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Abstract

We study smooth traversing vector fields v on compact manifolds X with boundary. A
traversing v admits a Lyapunov function f : X — R such that df (v) > 0. We show that
the trajectory spaces 7 (v) of traversally generic v-flows are Whitney stratified spaces,
and thus admit triangulations amenable to their natural stratifications. Despite being spaces
with singularities, 7 (v) retain some residual smooth structure of X. Let F(v) denote the
oriented 1-dimensional foliation on X, produced by a traversing v-flow. With the help of a
boundary generic v, we divide the boundary dX of X into two complementary compact
manifolds, 3% X (v) and 3~ X (v). Then, for a traversing v, we introduce the causality map
Cy, : 9" X(v) — 0~ X(v). Our main result claims that, for boundary generic traversing
vector fields v, the causality map C, allows for a reconstruction of the pair (X, F(v)), up
to a homeomorphism ® : X — X such that ®|3x = idyx. In other words, for a massive
class of ODEs, we show that the topology of their solutions, satisfying a given boundary
value problem, is rigid. We call these results “holographic” since the (n + 1)-dimensional X
and the un-parameterized dynamics of the v-flow are captured by a single map C, between
two n-dimensional screens, 3 X (v) and 9~ X (v). This holography of traversing flows has
numerous applications to the dynamics of general flows. Some of them are described in the
paper. Others, are just outlined.

Keywords Traversing vector flows - Manifolds with boundary - Causality maps - Boundary
data - Holography

1 Introduction

This paper is an extension of the sequence [12—15], which studies non-vanishing gradient-like
flows on smooth compact manifolds with boundary. Our approach emphasizes the interactions
of the flow trajectories with the boundary.

Let X be a compact connected smooth (n + 1)-dimensional manifold with boundary. A
smooth vector field v on X is called traversing if each v-trajectory is homeomorphic either
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to a closed interval, or to a singleton. An equivalent definition of a traversing v is based on
the existence of a Lyapunov function f : X — R such that df (v) > 0 in X. In particular,
the gradient flow of a Bott-Morse function f is traversing in the compliment to any open
neighborhood of its critical set.

The paper consists of five sections, including the Introduction.

In Sect. 2, we introduce various classes of vector fields on manifolds with boundary
and summarize their properties, needed for the rest of the paper. They include traversing,
boundary generic, and traversally generic vector fields.

In Sect. 3, we employ the semi-local algebraic models for boundary generic and traversally
generic vector fields v on X to get a better understanding of the trajectory space 7 (v) of the
v-flow and its intricate stratification by the combinatorial types of v-trajectories. These types
o belong to an universal poset 2°, introduced in [14]. They describe the tangency patterns
of trajectories to the boundary 9 X and resemble the real divisors of real polynomials.

For traversing flows, 7 (v), despite being singular spaces, retain some surrogate smooth
structure (see Definition 3.2), which they inherit from X. In fact, 7 (v) also shares with X all
stable characteristic classes of its surrogate “tangent bundle” (7 (v)).

Theorem 3.2 is the main result of this section. It claims that, for a traversally generic vector
field v, the trajectory space 7 (v) can be given the structure of Whitney stratified space (see
Definition 3.3). As a result, for a traversally generic v, the trajectory space 7 (v) admits a
triangulation, amenable to its v-flow-induced 2°-stratification (Corollary 3.4). Therefore, for
such a v, the trajectory space 7 (v) is a n-dimensional compact °-stratified C W-complex,
homotopy equivalent to X (Corollary 3.4). Unfortunately, the proof of Theorem 3.2 is lengthy.
The reader, interested only in the main result of the paper, may choose to proceed directly to
Sect. 4. In Sect. 4, we are preoccupied with the following central to our program question:

“For a traversing vector field v on a compact connected manifold X , what kind of residual
structure on its boundary 0X allows for a reconstruction of the pair (X, v), say, up to a
homeomorphism or a diffeomorphism?”

If such a structure on the boundary is available, it deserves to be called holographic,
since the information about the (n + 1)-dimensional v-dynamics is recorded on a pair of
n-dimensional records, residing in 0X .

For a traversing field v, with the dream of holography in mind, we introduce the causality
map C, : 81+X(v) — 9, X(v) that takes any point x € dX, where the field is directed
inward of X, to the “next” along the trajectory y, point C,(x) € 9X; at C,(x) the vector
field v is directed outwards.

In general, the causality map C, is a discontinuous map, with a very particular types of
discontinuity. It is this discontinuity that captures the essential topology of X!

C, plays a role somewhat similar to the one played by the classical Poincaré return map:
continuous flow dynamics is reduced to a single map of a lower-dimensional slice [24].

Let vy be a traversing and boundary generic (see Definition 2.2) field on a manifold X1,
and let vy be a traversing and boundary generic field on a manifold X», where dim(X;) =
dim(X5). We denote by F(v;) the oriented 1-dimensional foliation on the manifold X;,
produced by the traversing vector field v; (i = 1, 2).

Theorem 4.1—the main result of this paper—claims that any smooth diffeomorphism
@9 : 9;X; — 91X, which commutes with the causality maps Cy, and C,,, extends to a
homeomorphism (often a smooth diffeomorphism) ® : X; — X,. Moreover, ® takes each
vi-trajectory to a vp-trajectory, thus mapping the vj-oriented 1-dimensional foliation F (vy)
to the vp-oriented foliation F(v;).

In other words, for a traversing and boundary generic v, the causality map C, allows
for a reconstruction of the pair (X, F(v)), up to a homeomorphism (Corollary 4.3). So the
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topology of X and the unparametrized v-flow dynamics are topologically rigid for the given
“boundary conditions” Cy : 81+X (v) = 9; X(v). In many cases (perhaps, allways), the
reconstruction of (X, F(v)) is possible up to a smooth diffeomorphism.

Theorem 4.1 leads to a novel representation, described in Theorem 4.2, of smooth (n+1)-
manifolds X with spherical boundary. The representation is based on a map C, : D} — D"
from one n-dimensional ball to another, n > 2, and captures the topological type of X.
This topological rigidity has a number of implications for general dynamical systems (which
are not necessarily of the gradient type). We summarize them in Theorem 4.3, The Causal
Holography Principle. Vaguely, it states that the causality relation on a generic event horizon
H in the space-time space of a given dynamical system determines the compact portion X of
the event space, bounded by H, and the evolution of the system in X, up to a homeomorphism
of X which is the identity on H.

In Sect. 5, we sketch some applications of the Holographic Causality Theorem 4.1 to
geodesic flows on compact Riemannian manifolds with boundary (Theorem 5.1). They
revolve around some classical inverse scattering problems and geodesic billiards, as described
in [17] and [20].

Let us conclude this Introduction with one remark which describes a paradoxical tension in
our results. On the one hand, the causality maps are typically discontinuous, and that property
is their nature. On the other hand, our techniques require a high degree of differentiability of
the structures on the boundary, the structures that make the Holography Theorems valid and
meaningful. We would love to understand better the paradox.

2 Trivia: Traversing, Boundary Generic, and Traversally Generic Vector
Fields

For the reader convenience, we start with a review of some properties of vector fields on
manifolds with boundary that will be essential for the rest of the paper. The relevant definitions
and facts are borrowed from [12-15,18]. See [16] for a more relaxed description of our
approach to flows on surfaces.

Let X be a compact connected smooth (n + 1)-dimensional manifold with boundary.

Definition 2.1 A vector field v on X is called traversing if each v-trajectory is ether a closed
interval, or a singleton. ]

In particular, a traversing vector field does not vanish and is of the gradient type, i.e.,
there exists a smooth Lyapunov function f : X — R such that df (v) > 0 in X. Moreover,
the converse is true: any non-vanishing gradient-type vector field is traversing [12].

We denote by Viray(X) the space of all traversing fields on X.

For a vector field v € Vyav(X), its trajectory space 7 (v) is homology equivalent to X
(Theorem 5.1, [14]). Moreover, for a traversing field v, the trajectory space 7 (v) has an
interesting feature: it comes equipped with a vector n-bundle 7 (7 (v)) which plays the role
of “surrogate tangent bundle”.

Any smooth vector field v on X, which does not vanish along the boundary 9 X, gives
rise to a partition 81+X(v) U 9, X(v) of the boundary 9 X into two sets: the locus 81+X(v),
where the field is directed inward of X or is tangent to d.X, and 9, X (v), where it is directed
outward of X or is tangent to 9.X.

We assume that v|jx, viewed as a section of the quotient line bundle 7'(X)/T (0 X) over
dX, is transversal to its zero section. This assumption implies that both sets 81+X (v) and
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0, X (v) are compact manifolds which share acommon boundary 92 X (v) =gef 0 (81+X(v)) =
9(9, X(v)). Evidently, d2 X (v) is the locus where v is tangent to the boundary 0 X.

Morse has noticed [22] that, for a generic vector field v, the tangent locus 9> X (v) inherits
a similar structure in connection to 81+X (v), as 0X has in connection to X. That is, v gives
rise to a partition BJX(v) U 9, X(v) of 3, X (v) into two sets: the locus 82+X(v), where the
field is directed inward of 81+X (v) oris tangent to d2 X (v), and 9, X (v), where it is directed
outward of 81"'X(v) or is tangent to 9> X (v). Again, we assume that v|y, x(v), viewed as a
section of the quotient line bundle 7 (3 X)/T (3, X (v)) over d, X (v), is transversal to its zero
section.

For generic fields, this structure replicates itself: the cuspidal locus 93 X (v) is defined as
the locus where v is tangent to 9, X (v); 93 X (v) is divided into two manifolds, B;' X (v) and
03 X(v). In 83+ X (v), the field is directed inward of 82+ X (v) or is tangent to its boundary, in
03 X (v), outward of 82+ X (v) or is tangent to its boundary. We can repeat this construction
until we reach the zero-dimensional stratum 9,41 X (v) = 8n++1X(U) Ua, 1 X().

To achieve some uniformity in the notations, put B(T X =def X and 01X =gef 0X.

Thus a generic vector field v on X should give rise to two stratifications:

0X =gef 11X D 0 X (W) D -+ D 1 X(),
X =gef 0y X D97 X() D X(w) D+ D3 X(v), 2.1)

the first one by closed submanifolds, the second one—by compact ones. Here dim(9; X (v)) =
dim(aj*X(v)) =n+1-—j.

We will use often the notation “Bj.tX ” instead of “8].iX (v)” when the vector field v is fixed
or its choice is obvious. These considerations motivate a more formal

Definition 2.2 Let X be a compact smooth (n + 1)-dimensional manifold with boundary
dX # ), and v a smooth vector field on X.

We say that v is boundary generic if the vector field v|yx does not vanish and produces
a filtrations of X as in (2.1). Its strata {8;TX C 9 X}1<j<n+1 are defined inductively in j as
follows:

o 30X =gef X, 31X =qgef 0X,!

e v, viewed as a section of the tangent bundle 7' (X), is transversal to its zero section,

e for each k € [1, j], the v-generated stratum d; X is a closed smooth submanifold of
k—1X,

e the field v, viewed as section of the quotient 1-bundle

T =gef T (Ok—1X)/T (0 X) — %X,

is transversal to the zero section of Tk" — O X forall k < j.
e the stratum 9;, 1 X is the zero set of the section v € T/V.

e the stratum 8;r+1X C 941X is the locus where v poihts inside of 8].+X .
We denote the space of boundary generic vector fields on X by the symbol BT (X). O

By Theorem 3.4 from [13] (see also the second bullet of Theorem 6.6 from [18]), the
smooth topological type of the stratification {3; X (v)}; is stable under perturbations of v
within the space BY(X)of boundary generic fields. The same argument shows that { 8JJTX (v)};
is stable as well.

I'So 9o X and 91 X—the base of induction—do not depend on v.
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Definition 2.3 We say that a boundary generic vector field v is convex if 8;“ X(v) = ¥. When
05 X(v) = @, we say that the vector field v concave. O

Note that convexity or concavity of v implies that the locus 93 X (v) = @.

For the rest of the paper, we assume that the field v on X extends to a non-vanishing field
0 on some open manifold X which properly contains X (see Fig. 6). We treat the extension
(}A( , D) as a germ that contains (X, v). One may think of X as being obtained from X by
attaching an external collar to X along 91 X. In fact, the treatment of (X, v) will not depend
on the germ of extension ()A( , 0), but many constructions are simplified by introducing an
extension.

The trajectories y of a boundary generic vector field v on X interact with the boundary
90X so that each point a € y N X acquires a multiplicity m(a) € N, the order of tangency
of y to X at a. We associate a divisor

D, = Z m(a) - a

acyNoX

with each v-trajectory y . In fact, for any boundary generic v, m(a) < dim(X) and the support
of D,, is finite [13].

So we associate also a finite ordered sequence w(y) = (w1, @2, ..., wy) of multiplicities
with each v-trajectory y. The multiplicity w; is the order of tangency between the curve y
and the hypersurface 3 X at the i’/ point of the finite set y N 3 X. The linear order in y N 9 X
is determined by v.

Such sequences form a poset (£2, >), the partial order “>" in & is defined in terms of two
types of elementary operations: merges {M;}; and inserts {l;}; The operation M; merges a
pair of adjacent entries w;, w;+1 of w = (w1, ..., ®;, Wiy, ..., ®y) into a single component
®; = w; + w41, thus forming a new shorter sequence M; () = (w1, ..., @;, ..., wy). The
operation |; either insert 2 in-between w; and w;41, thus forming a new longer sequence
li(w) = (..., wi, 2, wi+1, ...), or, in the case of |y, appends 2 before the sequence w, or, in
the case |, appends 2 after the sequence w.

So the merge operation M; : & — € sends w = (wy, ..., w¢) to the composition

M;(w) = (M;(@)1, ..., Mj(w)¢-1),
where, for any j > £, one has M;(w) = w, and for 1 < j < ¢, one has

Mj(a))i = wj ifi < j,

Mj(@); = wj +wji1,

Mj(@); =wiq1 ifi+1<j<l—1 2.2)
Similarly, we introduce the insert operation I; : € —  that sends v = (w1, ..., ®¢)
to the composition |;(w) = (Ij(w)1, ..., 1j(w)es1), where for any j > £ + 1, one has

lj(w) = w,and for 1 < j < £+ 1, one has

I.,'(a)),‘ = wj if i < j,
lj(@); =2,
|j(a)),‘ =wj_1 if j <i<l+41. 2.3)

We define w > o' if one can produce o’ from w by applying a sequence of these elementary
operations.
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For each trajectory y of a boundary generic and traversing v, we introduce two important
quantities:

my) =det Y. m@., and m'(y)=gr Y. (ma)—1), (2.4)

acyNo X acynNo X

the multiplicity and the reduced multiplicity.

Similarly, for a sequence w = (w1, w2, ... , ®y), we introduce the norm and the reduced
norm of w by the formulas:
ol =ger Y, @i and || =ger Y (w; — 1). 2.5)
i i

Note that ¢, the cardinality of the support of w, is equal to |w| — |w|’.

For boundary generic and traversing vector fields v, the trajectory space 7 (v) is stratified
by subspaces, labeled by the elements @ = (w1, ..., w,) of an universal poset °. Its
elements form a subset of €2, but not a sub-poset (see [14] for the accurate definition of the
partial order >, in £°). For ¢ > 1, the first and the last entries of w € @° are odd positive
integers, the rest are even. When g = 1, @ = (w,) must be even. For a boundary generic v,
each w; < dim(X).

In this paper, we consider also an important subclass of traversing and boundary generic
fields, which we call traversally generic (see Definition 2.4 below or Definition 3.2 from
[13]). Such fields admit special flow-adjusted coordinate systems, in which the boundary
is given by quite special polynomial equations (see Formula (2.11)) and the trajectories are
parallel to the preferred coordinate axis (see [13], Lemma 3.4). Given a boundary generic
and traversing vector field v, for each trajectory y, consider the finite set y N 91 X = {a;};
and the collection of tangent spaces {7y, (d;; X°)}; to the pure strata {0 X°};. Each space
T, (0, X°) is transversal to the curve y.

Let S be a local transversal section of the 0-flow at a point a, € y, and let T, be the
space tangent to S at a,. Each space T, (9;X°), with the help of the 0-flow, determines a
vector subspace T; = T;(y) of T,. It is the image of the tangent space T, (9; X°) under the
composition of two maps:

(1) the differential of the v-flow-generated diffeomorphism that maps a; to a,, and

(2) the linear projection T,, (X) — T,, whose kernel is generated by v(a,).

The configuration {T;} of affine subspaces T; C T, is called generic (or stable) when all
the multiple intersections of spaces from the configuration have the least possible dimensions,
consistent with the dimensions of {T;}. In other words,

codim (ﬂ T, n) =) codim(T;,, T,)
S N

for any subcollection {T;,} of spaces from the list {T;}.

Consider the case when {T;} are vector subspaces of T,. If we interpret each T; as the
kernel of a linear epimorphism ®; : T, — R"i, then the property of {T;} being generic can
be reformulated as the property of the direct product map [[; ®; : T, — []; R" being an
epimorphism. In particular, for a generic configuration of affine subspaces, if a point belongs
to several T;’s, then the sum of their codimensions n; does not exceed the dimension of the
ambient space T,.

The definition below resembles and is inspired by the “Condition NC” imposed on, so
called, Boardman maps between smooth manifolds (see [4], page 157, for the relevant defi-
nitions). In fact, for generic traversing vector fields v, the v-flow delivers germs of Boardman
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maps p(v, y) : 91X — R", available in the vicinity of each trajectory y. Here R” is identified
with a transversal section of the flow in the vicinity of y.

Definition 2.4 A traversing field v on X is called traversally generic if:
e the field is boundary generic in the sense of Definition 2.2,
e for each v-trajectory ¥y C X (not a singleton), the collection of subspaces {T;(y)}; is
generic in T,: that is, the obvious quotient map T, — []; (T* /Ti (y)) is surjective.

We denote by V#(X) the space of all traversally generic fields on X. O

Remark 2.1 In particular, the second bullet in Definition 2.4 implies the inequality

Z codim(T; (), T,) < dim(T,) = n.

In other words, for traversally generic fields, the reduced multiplicity of each trajectory y
satisfies the inequality

m'(y) =7 Gi—1<n (2.6)

Evidently, the property of the configuration {T;(y)}; being generic in T, does not depend
on the choice of the point a, € y and the smooth transversal flow section S at a,.

So all sufficiently close (in the C*°-topology) vector fields to a traversally generic field
will remain traversally generic. Moreover, by Theorem 3.5 from [13], the space VE(X) is
open and dense in Vyay(X). This property of V¥(X) will be of great importance for our
endeavor.

For traversally generic vector fields v, the trajectory space 7 (v) is stratified by subspaces,
labeled by the elements w of another universal subposet Sl/'m] C @°, defined by the constraint
|w|” < n. It depends only on dim(X) = n + 1 (see [14] for the definition and properties of
Q).

<ﬁ]et us revisit the stratum ;X =qef ;X (v), the locus of points a € ;X such that the
multiplicity of the v-trajectory y, through a at a is greater than or equal to j. This locus has
an alternative description in terms of an auxiliary smooth function z : X — R that satisfies
the following three properties:

e (is aregular value of z,
e z71(0)=9X, (2.7)
o z7((—o0,0]) = X.

In terms of z, the locus 9; X is defined by the equations:

{z=0, L,z=0, ..., LY Dz =0},

where L,(Jk) stands for the k-th iteration of the Lie derivative operator £, in the direction of v
(see [13]). )

The pure stratum d;X° C 9;X is defined by the additional constraint Eg’ ), # 0. The
locus 9; X is the union of two loci:

(1) BJJTX , defined by the constraint L',fjj )z >0, and

(2) 97 X, defined by the constraint £’z < 0.

The two loci, 37 X and 37 X, share the common boundary 9 i1 X.

The following lemma is on the level of definitions.
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Lemma 2.1 A vector field v on a smooth (n + 1)-manifold X with boundary is boundary
generic if and only if, for each j € [1, n + 1), the differential j-form

Ei(z,v) :=dz A Ly(d2) A ... (Ly) 7 (d2) (2.8)
does not vanish along the locus 0; X (v). O
The next lemma may be found in [21] or in [13].

Lemma 2.2 Let v be a boundary generic vector field on a (n + 1)-dimensional smooth
manifold X with boundary. Let a v-trajectory y, be tangent to 01X at a pointb € y, N 01 X
with the order of tangency j € [1,n + 1].

In the vicinity of b in X, there exists a system of smooth coordinates {u,X,y} :=
{w, x0, ..., Xj—2, Y1, . Yn—j+1) such that:

e the boundary 01X is given by the equation
=)
Pu.X):=u/ + ) xu' =0, (2.9)
=0
and X by the inequality P(u,x) <0,
e cach v-trajectory is given by freezing the coordinates {X,y}, subject to the constraint
Pu,%) <0. o

Lemma 2.2 implies the next lemma (see [13], Lemma 3.4, or [18], Lemma 6.4, for its
validation).

Lemma 2.3 Let X be a (n + 1)-dimensional compact connected smooth manifold X with
boundary and v a traversing boundary generic vector field on X. Let y be a v-trajectory of
a combinatorial type w. Then there is a v-adjusted neighborhood U C X of y and a system
of coordinates (u,x) : U — R x R" such that X is given by the inequalities P(u,x) < 0,
IX|| < €, where

|1

PG, ) =ul + 3 ge(@)u

£=0

and {¢¢(x)}¢ are smooth functions. The real divisor of P (u, 0) has the combinatorial type w.

Each v-trajectory in X is given by freezing the coordinate X € R", subject to the constraint
P(u,x) <0. O

Let v be a traversing, boundary generic vector field. For each v-trajectory y and each
point g; € y N3 X of multiplicity j; := j(a;), we consider the form E;(z, v),, € A Ta";X
(see (2.8)) and spread it via the v-flow along y. We denote by E j: (z, y) the resulting section
(ji-form) of the bundle /\j" T*X|,. Lemma 2.2 admits the following interpretation.

Lemma 2.4 A traversing and boundary generic vector field v on a smooth (n + 1)-manifold
X with boundary is traversally generic if and only if, for each trajectory y, the m(y)-
dimensional differential form

K |wy|
B ) =dger \ Bz e \TX],

i=1

(where s = #(y N 3X) and |w, | = Zle Ji) does not vanish along y . m]
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For a traversally generic v (see Definition 2.4) on a (n + 1)-dimensional X, the vicinity
U C X of each v-trajectory y of a combinatorial type @ € 2° has a special coordinate system
(u,x,y):U - Rx Rlel x R-lel’, By by Lemma 3.4 from [13] (see also Lemma 6.4 in
[18]), in these coordinates, the boundary d; X := 9 X is given by the polynomial equation

PG, x) =] ][@—a)” + Zx,/g(u—a, = (2.10)
1

of an even degree |w| in u. Here x =qef {x;1}i ¢, and the numbers {c;}; are all distinct real
roots of the polynomial P (u, 0), ordered so that o; < o4 forall i.

Atthe same time, X is given by the polynomial inequality { P (u, x) < 0}.Each v-trajectory
in U is produced by freezing all the coordinates x, y, while letting u to be free. Formula (2.10)
should be compared with Formula (2.9).

In fact, by choosing «; = i, we may rewrite this equation for X in U as

w;j—2

Po,x) ==+ > xiew—i]= (2.11)

i =0

(where |w| < dimX — 1, |w| < 2-dim X, and |w| = 0 mod 2). That equation may be
viewed as the working definition of a traversally generic vector field.

3 On the Trajectory Spaces for Traversally Generic Flows

Let v be a traversing vector field. By collapsing each v-trajectory to a singleton, we produce
the trajectory space 7 (v), equipped with the quotient topology. We denote by X (v, w) the
union of v-trajectories whose patterns of tangency to d; X := dX are of a given combinatorial
type w € 2°. We use the notation X (v, wx) for its closure U,y <, X (v, @').

For a traversally generic v, each pure stratum 7 (v, w) C 7 (v) is an open smooth manifold,
and as such has a “conventional” tangent bundle. In particular, the pure strata of maximal
dimension n have tangent bundles. It turns out that these “honest” tangent n-bundles extend
across the singularities of the space 7 (v) to form a n-bundle 7 (7 (v)) over 7 (v)! However, at
the singularities, no exponential map (that takes a vector from 7 (7 (v)) to a point in 7 (v)) is
available—the surrogate tangent bundle 7 (7 (v)) does not reflect faithfully the local geometry
of the trajectory space 7 (v).

In order to define the dual of the bundle t(7 (v)) intrinsically, we need to consider a
surrogate of smooth structure on the singular space 7 (v).

Definition 3.1 Let v be a smooth traversing vector field on a smooth compact and connected
manifold X.LetI" : X — 7 (v) be the projection that takes each point x € X to the trajectory
¥y € 7 (v) that contains x.

We say that a function % : 7 (v) — R is smooth, if the composition % o I' is smooth on
X.

We denote by C°°(7 (v)) the algebra of all smooth functions on the space 7 (v). ]

Definition 3.2 Let vy, vy be two traversing vector fields on manifolds X1, X», respectively.

e Amap ® : 7(v;) — 7 (v2) is called smooth, if for any function i from C*°(7 (v2)),
its pull-back ®*(h) € C*°(7 (v1)).

e A bijective map @ : 7 (v1) — 7 (vp) is called a smooth diffeomorphism, is both & and
&~ are smooth. m]
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For any traversing field v, the algebra C*°(7 (v)) of smooth functions on the trajectory
space 7 (v) can be identified with the subalgebra of C°°(X), formed by functions f : X — R
with the property {£,(f) = df(v) = 0}, where £, stands for the v-directional derivative.>
Such functions are constant along each trajectory y C X.

We denote by C)‘fo (7 (v)) the algebra of germs of smooth functions from C*°(7 (v)) at a
given point y € 7 (v). Letm, (7 (v)) < C;" (7 (v)) be the maximal ideal, formed by the the
germs that vanish at y, and let mJZ/ (7 (v)) be the square of the ideal m,, (7 (v)).

Then the quotients m,, (7 (v))/ mf, (7 (v)) are real n-dimensional vector spaces. Indeed,
since the pull-back of smooth functions on 7 (v) are the smooth functions on X that are
constants along each trajectory y, the quotient m,, (7 (v))/ m)2, (7 (v)) can be canonically
identified with the quotient m, (S)/ mi (S). Here S is a germ of a smooth transversal section
of the v-flow at x = y N S, and m,(S) denotes the maximal ideal in the algebra C*°(S),
an ideal comprised of functions that vanish at x. It is well-known that m, (S)/ mjzc (S) can
be canonically identified with the cotangent space 7" (S) via the correspondence f = df,
where the germ of f : § — R at x belongs to the ideal mj (S). Therefore the spaces

TH(T (1)) =def My (T (1)) /M2 (T (v)

form a vector n-bundle t*(7 (v)) over 7 (v). It is dual to 7(7 (v)) under the construction.
The pull-back F*(r*(T(v))) can be identified with the subbundle 7*(v) of the cotangent
bundle 7*(X), formed by the “horizontal” 1-forms « such that «(v) = 0 and £,(«) = O.
The identification is via the correspondence I'*(f) = d(I'*(f)), where f € m, (7 (v)).

Now we define t(7 (v)) as the dual bundle of t*(7 (v)).

Let (11) € SZ,'(H] denote the unique maximal element of the poset; it labels the trajectories
that intersect the boundary d X only at a pair of distinct points, where they are transversal to
the boundary.

Lemma 3.1 For any traversing field v, the tangent bundles to the components of the maximal
stratum T (v, (11)) extend to a n-dimensional vector bundle t (7 (v)) over the trajectory
space T (v).

Moreover, for a traversally generic field v and each element @ € SZ,'<n], the tangent bundle
of the pure stratum T (v, w) embeds in T(T (v))|7(v,0) as a subbundle with a canonically

trivialized complement.

Proof We already have observed that the pull-back I'*(7*(7 (v))) of the cotangent bundle
*(7 (v)) can be identified with the bundle t*(v) of the flow-invariant 1-forms on X that
vanish on v.

The map I' : X (v, (11)) — 7 (v, (11)) is a fibration with a closed segment for the
fiber. Therefore I" admits a smooth section S¢;1y C X (v, (11)) which is transversal to
the v-trajectories. Consider a decomposition of the (n + 1)-bundle 7' (X)|s,,,, into the tan-
gent n-bundle 7 (S(11)) and a line bundle L tangent to the v-trajectories. With the help of
this decomposition, the cotangent bundle 7*(S(11)) can be identified with the restriction
()]s, of T*(v) to Si1y. Using the isomorphism t*(v)|s,,, &~ [*(z*(7 (V)5 we
identify the cotangent bundle 7* (S(11)) with the bundle t*(7 (v))| Sany» @ bundle that evidently
is defined on the entire space 7 (v).

A similar conclusion holds for any traversally generic vector field v> and each w € Sl,'<n ik
by Lemma 3.4 from [13], the map I : X (v, w) — 7 (v, w) is a fibration with its base being

2 This property does not depend on an extension (X, 9) of (X, v).

3 Here perhaps a much weaker assumption about v will do.
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an open smooth (n — |w|’)-manifold and with a closed segment for the fiber, the fiber being
consistently oriented by v. Therefore I' admits a smooth section S,,. The cotangent bundle
7*(Sw) can be identified with the cotangent bundle *(7 (v, w))|7(v,), @ bundle that embeds
into the bundle 7*(7 (v)).

So the only non-trivial statement of the lemma is the existence of a preferred trivializa-
tion in the quotient bundle 7 (7 (v))|7(v,0) /T(7 (v, w)). It follows from the last claim of
Theorem 3.1 below. Thus ¥ : (7 (v, ®)) ® R’ ~ (T (1))|7(s.0, Where the bundle
isomorphism W is canonically defined by v. O

Corollary 3.1 For a traversing vector field v on X, the stable characteristic classes of the
tangent bundles t (7 (v)) and ©(X) coincide via the cohomological isomorphism induced by
the projection I : X — T (v).

Proof Note that T(X) ~ I'*(t(7 (v))) & R. Therefore, the cohomological isomorphism
induced by I' (see Theorem 5.1, [14]) helps to identify the stable characteristic classes of
(7 (v)) and T (X). ]

For a traversally generic v, the space 7 (v) comes equipped with two distinct intrinsically-
defined orientations of its pure strata {7 (v, w)},. These orientations depend only on v and
the preferred orientation of X.

Theorem 3.1 Let X be a smooth oriented compact (n 4+ 1)-manifold, and v a traversally
generic vector field. Then

e cach component of any pure stratum T (v, w), where @ € 97<n] and |w|' > 0, acquires
two distinct orientations, called preferred and versal. Switching the orientation of X
affects both orientations of T (v, w) by the same factor (—1)I$#P@)I,

o With the help of these two orientations, each component of T (v, w) acquires one of the
two polarities “ ®” and “ &”. They do not depend on the orientation of X.

e FEach manifold X (v, w) comes equipped with a v-induced normal framing in X. Similarly,
the normal |w|’-dimensional bundle

V(T (v, @) =def T(T (W) (v.0)/T(T (v, ®))

acquires a v-induced preferred framing.

Proof We extend the field v on X to a non-vanishing field v on X O X.Local transversal sec-
tions S of the v-flow have a well-defined orientation due to the global orientation of X and the
preferred orientation of the v-trajectories. For a traversally generic v on a (n+1)-dimensional
X, each v-trajectory y of the combinatorial type w has a flow adjusted neighborhood U C X,
equipped with a special coordinate system (u, x, y) : U — R x Rl®l x Re-lel, By Lemma
3.4 and formula (3.17) from [13], the boundary 0 X is given in these coordinates by the poly-
nomial equation {P (4, x) = 0} in u of an even degree |w| (see (2.10)). Here x =def {X; ¢}i ¢,
and the numbers {«;}; are the distinct real roots of the polynomial P (u, 0), ordered so that
o; < oy foralli. At the same time, X is given by the polynomial inequality { P (u, x) < 0}.
Each v-trajectory in U is produced by freezing all the coordinates x, y, while letting u to be
free.

We order the coordinates {x; ¢}; ¢ lexicographically: first we order them by the increasing
i’s; then, for a fixed i, the ordering among {x; ¢}, is defined by the increasing powers £ of
the binomial (# — «;) in the Formula (2.10). This ordering of {x; ¢}; ¢, together with the
orientation in the flow section S (induced with the help of v by the orientation of X) gives
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rise to an orientation of the y-coordinates. They correspond to the space, tangent to the pure
stratum 7 (v, w) at y.
We still have to check that this ordering of {x; ¢}, is determined by the geometry of
tangency and does not depend on a particular choice of the special coordinates {x; ¢}¢.
Consider a v-trajectory y. Let y N 91X = []; a;, a finite set of points. In the vicinity of
a; € 0j,X°, we write down the auxiliary function z from (2.7) in two ways:

j—2 j—2
as u/ + Y ¢e(x)u’, andas (u/ + Y xu') Q. x).
1=0 =0

Here, j =def ji = wi, X =def {x¢ = {xi,e}i}e, #e(0) = 0, and g =qer Q(0,0) # 0.

Consider the smooth map & : R/ -1 R given by the functions ¢y, ..., ¢; 2. We
aim to show that, at the origin (u, x) = (0, 0), the following two exterior (j — 1)-forms are
equal:

dpoANdPr A---Ndpj_2 |0,0) =dxo Adxi A+ ANdxj_2 |0,0)- 3.1

Hence the Jacobian det(D®) > 0 —the two orientations, induced by two coordinate systems
{de}e and {x,}, in the vicinity of a;, do agree. The argument validating (3.1) is similar to the
one we have used in [13], Lemma 3.3.

First note that g =gef Q(0, 0) 7 0 must be 1: just plug x = 0 in the identity

j—2 j-2
W+ eoyu’ = (uw +Y xeu') Q. x). (3.2)
=0 £=0
Let a(u) be the row-vector (u/~2,...,u,1) and d¢ be the column-vector
(d¢‘,-_2,'. ..,d¢1,dggy) of 1-forms. Then the differential of the identity (3.2), modulo the
ideal (u/_l, x), generated by the functions w/~landx, ..., Xj_2, can be written as

a*d¢: Qa*dx mod (ujil,-x%

9

where “x” stands for the matrix multiplication.

We apply partial derivatives %, e if;% to the identity above to get a new system of
identities:
il A j—1—k
. - j=1=
ok (a) xdop = o (Qa) xdx  mod (u ,X),
wherek =0, 1, ..., j —2.Now put u = 0 and use that ¢ = 1 to get the following triangular

system of identities, modulo the ideal (x) generated by {x¢},:

dpg =dxyp mod (x)
d¢) =dx; +byodxgp mod (x)
d¢p =dxo +brodxo+by1dx;y mod (x)

dpj > =dx; 2+bj20dxo+bj21dx1+---+bj 2 3dx;j3 mod (x)

Here by ; denote some functional coefficients whose computation we leave to the reader. Now
(3.1) follows by taking exterior products of the 1-forms on the RHS and LHS of the system
above and letting x = 0. Let 6; =gef dX;j 0 A---Adx; j;—2 andlet =qef A; ;. Thendu N9,
together with the volume form in X, define the volume form in the y-coordinates. Therefore
the orientation of the space 7, (7 (v, w)), tangent to the pure stratum 7 (v, @) at its typical
point y (this space can be identified with the space spanned by the vectors dy,, ..., d ‘,),

Yn—|w
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is determined intrinsically by the local geometry of the v-flow in the vicinity of ¥ C X. Let
us call this orientation of t,, (7 (v, w)) versal. On the other hand, each manifold 9; X, j > 0,
comes equipped with its own preferred orientation, which depends only on the stratification
{3,:r X (v)}r and on the preferred orientation of X. Here is the recipe for its construction:
the orientation of X, with the help of the inward normals, induces a preferred orientation
of 90X, and thus of 81iX. In turn, the inward normals to 0, X = B(BTX) in 81+X produce
a preferred orientation of d, X, and thus of BziX . And the process goes on: the preferred
orientation of 9;_1X, with the help of the inward normal to 9; X in BJJT_] X, determines a

preferred orientation of 9; X, and hence of atx.

So, along each trajectory y, every space T;, tangent to d;, X ° and transversal to y at the point
a; € y N 31X, is preferably oriented. For a traversally generic v, the 0-flow propagates these
spaces T;’s along y in such a way that they form complementary vector bundles over y. We
order them by the increasing values of i. This ordering, together with the preferred orientations
of the T;’s (based on the orientations of B;.I_r X)), generates a new preferred orientation of the
tangent space T, (7 (v, w)). This preferred orientation may agree or disagree with the versal
orientation of the same space, produced with the help of special coordinates in the vicinity of
y; recall that the versal orientation is based on the increasing powers of (z — «;)’s, a feature
of the special coordinates. In the first case, we attach the polarity “@” to y, in the second
case, the polarity of y is defined to be “©”.

Therefore not only the components of pure strata 7 (v, @) are canonically oriented open
manifolds, but they also come in two flavors: “@” and “©”!

We will exhibit an ordered collection of |w|" linearly independent and globally defined
1-forms (as in [13], formula (3.30)) that produces a framing of the quotient bundle

V(T (v, ) == T(T (W)|7Tw,w/T (T (v, w)),

the “normal cotangent bundle” of 7 (v, w) in 7 (v). Let us outline their construction.

For any y € 7 (v, w) and any two points a, x € y, denote by ¢,  the germ (taken in the
vicinity of y C X) of the unique v-flow-generated diffeomorphism that maps x to a.

Fix an auxiliary function z : X — Rasin (2.7).Foreach pointa; € yNa; X of multiplicity
Jji > 1,letus consider the 1-forms {dz, £,(dz), ll% dz), ..., ll{)’_z(dz)}, taken at the point
a; (that is, view them as elements of Ta’j (X)). Then, with the help of one-parameter family
of diffeomorphisms {¢; x}xey, we spread the forms

{dzlay, Lo(dD)lars L2AdD) g - -y LET2(dD) |0}

along y to get j; — 1 independent sections 1; 0, 7; 1, ...nj,—2 of T*(X)|,. By their very
construction, these sections are flow-invariant. Moreover, since at points of d, X the field v
is tangent to X = {z = 0}, we get dz(v)|y,x = Ly(z) = 0. Thus n; o(v)|,, = 0 for all i.

Similarly, for each a; € 93X (i.e., j; > 2), the field v is tangent to the manifold 3, X =
{z =0, L£,(z) = 0}. Therefore, using the identity

Ly(dz) =v]d(dz) +d(v]dz) = d(v]dz),

we get £, (dz)(v)|p;x = 0. Asaresult, n; 1 (v)|, = Oforalli with j; > 2. Similar considera-
tions show that for each i, all the sections {n; x}x < j;—1, have the property n; x (v)|,, = O—they
are horizontal 1-forms. Therefore they can be viewed as independent sections of the subbun-
dle 7*(v) C T*(X). With the help of (I'*)~!, these sections produce independent sections
of the quotient bundle v*(7 (v, w)).
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Now we take all |w|" sections {n; 0, i 1. - .. nj—2}i of T*(X)l,, ordered in groups by the
increasing values of i. For a traversally generic v, by Theorem 3.3 from [13], these sections
of T*(v) C T*(X)l, are linearly independent.

As long as the combinatorial type w of y is fixed, these sections depend smoothly on y.
Since their construction relies only on w, z, and v, they are globally well-defined independent
sections of the conormal bundle v*(7 (v, w)), an intrinsically defined trivialization of this
bundle. Their duals define independent sections of the normal bundle v(7 (v, w)).

The preferred orientation of each 9; X, j > 1, depends only on v|3, x and the orientation
of X. In particular, the preferred orientation of 9; X depends on the orientation of X only. As
we flip the orientation of X, the preferred orientation of each 9; X flips as well. Therefore
the preferred orientation of the tangent bundle 7 (7 (v, w)) changes, as a result of flipping
the orientation of X, only when the cardinality of the intersection y N d X—the interger
| sup(w)|—is odd.

The versal orientation of 7 (v, w) behaves similarly under the change of an orientation of
X. As aresult, the polarity “@®” or “ &” of each component of 7 (v, w) is independent of the
orientation of X. O

Corollary 3.2 For a traversally generic vector field v, the points of 0-dimensional strata
{7 (v, )} come equipped with two sets of polarities: “+, —" and “®, S”.

Proof When w has the maximal possible reduced multiplicity |w|" = n, we can compare the
versal and preferred orientations at each point y of the zero-dimensional set 7 (v, ). When
the two agree, we attach the polarity “@” to y; otherwise, its polarity is defined to be “©”.
Of course, the preferred orientation of the normal bundle v(y, X) can be compared with the
preferred orientation of dX at the “lowest” point in y N dX. This comparison allows for
another pair (+, —) of polarities to be attached to y . O

Our next goal is to prove that the trajectory space 7 (v) of a traversally generic vector
field v is a Whitney stratified space (see Definition 3.3). Unfortunately, the proof of this
claim is rather technical, so some readers may choose to proceed to Sect. 4.

Prior to establishing, in Theorem 3.2 below, that 7 (v) is a Whitney stratified space, we
need to prove a few lemmas.

Recall that a function f on a closed subset Y of a smooth manifold X is called smooth
if it is the restriction of a smooth function, defined in an open neighborhood of Y.

Lemma 3.2 Let v be a traversing vector field on a compact smooth manifold X, and T :
X — T (v) the obvious map. Let F C T (v) be a closed subset and ¥ : F — R a function
such that its pull-back T* () is smooth on T™Y(F) C X (it satisfies there the property
Ly(T* () = 0).

Then  : F — R admits an extension ¥ : T (v) — R such that T*(V) is a smooth
Sfunction on X with the property L, (I'*(¥)) = 0.

Proof Let h : X — R be a smooth function with the property di(v) > 0. By Corollary 4.1
from [12], such a Lyapunov function % exists for any traversing v. Using 4, we can find a
finite set S of closed smooth transversal sections {Sy; C hl (cq)}a of the v-flow, such that
each trajectory hits some section from the collection S. Moreover, we can assume that all
the heights {cy} are distinct and separated by some € > 0. The set S can be given a poset
structure: B > « if there exists an ascending v-trajectory y that first pierces S, and then Sg.
Evidently, this implies that ¢, < cg.

For a given «, consider the set S, =gef {8 > «} and put cg =def Ming, q{cg}.
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Now the proof is an induction by the heights {c,}, guided by the partial order in S. It is
illustrated in Fig. 1. Assume that the desired extension

Wy h ' ([c], +00) > R

of the function ¥ o I'|p-1(fy, subject to the property L, (U, 4) = 0, already has been con-
structed. The inductive step calls for an extension of \fl>a to a function on i~ ([cy, +00)),
while keeping it constant on the v-trajectories. Denote by X (v, A) the union of v-trajectories
through a closed subset A C X. Consider two sets: Fy =gef I'Y(F)N S, and Qy =gef
X, [] Bra Sg) N Sg. Since \IJ>O, is constant along each trajectory and S, is smooth and

transversal to the flow, \IJHX produces a well-defined smooth function \iJHx : Qq¢ — R.On
the other hand, the function 1/7 =gef ¥ o I : T"1(F) — R is smooth and constant along
trajectories by the lemma hypothesis. In particular, it is a smooth function on the closed set
F,,. Moreover, since W, 4, is an extension of 1// toh~ 1([ca , +00)) C X, both functions, \I/>a
and ¥/, agree on Fy N Q. Therefore we have produced a function \IJI:t FyUQy — R which
extends to a smooth function \IJa on S,. In turn, \Ila : S¢ — R defines a smooth function
\lla : X(v, S¢) — R which is constant on each trajectory through S, . By their construction,
\ila and IIIW agree on the set X (v, Sy) N 1 ([c(g, +00)). Together, they produce a smooth
function on 2~ ([cy, +00)) which is constant along the trajectories through | | prqo Sp and

extends . This completes the induction step. O

Definition 3.3 [26] Let Z be a closed subset of a smooth manifold M. Consider its partition
Z = [lyes Za, where S a finite poset. We say that Z is a Whitney space if the following
properties hold:

(1) each stratum Z, locally is a smooth submanifold of M,

(2) takeany pair Z, C Z,g and any two of sequences {x; € Zg};,{y; € Z4}i,bothconverging
to the same point y € Z,. In a local coordinate system on M, centered on y, form the
secant lines {/; =gef [x;, y;:]}; so that that {/;}; converge to a limiting line | C Ty M.
Also consider a sequence of tangent spaces {7y, (Zg)}; that converge to a limiting space
T C Ty M. Then we require that / C 7. O

If Z C M is a Whitney space, then one can prove that 7y,(Zy) C 7 (see [6]).
Now we are going to verify that the standard models of traversally generic flows lead to
spaces of trajectories which are Whitney spaces.

Lemma3.3 Let v € 9/.01]‘ Consider the semi-algebraic set Z,, = {P,(u,x) < 0,
lx|| < €}, where the polynomial P, of an even degree |w| is as in (2.10) (its real divisor has
the combinatorial type w), and € > 0 is sufficiently small. Let 1, denote the (w<)-stratified
trajectory space of the constant vector field v =gef 0, in Z,. Then there exists an embedding
Ky : T, — Rl given by some smooth functions on Z,, which are constant along each
dy-trajectory that resides in Z,,.

Proof Evidently, the x-coordinates x : Z,, — RI*! provide us with a map yx : 7, — RI®/",
given by the algebraic functions which are constant on the 9,-trajectories in Z,,. Unfortu-
nately, x does not separate some trajectories; that is, x is not an embedding (just a finitely
ramified map). We will complement x with another smooth map % : Z,, — R/, also con-
stant on the trajectories in Z,, and such that the pair of maps (x, X) will separate the points
of 7.
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X(v, S4) X(v, S3)

A S

Fig. 1 The upper four diagrams show the flow sections S; and the sets X (v, S;) fori = 1, 2, 3, 4. The lower
four diagrams show the growth of the domains of v/-extensions, as they appear in the proof (to simplify the
picture, the original set r-1 (F) is not shown)

To construct X, we will use some facts from [14], Sect. 4. Recall that the ball B, = {||x]| <
€} has a special cone structure. With the help of the Vieté map, the cone structure is given
by the local linear contractions in C of each “near-by” divisor D¢ (P (~, x,)) on the “core”
divisor D¢ (P(~, 0)). This contraction produces a smooth algebraic curve
Ay, 10, 1] — Be in the coefficient x-space (a generator of the “cone”), which connects the
given point x, to the origin 0. In particular, the combinatorial type of the divisor Dr(P (~
, Ay, (1))) is constant for all # € (0, 1].

Let Sy, =def R x Ay, be the ruled (u, t)-parametric surface that projects along the u-
direction onto the curve A,, . Consider the intersection X, of S,, withthe set Z,,. Asx, € 0B
varies, the surfaces {Xy,} span Z,, (the trajectory {x = 0} serves as the binder of an open
book whose pages are the X, ’s) (see Fig. 2).

We will define a new projection X : X, — A,, as follows. Consider the u-directed line
L, through x. For a typical point x € Ay, let [T, =qef Lx N Xy, . The set Iy is a disjointed
union of closed intervals {/; (x) = [e; (x), &; (x)]}; (Where &;(x) < @;(x) are two adjacent
roots of the polynomial P (u, x) in (2.10)) residing in the line L,. We order them so that
I1(x) < I(x) < --- < I;(x) as sets (see Fig. 2, the left diagram).
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Fig.2 The map x : Xy, — Ay, over some arc Ay, (on the left) and the map X : Z,, — Rle! (the deformed
projection of the cylinder with indentations on its base)

Put
H;/ =def (Lx\T1y) N [@min(xX), dnax(x)],

where o, (X), ®nax(x) denote the minimal and the maximal real roots of the u-polynomial
P, (u, x). Thus I1} is a finite disjoint union of closed intervals

{7 () = [@ (), ;1 (O,

residing in the line L. Note that P, > 0 in each interval Il.v (x). We also order the intervals
so that, as sets,

V() < L/ (x) < - < I (x).

Let 7;(x) denote the length of the interval Il.V (x). We fix a smooth monotone function
x : [0, 400) — [0, 1) such that x(0) = 0 and lim;_, 400 x(t) = 1 (say, x = %tan_l).
Consider a smooth t-parametric family (z € [0, +00)) of smooth monotonically increasing
functions ¢, : [0, 1] — R such that:
(1)0 < ¢ (t) < tforallt € (0, 1], (2) the infinite order jet of ¢, of at + = O coincides
with the jet of the identity function 7 : [0, 1] — [0, 1], (3) ¢ (1) = x(7), and (4) ¢, (¢) is a
smooth function in ¢ and 7.

For each i, we map the point

(@i (A, (1), 1) € 0 2y, ()
to the point
(%’ (AX,(¢n(x,)(f))), ¢ri(x*)(t)) € 9 Xy, (3y)-

We denote by 6,, ; this map. As a function ill (u, t), the map 6., ; is smooth. We notice that,
Gr(x)(t) # tforall t € (0,1] and x, # 0. We also observe that, if the interval Il.v (x4)
shrinks to a singleton as we vary x,, then the map 6, ; approaches the identity.

Now we define X : £,, — Ay, by the following formulas (see Fig. 2):

X =def x for all points in 77 (x),
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2l 0.,

Y]

Ko (To)

Fig. 3 The space E,(Z,) C R x R2l and its projections 7 and Q on K (7,) C R2@l" and on Zy C
R x Rlel

=def bx,.1 for all points in I5(x),

=def bx,.2 0 Oy, 1 for all points in I3(x),

=def Ox,,3 0 0y, 2 00y, 1 for all points in 4(x),

=def - -- 3.3)

Since 0 < ¢ (t) < t forall ¢ € (0, 1], the map x : Z, — R” separates the trajectories
that are not distinguished by the map x : Z,, — R”". Therefore the smooth map

Jo =def (x, %) 1 Zoy — R

being constant on each trajectory, gives rise to a a smooth (in the sense of Definition 3.2)
. ’
embedding K, : 7, — R2lel’ m]

Remark 2.1. It seems that the desired embedding K, : 7,, — R2I" cannot be delivered by
analytic functions. O

Corollary 3.3 The image K, (7,) C R2l" is @ Whitney (w<)-stratified space.

Proof Tt is useful to consult with Fig. 3 that illustrates some key elements of the proof.
Let 7 : R x R?®l" — R2®l" denote the obvious projection. Put K =gef K,,. Consider the
map

E =gef Ew: Zo — R x R,

given by the formula E (u, x) =qef (4, J(u, x)). Since J =dgef J» = (x, X), the map E is a
regular embedding, given by smooth functions on Z,,. Consider the projection

0:RxR¥ 5 R xRl

given by the formula Q(u, x, X) =gef (4, x). By the definition, Q(E(Z,)) = Z,.Letu < v
be two elements in the poset w< C R°, and K, K, the two pure strata of K (7,,) C R2lel’
indexed by 1, v (thus K, C K,). Consider a sequence of points {y,, € Ky}, and a sequence
of points {z,, € K,}n, both converging to a point z, € K,. We need to verify that, if the
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tangent spaces {7y, K}, converge in R2l" to an affine space T, containing z., and the
sequence of lines {l,; D [Zm, ym1}m converges to a line [, € Rl then, C T,.

Equivalently, we need to verify that if the spaces {T,, =qef 7' (Ty,,Kv)}m converge in
R x R2%l" (o an affine space T, =def 7~ NT) D 7~ 1(z,) (these spaces are depicted as
parallelograms in Fig. 3) and the sequence of 2-planes {L,, =gef 7 ' (1)} converges to a
plane L, =gef 7' (l,) C R x R2®!" then L, C T,. We call this conjectured property “B”.

Note that all the affine spaces T,,, Ty, Ly, and L,, are fibrations with the line fibers which
are parallel to the direction of R in the product R x R2l%" We can think of E(Z,,) asa graph of
a smooth map X from Z,, to Rl“I" Since 0 :E(Zy) — Z,isa(w<)-stratification-preserving
diffeomorphism which respects the 9d,-induced 1-foliations F on E(Z,) and G on Z,,, the
tangent spaces to the v-indexed pure stratum in E(Z,,) are mapped by Q isomorphically onto
the tangent space to the v-indexed pure stratum in Z,,. So, with the help of the graph-manifold
E(Z,), any tangent space to the v-indexed pure stratum in Z,, determines the corresponding
tangent space to the v-indexed pure stratum in E(Z,,).

Let 7, denote the tangent space to E(Z,) at a generic point Z, € 7! (z+), and let T,
denote the tangent space to Z,, at the point Q(z,). By the very definitions of T, and L, as
limit objects and using that E(Z,,) is a smooth manifold, carrying the foliation F (whose
leaves are parallel lines in R x R2e1), we getthat T, C 7, and L, C 7,.

Since Q : E(Z,) — Z, is a diffeomorphism, Q : T, — t, is an isomorphism of vector
spaces. Therefore there exist unique subspaces of 7, that are mapped by Q onto Q(T,) or
onto Q(L,); these are exactly the spaces T, and L,, respectively. Thus, Q(L,) C Q(T,) if and
only if L, C T,.

Therefore property Bis equivalent to the following property B:

“If the spaces { Q (Ty,) }m converge in R x Rl 10 the affine space Q(T.,), and the sequence
of planes {Q (L)} converges to a plane Q(L,) C R x ]R"”‘/, then Q(Ly) C Q(Ty)”.

Note that the composition Q o K : T,, — R!®!" is delivered by employing the algebraic
map x : Z, — RI®I" The image Q(K(7y,)) C RI®l" is stratified by the collection of real
discriminant varieties, their complements, and their multiple self-intersections, indexed by
various u € wx (as described in [15]). In particular, these strata are semi-algebraic sets. By
the fundamental results of [8—10], the semi-analitic sets are Whitney stratified spaces. As a
result, the (w<)-stratified space Q (K (7,,)) is a Whiney space. Thus property B is valid, since
all the affine spaces, relevant to B, are fibrations with the line 7 -fibers over the corresponding
spaces in Rlol" 5 Q(K(7,)). Therefore, the (w<)-stratified space K (7,,) is a Whitney (w<)-
stratified space in R2lel’, O

Theorem 3.2 For a traversally generic vector field v on a (n + 1)-dimensional X, the SZ’.MJ'
stratified trajectory space T (v) can be given the structure of a Whitney space (residing in an
Euclidean space).

Proof Let U =qef {U;}, be a finite v-adjusted closed cover of X, such that each U, C
X admits special coordinates (u, x, y) =gef (1, x), y)) in which X is given by the
polynomial equation { P (u, x) = 0} as in (2.10). Recall that, for a traversally generic v, the
equation is determined by the combinatorial type w, of the core trajectory y, C U,.

Let us denote by 7, the space of trajectories of the d,-flow in the domain

Uy =def {Pr(u,x) <0, [Ix]| <e, [yl <€)

It is a compact subset of 7 (v).
Consider the embeddings

‘ /

K, 7T — R2lerl" 5 Rr=lerl’ apqg E U — Rx R2lerl” ]R"_“‘”l/,
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given by the formulas

Kr (Vo) ), y0)) =def (0, 2O @, x ), y0),
E,(u®, x® y0) —ger (1, x@, 5O@D, x0), 40,

Here Yiu®, 0, 0y denotes the d,,-trajectory in U,-, passing through the point @™, x®, y(’)),
and ¥ ™, x™) is a function as in Corollary 3.3 (see Figs. 2 and 3). Smooth functions
¥ : 7, — R are exactly the smooth functions on U, N X that are constant along the trajec-
tories. By Lemma 3.2, each v extends to a smooth function on X which is constant on each
trajectory. We denote this extension 1&

Therefore, the local embeddings {K, : 7, — R2r! x R*=lerl'}y  extend to some smooth
maps (K, : T(v) — Rl s Rr=lerly Together they produce a smooth embedding
K : T(v) — RN, where K =gef [], K, and RY =ge¢ [], (R2 x R =lerl').

Let G : X — R be the composition K o I', where I' : X — T (v) is the obvious map.

We choose again a function 4 : X — R such that dh(0) > 0in X (see Lemma 4.1 from
[12]). With the help of &, we getamap E : X — R x R¥ given by the formula E(z) :=
(h(z), G(z)). Since dh(v) > 0 and the Jacobian of each map J,,, =def (x@, 70 y0yis of
the maximal rank in U, the map E is a regular smooth embedding.

Composing E with the obvious projection 7 : R x RY — R we get the smooth (see
Definition 3.2) embedding K : 7 (v) — R Our next goal is to show that K(7 (v)) is a
Whitney stratified space in RY. Since Definition 3.3 of Whitney space is local, it suffices
to check its validity in each local chart 7, C 7 (v), that is, to verify that K(7;) C RN
is a Whitney space. The arguments below are very similar to the ones used while proving
Corollary 3.3.

Consider the projection p, : RN — R2lerl" x Rr=lerl’ produced by omitting the product
]_[S# (R2s!"  Rr=lexl'y from the product Il (R2os" 5 Rr—losl’y 1 et

0, :RxRY - R x Rl 5 gr—lon!

denote the projection idr x p,. Note that the projection Q, generates a diffeomorphism
between the manifold E(U,) C R x RV and the manifold E, (U,) C R x R2lerl R"“‘“’",
a diffeomorphism that respects the oriented 1-foliations, induced by the v-flow on X, as well
as the (w,) <-stratifications of E(U,) and E,(U,) by combinatorial types of v-trajectories (or
rather of the -fibers).

We denote these foliations by F, and G,, respectively. Let ;© < v be two elements in the
poset (w, )<, and let /C;, K, be the two pure strata of K (7,) C RY, indexed by i, v. Consider
a sequence of points {y,, € K.}, and a sequence of points {z,, € K}, both converging to
a point z, € K. We need to verify that, if the tangent spaces {7}, IC,,},, converge in RY to
an affine space 7, containing z,, and the sequence of lines {/,;, D [z, Ym1}m converges to a
linel, C RY, thenl, C T..

Equivalently, we need to verify that, if the spaces {T,, =def n_l(Tym KCyv)}m converge
in R x RY to an affine space T, =def 71 (T,) D 71 (z4), and the sequence of 2-planes
(L =def T ) }m converges to a plane L, =gef 77 10) c Rx RV, thenL, C T,.
Let us call this conjectured property “A”. Note that all the affine spaces Ty, Ty, Ly, and
L., are fibrations with the line fibers parallel to the direction of R in R x RY. We can
think of E(U,) as a graph of a smooth map from E, (U,) to 1_[5# R2lesl” x Re=losl’ | Since
Q, : E(U;) — E,(U,) is a stratification-preserving diffeomorphism which respects the
v-induced 1-foliations F, and G,, the tangent spaces to the v-indexed pure stratum in E(U,)
are mapped isomorphically by Q, onto the tangent space to the v-indexed pure stratum in
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E,(U,). So, with the help of the graph-manifold E (U, ), any tangent space to the v-indexed
pure stratum in E,(U,) determines the corresponding tangent space to the v-indexed pure
stratum in E (U,).

Let 7, denote the tangent space to E (U, ) at a generic point Z, € 7 —1(z,), and let 7, denote
the tangent space to E, (U, ) at the point P,(z,). By the very definitions of T, and L, as limit
objects, and using that E(U,) is a smooth manifold carrying the foliation 7, (whose leaves
are parallel lines in R x RM), we getthat T, C 7, and L, C 7,.

Since Q, : E(U,) — E,(U,) is a diffeomorphism, Q, : 7, — 7, is an isomorphism of
vector spaces. Therefore there exist unique subspaces of 7, that are mapped by Q, onto Q, (T,)
or onto O, (L,); these are exactly the spaces T, and L,, respectively. Thus, Q,(L,) C Q,(T,)
if and only if L, C T,.

Hence property Ais equivalent to the following property A:

If the spaces {Qy(Ti)}m converge in R x R2erl” 5 Ru=lorl 1o the affine space Q,(T,),
and the sequence of planes {Q,(Ly)}m converges to a plane Q,(L,) C R x R2erl" | then
0r(Ly) C 0, (T).

By Corollary 3.3, K,(7;) C R2lerl" x R*=lerl" is 3 Whitney space. Therefore, property
A is valid. So the property A has been validated as well. As a result, K (7 (v)) is a Whitney
stratified space in RV, O

Remark 2.2. It is desirable to find a more direct proof of Theorem 3.2, the proof that will
validate Whitney’s property B geometrically, without relying on the heavy general theorems
that claim: “semi-analytic sets are Whitney spaces”. In fact, the discriminant varieties in ]Rf oef
that correspond to various combinatorial patterns w for real divisors of real d-polynomials, do
have remarkable intersection patterns for their tangent spaces and cones (see [15]). Perhaps,
these properties of discriminant varieties should be in the basis of a “more geometrical”

proof. O

Corollary 3.4 Let X be an (n + 1)-dimensional compact smooth manifold, carrying a traver-
sally generic vector field v. Then the following claims are valid:

The space of trajectories T (v) admits the structure of finite cell/simplicial complex.
For each w € Sl/'<n], the stratum T (v, wy,) is a codimension |w| subcomplex of T (v).
With respect to an appropriate cellular/simplicial structure in X, the obvious map T" :
X — T (v) is cellular/simplicial.

e Moreover, ' : X — T (v) is a homotopy equivalence.

Proof By Theorem 3.2, the trajectory space 7 (v) of a traversally generic flow admits a
structure of a Whitney space embedded in some ambient Euclidean space.

The fundamental results of [5,11,25] claim that the Whiney spaces Y admit smooth trian-
gulations 7 : T — Y, amenable to their stratifications. The adjective “smooth” here refers
to the homeomorphism 7 being smooth on the interior of each simplex A (remember, for a
traversally generic v, the pure strata 7 (v, w) are smooth manifolds!). With respect to such
triangulations, the strata are subcomplexes. Therefore 7 (v) admits a finite triangulation so
that each stratum 7 (v, w»,) is a subcomplex.

For traversing vector fields v, over each open simplex A° C 7 (v),themapI" : X — 7 (v)
is a trivial fibration whose fibers are either closed segments, or singletons. Thus each set
F_I(A") is homeomorphic either to the cylinder A° x [0, 1], or to A°. This introduces a
cellular structure on X such that I' becomes a cellular map. With a bit more work, one can
refine the cellular structures in X and 7 (v), so that I becomes a simplicial map.

Since, by Theorem 5.1 from [12], " : X — 7 (v) is a weak homotopy equivalence and
both spaces are C W-complexes, we conclude that I' is a homotopy equivalence [27]. O
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Fig.4 The embedding «(f, v) of
X into the product 7 (v) x R

X 7(v)xR

\l ) 7®)

—

Remark 2.3. Most probably, 7 (v) is acompact C W-complex for any traversing and boundary
generic (and not necessary traversally generic) vector field v. However, for such vector fields,
we do not have the “open book” algebraic models (as in Fig. 2) for their interactions with
boundary 91 X in the vicinity of a typical trajectory. So we do not know how to extend the
previous arguments to a larger class of traversing vector fields. O
Next, we introduce one key construction from [19] which will turn out to be very useful
throughout our investigations, especially in proving the Holography Theorem 4.1.

Lemma 3.4 Forany traversing vector field v on X, there is an embedding o : X C T (v) x R.
In fact, any pair (f, v) such that df (v) > O generates such an embedding « = o (f,v) ina
canonical fashion.

For any smooth map B : T (v) — RV, the composite map

s id
A, )X LY 70y xR 2 RV xR
is smooth.
Any two embeddings a( f1, v) and a(f2, v) are isotopic through homeomorphisms, pro-
vided that dfi(v) > 0,df2(v) > 0.

Proof We know thata traversing v admits a Lyapunov function f. Since f is strictly increasing
along the v-trajectories, any point x € X is determined by the v-trajectory y, through x and
the value f(x). Therefore, x is determined by the point y, x f(x) € 7 (v) x R. By the
definition of topology in 7 (v), the correspondence «(f, v) : x — yx X f(x) is a continuous
map.

In fact, a(f, v) is a smooth map in the spirit of Definition 3.1: more accurately, for
any map 8 : 7(v) — R, given by N smooth functions on 7 (v), the composite map
A(v, ) : X = RN x R is smooth. The verification of this fact is on the level of definitions.

For a fixed v, the condition df (v) > 0 defines an open convex cone C(v) in the space
C®°(X). Thus, f1 and f, can be linked by a path within the space of nonsingular functions
on X, which results in «( f1, v) and @ ( f2, v) being homotopic through homeomorphisms. O

Remark 2.4. By examining Fig. 4, we observe an interesting phenomenon: the embedding
o X C 7 (v) x R does not extend to an embedding of a larger manifold X O X, where
X\X ~ 91X x [0, €). In other words, «(d; X) has no outward “normal field” in the ambient
T (v) x R; in that sense, o (91 X) is rigid in 7 (v) x R! m]
4 The Causality-Based Holography Theorems

Now we are in position to formulate the question in the center of this paper:
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“Is it is possible to reconstruct a manifold X and a traversing v-flow on X from some
v-generated data, available on the boundary 0 X?”

When such a reconstruction is possible (see Theorem 4.1 and Corollary 4.3), the corre-
sponding proposition deserves the adjective “holographic” in its name.*

Given a traversing field v on X, consider the map

Cy: 3 X() — 3, X(v)

that takes any point x € 31+X to the next point y from the set y, N 9; X, the order on the
trajectory y, being defined by v. We call C, the causality map of v (see Theorem 4.3 for a
justification of the name).

Of course the traversing fields have no closed trajectories. Nevertheless, in the world
of such fields on manifolds X with boundary, the causality map can be thought as a weak
substitute for the Poincaré return map (see [24] for the definition of the Poincaré return
map). The dynamics of C, under (finitely many) iterations reflects the concavity of X with
respect to the v-flow (see [12]). The “iterations” of C, are only partially-defined maps.
We are already familiar with the discontinuous nature of C,. Implicitly, it animates the
investigations in [12—15]. The bright spot is that C, is semi-continuous relative to any
nonsingular function f : X — R with the property df (v) > 0. This semi-continuity has the
following manifestation: for any x € 81+X and € > 0, there is a neighborhood U (x) C 01X
such that

F(Cu(y)) = f(y) =0, and
F(Co()) = f(y) > f(Cy(x)) — f(x) —€ forall y € Ue(x). 4.1)

Note that Cy (x) = x exactly when x € 9, X° U d3 X°U---U 9,1 X.

We may take alternative and more formal view of the map C,.

Note that a traversing v-flow on X defines the structure of a partially ordered set on 9 X:
we write x < x’, where x, x’ € 3 X, if there is an ascending v-trajectory (not a singleton) that
connects x to x’. Let us denote by C? (v) this poset (3 X, <). Evidently, x < x’ if and only if
x’ is an image of x under a number of iterations of the causality map C,, provided v being
boundary generic. Therefore, the poset C? (v) allows for a reconstruction of the causality map
Cy.

Remark 3.1. Note that Lemma 3.4 and formula (3.19) from [13] provide, among other things,
for local models of the causality maps C,, generated by traversally generic fields v. In the
special coordinates (u«, x, y), C, amounts to taking each root of the u-polynomial P (u, x),
residing in a maximal interval /(x) where P(u, x) < 0, either to the next root residing in
I(x), or to itself (when I (x) happens to be a singleton) By Theorem 2.2 from [13], this is
a map from the semi-algebraic set { P (u, x) = 0, 2 - Ly, x) >0, x|l < €} to the the semi-

algebraic set { P (u, x) = 0, %5 (u,x) <0, ||x|| < e€}. These observations form a foundation
of the notion of holographic structure on 9 X, a subject of future investigations. O

For a traversing field v, the smooth functions on X that are constant along each v-trajectory
y glve rise to smooth functions on d; X. Such functions are constant along each C,-trajectory
y? =y N8, X. Furthermore, any smooth function on d X which is constant on each finite set
y? gives rise to a unique continuous function on X, which is constant along each trajectory
y. However, such functions may not be automatically smooth on X!

For a traversing v, consider the algebra Ker(£,) ~ C°(7 (v)) of smooth functions on X
that are constants along each v-trajectory.

4 We own an apology to the fellow physisits: the name does not suggest a direct connection to the holography
principles in the quantum field theory and the dual theories of gravity.
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Fig.5 The PL and smooth canonical interpolating homeomorphisms ¢z 5 : R — R that map a given sequence
of 4 distinct numbers X to a given sequence y of 4 distinct numbers

Question 4.1 Given a boundary generic traversing vector field v on X, how to characterize
the image (trace) of the algebra Ker(L,) in the algebra C*°(3X) in terms of the causality
map C,? O

Let Lék) be the k-th iteration of the Lie derivative in the direction of the field v. For a
boundary generic field v, we denote by m;(v) the algebra of smooth functions ¥y on 9.X

such that (L) sax = O forall k € [1, j]. Let us denote by m;(v)“ the subalgebra

of functions from m; (v) that are constants on each C,-trajectory y? =y NaX. Itis easy
to check that Ker(£,)|sx C m, (v)¢"; however, the validity of the converse claim is not
obvious.

Temporarily we move away from the category smooth maps towards the category of
piecewise differentiable (“PD” for short) maps.

Definition 4.1 We say that a triangulation T? of dX is invariant under the causality map
Cy: 81+X — 9, X, if the interior of each simplex from T? is mapped homeomorphically by
C, onto the interior of a simplex.’ O

Lemma 4.1 If v is a traversally generic field on X, then the boundary 91X admits a C,-
invariant smooth triangulation.

Proof For boundary generic vector fields v, the map I' : 9;X — 7 (v) is finitely ramified
surjection. For a traversally generic v, the lemma follows from Corollary 3.4: any triangulation
of the trajectory space 7 (v), consistent with its °-stratification, with the help of ' ™!, lifts
to a triangulation T? of 8; X. Indeed, for each w, by Corollary 5.1 from [14], the map

M (Tw 0)NdX - T, o)
is a trivial covering. By its very construction, the triangulation T? is C,-invariant. O

Remark 3.2. The existence of a triangulation on d; X by itself does not imply the existence
of a triangulation on 7 (v): there are smooth manifolds that can serve as finite covering
spaces over topological manifold bases that do not admit any triangulation! For example, the
standard sphere may cover a non-triangulable fake real projective space (see [3]). O

5 Remember, Cy is typically a discontinuous map!
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Remark 3.3. Recall that, by Whitehead’s Theorem [28], any smooth manifold admits a unique
PD-structure (consistent with its differentiable structure). Therefore, different C,-invariant
smooth triangulations {T?} of 9, X all are PD-equivalent, but perhaps not as C,-invariant
triangulations! In other words, a common refinement of two Cy-invariant differentiable trian-
gulations of d; X may be not Cy-invariant. We conjecture that any two smooth Cy-invariant
triangulations have a Cy-invariant smooth refinement. That is, the trajectory space 7 (v)
admits a unique PD-structure that is consistent with the preferred PD-structure on the smooth
manifold 0; X. ]

Recall again that a function f on a closed subset ¥ of a smooth manifold X is called
smooth if it is the restriction of a smooth function, defined in an open neighborhood of Y.
Let v be a traversing field on a compact manifold X, and A D B two closed subsets of 91 X.
We denote by X (v, A) and X (v, B) the sets of v-trajectories through A and B, respectively.
To prove Theorem 4.1 below, we need the following lemma.

Lemma 4.2 Let v be a traversing and boundary generic vector field on a compact manifold
X and A C B C 30X closed subsets. Consider a smooth function

f:BUX@Ww,A) > R

such that f(x) < f(x') for any two points x # x’ on the same trajectory, such that x’ can
be reached from x by moving along the trajectory in the direction of v. Then f extends to a
smooth function F : X (v, B) — R such that L,(F) > 0 on X(v, B).

Proof The argument is an induction by the increasing combinatorial types w € R° of the
v-trajectories that pass trough the points of the set B\ A. With A being fixed, we intend to
increase gradually the locus B D A to which the desired extension exists, until eventually
B will coincide with the given B. In the proof, we put X (A) =gef X (v, A) and X (B) =gef
X (v, B). Since A and B are closed in 91 X, both sets X (A) and X (B) are compact.

Thanks to the property of v to be boundary generic, the set of combinatorial types w of
the v-trajectories in X is finite. So we may assume that, for some even d, all the elements
o have the property |w| < d. Consider all the trajectories through the points of B\ A and
their combinatorial types, which reside in the finite set ® . Among these types, we pick a
minimal element w. Denote by X, the subset of X (B) that is formed by the trajectories of
this minimal combinatorial type w. Let X B) =def Xo N 01X. We denote by 7, the I"-image
of X,, and by 7 (A) the I'-image of X(A). By the choice of minimal w, the trajectories that
are the limits of trajectories from X, but are not contained in X, have combinatorial types
residing in the sub-poset w,., N ® p and thus are contained in X (A).

We are going to show that any given smooth function

f:X2UX(A) >R,
with the properties as in the lemma, extends to smooth function
F:X,UX(A) —>R

so that £, (F) > 0on X, U X(A). Since replacing f with f + const produces an equivalent
extension problem, we may assume without lost of generality that f > 0 . First we notice
that, for each trajectory y C X,,, there is a smooth strictly monotone function F), : y — R
that takes the given increasing values of the discrete function f1, : y N X g — R. This
interpolating construction is based on a standard monotone block-function ¢,  : [0, a] —
[0, b] that smoothly depends on the two non-negative parameters a, b. The infinite jet of
@q.p» at 0 coincides with the jet of the function x, the infinite jet of ¢, ; at a coincides with
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the jet of the function x + b, and %gﬂa,b(x) > 0 in the interval [0, a]. Figure 5b shows the
four-points interpolation ¢z 3 that uses three block-functions of the type ¢, 5. Since we have
chosen f > 0, we get F}, > 0 as well.

Let V(A) be an open regular neighborhood of 7 (A) in 7 (v). Put U(A) := r-Lvay).

Let fA : U(A) — R be a smooth extension of f : X(A) U B — R into a neighborhood
U(A) of X(A). We choose V (A) so small that, by continuity, de (v) > § > 0and fA >0
in U(A). Also by the very construction of the extension fA, its restriction to U(A) N B
coincides with f. The two sets 7, and V (A) form an open cover of the space 7,, U V (A). Let
W =gef ToN(V(AN\T (A)) and K =qef T~ (W). ThenT : K — W is a v-oriented fibration
with fibers being closed segments or singletons. So it is a trivial fibration. At the same time,
I': KNN3 X — W is a finite cover with the fiber of cardinality sup(w) = |w| — |w|’. The
triviality of I' : K — W implies that the holonomy of the coveringmapI" : K Nd; X — W
is trivial and thus K N d; X is a product. So K N 91 X is homeomorphic to L x C, where C
is a set of cardinality sup(w), L C 01X N X, and I" : L — W is a homeomorphism.

By the construction of K, its boundary consists of two disjoint compacts: 8’ K that resides
in X(A)and 3"K = X(w) N 03U (A).

We claim that, for any € > 0, there exists a smooth function 2 in the vicinity of K in
X such that: 1) jetr®(Yd)lyx = jet*Mlyk, 2) jet™ W) lorx = jer™ ()]s k, and 3)
IL,(¥2)| < €in K % Indeed, by Whiney’s version of the Urysohn lemma, there exists a
smooth &' : K — [0, 1] such that 1) and 2) are satisfied. Since the v-flow gives K a product
structure I x L C Rx L, there exists a stretching diffeomorphisma : K — K ~ I x L (where
I>1 ) along the v-directed component / so that the v-directional derivative of ((x—l)*(lfﬂ),
being restricted to K C K, is e-small. So Y= (ot_l)*(lff‘)lK satisfies property 3) as well.

Let WGA : U(A) — [0, 1] be the function that equals 1 on X(A), equals ¥ on K, and is
0 on X, \(X, NU(A)). It is smooth thanks to the properties jet™ (Y 2)|yx = jet™(D)|yk
and jet®(YU)agrx = jet™®(0)|grx. Let ¥¢ := 1 — 2. The pair {y2, ¥} is a smooth
partition of unity, subordinate to the open cover

{Xo\(Xw N X(A)), X(A) UK}

of the compact space X, U X(A).

Next, we form the smooth function F,, : X,\(X, N X(A)) — R whose restriction
F, : y — Rtoeach v-trajectory y C X, is amonotone function, the canonical interpolation
(see Fig. 5b) of the given function f|, : y N X — R.

Consider the smooth function F, : K — R, defined by the formula

ﬁe ::1//2)~Fw+¢?'f,4.

It smoothly extends in the obvious way to a function F¢ : X(A) U X,, — R so that 1)
Fe = F, on X,\(X, NU(A)),2) Fe = f on X(A) U (X, N3 X).

By choosing an appropriate €, we aim to insure that d F (v) > 0in X(A) U X,,. Evidently
dF¢(v) > 0 in the complement to K. So we need to concentrate on d F (v)|g . Let K be the
closure of K in X.

Put m =gef min{min g d F, (v), ming de (v)}. By the properties of F,, and fA, we have
m > 0. Then by the product rule,

Ly(Fe) =dFe(v) = m+dy®) - Fo+dy @) - fa.

6 We suspect that, in fact, there exists a smooth ¥ ® that satisfies 1) and 2) and £, (¢®) = 0 in K. Its existence
would simplify the following arguments.
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So it suffices to insure that RHS of this inequality is positive in order to guarantee that
Ly(F¢) > 0in K. Since dWEA (v) = —dy(v) on K, the last inequality may be written as
m+dye @) (Fy — fa) > 0.
Using that fA > 0 and F,, > 0, the choice € < inf g { F ’”f | } validates that d F(v) > O in
o~ JA

X (A) U X,,. For such a choice of € > 0, the smooth function F' =yef Fe delivers the desired
extension.

Finally, we form the closed set A’ =gef AU X2 C 81 X and apply the previous arguments
to the new pair B O A’. This completes the inductive step A = A U (X, N 91 X). O

By letting A = ¥ and B = 91X in Lemma 4.2, we get an instant implication:

Corollary 4.1 Let v be a traversing and boundary generic vector field on a compact smooth
manifold X. Consider a smooth function f : 90X — R such that f(x) < f(x') for any two
points x # x' on the same trajectory, such that x' can be reached from x by moving in the
direction of v.

Then f extends to a smooth function F : X — R such that L,(F) > 0 on X. ]

If the following conjecture (linked to Question 4.1) is true, it would strengthen Theorem 4.1
below.

Conjecture 4.1 Letd1 X C RxR" be a smooth hypersurface, given by a polynomial equation
d—1
P(u, %) =qer u’ + Zx,-u’ =0
i=0
of an even degree d, and X be the domain, given by the polynomial inequality { P(u, xX) < 0}.
We denote by y (X) C R x {X} a segment/singleton with the following two properties:

o P(u,X)|yz <0, and
e no larger segment y (X) D y(X) has the property P(u, f)|};(;c) <0

Consider a smooth diffeomorphism ¢ : 31 X — 81X which maps each set y (xX) N 91X to
a similar set y'(xX") N 81 X, while preserving the multiplicity of the P-roots and their order
in the two sets.

Let F : X — R be a smooth function such that %—5 = 0 in X. We denote by f the
restriction of F to 91 X. Then the function ¢*(f) extends to a smooth function G : X — R
such that % =0in X. O

Here is a special case of Conjecture 4.1 that we can validate. It is the case of a boundary
generic vector field in the vicinity of 0, X (v).

Let Q denote the hypersurface {2 +x9 = 0}inR! x R! x R"~!. The functionsu : Q — R
and y : Q0 — R*~! are smooth coordinates on Q. Let X € R! x R! x R"~! be the domain
defined by {(u? + xo > 0}.

The causality map o =gef Cj, takes each point ¢ = (u, x9, ¥) € Q to the point a(q) =
(—u, x0, y)-

We denote by K C Q the locus {u = 0} and by 7 : R x R" — R” the projection
(u, x0, ¥) = (x0, ¥).

Lemma4.3 Let a function f : Q — R be of the class C**(Q, R) and invariant under the
involution o : Q — Q. Then there exists a function g : (R"), — R in the variables (xq, y)
such that:
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e the restriction of *(g) to Q coincides with f,
o g€ CH(RM4. R).

Proof Put x = x¢. We denote by |w| the /;-norm of the vector w.

Consider the Taylor expansion of f(u, y) at a pointa = (0,0, y) € K. By the Taylor
formula, there exists a polynomial T2k (Au, Ay) of degree < 2k, an open neighborhood
U(f,a) C Q of the pointa € Q, and a positive constant C = C(U(f, a)) (depending on
the estimates of the order 2k + 1 partial derivatives of f in U(f, a)) such that

|f(Au, 5 + AF) = TF, (Au, AF)| < C(|Au] + |AFHHH! 42)

for all (Au,y + Ay) € U(f, a).

Since f(x(u, y)) = f((u,y)), there exists a function g : R, — R such that 7*(g)|o
coincides with f: just put g((7w (u, ¥)) =def f (u, ¥).

Using that f(a(u, y)) = f((u, y)) identically, T2k (Au, AY) has terms of even degrees

in Au only. We introduce the polynomial TZk ((Au)2 AY) in the variables (Au)2, by
the formula T ((Au)2 AY) =def Tf a(Au AY). Then we represent T2k o (Ax, Ay) as a
sum of a polynomlal T" o (Ax, AY) of degree < k in the variables x, y and a polynomial
R>k (Ax, AY), comprlsed of monomials whose degrees exceed k.
Then there exists a positive constant C’ such that

|R7% (Ax, AY)| < C'(|ax] + |AF)H!

for all (Ax, ¥ + AY) in a sufficiently small open neighborhood V (f, a) C R" of 7 (a).
Therefore, in some open neighborhood W(f, a) C R" of w(a), the inequality (4.2) can
be rewritten as

|8(Ax. 5+ AF) = Tf (Ax) = T4 (Ax)]
< |g(Ax, ¥ + AY) = Tf ,(Ax)| + |T7 5 (Ax)|
< C(/1Ax] + |AFDHF 4+ C'(JAx] + [AFDFH 4.3)
Note that the positive function

Y (|Ax], 1AT]) =gef (VIAX] + AT /(1Ax] + |AFH!

is bounded from above in an open neighborhood & = U (k) of (0, 0) in the plane.
Hence, in the vicinity of 7(a) = (0, ¥), the inequality (4.3) transforms into the desired
Taylor inequality

|g(Ax, 3+ AY) = T ,(Ax)| < C(JAx| +|AFHT,
where the constant C =gef C - supy ¥ (|Ax|, |AY|) + C' > 0. Therefore g € CY(R™,R).O

Definition 4.2 (Property A)

Let v be a traversing boundary generic vector field on a compact connected smooth
manifold with boundary.

We say that v has property A if each v-trajectory is transversal to d; X at some point, or
has the combinatorial type w = (2). This property A is equivalent to the requirement

X(v.33)=U#)s) =0. (4.4)
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In particular, if each connected component of 91 X is concave or convex with respect to the
v-flow, then property A is satisfied. Equivalently, if 93 X (v) = ¢, then all the combinatorial
types of v-trajectories are of the form (11), (12...21), (2), so property A is valid. O

k

In particular, A is valid for any gradient vector field of a Morse function f on a closed
manifold M, being restricted to the compliment X to a disjoint union of sufficiently small
convex balls, centered on the f-critical points.

Now, we are in position to prove the main result of this paper, dealing with the topological
rigidity of boundary value problems for a rather general class of ODEs.

Theorem 4.1 (The Holography Theorem) Let X1, X, be two smooth compact connected
(n 4 1)-manifolds with boundary, equipped with traversing and boundary generic vector
fields vy, vy, respectively.

e Then any smooth diffeomorphism @9 : 9, X; — 91X, such that
o? o Cy =Cyo o7

extends to a homeomorphism ® : X1 — X, which maps vi-trajectories to va-trajectories
so that the field-induced orientations of trajectories are preserved. The restriction of ®
to each trajectory is a smooth diffeomorphism.

e [If vy has the property A from Definition 4.2, then the homeomorphism ® is a smooth
diffeomorphism. In particular, this is the case for any concave vector field vy.

e [n general, the conjugating homeomorphism ® : X1 — X» is a smooth diffeomorphism
outside the closed subsets

Xi(v1,(33)= U@)x) C X1 and X2(v2, (33)= U (4)) C X».

If the fields are traversally generic, then the set X;(v;, (33)») is of codimension 4 and
the set X;(v;, (4)») is of codimension 3.

Proof We divide the proof into three steps.

(1) First, using that @ : 9X; —> 90Xy isa homeomorphism that commutes with the
causality maps C,,, we see that ®? gives rise to a well-defined homeomorphism o7 .
T (v1) — 7 (vp) of the trajectory spaces.

We claim that ®7 is a homeomorphism of €°-stratified spaces. When the arguments
apply to both vy and v, in order to simplify the notations, we put v =gef v; and X =gef X,
wherei =1, 2.

LetI" : X — 7 (v) be the obvious surjective map. Since v is traversing, any trajectory
reaches the boundary; so the obvious map I'? : 9; X — 7 (v) is onto as well.

Evidently, the fiber of ['? consists of the maximal chain of POINts X1 ~ X3 ~ « -~ Xy
from 91X such that Cy(x;) = x4 forall j € [1, g — 1]. By the definition of C,, such a
chain is exactly the ordered finite locus y,, N 01 X.

We claim that the combinatorial type @ = w(y) € R° of each v-trajectory y C X can be
recovered from the causality map C,, : 81+X — 9; X in the vicinity of y N 91 X.

For each point y € 91X, its multiplicity m(y) with respect to a boundary generic flow v
can be detected by the unique pure stratum 9; X° := 9;X°(v), j = m(y), to which y belongs.
On the other hand, it can be also detected in terms of the causality map C, and its iterations,
restricted to the vicinity of y.

Let us justify this observation. Recall that, for boundary generic vector fields, Lemma 2.2
provides us with a model for the divisors { D; };, localized to a sufficiently small neighborhood
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Uy of y (the set y N dX N Uy is the support of D;|y,). We choose the 9-flow adjusted

neighborhood Uy, with some care: first we chose a small smooth transversal section § C X
of the v-flow, which contains y, then we consider the union V), of v-trajectories through the
points of S, and finally we let Uy = V), N X.

In the v-flow adjusted coordinates (u, x), d; X is given by an equation {F (u,x) = 0},
where a smooth function F has 0 for its regular value. Then the U-trajectory y is given by
the equation {x = 0} and the v-trajectory y by {F(u, x) <0, x = 0}.

Since v is boundary generic, each point y = (u,, 0) € y N X has multiplicity m(y) <
dim(X). So F (u, 0) has a zero at u, of multiplicity m(y) < dim(X). By the Taylor formula,
this implies that any smooth function g(u) that is C*°-close to F'(u, 0) has finitely many
zeros of finite multiplicities, which are localized to the vicinity of the zero set { F (u, 0) = 0}.
Moreover, in the vicinity of u,, g(u) = P(u) - Q(u), where P(u) is a real polynomial of
degree m(y) and Q(u) > 0. Therefore any such function g(u) is of the form I3(u) . Q(u),
where P (u) is a real polynomial of the degree |w| = > veynax M(y) and 0 > 0. Thus,
for any trajectory ¥’ = {x = x’} in the vicinity of y (for any x’ sufficiently close to 0), the
intersection ¥’ N 81X is given by the equation, {F\/ (1) =qef F(u,x’) = 0}, and the zero
divisor D,, associated with y’, coincides with the zero divisor Dgr(P) of areal polynomial
P of degree |w| (note that deg(DR(ﬁ)) = |w| mod 2).

Using these local models, the maximal length of a chain

21 ~ 22 =def Cu(21) ~ 23 =def Cv(22) ~ ...

in any sufficiently small v-adjusted neighborhood Uy, C 90X of y is [m(y)/2], where [~]
denotes the integral part of a positive number. Indeed, if m(y) is even, then the maximal
number of roots of even multiplicity for a polynomial of degree m(y) is m(y)/2, and by
Lemma 3.1 [13], such u-polynomials g, () of the form r[g":(f)/z (u — u, — €;)?, where all
{€;}; are distinct, are present in an arbitrary small neighborhood of the polynomial (z —u,)™ "
in the coefficient space.

When m(y) is odd, then the maximal length of a chain z; ~» zp ~» ... in the vicinity
of y in 91X is (m(y) — 1)/2 = [m(y)/2]. It corresponds either to the m(y)-polynomials
with one simple root, followed by the maximal number of multiplicity 2 roots, or to the
m(y)-polynomials with the maximal number of multiplicity 2 roots, followed by a simple
root.

Evidently, the order in which the points y N 91 X appear along each trajectory y is also
determined by C,. So the combinatorial type w(y) € R° of each v-trajectory y C X can
be recovered from the causality map C, : 81+ X — 0, X and its partially-defined iterations.
As a result, the information encoded in C, is sufficient for reconstructing the Q°-stratified
space 7 (v), the image of a finitely ramified map I'? : 3; X — 7 (v).

Recall that, for traversally generic vector fields v, the combinatorial type w of any trajec-
tory y determines the 2°-stratified topology of the germ of 7 (v) at y ([14], Theorem 5.2);
in contrast, for just traversing and boundary generic v, this determination by w alone fails
miserably.

So the diffeomorphism @9 : 9, X; — 91 X2, which commutes with the causality maps
Cy, and C,,, must take any chain of points

21~ 22 =Cy(z1) » 23 = Cy(22) ~ ...

in 01 X to a similar chain in d; X, with the same multiplicity pattern. Therefore, any smooth
diffeomorphism ®?, which commutes with the causality maps, gives rise to a homeomor-
phism ®7 : 7(v;) — 7 (v2) which preserves the °-stratifications of the two spaces. Recall
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Fig. 6 Transversal foliations
F@®).6(f)in X, Fv), G(f) in
X, and various loci

Le, Le, M¢, M€, XT, relevant to
the arguments below

A_'_ .

-s —>

that the topology in 7 (v;) is defined to be the weakest topology for which the obvious map
X; — T (v;) is continuous.

Since the stratifications {0; X; (v;)}; can be recovered from the causality maps C,,, we get
®%(3;X1(v1)) = 3 X2(v2) forall j > 0.

(2) Our next goal is to lift &7 to a desired homeomorphism (diffeomorphism) ® : X| —
X.

Since v, is a traversing vector field, by Lemma 4.1 from [12] (or Lemma 5.6 from [18]),
there exists a smooth Lyapunov function f> : Xo» — R such that £, (f2) > 0 everywhere in
X5. We use f> to form an auxiliary function

f[a =def (q)a)*(f2) 01X — R,

Since ®? commutes with the causality maps C v, and C,,, we conclude that ®? maps each
vy-ordered finite set y Na; X to the vy-ordered set <I>T(y)081 X». Thereforeif f>(x) < fa(y)
for some x, y € ®7 (y) N 31 X2, then £ (@)1 (x)) < f2((@")~1(y)). As aresult, f} :
91 X1 — R satisfies the hypothesis of Corollary 4.1. Applying this corollary, we produce
a smooth function f; : X; — R which extends fla and has the property dfi(vi) > 0
everywhere in X.

With the Lyapunov function f; : X; — R for v; in place, we are ready to define the
homeomorphism & : X; — X, that extends ®. It takes a typical v-trajectory y C X to
the vy-trajectory ' C X» that projects, with the help of I', to the point ®7 (y) € T (v2).
The restriction of @ to each trajectory y is given by the formula

917 () =dget (P2l 107 (p) 0 (fil)- 4.5)

(4.5) makes sense since, thanks to the property fla = (CDZ’)*(fza), the ranges of f; : y —
Rand f, : 'y l(di'T()/)) — R coincide and the two functions deliver diffeomorphisms
between their domains and ranges. In (4.5), as usual, we abuse notations: “y” stands for
both a v-trajectory in X and for the corresponding point [y'] := I'(y) in the trajectory space
7T (v). Now we introduce the desired 1-to-1 continuous map ® : X; — X» by the formula
®(x) =qef X', where x’ belongs to the v;-trajectory over the point <I>T()/x) € 7 (v2) such that
¢>)1,3 (x) = x’. By the very construction of the function f; : X; — R, we get ®|yx, = @I,
Evidently, ® is a homeomorphism since ®7 is a homeomorphism, distinct v;-trajectories
are mapped to distinct vp-trajectories, and the restriction of ® to each v;-trajectory is a
homeomorphism. Moreover, the restriction of @ to each trajectory is a smooth orientation
preserving diffeomorphism. Similarly, ®~! has these properties as well.
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(3) In fact, thanks to the smooth dependence of solutions of a non-singular ODE on its
initial values, in the cases described by the property A (perhaps, always, if Conjecture 4.1 is
true), ® is a diffeomorphism.

To validate this claim, as usually, we embed X; properly in a larger open manifold X ; and
extend v; to vector field v; on X ; so that d f,-(ﬁ,-) > ( for an appropriate smooth function
fi + Xi - R which extends f;. We denote by 7 (0;) the corresponding smooth oriented
1-dimensional foliation on X Itis transversal to the smooth 7- dlmensmnal fohatlon ag( f,
defined by the constant level hypersurfaces { f (c)}ch Let L‘ =def f (c) c X; i denote a
typical smooth leaf of G( f, ). Note that when c is a critical value of f;|3, x,, the locus fl (c)
my not be a smooth hypersurface in X;.

The open sets {A;If =def U, cje Vx}cer cover X; and thus {8Mf =def Mf N 91 X;}eer 18
an open cover of 91 X;. Put M{ =gef UXGLC V-

Finally, we introduce the set X lT as the union of all v;-trajectories through 9; X;. So X ZT is
a closed subset of X ; and contains X;. Figure 6 shows the relevant loci.

By a construction, similar to the one of ®, the diffeomorphism ®? extends to a homeomor-
phism & : X I — )A(ZT . Indeed, each trajectory y C X j is determined by a point z € 9X;. Let
Y =def V.. If aleaf I:l? hits y,, then the intersection I:ic N 7. is a singleton. So we may define
& by the formula &7 (x) =qef )?q,a(z) n ﬁg, where x € )A(I, c= f1 (x),and z € p, N3 X|.
Since ®? conjugates the two causality map, this definition does not depend on the choice of
7 €PN Xy,

Ifx e X 1 is such that there exists z € p, N 91 X with the multiplicity m(z) of tangency
between y, and 3 X| being odd, then using the local models of boundary generic fields from
Lemma 2.4 and Formula (2.10), we see that any 9;-trajectory in the vicinity of z hits 3; X
(since any real polynomial of an odd degree has a real root). Therefore, 1n the v1cm1ty of
such x, the homeomorphism &' extends further to a homeomorhism & : X 1 — X ». Since
each v -trajectory, but a singleton, is bounded by two points of an odd multiplicity, the only
exceptions are the cases when p, N 9X is a singleton of an even multiplicity m(x); in the
vicinity of such x, X 1 and X ;f differ. For these x’s, we need an additional reasoning for
the existence of an extension of ® to a germ-homeomorphism d: X, - X» that maps
1 -trajectories to v-trajectories. It is also based on the local models of boundary generic
vector fields from Lemma 2.4. In fact, Lemma 4.3 provides this reasoning for the points
z € 0, X1(v1)\03X1(v1), where the field vy is strictly convex.

By the construction of ®, we get: @) d>*(f2) = f1, and (ii) d>(y) is a leaf of F(v;) for
any 0 -trajectory y. Thus dD(L‘) = L‘ and QD(M ) = M2 for any ¢ € R. Given two smooth
manifolds Y7 and Y>, amap W : Y1 — Y> is smooth if and only if its composition with each
local coordinate in Y> is a smooth function in the local coordinates on Yj.

The leaves of the smooth foliations F(0;) and G( f,) can be locally deﬁned by freezmg
complementary groups of the appropriate smooth local coordinates in X Recall that
maps the smooth foliation F () to the smooth foliation F(0;), the restriction of ® to the
leaves-trajectories being a smooth diffeomorphism. Since d also maps the smooth foliation
G(01) to the smooth foliation G(0y), if the restrictions {Ci:' : IZE — I:E}CE]R of ® to the leaves
of G(01) are smooth maps, we may conclude that the homeomorphism ® : X; — X; is
a smooth map. Since ®? is a smooth diffeomorphism, the image ®?(z) € 9;X» depends
smoothly on z € 91 X . Therefore, the image point ®(x) € X, depends smoothly on a point
z € yx NIMY, where ¢ = f1(x) (as long as y; N L] # 0).

A priori, this does not imply that ®(x) depends smoothly on x! For this assertion to be
valid, it would be sufficient to validate Conjecture 4.1.

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:235-274 267

However, as we will see now, when the property A is available, we can overcome this
difficulty. When the 9, -trajectory y throughapointx € X istransversal to d; X at some point
7 € 91 X1, then, in the vicinity of x, the 0;-induced map p? : BMf — lA,ﬁ, ¢ = fi1(x),admits a
smoothlocal section oy : ic — 8MC which is transversal to the fibers of py : MC — fl_l ().
That section is delivered by the boundary X 1 in the Vicmity of z. In such a case, ® is smooth
in the vicinity of x, since the composition p o d? ooy : L] — LL is a smooth map. This
conclusion applies to all v;-trajectories y that are bounded by at least one point of multiplicity
1. The exceptions are the trajectories bounded by two points of odd multiplicities that exceed
1, that is, by the trajectories whose combinatorial type belongs to the poset (33)~ C €2°. Other
exceptions to the transversality case may occur for the trajectories whose combinatorial types
belong to the poset (4)- C 2°. They include all the combinatorial types (2k), where k > 2.1In
the special case of trajectories of the combinatorial type (2) € 2°, the local differentiability
of @ in the vicinity of z € 9, X1(v1)\93X1(v1) follows from Lemma 4.3. Indeed, in the
special smooth coordinates (u, xo, ¥), where y = (yl, ...y Yn—1), in the vicinity of such
point z, the boundary 9; X is given by an equation {u” + xo = 0}, while X by the inequality
{u? +x0 > 0}. Each ;-trajectory is specified by freezing the coordinates (xg, ). The smooth
hypersurfaces {LC} are transversal to the 9 -trajectories. Since 9 maps 92 X1(v1)\d3X1(v1)
to 92 X2(v2)\93X2(v2), a similar system of smooth coordinates is available in the vicinity of
@9 (7). We use the symbol “’ ” to denote them.

By the previous transversality argument, the homeomorphism & may fail to be a local
diffeomorphism at the points of the locus 9, X1 (v1); so we need to investigate whether ® is
differentiable in the vicinity of 9, X1 (vy).

The following arguments are based on Lemma 4.3 and use its notations. In the appropriate
local coordinates (u, xo, ¥) and (u, x{, '), the smooth diffeomorphism ®? : 0 — Q' of
two quadratic hypersurfaces maps the p|-folding locus K to the p,-folding locus K’ and
commutes with the two causality mapsa : Q — Qando’ : Q' — Q'.

The local coordinate function x(} : X2 — R pulls back to a smooth o’-invariant func-
tion p3 (x(’)) : Q' — R. Since ®? is a smooth diffeomorphism, the further pull-back
¢ = (CDB)*(p;‘(x(’))) : Q0 — R is a smooth function on Q. Because ®? commutes with
a and o', ¢ is a-invariant. Therefore, by Lemma 4.3, ¢ is a restriction to Q of a smooth
u-independent function yx in the variables xg, y.

Similarly, using that @9 commutes with & and o/, we conclude that = (®? 0 p2)*(y') :
Q — R"!is a smooth and a-invariant map. Therefore ' is a restriction to Q of a smooth
map 0 : X; — R"~! that depends only on the coordinates (xo y).

At the same time, d>*( fz) f 1. The functions ( f2 xg, y ") form a smooth local system of
coordinates. By the arguments above, the pull-back under ® of these coordinates are smooth
on X. Therefore, ® is a smooth homeomorphism in the vicinity of K. By the same token,
exchanging the roles of X; and X, ®~! is smooth as well.

This concludes the proof of Theorem 4.1. O

Remark 3.5. Let v be a traversing boundary generic vector field on X. Among other things,
Theorem 4.1 claims that any diffeomorphism of the boundary d; X, which commutes with
the (partially defined) causality map C,, extends to a homeomorphism (when v; satisfies A,
to a smooth diffeomorphism) of X! O

Corollary 4.2 Let X, X5 be two smooth compact connected (n + 1)-manifolds with bound-
ary, equipped with traversing and boundary generic fields vy, va, respectively. Then any
diffeomorphism ®° : 9X| — dX, such that

o7 0 Cy =Cy, o @
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generates a stratification-preserving homeomorphism o7 . T (v1) = T (v2) of the corre-
sponding R°-stratified trajectory spaces.
If vi has property A from Definition 4.2, then ®7 induces an isomorphism

(@7)*: C®(T (1)) — C™(T (1)

of the algebras of smooth functions on the two trajectory spaces—the two spaces are “dif-
feomorphic”.

Proof By the proof of Theorem 4.1, there exists a diffeomorphism ® : X; — X, which
takes v -trajectories to v,-trajectories and extends ®?, while preserving their combinatorial
tangency patterns. Therefore, ® maps every smooth function f : X, — R that is constant
on each vp-trajectory to a continuous function f o ® : X; — R that is constant on each v;-
trajectory. When X (vy, (33)= U (4)-) = ¥, then ® is a smooth diffeomorphism; so ®*(f)
is a smooth function also constant along the v-trajectories.

Similar argument applies to the inverse homeomorphism/ diffeomorphism (®)~! : X, —
X1. [m}

Theorem 4.1 has another “holographic” implication:

Corollary 4.3 For a boundary generic and traversing vector field v on X, the topological type
of the pair (X, F(v)) can be recovered from each of the following structures on its boundary
01 X:

1. the causality map C, : 81+X(v) — 0, X(v),
2. the poset (C?(v), >) whose elements are the points of 01 X,
3. the category Cat? (v), determined by the poset (C? (v), >).

e When v has property A from Definition 4.2, the above homeomorphism is a smooth
diffeomorphism.

e As aresult, all the topological invariants of X (such as rational Pontryagin classes of X)
can be recovered from each of the three previous structures on 91 X.

e When v has property A, all the invariants of the smooth structure on X (such as all the
characteristic classes of the tangent bundle (X)) can be recovered from each of the
three previous structures on 91 X.

Proof Consider two manifolds X and X, which carry traversing boundary generic vector
fields v; and vy. Assume that the two manifolds share a common boundary: d; X1 = 91 X».
If the two fields induce identical causality maps, then, according to Theorem 4.1, the diffeo-
morphism @ = dy, x, extends to a homeomorphism @ : X| — X» so that the oriented
foliation F(v1) is mapped to the oriented foliation F(vy), the homeomorphism ® being a
diffeomorphism on each leaf.

The equivalence of the three structures in the statement of the corollary has been estab-
lished in the discussion that has followed Formula (4.1).

When v; has property A, the homeomorphism ® may be assumed to be a smooth diffeo-
morphism. O

Example 4.1. The statement of Corollary 4.3 is not obvious even for the nonsingular gradient
flows on 2-dimensional manifolds. Consider a compact surface X with a connected boundary
91X ~ S! and a traversally generic field v on X. Then 81+X is a disjoint union of ¢ arcs in
S'. The set 9, X is a disjoint union of equal number of arcs.
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The causality map Cy, : 81+X — 9, X can be represented by a graph G, C 81+X x 0, X,
drawn in a set of ¢ x ¢ of black unitary squares of the 2¢ x 2¢q checker board, the sums of
indexes of each square in the 2¢g x 2¢ table being odd. The graph G, has a finite number of
discontinuity points with well-defined left and right limits for each arc of G,. The interior
of each arc of G, is smooth.

According to Corollary 4.3, this graph G, “knows” everything about the topology of X
and the dynamics of the un-parametrized v-flow on it, up to a diffeomorphism of X! Even
the claim about the topological type of X has some subtlety: according to the Morse formula
for vector fields [22], to calculate x (X), and thus to determine the topological type of X, we
need to know not only x (81Jr X) = g (which we obviously do), but also the integer x (85r X),
which can be extracted by iterating the map C,. This presumes that the polarity of each of
the 2¢ points from d» X can be recovered from C, or G,. We leave to the reader to discover
the recipe. O
Example 4.2. For a transversally generic v on a smooth 4-dimensional X, the locus
X (v, (33)») = ¥ for dimensional reasons. Since X (v, (4)-) is a finite set residing in 91 X,
we conclude that all the Gauge invariants of compact smooth 4-manifolds X with boundary
can be recovered from the causality map Cy : 81+X — 9, X. As a practical matter, this
recovery must be very challenging. O

The next theorem suggests that traversing vector fields and their causality maps give rise
to a new representation of smooth manifolds with the spherical boundary.

Theorem 4.2 Forn > 3, any compact connected smooth (n+1)-dimensional manifold X with

the spherical boundary can be represented, up to a homeomorphism, by a semi-continuous

map C : D't — D" between a pair of n-balls. The C-fibers are finite of cardinality n + 1 at

most, and a generic fiber is of cardinality 1. This map C captures the topological type of X.
For n = 3, C captures the smooth topological type of the 4-manifold X.

Proof Consider any compact connected smooth manifold X with a spherical boundary 9; X =
S". By Theorem 3.1 from [12] and Theorem 3.5 from [13], there is an open set D(X) of
traversally generic vector fields v, such that 31+ X is diffeomorphic to a ball D’} C §".
Then 9; X is the complimentary ball D" . According to Corollary 4.3, for any v € D(X),
the topological type of the manifold X is determined by the semi-continuous causality map
Cy : D'} — D" (equivalently, by its graph I'(C,) C D’f x D").

For n < 3, the locus X (v, (33)»~) = ¥ and X (v, (4)») is a finite set, residing in 9; X. So
by Corollary 4.3, this map C, captures the smooth topological type of X. O

Compare this description of X as a map C, : D)} — D" with the description of the

trajectory space 7 (v), given by the Origami Theorem 3.1 from [19]. For a specially designed
traversally generic v, the Origami Theorem presents the trajectory space as the continuous
image of a ball D", where n = dim(9; X).
Example 4.3 Consider a liquid flow trough a given volume X with a smooth boundary. We
assume that the flow velocity v does not vanish in X. We think about d X as the hypersurface,
where a multitude of measuring devices are positioned. The basic assumption is that their
presence and measuring activity does not alter the flow.

Any particle which enters the volume is registered, and its next appearance at a point of
01 X is registered as well. According to the Holography Theorem 4.1, these data allow for a
reconstruction of the bulk X and of the un-parametrized dynamics of the flow in it, up to a
homeomorphism (a diffeomorphism) of X which is identity on its boundary. O

Now consider any time-dependent vector field #(¢), ¢ € R, on a n-dimensional manifold ¥
without boundary. Then u(¢) gives rise to a non-vanishing vector field v =qef (1(¢), 1) on the
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manifold ¥ x R. Note that v is a gradient-like field with respect to the function 7'(y, 1) = ¢
on Y x R. We call a pair (y, #) an event since we think of 7 as time, and of Y as space.

Let X C Y x R be a 0-dimensional compact submanifold with a smooth boundary. Since
dT (v) = 1, any v-trajectory y (¢) that passes through a point of X is contained in X for a
compact set of instances 7 € R.

Assume that X C Y x R is such that v is boundary generic with respect to the boundary
d1X. In view of Theorem 3.5 from [13], this assumption can be satisfied by a small pertur-
bation ¥ of v. In fact, such perturbation 7 can be of the form (ii(z, y), 1) since the property
of a field to be boundary generic depends only on its direction, and not on its magnitude. Let
us call X the “event manifold” and its boundary 9; X the “event horizon”. Note that the
event manifold is chosen as independent set of data, not directly related to the time-dependent
dynamic system u(¢) on the manifold Y. We call the events in X internal and in ¥ x R\ X
external.

Thus u(¢) defines the causality map C,, : 81+ X (v) — 9, X(v) which takes each “entrance”
point xo = (¥, to) on the event horizon 91 X to the closest along the v-trajectory trough xo
“exit” point x; = (y1, ;) on 91 X.

We can think of the event x( as the cause of the event x, so that C, indeed becomes the
causality map or the causality relation on the horizon 9 X.

The Holography Theorem 4.1 and Corollary 4.3 have the following important interpreta-
tion which applies to time-dependent vector fields:

Theorem 4.3 (The Causal Holography Principle)
Letu(t), t € R, be a time-dependent smooth vector field on a n-dimensional smooth manifold
Y without boundary.

For any compact (n + 1)-dimensional smooth event manifold X C Y x R such that the
field v = (u, 1) is boundary generic with respect to 01X, the causality relation on the event
horizon 91 X determines the pair (X, F(v)), up to a homeomorphism of X which is the identity
on the event horizon. When v has property A from Definition 4.2, then the causality relation
on the event horizon 01X determines the pair (X, F(v)), up to a smooth diffeomorphism of
X which is the identity on the event horizon. O

Remark 3.6. We do not claim that the reconstruction of the event manifold X from the
causality map also allows for the reconstruction of its slicing by the fixed-time frames! O
In turn, Theorem 4.3 has has the following interpretation:

Corollary 4.4 (The topological rigidity of continuations for ODEs) Let Y be a smooth
n-manifold without boundary and X C Y x R a compact smooth submanifold of dimension
n+ 1. Let ui(t), uz(t), t € R, be two time-dependent smooth vector fields on Y such that
u1(y,t) = usz(y, t) for all “external” events (y,t) € (Y x R)\X. Assume that vi = (u1, 1)
and vy = (ua, 1) are boundary generic fields on X. Suppose that the two causality maps,
Cy, 81+X — 9 X and Cy, : 81+X — 9, X are identical. Then the two dynamical systems,
generated by v1 and v2 on Y X R, are topologically equivalent via a homeomorphism which
is the identity on the event horizon. When vy has property A (in particular, when the field vq
is concave or convex with respect to 91 X), then the two dynamical systems are equivalent
via a smooth diffomorphism which is the identity on the event horizon. O

In search for further applications of the Holography Theorem 4.1, let us let us pay a
brief visit to the Classical Hamiltonian/Lagrangian Mechanics. Let 7'M be a tangent bundle
of a n-dimensional smooth manifold M without boundary, and g1, ..., gu, 41, - .., g, local
coordinates in 7 M. In these coordinates (g, ¢), the Lagrange function L : TM xR — R may
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be written as L(q, ¢, t). The Euler-Lagrange equations {%g—; - g—; = 0} Ie[ln] describe

the curve y = ¢(¢) which minimizes the path integral ft;‘ L dt. The Hamiltonian function
H:T*M x R — Ris defined by H(p,q,t) := p-q — L(q, ¢,t) with p = %. In these
coordinates, the Euler-Lagrange equations transform into the Hamilton system of ODEs:

OH . 8H 9L 9H _ oL

7 = 7, :—7—7’ —_— = . 4-6
1= 3, P=7% T g o ot (4.6)
In the canonical coordinates (g, p, t), we consider the vector field
Lo 0H O0H
VH =def (qa P, 1): (7’_77 )’ (47)
ap aq

whose projection on 7*M is the time-dependent Hamiltonian vector field.
Applying Theorem 4.3 to the Hamiltonian system (4.6), we get the following statement.

Corollary 4.5 For a smooth manifold M without boundary, consider the smooth Hamiltonian
system (4.6) on T*M. Assume that:

e a number c is a regular value of a smooth function F : T*M x R — R,
o the set

X =ger (x e T"M x R| F(x) <c}

is compact in T*M x R,
o the vector field vy from (4.7) is boundary generic with respect to the event horizon

01X =ger {x € T*M x R| F(x) =c}.

Then the causality map/relation Cy,, on the event horizon 01X allows for a reconstruction
of the pair (X, F(vH)), up to a homeomorphism of X which is the identity on 01 X.
If 13X (vy) = 0, then the reconstruction is possible, up to a smooth diffeomorphism. 0O

Question 4.2 The main unresolved issue here is: “How abundant are the Hamiltonian sys-
tems {vy '}y that are traversing and boundary generic (alternatively, traversally generic)
with respect to a given event horizon 91X C T*M x R?” O

It follows from [13] that if a Hamiltonian field vy has this property relative to a given
d1 X, then for any Hamiltonian function H that is C*®-close to H , the vector field vy also
will be traversing and boundary generic with respect to 91 X.

We know that any non-vanishing gradient-like field v can be C°°-approximated by a
traversally generic field on X (Theorem 3.5 from [13]). So the open question is whether an
approximation is possible within the universe of Hamiltonian fields.

5 On Applications of Holography Theorems to Geodesic Flows

In [17], we apply the Holographic Causality Principle to the geodesic flows on the spaces
of unit tangent vectors of compact Riemannian manifolds with boundary. Such applications
include the inverse geodesic scattering problems and the geodesic billiards. Let us describe
briefly the flavor of these applications. Let M be a compact connected n-dimensional smooth
Riemannian manifold with boundary, and g a smooth Riemannian metric on M. Let SM —
M denote the tangent spherical bundle of M. Then the metric g induces a geodesic vector
field v, a non-vanishing section in the tangent bundle 7' (SM) (for example, see [1] for the
definition and basic properties of geodesic flows).
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Definition 5.1 Let M be a compact connected n-dimensional smooth Riemannian manifold
with boundary. We say that a Riemannian metric g on M is non-trapping if the geodesic
vector field v8 on T (SM) admits a smooth differentiable Lyapunov function F : SM — R
such that d F (v8) > 0. O

For a non-trapping g, any geodesic curve y C M is an image of a closed segment, or is a
singleton. The converse is true as well [17].
For non-trapping metrics g, and only for such metrics, the causality map

Cye 1 3] (SM)(0®) — 3, (SM)(v®)

is well-defined. In fact, its domain and range are diffeomorphic via the reflection map. We
call Cy¢ the scattering map since it takes any pair (m, v), where m € dM and a unitary
tangent vector v € T,,(M) points inside M or is tangent to its boundary d M, to the pair
(m’,v'), where m" € M and v' € T,,(M) points outside M or is tangent to d M. Here
m’ # m is the first point of 9M that lies on the unique geodesic curve y C M that passes
trough m in the direction of v, and v’ is the velocity vector of y at m’. If, in the vicinity of
m,y N M = m, then we put Cyz (m, v) =gef (m, V).

Definition 5.2 We say that a metric g on M is boundary generic if the geodesic vector field
vé is boundary generic with respect to 91 (SM) in the sense of Definition 2.2. O

In the space of all Riemannian metrics on M, the non-trapping metrics and the boundary
generic metrics form open sets.

Definition 5.3 Given two compact smooth Riemannian n-manifolds, (M1, g1) and (M>, g2),
consider the geodesic fields v8! on SX; and v82 on SX», respectively. They generate the
oriented 1-dimensional geodesic foliations F(v8') and F(v82).

e We say that the metrics g1 and g are geodesically smoothly conjugated if there is a
smooth diffeomorphism ® : SM; — SM> that maps each leaf of F(v8!) to a leaf of
F(v82), the orientations of the leaves being preserved

e We say that the metrics g1 and g; are geodesically topologically conjugated if there is
a homeomorphism ® : SM| — SM; that maps each leaf of F(v8!) to a leaf of F(v$?),
the map ® on every leaf being an orientation-preserving diffeomorphism. O

Applying Theorem 4.1, we get the following theorem [17].

Theorem 5.1 (The topological rigidity of the geodesic flow for the inverse scattering
problem) Let (M1, g1) and (M>, g2) be two smooth compact connected Riemannian n-
manifolds with boundaries, and let the metrics g1, g» be non-trapping and geodesically
boundary generic.

Assume that the scattering maps

Cyer 1 0] (SM1) — 3, (SM1) and Cys : 3, (SMa) — 9] (SM»)

are conjugated by a smooth diffeomorphism ®° : 9 (SM) — 31 (SMy). Then the metrics g
and g are geodesically topologically conjugated. If each component of the boundary d M1 is
either concave or convex with respect to g1, then the two metrics are geodesically smoothly
conjugated. O

Corollary 5.1 Assume that a smooth compact connected Riemannian manifold M admits a
geodesically boundary generic non-trapping Riemannian metric g. Then the scattering map
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Cys : 81'"(SM) — 0y (SM) allows for a reconstruction of the Q°-stratified topological type
of the space T (v8) of un-parametrized geodesics on M. If each component of the boundary
dM is either concave or convex with respect to a non-trapping g, then Cys allows for a
reconstruction of the Q°-stratified smooth topological type of T (v8), determined by the
algebra C*° (T (v8)) of smooth v8-invariant functions on SM (see Definition 3.1). ]

We say that manifolds M and M’ share the same stable topological/smooth type, if
M x §" ! and M’ x §"! are homeomorphic/ smoothly diffeomorphic. Theorem 5.1 leads
to the following statement [17]:

Theorem 5.2 Assume that a compact connected n-manifold M with boundary admits a
boundary generic non-trapping Riemannian metric g. Then the geodesic scattering map
Cys : 8]+(SM) — 0, (SM) allows for a reconstruction of the cohomology rings H*(M; Z)
and H*(M, dM; 7)), as well as for a reconstruction of the homotopy groups {mw;(M)}; <p.
Moreover, the Gromov simplicial semi-norms || ~ ||ao on H*(M; R) and on H*(M, M ; R)
(see [7]) can be reconstructed form Cys. In particular, the simplicial volume ||[M, O M]| A
of the fundamental cycle [M, d M] can be recovered form Cys. If, in addition, M has a triv-
ial tangent bundle, then the stable topological type of M is also reconstructable from the
geodesic scattering map. O

In the spirit of Theorem 1.3 from [2], by combining the Mostov Rigidity Theorem [23]
with Theorems 5.1 and 5.2, in [17] we get the following result. It is inspired by the image of
geodesic motion of a bouncing particle in the complement M to a number of disjoint balls,
placed in a closed hyperbolic manifold N, dim(N) > 3. The balls are placed so “dense”
in N that every geodesic curve hits some ball. Under these assumptions, the probe particle
collisions with the boundary d M “feel the shape of N”.

Theorem 5.3 Let n > 3. Consider two closed smooth locally symmetric Riemannian n-
manifolds, (N1, g1) and (Na, g2), with negative sectional curvatures. Let a connected
manifold M; (i = 1,2) be obtained from N; by removing the interior of a smooth codimen-
sion zero submanifold U; C Nj, such that the induced homomorphism w\(M;) — m1(N;) of
the fundamental groups is an isomorphism.”

Let the restriction of the metric g; to M; be boundary generic and non-trapping. Assume
also that the two geodesic scattering maps

Cyer : 9 (SM1) — 37 (SM1), Cyea : 3] (SM2) — 3, (SM>)

are conjugated via a smooth diffeomorphism ®° : 3(SM) — 3(SMy).% Then ®? determines
a unique diffeomorphism ¢ : Ny — Ny such that ¢*(g2) = ¢ - g1 for a constant ¢ > 0. O

For non-trapping geodesic flows on Riemmanian manifolds M with boundary, the scat-
tering map Cys : 31+ SM — 0, SM can be composed with the reflections with respect to d M
(according the law “the angle of incidence is equal to the angle of reflection”) to produce
the billiard map Bys : 81+SM — 31+SM . For Bz, arbitrary iterations are available. The
dynamics of Bys-iterations is the subject of flourishing research. In particular, in [20], we
analyze some “holographic” properties of the B,¢-dynamics.

7 By a general position argument, this the case when U; has a spine of codimension 3 at least. In particular,
U; may be a disjoint union of n-balls.

8 Thus the boundaries dU; and U, are stably diffeomorphic.

@ Springer



274 Journal of Dynamics and Differential Equations (2021) 33:235-274

References

Besse, A.L.: Manifolds All of Whose Geodesics are Closed. Springer, Berlin (1978)

. Besson, G., Courtois, G., Gallot, S.: Minimal entropy and Mostov’s rigidity theorems. Ergod. Theory
Dyn. Syst. 16, 623-649 (1996)

3. Cappell, S., Shaneson, J.: Some new four-manifolds. Ann. Math. 104, 61-72 (1976)

4. Golubitsky, M., Guillemin, V.: Stable Mappings and Their Singularities, Graduate Texts in Mathematics,

vol. 14. Springer, New York (1973)

5. Goresky, M.: Triangulations of stratified objects. Proc. Am. Math. Soc. 72, 193-200 (1978)

6. Goresky, M., MacPherson, R.: Stratified Morse Theory, vol. 14. Springer, Berlin (1989)

7. Gromov, M.: Volume and bounded cohomology. Publ. Math. I.LH.E.S. 56, 5-99 (1982)

8. Hardt, R.: Topological properties of subanalytic sets. Trans. Am. Math. Soc. 211, 57-70 (1975)

9

0

o —

. Hardt, R.: Stratifications of real analytic maps and images. Invent. Math. 28, 193-208 (1975)
. Hironaka, H.: Subanalytic Sets. Number Theory, Algebraic Geometry and Commutative Algebra, volume
in honor of A. Akizuki, Kinokunya Tokyo, pp. 453—493 (1973)

11. Johnson, F.: On the triangulation of stratified sets and singular varieties. Trans. Am. Math. Soc. 275,
333-343 (1983)

12. Katz, G.: Stratified convexity and concavity of gradient flows on manifolds with boundary. Appl. Math.
5,2823-2848 (2014)

13. Katz, G.: Traversally generic & versal flows: semi-algebraic models of tangency to the boundary. Asian
J. Math. 21(1), 127-168 (2017)

14. Katz, G.: The stratified spaces of real polynomials and trajectory spaces of traversing flows. JP J. Geom.
Topol. 19(2), 95-160 (2016)

15. Katz, G.: How tangents solve algebraic equations or a remarkable geometry of discriminant varieties.
Expos. Math. 21, 219-261 (2003)

16. Katz, G.: Flows in Flatland: a romance of few dimensions. Arnold Math. J. (2016). https://doi.org/10.
1007/540598-016-0059-1

17. Katz, G.: Causal holography in application to the inverse scattering problem. Inverse Probl. Imaging J.
13(3), 597-633 (2019)

18. Katz, G.: Morse Theory of Gradient Flows, Concavity and Complexity on Manifolds with Boundary.
World Scientific, Singapore (2019)

19. Katz, G.: The ball-based origami theorem and a glimpse of holography for traversing flows. Qual. Theory
Dyn. Syst. 19, 41 (2020)

20. Katz, G.: Holography of geodesic flows, harmonizing metrics, and billiards’ dynamics. arXiv: 2003.10501
v2 [math.DS] 1 April (2020)

21. Morin, B.: Formes canoniques des singularities d’une application differentiable. C. R. Acad. Sci. Paris
260, 5662-5665, 6503—-6506 (1965)

22. Morse, M.: Singular points of vector fields under general boundary conditions. Am. J. Math. 51, 165-178
(1929)

23. Mostow, G.D.: Strong Rigidity of Locally Symmetric Spaces. Annals of Mathematics Studies, vol. 78.
Princeton University Press, Princeton (1973)

24. Teschi, G.: Ordinary Differential Equations and Dynamical Systems. Graduate Studies in Mathematics,
vol. 140. AMS Publication, New York (2012)

25. Verona, A.: Triangulation of stratified fiber bundles. Manuscr. Math. 30, 425-445 (1979)

26. Whitney, H.: On singularities of mappings of Euclidean spaces. Ann. Math. 62, 374-410 (1955)

27. Whitehead, J.H.C.: Combinatorial homotopy. I. Bull. Am. Math. Soc. 55, 213-245 (1949)

28. Whitehead, J.H.C.: On Cl-complexes. Ann. Math. 41(4), 809-824 (1940)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1007/s40598-016-0059-1
https://doi.org/10.1007/s40598-016-0059-1
http://arxiv.org/abs/2003.10501

	Causal Holography of Traversing Flows
	Abstract
	1 Introduction
	2 Trivia: Traversing, Boundary Generic, and Traversally Generic Vector Fields
	3 On the Trajectory Spaces for Traversally Generic Flows
	4 The Causality-Based Holography Theorems
	5 On Applications of Holography Theorems to Geodesic Flows
	References




