanence of
the system, the Poincaré—Bendixson Theorem guarantees that a stable limit cycle surrounds
I'1. Therefore, we have shown that there exist K > 0 and y > 0 such that the differential
equation (5) has at least three limit cycles.

We conclude this subsection by a remark. By keeping b4 > 2 a parameter (instead of
fixing its value to 5), one could find parameter values for which L} =0, L, =0, L3 <0
holds (with by =~ 4.757 and K ~ 0.0909). Then one can bifurcate three small limit cycles
from the equilibrium.

3.3 Global Stability of the Equilibrium

As we have seen in Sects. 3.1 and 3.2, the unique positive equilibrium of the differential
equation (3) could be unstable for some rate constants. However, under a certain condition
on the relative position of the four points (ay, by), (a2, b2), (a3, b3), (aa, bs), one can conclude
global asymptotic stability of the unique positive equilibrium for all rate constants.

The differential equation (3) is permanent and has a unique positive equilibrium.
Furthermore, the determinant of the Jacobian matrix is positive there. Hence, by the Poincaré—
Bendixson Theorem, global asymptotic stability of the equilibrium is equivalent to the
non-existence of a periodic solution. One can preclude the existence of a periodic solu-
tion by the Bendixson—Dulac test [7, Theorem 7.12]: if there exists a function 4 : Ri — R4
such that div(hf, hg) < O then the differential equation

x=f(x,y),
y=gkx,y)

cannot have a periodic solution that lies entirely in Rf_.
With f(x, y) and g(x, y) denoting the r.h.s. of the equations for x and y in (3), respectively,
and taking 4 (x, y) = x~%y~#, one finds

dlv(hf hg) y) = Z(a —a)(a; — ai+1)K,'xaiflybi

+ Z(ﬂ — bi)(bi — biy1)rixy" T

i=1

where as = a1 and bs = by by convention. Ignoring the degenerate case a; = a; = a3z = aa,
one finds that (@ — @;)(a; — aj4+1) <0foreachi =1,2,3,4and (¢ — a;)(a; —ai+1) <0
forsomei =1,2,3,4if

ay <ay<a3 <asandaz < o < a4, or

ay <ay<a4 <azanda; < o < a4, or

@ Springer



S182 Journal of Dynamics and Differential Equations (2024) 36:S175-S197

ay<a3<ay <agsandaz < o < ap, or

A

a1 <az3 <aq <azandaz <o < ay, or

ai <ag<a3<aranda; <«

IA

ay, or

aj=a4 <a) <azandar <«

IA

as, or

aj <as<ay=azanda; <«

IA

a4, Or

ai<as=ar <azand @ = aj.

On the other hand, if a; < a4 < a» < a3 then no matter how one fixes «, at least one of (o —
ap)(ar —a3) and (o — aq)(as — ay) is positive. Notice that we covered all configurations with
a; = min(ay, az, as, as). All the other cases are treated similarly. Also, it works analogously
with the b;’s and g.

Proposition 1 Consider the differential equation (3) and let the indices i and j satisfy a; =
min(ay, az, az, ag) andbj = min(by, by, b3, by), respectively. Assume that botha; < aj;3 <
ajy1 < ajqpandbj < bjy3 < bjy| < bjyo areviolated (where as = ay, ag = az, a7 = a3
and bs = by, bg = by, b7 = b3 by convention). Then there is no periodic solution and the
unique positive equilibrium is globally asymptotically stable.

Proof By the above discussion, one can find « and 8 such that after multiplying by A(x, y) =
x~%y~P therh.s. of the differential equation (3) has negative divergence everywhere. Then,
by the Bendixson—Dulac test, there is no periodic solution and therefore the unique positive
equilibrium is globally asymptotically stable. O

In other words, if there exists a periodic solution then at least one of a; < aj+3 < aj+1 <
ajy2and b; < bjy3 < bj1 < bjyo in Proposition 1 holds. The index-free way to express
aj < aj+3 <ajy1 <ajp2andbj < bj3 < bjy < bjyois to say that the projection of the
quadrangle to a horizontal line and a vertical line, respectively, take the form

T
°
oc—o o—>e and )
I
°
respectively, where some arrows are bent in order to avoid overlapping.
Finally, since the mass-action systems in Sects. 3.1 and 3.2 have a periodic solution for

some rate constants, atleastone of a; < a;43 < aj+1 < ajy2andbj < bjy3 <bj1 <bji2
must hold. Indeed, in each subsection b; < bj;13 < bj;1 < bj47 holds with j = 2.

4 Chain of Three Reactions

In this section we study the mass-action system

aX+b1Y =5 X+ b)Y =2 a3X + b3Y = agX + baY (6)
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and its associated differential equation

X = (@ — Kk x Yy + (a3 — a)iox@yP? + (ag — az)ic3x By’

. aj b ax b az b (7)
¥ = (by —b)k1xy?t + (b3 — bp)koxy™? + (bg — b3)k3xy™?
under the non-degeneracy assumption that
(a1, b1), (az, b2), (a3, b3) do not lie on a line. (8)

By the Deficiency-One Theorem, the number of positive equilibria for the differential
equation (7) is either 0 or 1. Our first goal is to understand when is it 0 and when is it 1.
Crucial for this is the relative position of the four points P; = (a;, b;) fori = 1,2,3,4 in
the plane. Define the numbers &1, h, h3, hg by

hy = AQ243),
hy = A(134),
hy = A(142),
hy = A(123),

where A(ijk) = det(Pj — P;, Py — P;) is twice the signed area of the triangle P; P; Py. The
quantity A(ijk) is thus positive (respectively, negative) if the sequence P;, P;j, Py, P; of
points are positively (respectively, negatively) oriented. The quantity A(ijk) is zero if the
three points P;, P;, Py lie on a line. Note also that

A(ijk) = A(jki) = Akij) = —A(jik) = —A(ikj) = —A(kji)

and hy + hy + hz + hgy = 0.
Denote by f(x, y) and g(x, y) the r.h.s. of the equations for x and y in (7), respectively.
By taking
(b3 —b2) f(x,y) — (a3 —a2)g(x, y) =0,

(bs —b3) f(x,y) — (a4 —a3)g(x,y) =0,
one obtains after a short calculation that the equilibrium equations take the form
(hy + hy + ha)k x Y = hyesx®yPs, ©
(h1 + ho)ierx® yP' = higx @y

Thus, if there exists a positive equilibrium, A1, i1 + h2, h1 + hy + h3 must all have the same
sign. If all of them are zero then P;, P>, P3, P4 lie on a line, contradicting the non-degeneracy
assumption (8). If the common sign is nonzero then in particular iy = —(hy +hy +h3) # 0,
so Py, P», P3 do not lie on a line, and thus the obtained binomial equation (9) has exactly
one positive solution for each choice of the rate constants. Let us stress that the existence of
a positive equilibrium does not depend on the specific choice of the rate constants.

Next, we discuss the geometric meaning of

sgn(hy) = sgn(hy + ha) = sgn(hy + ha + h3) # 0.
Assume that
hy <0,hy1+hy <0,h1 +ha+ h3 <O.
Since A(234) = —A(243) = —h; > 0, the sequence P, P3, P4, P, is oriented counter-
clockwise. Similarly, since A(231) = A(123) = hqy = —(hy + ha + h3) > 0, the sequence
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half-plane with green vertical lines:
location of P4 for h1 < 0 to hold

as, b3) ®(a3,b3)

,l\a2,b2) °
. (a/27b2)

half-plane with red horizontal lines:
location of P4 for h1 + hs < 0 to hold

Fig. 1 For a positive equilibrium to exist, the point P4 is located in the sector that is the intersection of the
green and red open half-spaces (left panel). Equivalently, the sum of the two angles indicated is less than 180°
(right panel)

P, P53, P, P, is oriented counterclockwise, too. Thus, P; and P4 lie on the same side of the
line through P> and P; (the green open half-plane in the left panel in Fig. 1 shows where Py
can be located for 11 < 0 to hold). Since additionally z; 4+ k2 < 0 holds, P; and P4 lie on
the same side of the line that is through P; and is parallel to the line through P; and P, (the
red open half-plane in the left panel in Fig. 1 shows where P4 can be located for i1 +hy < 0
to hold). The latter follows from the fact that 4| + ho, = det(P, — Py, P4 — P3). In other
words, the sum of the angles £ P; P, P; and £ P, P3 P4 is smaller than 180° (see the two red
arcs in the right panel in Fig. 1). The case h; > 0, h1 + hy > 0, h1 + hy 4+ h3 > 0 is treated
similarly, and we obtain the following result.

Proposition 2 Consider the differential equation (7). Then the following four statements are
equivalent.

(a) There exists a positive equilibrium.

(b) There exists a unique positive equilibrium.

(c) sgn(hy) = sgn(hy + ha) = sgn(y + hy + h3) # 0

(d) The points Py and Py lie on the same side of the line through P> and P3, and additionally
AP PPy + £P, P3Py < 180°.

In particular, the existence of a positive equilibrium is independent of the values of k1, k2,
K3.

We remark that the equivalence of (a), (b), and (c) in Proposition 2 also follows from
[2, Corollaries 4.6 and 4.7], where the existence of a positive equilibrium is discussed for
general deficiency-one mass-action systems.

Now that we understand when the mass-action system (6) has a positive equilibrium, our
next goal is to find parameter values for which the equilibrium is surrounded by three limit
cycles (Sect. 4.1) or by a continuum of closed orbits (Sect. 4.2). We prepare for these by
moving the equilibrium to (1, 1).
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Linear scaling of the differential equation (7) by the equilibrium (x, y), followed by a
multiplication by x yields

¥ = (a2 — aNF1xYP + (a3 — a)kaxy? + (a4 — a3)ic3x @y,

. b b b (10)
y = K[(by = bDK1x"y”" 4 (b3 — b2)K2xy” 4 (by — b3)k3x“ y73],
where
K1 = Klfalyb] LKy = Kzfazybz, K3 = I(3fa3yb3, and K = i
y

As a result of the scaling, the positive equilibrium is moved to (1, 1). Further, it follows by
(9) that
K1 = Ahy,
kK2 = A(h1 + h2), (11)
K3 = Ahy + hy + h3)
for some A # 0, which is positive (respectively, negative) if hy, h1 + ha, h1 + hy + h3 are
all positive (respectively, negative).
Denote by J the Jacobian matrix of (10) at the equilibrium (1, 1). A short calculation
shows that

h h h
det J = %K?1f2f3,

and thus, det J > 0.

4.1 Three Limit Cycles

Let us consider now the mass-action system (6) with

1 1
(a1,b1) = (0,0), (a2, b2) = (0, —q), (a3, b3) = (1, 5) s (a4, by) = (0, 5t r) )

where ¢ > 0 and r > 0, i.e., take the mass-action system

(§ + r) Y«\ K3
N\

o, /

KIJL/KZ

»X—i—%

—qYe
Then hy = — (¢ +r + 1), ha = r + 1, h3 = 0, and therefore hy, hy + ho, hy + hy + h3
are all negative. Thus, A is negative by (11). Rescaling time, we can take A = —5 and the

associated scaled differential equation (10) takes the form

. — 1
X =Yy q—xyZ,

) 1 1\ _ 1 12)
y:K|:—<q+r+§>+<q+§>y ’1+rxy2i|.
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Next we prove that there existg > 0,7 > 0, K > Osuch thattrJ = L; = L, = 0 and
L3 < 0, where L; is the ith focal value at the equilibrium (1, 1).

Proposition 3 Consider the differential equation (12). Then there existqg > 0,r > 0, K > 0
such thattr J = Ly = Ly, =0and L3 < 0.

Proof Since tr J = —1 + %K , the trace vanishes with K =
and r > g(2q + 1). Under this, one obtains that

wr[3r(l —29) — q(4q> + 16¢ +7)]
8Qq + DI — 4(2q + D1*V2q(q +7 +1/2)

Taking also into account that g > 0 and r > g(2q + 1), one obtains that L{ = 0 if and only

if0 <gq < % andr = %265)% Under this, one obtains that

T(2q + 7?3 —29)(4q — 1)/2q +3
153629 + 1)?

2
7=qqn forg >0

L=

2 =

Taking also into account that 0 < g < 5, one obtains that L, = Oifand only if g = %. With

this, one computes L3 and gets L3z = —%\/;
The parameter value for which tr J = L1 = Ly = 0and L3 < 0 hold are obtained by
substitution. This yields g = 4, r= 8 , K= O

Corollary 1 Consider the differential equation (12). Then there exist ¢ > 0, r > 0, K > 0
such that (1, 1) is unstable and is surrounded by 3 limit cycles (2 stable and 1 unstable).

Proof Take q = %, r = %5, K = %. As we saw in the proof of Proposition 3, then tr J =

Ly = Ly = 0and L3 < 0. Since the first nonzero focal value is negative, the equilibrium
(1, 1) is asymptotically stable.
First, perturb ¢ to a slightly larger value, and simultaneously perturb r and K in order to

maintain the relations r = %1265;'7) and K = W Then L, > 0, and thus the
equilibrium (1, 1) becomes unstable, and a stable limit cycle I is created.

Next, perturb r to a slightly smaller value, and simultaneously perturb K in order to
maintain the relation K = %. Then L < 0, and thus the equilibrium (1, 1) becomes
asymptotically stable, and an unstable limit cycle I is created.

Finally, perturb K to a slightly larger value. Then tr J > 0, and thus the equilibrium (1, 1)

becomes unstable, and a stable limit cycle I is created. O

We remark (without proving) that the mass-action systems of this subsection are permanent
forall g > 0 and r > 0. In particular, the ones with at least three limit cycles are permanent.

4.2 Reversible Center

Let us consider now the mass-action system (6) with

2
(a1.b1) = (0,0), (a2, b2) = (p. q). (a3.b3) = (. p). (a4, bs) = (g —pp+ %) :
13)
where pg < 0 and p + g # 0. We will prove that the unique positive equilibrium of this

mass-action system is a center, provided the rate constants «1, k7, k3 are set appropriately.
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By taking A = —le_qz in (11), we have k| = %, Ky = —quq, k3 = 1, which are
indeed all positive under the assumptions on p and g. Setting K = — g, the associated scaled

differential equation (10) then takes the form

X =(p—q)+qxPy? — pxiyP,

) (14)
y=(q — p)+ pxP'y? —gxTyP.

Proposition 4 The equilibrium (1, 1) is a center of the differential equation (14), provided
pq <0and p+q # 0 hold.

0-—-1
10
values are purely imaginary. Since the differential equation (14) is of the form

Proof Note that the Jacobian matrix at (1, 1) equals to (p? — ¢?) < ) Thus, the eigen-

x = f(x,y),
y=—f,x),
the system is reversible w.r.t. the line x = y and (1, 1) is indeed a center. ]

We depicted the typical phase portraits in Fig. 2. The one for p 4+ ¢ > 0 suggests that the
closed orbits are surrounded by a homoclinic orbit at the origin. In Proposition 5 we show
that this is indeed the case.

Proposition 5 Consider the differential equation (14) with p > 0, g < 0, and p +q > 0.
Then the region consisting of closed orbits is bounded. Furthermore, all closed orbits lie
inside a homoclinic orbit, whose a— and w-limit is the origin.

Proof At the rightmost point of a closed orbit of (14), x = 0 and x > y > 0 hold. We show
that for L sufficiently large, X < 0 holds on the vertical line segment {(x, y) | x = L,0 <
y < L}. Indeed,

. + )V ANG
x=p—q+qlLPy? —pLiy? < p—q+qLP" <OforL > (1- = i
q

where we used p > 0, ¢ < 0, and p + ¢ > 0. By symmetry/reversibility, all closed orbits

are contained in the square [0, L]?.

We next show that there is an invariant curve asymptotic to the toric ray x”y? = % at

the origin on which the flow goes away from the origin. Let z = x~”y~% and rewrite (or
_p _1 )
“blow up”) the system (14) in terms of (x, z). Using y = x 4z ¢, we obtain

GZ*PZ _r

i=p—qtqz ' —px T 79,

. X y J
zz—pZ;—qZ;=—qx‘1z‘1[(q—p)z+p+---],

where - - - stands for four more terms of higher order near x = 0, i.e., with x having a positive

. . .. -2 _1 .
exponent. After we multiply this transformed system (X, z) by x ¢z 4, we obtain a system
that is smooth on the non-negative quadrant ]R2>0, with the z-axis being invariant. On the
z-axis we have

z2=—qlp+(q— p)zl
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Fig. 2 The mass-action systems (7) with the substitution (13) (left column), and the phase portraits of the
corresponding scaled differential equation (14) (right column). The top row is for p4+¢ > 0, while the bottom
row is for p + g < 0. Notice that the union of closed orbits is bounded for p + ¢ > 0, and unbounded for
p+q<0

o~ . 2_,2
with an equilibrium at (X,7) = (O, pLiq). Since —g > 1, % > 0, and

the eigenvalue at (X, 7), transverse to the z-axis is zero. Near the equilibrium (%, 7),

1 )
x%x_glz\_a[p—q-}q?l]:x_g?_gp el > 0.
p

Therefore, the flow on the center manifold goes in the positive x—direction. Transforming this

center manifold back produces the promised invariant curve along the toric ray x” y? = L;q-.
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Since y > 0 near the x—axis and x < 0 on the vertical line segment (L, y) for large L,
this invariant curve has to cross the line y = x. By symmetry/reversibility, the mirror image
connects back to the origin, following the toric ray x4 y? = p’%" when approaching the origin
as T — +00. Therefore, this curve is a homoclinic orbit. O

5 Three Reactions

In this section we study the mass-action system

aiX+b1Y = (a1 + )X+ (b +d)Y
aX 4+ baY 25 (az + )X + (b2 + do)Y (15)
aX + b3Y =5 (a3 + c3)X + (b3 + d3)Y

and its associated differential equation

X = clqu“‘yb‘ + c2/(2)c“2yb2 + C3/<3x”3yb3,

(16)
¥ = duax Y + darax @y + daiesx y”

under the non-degeneracy assumptions that

(ay, by), (az, ba), (asz, bz) do not lie on a line,
none of (c1, d1), (c2, d2), (¢3, d3) equals to (0, 0), and (17)
(c1.d1). (c2.da). (c3.d3) span R?,

The deficiency of these networks is typically one. However, they are not covered by Theorem 3
(or by its more general version [10, Theorem 4.2]).

Our first goal is to understand the number of positive equilibria. We find that (x,y) € Ri
is an equilibrium if and only if

(c1dy — c2d)i TFP = (c2ds — c3da) i3 TP, as)

arvby

(c3dy — c1d3)k1 XMy aybe,

(c2d3 — c3d2)Ka Xy

Notice that, by the non-degeneracy assumptions (17), the three numbers cad3 — c3da, c3d; —
c1dz, c1dy — cad; cannot all be zero. Thus, taking also into account that (ay, by), (a2, b2),
(a3, b3) do not lie on a line, the existence of a positive equilibrium is equivalent to

sgn(cads — c3dp) = sgn(czd) — c1dz) = sgn(cidy — c2dp) # 0. (19)

Furthermore, once there exists a positive equilibrium, it is unique. Note also that whether
there exists a positive equilibrium is independent of the choice of the rate constants «1, k2,
K3.

Now that we understand when the mass-action system (15) has a positive equilibrium, our
next goal is to find parameter values for which the equilibrium is surrounded by four limit
cycles (Sect. 5.1) or by a continuum of closed orbits (Sects. 5.2, 5.3). We remark that the
center problem is solved in the special case when one of the reactions is vertical and another
one is horizontal [4]. Further, the existence of two limit cycles is also discussed there.

We prepare for the rest of this section by moving the equilibrium to (1, 1). Linear scaling
of the differential equation (16) by the equilibrium (X, ¥), followed by a multiplication by x
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yields
* =k 1xyP 4 erax®@yP? 4 e3ie3x By,
¥ = K(dig1xMy? + daitax @y + dsicsxy’3), e
where
*1 =k xY0 Kr = kX @yP2 i3 = k3xPY, and K = i 1)

As a result of the scaling, the positive equilibrium is moved to (1, 1). Further, it follows by
(18) that
K1 = Alc2d3 — c3da),
K2 = Mczd) — c1d3), (22)
k3 = Alcidy — c2d1)
for some A # 0, which is positive (respectively, negative) if the common sign in (19) is
positive (respectively, negative).

Denote by J the Jacobian matrix of (20) at the equilibrium (1, 1). A short calculation
shows that

1
detJ = XKflfzfs [a1(by — b3) + ax(b3 — by) +a3(by — bo)]. (23)

Note that the latter is nonzero, because (a1, b1), (az, by), (a3, b3) do not lie on a line.

5.1 Four Limit Cycles

In this subsection we discuss why we strongly conjecture that there exist parameter values
for which the differential equation (16) has at least 4 limit cycles.
Let us consider now the mass-action system (15) with

(alvbl) = (03 0)7 (02, bz) = (07 _1)7 (a37b3) = (aa b),
(Clvdl):(oa_l)v (CZadZ):(l’_l)s (03’d3):(_]sd)

fora > 0,b > —1,d > 0 with 1 4+ bd > 0, i.e., take the mass-action system

o(a — DX+ (b+d)Y

°aX + bY

K1
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Then k1 = A(d — 1), ko = XA, k3 = X in (22), and hence, the existence of a positive
equilibrium is equivalent to d > 1. Take A = 1. With these, the scaled differential equation
takes the form

1
).C=*—Xayb,

1
y=K (—(d -1 - - +dx“y”) ,
y
and, by (23), det J = K (d — 1)a, which is positive, because d > 1,a > 0.
Set K = HLbd to make tr J equal to zero. The first focal value, L1, is then

rnaa’d + a(1 + bd) — (1 + bd)?)
8ay/(d — 1)(1 + bd)3

which vanishes for b = % V1+8d) ' After the elimination of b by this, one finds that the
second focal value, L, vanishes along a curve in the (a, d)—plane. That curve contains the

points (1, %) and (1-5—7 28961’ 3), and it turns out the third focal value, L3, is negative at the

former point and positive at the latter one. Thus, there exista, b,d suchthat L1 = Ly, = L3 =
0 (namely, we numerically find that this happens at a = @ ~ 1.01282, b = b ~ 0.65463,
d=d~ 3.28862). Since, again numerically, we see that Ly is negative for @, 3, c/l\, we
conjecture that there exist parameter values for which the unique positive equilibrium of the
differential equation (16) is asymptotically stable, and is surrounded by four limit cycles I,
I, I, I3, which are unstable, stable, unstable, stable, respectively. Since the formulas for
Lj, L3, and L4 get complicated, we cannot handle them analytically. This is why we leave
the existence of four limit cycles a conjecture.

1 =

5.2 Reversible Center

Let us consider now the mass-action system (15) with
(a1, b1) = (0,0), (a2, b2) = (p, @), (a3, b3) = (q, p), (24)
assuming | p| # |q|. Its associated scaled differential equation is then

X =cix1 + cpicaxP y? + c3ic3x?y?,

25
y = K(dik1 + dokaxPy? + d3ic3xy?). )

Proposition 6 Consider the differential equation (25) with (22). Assume that %K (p*—¢? >
0 and

c1 = —Kdj,
cky = —Kdsks, (26)
c3k3 = —Kdokp

hold. Then the equilibrium (1, 1) is a center.

Proof The determinant and the trace of the Jacobian matrix at (1, 1) are

1
KKF1?273(P2 — g% and p(caks + Kdsk3) + q(c3k3 + Kdaka),
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respectively. By the assumptions, the former is positive, the latter is zero, and therefore, the
eigenvalues are purely imaginary. Since, by (26), the differential equation (25) is of the form

x = f(x,y),
)} = _f(ya X),
the system is reversible w.r.t. the line x = y and (1, 1) is indeed a center. O

Corollary 2 Consider the differential equation (25) with (22). Assume that

() p*>q*
(ii) sgnc; = —sgnd; =sgndy, = —sgnez # 0,
(iii) sgncy, = —sgnds,
>iv) K = —2—:
hold. In case sgn c) = —sgnds # 0, require additionally that
d3 di dy di dy||d3
—|<|—|<|=|and |—| = |—||—|
Cc3 Cl 2 C1l ||
Then the equilibrium (1, 1) is a center:
Proof In case sgncy = —sgnds = 0, each of crds — c3da, c3d] — c1d3, c1dy — c2dy is

positive (by (ii)), and hence A > 0. Further, K > 0 (by (ii) and (iv)). Taking also into account
(i), it follows that %K (p* — g% > 0. Verification of (26) is straightforward.
In case sgncy = —sgnds # 0, either

sgncp = —sgnd] = —sgncy = sgndy, = —sgnc3 = sgnds and
d d &

—<—<—=x<0

[63) c1 c3

or

sgnc; = —sgnd] = sgncy = sgndy = —sgncz = —sgnds and
d; d3 d>

— <0< —= < —=.

cl ()

In each of these cases, one again obtains A > 0 and hence %K(p2 —¢?) > 0. By using the

fact that ‘Z—; is the geometric mean of f—; and f—; , one readily checks (26).
In any of the above cases, Proposition 6 concludes the proof. O

We depicted in Fig. 3 some reaction networks that all fall under Corollary 2.

Now fix p, ¢, c1, ¢2, ¢3, d1, da, d3 such that all the assumptions of Corollary 2 are fulfilled,
and consider the mass-action system (16) with (24). How to choose «1, k2, k3 in order that
the unique positive equilibrium is a center? First note that there exists an (x,y) € Ri for
which (21) with (24) holds if and only if

_ K3 K3,
k1 =kpand — = —KP71,

K2 K2
By (26). 7 is arbitrary and © K74 = —< (—<1)" """ Thus. the answer to the abov
y , K1 is arbitrary and 2 =-Z(-7 . Thus, the answer to the above

question is that one has to choose x1, k2, k3 such that

. . K3 2 e\ 4!
k1 is arbitrary and — = —— | —— .
K2 d3 d
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ci=1,di=-1,do =2, c3=—-2

co=—-1,d3=1 c2=0,d3 =0 co=1,d3 =-1
=3 — xPy? — 229yP T =1—z29%P =1+ 2Py? — 2299y?P
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Fig.3 Some reaction networks that all fall under Corollary 2, along with the differential equation (25). Among
the graphs, in the top row we have p > 0 and —p < ¢ < p, while in the bottom row we have p < 0 and

p<g=<-p

d

€2

d3

di| _
= o

cr

Finally, we remark that the condition ‘ in Corollary 2 sheds light on why

we had to set (a4, by) = (q —-p,p+ %) in Sect. 4.2. With this choice, the absolute values

2
of the slopes of the three reactions are }%‘, 1, %, the first one being the geometric mean of

the latter two.

5.3 Liénard Center

Let us consider now the mass-action system (15) with

1
(ala b]) = (17 0)7 (612, bz) = <07 _5) ) (a3s b3) = (07 _2)

@ Springer



S194 Journal of Dynamics and Differential Equations (2024) 36:S175-S197

Its associated scaled differential equation is then

. — JE—. ———)
X =C1K1X + c2Kk2y 2 4+ Cc3K3 s
1 y 1 y @7
V= K(diKix +daicay ™2 + dsiezy ).
Proposition 7 Consider the differential equation (27) with (22). Assume that % > 0 and
cik1 = Kdyky = 4Kdskz 20 (28)
hold. Then the equilibrium (1, 1) is a center.
Proof The determinant and the trace of the Jacobian matrix at (1, 1) are
3 Kk 1kok3 and
— n
o K1K2Kk73 al
1
c1K| — EKdZEZ — 2K dsk3,

respectively. By the assumptions, the former is positive, the latter is zero, and therefore, the
eigenvalues are purely imaginary.
Shifting the equilibrium to the origin yields

1
¥=caki(x+ D)+ ek + D72 +arz(y+ D72

(29)
y = K1 (c + 1) + daica(y + D72 +dsies(y + D72,

Differentiation of the second equation w.r.t. time and then application of each of the two
equations once yields that (29) is equivalent to the Liénard equation

V+ My +g(y) =0, (30)

where
1 3
fO) = —cifer + s Kdiea(y + )72 4+ 2Kdsks3(y + 1),
1 1
80 = S KEIaRs [0+D =+

By [5, Theorem 4.1], the origin is a center for (30) if and only if F = @ o G for some analytic
function @ with @(0) = 0, where F(x) = f; f(y)dy and G(x) = [ g(y)dy. Now

F(x) = —cik1x — Kdaica [(x )7 - 1] —Kdys [(x+ 12— 1],
1 \ y
G(X):XKKUCZK:; [2(x+1)2+(x+1) _3].

A short calculation shows that under the hypothesis (28), F = @ o G holds with @(z) =
az? + Bz, where

A2 c1kq
[0 s —
4 (Kkik2k3)?
3 K
and B = —f%.
2 KKkiK2K3
This concludes the proof. O
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Fig. 4 Some reaction networks that all fall under Corollary 3, along with the differential equation (27), and
the corresponding phase portraits

Corollary 3 Consider the differential equation (27) with (22). Assume that K > 0, sgnc| =
—sgnd; = sgnd, = sgndz # 0, and
c3 c1 c cl 4
— < —<—and — =—-K
& d a7
hold. Then the equilibrium (1, 1) is a center.

_462 1c3
T 5dy  5ds

Proof By the assumptions, each of cpd3 — c3da, c3d) — c1d3, c1da — cad) is positive, and
hence A > 0. Thus, % is also positive. Further, under the assumptions of this corollary, it is
straightforward to verify the condition (28). Proposition 7 then concludes the proof. O

We depicted in Fig. 4 some reaction networks that all fall under Corollary 3.
6 Zigzag

We conclude with an example of a reaction network, where the existence of a positive

equilibrium does depend on the choice of the rate constants, a phenomenon that appeared for
neither of the networks in Sects. 3-5.
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The mass-action system under investigation in this section, along with its associated
differential equation takes the form

3Y

==y +xy? + (1 —w)y.

N

X + 2Y J'c:y3—3xy2+(1+lc)y,
/ and
N

X

There is a unique positive equilibrium at (ﬁ V2 - K) for ¥ < 2 and no positive equilib-
rium for k > 2. The determinant of the Jacobian matrix at the equilibrium is positive, while

its trace is 5« — 9, which becomes positive for k¥ > %. The Andronov-Hopf bifurcation at

K= % is subcritical, since L = 51—’; > 0.

The x—axis is invariant, consists of equilibria, and attracts nearby points from ]R%_ ifk > 1.
For k > % it seems that all orbits except the positive equilibrium converge to the x—axis.
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