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Abstract

This paper is concerned with the nonlocal dispersal problem in inhomogeneous media. Our
goal is to show the limiting behavior of perturbation equation with parameters. By analyzing
the asymptotic behavior of solutions when the parameter is small, we find that convection
appears in inhomogeneous media. Moreover, if the effect of inhomogeneous media changes,
then we prove a convergence result that convection disappears in nonlocal dispersal problems.
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1 Introduction

Let K : RY — R be a nonnegative function such that fRN K (x)dx = 1. Nonlocal dispersal
equation

u;(x,t) = K xu(x,t) —u(x,t) = / K(x —yu(y,t)dy —u(x,t), (1.1)
RN

and variations of it have been widely used to model diffusion process (see e.g. [3,16]). As
statedin [1,12],ifu(x, t) is thought as a density at position x at time ¢ and the probability distri-
bution that individuals jump from y to x is given by K (x — y), then fRN K(x—yu(y, t)dy
denotes the rate at which individuals are arriving to position x from all other places and
ulx,t) = fRN K (y —x)u(x,t)dy is the rate at which they are leaving position x to all other
places. This consideration, in the absence of external sources, leads immediately to that u
satisfies (1.1). For recent references on nonlocal dispersal equations, see [2,5,9,15,27-30]
and references therein.

Since the natural environments are generally heterogeneous and the habitat fragmentation
makes a basic change on the spreading and diffusion of species [4,19,31]. In this case, the
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inhomogeneous media plays a great role in the study of evolution problems. We study the
nonlocal dispersal problems in inhomogeneous media and consider the following nonlocal
dispersal equation

u = /R ki (v, y)uly. 1) dy — /R ko, yu(x. 1) dy, (12)

here ki, k2 are nonnegative dispersal kernel functions. In the present paper, we shall investi-
gate the effect of spatial fragmentation on the solutions of (1.2). By employing a parameter
in (1.2) and analyzing its limiting behavior of solutions, we provide an implicit understand-
ing on the effect of heterogeneous environment. At this respect, we refer the reader to the
seminal works of Cortazar et al. [7,8], Molino and Rossi [18], Shen and Xie [26] on the study
of approximation problems for nonlocal dispersal problems.

In this paper, we study two forms of kernel functions k1, k>. We first assume that

ki(x,y) =gx)J(x —y)and ka(x,y) = g J(x — y),

here J is a nonnegative kernel function and g is a nonnegative weight function. Then we
have the nonlocal dispersal equation

w(x, 1) = fpn J(x — g@u(y. 1) — g(ux,n)ldy inQ x (0, c0),
u(x,1)=0 in RM\Q x (0, 00), (1.3)
u(x,0) = up(x) in Q,

where € a bounded smooth domain of RY and ug(x) is the given initial value. In (1.3), let
u(x, t) be the density of population at position x and time ¢, and the probability distribution
that individual jump from position y to x be given by J(x — y). We assume the rate that
individuals arrive at x is affected by the inhomogeneous media with weight function g(x).
Then the rate that individuals arrive at x is given by

f g J(x — y)u(y, 1) dy
RN

and the rate that individuals are leaving position x is given by

/ eIy —xu(x,t)dy.
RN

In fact, here we assume that the probability of population is affected by the inhomogeneous
media with weight function at the location where they are going. Hence there has a nonsym-
metric effect of inhomogeneous media. The case of symmetric effect is investigated in the
second part below. Also in (1.3), the individuals live in 2 and there is no individual outside

2. This is called nonlocal Dirichlet boundary condition, see [6,14]. Throughout this paper,
we make the following assumptions.

(A1) J :RY — R is nonnegative, radial, continuous with unit integral, J is strictly positive
in B(0, 1) and vanishes in RV\ B(0, 1). ) .
(A2) The functions g(x), up(x) are smooth in 2 and g(x) > 0 for x € Q.

The existence and uniqueness of solutions to (1.3) will be stated in Sect. 2. We show that
there exists a unique solution u(x, t) to (1.3) such that

u € C([0, 00); C()) N C'((0, 00); C(Q)).
Our aim is to investigate the effect of inhomogeneous media on the the nonlocal evolution

problem (1.3). Then we study the role of heterogeneous weight function g(x) by employing
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a parameter and investigate the limiting behavior of solutions when the parameter is small.
So we consider the nonlocal dispersal equation

ui(x,t) = S%fRN JE(x = MIg)uf (v, 1) — g(uf (x,H]ldy inQ x (0, 00),
u(x,t) =0 in RV\Q x (0, 00),
u®(x,0) = uo(x) in Q,

(1.4)

where ¢ > 0 is a small parameter and the kernel function J¢(-) is given by

ey = L d
I© = 2o (8) (15)
with the constant
L 2
d=—s fRN JIyPdy. (16)

In this paper we obtain that the solution of (1.4) converges to the solution of the classical
reaction—diffusion equation

ur = Au+ p(x)u in 2 x (0, 00),
ux,t) =0 in 02 x (0, 00), (1.7)
u(x,0) = up(x) in €2,

as ¢ — 0, here the coefficient p(x) is given by
N

1 92
p) = 3o et (1.8)

axiaxi '

Note that the regularity of solution u(x, t) to (1.7) is related to the initial value u((x) and the
coefficient p(x), see [10,11]. Let u(x, ¢) be the unique solution to (1.7) such that

u e CHT2(G % [0, TT)
for some 0 < o < 1. We are ready to state the main result.

Theorem 1.1 Assume that u € C*+*142/2(Q x [0, T)) is the solution of (1.7) and u® (x, t)
is the solution of (1.4) for ¢ > 0, respectively. Then there exists C = C(T) such that

max ||uf(,t) —u(-,t = < Ce®* > 0ase — 0.
e[O’T]” (C))] GDllew =

From Theorem 1.1 we know that the inhomogeneous media may provide a linear increase
(or decrease) on the nonlocal dispersal system (1.3) provided p(x) is positive (or negative).
Now we consider the second case that

ki(x,y) =ka(x,y) =g J(x —y)

in (1.2). In this case, we can see that the effect of inhomogenous media is related to the
same position and there appears a symmetric effect of heterogeneous environment. So we
may assume the rates that individuals arrive at x or departure form x are all affected by
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the inhomogeneous media with weight function g(y). We then have the following nonlocal
dispersal equation

wr(x, 1) = fpnv gNJ(x — Muly, 1) —u(x,)ldy inQ x (0, 00),
ux,t) =0 in RN\S_Z x (0,00), (1.9
u(x,0) = up(x) in Q.

In order to study the effect of heterogeneous environment on the problem (1.9), we consider
the following problem

Ui (x, 1) = 25 [an @I — Ny, 1) —u (x,0]dy  in Q% (0,00),
u(x,t) =0 in RM\Q x (0, 00),
uf(x, 0) = uo(x) in Q,

(1.10)

here ¢ > 0 and the kernel function J¢ is given by (1.5). We prove that the limiting behavior
of nonlocal dispersal Eq. (1.9) is similar to the convection—diffusion equation

ur = Au+q(x)-Vu in Q x (0, 00),

ulx,t) =0 in 02 x (0, 00), (1.11)
u(x,0) = up(x) in 2,
here
<8u(x) ou(x) 8u(x)>
Vu = s ey s
0X1 dx2 Xy
2(x) = 2;8()6) _ 2 <3g(X)’ 3g(x)’m’ 38()6)), (1.12)
g(x) dg(x) \ 9x1  dx2 dxn

and d is given by (1.6).
We have the following result for nonlocal problem (1.10).

Theorem 1.2 Assume that u € C*+%14%/2(Q % [0, T) is the solution of (1.11) and u® (x, t)
is the solution of (1.10) for ¢ > 0, respectively. Then we have

max |uf(,t) —u(-, ¢t 5 — 0ase — 0.
max, llu” (-, 1) G Dlew

The conclusion of Theorems 1.1-1.2 reveals different effects of inhomogeneous media on
the nonlocal dispersal systems. In the later case (1.9), we can see that the convection appears
in inhomogeneous media.

On the other hand, since the natural environment is typically periodic, it is interesting
to consider the periodic evolution problems, see [20,22—-24]. This paper also deals with the
periodic nonlocal dispersal equation

ur(x, 1) = fpv J(x = PIg@u(y, 1) — gux, Nldy +aux, 1) inRY x (0, 00),

u(x,t) =u(x + pjej, t) in RN x (0, 00),
u(x,0) = ugp(x) in RV,
(1.13)
and
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ur(x, 1) = fpn g(0J (& = Ny, 1) — ulx, Hldy + a(ulx, 1) inRY x (0, 00),

u(x,t) =u(x+pje;,t) inRY x (0, 00), (1.14)
u(x,0) =ugx) in RN,
where e = (ej, €2, ..., ey) is the unit vector of RY and pj > O0forj=1,2,...,N,

g,a,upg € C (RN ) are periodic functions such that
g(x) =g(x + pje;j), alx) =a(x + pje;), uo(x) =uo(x + pje;). (1.15)

It follows from [13,24,25] that (1.13) and (1.14) are related to the interesting problem whether
the inhomogeneity speeds up the spreading speeds of

ur(x, 1) = /RN J(x = g®uly, 1) — g(y)ulx, )] dy
+u(x, Hax) —u(x, ) inRY x (0, c0),
and
u(x, 1) = /RN g J(x = Wluly, 1) —ulx, 1)ldy
+u(x, Hax) —u(x, 1) inRY x (0, c0).

Our main goal is to examine the nonhomogeneous effects of g on the periodic nonlocal
systems (1.13) and (1.14). To do this we first consider the periodic problem

uf (6, 1) = & fon JE(x = Mgt (y, 1) — guf (v, D]dy  inRY x (0, 00),

uf(x,t) = ut(x + pje;, t) in RN x (0, 00),
uf(x,0) = uo(x) in RN,
(1.16)
where ¢ > 0 is a small parameter, j = 1, 2, ..., N and the kernel function J¢(-) is given by

(1.5).
The main result of periodic nonlocal dispersal problem (1.16) is the next theorem.

Theorem 1.3 Assume that g(x), a(x), and ug(x) satisfy (1.15). Assume further that g(x) > 0
forx € RN, Let u e C¥ro1+2/2(RN % [0, 00)) be the solution of

uy = Au+ p(x)u in RN x (0, 00),
u(x,t) =u(x + pjej, t) inRN x (0, 00), (1.17)
u(x,0) = up(x) inRY,

where p(x) is given by (1.8) and j = 1,2,..., N. Then (1.16) admits a unique solution
uf(x, t) for ¢ > 0 and there exists C = C(T) such that

max |uf(C,t) —u(-, ¢t <Ce¥ > 0ase—0
te[O,T]” Gt —uC, Dllemyy <

forany T > 0.

At last, we consider the periodic nonlocal dispersal equation

uf(x, 1) = & fevg (I (x — Wt (v, 1) — uf (x, H]dy inRY x (0, 00),
uf(x, 1) =u’(x + pjej, 1) inRY x (0,00) (1.18)
u®(x,0) = up(x) in RV,
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where ¢ > 0 is a small parameter, j = 1,2, ..., N and the kernel function J¢(-) is given by
(1.5). Then we have the following theorem.

Theorem 1.4 Assume that g(x), a(x), and ug(x) satisfy (1.15). Assume further that g(x) > 0
forx € RN, Let u € C*ro1+e/2(RN % [0, 00)) be the solution of

uy = Au+q(x)-Vu in RN x (0, 00),
u(x,t) =u(x + pjej, t) inRN x (0, 00), (1.19)
u(x,0) = up(x) in RN,

where q(x) is given by (1.12) and j = 1,2, ..., N. Then (1.18) admits a unique solution
ué(x,t) fore > 0 and

max |[uf(-,t) —u(-,t —-0ase — 0
max, lu®(-, 1) GO lle@my

forany T > 0.

The rest of the paper is organized as follows. In Sect. 2 we prove existence, uniqueness and
comparison principle for general nonlocal dispersal equations. The main results Theorems 1.1
and 1.2 are proved in Sect. 3. Section 4 is devoted to the periodic nonlocal problems.

2 Existence, Uniqueness and Comparison Principles

In this section, we first present some basic results on the existence and uniqueness of solutions
to nonlocal dispersal equations. To do this, we consider the following nonlocal dispersal
equation

ur(x,t) = fRN k(x, Yu(y, t)dy + m(x)u(x, 1) in Q x (0, 00),
u(x,1)=0 in RV\Q x (0, 00), (2.1
u(x,0) = up(x) in Q,

where k € C(Q2 x Q) is nonnegative and m € C(€2). Thus our problems (1.3) and (1.9) are
special forms of (2.1).

Existence and uniqueness of solutions to (2.1) are followed from the classical semigroup
theory (e.g., see the book of Pazy [21]). Let X = C(Q),and G : X — X be defined by

Gu(x) = /Qk(x, Vu(y)dy + m(x)u(x).

Then G : X — X is a bounded linear operator. Hence for any uop € X, (2.1) has a unique
solution u(t, x; ug) with u(0, x; ug) = ug(x) (see Theorem 1.2 in chapter 1 of [21]). In fact,

u(t, 5 up) = e9'ug ().

Remark 2_.1 We can see that u € C([0, 00); C (L) is a solution to (2.1) with the initial value
ug € C(R) if and only if

t
u(x, 1) = "o (x) + / / k(x, )™y (y, sy dyds, (x,1) € Q x (0, 00),
0 JRN

and

u(x, 1) =0, (x,1) € RM\Q x (0, o0).
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We then have the following result on the existence and uniqueness of solutions to the
nonlocal problem (2.1).

Theorem 2.2 For every ug € C(Q), there exists a unique solution u(x, t) to (2.1) and

u € C([0, 00); C(£2)) N C'((0, 00); C(Q)). (2.2)

Proof 1t follows from the semigroup theory that there exists a unique solution u (x, r) of (2.1)
defined in 2 x [0, c0) and

u € C([0, 00); C(R)). 2.3)
For any § # 0 and ¢t > 0, we have
u(x,t+38) —u(x,r

t+6
= [eMOFD) _ gm0 () —I—/ [ k(x, y)e™ =)y (y, s) dyds.
' Q

Thus from (2.3) and Lebesgue theorem, we obtain

Coulx,t+68) —ulx,t)
lim
5—0 1)

= m(x)e" ™) +e’”°‘)’/ k(x, y)u(y, ) dy
Q

and then (2.2) holds. ]

Now we give the definition of sub-super solutions to (2.1) and the corresponding compar-
ison principle.

Definition 2.3 A function u € C'([0, T); C(2)) is a super-solution to (2.1) if

ur(x,t) > f]RN kCe, Yu(y, t)dy + m(x)u(x, ) in Q x (0, 00),
u(x,t) >0 in RM\$2 x (0, 00),
u(x, 0) = ug(x) in Q,

The sub-solution is defined analogously by reversing the inequalities.

Lemma 2.4 Assume that_uo(x) is nonnegative. Let u(x, t) be a super-solution to (2.1), then
u(x,t) > 0for (x,t) € Q x (0, 00).

Proof We choose
6 > max |:m(x) —}—/ k(x,y) dy:| +1
Q Q
and define
v(x,t) = e_etu(x, ).

A direct computation gives that
v (x, 1) = / ke, yyv(y, ) dy + [m(x) — 0]v(x, 1)
Q

forx € Q,¢ > 0.
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We only need to show that v(x, ) > 0 for (x,¢) € Q x (0, 00). Assume by contradiction
that v(x, t) is negative at some point in Q x (0, 0o). Without loss of generality, let v(xo, fp)
be the negative minimum of v(x, ) for some (xo, tp) € Q x (0, 00). We have v, (xg, fg) < 0
and v(xg, f9) < 0. But

v (0. 10) > /R kG0, IV, o) — o, )] dy
+ [m(xo) +/Qk(xoy y)dy — 9] v(xo, fo)

> [m(xo) +/ k(xo, y)dy — 9] v(xo, 7o)
Q
>0,
we get a contradiction. This completes the proof. O

Theorem 2.5 Assume that u(x, 1) and v(x, t) are a pair of super-sub solutions to (2.1). Then
u(x,t) > v(x,t) for (x,t) € Q x [0, 00).

Proof Denote w(x,t) = u(x,t) — v(x, t), we have

w(x, 1) = [ kCx, Moy, ) dy + mx)w(x, 1), x€Q,t>0,
w(x,0) >0, x e,

and the conclusion is followed by Lemma 2.4. O
At the end of this section, we consider the periodic nonlocal dispersal equation

ur(x, 1) =1(x) f[pv kG, Yu(y, t)dy + m(x)u(x, 1) in RY x (0, 00),

u(x, 1) =u(x+ pjej, 1) inRY x (0, 00), (2.4)

u(x,0) = uo(x) inRVN,
where e = (eq, e, ..., ex) is the unit vector of RV and pj > 0forj=12...,N,
I,m,up € C(RY) are periodic functions such that

[(x) =1(x + pjej), m(x) =m(x + pje;), uo(x) =uo(x + pje;) (2.5)
forj =1,2,..., N. We then have the following results, the proof is similar to Theorems 2.2

and 2.5 .

Theorem 2.6 Assume that [(x) > 0 for x € RN. Then for every ug € C(Q), there exists a
unique solution u(x, t) to (2.4) and

u € C((0, 00); C(RY).
Theorem 2.7 Assume that u(x, t) and v(x, t) are a pair of super-sub solutions to (2.4). Then
u(x,t) = v(x, 1) for (x, ) € RN x [0, 00).
3 Heterogeneous Nonlocal Dispersal Equation
In this section, we consider the nonlocal dispersal problems (1.3) and (1.9). We first study the

case that the inhomogeneous media provides a linear increase (or decrease) on the nonlocal
dispersal system.
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Proof of Theorem 1.1 In (1.7), the functions p(x) and ug(x) are smooth, we then can extend
the solution u(x, t) to the whole space RN, still denoted by u(x, t), see [11,17]. Define

1
Lho) = 5 [ 9= pgotuty = e 01y
& RN
and
1
Li(v) = 2 /RN Je(x — y)g(x) — gldyv(x, 1),
Then we know that u(x, t) satisfies

ur(x, 1) = Li@)(x, 1) + Fe(x, 1), x € Q,te(0,T],
u(x,t) = H(x, 1), x e RM\Q, 1€ (0,71, (3.1
u(x,0) = uo(x), x e,

where
Fe(x,1) = =L @) (x, 1) + Aulx, 1) + p(x)u(x, 1),

the function H (x, t) is smooth and H (x, t) = 0 for x € dQ2. Thus we can find M; > 0, such
that

|H(x,1)| < Me (3.2)
forx e RM\Q, 1 € (0, T].
The existence and uniqueness of solution u® (x, t) to (1.4) are followed by Theorem 2.2.

Denote o’ (x, ) = u(x, t) — u®(x, t), then we get

wf (x,1) = L) (x,0) + Fl(x,1), x€Q,1€(0,T],
o®(x,1) = H(x, 1), x e RN\Q, 1€ (0,T],
®®(x,0) =0, xeQ,

where
Fl(x.1) = Fo(x. 1) = LEu)(x, 1).
Note that u € C2+*1+¢/2(Q % [0, T]), we claim that there exists M > 0 such that

max IF G Dl e < Mag®. (33)

tel0,

In fact, we know that
Au(x,t) — LEw)(x, 1)

1
= Au(x,t) — ) /RN Je(x — y)g)[u(y, t) —u(x,)]ldy

1 —
= AM()C, t) — W ‘/RN J <¥) [Lt(y, t) - u(x, t)] dy

1
= Au(x,t) — a2 /RN J(W)ulx —ey, 1) —u(y, t)]dy.
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On the other hand, since u € C*+%14%/2(Q x [0, T]), we get

Au(x,t) — L) (x, 1)

N
1 du(x,t)
v(x )+8d 21 o, /RN My dy

=

1 X %ulx, 1)

JE J . d o
2dij . Myiyjdz+ O(e),

_ axiaxj'

here y = (y1, y2, ..., yn). By the assumption (A1) we have

/ J(y)yidz=0
RN

fori =1,2..., N and

/RN J)yiyjdz=0
fori,j=1,2..., N andi # j. Accordingly,
Au(x,t) — Le(u)(x,t) = O(&%).
Meanwhile, we have
pu(x, 1) = L) (x, 1)

1
=pXux, 1) — = / Je(x = g (y) — g(x)dyu(x, 1)
& RN

= pulx, 1) — 7 (%) [g(y) — g(0)] dyu(x. 1)

deNt2g(x) Jry
1
=p@u(x,t) — dzi/. JW)gx —ey,t) — gy, t)]ldyu(x,t)
e7g(x) Jry
= 0(&%).

Using (3.4) and (3.5), we obtain (3.3).
Now denote

w(x,t) = Mae®t + Me,
we have
Wi (x, 1) — LL@)(x, 1) = Mag® > Fl(x,1) = wi(x, 1) — L} (w®)(x, 1)

for x € Q. Then from (3.2) we get

w(x, 1) > w’(x,1)
forx € RV \Q and ¢ € [0, T']. Moreover, it is clear that

w(x,0) = Kre > w®(x,0) =0
Thanks to (3.6)—(3.7), from the comparison principle we know that
wé(x,t) <wx,t) = K% + Kje.

Hence we have that w(x, t) is a super-solution to (3.1).

@ Springer
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By a similar way, we can show that

w=—K1e% — K¢
is a sub-solution and
wf(x,t) > wx,t) = —K1e% — Kse.
Thus
lg{l&)}J luG, ) —uCDlle@ < Ce* >0 as e—0
and we end the proof. O

Now we analyze the nonlocal dispersal Eq. (1.9) and the parameter Eq. (1.10). Let us first
consider the second-order parabolic equation

N }
ur(x, 1) =y ; iy 1al]()c)a wix,t) Z 195 (x) a“;fi’t) in Q x (0, 00),

dx;0x;
u(x,t) =0 indQ x (0,00), (3.8
u(x,0) = ug(x) in Q,
where
a;;(x) = 2dg () /RN glx —en)J()yiy;dy,
61 =~ [ et —ensmds

fori, j=1,2..., N and ¢ > 0. We know from [11,17] that (3.8) exists a unique solution
= C2+o¢,l+a/2(§2 x [0’ T])
We then have the following results.

Lemma3.1 Let u(x, t) and u®(x, t) be the solutions of (1.11) and (3.8), respectively. Then
we have

i (-, 1) —u(-,t - 0 0. 3.9
tg[lgl)]{]””( ) —u( )||C(Q)_> as e — (3.9)

Proof 1In fact, we can see that

lim . gx —ey)J(y)yiyjdy = g(x) /N J(y)yiy; dy uniformly in &
R R

e—0

fori,j=1,2,..., N and

/ J(y)yiyjdy =0
RN
fori # j. Thus we get
1 ifi=j,
limaf;y=1{ 07
es0 U 0 ifi#j.
Meanwhile, since

g(x)
ax;

. 1
lim [ g —ey)J(yidy = - /RN Ty} dy,

e—>0 JrN €
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we obtain

1 9g(x)
dg(x) 0x;

Using (1.12) we have that (3.9) holds. ]

uniformly in Q.

lim g7 (x) =
—0

Lemma3.2 Letu®(x,t) be the solution of (1.10) and u® (x, t) be the solution of (3.8), respec-
tively. Then we have

max ||uf(,t) —u®(,t = — 0ase — 0.
max lu® (-, ) G Dllew)

Proof We can extend u® (x, t) to RY x [0, T']. Denote
1
L) = 5 [ 807 = o0 — vt 01 dy.
& RN

Then % (x, t) satisfies

4 (x, 1) = LE@°)(x, 1) + F(x,1), x € Q, t € (0, T},
e (x,t) = H(x,1), x e RN\Q, re (0, 7],
ué(x,0) = up(x), x €,

where

ou(x, 1)
ax,-

’

32 e
Fo(x,1) = —L*(0@°)(x, 1) + Z aj; (x) ———— (x 2 +qu(x)

i,j=1 i=1
the function H (x, t) is smooth, H (x, t) = 0 for x € €2 and there exists M| > 0 such that
|H(x, )| < M

forx e RM\Q, 1 € (0, T].
Set v®(x,t) = u®(x,t) — u®(x, t), then we have

vE(x, 1) = LE(v®)(x, 1) + Fé(x,1), x € Q,t€(0,T],
vi(x, 1) = H(x, 1), x e RM\Q, 1€ (0,T],
vi(x,0) =0, x € Q.

But
1 — ~E ~e
W/R g0 (%) [i° (v, 1) = i° (v, D)l dy

1 . "
=2 fRN gx —enJ (WM (x — ey, 1) — i (x,H)]dy

1 i (x, 1) 9%0° (x, 1) o
52/ glx —ey)J () [Z T e+ 21373 &yiyj + 0™ )} dy

i=1 ij=

N A
1 00® (x, 1)
— — — J . d
/RN E 8g(x ey)J(y)yi ox; y

2 F( ) N
Z glx —sy)J(y)y,y, dz + 0 (),

l]l
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we have
N 2re N nE
o ut(x, 1) out(x,t) R
(x)——— 7 E(x)————= — L*(@%)(x, t
Z a” (X) 3)6[3Xj + ;ql (X) axi (u )(x )
N N

2ne ne
_ Z afj(x)a ué(x,t) +qu(x)8u (x,1)

ax,‘axj' i ax,-

i,j=1

i,j=1

1 xX—y
—-—— J|— 1M ,t—AE ,D]d
50 /R () ( - ) [ (y, 1) — it (x. )] dy
= 0(&%).
Thus for ¢ > 0 is small, there exists M> > 0 such that

Fe(,t 5 < Mpe“. 3.10
tg[l(%);]” ( )”C(Q)_ 28 ( )

Denote
w(x,t) = Mre“t + M s.
It follows from (3.10) that
Wx, 1) = LE(W)(x, 1) = Mae®™ > Fe(x, 1) = (we); (x, 1) — L (we)(x, 1)
for x € Q. We also have
w(x, 1) > Mie > |H(x, )]
for x € ]RN\S_Z such that dist(x, 02) < e and ¢t € [0, T']. Moreover we have
w(x,0) =Me > ws(x,0) =0.
Then a simple argument form comparison principle gives that

max |[uf(, 1) —v(-, ¢t = < Ce”.
te[o,T]H (G G Hlle@ =

We end the proof. O

At last, let u € C2H1+2/2(Q % [0, T]) be the solution of (1.11). Then we have

& _ ~E(. — (. - 8- 1) —uf(- =
a0 0oy < max 1870 — a0l + max 18760 — 1 ¢ 0lloy.

It follows from Lemmas 3.1-3.2 that

max |u(-,t) —u®(-, ¢t 5 — 0ase — 0,
 max, (-, 1) G Dlew

and we end the proof of Theorem 1.2.

4 The Periodic Nonlocal Boundary Problems
In this section, we consider the periodic nonlocal boundary problems (1.13) and (1.14). To

do this, we first investigate the effect of spatial homogeneity on the periodic problem (1.13)
and so we shall analyze the limiting behavior of solutions of (1.16).
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It follows from Theorem 2.6 that there exists a unique periodic solution u® (x, t) to (1.16).

Now let u € CZHe1+e/Z(RN % [0, 00)) be the solution of

u; = Au+ p(x)u in RN x (0, 00),
u(x,t) =u(x+ pje;j,t) in RN x (0, 00),
u(x,0) = up(x) inRV,

where j = 1,2,..., N and p(x) is the periodic coefficient given by

N

1 92
px) = Z g(x)

axiaxi '

We are ready to prove the first result of periodic boundary problem.

Proof of Theorem 1.3 Set
1
Li(v) == / JE(x = y)g)v(y, 1) — v(x, )] dy
& RN
and
1
120) = — / Fo(x = »Ig) — g1 dyv(x, 1),
& RN
Then we know that the unique solution u(x, t) of (4.1) satisfies

ur(x,t) = Liu)(x, 1) + Fe(x, 1), x e RN 1€ (0,T],
u(x,t) =ulx+ pje;, 1), xeRN 1 eI,
u(x, 0) = ug(x), x € RV,

where j = 1,2,..., N and
Fo(x,1) = =L u)(x, 1) + Au(x, 1) + p(x)u(x, 1).
Denote o® (x, ) = u(x, t) — u®(x, t), then we get

wf(x, 1) = LY @®)(x, 1) + F}(x,1), x e RN, 1€ (0,T],
wf(x,1) = 0 (x + pje;j, 1), xeRN teT],
w®(x,0) =0, x e RV,

where j =1,2,..., N and
F o, 1) = Fo(x, 1) — L2(u)(x, ).

Since u € C*+1+¢/2(RN x [0, T) is periodic, we can find M > 0 such that

1 o
max || F. (-, ¢t < Me".
rmax 1Fe GO llemny =

Let
w(x,t) = Me&%t,

a similar argument as in the proof of Theorem 1.1 gives that

0,7

and we end the proof.
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At the end of this section, we study the periodic nonlocal problem (1.18). So we consider
the periodic parabolic equation

u;(x,t) = Z?jj:l aisj(x)d u(x,t) + Zz_l g £ (x) du(x t) in RN x (0, 00),

0x;0x
u(x,t) =u(x + pjej,t) in RN x (0, 00), 4.2)
u(x,0) = up(x) inRY,
where the coefficients
3 — — . .
aj;(x) = 2d3(0) /RN gx —en)J(y)yiyjdy,
fx)=— — J i d
q; (x) edg () /RN gx —ey)J(y)yidz

fori,j=1,2...,Nand e > 0.
Then we have the following results, we omit the proof here.

Lemma4.1 Let u(x, t) and u®(x, t) be the solutions of (1.19) and (4.2), respectively. Then
we have

max ||i#f(,t) —u(-,t — 0ase — 0.
max, [l (-, 1) ¢ Dllewmy

Lemma4.2 Letu®(x,t) be the solution of (1.18) and i (x, t) be the solution of (4.2), respec-
tively. Then we have

max uf (1) = a° ¢, Dllcwyy — 0ase — 0.
tel0, T

Theorem 1.4 is followed by Lemmas 4.1-4.2 and a similar argument as in the proof of
Theorem 1.2.
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