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Abstract

We start to discuss some aspects of the scattering theory for the Sturm-Liouville operator
1

L:— [—D2 + q]. In particular, we pose and solve the problem of reconstructing the function
g when y is fixed and when a set S of scattering data is given. In the meanwhile, several
relations concerning the spectral properties of L and the solutions of the related eigenvalue
equation are established.
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1 Introduction

Inthe 60’s Gel’fand, Levitan, Marchenko and their collaborators drew an important procedure
to reconstruct and characterize Schrodinger potentials starting from the scattering data. They
discussed various aspects concerning spectral measures and characterized the Schrodinger
potentials by means of a sort of orthogonalizing process [25,26,28]. All these matters are very
well-known to researchers working with both inverse spectral problems and also the K-dV
equation, and in fact in [10] the authors showed a beautiful procedure to build solutions of the
K-dV equation having as initial data potentials go(x) which are of “scattering type”. These
facts gave rive to a large amount of papers concerning the relations between Schrodinger
potentials and the K-dV equation [1,8,24,25,27,29,30,33].
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On the other hand, the acoustic equation1
9"+ =1y M
with weight function y is connected to the Camassa—Holm equation (briefly, CH) (see [3])
4up = Uyxr + 2ullyxx +4uyiy — 24uuy

in the following way: starting from an initial data yo(x) = 4u(0, x) — u, (0, x), it is possible
in many cases to build a solution of (CH) by maintaining unchanged certain spectral properties
of the associated equation (1). This has been done in many cases, such as Algebro-geometric
potentials [11,20,32], some of their limits [12,21-23] and so on. Constantin et al. [4-6]
constructed also solutions of (CH) via a scattering procedure, which, however, reflects the
general property of the inverse problem for the Eq. (1) of being implicitin its nature. Moreover,
they make use of the Liouville transform to develop the scattering theory (see [4] for more
information). Recently new hierarchies of evolution equations, involving the more general
Sturm-Liouville operator
1 2 d
L_y[ pD*+q], D=

have been introduced [18,21-23]. These hierarchies produce evolution equations which nat-
urally include both the K-dV and the (CH) equations, and others which have applications in
the fields of magnetic fluids, quantum theory, hydro-thermal particles and others [21-23].

Motivated by these facts, and from the evidence, as far as we know, that a scattering theory
for the Sturm-Liouville operator has never been investigated in detail, in this paper we start
to discuss the scattering theory for the operator

1 2 _d
L._y[ D* +q], D_dx, 2)

depending on the parameters ¢, y € Co(R) with strictly positive weight function y. We will
focus our attention to the reconstruction of the potentials in terms of the scattering data, and
vice-versa, leaving out the aspects concerning the characterization of the potentials by means
of the spectral measure (a matter which, however, will be considered in forthcoming papers
[34,35]).

In this paper, however, a special case of the above problem is studied: we begin our
investigation by considering the operator

1
L=-[-D*+4],
51 q]

where y is fixed. We will first find a condition for which the associated spectral problem has
solution of scattering type, and indeed we will find a scattering hypothesis on the function
q. Then, we will focus our attention to the relation between the scattering coefficients and
the potential g, providing the necessary background for the inverse spectral problem to be
solved.

The case when ¢ is fixed and y is, let us say, the unknown function, will be studied in a
forthcoming paper, since it uses some instruments which are in some sense different from
those used in this paper (see [34,35]). The paper is organized as follows. In Sect. 2, we review
some important spectral properties of the Sturm-Liouville operator: we will not spend too

! The term acoustic is due to the fact that (1) appears in the separation of variables method for solving the
wave equation.
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much time in reviewing these facts, as the reader can find them in several papers [13-19].
We will mainly describe some of the properties of the so-called Weyl m-function, which will
give us the hint to set the scattering problem consistently. Section 3 deals with the extension
of the Gel’fand-Levitan theory for the Sturm-Liouville operator. We will derive the basic
equations for relating the solutions of two different spectral problems via a kernel function
K (x,1).In Sect. 4 we will prove the existence of the kernel function K (x, ) and state some
relations which will be useful for the reconstruction of the function g once the scattering data
are given. Finally, in Sect. 5, we will start to study the scattering problem, by proving the
relations occurring between the transmission-reflection coefficients, and the relation between
these coefficients and the potential g.

The author wishes to finish this introductory part by remembering one of the most impor-
tant men in his life: Russell Johnson has been my guide in many occasions, he helped me
many times in the work, and in the life. Besides being one of the most brilliant mathematicians
I had the pleasure to meet, he was also a great, honest, kind man. We started our collabo-
ration (and our friendship) during my Ph.D. studies, since he was the advisor of my Ph.D.
thesis. After that, we started a long beautiful collaboration, and he never stopped teaching
me mathematics. It has been a privilege to work with him, and it was special to speak with
him. I and Russell Johnson started together to think at and to write down the ideas of this
paper some years ago. I only hope he has been sometimes proud of my work, I miss him a
lot.

2 Preliminaries
Let us denote by

S ={a=(qg,y):R— R2 |ae C](R), a is uniformly continuous and § < y < A},

equipped with the topology of uniform convergence on compact subsets. Fora € &, consider
the Sturm—Liouville operator

1
Ly:D— L*(R,dx): ¢+ Lo = ;(—(p” +q9),

where D = {¢ : R - R | ¢ € L*(R, ydx), ¢ is absolutely continuous and ¢” €
L2 (R, ydx)}. It is well-known that L admits a self-adjoint extension to all L2 (R, ydx)
which we still denote by L. The associated eigenvalue equation can be written as

—¢" +q9 = ryp.
In matrix form, it reads
o\’ 0 I\ (¢
= ) (3)
%) q() —Ay@) 0/ \¢2

Leta = (q,y) € &. Let us denote by {7,}scr the translation flow, i.e., if a is as above,
s(a) = a(s + ). If ap = (qo, yo) is fixed, then we set

A = cls Hull(ag) = cls {ts(ap) | s € R}.
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Then A is a compact invariant subset of &. It now makes sense to write a(x,A) =

0 1
, and study the family of equations
(4 ) y the family of eq

— () 0
<5/> = Tx(a) ((f,) ., aceA )

This dynamical approach has revealed to be very useful in studying the spectral properties
of the Sturm-Liouville operator, see [9,13,14,16—-19]. One of the most important concepts
which are related to the family of equations above is that of the exponential dichotomy. Let
@, (x) be the fundamental matrix solution of the family (4).

Definition 2.1 The family (4) is said to have an exponential dichotomy (briefly, E.D.) over
A if there are positive constants 7, p, together with a continuous, projection valued function
P : A — M;(C) such that the following estimates holds:

(1) |Pa(x)P(@)Pu(s) " < ne=PE—9), x

>,
(i) |Pa()I = P(@)Pa(s)~'| < ne?™™,  x <

S.

Here, M (C) denotes the set of 2 x 2 complex valued matrices. One has the following
fundamental result (see [9,13,15-17])

Theorem 2.2 Let A be obtained by the construction above. Consider the family (4). Ifa € A
has dense orbit, then the spectrum X, of the operator L, equals the set

Yed :={) € C| thefamily (4) does notadmitan E.D. over A}.

It is known that, if JA # 0, then the family (4) admits an exponential dichotomy over
A, hence ¥, C R [9]. Another consequence of the above theorem is that if a € & and
A = cls Hull(a) then the spectrum of L, and that of all the operators L, () coincide, i.e.,
g = Y (a) = Yea forevery x e R[9].

Since a € Aanddet @,(x) = 1 forevery x € R, both ker P(a) and Im P (a) are complex
lines in C2, which can be parametrized by

1 1
Im P(a) = Span <m+(a, )\)> ker P(a) = Span (m,(a, k)) .

The numbers m4(a, A) are called the Weyl m-functions at +00. Acting by translation, we
can define the Weyl m-functions

m(x,A) =mx(tx(a), 1),
which satisfy the Riccati equation
m' +m?=q—hry.

We now make the following fundamental assumption.

1
Hypotheses 2.3 Let L, = —(—D? +q) be the self-adjoint operator defined on L*(R, ydx),
y

where a = (q,y) € &. We assume that a = (p, q) is chosen in such a way the spec-
trum X, of L, contains a (positive) half-line [\*, 00) in which the Weyl m-functions extend
holomorphically from C* to C™.
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This assumption has an important consequence: namely, let z> = —A be a local parameter at
A = oo. Then it can be proved that (see [9,16])

o0
y _
mi(q,2) = /yz — ot > e
n=1
and
Y
m_(q,z) = —/yz — o +Y (Do,

n=1

The coefficients @ (j > 1) can be determined recursively by using the Riccati equation
m +m>=q—Ary
which both m 4 satisfy when JA # 0, and which however retains validity also in the half-line
/

[A*, 00) in view of Hypotheses 2.3 (see [9,15,16]). In particular, setting oy = —y—, then

4y
1 2
o == |1T% "% |
2 VY
o |+ 2laa—; — /ya—2] =0,

and so on.
From now on, we fix y : R — R and determine a particular function ¢ (and hence an
operator L := L) which will play a crucial role in the following. This function will be simply

chosen in such a way that the corresponding operator L has sine-cosine solution whenever
A > 0.

/
Once y is fixed, let ¢g = —4y—, and set
y

q:a(’)—l—aé,

so that @1 = 0 and all the coefficients o ; vanish as well. Writing down things explicitely,
y7/ / + y7/ 2
4y 4y

/

m(§,z) = £/3z — j—y (2 = —1).

i=ajtaf

and

= 1
The operator L := —(—D? + §) defined on L2(R, ydx) has general solutions
y

4y(s)

which, for A > 0 may be written simply as

fx,A) = y()c)fl/4 (Al sin </X \/)Ly(s)ds> + Bj cos (/‘x \/Ay(s)ds>> .
0 0

f(x,)»):Aexp(/Ox\/—i)n/y(s) y()>ds+Bexp(/ —V/ =iy (s) 4())
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‘We now use the notation

X
Z(x) := / Vy(s)ds,
0
so that
Fxa) = y)~ /4 (A1 sin VAZ(x) + Bj cos ﬁz(x)) :
The operator L has only absolutely continuous spectrum % = [0, o), and no isolated

(negative) eigenvalues: it is the analogous of the operator Ly = —D? in the Schrédinger
case.

3 Transformation Operators
YN (VY
i=-(5)+ (%)

We now discuss a procedure which allows to move from solutions of L to solutions of certain
operators L. Consider the operator

Let (g, y) € &, where

| ,
L:=—(=D"+¢q),
y

where ¢ is constructed as above. Then, choose another function ¢ : R — R such that
(g, y) € &, and consider the corresponding operator

1 2
L, = ;(—D +q).

We move our attention to the half-line restricted operators: by L* and LqjE and define the

self-adjoint operators defined on LZ(R™*, ydx) respectively. They give rise to the eigenvalue
equations

—YY +qve = Ayvs
and
¢ + g9+ = Aygs.
Focus firstly on LT and L. For simplicity, let us write ¥, ¢ instead of 1, ;. Let
Y =y~ VW,

Note that v (x) is a solution of L*. Let us impose the condition

(x, A) ~ y(x)71/4e"‘/ﬁ(x) as x — oo.
We want to relate ¢ and ¥ by means of
o
px) =¥ (x) +/ Ki(x, )y ()dr, ©)
X
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where K (x, t) is defined on D and satisfies
lim Ki(x,7)= lim K4 ,(x,1)=0.
t+x—00 t+x—00

It is at first sight clear that the existence of such K (x, t) must depend on the choice of the
potential g. We abuse notation and write for the moment K instead of K.
Now,

[ a
¢'(x) =9 (x) = K(x, )Y (0)y(x) +/ [aK(x, t)] yO Y (1)dr,

and
" " d 9
o (x) =9 (x) — I [K(x, )Y (x)yx)] — [*K(x,X)} Y)Y (x)
X dx
00 82
—l—/ [ﬁK(x,t)} y(®)y(t)dt.
. X
Thus
Lo = (=D +9)p = ——— " () + —— - [K (6, )Y )y ()]
vy EAREES) yoodx y
L 1 [ 92 . 4 ©
+ m I:a (x,x)] Y)Y (x) — m i 2 (x, )y @)y ()dt
+ @w(x) + @ K(x,t)y(®)y(t)dt.
y(x) y(x) Jx
On the other hand, —llﬁ” x) + %W(x) = L, and solving Ly = 0, substituting into
(6) and integrating twi)():e, we obtaiyn
1 d Rl q(x) @ _ i
@E[K(x»x)y(x)]‘f'al((xax)'f‘m— v axK(XMC) @)
and
1 T 52 g(x) 0
- — [fzK(x, t)} yOY@dt + — K(x,n)y()y()de
y(x) Jy L[ox y(x) Jx @)
2

oo 8 oo
= —/ [87K(x,t)] W(t)dt-l-/ K(x,t)g)y(t)dt.

From Eq. (8) we obtain (simplifying the notation)

1
—— K (x, )y () + MK(X, Hyt) = —Ky(x,t) + K(x,)g (1), 9
y(x) y(x)
and finally
1 1 _ a0 q()
mex(xJ)—mKn(xJ)— I:iy(x) 7y(l)i|K(x’[) (t>x>0). (10

Condition (7) is an initial condition: indeed, we obtain

d d
2y(x)dfo(x,x)+K(x,x)dfxy(x)Zé(x)—Q(x), an
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or, equivalently,

d g(x) —q(x)

A k0] = 1010

—[Voken] =5 s
All the reasoning above can be summarized as follows: if a kernel K (x, t), defined in the
domain D = {(x, 1) € R? | r > x > 0}, exists and satisfies

(i) lim max{K(x,1), K;(x,1), K;(x,1)} =0,

X+t—00

(i) K, ), Ke(x,), K (x, ), Kex(x, ), Kie(x,-) € L'RT),
then it is a solution of

! ! a0 _i0
3o Kl D) = Sag K1) = [y(x) y(rJ Koo .

d d
2y(r) =K (x, %) + K(x, x) ==y (x) = q(x) —q(x)

in the domain D = {(x,¢) € R? | t > x > 0}. It is clear that the existence of a solution of

(12) depends on the potential ¢ (x) (not on g (x), which is fixed once y(x) is chosen).
Before proving the existence of a solution K (x, ¢) of (12), we observe that the converse

of the above reasoning is true as well. In fact, suppose that we have fixed a function y(x)

such that, if
2
YN (Y
i = <4y) +<4y> ’

then (g, y) € & as above. Suppose that (g, y) € & is such that (12) admits a solution
K (x, t) satisfying (i) and (ii) above. Let 1/ (x) be a solution of the equation

—y" 4+ Gy = Ayy.
Define

p(x) =¥ (x) +/ K(x, )y @)y(r)dt.

Then 1 is a solution of the eigenvalue equation

—¢" +q9 = Ayo,

where ¢ is defined via the second equation in (12).

As we already pointed out, the existence of a (unique) solution of (12) or, equivalently,
of a kernel of the transformation L > L, depends on the choice of ¢, and in fact on its
behaviour compared to that of g. We discuss now this matter. There are various ways to prove
the existence of a unique solution of (12) and (i) and (ii). One is that of applying the Riemann’s
method (see [7]) (which however does not give further information on the properties of K),
and another is based on successive approximation, by first transforming (12) into a more
convenient form. We will follow none of these two ways, but we will focus on a method
which uses basic properties of the Sturm—Liouville operators L* and Lflt, in particular the
behaviour of their solutions for complex values of the parameter A when IA > 0.

Before entering into the topic of the existence of a solution of (12), we find useful to make
some observations: (1) Although the spectral problem depends on the parameter A € C, the
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equation (12), and hence its solution, does not. The A—dependence in the equation (5) lays
in the functions ¢(x) and ¥ (x);

(2) As we will see, however, K (x, t) depends on the spectrum of L,. According to the
spectrum of L, the kernel K (x, #) may or may not have exponential parts due to the (isolated)
eigenvalues of L;. We will prove that indeed there exists an expression for K (x, ) which
contains two main parts: one is related to the absolutely continuous part of the spectrum (it
will be the half-line [0, c0), as we will prove shortly...) and not connected to the isolated
eigenvalues of L. The other part instead is only related to the eigenvalues of L.

(3) Note that the second equation in (12) allows to express ¢ (x) by means of K (x, t) and
y(x). Indeed, one has

d d
q(x) =qx) — 2y(x)*d K(x,x) — K(x,x)—y(x), (13)
X dx

or its more appealing form

d G — g
E[w/y(x)l((x,x)]_izm . (14)

We now move our attention to the operators L~ and L. To distinguish the cases in a
precise manner, we reformulate the fundamental relations (5) and (12) by using the correct
signs. If we consider the operators LT and L;r, defined on L2(R™, ydx), one introduces the
eigenvalue equations

LYy =iy
and

Lo+ =y
together with the boundary condition

O (x, 1) ~ y(x)_1/4eiﬁz(x) as x — oo.

In this case, one looks for a kernel K, (x, t), defined in Dy = {(x,1t) € RZ|¢>x >0}
such that

o0

or (6 A) = Y (ra 1) + / K G, Dy (04 (1)d1.

X

The above procedure leads to the equations

1 I RO
s Kot = katenn =[5 - S5 o
15)
d d ~
2y(x) o Ky (0, x) + Koy (x, x) -y () = () — g (),
X dx
which are coupled with the conditions

() lim max{Ky(x,0), Ky o(x,0), Ky (x, 0} =0,

X+t—00

(11) K+(.X, ')7 K+,x(x» ‘)7 K—‘r,t(xv ')7 K+,xX(x7 ')a K+,Z‘t(x! ) € LI(R+)
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In a completely analogous way, we can consider the operators L~ and L, defined on
L>(R™, ydx), introduce the eigenvalue equations

L™y =y
and

Lyo—=2ro_,

together with the boundary condition

o_(x, 1) ~ y(x)’”“eiiﬁﬂx) as x —> —oo.

In this case, one looks for a kernel K_(x, t), defined on D_ = {(x,7) e R | 0 > x > ¢},
such that
X

p-(x, 1) = I/f—(x,?»)+/ K_(x,)y(O)y—(x, 1)dt.

We can now repeat the argument used before, and conclude that K _ (x, ¢) satisfies the system

K_;(x,t) = [@ — @] K_(x,t)

1
7K7xx ) -
(1) Y@ v

1
y(x) y (1)
(16)

d d -

—2y(x) = K_(x,x) = K_(x,x) = y(x) = q(x) —q(x),
dx dx

which are coupled with the conditions
® lim  max{K_(x,7), K_x(x,1), K_;(x,1)} =0,
X+t——00 ’

(11) K—(-x5 ')7 K+,—(x7 ')’ K—,t(xv ')a K—.xx(x7 ')7 K—,If(x» ) S Ll(Ri)

4 Existence of the Kernel Function

As we already pointed out, we choose to solve equation (12) with a procedure which makes
use of basic facts concerning the differential equation

—¢" +qp = 1yp.
Let us thus consider the eigenvalue problem
— @) + g()@4(x) = Ay (x)p4 (x) a7
X
on LZ(R, ydx). Recall the notation Z(x) := / v y(s)ds. It will be convenient from now
0

on to write A = k> (k € C). A suitable decay condition will be fixed now: we require that

P4 (x) ~ y A1) ™ a5 x > 0. (18)

Forafixedy € C I(R) which is uniformly contiguous and such that § < y(x) < A, we

can define a potential g(x) = — (:;)/ + (%) , in such a way that (g, y) € & (see the
previous section). We can write the eigenvalue equation (17) as

— @) +1G() = Kyl (1) = [§() — ()] (). (19)
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By using the variation of constants formula, a solution of (19) which satisfies (18) can be
written as

Fol,x) = y*l/“(x)[elm) n / > sink@) — 1))
x k (20)

130 — gy O £ war].

The integral equation (20) is of Volterra-type, and can be solved by successive approxima-
tions, as follows:

f-f—O) (x) = eikI(x)y—]/4(x)’

. X sink(Z(t) — T _
O =y V4w f M[é(t)—q(t)]y(t)‘”“fi” D (1)dt

k| 0
, we have that the series Z | fJ(r")l is bounded

If Ik > 0, using the bound ‘SH]: <
n=0

T 1+ k|
by the series

_ i L[ [ ZMG@) —qm] 1"
1/4 |Sk| T (x) - ~
Cy (x)e nE:O py [/x T+ KT dti| Jk > 0, 21

where C is a constant. The series (21) converges absolutely if
o0
/ Z()|g @) —q(®)|dt < oo, forevery x > 0. (22)
X

The Eq. (22) is the scattering hypotheses for the problem in the half-line [0, c0). It expresses
a restriction on the potentials g (x) for which a solution of the orthogonalizing Eq. (5) [or,
equivalently, of the system (12)] exists.

Equation (21) together with the fact that 0 < § < y(x) < A < o0, tells us that

| f(k, x)| < DeRKZM), (23)

where D is a constant. Using (23) in (20), we get

o0
V40 ok, x) — €O < Dy HTW / I0IG6) —q@)ldt Ik >0,
X
¢~ IRKIZ(x)

V4 fi (ky x) — K20 < DIT

o0
/ G0 — q()ldr, Kk #0
X
and hence

|4 (@) frlh, %)) — iky/y(x)e O | < Dye ST f h (1) — q(0)|dt,

X

when Jk > 0. These estimates imply the following facts:

1. f4 is analytic for Ik > 0 and is continuos and bounded for Ik = 0, for every x € R;
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2. one has

S+, x) = Yy V4 (x)e T 4 o= FHTM (1) as x — oo

Fitkox) = [ (7)) + k30 T 4 RIZW0(1) as x> o,
We thus can draw an important further fact concerning the solution f (k, x), namely

Lemma 4.1 Lety and g be defined as usual. Choose a continuous function q(x) such that the
scattering Hypotheses (22) holds. Then the solution f (-, x) is square-integrable in every
horizontal line the upper k-plane, except for Ik = 0, and

/ @) fr Ot ie, x) = FOCHI2d) = 07210, 24
R

The behavior of f (k, x), expressed in the above Lemma, allows us to use a theorem of
Titchmarsh [31]:

Theorem 4.2 (Titchmarsh) A function f € L*(R) isthe limitas y — 0 ofafunction f(x—+iy)
which is analytic in the upper half-plane and such that

/le(x +iy))Pdx < 0(*), aeR

if and only if the Fourier transform F(f)(t) of f(x) vanishes for every t < —«, ie.
Af(x)e_i’xdx =0, forevery t < —a.

We apply this Theorem to the function

hy(k, x) = y*(x) fr(k, x) — & TOK,

So, for Ik > 0, we have

1 .
By (x,t):= —/ hy(k, x)e "™ dk =0, forall 1 <Z(x). (25)
2 R
Inverting (25) we obtain
oo
h (k) = Y40 fo ey x) — € FOF = / By (x. e, (26)
Z(x)

or, equivalently,

Foltx) =y ) [eikz(x) n fw
T

B (x, t)eik’dt] . (27)
(x)

Equation (27) is valid for Ik > 0, and moreover By (x, t) is an L2-function of the variable
t, for every t+ > Z(x). Equation (27) is very similar to the formula (5), when ¥ (x) =
y~ V4 (x)e'*T™) In particular, we now express (27) in such a way that it defines a kernel
K4 (x,t) which solves the problem (12). To do this, we only have to make a change of
variables, obtaining

frlkox)y =y~ 4 / AW B TO) 0 Odr. (28)

X

Now, we set

Ki(x,0) =y V40 Bo(x, Z()y 4 @), (29)
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and finally

ol x) = ¥ + / Ky (e DyOY Odt, ¥(x) = y 4 ()ek 7o

i.e., exactly the formula in (5). Since B4 (x, t) exists for every ¢ > Z(x), then K (x, t) exists
for ¢+ > x, and solves the problem (12). The technique is then the following: one looks for
B4 (x,t), defines K (x, t) as in (29), then uses the second formula in (12) to retrieve g (x).

Another interesting relation can be found from (27). Write it in the form (28), and define

A+ by

B,z = g (n TO D).

Then (28) becomes

o0
fik, x) = T [y‘”“(x) + / Ap(x, r)ez"“dr} :
0

Putting (31) into (20), and taking the inverse Fourier transform, we have

Ap(x,0) = —/ [G(s) — q()ly~*(s)ds
X+t

t
- / dy f () — gy~ () A4 (s, )ds.
0 x+t—y

It follows that
*© 1/2
Ap(x,0)=— / [G(s) — g1y~ (s)ds,
hence

4 G — ~172

p Apr(x,0) =[g(x) —g)]y "/~ (x),
X

which is another way to retrieve g (x). However, using (29), we have
Ki(x,x) = y7 20 By (x, Z(0),

and since A4 (x,0) = B4 (x, Z(x)), we obtain

292 () K4 (x, x) = Ay (x,0),

and differentiating we have, again,

d d
2y(X)d7K+(x, X) + Ky O, %)y (x) = q(x) —q(x),

i.e., the second formula in (12).

(30)

€19}

(32)

‘We now move our attention to the negative problem, i.e., to that of the operator Lq’ defined

on L>(R™, ydx), together with the boundary condition

-1/4
o_(x, 1) ~ [%] eV as x - —c0.
y
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The variation of constant formula gives us the expression
Fok ) :y71/4(x)|:efikI(x) n /x sin(k(Z(x) —Z(1))
10 — gy O f- k.t .

which is valid for Ik > 0. In this case, estimates similar to those used for the operator le'
lead us to the following condition on g (x):

/x (1 + [Z())]G(1) — q(0)|dt < 0o, forevery x < 0. (34)

Equation (34) is the scattering hypotheses for the problem on the negative half-line. As soon
as one has to consider negative values of 7, then (34) is needed. In fact, we now extend
Sy (k, x) (resp. f—(k,x)) to negative (resp. positive) values of x. Actually both fi(k, x)
continue to be solutions of the equation L,¢ = k%@, which now are defined for every x € R.
We write

otk =y g o ¢ [ ST =T

10 = gy £k, 0

and

[k, 1) Zy_1/4(x)[e_ik1(x) 4 fx sin(k(I(t]: — I(x))‘

10 = gy O £k, ndr],
which are defined for every x € R when (34) holds on all R, i.e., when

/ I+ 1Z®))1q(@) — q()ldt < oo. (35)

We finish this section by noting that the Titchmarsh Theorem 4.2 can be used also in the
case of the solution f_(k, x) and gives us a kernel

1 .
B_(x,1) = g/Rh_(k,x)e”kdk, (36)

which vanishes for all values t > Z(x): here h_(k, x) = y_1/4(x)f_(k,x) — ¢TIk,
Inverting the Fourier transform again, we have

f-he,x) =y~ @) [e"““’ + /

—00

T(x)

B_(x, t)e_ik’dt:| , (37)

which in turn allows to recover K_ (x, ¢) and hence g (x) as above.

5 The Scattering Problem on the Whole Line

We now use the results of the previous section to discuss the scattering problem on the whole
line. So, we choose a function y(x) which is continous and such that § < y(x) < A for every
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7/ 72
oy — | 2 Y
100 = [4y] +[4y] ’

1
and consider the operator L, := —[—D? + g] defined on L2(R, ydx). The potential g (x) is

x € R, define

now chosen as to satisfy (35), i.e.,

/ (1 + [ZONIGO) — gl < oo,

—00

where

t
I(t):/O Vy(s)ds.

For the moment, we restrict ourselves to non-zero real values of k, and look for solutions
¢+ (k, x) of the equation

Lqp = kz(ﬂ
satisfying
ok ) ~ [y—1/4(x)!:/64-&-1'/(1(;{)1_!;)@2(k)e—ikI(x)]’ Y — —00 o
ajr(k)yy="*(x)e , f o oo
and
ar (k) y~ V4 (x)e kL), e
o_(k,x)~ {y1/4(x) [e—ikz(m +an (e TO], x = +oo (39)

In the usual terminology, the coefficients a1» (k) and ay1 (k) are called the (left/right) reflection
coefficients, while a» (k) and a1 (k) are the (left/right) transmission coefficients.

We have proved in the previous section that there are well-defined solutions f4 (k, x)
defined via the integral equations

frk,x) = y_1/4(x)[eik1(x) + /OO —Sink(z(z —I0)

1G@) = gy~ ) f1 (k.

and

Folr) = y—1/4(x)[e—ik1(x) +/x Sin(k(f();) —IM)

130 = gy~ 0 -k, nde]

These solutions satisfy the bounds

— ISk (x)

4 (x) fi (k, x) — %O < D Tuq f (L+1ZMDIG() — q)ldt,  (40)

\ik\I(x)

1+ |k|

Iy 4 ) (k. x) — e FTW) < p, £ / (L4 1Z(DIG(@) — q)ldt,  (41)

where D is a constant.
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The function f4 (k, x) is analytic in the upper k-plane, and moreover
V40 fa ke, x) — € = 0 (%) as [k| — oo.
Analoguosly, f_ (k, x) is analytic in the upper k-plane and
3400 £ k) — RO = 0 (%) as 1k] = o0,
Theorem 4.2 applies to both f4 (k, x) and defines kernels B+ (x, t) such that
filkox) =y~ ) [e"kﬂ” + /I i By (x, r)e”“dt] :
x

and
Z(x)

—00

ok, x) =y Y4x) [e"kﬂ” +/ B_(x,t)eik’dt:|.

These kernels B4 (x, t) define in turn kernels K4 (x, t) such that

. o0 .
Fik,x) =y Y4 (x)e* O 4 f K4 (x, Dy(0)y Y4 0)e* TV ay (42)
X
and
Follx) = y A (r)e kT 4 / Ko (e y(0)y e 0dr, 43)
—00

Our aim is to understand to what extent the coefficients a;; (k) (i, j = 1, 2) determine the
potential g (x). The potential g (x) determines uniquely the coefficients a;;(k), hence there
must be some relation between the coefficients a;; (k). However, even if it is true that the
potential g (x) determines all the a;; (k), we will see that it does only when connected to the
half-line operators Lqi, and the coefficients a;; (k) must have some intrinsic dependence.

We study some properties of the coefficients a;; (k) for non-zero real values of k. First of
all, the pairs fy (k, x), f+(—k, x) and f_(k, x), f—(—k, x) are linearly independent solutions
of the equation L,¢ = k2¢, and in fact

Wifsk, x), fo(=k, x)] = =2ik
and
WLk, x), fo(—k, x)] = 2ik.
Thus, it is possible to write
J=(k, x) = b1 (k) f4(k, x) + b12(k) f(—k, x)
(44)
Sk, x) = b (k) f—(k, x) + b1 (k) f—(—k, x).
These last two relations imply immediately that
b1 (k)b (k) + bia(—k)bai (k) = 1

b12(k)baa (k) + ba1 (k)b11(—k) =0
br1(k)baa (k) + br2(k)ba1 (—k) =1
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b11(k)ba1 (k) + b12(k)by(—k) = 0.
Moreover, we have

WIf(k,x), f—(k, x)] = =2ikb12(k) = —2ikbs; (k),
WIf-(k, x), f+(=k,x)] = =2iby1 (k)

and
WLf-(=k,x), f1(k, )] = —=2ikb2 (k).
All these relations imply that (if & # 0 is a real number)

1. b11(k) = —byn(—k)

2. bia(k) = by (k)

3. b =1+ b =1+ [bnk)?
4. b,-j (k) = b,-j (k).

Now, as x — 400,
Sk, x)

=y~ [e*ikﬂx) + / .
—00

T SKED) Z IO i) - g ]

1/4 ikT R ikT 1/4
O] Rl N — f RO VAW G (1) — g1 f- (k. Dt

e~ KI) - poo PKT() —1 /4y n
7/_ e Yy OIg@) — g1 f-(k, )dt.

Now, since f_(k, x) = by1(k) f1(k, x) + b12(k) f+(—k, x), we obtain

—y V4

bui (k) = — / h e MO VTG () — g1 f(k, )dt

2ik
and
1 o ikT 1/4
bt =1- o f ATO VAN G (1) — (D1 f- (k. 1d.
— 00
Analogously,
1 > ikT 1/4
bty =1 | e Oy=V4D[G(t) — g1 f4k, t)dt
—00
ands

1 oo
(k) = f MOV G(1) — (O] 4 (k, Ddt.

This facts, together with the asymptotic behaviour of f4 (k, x), prove the following

Lemma 5.1 For nonzero real values of k, the coefficients b;j (k) satisfy the following asymp-
totics

o(1)
byy(k), by (k) ~ - @ |k| — oo,
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and

1
bm@=hﬁyﬁ+%+%}uﬂMam,

where
1 o0
"= _27/ Yy 201G (1) — q(0))dt.

Moreover, by, (k) admits an analytic extension in the upper k-plane, and kb1, (k) is bounded
and continuous on the real line.

We now obtain some results concerning the zeros of b2 (k).

Lemma 5.2 Let b1z (k) be the analytic extension in the upper half-plane of the coefficient
b1y (k) defined in (44). Then the zeros of b1 (k) are finite, simple and purely imaginary. Each
zero of by (k) is an eigenvalue of the equation —¢" + qp = k>y.

Proof Firstofall,ifk € R,then b, (k) cannot vanish, since f4 (k, x) and f_(k, x) are linearly
independent (or, by property 3. of the coefficients b;; (k)). Thus, the zeros of b1 (k) must have
non-zero imaginary part. Let ko be such a zero: bjz(ko) = 0 and Jko # 0. Then f4 (ko, x)
and f_(kg, x) are linearly dependent, that is, f4 (ko, x) = cf—(ko, x) for some constant c.
Butnow f (ko, x) decays exponentially as x — +o0, while f_ (ko, x) decays exponentially
as x — oo. This implies that f; (ko, x) (and hence f_(ko, x)) is a square integrable solution
of Ly = k?¢ on all R, hence ko belongs to the (point) spectrum of L, onthe line. Since L, is
self-adjoint, the spectrum of L, is a subset of the real line, hence k% is real and kg has zero real
part. We have proved that the zeros of b1, (k) are purely imaginary. Next, b1, (k) cannot vanish
for large values of |k|, in view of its asymptotic behavior. Now, we show that these zeros are in
fact finite. It suffices to show that the solutions of the equation L, ¢ = 0 can have only a finite
number of zeros. For, it is clear that the function p (x) := y_]/4 (x) +fxoo Ky (x, t)y‘l/4 (t)dt
is a solution of L,¢ = 0. Another solution is given by

dt
p2(1)’
where a > 0 is chosen in such a way that p(x) # 0 for x > a. Now, if x — 400,
p(x) > inf y~1/4(x) = §; > 0, hence

n(x) = p(X)/

n(x) = 81x + 0(x).

Since every solution ¢ of Ly¢ = 0 is a linear combination of o(x) and n(x), it follows that
¢ itself can have only a finite number of zeros. Summarizing, the zeros (if any) of b2 (k) are
finite and purely imaginary. If k¢ is such a zero, then kg is a (real) eigenvalue Ao of L, = Ag.
But then Ao must be negative, hence ko = i xo, where xo = +/[ko]. It remains to prove that
the zeros of b1, (k) are simple. Assume for contradiction that kg = i x¢ is a multiple zero fo
b12(k). Then — xé is a negative multiple eigenvalue of L,¢ = k%@ on the whole line. This
implies that all the solutions of L,¢ = A¢ are square integrable on all R for all A. However
f+(ixo, x) is a solution which decays exponentially at both + oo, and another solution of
the same problem is given by

o todr
g(lxosx)—f+(lxo’x)/a fEGxo. 1)
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It is then easy to show that g(i xo, x) increases exponentially as |x| — 00, a contradiction,

hence i yo must be a simple zero of by>(k), i.e., —x§ is a simple eigenvalue of L,¢ = k2(p

on the whole line. ]

The relations occurring between the coefficients b;; (k) imply that actually the knowledge
of by1(k) and b2 (k) determines also bya (k) and by (k) uniquely, and vice-versa (actually,
we can say more, as we will see shortly). Now, we relate the coefficients b;;(k) to the
reflection/transmission coefficients a;; (k). This is, however, quite easy: indeed, it suffices to
look at the asymptotic behavior of ¢4 (k, x) and compare to that of f4 (k, x). We have

frlh,x) ~ y V4x)e* M a5 x — 400
while
ok, x) ~ y V4(x)e "™ a5 x > —c0.
This implies that
@1k, x) ~ f-(=k, x) + a2 (k) f1(k, x) = ar1 (k) [baa (k) f—(k, x) + b2y (k) f-(—k, x)]
as x — 00, hence

ay (k)b (k) = aya(k)

and
ay (k)b (k) =1,
and so
1 by (k)
k) = ——, k) = .
mO =g w0 wm
We can repeat the same arguments for the function ¢_ (k, x), to the effect that
1 b11(k)
k) = —, k) = .
w0 = MO e
Summarizing, we have
@)
ajfk) =apnk) = ——
11(k) = axn(k) ba ()
(ii)
by (k)
ap (k) =
P b
(iii)
—bxn(—k)
ay (k) = —=
21(k) Do (k)
(@iv)
ap(—k)ay (k)
ay (k) = ———————
o a1 (—=k)
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(v) Using the property 3. of the coefficients b;; (k), we have

lan )] = [1 = lan®?]"?,
hence, in particular,
lai2(k)| < 1.
(vi)
ajj(—k) = a;; (k).
The last properties (v) and (vi) have a very important consequence. Since apj(k) is mero-
morphic in the upper half-plane, and Inajj (k) — 0 as |k| — oo, it is possible to reconstruct

ay1(k) is the upper half-plane by the values of its absolute value in the real line and its poles,
by means of the so-called Hilbert dispersion relations (see [7,31]). In this case, we obtain

1 [In(1-— N> "k+ix;
an (k) = exp 7/ n( lai2(t)] )dt 1—[ +l.X,/, Sk =0
27i Jr t—k k—ix;

i=l (45)

all(k)Zgi_I)l})an(k—l-iS), keR

The integral above has to be intended in the sense of Cauchy principal value. The relation
(45) allows to express in a similar manner the coefficient by (k), once by, (k) is known.

Note further that a1 (k) and a1, (k) are well-defined for real values of k, because b5 (k) can
only have purely imaginary zeros. The above relations allow also to extend the coefficients
a;j(k) to complex values of k with Ik > 0, and all these quantities have simple poles at the
zeros of b» (k), i.e., at those values which determine the negative eigenvalues of the equation
L,¢ = Ag on the whole line. Once the coefficients a;; (k) are defined for complex values
of k, also the functions ¢ (k, x) are defined except at k = 0 and at the the points k; = ix;
(j =1, ..., n)which are the zeros if b1, (k). We also notice that an argument, similar to that
explained in the above lines to prove the finiteness of the eigenvalues, can be used to show
that A = k% = 0 is not an eigenvalue of L ¢ = Ag.

Notice that the properties (i)—(vi) of the coefficients a;; (k) together with (45) imply that
the coefficients a;; (k) are completely determined once one of then, say a2 (k), is given. The
asymptotic properties expressed in Lemma 5.1 transfer to the coefficients a;;(k), with the
following effect:

Lemma 5.3 The coefficients a;; (k) possess the following properties:

() a;jj(k) are continuous for k € R, except at most at k = 0. However
li k) = li k) =—1
kgr})alz( ) k%aﬂ( )

and
li k) = li ky=0
kf})an( ) kl_)moazz( )

(i1) The function kay> (k) is bounded and continuous on all R.
(iii) For large values of |k|,

1 1
ap(k) =0 <%> ,an(k) =0 <%> ,
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and

1

ay(k) =ank)=1+0 (%) .

We now move our attention to the basic integral equation of the inverse problem for the
scattering theory on the whole line for the operator L,. We first recall Eqgs. (42) and (43):

o0
filh,x) =y 4 (x)e W +f K (x, )y 4 (0)e* Dy

X

and

X
fo(k, x) =y“/4(x)e—”‘1<x>+f K_(x, )y (1)e kIO gy
o0

We express these equations in the more convenient form given by (31) and its analogous for
K_,ie.,

o0
filk, x) = O (y—‘/“(x) + / Aq(x, s)ez””ds) :
0

In a completely analogous way, f_(k, x) can be represented by the formula

0
f_(k,x) — e—ikI(X) <y—1/4(x) +/

—00

A_(x, s)e_ziksds> .

Moreover,

d d -
AL 0) = =oAL, 0) = [G(0) — g1y~ (x) (46)
X dx

Now, it is easily seen that
ar (k) fy(k, x) = app(k) f—(k, x) + f-(—k, x)
and
ax f—(k, x) = ax (k) fy(k, x) + fi(—k, x).
Write

hy(k, x) = V4 (x)e O £ (k, x),
h_(k, x) = yY*(x)e* ™) f_(k, x),

gk, x) = an(k)y"/* (x)e™* ™ f_(k, x),
g—(k, x) = an()y'/*(x)e W £, (k, x).

These functions are related as follows:

g+ (k, x) = az ()X Dy (k, x) + hy (—k, x), 47)
g—(k,x) = apn(k)e 2O (kyh_(k, x) + h_(—k, x). (48)

Now, write

S .
ar (k) = / Cy(ne 2 qz.

—0o0
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For the equation defining & (k, x), we have
hik,x) =1+ y"4(x) / Ap(x, )27 ds =1+ y*(x) f Ap(x, 5)e*™ds,
0 -0

where the last equality follows from the Paley—Weiner Theorem (A4 (x,s) = 0 fors < 0
because i (k, x) is analytic in the upper k-plane). Similarly, set

oo

grlk,x) =1 —l—/ Ay (x,s)e?*sds.

—00

With these notation, the Fourier transform of (47) translates to

C+(I(x)+t)+y1/4(x)/ Ay (x, )CH(Z(x) + 5 + t)ds o)

+Ai(x, 1) = AL (x, —1).

Formula (49) is, however, a little bit implicit, in the sense that it does not show explicitely

how and where the scattering data determine the kernel A (x, #). To understand this, let us
1

bia(k)’

, where the symbol "denotes the complex derivative. Now,

analyze first the residue of the functions a1 (k) at one of its poles i x ;: since aj 1 (k) =

then Resa1(ixj) = ——
! bi2(ix;)

1 . .
bia(k) = = WL (k). f=(k, )], 50 that Qikbia (k)] = (WLF4 (k). /- (k. 2)]) and
2ibyo (k) + 2ikb1(k) = —Wfi(k, x), f- Gk, )] = WLf (K, x), -k, 2)].

Atazerok; =iy, of bj2(k) we have

= 2xjb1alixy) = =W+ Gxj, %), f-Gxj, )] = WL Gxj, x), f-(xj, )1 (50)

Now differentiating with respect to k the equation

@ = fi+afe=Kkyfs,

we have

b)  fL+afy=2kyfe + K yfy

Multiplying (a) by fi, (b) by fi and subtracting the formulas, we obtain
—fEfL+ ffe = 2k f2.

d
The left-hand side of the above relation equals the quantity T W[ fs, fe], hence
X

dW y = —2kyf?
o [f<, fe]l = —2kyfx.

Since f1 (ix;j,x) = c¢j f-(ix;, x) (c; are constants), the relation (50) together with the above
formula involving the Wronskian give

y) f2 3 x;, x)dx

ib1p(ix;) = —/ YO fGxj, x) f-(ixj, x)dx = —ij
(51)

—00 —

1 o
= _7/ YO f2(ixj, x)dx
CjiJ—oo
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We can now compute the residue of ayy(h) atiy;:

00 —1
Resay(ix;) = [l/ f+(ixj,x)f_(ixj,x)y(x)dx} =:iyj. (52)

—00
Set

+ oo 2

1% :[ FRlixg. ydx.
—00

Using (52) together with the fact that f (i x;, x) = B; f(ix;j, X), we have

1 .
yjz:iM’f'M._’ ]=1,...,n. (53)
J

Since g4 (k, x) = axn (k)y'/*(x)e'*T™ f_(k, x), we have

e U, iy, x)
+ .
M;

Res g4+ (ixj, x) = y /4 (0)e TN f_(iy;, x)Resari (i) = —i

Analogously,

2x;Z(x) iy

e“Xj h_(ix;, x

Resg (ixj,x) = —i _( X ).
M;

Now, the function g4 (k, x) is meromorphic in the upper k-plane, having simple poles at
the values i x; (j =1, ..., n). It follows that, for s < 0,

n
A(x,s)=—i ) Resgy(ixj, x)e”
j=1
n 25T ) —s)

=~ Z e — (1 + 340 /00 A+(x,s)e2””ds) .
0

+
j=1 Mj

(54)

Recalling that A4 (x, s) = 0 for s < 0 the main equation (49) can be written as
oo
24 @) + 1) +yV4 ) f A (x, )2+ (T(x) + 5 +0ds + Ay (x, 1) =0, (1 > 0§55)
0

where

n

2.0 =Ci(n)+ )
j=1

672)(/1:

—
M;
We can now repeat the same arguments used above for the function in (48), and obtain
0
Q_Tx) +1)+ y1/4(x)/ A_(x,5)2_(T(x) +t+s)ds + A_(x,1) =0, (t < 0(56)
—o0

where

o0
ho(k,x) =1+ y1/4(x)/ A_(x, s)e 2k g,
—00

0 .
ap(k) = f C_(ne**ar,

—0o0
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and
eZXjI

M;

2. (M=C(+)
j=1

Formulas (55) and (56) are the basic equation of the inverse scattering problem of the
1

operator L, = —[-D*+ q] on the whole line. Once we find a solution of (55) and (56), we
Yy

can use the relation (46) to reconstruct g (x). We state this problem in a precise manner.

Let y(x) be a fixed function satisfying the usual hypotheses we used throughout this paper.
We want to determine which and how many spectral parameters have to be assigned in order to
determine uniquely ¢ (x) and the transformation operators K (x, t). As we already observed
before, the coefficients a;; (k) are uniquely determined when one of them, say a2 (k), is given
of the real line, together with a set of poles i x1,...,ixn (X1,--., Xn» > 0). Moreover, to
determine ¢ (x), equations of the type (55) and (56) are necessary, which also depend on the
coefficients M7 and M. However, we showed that once the values M are given, then Mj_
can be recovered via the relation (53). These observations explain which is the suitable set
of parameters which has to be assigned in order to solve the inverse scattering problem. We
define the scattering set as
S=Han(k), x1, - xns M., M), (57)

and formulate the inverse problem in the following theorem

Theorem 5.4 Let ajp(k) (—oo < k < 4+00) be a function satisfying

apn € LI(R).
The function ka1, (k) is bounded and continuous on all R.

1.
2.
1
3. apk)=0 (%) as k| — 4o0.
4. lay(k)| < 1 forallk € R and

]}f})alz(k) =-L

5. ajp(—k) = ap(k) forallk € R.
Choose positive numbers x1, ..., xn and My, ..., M,". Define the scattering set
S ={ank), X1, xns M7, ..., M)

Assume further that the Fourier transform of ai2(k) and its derivative are in L' (R). Let
a1 (k) be the meromorphic function, defined in the upper half-plane, as in (45) (the integral
has to be intended in the sense of Cauchy principal value):

1 (In(l-— ) Lk tix;
an (k) = exp 7/ R T sks0
27i Jr t—k i=1k_lXj
ayr(k) = lim a1 (k +ie), kelR
e—0
Letiyy, ..., iyn be the residues of ay1 (k) at the pointsixi, ..., ixn, and let
M- ! =1
s =, J=1,...,n.
boovimy
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Let
_an(=kai (k)
ay (k)

Then the Fourier transform of azi(k) is well defined and is in LY(R), together with its
derivative. Finally set axy (k) = ay1(k). Let us define CL(t) via the relations

a1 (k) =

oo .
a1 (k) = / Cy(ne 2 gz

—0Q
and
0 .
ap (k) = / C_()e**ds.
—00

Let y(x) be a uniformly continuous functions such that —oo < § < y(x) < A < 0o, and

set
[ (Y Y\
I(x) = A Vy(s)ds, qx) =— + .

4y(x) 4y(x)

Let Ay (x,t) be the solutions of the integral equations

Ap(x, 1)+ 24(T(x)+1) + y1/4(x)/ AL, )2, (Z(x)+1+5)ds =0, (t>0)
0
and
0
A_(x, )+ 2_(T(x)+1) + y]/4(x)/ A_(x,)2_(T(x)+1t+s)ds=0, (¢ <D0).
Define
Ki(x,1)= %y*”“(nm (x, M) y A, =)
and
K_(x,1) = %y*”“(z)A_ <x, M) y 40, @< x).
Let q+(x) be defined by
d d
g(x) —q+(x) = 2y(X)d*K+(x, x) + Ky (x, x)—y(x)
X dx
and q_(x) be defined analogously by
d d
gx) —g-(x) = —2y(x)de—(x,X) — K_(x, x)——y(x).
X dx
Then the functions
+o0
fe(x k) =y V4 (x)et W j:/ Ki(x, )y (e 0ar - (Sk > 0)

X

are well defined and satisfy the differential equations

— fLO R+ g () fe(x, k) = K2y (x) fa(x, k).
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Moreover, g4 (x) = g—(x) := q(x) on all R and
/R(l +|Z(x)DIG(x) — g (x)|dx < oo.

Before proving the theorem, let us make an important observation concerning the last
statement of the theorem: the functions A4 (x, t) define kernels K+ (x, ¢), which in turn
are used to construct two functions g4 (x). These functions are related to Sturm-Liouville
problems L,, and L,_ defined on L*(R™*, ydx) and L*(R™, ydx) respectively. At a first
glance, although ¢ (x) and ¢ (x) are defined on all R, it is not obvious that they coincide.

Proof Let the scattering set S = {aj2(k), x1,---, i Xn, M1+, ..., M;} be given. It is a
standard fact that the solutions A (x, ) exist and are unique for all x € R. Moreover,
Cs,Cl € L'(R).

Let us first prove that, if g4 (x) is constructed via the procedure explained in the statement
of the theorem, then it satisfies

/RII(X)IIQ(X) — g+ (x)|dx < oo.
Introduce the notation
o0
ax) = / |82/ (s)|ds.
X
Note that @(0) < oo and that |24 (x)| < «a(x). It follows that also
[o¢]
/ |AL(x, Dld < p(x),
0
where p(x) is bounded, and
[Ar(x, )| <a(@x)+ 1)1+ Cpx)].
Now, observe that
* 12
Ay(x,0) = — / [G(s) — g(0)]y~"*(s)ds.
X
Differentiating with respect to x, we can write
1 7 o0
AL (0] < 1250 + 01+ 7'y 3/4<x>/ |A4(x, $)I124 (Z(x) + 1 + 5)|ds
0

+y‘/4(x>f0 |A (x, 1124 (Z(x) + 1 + 5)|ds

+y1/4(x)/0 |A4(x, )12, (Z(x) + 1+ 5)ds

Using the above estimates, we can show that
o0
|A (x, )] = 1§(x) — g+ )y~ (x) < €y / 12.(Z(x))dx + C20*(Z(x)[C3 + Cap(x)].
X

Multiplying by Z(x) y1/2(x) and integrating, we have

o0

/0 Z(0)1g(x) — g+ (x)ldx = D/(; Z()|R2(Z(x)ldx < o0,
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where D is a constant. Since the integral in the right-hand side is finite, we obtain the
scattering condition for ¢ in the positive half-line. Analogously, we can prove the condition
in the negative half line, hence the condition on the whole line.

The next step is to prove that K4 (x, t) satisfy the differential equations

1 1 qx) q()
Yy K (oD = Sy K (o) = [y(x) y(;)} Kot
which in turn implies the remaining statements of the theorem, except for the fact that
g+ (x) = g—(x), which will be the last step of the proof.

We prove that the differential equation for K (x, ¢) is satisfied. The proof for that of
K_(x,t) is completely equivalent. For, assume for the moment that C (¢) possesses deriva-
tives up to the second order. The case when it does not have this property can be studied by a
limit procedure, which we will sketch below. Rewrite the integral equation for A in terms
of K, obtaining (we simplify the notation)

YA KD + 5@ <M)

+% /oo K(x,s)y/*(s)2 (M) ds = 0.

Differentiate this relation twice both with respect to x and ¢, then subtract. We obtain

1 L e _[qm é(t)]K

— Ky — — 7 _ 17
y(x) y(®) yx)  y@)

R N )| FYCCESC) Ay
x Ly y(s) yx)  y(s) 2

It follows that the function
qgx) g)

1
= mex(xat) - EKH(XJ) - [m - W} K(x,1), (t=x)

is a solution of the homogeneous equation, and belongs to L' (x, +-00). This implies that

t

1 1 qgx) g

— Ko (x,t) — —Ky(x,t) — | — — — | K(x,1) =0, 0<x <t < +00.

y(x) y(t) yx) oy

If C4(¢) has only first continuous derivative, we can argue as follows. Approximate
uniformly C4(¢) by functions C , (¢) which are twice continuously differentiable in every
finite interval in such a way that, for every N < 400,

N
nEToo/O |C (1) — Cly ()|t = 0.
These functions Cy ,(¢) define integral equations for corresponding functions A, (x, ?),
which are solvable for sufficiently large n. The functions A, (x, ¢) in turn define functions
K, (x, t) and corresponding potentials g, (x), as in the above steps of the proof. Now, passing
to the limit again, one finds functions A(x, ), K (x, t) and g (x) for which the statement of
the theorem is still valid (see, in another context, [25]).
Now, we still have to prove that g4 (x) = g—(x). Define

1
bia(k) = by (k) = TS b (k) = bia(k)aia(k), bii(k) = —bxn(=k).
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Set
Jalk, x) = b (k) f—(k, x) + D21 (k) f—(—k, x). (58)

We claim that

Sk, x) = fy(k, x).

This in turn will imply that g4 (x) = g—(x), since

—fl = —baa (k) £k, x) — b1 (k) f—(—k, x) = by () [K*y (x) — g— ()1 f-(k, x)
b1 (k) [k y (x) + g— (O] f— (—k, x) = [K>y(x) + g— ()] fu(k, x),

and

— ke, x) = K2y (x) + g4+ (0] fulk, x).

To prove that f, (k, x) = f4(k, x), we first observe that from the properties of f_ and by (k)
and by, (k) we can write

a1 (k) fu(k, x) = arp (k) f—(k, x) + f-(=k, x).
Writing

o0
Fulk, x) = FF) <y71/4(x) +/ A*(x,S)ez’deS>,
0

and reasoning as in the lines after (46), we conclude that A, (x, t) satisfies
o
20@0) #0470 [ A DUEE) + 5+ 0ds + Al =0, (0 >0,
0

which is the same equation as that for A (x, ). By uniqueness, it follows that A, (x, ) =
A4 (x,t), hence fi(k,x) = fi(k, x). The proof is complete. ]
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