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Abstract

We develop validated numerical methods for the computation of Floquet multipliers of
equilibria and periodic solutions of delay differential equations, as well as impulsive delay
differential equations. Using our methods, one can rigorously count the number of Floquet
multipliers outside a closed disc centered at zero or the number of multipliers contained in
a compact set bounded away from zero. We consider systems with a single delay where the
period is at most equal to the delay, and the latter two are commensurate. We first represent
the monodromy operator (period map) as an operator acting on a product of sequence spaces
that represent the Chebyshev coefficients of the state-space vectors. Truncation of the num-
ber of modes yields the numerical method, and by carefully bounding the truncation error
in addition to some other technical operator norms, this leads to the method being suitable
to computer-assisted proofs of Floquet multiplier location. We demonstrate the computer-
assisted proofs on two example problems. We also test our discretization scheme in floating
point arithmetic on a gamut of randomly-generated high-dimensional examples with both
periodic and constant coefficients to inspect the precision of the spectral radius estimation of
the monodromy operator (i.e. stability/instability check for periodic systems) for increasing
numbers of Chebyshev modes.

Keywords Impulsive delay differential equations - Floquet multipliers - Chebyshev series -
Rigorous numerics - Computer-assisted proofs

1 Introduction

Linearized growth and decay rates near steady states and invariant manifolds play a central
role in the analysis of dynamical systems. When these manifolds have simple descriptions
such as fixed points or periodic orbits, the computation of these growth rates is equivalent to an
eigenvalue problem. For delay differential equations (or more generally, retarded functional
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differential equations), several authors have proposed solutions to the “delay eigenvalue
problem”. For autonomous linear equations, these include methods based on discretization of
the associated infinitesimal generator [3,4,18,33] and the solution operator [15]. In the scope
of equations with periodic coefficients, there are several results concerning discretization and
characteristic matrices [15,16,26,29,30].

Discretization schemes can provide strong convergence properties, but these still may not
be able to provide mathematical proof concerning one or more approximate eigenvalues.
For example, the spectral accuracy of the infinitesimal generator method with Chebyshev
collocation [5] guarantees that each eigenvalue of the delay differential equation (DDE) is
well-approximated by some eigenvalue of the discretized problem. Such convergence results
exist also for methods based on the solution operator [16] and they can be summarized by
the statement: every eigenvalue of the DDE is the limit of some eigenvalue of the discretized
problem. However, one is often interested in a situation dual to this. That is, one wants to
know when one or more eigenvalues of the discretized problem are close (or have the same
relative location in the complex plane) as a pairing of eigenvalues of the DDE.

There has been progress recently on methods that can automatically prove (with the assis-
tance of a computer and interval arithmetic) results concerning the location of eigenvalues
of DDEs based on the eigenvalues of some discretization. We highlight the 2017 paper by
Miyajima [23] on verified error bounds for particular eigenvalues, and the 2020 paper by
Lessard and Mireles James [21] on validation of generalized Morse indices. These papers
both concern autonomous problems, so one motivation of the present paper is to build on the
results of Lessard and Mireles James to accomodate DDEs with periodic coefficients. Since
we get a numerical discretization scheme for the monodromy operator (i.e. the period map)
for free out of our analysis, we simultaneously get an alternative to the method of Gilsinn and
Potra [16] for the computation of Floquet multipliers (the linearized stability-determining
quantities) of DDEs with periodic coefficients.

In the case of autonmous DDEs, if the explicit location of an eigenvalue is required to
high accuracy then there are several ways this can be accomplished [7,21,23]. Of mention
is that in this case, the eigenvalues are precisely the zeroes A of the characteristic equation
det(A(X)) = 0, where A(A) is the characteristic matrix of the DDE. The characteristic
equation is transcedental in A, but the result is still a scalar (complex) zero-finding problem
(A(A) is ad x d matrix with d equal to the dimension of the DDE), so a given eigenvalue can
be verified to a provable level of accuracy using the radii polynomial method; see Theorem
2.2 of [21] for a direct application of the method to the present situation. While characteristic
matrices for periodic DDEs can be constructed [26,30] and the eigenvalues of these matrices
are related to the Floquet multipliers, a discretization step must still be performed. Even if the
characteristic matrix is explicitly available, such as when the delay is a multiple of the period
[32], the computation of the matrix generally requires at least computing the Cauchy matrix
of a time-periodic ordinary differential equation and computing weighted integrals involving
this and the periodic coefficients. We have been unable to find publications concerning error
estimates between the approximate eigenvalues of discretized characteristic matrices for
periodic DDEs and the Floquet multipliers. As such, another goal of the present paper is to
devise a strategy to validate the location of specific Floquet multipliers of DDEs with periodic
coefficients.

Some physical systems are characterized by smooth evolution in addition to brief bursts
of activity. This might be due to exogenous forcing or it might be an intrinsic property of the
system. If these bursts of activity incur relatively large distrubances to the state and do not
occur too frequently, it can be beneficial to model them as discontinuities. One mathematical
formalism for such a construction is impulsive dynamical systems, which include impulsive
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differential equations [2,20,25], impulsive evolution equations [13] and impulsive functional
differential equations [8,28]. One of the simplest classes of impulsive dynamical system is
one in which these discontinuities (hereafter called impulses) occur at fixed times. Even
for more complicated classes of problems where impulses are triggered according to mixed
spatio-temporal relations, the case of fixed (in time) impulses is still relevant since linear sys-
tems of this type arise linearization at bounded or periodic trajectories [2]. When the sequence
of impulses has periodic structure and this is compatible with the continuous dynamics, the
result is a periodic system. The Floquet theory has been developed for linear periodic impul-
sive retarded functional differential equations [10] and characteristic equations/matrices for
special cases of periodic linear impulsive DDE [17,27] have been developed, but at present
there is no rigorous numerical method to compute Floquet multipliers for a general class of
such equations. Our approach in this paper will simultaneously address the approximation of
Floquet multipliers for impulsive delay differential equations by way of a Chebyshev spec-
tral method, computer-assisted proof of Floquet multiplier location, and computer-assisted
proof of the count of the number of unstable Floquet multipliers (or generally, the number of
Floquet multipliers having absolute value greater than some prescribed value). Formally, the
most broad class of systems for which our numerical method applies is systems of the form

X =A@)x()+ B@t)x(t —q), t & pZ
Ax = Cix(t7) + Cox(t — q), t € pZ,

for (sufficiently regular) real matrix-valued functions A(¢) and B(¢), real matrices C; and
C», and natural numbers p (period) and ¢ (delay). Necessary background on these systems
appears in Sect. 2. More generally, we can treat systems with commensurate period and delay
by way of a time scaling.

With the previous paragraph in mind, we will state and prove all results in the context
of periodic impulsive delay differential equations. This class of equations includes delay
differential equations with periodic coefficients by taking C; = C, = 0 in the displayed
equation above, so our results can be applied to those equations as well. Finally, although this
is an extreme level of reduction, the results also apply to ordinary and impulsive differential
equations without delays. To give the reader a taste of the kinds of results that can be proven
using our validated numerics framework, we still state two theorems that are consequences
of results that appear in (and are proven in) Sect. 8.

Theorem Let 8 = 0.1, p = 1, K = 1, d; = 0.02, d» = 0.03 in the following time-delay
predator-prey model with impulsive harvesting

i =rx(t) (1 —x(0)/K) — Bx(®)y(t)
¥ = pBe N Tx(t — T)y(t — 1) — day(0), t¢Z
Ay = —hy(t7), te’.

The equilibrium (K, 0) = (1, 0) enjoys the following properties for any r > 0:

its unstable manifold is one-dimensional if h = 0.060 and t € {1, 2, 3};

it is locally asymptotically stable if h = 0.075 and T € {1, 2, 3};

its unstable manifold is one-dimensional for all h € [0, 0.060] if t = 1;

with © = 1, one of its Floquet multipliers crosses the unit circle at some h €
[0.065, 0.066], and over this entire range of h there is exactly one eigenvalue whose
absolute value is greater than 0.8.
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Theorem Consider the following two-dimensional delay equation modeled on the normal
form of the Hopf bifurcation:

&= Bx@t) —wy(t) — x()(x*(t — 1) + ¥ (1)
¥ =mx(t) + By(t) — yO) (x> (1) + y(t — 1))

For v € N, there is a nontrivial (i.e. nonzero) branch of periodic solutions parameterized by
B. At parameter B = % and © = 1, the unstable manifold of this periodic solution is at least
two-dimensional.

1.1 Overview of the paper

The scope of this paper is fairly broad. It is therefore expected that many readers will only
be interested in the numerical method and its applications to stability. Others, however, will
want to see all the technical details concerning computer-assisted proofs. The difficulty is
that the theory is intrinsically tied to the numerical method and its machine implementation.
To ensure a sufficiently wide range of researchers are able to appreciate the content, we will
overview the paper here with these points in mind.

The core of the numerical method is derived in Sects. 3 and 4 with the help of the back-
ground from Sect. 2. The first, Sect. 3, concerns an explicit representation of the monodromy
operator. In Sect. 4.1 we review Chebyshev expansion and convolution, and in Sect. 4.2
we represent the monodromy operator on a sequence space by way of correspondence with
Chebyshev series. The representation of the operator is on an infinite-dimensional space,
and the explicit numerical method is obtained by projecting to a finite-dimensional subspace
by mode truncation and projection. These mechanisms are described at the beginning of
Sect. 4.3, in Sect. 4.4 and in Remark 6.3.1. The last remark involves some technical machin-
ery, and a simplified implementation that would function only in the case of equal period
p and delay g could be obtained by following Remark 6.1.1 from Sect. 6.1 instead. Once
these details are ironed out, implementing the method for general period and delay amounts
to simple matrix algebra and this is covered in Sect. 7.2, where some convergence guaran-
tees are also discussed. Several examples featuring the double arithmetic implementation are
provided in Sect. 9 to show how the implementation scales with respect to the dimension of
the problem and the order of the method.

Concerning the rigorous numerics, we prove a few necessary results concerning Floquet
theory in Sect. 2. Section 3 is devoted to an abstract functional-analytic representation of the
monodromy operator. In Sect. 4 we transition from the abstract representation to a concrete
representation of the monodromy operator in terms of Chebyshev series and establishes the
basis for computer-assisted proof of eigenvalue location. Section 5 contains several auxiliary
bounds of linear maps and operators that are needed later. Section 6 contains proofs of
(computable) upper bounds for various abstract operators that are needed for computer-
assisted proofs of eigenvalue location. We discuss MATLAB implementation in Sect. 7,
while Sect. 8 is devoted to examples of computer-assisted proof.

We wrap up the paper with a conclusion in Sect. 10.

2 Preliminaries

In this section we will state relevant background concerning impulsive delay differential
equations and Floquet multipliers. We will state some basic assumptions that will be needed
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throughout the paper, and we will prove results concerning the regularity of the eigenfunctions
that will be needed later.

2.1 Impulsive delay differential equations

In this paper, a nonlinear periodic impulsive delay differential equation will consist of of a
delay differential equation together with a discrete-time update rule:

x = f@t,x(@),x - 1)), 1 # I )]
Ax =gk, x(t7), x(t — 1)), t=t. (2)

The periodicity comes from the assumption that there exists some n > 0 and 7" > 0 such
that tx4,, = tx + T for all integers k, while also g(k +n, -,-) = g(k,-,)and f(t+T,-, ) =
f(t,-,-). Equation (2) should be interpreted as

x () — x(f) = gk, x (1), x(tx — 7)), 3

where x (™) denotes the limit from the left at time . Systems with multiple and time-varying
delays can also be considered. More generally, impulsive retarded functional differential
equations can be considered without periodicity assumptions. We refer the reader to [1,2,
25,28] for background on impulsive differential equations. In future we will refer to (1)—(2)
simply as a nonlinear IDDE, and will drop the reference to periodicity. In what follows we
will assume that f is C! in its second and third variables and continuous from the right and
bounded in its first, while g is C lin its second and third variables.

The following definitions are adapted from [8]. A solution (unconditional on any initial
data) x : R — R? of (1)—(2) is a function that is continuous from the right, possesses limits
on the left, and satisfies both equations (1) and (2), with the derivative being interpreted as
a right-hand derivative. These solutions are continuous from the right at times #; with finite
limits on the left. Any natural phase space for (1)—(2) with a vector space structure must
therefore contain functions that have many discontinuities. To see why, observe that at each
time f, the solution in R4 will have a discontinuity, so the solution history 6 — x;(6) for
x; : [=7,0] — R? and defined by x:(0) = x(t + 0) will have a discontinuity at the lagged
argument 8 whenever ¢t + 6 = t;. This observation leads naturally to the choice of phase
space

RCR([—7,0l, RY) = {¢ : [-7,0] = R : ¢

is continuous from the right and has limits on the left}.

These are the right-continuous regulated functions. We will often write it simply as
RCR when there is no ambiguity. When equipped with the supremum norm ||¢|| =
SUPpe[—r.0) |9 ()] for | - | some norm on R?, RCR becomes a Banach space. One can then
define a solution satisfying the initial condition x; = ¢ for some (s, ) € R x RCR to be
afunctionx : [s — 7,5 + B) — R4 such that X|(s,s+p) satisfies (1)=(2) and x; = ¢. Under
the conditions described above, such a solution is guaranteed to exist and be unique for any
(s, ¢) € R x RCR, and defined on a maximal interval of existence. Following this, an IDDE
generates a (nonlinear) two-parameter semigroup on RCR through the solution map in the
usual way.

It is typical for nonlinear IDDE to possess no fixed points, and these will typically not
be robust under perturbations of the vector field f and jump map g. This can be seen by
observing that the problem of finding zeroes of the map F : RY — RY x R? defined by
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F(x) = (f(x), g(x)) is generally overdetermined. However, a generic periodic solution
(of period jT for j € N) is robust under small T-periodic perturbations (this is a fairly
direct consequence of Theorem 5.1.1 from [10], the Floquet theory and the implicit function
theorem) of f and g, so in this regard periodic solutions are the simplest structurally stable
invariant sets one can study in IDDE.

2.2 Monodromy operator and Floquet multipliers

The local stability of a periodic solution y is determined by the trivial solution y = 0 of the
linearization

y=Daf(t,y @),y —)y) + D3 f(t, y (), y(t — 1)yt — 1), t#F4 (4
Ay = Dyg(k,y(t7), y(t =1)y(t™) + D3glk, y(t7), y(t =)yt = 1), t=1. (5)

If y has period jT for some j € N, then (4)—(5) has period T=|T.
Lett — y(t, s, ¢) denote the unique solution of (4)—(5) satisfying the initial condition
vs(-, s, ¢) = ¢. Each (eventually compact) linear operator M; : RCR — RCR defined by

Mip =y, 7C. 1. 9) ©)

is called a monodromy operator. The spectrum of each monodromy operator is identical, so
by convention we will usually refer to M := My as the monodromy operator. y is locally
asymptotically stable if all eigenvalues of M are in the open ball Bj(0) = {z € C: |z| < 1}.
When some eigenvalues have unit modulus but all others have modulus less than one, the
stability of y depends on some more algebraic properties (eg. whether the restriction of M
to the direct sum of generalized eigenspaces associated to the eigenvalues of unit modulus
has a diagonalizable representation) and dynamical properties (i.e. the flow on its centre
manifold). If any eigenvalue has modulus greater than one, y is unstable. The eigenvalues of
M are called Floquet multipliers.

The computation of Floquet multipliers is important for several reasons. Apart from
verifying stability or instability of a periodic solution, the number of Floquet multipliers
outside of the disc B;(0) together with the dimension of their generalized eigenspaces dic-
tates the dimension of the unstable manifold of y. The classification of a bifurcation in a
parameter-dependent system depends on the structure of the centre fibre bundle in additional
to higher-order normal form data, all of which depends on the Floquet multipliers on the
unit circle and their associated eigenfunctions. For these reasons, we will now dispense with
the explicit dependence on y and consider the more general linear periodic impulsive delay
differential equation

y=AM®)y@t)+ Byt — 1), t# 7
Ay =Ci(k)y(t™) + Cak)y(t — 1), t=t. ®)

We will refer to such a system as a linear periodic IDDE (impulsive delay differential equa-
tion). The periodicity here means that there exists 7 > Oandn > Osuchthat A(t4+T7) = A(t),
B(t+T)=B(t),Ci(k+n)=Cik),Cotk +n) =Co(k),and tyy, =t + T.

2.3 Eigenfunctions are densely nonsmooth

Our approach to rigorous computation of Floquet multipliers will be based in part on a suitable
representation of the eigenfunctions of the monodromy operator as infinite series with good
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convergence properties. Unfortunately, the problem of computing the Floquet multipliers for
the fully general periodic system (7)—(8) seems not very amenable to this approach, even if
we assume A and B are analytic. The following proposition and its associated proof should
demonstrate the main problem.

Proposition 2.3.1 Let ¢ be an eigenfunction of the monodromy operator M associated to the
scalar impulsive delay differential equation

y=ayt—1), t#£ke,
Ay = By(), t=kelZ,
fora #0, B # —1 and v € R\Q irrational. Let (a, b) C [—t, 0]. There exists g > 0 such

that ¢|(a,p) is at most q times differentiable.

Proof t — y(t; 0, ¢) is a solution that can be represented in the form e’* p(z) for p periodic
with period one and differentiable from the right. Substituting this ansatz into the IDDE and
simplifying, it follows that p is a 1-periodic solution of
p=—rpt)+ae T pt—1), t#k
Ap:ﬁp(ti)s t:k.
We first prove that p is discontinuous at each integer k € Z. Suppose not, then we must have
p(k) = 0 since § # —1. p is therefore a 1-periodic solution of the DDE
p=—ap(t) +ae” " p(t — 1)
with p(0) = 0. The phase space of the above DDE decomposes C = C([—t, 0], R) as
C=Re&SONODU,

where S, N and U are the stable, centre and unstable subspaces respectively, while R generates
those solutions that have superexponential decay: ¢ € R if and only if

lim p(t,0,¥)e” =0, Vr>0.
11— 00

Consequently, any periodic solution must be generated by an element of the centre subspace
and is therefore of the form

p([) — Cleiwt +C2€7iwt

for some w > 0. Since p must be 1-periodic, we get w = 2m. The condition p(0) = 0 implies
p(t) = csin(2xt) for a constant ¢, with ¢ # 0 because ¢ is an eigenfunction. Substituting
this ansatz into the delay differential equation, performing some algebraic simplifications
and recalling that ¢ # 0, we can derive the equation

< AT + 1)

— cos(27rr)> sin(2rt) + sin(2wt) cos(2wt) = 0.
o

From the linear independence of sine and cosine, T must be rational, which contradicts our
assumption of t being irrational. We conclude that p must be discontinuous at the integers.

Next, we prove that if p is infinitely many-times differentiable at some ¢ € R, then
t —kt ¢ Z for all integers k > 0. We prove this by strong induction on k. We already know
that p is discontinuous on the integers, so we must have r ¢ Z for p to be differentiable
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at r. Suppose now that p is infinitely many-times differentiable and that t — jr ¢ Z for
j=0,...,k for some k > 0. We have

p(k“)(t) = —Ap(k)(t) + ote*)‘fp(k)(l - 7). ®

If p is indeed infinitely many-times differentiable at ¢, then the right-hand side must be
continuous at . A straightforward inductive proof shows that each of p® and p®(r — 1)
can be written as a finite linear combination of the terms p(t — jr) for j =0,...,k+ 1,
and in particular the right-hand side of (9) written in terms of these has a nonzero coefficient
on p(t — (k + 1)7). By the strong induction hypothesis, t — jt ¢ Z for j =0, ..., k. If the
right-hand side of (9) is indeed continuous at 7, then we must also have t — (k + 1)t ¢ Z.
This completes the inductive proof, and it follows that t — jt ¢ Z for all j > 0.

Finally, let (a, b) C [—t, 0]. The restriction ¢|(,,p) is C* if and only if p|(4,p) is also
C®°. Consider the sequences

Pn =07, ¢y =[pal1,

where [x]; = x — |x]. ¢, is dense in [0, 1], from which it follows that there exist integers
k, j > Osuchthat p; € (a+ j, b+ j).Define c = kt — j € (a, b). From previous analysis,
p is not infinitely many-times differentiable at ¢ since ¢ — kv = —j € Z. O

When the delay and the period are non-commensurate, it should be expected that the
eigenfunctions of a linear periodic IDDE will have a lower order of smoothness in any
subinterval of their domain. In particular, the set of points where an eigenfunction fails to be
infinitely many times differentiable is dense in in its domain.

2.4 Regularity of the eigenfunctions under commensurate delay and period

With the observations of the previous section in mind, we will need to make the following
additional assumption on the structure of (7)—(8) in order to have a chance of eigenfunctions
with appropriate series representations. The following definition will be used fairly often.

Definition 2.4.1 Let X be a complex Banach space and let (ai, by) be a (finite, infinite or
bi-infinite) sequence of nondegenerate open intervals with by = aj41. A function f : I C
R — X (possibly real-valued) for an interval [ is piecewise-analytic with respect to (ay, by)
if:

e f is continuous from the right and locally bounded,
e foreach k, there exists an open neighbourhood Uy, of [ax, by ]in C such that £, »nr =
fk|(ak,bk)m for some analytic function fk Uy — X.

Given such a function f, the sequence fk will denote the analytic extensions from (ax, by).

Assumption 0 The following conditions are satisfied.

A0.1 The sequence #; satisfies ;1 = fx + T and, additionally, C (k) and C, (k) are constant.
A0.2 There exist p, g € NsuchthatgT — pt = 0.
A0.3 The T-periodic functions t — A(t) and t — B(t) are piecewise-analytic with respect

kT k+ DT
to the open intervals [y := (to + —, 10+ (+7)> for k € Z.
p
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We refer to the above as Assumption 0 because we will shortly perform a change of variables
that will make its characterization a bit nicer. Under this assumption, we make the change of
variables

T
t—1t)y=—s
q

for s a new rescaled time. Defining z(s) = y(z(s)) and observing that é = %, we get the

IDDE

dz T T T T
—=—Alto+—s)z(s)+ —Blto+ —s ) z(s —q), s & pZ
ds p P P P
Az =Ciz(s7) + Crz(s — q), s € pZ.

Observe that the matrix-valued functions s +—> A(s) = %A(zo + %s) and 5 +— é(s) =

L B(ty + Ls) are now periodic functions with period p and are analytic on the intervals
(k,k 4+ 1) for k € 7Z, while the restriction to each such interval is the itself the restriction
of some analytic function. Dropping the tildes and relabeling the variables, we can therefore
consider without loss of generality IDDEs of the form

y=AMy@)+ By — q), t ¢ pZ (10)
Ay =C1y(t™) + C2y(t — q), t € pZ, (1D

with p, ¢ € N and p-periodic functions A and B that are piecewise-analytic with respect to
the open intervals (k, k + 1) for k € Z.

Remark 2.4.1 1f the linear system (7)—(8) is actually the linearization (4)—(5) at a periodic
solution from a nonlinear periodic IDDE such as (1)—(2), the piecewise-analytic condition
of A0.3 will be satisfied provided f is analytic, y is piecewise-analytic with respect to the
intervals I, and both A0.1 and A0.2 are satisfied. The piecewise-analyticity of periodic solu-
tions y w.r.t. these intervals is a technical detail, but it can be proven with similar arguments
as those used in proving Proposition 2.4.1. For our examples, however, we will be taking
y to be a constant solution or an explicitly computable periodic solution, so this detail is
unimportant.

The following result will be of fundamental importance once we move onto the rep-
resentation of eigenfunctions. It states that the eigenfunctions of (10)—(11) with A and B
piecewise-analytic with respect to (k, k 4 1) are also piecewise-analytic with respect to the
same intervals.

Proposition 2.4.1 Suppose the matrix-valued functions A and B in (10)—(11) are p-periodic
and piecewise-analytic with respect to (k,k + 1) for k € 7Z. Every eigenfunction of the
monodromy operator M with nonzero eigenvalue is piecewise-analytic with respect to the
same intervals.

Proof From the Floquet theory of IDDE [11], ¢ is an eigenfunction of M with eigenvalue
w # 0 if and only if there exists a p-periodic function z : R — C? and A € C such that
y(t,0,¢) = e*z(1) is a solution of (10)—(11), and x = €*P. In particular, ¢ (0) = e*z(0).
It follows that z is a complex-valued p-periodic solution of the IDDE
2= (A0 = xDz() + B()e Mzt — q), t ¢ pL
Az = Ciz(t7) + Cae Mz(t — q), t € pZ.
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Define the translates z; (t) = z(t—i) fori =0, 1,...,g—1andlet[;], denote the remainder
of j modulo p—thatis, [j], € [0, ..., p — 1) is the unique integer such that j = [j], +rp
for some r € Z. It suffices to prove that the z; are piecewise-analytic with respect to (k, k+1),

and then to establish the analogous analytic continuation. By construction, (z1, ..., Zg—1) is
a p-periodic solution of
4 = (A — i) = ADzi (1) + B(t — e Mz g1, (0), t¢i+pZ
Azi = Cizi(t7) + Coe Mzji_g), (1), tei+ pZ.

Since each of t > A(t —i) and t — B(t —i) is piecewise-analytic with respect to (k, k + 1)
for k € 7Z, each z; is also piecewise-analytic w.r.t these intervals since it can be identified
with the solution of a Cauchy problem of a linear system of ordinary differential equations
with analytic coefficients on each interval [k, k 4 1]. It follows that z is piecewise-analytic
with respect to the same intervals. O

The following proposition strengthens the analyticity of the solution by assuming a more
precise form of the domain of analytic extensions Ay and ék of Al k+1) and B k+1)-
Its proof is a consequence of the monodromy theorem of complex analysis, which states
sufficient conditions under which analytic continuation can be accomplished. The proof is
omitted.

Proposition 2.4.2 Let E, denote the Bernstein v-ellipse in C; for background see [31]. Let
sg(w) = k + 2(s + 1) and suppose Ak o s, and Bk o s, are analytic on E,. Then every
eigenfunction ¢ of M has ¢y o s = E, — C¢ analytic.

With these propositions in mind, the following definition and corollary are appropriate.

Definition 2.4.2 The space of piecewise-analytic functions ¢ : [—g, 0] — C¢ with respect
to (k, k + 1) for k € Z will be denoted P([—g¢, 0], C4). When no confusion arises, we will
write it simply as P.

Corollary 2.4.1 Let M : P — RCR denote the restriction of M to P. Then o (M) C o (M)
and if M¢p = Lo for A # O, then ¢ € P. Moreover, M has range in P.

Proof The properties of the spectrum are straightforward given Proposition 2.4.1. Given a
piecewise-analytic initial condition ¢, the solution y(¢) of (10)—(11) with yo = ¢ is deter-
mined, on each interval [k, k + 1) with 0 < k < min{p, ¢}, is the solution of an ordinary
differential equation (with analytic coefficients) via the method of steps. The resulting solu-
tion is therefore piecewise-analytic at least on [0, min{p, ¢}). Successively stepping forward,
y : [0, p] — C¢ is piecewise-analytic with respect to [k, k 4+ 1), from which it follows that
M has range in P. O

Note that P is not complete (and hence not a Banach space) with respect to the supremum
norm inherited from RCR, but M is still compact. In future, we will drop the tildes and
identify M with the restricted operator M.

There is a natural isomorphism between 7 and a particular product space; see Fig. 1 for
a visual aid. This isomorphism will be useful later, and since we are currently discussing M
and the structure of P, it is worth defining it now.

Proposition 2.4.3 Introduce the spaces

Ao={f:[-1,00>C¢: f= f|[_1,0]for some f analytic},

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:2173-2252 2183

15 0.4 1
~
~
M ~
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-1 05 0 -1 0.5 0
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Fig. 1 Top: a typical element of P([—2, 0], R). Hollow circles denote left limits, while filled circles denote
function value at the discontinuity. Bottom: the corresponding element of S = R x A2 under the isomorphism
m in order from left to right

A={fli-1,0 : f € Ao}
Let j : Ag — A be the restriction map: j(f) = fli-1,0). Let my : [-1,0) = [—-1 4+ x, x)
be the translation defined by w,(y) = x + y. The following are true.

o When Ay and A are equipped with the supremum norm, j is an isometric isomorphism.
e The functionm : P — C? x A7 defined by

m(p) = (¢(0), @l(-1,0), Pl-2,—1) © T—1, - -+, Pl[-g.0) © T1—¢)

is an isomorphism.

Definition 2.4.3 The space S = C? x A? will be referred to as the space of piecewise-analytic
segments of length q.

Corollary 2.4.2 The map M® : S — S with MS = m o M o m™" is well-defined and
o (M)\{0} = o (M5)\{0}.

Corollary 2.4.3 Let E,, denote the Bernstein v-ellipse in C and denote si(w) = k + %(s +1).
Suppose A~k o s and Ek o sx are analytic on E,. Define 6 : [—1,0] — [—1,1] by O(s) =
$s—1). Let ¢ = (¢(0), do. ... ¢1-p) € 0(MS). Then, ¢pj 06 : [—1,1] — C? has an
analytic continuation to E,, for j =0,...,1 — p.

MS : S — S is the representation of M on the space of piecewise-analytic segments
of length g. As we will see, it is very natural to work with the space of piecewise-analytic
segments as opposed to the full space P when attempting to represent the monodromy
operator.
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3 Segment decomposition and representation of the monodromy
operator

Following the analysis of Sect. 2.4 on the regularity of eigenfunctions, we will from this
point on restrict our attention to linear systems

y =AMy + B0y —q), t ¢ pZ 12)
Ay =C1y(t™) + Coy(t —q), t € pZ, (13)
with the following assumptions: The linear system (12)—(13) satisfies:

Al.l1 p < g (but see later Sect. 7.2).
Al.2 A and B are p-periodic and piecewise-analytic with respect to the intervals (k, k + 1)
fork € Z.

For the purposes of developing a numerical method with guaranteed convergence, assumption
Al.lisnottoo strong (see Sect. 7.2). Given Proposition 2.4.1, we know that the eigenfunctions
associated to the monodromy operator M of this linear system are in P—that is, piecewise-
analytic with respect to the intervals (k, k + 1). The identification of M with the operator on
piecewise-analytic segments of length g, MS : S — S, is designed to reflect this. Our goal
in this section will be to represent M in terms of concrete integral operators.

Remark 3.0.1 In the following four sections, we will be defining some linear operators E
and W that will be used to represent M. The definitions of these operators depend on the
relationship between p and g. This should not cause confusion.

3.1 Intuition and diagrams: the exampleofp = 1,9 = 2

For arbitrary natural numbers p < ¢, the representation of M ends up being fairly cum-
bersome and does not provide good intuition. To simplify the exposition we will derive the
representation for one of the simplest cases—the pair (p, ¢) = (1, 2)—before presenting the
construction in full generality.

It is best to begin with M : P — P and then to construct M® using the isomorphism.
When p = 2, the monodromy operator is a map M : P([—2, 0], C? — P([-2,0],CY.
Formally,

M¢p©)=y(1+0,¢)
where ¢ +— y(¢, ¢) is the solution of the IDDE (12)—(13) satisfying the initial condition
vo(-, ¢) = ¢. For t € [0, 1], we can write
I+ Cy)|90)+ fol A@)y(s) + B(s)p(s — 2)dS] + C29(0), r=1
$(0) + [ A($)y(s) + B(s)¢p(s — 2)ds, 0<t<l.

We can write this in a slightly more suggestive fashion. Define for 6 € [—1, 0) the functions

y1(0) =y +6), ¢o(0) =¢©), ¢-1(0) =¢(=1+0).

Also define y1(0) = y(1). See Fig. 2 for a schematic diagram.
Performing a few changes of variables, we can write y; as follows:

v, ¢) = {

0
1 A1(s)yi(s) + Bl(s)¢—l(5)ds] + C29(0), 6=0

WO = (I +C1) [¢(0)+f
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1.2

1
0.8 y\[m) ,
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0.6

0.4

0.2

0

Fig. 2 After translating onto the interval [—1, 0), the functions ¢|[_ _1) (red solid curve) and ¢||_1 o)
(blue dashed curve) together with ¢(0) (magenta dot) are sufficient to specify the analytic initial con-
dition ¢. Up to translation, M acts on this data by MS (magenta dot, blue curve, red curve) +—
(black dot, magenta curve, blue curve). Curves are for illustrative purposes only (e.g. the red solid curve
one does not appear to represent an analytic function since it has a pole approaching the right endpoint) (Color
figure online)

=U+C1+C)p0)+ U+ Cp)L1[y11(07) + (I + C1)L2[¢p-11(07) (14)
0
y1(0) = ¢(0) + / 1 A1($)y1(8) + Bi(s)p—1(s)ds, 6 <0
=¢0) + Li[y1] + La[¢p-1] (15)

where Aj(s) = Al + ), Bi(s) = B(1 +s), and L{[f](0) = ffl Ai(s) f(s)ds and

Lo>[f1(0) = ffl B1(s) f(s)ds are defined for 6 € [—1,0). Note that L and L, define
bounded linear operators on A and also on .Ag. From (14)—(15), it is clear that each of y; and
v1(0) can be expressed implicitly in terms of y; and ¢_1. This will be helpful later.

We can now very suggestively write M¢ as follows:

Mp(0) = Li0y(0)y1(0) + T 1—1,00@)y1(0) + L[—2,1) (D)o (1 + 0)
=1(0)(0) [(I + C1 + C2)¢(0) + (I + C1)(L1[y1](07) + La[p—1]1(07))]
+ 11—1,0)(0) [¢(0) + L1[y1]1(O) + Lalp—116) ] + L—2,—1)(O) o (1 + 6)

From here, we can make use of the isomorphism m : P — & = C? x A? so that we may
instead work with the piecewise-analytic segments of length 2. To do this, we first write

y(1)
MS (@) = M ($(0), po. p—1) = | ¥
fon)

where we have abused notation and identified ¢ € P with (¢ (0), ¢o, ¢—_1) € S. By definition
of the monodromy operator, y; = ezT MS (¢) where ezT denotes projection onto the second
factor. From our previous derivation, it follows that M (¢) satisfies the implicit equation

. (I +C1 + PO + (I + CD)(Lile] ME@)107) + Lalg11007))
M=) = $(0) + Lile] M @)1 + Lalp-1]
%o
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This can be further factored as the sum of two linear maps: £ : S — S that only involves
the initial condition, and the other one W : S — S taking M s (¢) as its input.

(I +C1+C2)¢(0) + (I + Cr)La[¢p-11(07)

MS(p) = E(@) + W(MS(¢)), E(p) = ¢ (0) + Lalp-1]
o
(I + C)L1[e] ¥1(07)
W) = LileJy]
0

In this sense, we can think of E as the explicit part of the monodromy operator, and W as
the implicit part. If (I — W) : S — S is an isomorphism, we can write

MS = -Ww)'E.

Indeed, it turns out that (/ — W) : & — S is an isomorphism and the inverse (I — w)~!
is bounded. We will not prove this now, since we will prove a more general result in the
following section.

3.2 Segment representation of monodromy operator: the casep < q

First, identify ¢ € P with (¢(0), ¢, ..., $1—4) € S through the isomorphism m. Let
t — y(t) denote the solution of (12)—(13) satisfying the initial condition yo(-) = ¢. Define
a finite sequence in A as follows:

o = | Ym0, O<k=p
¢ P —q <k=<0.

By definition, we can reconstruct y from the sequence z; for t € [—¢, p) via

P
YO = > Tporn @t — k),

k=1—q

so, we may identify y|;_,, ,) with this sequence. For t € [k — 1,k) fork =1, ..., p, the
function y satisfies the integral equation

t
yt)=yk—1) +/k 1 A(s)y(s) + B(s)y(s — 1)ds.

We can make use of the sequence z and a change of variables to write this equivalently in the
form

$(0) + [ Ar(5)2i(5) + Bi(s)zu—qg (s)ds, k=1
%1 07) + 7 A()2i(s) + Br()zi—g(s)ds, k # 1.

Remark that for 1 = k < p, we have

7k (0) = : (16)

%-1(07) = lim y@) =yk—-1)
t—(k—1)~

because k — 1 ¢ pZ, so y is continuous at t = k — 1. This justifies the use of the left limit
above. Since p < g, each of the terms z;_, in (16) can be replaced with ¢;_,. The result is

$0) + [7} Ar($)2k(s) + Bi(s) g (5)ds. k=1

_ 0 (17)
2%-1007) + [7, Ak(9)zk (s) + Br()pr—q (s)ds, Kk # 1.

2 (0) = {
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Also, y(p) is given as follows:

Y(p) = | (I +C) | zp-1(07) + fi)l Ap($)zp(s) + Bp(S)Zp—q(S)ds] +Cy(p—q), p#1

¢0) + fi)l AI,(S)Z,,(S) + Bp(s)zp—q(s)ds] + Coy(p —q), p=1
(18)

Once again, z,_; = ¢,—q. Similarly, p < g implies z(p — q) = ¢p_q+1(—1). We can
therefore equivalently express (18) as

I+ Cy)
y(p) = {

I+Cy)

7p—-1(07) + ffl Ap($)zp(s) + Bp(s)pp—q (S)dS] + Capp—g+1(—=1), p# 1

9O) + [2 Ap(4)2p() + By()pp—g (5)ds |+ Cappgir (=D, p=1.
(19)

I+Cy)

In the space S = C? x A9 we have the representation

M (@) = (y(P) 2ps 2t o). 20)

of the action of the monodromy operator on the element ¢.

Let us define some linear maps to make the expressions (17) and (19) a bit more compact.
Definefork =1, ..., pthemaps E; : S — A,Eg S — (Cd,Wk:S—>A,W]?:S—> cd
as follows. For f = (f(0), fo, ..., fi—¢) €S,

FO) + [, Be(s) fimg(s)ds, k =1
E 0) = 21
IO =000 B ) fig (5)ds, k# 1 el
I+ Cl)fi)l Bp(s)fpfq(s)ds + Cprqurl(_l)s p#LlL g#p
Ef1= a+cnlro+/° Bp(s>fp_q(s>ds] +Cofpgri(=), p=1,qg#p
I+ o)+ /% Bp(S)fo(S)dS] + C2£(0), g=p
(22)
12 A(s) fiep(s)ds, k=1
W, 0) = 23
O =00+ I7 AGs) oo p(s)ds, k # 1 29
_ 0
wii < | 4+ ED [€_1<0 )+ [0 A folo)ds] p £ 1 o
(I +C1) [° Ap(s) fols)ds, p=1

Remark 3.2.1 Observe that if k = p = 1 then Wi[f]1(0) is defined by the first line of (23),
so it is of no consequence that f = (f(0), fo) does not contain the element f;_,_1 = f_|
needed to define the second line. We have also taken the liberty to define Eg when g = p at
this time as well; the main difference is that when p = g, we have z(p — q) = z(0) = ¢(0)
and the latter can not not be identified with ¢, _4+1(—1) = ¢1(—1) since this is not part of
the initial condition vector (¢ (0), ¢o, ..., P1-¢).

Remark 3.2.2 Eg [f]and WI(,)[ f1 can be written more succinctly as
EDLf1=( + C)E,[f1(0) + Caf
WLf1= (I +CHW,[£10),

where f is one of f,_4+1(—1) or f(0), depending on whether or not p = g.
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With these maps defined, we can write

2k = Ex[d] + Wil(y(p), 2p, 2p—1s -+ s Zp—g+1)]s
2(p) = EpI¢1+ WLy (p)s 2py 2p—1s -+ Zp—qt1)] (25)
fork =1,..., p. In view of (20), it makes sense to define a pair of operators E : S — S

and W : S — S as follows:
Ef = (EpLf), Eplf1. ... EALS), for oo fiotq—p)s
Wf = W)L WplfL, ..., Wil f1,..., Wil £1,0,...,0),

where there are ¢ — p zeroes at the end of W f. Finally, using (20), (25) and (26), we
can write the monodromy operator on the piecewise-analytic segments of length ¢ in the
explicit-implicit form

(26)

MS¢p = E(@) + W(MS ). 27)

We will now characterize the invertibility of the bounded linear operator (/ —W) : S — S
with the goal of providing a more explicit representation of M. The main result is Theorem
3.2.1. It is preceded by three short lemmas, the first of which is straightforward and will not
be proven.

Lemma §.2.1 Denote X = {¢ : [—1,0) — C4 continuous, such that~lim,ﬁ07 @(l) exists},
and let § = C? x X4. The operator W : S — S is the restriction of W : S — S to S, with

W(f) = (WpLfL, Wplf1, -+ Wilf1,0,...,0)

where each of Wy and Wg are defined as in (23) and (24). S is a Banach space with norm

(O, fo, ..., fi-gllg =max{| f O, [Ifoll, ..., | fi—qll, } and ||-|| either denotes some
norm on C? or the induced supremum norm.

Lemma3.2.2 (I — W) 'S > Sis injective. Also, (I — W) : § — S is injective.

Proof Let f € S and suppose (I — W) f = 0. Since the trailing ¢ — p elements of W( D)

are zero, It follows that (f—,,..., fi—¢) = 0. We will prove now that f_,.; = 0 for
k =0,..., p by way of induction. The base case already proven, suppose f_,;x = 0 for
some k € {0, ..., p}. Then, h = f_, 1 satisfies

0

h(0) = Wipi[f10) = / 1 At1(s)h(s)ds

for6 € [—1, 0). By Gronwall’s inequality, & = 0. By induction, we have fo = f_1 =--- =
fi—p =0.Since f(0) = WS[(f(O), 0,...,0)] =0, we conclude that f = 0,s0 (I — W) is
injective. The same argument proves that (I — W) is injective. O

Lemma3.2.3 (I — W) S > Sis surjective. Also, (I — W) : § — S is surjective.

Proof Let v € S. We will construct f € S such that (I — W) f = . To begin, set

(fops-os fimg) = W—p, ..., ¥1—¢). Next, given f_,yy fork € {0,...,p —1},leth =
f=p+k+1 € X denote the solution of the Volterra integral equation

1%, Arp1(s)h(s)ds, k=0

h@) =y_ 0) +
©0) =Y p+it+100) {1/f_p+k(0_)+ff1 Arp1()g1(s)ds, k £ 0.
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A straightforward inductive argument demonstrates that each of f_,.,..., fo exists, is
unique and is an element of X. Finally, set f(0) = WS[(O, fos ooy fizg)] — ¥(0). By
construction, (I — W) f=v.Ify €S, asmall modification of this proof shows that h € A
and, consequently, f € S, thereby proving (I — W) is surjective. O

Theorem 3.2.1 With E and W defined by (26), (I — W) : § — S is an isomorphism,
(I — W)~ Vis bounded, and MS = (I — W)™\ E. We refer to E as the explicit part and W
the implicit part of MS.

Proof By Lemmas 3.2.2 and 3.2.3, (I — W) : & — & is a bijection. (I — W) is clearly
bounded, and as S is a Banach space the bounded inverse theorem guarantees (I — W)~!

exists and is bounded. Similarly, (I — W)™ I exists, and by Lemma 3.2.1, W is the restriction
of W, from which it follows that (I — W)~ is also bounded. Solving for MS in (27), the
theorem is proven. O

3.3 Segment representation of monodromy operator: the boundary casep = g

First suppose p = g = 1; we will deal with the other case later. With the same notation as
the previous section, we have M5(¢) = (y(1), z1) with

9
z1(0) = ¢(0) + / 1 A1(9)z1(s) + Bi(s)o(s)ds, (28)

0
y() = +Cp) [d)(o) + / 1 Ar(s)z1(s) + By (S)d)(S)dS} + C2¢(0). 29

We can perform an analogous decomposition. With the same definitions of Ey, E ?, Wi and
W) from (21)~(24), we can write M5 (¢) = E(¢) + W (M) with
Ef = (EVLf], EALSD), Wf = (WPLfL, WilfD). (30)

Theorem 3.2.1 then holds verbatim with the appropriate definitions of £ and W. The proof
is omitted.

Theorem 3.3.1 With E and W defined by (30), (I — W) : § — S is an isomorphism,
(I = W) is bounded, and MS = (1 — W) L E. We refer to E as the explicit part and W
the implicit part of MS.

Remark 3.3.1 If p = g # 1, the changes in the definition of the operators £ and W are not
dramatic. We get instead

Ef = (E)f1, Eplfl. ... Eal f1, EiLfD,
W = (W)LF1L Wyl f1 Wpoilf], ..., Walf1, WilfD).

4 Chebyshev series and validated numerics framework for the
monodromy operator

In Sect. 3 we represented the monodromy operator on the space S of piecewise-analytic
segments of length ¢ in terms of integral operators that we referred to as the explicit and
implicit part(s) of M. The next step is to replace the abstract space S with a concrete space
that is more amenable to numerical computation and determine how M acts on this space.
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4.1 Banach spaces of infinite sequences and Chebyshev series

Let || - || be a norm on C?. Let v > 1. For a sequence a = {a, : n € N} ¢ C?, define a
weighted norm || - ||, by

o0
lally = v"llan]l.
n=0

We then define the space Ellj by
Zl:{a:{an:neN}CCd:IIallv < o0},

Equipped with the norm || - ||,, K‘l) is a Banach space. Next, define X, = 9 x (Ki)q and let
it be equipped with the norm || - || defined by

(L), for s fi) Il = max {IF O] 11 follvs - 1 fi—gllv} -
Then, (X,, || - ||) is a Banach space. Define also

(™) = {A = {A, :n e N} € T 1 || A, < o0},

where ||A]], = ano [|A[|v" and the norm inside the summation is the operator norm on

C*d jnduced by || - ||. Finally, to the space B(X,) of bounded linear operators on X,,, we
let || - || B(x,) denote the induced operator norm.
The following result will be helpful later; its proof is simple and omitted.

Proposition 4.1.1 For x € Z,lj and Y € E},((Cdx‘i), define the sequence {(Y * x)n}n>0 by

o0
Y *x), = Z Yin—k)1 Xk -

k=—o00
Then Y s x € €} and ||Y xx||, < QIY[ly — [|YolD) QlIx[ly — [Ix0ll) < 4[1Y[[v][x]],.

The following lemma and corollary follow from Propositions 2.4.1, 2.4.2, Corollary 2.4.2,
and the linear scaling 6 € [—-1,0] — [—1,1]via8 = % (w — 1) . The proof is simple and
omitted.

Lemma4.1.1 Letv > 1. Forg; = (g n}n=0, denote £, (x, 8o, - . ., g1—¢) = (x, fo. ..., f1—¢)
with
[i®) =gj0+2) gjnTu(1426), 0 €[-1,0),
n>1

and Ty, the nth Chebyshev polynomial of the first kind. This expression induces a well-defined,
bounded linear map &, : X,, — S. This map is one-to-one onto its range, and so denoting
S, = E(Xy), themap &, : X\, — S, is an isomorphism.

Corollary 4.1.1 There exists some v* > 1 such that if ¢ is an eigenvector of MS with nonzero
eigenvalue, then ¢ € S, for all v € (1, v*). More precisely, let 6 (w) = %(a) — 1) and write
o+ Yr(0(w)) for Y € {A, B} as a Chebyshev series

Ye(@) = Yo +2 ) YinTn(o),

n>1
Sfor matrix sequences {Yi n}n>0 C R¥*4 \where Yy (s) := Y (k + s) fors € [—1, 0]. Then
Vi =sup(v > 1:Vk € Z, Y; € £1(C¥*), Y € {A, B}, }.
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Remark 4.1.1 Under Assumption A1.2, the Chebyshev series of A; have coefficients in
ZIE(R‘JX‘{) for some v = v,? > 1 for each k, and those of By are in lej(RdXd) for some v =
v,f > 1.Bythe periodicity Assumption A.1, wehave v* = min{vé‘, c, v;‘_l, vg, e, vg_l}.

From the above lemma and corollary, it makes sense to consider the (formal) linear operator
MY : X, — X, defined by

M’ = oMo6,. 31)

v

If MS (S,) € Sy, this expression is well-defined and, in particular, we will immediately have
from Corollaries 2.4.2, 2.4.3 and Corollary 4.1.1 the spectral equivalence o (M")\{0} =
o (M°)\{0}. Since M" is an operator on sequence spaces, it is amenable to approximation,
truncation and other constructs. In the following section we will show that this operator is
indeed well-defined.

4.2 Representation of M" on Chebyshev series in X, coefficients

To represent MV on the space X,,, we will need to settle on a convention for the Chebyshev
series coefficients of the matrix-valued functions A; and By needed to define the explicit
and implicit parts of M —for example, in equations (21)—(24). A brief reminder: Ay (0) =
A(k + 0) and By(0) = B(k + 0). Recall that by Assumption 1, A and B are piecewise-
analytic with respect to (k, k + 1) for the integers k. This means for each integer k there
exists Ay : Uf — €44 and By : UB — €% analytic such that Ay = Agli-1,0 and
By = Bk|[—1,0], for some open neighbourhoods UkA and U,f of [—1,0]. Forw € [—1, 1],
define

« - (1 I ~ (1
Ar(w) = Ag <§(a>— 1)>, By (w) = By <§(w— 1)>-
We will write our (uniformly convergent) Chebyshev series for Ak and f?k as follows:

Ap@) = Ao +2)  ApaTa(@), Ag, € R

n>1

Bu(@) = Bro+2)  BinTu(), Bin,e R

n>1

By construction, the entries of the matrix sequences {Ak,,,},,zo and {ék, 2 In>0 are elements of
Zi (C9xdy for any v € (1, v*), where v* is the constant guaranteed by Corollary 4.1.1 (or more
concretely from Remark 4.1.1). Similarly, if fk(w) = fx (%(w — 1)) for fy : [—1,0] — c
and some k € {1 — ¢, ..., —1, 0}, we will write

Je@) = fro+2) ) fiaTu(@), fin€C (32)

n>1

Remark 4.2.1 From this point onward, unless explicitly stated, it will be assumed that v €
(1, v").

Recall that if uy (1) = uro + 2 anl up oI, (t) for k = 1,2 are two Chebyshev series
such that the product uy(t)u(t) is well-defined (i.e. u; isaa x b matrix and up isa b x ¢
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matrix), then their product has the Chebyshev series

w@ua®) = Y wjuag [ +2) | DD wikuas, | T

Ji+j2=0 n>1 \kj+ky=n
with ug,—; = uk . These can therefore be written in terms of the convolution:
wr(Oua(t) = (uy xuz)o +2 Y (ur % u2)n Ty (1),
n>1

where here the interpretation is we are identifying uy with its sequence of Chebyshev coffi-
cients. Using this property and the fact that 7y = 1, the equations

d (T T
() = E( o(t)l- 2(t)>
N i Th+1(s) . Ty-1(s)

in addition to 7,,(—1) = (—1)", we can derive formulas for the action of the explicit and
implicit parts of MV in the space X", as follows. Let f = (f(0), fo, ..., fi—¢) € Sv, so we
canwriteeachﬂ asin (32). Thisalsoensures that f = &, (f(0), {fO,n}n207 e {flfq,n}nZO)-
Then, for k # 1,

0

1 [ 4 A
E[f10) = /lBk(S)fqu(S)dS = E/IBk(s)fH(s)ds

1o o
2 /_I(Bk * fieg)o +2 ) (Bi* fieg)nTu(s)ds

n>1

1~ 4 R . ; 1
= 5Bk * fi—g)o(@ + 1) + (Bi * fi—g)1 <M - 7>

4 2
D Y N L
= W(n (@) + To(@)) + M(w) — To())
-y (—1)f(_12§k * frmq)j e
j=2 =1
n 1; (By * ]:A:—q)n—I T.(0) — ;mg:l (By * f:/;—q)m—H T, (@)
= %(ék * fr—g)o — i(ék % freg)t — ; j(.z_l_)i(ék * fieg)j | To(@)

1 A A N A
+23° = (Bex it = Bk i) Tu().
n>1

where 6 = %(w — 1). When k£ = 1, we need to add f(0) to the right-hand side of the
above. Since f(0) = f(0)Tp(w), the modification is straightforward. The induced map
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Ep: X, — ¢} obtained by applying £;! to the above is then given in indexed form as
follows:

1 4 A 1 4 A ~ ~
o Lotk = Df(0) + 5 (Bic* fumgdo = 7 (B * fi—q)1 — 2 (Bk*fk—q)j, n=0
Ex[fln = | =7
E ((ék * fk—q)n—l - (ék * fk—q)n+1> B n>0,
(33)
for f = (f(0), {fo,k}kzo, R {flfq,k}kzo) € X,. Notice that we have incorporated the

inclusion of f(0)7p(w) when k = 1 by way of the indicator function: ]lo(t) = 1 if and only
ift =0, otherw1se it is zero. Making use of Proposition 4.1.1, we see that Ek is well-defined
as a map Ek X, — Zl

We can perform a similar derivation for the map Eg : 8 — C4. Since Eg[ fl=U+
C1)E,[f1(0) + Cof—see Remark 3.2.2—the observation that & = 0 precisely when o = 1
gives

~ 1 4 ~
ENIfl=U+C) (]lo(P = DFO) + 5By fr-g)o

1 o
_Z(Bp*fp—q)l Z - (Bp*fp a)j

J>2

1 A A o A A
+ 35, (Box Foegdnot = By fomunn) | +20(p = )C2f (©)

n>1

+ (1 =1o(p—Ca | frgr10+2Y (=D fp—giin | - (34)

n>1

for the (well-defined) linear map Eg : X, — C¢. Note that we have used the identities
T,(—1) = (=1)" and T, (1) = 1.

The differences between the implicit parts Wy and W’(,) and the explicit parts Ey and Eg
are mostly symbolic (the main difference being the appearance of f;_,_1(07) rather than
f(0), the former which is easily managed at the Chebyshev level), and the derivation of the
induced maps Wk Xy, — ZL and Vf/]? : X, — C? are nearly identical. They are well-defined
and can be expressed as

~ ~ 1 - ~
(1 =Tok = D) | feep-10+2D_ femp-tn | + 5 (e fiplo
o nzl n=0
Wil f1n = _*(Ak*fk 1 —Z - (Ak*fk )i
J>2
1 ~ A N
o (Cicx fiephnos = Aax fiopun) n>0,
(35)
Wl 1=+ | A =To(p—1) [ fr0+2) frin
n>1
1 4 A 1 - A
+E(Ap*f0)0_Z(Ap*fO)l (36)
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> oo (A wf0i+ X5 (e fows = G fona) | 6D

]>2 n>1

Next, we need to form the implicit and explicit part functions acting on X,. This is
accomplished by replacing each of the relevant maps Ej, E?,, Wy and W,(,’ on S with their
associated “hat” counterparts on X,,. To spell this out explicitly, it is best to separate the two
relevant cases.

421p<gq
DeﬁneE:XUeXUandW:XveX.,by

Ef = (ESf1. Ep Eilf1 for oo Fimg—p)

- S 0
Wf = (WLf1, Wolf), ..., Wilf1,0,...,0),

where there are g — p zeroes at the end of Wf Then (I — W) : X, — X, is invertible and
= (I — W)~ E is the representation of the restriction of M S to S, in the space X,.

4.2.2 p=q

pr=q=1,deﬁnel:?:Xv—>XvandW:X,,—>vay
Ef = (Ef1 EiLfD, W f = (WL Wil fD. (39)

- W) . X, — X, is invertible and M¥ = (I — W)’lﬁ is the representation of the
restriction of MS to S, in the space X,.

Remark 4.2.2 1f p = g # 1, Remark 3.3.1 extends analogously to the operator Eand W.

4.3 The validated numerics setup

At this stage we will drop all of the hats and identify the maps Ej, Wy, Eg and WS with
their representations on X,. The same thing will be done with the matrix-valued functions
Ay and By. Moreover, we will identify each of Ay and By with their associated sequence of
Chebyshev coefficients. This should not provide too much confusion. Finally, we will drop
the superscripts of v on M.

In view of applications, we should always keep in mind that not all Chebyshev modes of
Ay and By might be known, and they may be subject to error. This could be the case if, for
example, they are the matrices associated to a linearization at a periodic solution, the latter
which is obtained by a computer-assisted proof. Additionally, any computations that are done
on a computer and make use of specific Chebyshev modes will need to take into account
some truncation even if the coefficients of every mode are available analytically. To this end,
given a matrix sequence Y € le)(Rd xdy define the Ni-mode truncation YV as follows:

Y, 0<n<N
Ny _ ns = = 1
¥ ]”_{0 n>Ni+1

Then, define My, : X, — X, to be the operator M" as defined in Sect. 4.2, except that Ay
and By fork =1, ..., p are replaced with the N1-mode truncations A,iv' and B,ﬁv L
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The next level of approximation comes from the need to represent My, as a finite matrix
operator. As we will see, the specific way this is done will depend somewhat on the relationship
between p and g. In the simplest case (p = g = 1), we will truncate the domain and range
of each of the implicit and explicit parts at some prescribed number N, of modes, and use
these to define a mode-truncated version of M, that can be represented by a matrix up to an
appropriate embedding. In all cases, the symbol My, n, will be used to refer to the truncation
and this operator will always be compact (or eventually compact).

To state some technical requirements concerning the truncated operator My, n,, we will
need to specify two subspaces of X,. Define

X2 ={(#0). po.....01-¢) € Xy : j k. =0, k> Na},
X ={($0), ¢o.....d1-¢) € Xy : ¢(0) =0, ¢ x =0, k <N}

X, can be expressed as the internal direct sum X, = X 11)\/ 2 X o0 forany N, > 0.

Our objective is to use information concerning the eigenvalues of My, n, to infer proper-
ties of the eigenvalues of M : X,, — X, the representation of the monodromy operator on
X,. With a view toward stability and so-called generalized Morse indices, we adapt a result
attributed to Lessard and Mireles-James [21]. The main idea is captured by the following
lemma.

Lemma 4.3.1 (Generalized Morse index validation) Let r > 0 and let My, n, be a bounded
operator on X, with with the following properties.

o My, N, has only finitely many eigenvalues in the complement of the closed disc D, in
the C.

e My, N, has no eigenvalues on the circle of radius r in C.

e Each of X)? and X° are invariant subspaces of My, ,: that is, My, n,(X2?) € X}
and My, n, (XSO) - XSO

Suppose there are positive constants c1, ¢y and c3 such that

sup
0e[0,27]

(M, Ny — r€i91)1||3(x50)> < ¢
[0,27]

max( sup ||(My,.ny = re D7 v
fe v
1= W) M, <2

/(I — W)Mn, N, — Ellax,) < c3,

andcycacs < 1. Then, My, N, and M have the same number of eigenvalues in the complement
of the open ball of radius r.

Proof By construction, My, n, has only finitely many non-zero eigenvalues in the com-
plement of D,. Since the monodromy operator is eventually compact, the representation
M € B(X,) has only finitely-many eigenvalues in the complement of D,. Consider the
straight-line homotopy

H(s) =0 —s)Mpy, N, +5M. (40)

Since H : [0, 1] — B(X,) is continuous, M and My, n, can only have a different number
of eigenvalues in the complement of D, if there is some s € [0, 1] and 6 € [0, 27] such
that re'? is an eigenvalue of H (s). This follows by the continuity of a finite eigensystem of
a continuous family of bounded linear operators [19]. It suffices to show H(s) — rel?I is
boundedly invertible for all s € [0, 1] and 6 € [0, 27].
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Define N(6) = My, n, — ret? I. From the assumptions of the lemma, N (0) satisfies the
estimate ||N(9)_1||B(xv) <cj.
Next, observe that

H(s) —re' I = NI — sN@©)" (M, n, — M)}. 41)

From the previous result, it remains to show that the term in curly braces boundedly is
invertible. To accomplish this, observe that

My, ny —M = = W)™ ' (I = W)Y(My, n, — M) = (I — W) [(I = W)My, v, — E],

from which it follows that |[[My, n, — M||px,) =< c2c3. Thus, ||sN(«9)_1(MN,7N2 —

M)||px,) < ciczacz < 1, so by the Neumann series theorem, the term in the curly braces is
invertible. It follows that H (s) — re'? I is invertible with inverse satisfying

ICH(s) = e D7 g,y < ———.

1 —cicac3
This would complete the proof if we were only interested in the eigenvalues in the complement
of the closed disc of radius r. To extend to the complement of the open ball of radius r, observe
that the inequality ||sN(9)_1 (Mny N, — M)|B(x,) < cicac3 < 1is strict, implying that the
conclusion is robust with respect to the radius. O

The previous lemma exploits the fact that each of M and (by assumption) My, n, have
only finitely many eigenvalues in the complement of D, for any finite » > 0. However, this
is not the only set in which the number of eigenvalues of M must be finite. In fact, this is
true for any set—open or closed—that is bounded away from zero, since M is compact (or
eventually compact). If the goal is to validate a specific eigenvalue of My, y, rather than a
generalized Morse index, one can accomplish this using a very similar setup.

Lemma 4.3.2 (Compact eigenvalue validation) Let U C C be compact, bounded away from
zero, path-connected and have a continuous boundary. Let My, n, be a bounded operator
on X, with with the following properties.

o My, N, has only finitely many eigenvalues in U.
e My, N, has no eigenvalues on the boundary of U (denoted dU ).

N N
o Eachof X,* and X° are invariant subspaces of My, n,.

Suppose there are positive constants c1, ¢y and c3 such that

max<sup (M. Ny = ZI)_lllB(XNz), sup [|(Mny N, — ZI)_IHB(XSO)) =c
zedU Y7 zedU

(= W) Mg, < e
[|(I —W)Mn, N, — EllBx,) < c3,

and cicac3 < 1. Then, My, n, and M have the same number of eigenvalues in U.

Proof By assumption, My, n, has only finitely-many eigenvalues in U, and the same is true
of M due to compactness (or eventual compactness) and the assumption U is bounded away
from zero. Let z : [0, 1] — 0U be a parameterization of the boundary. If H is denotes the
straight-line homotopy (40), to prove the theorem it suffices to show that H(s) — z(¢)[] is
boundedly invertible for all (s, t) € [0, 1] x [0, 1], for then no eigenvalue of H (s) crosses
the boundary dU and the continuity of a finite eigensystem of a family of bounded linear
operators implies that M and My, n, must have the same number of eigenvalues inside U.
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Define N(t) = My, n, — z(t)1. By assumption, ||N(t)’1||3(xu) < ¢j. Also,
H(s) —z() = NO{I — sN@) "My, .n, — M)).

It remains to show that the term in the curly braces is boundedly invertible. By the same
argument as in the proof of Lemma 4.3.1, we know that |[[My, n, — M|| < cac3, SO
||sN(t)_1(MN],N2 — M)llpx,) < cicoc3 < 1 forall (s,t) € [0, 112. 1t follows that the
term in curly braces is boundedly invertible. This completes the proof. O

4.3.1 Interpretation of the bounds ¢1, ¢c; and ¢3

c1 is an upper bound for sup, ¢y 1|(May ny —2) I g(x,)- If My, N, — M as (N1, N2) —
00, it can be interpreted as an asymptotic proxy for the distance between the spectrum of
M and the boundary of the set U, whatever this happens to be. c¢3 is a proxy for numerical
defect: if AM := My, y, — M satisfies || AM]|p(x,) = €, then
/(I = W)Mn, N, — Ellpx,) = I = W)(M + AM) — El|x,)

= I = W)AM]||px,)

=e€lll = Wllpx,)
As for ¢y, it is a technical bound on the inverse (I — W)~! and does not lend itself to
interpretation relative to the discretization My, n,. The only connection it has is that we
always have the estimate

IMn, N, — MlB(x,) < c203, (42)

so ¢ contributes to the upper bound of the discretization error ||AM||p(x,)-

4.3.2 Candidates sets for compact eigenvalue validation

There are two fairly natural candidates for compact sets on which one might want to vali-
date eigenvalues. The most obvious is simply a closed ball D, (}) := B, (A) centered at an
approximate eigenvalue A with radius r € (0, |A]). We have b(-, A, r) : [0,27] — 9D, ()
defined by

bt, A, 1) = A +reé'’ (43)

is a continuous parameterization of the boundary. An alternative to such a closed ball is the
following.

Definition 4.3.1 (Radial sector) Let A € C. The radial sector centered at ) with width
r € (0, |A]) and sweep w € (0, ) is the set

Ri(r,w)={z€C:iz=n+pue!@* |yl <r, |0] <o)
We will refer to such a set without qualification as being a radial sector centered at A.

A radial sector is simply a translated rectangle in polar coordinates, parameterized by its
half-width and half-length. Having two parameters (width and sweep, versus only a radius)
allows for a finer level of control. Additionally, as we will see later (see Remark 6.1.2),
the tail bounds (i.e. on B(X°)) for ¢; are generally tighter for a radial sector (of width
r) than they are for a closed ball (of radius r) centered at a given A. Also, though the
associated boundary parameterization is only piecewise continuous, it is smooth on each
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piece and this poses no problem for the ¢; bound computation; see Sect. 7.1. The function
2, A, r,w) : [0,4] — OR,(r, w) given by

(|)\| _ r)ei(argk+w(l—2t))’ 0<t<l1
) A+ @ =3)r)el@Erme) < <2
Z(t’ Aty (0) - (l)"l + r)ei(al‘g}\+(2t75)m)7 2 <t< 3 (44)

(M +7(7 = 2t))el@er+e) - 3 <t <4,

is a parameterization of the boundary. For the purposes of later validation and enclosure, the
following proposition concerning inclusions of balls inside radial sectors as well as inclusion
characterizations of two radial sectors will be of use. Its proof is a straightforward geometry
exercise.

Proposition 4.3.1 The ball B,(x) with r < |x| satisfies B,(x) C Ry (r, 2 arcsin (m))

Also, we have Ry (r1, ®) C Ry, (r2, ) if and only if the following are satisfied:

[A2| =12 < M| =1y, (A1l + 71 < A2] + 12,
arg(A2) — wy < arg(Ay) — oy, arg(A) + w1 < arg(A2) + ws.

4.4 Infinite matrix representation of implicit and explicit part maps

Each of the maps Ey, Wy, E g and WS with their representations on X, are linear with respect
to two pieces of datum: the input f = (f(0), fo, ..., fi—q) and a convolution term Xy * fy,,
where X is one of Ak or I§k, and m € {0,...,1 — g} is some index. It will be beneficial
later to have these maps split into those parts that are linear in f and those that are linear in
Xk * fm. One can verify by inspection that the following representations are valid:

Wef = (1 —To(k — 1))eoSfip-1 + Hi(Ax * fip) (45)
WOf =1 —1o(p— D) +CSf1 + (I + CYHy(Ap * fo) (46)
Er f =Tok — 1)eo f(0) + Hi(Bk * fr—q) 47)
ESf = (Lo(p — DU+ C1) + To(p — q)C2) £(0)

+ (1= 1o(p — 9))CaS* fr—gr1+ (I + COHa(By * fp—y), (48)

where H; and H, are infinite matrices defined inductively by

% d _%]d —%Id %Id —%Id _(n_zl_): 14

oo =ii,oo0 0 0

0 éld —éld 0 0
H, = .

0 0 -

1 1

0 0 0 0 0 ~L1 0

) (49)
sz[ld 0-21; 0 ... —Ly, ] (50)
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and the remaining terms are

Sf.=fo+2) fmeC! (51)
m>1

S*f=fo+2) (=D"fmeC! (52)
m>1

ey =(»,0,...)etl, yec (53)

Note that in (49), the final (rightmost) displayed column has index nth, the final (bottom)

displayed row is index nth as well, and similarly in (50) the final displayed entry has index

nth entry, where indexing is from zero so that the first rows and columns have index zero.
For convenience, we will write H; as the sum

Hy = H) + DT, (54)

where (Hlox)o = (Hjx)p and (Hlox)j = 0 for j > O (ie. H10 is the first row of H;
continuously embedded as an operator on Ell,), T is Toeplitz and D is a diagonal operator
defined as follows:

-0 _
1
0—1 0 111
10 —10 - 3!
T=1071 0 =10 ---1> D= s (55)

where the ﬁ occurs at the (n, n) diagonal index (again with zero-indexing).

We conclude this section with an observation concerning an elementwise product oper-
ation. First, concerning the maps H, and S. Each of these commute with d x d matrix
multiplication in the following sense. If M € C?*¢ h € ¢} and we define (M © h), = Mh,
to be the “elementwise (block) product”, then

M Hyh = Hy(M O h), MSh=SMQh). (56)

Next,if Y € E,]) (C¥*yand h € E]]), we have the following identity concerning “associativity”
of the elementwise product with convolution:

MO Y xh)=MQOY)x*h. (57)

provided we overload the notation and define (M © Y), = MY,,.

5 A dictionary of norm bounds

In the sections that follow, we will be computing formulas for the ¢; and ¢3 bounds of Lemma
4.3.1. Especially once we consider the case 1 < p < ¢ for the period and delay, the individual
linear maps that we need to bound (in norm) to get tight estimates for ¢> and ¢3 become quite
numerous and the analysis can at times be technical. To facilitate the presentation of later
proofs, in this section we will list and prove a collection of norm bounds for such maps.
However, as some bounds are used very frequently and it is easier to locate them from a
table, we place these bounds (and their proofs) in “Appendix A”.
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There are some common elements between the computation of the bounds, so at this stage
we introduce some additional notation. For N > 0, define 7 : Ei — E]l, by (xNhl, = h,
if n < N, and zero otherwise. Then, define w5 : Ellj — E,l) to be the complementary
projector 75°h = h — w¥h. For h € ¢}, the decomposition h = h™ + h* will always
mean hY = 7k and h*®° = my h. Analogously, if ¢ € X, and N > 0, we will write
¢ = ¢V +¢> for " € XV and p>° € X°. Also, because £! admits the internal direct sum
e =aNeh)eryel) and h = bV + 1o satisfies ||h|], = [|BY ||, + ||F°]],, any linear
operator L : £} — ¢! satisfies

LIy <max{ sup ([LAM[,, sup [[LA|], | (58)
AN, <1 [[h%]], =<1

where the suprema are taken over woenV (lej) and h™ e (Z ). Similarly, for Ly : El
C? we have

Lol cay < max{ sup [[LohN]l, sup [[Loh™]| ¢. (59)
1AMy <1 [1h%]ly <1
Analogous bounds hold for a linear operator £ : X, — X,,. First, write
L(x(0), x0, ..., X1—¢) = (L(0)(x(0), x0, ..., X1—¢), Lo(x(0), x0, . .., X1—¢),

S Li—g(x(0), x0, ..., X1-¢))-

We can decompose by linearity over the direct sum:

L(0)(x(0), x0, ..., x1—¢) = L(0)(x(0), 0, ...,0) + L(0)(0, x0, 0, ..., 0)
+o o+ L0)(0,0, ..., x1—g)
L;j(x(0). x0. ... x1—g) = Lj(x(0),0,....0) + L;(0.x0,0.....0)

+-4+L;0,0,...,x1-),

forj=1-g¢q,...,0.TheneachL; : X, — Ell, satisfies

0
II1L; H< Sup IIL x©), 0l + Y max{ sup 1L 0, x)lv, sup (1L 0, x)lv ¢+

k=l—q lxY (1, <1 a2l <1

where L;(x(0),0) = L;(x(0),0,...,0),and L;(0,x;) = L;(0,...,x,...) has zeros
except at the k index. It then follows by definition of the norm on X, that

Ll Bx,) = maX{ sup [|L(0)(x(0), 0)]]

[x(0)<1
0
+ > max{ sup [ILOO.xMI. sup [[LO)O. x|}
k=l—¢q [ lxgelly <1

._max { sup ||L;(x(0), 0)[],

J=1=q,0 Ix(0)<1
0
+ Z max { sup [[L; 0, x)[l, sup [IL; 0, x)]], (60)
k=1—q ka [lv=l kaoouvfl
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Conversely, if the right-hand side of (60) is finite then £ is bounded.

In the following sections we will be playing somewhat fast and loose with the notation
involving our convolutions. The primary abuse of notation will be as follows. If Y € 5,1) (Cdxd)y
and L € B(El), we define the operator Y * L € B(ﬁ\l,) by h+— Y x L(h) :=Y % (Lh). For
example, often L will be a projection operator (although there are exceptions). Finally, the
following equivalent norm on le)((CdXd ) will be beneficial later. For Y € le)((CdXd ), define
1Yl = 211Y ]y — |1Yo]|- This implies the convenient formula ||(Y * h)||, < 2||Y||x]lA]]v
whenever h € 6\1,; see Proposition 4.1.1.

A brief warning before we proceed. The symbol / will always denote an the identity
operator, though on which space it acts will sometimes be left implicit by context. When we
wish to make the domain X explicit, we will write Iy.

5.1 The operators Q and 6

Many of the bounds of this section will involve the following pair of linear operators. They
appear frequently in the “block operator” representation of implicit part operators. Let ¥ €
¢} (€4*dy and N», Ny € N.

Q) =1y = HiY x Iy, Q)= Iy —a™Hy™sa®™ 07'(r) = Q).
(61)

Whenever these symbols appear, N1 and N, will always be fixed a priori so they can be used
without ambiguity. We will sometimes also write Q! (¥YV1) whenever we want to make the
dependence on N explicit.

Remark 5.1.1 Ttis asimple consequence of Theorem 3.2.1 that Q’l (Y) exists and is bounded.
Lemma 5.1.1 [0~ (V)] p(e1y < max{[|0~' ()™ || (o) 1)

Proof By construction, Q’l acts as the identity on 711?,‘; (¢!). The inequality then follows from
(58). O

Lemma5.1.2 720~ 1(Y) = z™ 0~ 1(V)7 ™ and e 0Ly = T

Proof Set é_l = é‘l(Y). If é_]x =ythenx =y — 7V H1 YV % 7™My and xV? =
yN2 — N2 gy N yN2 But then

N Ny 3-1 N N -1 _N
y2=g"2Q x:(InNZ(Z},)_n 2H\Y™M *InNZ(Q)) X2,
which coincides with V2 é’lnNzx. The other statement is proven by similar arguments. O

Lemma5.1.3 Let N», Ny > 0 and given Y € K ((CdXd) let YN = (Yo, ..., Yy, and
Y® =y -—yM, DenoteQ ow) andQ 1 Q Y(Y). The linear operators Iy — Q™ 1o

and 1‘35 -0 Q can be written as follows:
In-0'0=0"'7" (Hl (Y s Ip) + Hi (YN % nf,j)) + R Hi (Y x Ip1)
In =007 ' = Hi(y® s 0N+ xM (H (XM s 73) + w Hi(Y M 5 071,

Proof Keeping tracik of the projection operators, recalling that each of 72 (¢}) and n,‘fg (49)
is invariant under Q! and the latter acts as the identity on 71'1?,‘; (Z},), we can equivalent write

Ip — 0 'o= Ip — Q’“([Q —aMH (Y % Ip) — s Hi(Y % 1)
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=1 - é*‘(% — M H (M ™) — 7N H (Y s 1)

— M H (YN s f) — wR Hi(Y D)
=Ip— 0O -7V HI(Y® s Ip) — ™ Hy (YN 5 730) — w3 Hi (Y1 % 1))
— 0 a2 (Hl(yoo s Iy) + H (YN 5 n;;,j)) + 07 TR HY * 1)
=0l <H1(Y°° x 1) + Hi (Y™ « n;‘;)) +ASHIY % 1)

Similarly, one can verify

In =00 ' =2V HY® 1) 0 + HiYNM 5w 732) 07 + g (Hi (Y 1) 0™
=aVH P« 0 +aVH N w1 07N + a Hi(YM + Y™y« 07
= Hi (Y% 0 ) + 7™M (H YN s 750) + a2 (Hi (YN« 07 1),

5.2 A general-purpose finite computation norm estimate

For a given linear operator L : X, — X,, it is often useful to work with a “block decompo-

sition”,
_|TO) T. || h©O
w=[" V][]

The following lemma facilitates the computation of the norm of such an operator. When
ker L = X3°, the bound of the lemma reduces to a tight, finite computation.

Lemma5.2.1 Denote X,,(0) = span{(e¢;,0,...,0): j=1,...,d} C X,and7w(0) : X, —
X, (0) the projection onto X ,,(0). Let L : X, — X, be a bounded operator being expressible
in the form L = T + U + V with the following specifications:

o T has range in X,,(0) and there exists T(0) and T, ; € (Cddeorm =1—gq,...,0and
J € N such that

0 00
(ThY©0) =TOhO) + Y > T jhm.
m=1—q j=0

e ker(U) = im(Ix,—n(0)), U hasrange inim(Ix, —m (0)), and there exist Uy, € lej(CdXd)
form=1—gq,...,0suchthat (Uh)p, ; = Uy, jh(0),

e ker(V) = X, (0), V has range inim(Ix, — 7 (0)), and there exist (Viy k) j.n € Ca*4 yith
m,ke{l —q,...,0}and j,n € N such that

0 00
VB = > Y Vik)jnhicn-
k=1—g n=0
Then ||L||p(x,) < max{7T,U + V}, where

0
1
T = sup — || T I, T=ITOI+ Y Tn
jzo v’ -

m=1l—q
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0

1 & .
Vi = suijll(an,k)j,n‘IV]v U+V =max{||Unll + Z Vmk:m=1-q,...,0
nz0 V255, k=1—q
Proof By definition of the norm on X, we have
ILIBx,) = sup max{[|[(LR)O)], [[(LA)ollv - -, (LA)1—gllv}. (62)

[1h1lx, <1

Making use of the decomposition L = T + U + V, the contribution from ||(L4)(0)|| comes
solely from 7. We bound this term first. First, observe that by definition of 7,, we have
T, jll < v/ T, forall j > 0. Then

0 o0
TR < ITORO+ Y > T jhm. ]
m=1—q j=0
<ITO) + Z Z V! ||
m=1—¢q j=0
0
=(TOI+ Y Tullhnll
m=1—q

<T7.

Next, since (Lh),, = (Uh)y, + (Vh)y, form =1 —gq, ..., 0, we will bound |[(Lh),, ||
using the triangle inequality. Clearly ||(Uh) |1y < ||Unlly- As for the V terms, first observe
that by definition of V,, x,

[e.¢]
D Vi) jnllv < V™
Jj=0

for all » > 0. Then

(VR = Z (V) 110/

.
[=}

Mg

0 o0 ]
D0 Vi) jall - Wareallv?

k=1—g n=0

Z(Zn(vmk),nnvf i ol

—gq n=0

oo
> Vi [kl

g n=0

Il
=}

J

Mo

k

Il
—_

k

Vm,k,
q

= '%Mo

k=1

where in the third line we make use of Fubini’s theorem. Combining the previous two esti-
mates, it follows that [|[(LA)m[ly < [|Unllv + D g Vi k. Taking the maximum over m and
applying (62), we obtain the bound ||L||p(x,) < max{7T,U + V}. O
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5.3 Finite convolutions and the operator H,
LetLbead x (Ny + 1) x d(N, + 1) matrix, and define L : 6‘1} — K}, by

(L]’l)n — Z/I(vi() Ln,khks n S N2
0 n > N,

where L, x denotes the d x d block with row-column index (n, k) with indexing from zero
(that is, n = 0 corresponds to the first row). We write L =i o L.

We are will later need to bound operators of the form n,f,‘; H (YN % L) in norm. To
accomplish this, we first make two observations.

1. The image of YV x L is finite-dimensional and equal to 7 V1 V2 (¢]),

2. The kernel of 71,?,‘2’ H; is equal (for Ny > 1) to nNZ’l(le,).

To proceed, we will therefore represent (YN % L) as an infinite matrix with a finite nonzero
block and multiply it with a matrix representation of ﬂf\’g Hj on the left. Let £V2~! be the
matrix associated to the linear map

Cd(N1+N2+1) > (xo,xl, e ,xN1+N2) = (0, cees XNy e .,xN1+N2).
eMlisad(N + Ny + 1) x d(N; + N, + 1) diagonal matrix. Define
(YN xL)o

GM, L) = ¢V DTN | MLy, . (63)

(YNI * L)N1+N2
where (YN x L) is the d(N; 4+ Na + 1) x d(N» + 1) matrix defined row-wise
Ny
(YN] *L)j = Z Y|1,\,/|]L\n7j|
n=—N,

Forh € Ell), we have by definition of convolution and L that

N N>
MLy = Y YUY Lk = (YN« Lh,
n=—N; k=0

where h,, = h,, for n < N; and zero otherwise. From this, we conclude that for & € E},,
MV (R H (P D) = 0], GO Db,
7R, (TR (YN LR ) =0,

where ¥y : 7V (£)) — CINFD s the isomorphism defined by (¥xh)11nd:(nt1d = hn-
Formally,

ho

Yn(ho, ..., hy,0,...) = . (64)
hn
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Taking into account Lemma 5.2.1 and that the first N — 1 (block) rows of G(YM, L) are
zero, this proves the following proposition.

Proposition 5.3.1 Let L be a d(Ny + 1) x d(Na + 1) matrix, and Y € £} (C4*?). Define
G(YM,ioL) according to (63). Then,

Ni1+Ny
N . Ny j
||7T1?102H1(Y I*ZOL)”B(Z‘I’)Sk IglaXN e E [|G(Y "IOL)j,kH\)J.
=0,..., 2 ;
J=N2

6 Truncated monodromy operator and tight formulas for ¢5, ¢c3 and
[|(Mn,,n, — Z')_1||B(X30) bounds

In this section we will compute tight bounds ¢, ¢3 and |[(My, n, — 2/ )| B(xge) from
Lemma 4.3.1 forthecases p =g = 1,1 = p < g and 1 # p < q. It is beneficial both for
clarity of presentation and also for some slight mathematical differences to consider these
cases separately. As for the ¢; bound, in all cases it involves a computation of a finite matrix
norm and will be done on a computer. This will be elaborated upon in Sect. 7.1.

For a fixed ¥ € £1(C7%9),1et Q~'(Y) be the d(N; + 1) x d (N3 + 1) block matrix such
that

N Ny X—1 .
(Q_I(Y)I’l)j — Zk:() Qj’k(Y)hka j 5 N2
hj, J= N2+ 1,

where (NQI}C(Y ) denotes the row j, column k block of dimension d x d, with zero-indexing
(that is, row one corresponds to j = 0 and column one corresponds to k = 0). Let DT denote
the d(Ny + 1) x d(N> + 2) block matrix
0
1
I 1 ..
0 s 0 —4I; O
DT = . .

1 1
av;la 0 —ay;la |

that is, DT is the nontrivial finite-dimensional block of 7™ DT. Let H(l) denote the d x
d (N> + 2) matrix

1 1y 1 1 (=hM2t!
Hj = [21d gla —31a gla —73la -~ — NZ-1 )
that is, H(l) is a domain truncation of the finite-dimensional block of Hf) .Fork =0,..., Ny,

let Z,iv' ‘N2 denote the d (N2 +2) x d(2N; + 1) block Toeplitz matrix and S(Y N1y denote the
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d(2N; + 1) x d matrix

_ - [~ YN, ]
0 1
. Yni—1
0 y

" = 1y sy =|

0 Id Y,
0...01;0...0 ’

L d . i YN1 ]

where the first nonzero block in Z,iv 1M has row index Ny — Ny + 1 + k (and consequently
the last nonzero block column has index N; — k). Let Q;l (Y) and DT, denote the jth (d-
dimensional block) row of (3_1 (Y) and DT, and also let DT ik denote the row j, column k

block of DT. With a slight abuse of notation, we define Q K= = 0 whenever the indices (J, k)
are out of range: that is, j > N, or k > N, (recall we 1ndex from zero).

6.1 Boundsinthecasep =g =1

Let N> > 0 be given. Making use of the identifications from Sect. 4.4, we can write E and
(I — W) as block matrix operators acting on e x Kll) as follows. If h = (h(0), ¢),

I+Ci+C I+ C))HyBy * 1
pn | UTC1+C) I+ COHB 1y | [ h(0) 65)
eol(cd HlBl *I[ll) ¢
Ica —( + C1)HaA| % I ] [h(O)]
In —W)h = v 66
(g ) [ 0 0(A)) & (66)
Next, let Ny > 0. We can write En, n, and I — Wy, n, using this same notation:
(I +Ci+C) (I +CH B s
E = 67
NN |: eola nNZHlB{Vl sV (67)
N N
Ica —(I+C)HA} s 2
II_WN,N=[C ) H2 A , (68)
R O(A)
where this time we have suppressed the input /. From here it follows that
, Ica (I+C1)H2AN‘ «TN 0~ fanT,
(zl_w,w:[@ ! (69)
R 0 0~'(an
We have included the explicit domains on the identity operators for clarity. We can now
express the truncated monodromy operator My, n, = (I — Wy, 5,) " En, n, in block
operator form:
Ml M2
= [ 5]
Ni,No Ni,No
MYy, = Ca+ (g + CDUga + HoAY 7207 (Apeol)
MN1 N, = Uga + COH B 5 7™ + o AY 5 2207 (Apa V2 1y B 5 22

M3y, =0 (ADeolca
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MR N, = O (AT H By w2 (70)

Remark 6.1.1 When we want to use the computer to calculate eigenvalues of our impulsive
delay differential equation, we implement the matrix representation of the restriction of the
linear operator My, n, to the finite-dimensional vector space X 11)\/ 2,

Lemma6.1.1 (Truncated monodromy operator, p = g = 1) Define My, n, = (I —
Wi, .N,) " EN, N,. Suppose ¢ is an eigenvector of My, N, with eigenvalue A. If A # 0
then with ¢ = ¢™? + ¢, we have $>° = 0. Also, each of X° and X2 is an invariant
subspace for My, n, and for r > 0 we have

1

i\ —1
N(Mn,,N, —re'”) By < s

IfxeC,0<r <|Aand0 < w < 7, then for U € {D, (1), Ry (r, )},

sup [|[(My,,n, — ZI)_IIIB(xgo) <
20U Al —r
Proof The assertions concerning the eigenvalues, eigenvectors and invariant subspaces follow
directly from the definition of Ey, n, and (I — Wy, Nz)_l. As for the bound, we have
My, N, ®°° = 0, which implies My, Ny, — re)y=lp> = 1 e %% and subsequently,
(M, N, — re®)1¢>®||x, < L]1¢>°||x,. For the proof concermng the closed ball D, (}),
observe that (My, N, — (A + re”)I) Lp© = (A + reit)~ 1¢°° for ¢t € [0, 27], so that

My, 3, = Gt re D7 Ix, < sup ot 10%lx, -
b te[0,27] |)»+V it]
which attains its maximum when ¢t = — arg A, resulting in the bound claimed in the lemma.
As for the radial sector, we have

1
M —z2t;h, )P = ———— ™
My, N, =250, r,0) ) Z(t;k’r7w)¢
for the parameterization in (44). Taking norms and suprema for ¢ € [0, 4], the upper bound
stated in the lemma is attained for ¢ € [0, 1]. O

Remark 6.1.2 For fixed A € C and r € (0, |A|), the coarse bound for sup_cyy; [|(My,, N, —
2D B¢ xoo) is attained at a single point in the boundary parameterization for a closed ball
D, (r), whereas it is attained on a continuum for a given radial sector R, (r, -). In this sense,
sup, ey 1My, Ny — 27! [|B(x3e) can be more conservatively bounded on a radial sector
(of a given width) than it can for a closed ball (of radius equal to the prior width).

This lemma gives preliminary justification for why My, y, is a reasonable choice for
a truncated monodromy operator. It also guarantees that the nonzero eigenvalues of the
truncation can in principle be computed from the finite (and generally nontrivial) part of
My, N, - The following theorems gives computable bounds ¢ and c3.

Theorem 6.1.1 (c; bound, p = q = 1) Let N; > N; > 0. Denote Aivl =
(A1.0, ..., A1n,, 0, ...) and A = A — AY'. Define

Ky= max kZIIQ,k(AMNI’
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Na
K§ = max_ kZ||<1+cl>Q,k<AN'>||f

.....

N
1 1A} 1o 5-1 AN
K=, max VN2+1+kZ((N2+1 oz =110l

+1Q; " (4)HDTZ Vs (A1) v/

mjk = WA 4 s had
SN e 0

HIU + cl)éjl(AlNl)DTZ,QV"st(AlN‘>||)

« 1 (- 1)J+1 1
= ma —m —_—— max —_—
27 o Nl pN2+1+k 10+22 —1 \k=0,..N PNk Tk
j
1 Ny+Ny
Jo(AY) = GAMiol j
0(AY) = max — Y IG(AY",i o Ipaw,n),j kv
k=0....Ny vk
j=N>

1 2 1 1 1
AN[ ANI 1 AN]
(47 4(N> + 1) (( )” Iy <v v3>” I’OH)

g =max {Jo(a}"), K1 +a(a}h]

and introduce the quantities

—1
o= (Ko (1+3) + St ARl + 5
PO = gWKF (14 3) 14Tl

20| +Cp) © AN
+max[2g<v)||1+cl||-||A‘f°||w, LY 1K,

pN2+1

Suppose p := max{p1, p(0)} < 1. Then, with

max{L, ||(I = Wy, x,) "l }

A =Wy Nl B(X,?)

1—p 1—p

, (71)

the operator I — W satisfies ||(I — W)_1||B(Xv) <.
Proof Define the operator A = I — (I — Wy, Nz)’l(l — W). By construction,

(Tt = W) Mgy < 11— Wiy ) " sy - 1T = D)7 iy,

so if we can estimate the norm of A and prove that this is less than one, a Neumann series
argument will give a constructive bound for ¢3, since the norm ||(/, 1= W, 1\12)‘1 | B(el) can
be approximated (or rigorously enclosed) on a computer: in particular, it is bounded above

by max{L, [|(1 = Wy np) ™' ™2 g oma ).
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Moving on to the estimation of the operator norm of A, a careful multiplication shows

A=l© (I +CDA
L0 1y - 07N AnQA |0

with the upper right block given by
Ay = HAY 5707 (ADQ(A) — HaA + Iy
= > (4 x 72 0 (AN QA — 41 %1y
= H (AINI x V(07 (AN QA — Ip) + AY ™ — Ay (2 +n,°v§))
- H (Af" x V(07 (AN QA — ) — AP ™ — AN & n;’,j) :
By definition of the norm on X, = C? x K},, it follows that
IAlBex,) < max{||( + CDA Iy 1 — 07 (ADQADIIg)-

We will estimate these two norms separately. For brevity, write é = Q(Allvl) and Q =
Q(Ay). First, we use Lemma 5.1.3 to write

Iy — 07'0 =0 7™M H (A « In) + O~ ' Hy (AN % )+ TR Hi (AT s L)
+ i Hi(AY % ™) + w32 Hi (A % 750,
We will now bound this linear operator using (58) to consider the maximum of the contribution
from the body a2 (le)) and tail ”1?/02 (le)). Using Propositions 4.1.1, 5.3.1 and rows 3, 4, and
8 of Table A, we can get the bound
v+ vl

-1 N2 v ° PYZVAETY
1y = 071 @Iy < Ko (1+3) 1145 ot 3+ 1)

1Al + Jo(AT).
(72)
Similarly, using Proposition 4.1.1 and rows 3, 4, 8, 12 and 14 of Table A, we get

+ !
1A, + (AN,

(73)

-0 00 <K (1 7> A Ki+ ——~
Uy = 0 Omllsey) = Ko (143 ) 14T Mo + K1+ S0

Taking into account (58), it follows that ||I@£ - é‘l 0| |B(l},) < pi1.
Next, we deal with A 1. We begin by splitting 7 2(@ “1o—-1 Ki) into two separate terms:
(070 — 1) = =2V O (H{ (A x 1)) — 7™ O H{(AY w7 ).
With this decomposition, we can write — A1, as follows:
—Apy = Hy(A x ™ + 7N 07N (H (AT % 1)) + Ho(A} %758
+ M Q7 H (AP x T ))).

This decomposition has the effect of separating the terms that are asymptotically O (||A{°|«)
from everything else. After distributing through the / +C; matrix term using the elementwise
product operand ®, we use Proposition 4.1.1, rows 1, 2, 3, 4 and 15 and (59) to obtain the
bound

11¢4 +C1)A12||B(gllj)
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v
< gKS (14 3) 14Tl + max 25|17

2011 +Cp) o AN,

+Cill - 1A, v + K>

=p(0) (74)
Combining the previous estimates, we conclude ||A]| B(tl) = max{p1, p(0)} = p. By

Neumann series, ||(I — A)~! ||B(£L) < 11p which combined with the discussion at the
beginning completes the proof. O

Remark 6.1.3 The matrix (N)_l (A{v' ) can be identified with the nontrivial, finite block of

O~ 'AMHYZM = [0 7™ 11 — Wy ny) ™! [;}Vz} ;

and is computed explicitly in our numerical scheme. As such, any finite computations involv-
ing this can be accomplished on a computer.

Theorem 6.1.2 (c3 bound, p =g = 1) Let Ny > 1 and N1 > 0, and let K¢, A andA°° be

defined as in Theorem 6.1.1. Denote B1 = (B1,0,...,Bi,n;,0,...) and Bfo B — BN1
Let M be the d(Ny + 1) x d(Ny + 1) matrix such that for all h € a2 (E‘])),

v (07 AT Hy B 5 1) = My, ()

where \ the isomorphism defined by in (64). Introduce the quantities

M, = max Z”M]kHV/

.....

Ny
K§ =Y 11Q;5(AMI]

j=0
No+Ny '
Lo= — T G i 0 Q7 (A ding(1,0. ..., 0)) Il
..... A
N>+N;
— . Ny . ) j
Li=, max - Z IG(AN, i o M) 4]V
J=N>
N
L= Z Bl o)+ 10w, 22881 ) o)
Y v”””" (N2 +1—Np?2—1 :
N>+N;
JO(BiVI):k_%‘aX 0 Z ||G(B1 ,i 0 Igay )|V
o J=N2

1 2 1 v 11 N
BNI — B 1 _ _ B 1
Ol( 1 ) 4(N2+71) << v+ —+ )” ||v (V +*v3>|| 1,0”)
[o.¢] N] N]
y=max[(1+5)||M||])||A1 o+ L1+ Jo(B) . Lo +a(B))]

v
= (14 3) KGUATIo + 1Bll0) + Lo+
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©(0) = 28I + CIlIKG APl + max {2g W] + Cill - 11 B[],
26WI + Cill - 1A ol My + -+

. <2||<1 +C) OBl + <1 + #> 1+ Cill - ||B§>°||w>}
pN2+1 N2 +]
Then, with
c3 := max{ky, k(0)}, (75)
we have the estimate ||(I — W)Mn, n, — E||lpx,) < c3.
Proof Define A = (I — W)Mn, n, — E. Using (65)—(69) one can write A in the form

Ao |:(1 +CAn U +£1)K12]
Aaj A

with the more complicated terms being given by

A= Hy(Ar# I — AV 57 07 (ADeolca
= Hy(Ay Iy — AN )0~ (Aeolca
= H, A % 0 (Apeolca
Ap=H (Bl * Iy — BIN1 x™ 4 (A % Iy — Aqvl * 7'[1\’2)éfl(Al)erzHlBlN1 * rrN2>
= H, (B;>O sV 4 BwrRs 4 (Apx Iy — AV w22 07 (AT H BY nNZ)
=H (Bloo *V2 + B *nﬁ,‘; + AT *nNzé_l(Al)nNzHlev‘ * rrN2>
Ao = (I — QA0 (A))eolca
Ap = HiBy+ Iy — Q(A) O~ (AN H B 72
=y — 0(ANO~ (AN H B % 7™ + H B % In — 7N H B w2
= Iy — QAN O (AT H B 5 ™2
+ H B # Iy + N H B w i + R Hi B x I,
Like in the proof of the previous theorem, we can bound || Al B(t}) via
||X||B(ZL) <max {[|( + COAnl| + I 4+ CDOARI, [[Axll+ 1A}, (76)

where the norms are norms on appropriate spaces of linear maps. It therefore suffices to
compute the individual norm bounds. Starting with A2, we can write

Xz] = Hl(A(fo * é_leo) + H]%OZHI(AIIVI * é_leo).
This we bound using Propositions 4.1.1, 5.3.1 and rows 3 and 9 of Table A to get
— v
Raill = (1+3) KSNATIlo + Lo-
Next, we write down A, with more structure. We have
Az = Hi (A % Q‘*lrerH](BfV‘ * V) 4 nﬁ,‘;Hl (AiVl * QilnNzHl (val * tN2))
+ H (B 1) + n Hy (B %73 + w32 HiBY
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= Hi (AT« 0~ ' (Ana V2 Hi B % 2)
o) Ny A—1 Ny Ny Ny o)
—|—7TN2H1(A1 * Q7 (A 2H B *7"?) + H{(B] *Ifi)
+ H](va1 *7Ta) + nﬁ,‘;Hl(val * T N2).
We can bound the individual terms with Propositions 4.1.1, 5.3.1, Lemma 5.2.1 and rows 3,

4,13 and 14 of Table A. Additionally taking into account the tail-body split inequality (58),
we get

_ v o
Rall = (1+5) 1BFllo + -

Combininﬁg the two previous estimates, we have |[Aa1|| + ||A22|| < ki. Next we bound
(I + C1)A11. Using Proposition 4.1.1 and rows 1 and 9 of Table A, We have

(2 + COANI < 11T+ C111280) KA -

To handle (I +C1)A 2, we use Propositions 4.1.1,5.3.1, Lemma 5.2.1, rows 1 and 2 of Table
A and inequality (59) to get

I( + C)A2]| < max {Zg(V)III + C1ll - 1B, 26 + Cill - 1Al IM |y + - -

2 Ny ! 00
SN I +C)O B [+ 1+W 11+ Cill - 1IBT” [y }

It follows that || (1 + C]LX]] [| 4+ 11 + C1)A12]| < «(0). Combining these with the previous inequality (76)
for HA”B(L‘,)’ we get HA”B(Z},) < ¢3 as claimed.

Remark 6.1.4 M coincides with the nontrivial d(N; + 1) x d(N; + 1) block of M%,zl N from
(70). m]

6.2 Boundsinthecase1 =p <q

The implicit part W has a particular structure, which in turn induces a structure on (I — W).
From (38) and the representations of Sect. 4.4, we can interpret it as being the following
block operator acting on X,,. For ¢ = (¢(0), ¢o, ..., $1-¢),

[T —(I + C1)HyAq *Iﬁl 0 -vvn- 0

0 0(Ay) [ 0
(I=We=10 0 0 Ip - 0 |9

o - 0 Ipn

where the identity operators I are on the implied spaces: for instance, the first one is on C¢
and the others are on le,. If we take a direct (N1, Ny)-mode truncation of W (in the same way
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we did for p = ¢ = 1), we obtain

[ 1+ CHAY 7™ 07 (A 0 - - 0
0 oA 0 «ov--- 0
0w Lo 0 In 0 - 0
NN @ =0 0 0 Ipy---0 |9
| 0 cee 0 Iy |

We can similarly express the explicit part E as a block operator acting on X,,. We have

[ +C1) 0 - 0 CS* U+ CHBi x| [ ¢0)]
e 0 ---0 0 H\ By I %o
0 Ly 0 - 0 0 :
E¢ = . .
0 01y 0 0 620
0 0 In 0 J Lo,

We can now truncate the sequence Bj to N1 modes, while for the second level of truncation

we will do something a bit different. We define

(I +C1) 0 - 0 CS* ™ (I +CYHB 22| [ (0) ]
€ 0 ---0 0 nNZHlB{V' x V2 b0
0 Ipn0 - 0 0 :
ENI,N2¢: '
0 -0 1511} 0 0 b2y
0 0 I 0 1L,

Remark 6.2.1 When we want to use the computer to calculate eigenvalues of our impulsive
delay differential equation, we implement the matrix representation of the restriction of the
linear operator My, n, = (I — Wy, .n,) "' En,., to the finite-dimensional vector space X b2,

Remark 6.2.2 It might be tempting to replace the identity maps /1 in the lower diagonal part
of E with projections 772 in the expression for Ey, y,. The reason we do not is because if
we do, the analogous diagonal terms of E — Ey, n, become projections rr]f,‘;, which have
norm 1 for all N > 0. This would eliminate our ability to control the bound c3 by taking
more modes, which is undesirable for computer-assisted proofs. It would also imply My, n,
does not converge to M as a bounded operator on X, as we increase the number of modes,
which is completely wrong if we want to think of My, n, as an approximation of M.

Lemma 6.2.1 (Truncated monodromy operator, 1 = p < g) Define My, n, = (I —
Wn,.N,) " EN, N, Suppose ¢ is an eigenvector of My, v, with eigenvalue . If A # 0
then with ¢ = ¢™? + ¢, we have $>° = 0. Also, each of X° and X2 is an invariant
subspace for My, n, and for r > 0 we have

0. 1 1—r74
(M, vy —re'®) l||B(X5°)§maX{;, — }
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unless r = 1, in which case ||(My, N, — reie)’l||3(xgo) <LIfrxeCO0<r < |\and
0 < w < m, thenfor U € {D, (1), Ry.(r, )},

—1
sup [|[(Myy,n, — 21)™ || B(x3e) < max
zeU

{ 1 1—(|k|—r)‘q}
A —r A-r—1 [

Proof The assertions concerning the eigenvalues, eigenvectors and invariant subspaces follow
directly from the definition of Ey, n, and (I — WN1 ) Nz)_l . As for the bound, one can verify
directly that if $>° and h*° satisfy (My, n, — re!)¢p>® = h™, then

1 .
¢’802—;€719h8°7
1 .
P = —;e_’e (h° —¢3%,), 1—qg<k=<-L.

Thus, if [|2*°[|x, < 1, then ||¢°]], < % and by a quick inductive proof, one can check that

k—1

1 1—r
oIl < ;(1 +lleg 1) = 1ol < — = w(k),

unless r = 1, in which case ||¢7°||, < 1. To complete the proof, observe that w is strictly

decreasing and therefore reaches its maximum at index k = 1 — g. The argument for the
radial sector and closed ball are similar and omitted. O

Theorem 6.2.1 (¢, bound, 1 = p < ¢q) Let No > Ny > 0. With p as defined in Theorem
6.1.1, the operator I — W satisfies ||(I — w)y~! [lB(x,) < c2 with

N = W) s,y ML T = Wiy ) 7Hl g g )
) = = L. (77)
1—p 1—p
Proof Define @ =1 — (I — Wy, n,)~'(I — W). Then
0 (I +CpA
Q=10 Iy-0"'(Ano@) |,
0
where empty entries are zero (of appropriate spaces of linear maps) and 0 = diag(0, ..., 0)

is the zero operator on (El)q‘l. The nontrivial part of 2 coincides precisely with A
from the proof of Theorem 6.1.1. To show that ||(/ — WN1N2)4||B(XU) = max{1, ||({ —
W, 1\/2)_1 [l Bx™ )}, observe that (1 — Wy, 1\/2)_1 is still the identity operator when restricted
to X °. O

Theorem 6.2.2 (c3 bound, | = p < q) Let Ny > N| > 0 and let k| and «x(0) be defined as
as defined in Theorem 6.1.2. Then, with

(78)

) 2||Co ]
c3 = max{/q ,k(0) + DN [

we have the estimate ||(I — W)Mny, n, — Ellp(x,) < ¢3.

Proof LetQ = (I —W)(I — W, ,1\/2)_1 En, N, — E. Making use of the previous expressions
for/ — W, (I — WNI,NZ)’I, E and Ey, n,, we find that in block operator form,
B (I+CDQO---0CaS* g (I +CQ+
Q=— Q) 0---0 0 Qo4 )
0 0---0 0 0

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:2173-2252 2215

with zeroes representing the zero maps in the appropriate spaces, and

Qi1 = HyAy % 1p 0~ (ADeolca — HyAY 7™ 07! (A))eola
:Xll
Qi = HyBy + [y —HyBY e + Hy(Ay Iy — AV +7™) 07 (A7 H B % ™
=K12
Q1 = (I — Q(ADQ ™' (AD)eo
:XZI
Qo = HiB x Iy — Q(ADQ~ " (Apx™ H B 5 2™
:XZZ

where the A; j are the same as those appearing in the proof of Theorem 6.1.2. The conclusion
then follows by the same estimates as in the proof of the aforementioned, together with the
bound for the norm of C>S*7 > being supplied by row 7 of Table A. O

6.3 Boundsinthecase1<p<gq

In this final subsection we will compute the bounds ¢ and c3 in the final case, where 1 <
p < q. This case will be a fair bit more involved than the previous ones and the bounds
are significantly more complicated. Like in the last section, we write / — W using (38)
and the representations of Sect. 4.4. Making use of the short form L¢; := (L¢); and
Lp(0) := (L¢)(0) for a linear operator L : X, — X,,

FTU—=W)p0)] [0 —UT+Ci)HApx¢g— (I +C1)Sp_1 7]
I — W)go Opdo —epSp—1
I = W)p— Op—10-1 — €SP
I-=W)p=|U-=W)pr— | = 0202 p — €SP1—p ; (79)
I —-=W)p1—p O1¢1-p
(I - W)(P,p ¢*p
LU—-W)p1—41 L d1—4 J
T =Wy [oO -+ CQHzAg' * o — (I +C)Sa™V2gp_y |
(I = Wny.ny)é0 _Opgo — eS¢y
- WNl,Nz)¢—I Qp—l¢—l - eOSJTN2¢—2
U =Wn )= | U—=Wn Npa—p | = §2¢2—p~— eoStV2 i, )
(I = Wy N)P1—p Q1¢1-p
(I = Wxy 8P p ¢—p
LU =Wy ndr—qd | bi—g

(80)
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where we denote Q; = Q(A;) and ’ij = Q(A.,'). Similarly, we can write down the explicit
part operator E and define the truncation Ey, n,.

T Ep0) 7 [ C2S"br4p—g + U+ COYH2By 5 Ip1pp— |
E¢0 H]Bp k Il‘l,(bpfq
E¢_; HiBp1 % Ip1¢p—g-1
E¢2—p _ H| B> % I@l(ﬁz_q
= v , (81)
Epi—p eop (0) + H; By *Illv(m,q
Ep—p $o
E¢—p-1 D1
L E¢i—q 1| b1-q-p) i
[ Enyn,$(0) ] Czs*ﬂdenw—q+<§V +COH By g,
Eny,nyo 72 H gpl x 12,y
EN],N2¢71 T[NzHprll *ﬂN2¢p_q_1
Enyny$2—p | _ oVl BN x Ve, @
En, Ny 91 o N oN N . (82)
LAN2PR=p e (0) + 72 H1 By 1214
ENy Ny P—p o
ENy Ny #—p-1 b1
E ) :
L N1,N2¢1 q i ¢]_(q_p) i

Note that here we are using the short form L¢; := (L¢); and L¢(0) := (L¢)(0) for
L e {E, EN],NQ}'

Remark 6.3.1 When we want to use the computer to calculate eigenvalues of our impulsive
delay differential equation, we implement the matrix representation of the restriction of the
linear operator My, n, = (I — Wy, .n,) "' Eny ., to the finite-dimensional vector space X N2

Lemma 6.3.1 (Truncated monodromy operator, 1 < p < g) Define My, n, = (I —
Wn, .N,) " EN, N, Suppose ¢ is an eigenvector of My, n, with eigenvalue i. If A # 0
then with ¢ = ¢™? + ¢, we have $>° = 0. Also, each of X° and X2 is an invariant
subspace for My, n, and for r > 0 we have

(M 9 ey < max | £, L2

—re oy <max{-—-, ——————
Ni.N» B(X{°) = r F—1

unless r = 1, in which case ||(My, N, — reie)_lllg(xgo) <1LIfrxeC0<r < |\l and
0 < w < 7, then for U € {D,(X), Ry.(r, w)},

1 1— (|A| = r)~La/p }

su M —zD! 00y < max s
P NMw Ny — 2D Bxge) < {W-r P —r—1

z€0B; (r,w)

Proof The assertions concerning the eigenvalues, eigenvectors and invariant subspaces follow
directly from the definition of En, v, and (I — Wy, n,). Indeed, it is easy to verify that each
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of X \1,\/ 2 and X5° are invariant subspaces for I — Wy, y, and its inverse. As for the bound,
one can verify directly that if $>° and h satisfy (My, y, — re!?)¢> = h™, then
0=h¥ —reo, l—p<k<0

If [|A%°]|x, < 1then [|¢°]], < fforl—p<k<0 and for 1 — g <k < —p, we have

— r

1
oo oo
181l < ~ (141035, 11)

If r = 1 we get ||[¢°||l, < 1fork =1 —g,...,0. Otherwise, observe that ||¢°]], < xi,
where

1
sz;(1+xk+p), l—g<k=<-p,

withxg = - =x1-p = r~L. It is easy to verify by induction that this sequence is nonin-
creasing and therefore reaches its maximum at k = 1 — g. Also, since the initial conditions
Xg, ..., X1—p are equal, we have x4 j, = x; for integers j < Oand k € {1 — p,...,0}.
Consequently,

1 1—ri-t

Mt(i-np = TU+ Xapjp) = Xpjp = ——F— =
Since j* = 1 — |g/p] is the most negative integer such that k + j*p > 1 — ¢ for some
ke {l—p,...,0},weconclude ||¢p*°||, < max{l/r, w(j*)}. The proof for the radial sector
and closed ball are similar. O

Lemma6.3.2 Ler Ny, N > Oagdsupgose - WN],NZ)_I(I — W) f = ¢ forsome f, ¢ €
Xy. Denote Qj = Q(Aj)and Qj = Q(Aj). Then ¢ = fyforl —q <k < —p and

¢np=0,"Qufup+0,' i 1:[1 eoS7™2 07!
k=1 \ j=k+1
e (SnNz 07 0k — s) feepn=1,....p (83)
$(0) = f(0) — (I + C)Ha(Ap * fo — AY' % 72 ¢)
— (I +CDS(fo1 —7V¢) (84)

where product denotes composition from right to left (bottom to top index), the empty product
is defined to be the identity and the empty sum to be zero.

Proof The assertion that ¢ = f; for 1 — g < k < —p is clear. We next prove the formula
for ¢, forn =1, ..., p. The definition of ¢ and f is equivalent to having

I =W)f=U-Wn.nN)¢.

We prove this by induction. Starting with n = 1, usmg (79) (80) with the above equation
implies Q1 f1—p = Q1¢1 p and consequently, ¢; ), = Q1 Q1f1 p- This is consistent with
(83). Taking an inductive step, if n > 1 we can again use the above equation together with
the explicit expressions (79)—(80) to get

A N;
Qn+1fn+l—p - eOan—p = Ont1Pn+1—p — €S 2(]>n—p-
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Solving for ¢, 41— p, we have
Pnt1—p = ’Qv,;,l_l (Qn+lfn+lfp - eOanfp + eOSﬂde)nfp)

= @;_51_1 Qn+1fn+1—p + é;_,l_] (_eOan—p + eOS7TN2 @;1 ann—p + -
n—1 n—1
eoS7™ 20, S| [T eosn™ 35" | eo (SnNzé,lek—S) feep
k=1 \ j=k+1
= é,;l_1 Qn+1fn+1—p + é;_,l_] (eO(Sn'N2 é;lQn - S)fn—p) +
n—1 n
Ot [ | TT eos7™05" | eo (7™ 85 0k = S) fin
k=1 \ j=k+1
= é;ilQn+lfn+1—p
n n
+ é;il Z l_[ COSJTMQ;I € (SﬂNzéngk —S> fip |
k=1 \ j=k+1

which is precisely (83) at index n + 1. To get Eq. (84) for ¢ (0) one uses the same strategy,
except we have left the result implicit. O

Lemma 6.3.3 Ler Ny, N > Oagdsupgose I—-w)yd — WNI,NQ)_lf = ¢ for some f,¢ €
Xy. Denote Qj = Q(Aj)and Qj = Q(Aj). Then ¢ = fy forl —q <k < —p and

¢n—p = 0Oy é;l.fn—p +(On é;leOSﬂ'NZ —epS)

n—1 [n-2
0. Y | [Teos#™ Q7" | firp. n=1,....p (85)
k=1 \j=k

¢0) = f(0) = (I + CH2(Ap x Iy1 — Ag‘ x V)

14 p—1
Q;1 Z 1_[ eoSt™M Q;l Ji—p — I+ C1)STR, f1 (86)
k=1 \ j=k

where product denotes composition from right to left (bottom to top index), the empty product
is defined to be the identity and the empty sum to be zero.

Proof The proof here is similar to the one for Lemma 6.3.2, so we will provide only an
outline. Set z = (I — WNI,NZ)*lf. Then zz = fi for 1 — g <k < —p, and using (80) one
can prove by induction that

n n—1

ap=0," Y | [Jeos7™ 07" | fiep n=1,....p
k=1 j=k

200) = f(0) + (I + CY(HL AN 5™ fo + Sa™2 fy).

Next, one computes ¢ = (I — W)(I — WN,,NZ)_lf = (I — W)z using (79) and the above
expressions. The resultis ¢y = fr forl —g <k < —pand (85)forn =1, ..., p, while

$(0) =2(0) = (I + COH(H2Ap * Iy1z0 + Sz-1)
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= fO) + I+ COHL AN 5 wVz0 + STz 1) — (I + CO)(HAp * Ipnzo + Sz-1)
= [0) = (I +C(HaAp 5 Iy — HoAY s w™)z0 — (I + C1)(S — Stz
= f0) = (I + CO(Ha Ay x Iy — Hh A s w™2)z9 — (I + C)SmRoz1.

We obtain (86) by substituting zo and z_ into the above, but we will point out one subtlety.
Since 711‘3,2 Q;lnl‘fg—see Lemma 5.1.2—we have

p—1 (p=2
n%
mi =m50,! [Teosx™ 07" | fip = 7R3 f1,
k 1 \j=k

since all terms in the summation except for the p — 1 term contain a ey on the extreme left,
which maps into 772 (@l), while for the p — 1 term the product collapses to the trivial product
(identity). O
Theorem 6.3.1 (¢ bound, | < p < g) Let N; > Ny > 0. Form = 1,..., p, define
AN = (Ao, -y Am, Nl,o,...), A = Ay — AN,

— N _
Kom = _max kZIIan(A DI, KQ = Z\IQnO(A )|
- n=0
S,k A—1 N e A—1 N
Koo = 1Qq cAmHI+2 ) 11Q, 1 (AnDIl, 0=k <Ny
n=1
N
S.k, ~_ N ~_ N
Ko =110+ CDQ A1+ 23 11U + CDQ; (A, 0<k <N,
n=1
Sk _ L sk S0 _ I sko
KO-m‘k:om?."NzuTKO-m’ Ko™ = 5%y, 1k Kom

— N
KGp = (0%, ZI|(1+C1)Q Laphin

3

& AN N
K = w ~7l A 1
1, K Io‘n N UN2+1+k § ((N2+1N)2 HQ],O( m )”
— N ,N N i
+1Q; 1<Am1>DTzk P2 ) v/

IIA Il —1, 4N ~1,,N LN N
§T£=—(N2+17N’“)2 1+ CDQT H AN + 11U + D (AnHDTZ T 28 (AR I,
1
o _ (m)_j
Kim = (_pax Ny NIk Zm] kY

1 (P) (= 1) +1 1 (p)
Kap=,_ 0% N, oo TR ™ ot Z k=0 XNy pN2 IR Mk

v Ny+N; N
1y _ 2 1 ) J
o(An') = max .Z NG(Am" i 0 Tnavy+1) j kv
J=N
N 1 2 N 1
A= —— Al — [ = AN
a(Ap’) I, 1) <( + -+ )II [l v Il OII
N N m—1 m—1 S0
B = max { Jo(An"), Kim +a(An) + K9, > | T Ko
k=1 \j=k+1
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2
( Ny+i + max{1, 2v™ }Kl,k>}

2 S % v oS
M = gy Fmax( 1207 Ky Ko (14 3) 14l

-1
_ v+ 00
pm—<K0,m (1"1‘ )+72(N +1)>||Am|w

m—1
+K0mZ( I K(i*}’) (14 3) 1A o + B

Jj=k+1

N
pN2(0) = 21T + C1ll - AR Nl + 28 WU 4+ C1) © Ayl

p—1
+K0,,2( [1 Kos.}(‘)) Ko (14 3) 141w

j=k+1

S,%,0 v NES
+KyrS (1 + 5) Z ( 1 &5 ) K3 1AZ o

k=1 \j=k+1

2||(I+C1)®Ap [y 2|11 +Cyl|

00 —
p=(0) = N2 1 tKop+ — W

+max{1, 207K | +Kg’;;®l< )HA"" o

p—1 p—2 p—2
N S0, S.,0
+2g<v>|(1+cl>®Ap‘||wZ( [T &7 m+&opS I1 KO,,)-nk

k=1 \j=k+1 k=1 \j=k+1

PO = gWKE, (14 3) 1A%l + max(p"2(0). p*(O))
With p := max{p(0), p1, ..., pp}, the operator I — W satisfies ||(I — w)~! l1B(x,) < c2 with

max (L, ||(1 = Wy, n) 7ML Ny )

(Ix, — WNINQ)_]HB(XU) _ B(X,2) 87)

1—0p - 1—0p
Proof Define A =1 — (I — WNI,NZ)"(I — W).Leth € X, satisty ||h]|x, < 1.ByLemma
6.3.2, we have (Ah)y =0forl —g <k < —p,whileforn=1, ..., p,

c =

n—1 n—1
(AR)p—p = = 0, Q) + O, [] eos=™07
k=1 \j=k+1
eo(S — S0, Qi
n—1 n—1

:(I_QJIQn)hn—p‘l‘Q;leOZ 1_[ S?TNZQ

k=1 \j=k+1
G + 7 (U = 01 Q).

We separately majorize in norm for 4 € X Moand h € X o°. From Lemma 5.1.3, we can
decompose as follows:

n—1 n—1
ATy = (I = 0 Q)7 hp + Oy e0 Y | [] 5705 e
k=1 \ j=k+1

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:2173-2252 2221

SO 7N Hy (AL 5 7))y

n—1 n—1
(AT = = 0, Qnhn—p + 0 'e0 Y | [] 707 e
k=1 \ j=k+1

S@ie + Of '™ (Hi (Ag % 50— p.

Bounding each of (1 — Q;l 0,)7N2 and (I — é;l Qn)nl‘\’,‘; can be accomplished in the same
way as in the proof of Theorem 6.1.1; see (72) and (73). We have IIQ;IeOII < Kg,n by row

9 of the table, while row 11 gives the estimate || S N é;leo [ < KOS JO As for the remaining
terms, row 3, 5, 6, 10 and 12 give

~_ 1%
IS(Q; '™ Hi (A« 7)1l < K37 (14 3) 11T o
-~ 2 _
ISR + O 7™ (H (A AN <~y + max {1,207 K
v
+ Ko (14 5) Ao

Combining the previous estimates, we apply (60) to get [|(Ah)n—plly < on.
Also using Lemma 6.3.2, writing (Ah)(0) = (I + C)(Ah)(0), we have

p—1 p—1
_ N ~_ ~_
(A ©O) = Hy | Apxhg — Ap' x 7™ 0,1 0,m0+0," Y | T]
k=1 \j=k+1
es7 2071 eo (572 0! 0k = )i ))
p—2 p—2
+8(ho =700 0, -0 Y T
k=1 \j=k+1

e St V2 é;l) eo(S7V2 0, 0y — S)hk—p)
=H, (AOO xho+ A« N2 (1 — 051 0p)ho + A *”@ho)

+ 8y, +7M0 -0 01k

é
+H [ A) "0, (Z H S”NzQ e | S(ry, +7M2 (1 = O el
=1 \j=k+1

— p—
0,! 1eoZ 1'[ saN20 ey | S + 721 = O 0
=1 \j=k+1

We can bound this term in norm using much the same estimates as before. The only differences are that we
will need to use (56) to commute (/ + C7) through the operator H,, while a bound for

H(I—i—Cl)H2<A°°*h0+A «xN2 (1= 851 Qpho + AR %R ho)H

can be constructed by observing that the quantity being bounded symbolically coincides (except for a single
projector, which does not effect the norm) with (/ + C1)A 7 from the proof of Theorem 6.1.1, so (74) can be

re-used. In total, we get

v N
A7 N2h|| < g(V)K(?p (l + 5) IIA}_’,on +2gWII + Cyl - IIAZOIIw +2eWIIT+C) O A o
p—1 [ p—1 N
0 5,0 S, %
+KQ, [T &7 | &5 (14 3) 1421w
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p—1 p—2
S, %, v S,0 S,
o (1+5) [T &) ka4
k=1 \j=k+1

N
VY 1 aoon L AT +CD O A5
AT Al < s0KS, (143 ) 1451l + =5

21+ Cl o)

-1
Kt o ax{1, 20 K P

p—2

p—2
S,%,0 5.0,
JrKo,p—1< )HA "l + Ko Y ]_[ Ko
k=1 \j=k+1

2 v
( Yoot +max(l 207K+ Koy (1+§)|\A,‘§Ollw>

p—1 p—1
Ni S.0
+28WIT+CN oA by | [T K5
k=1 \j=k+1

2 L,2v hk K 1 A®
ot Fmax(l. 27K Ko (14 3) 1471

We then get [[AR(0)|| < p(0) and taking into account (60), we conclude ||Al|g(x,) < p- The rest of the
proof is nearly identical to the proof of Theorem 6.1.1. Verifying that

(x, = Wiy np) " B x,) < max{l, [|( — WNI,NzrlnNZHB(XNz)}
v

is clear by definition of Wy, n,- O

Theorem6.3.2 (c3 bound, | < p < ¢g) Let No > Ny > 0. For j = 1,..., p, define

= (Am0 - Amny. 0., AY = Ay — Al By = (B ... Buy,.0....)
and B’ = By, — B,I,Yl. Let MY be the d(N> + 1) x d(Ny + 1) matrix such that for all
heal2(el),

VN, (Q*I(Aﬁl)nNz H B « h) =M™y, (h)

where  the isomorphism defined by in (64). Also form = 1, ..., p define the quantities

M)y = max kZIIM(m)IIv’

No
N 0 —1 N
Kom = (max, % E IIan(A DI, Kom = E 11Q; oAl

..... )

Ky = [1Q5 4 (ANl +2Z 1Q, LANIIL  0<k <N

n=1

S 1 sk
Ky = max —K;’
0 ™ 40, N, vk O
N2+Ny
— o O~ AN di ) J
Lo,m—k:gg};;Nz — Y IIGAN i o Q' (AN) diag(1,0, ..., 0)); k]l
J=N2
N2+Nj
— — N (m)y . J
Lim= max - ZN IG(AN!, i o M) 4|l
J=N2
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L _ 1 e ||BNI||w 1n(i DT ZN],NzS BMi J
o _k=r(§,l.2.l.),(N1 pN2+1+k Z (Na+1—=Np)?2 -1 Lo +1IDT; Z, Bl v
Na+Ny )
Byl = max Z IGB" i o Tgaovyen)|Iv/
,,,,, =

Niy 1 N _ l i Ni
«BY) =y (( +S )IIB ', (UHS)”BM”)

2= (1+3) 1M1, ||A°°\|w+L1m+Jo<B,§Z'>

m—1 m 1
Vv
+<1+5>[K8‘m||A,3,°||w+L0m] Ky 1B o
= —k+1
= 00 00 U
20) = 260111 + Call (I1BF o + 1143 ||w(1<op 1+5)

r=1 [ p—
+2gWII + Cill - IIAOOIIwKo,, 1+ Z K 0k||BN‘||w
k Jj=k+1
v
/cm=(1-1—7)||B°°||w+max{L2m+a(B 1, Em }
K(0)=maX{ 0, N2+I <|IC2H+||1+C1||< VN2+1>||B°°||
I+ @ BYIL) |
Then, with
c3 = max{k(0), k1, ..., Kkp}, (88)
we have the estimate ||(I — W)My, n, — El|p(x,) < c3.
Proof Define 2 = (I — W)My, N, — E.Leth € X, satisfy ||h]|x, < 1 and denote ¢ = Eh

and <13 = En, N,h. Making use of Lemma 6.3.3, we have forh € X,, n = 1,..., p and
l—g=<m=<—p,

Q) n—p = 1000y Gu—p — bupl + (02 0, — 1)
n—1 [n-=2

st 0,1 Y [ [Teos7™ 07" | de-p
k=1 \j=k

= [Qné,:lqgnfp - ¢n7p] + (Qné;l - I)

n—1 n—1

eoZ l_[ §Qfleo SN0 i

k=1 \j=k+1
Q) = G — b
(QR)(0) = [$(0) — p(0)] — (I + C1)Ha(Ap * Iy — ANV s ™)
p [pr-1
0,' > [ [Teos7™ 07" | drp— U +C1STFH1
k=1 \ j=k

= —(I+CHy(Ap % Iy
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p—1 p—1
— AN ™) 1 0, do+ Oyleo Y | [T SO 'eo | S0, iy
k=1 \j=k+1

+16(0) —p(0)] — (I + C)STRp—1

To derive a bound for [|2]|p(x,), we will need to sepgrately bound the terms above. First,
the easy one: by definition of E and Ey, n, we have ¢, — ¢, =0forl —qg <m < —p.
Next, observe that (ENI,Nznl‘z,ozh)k_p =0fork =1,..., p. As such, all of the “product”

terms vanish for arguments 7 € X° as they are terminated (at the right) by a P p- This will
simplify the application of the direct sum operator norm inequality (60) for B(X,). We will
therefore bound each of the above for & € X° first.
Let h*° € X5°. Replacing & with 2°° in the above expressions, we get
(Qhoo)n—p = _(Ehoo)n—p = —Hi(By * h?,o_q)
(Qh%)(0) = —(ER®)(0) = —C28*h§® ,_, — (I + C)Ha(By % hC,)
Row 2 and 7 of Table A and Proposition 4.1.1 can be used to bound the second quantity with

geometric decay in N,. As for the first, we use row 13 and 14 to handle the body B,f] ! of the
sequence By, with row 3 and Proposition 4.1.1 to handle the tail B;°. All together, we get

v
1@H)plly = Loy +a(BY) + (143 ) 1Bl (89)

2 1
[1(QR®) ()] < T (IICzll + I+ C1ll (1 + W) 1B Il + 11(I + Cy) @Bévlllu)
(90)

Now we let kM2 € X2, Replacing i with 22 in the first set of equations, we will work
piece by piece. Making use of (81) and (82),

(0105 u—p — du—p] = [Qu 0y ' w2 Hi (B} 5 ™) — Hi(By ")y,
= —[(1 = 2.0 Hn M Hi (B! % 1™
+ R Hy(BY w ™) + Hy(BS® « ™) |n)?
These terms all appear in the expression for Ay, from the proof of Theorem 6.1.2 (modulo
some projections that do not alter the norms), so we can bound them using the same methods.

Namely, we use Propositions 4.1.1, 5.3.1, Lemma 5.2.1 and rows 3, 4, 13 and 14 of Table A
(and some algebra) to get

~ - v v
102005 du-p = @ pdlls = (14 3) IMPILIAR Lo + Lis + JoBY) + (14 3 ) 1Bl
o1

Next, recalling the argument from the proof of Theorem 6.1.2 (see the A term), we can
make the estimate

~ v
102405 = Deoll oy = (1+3) KOANAZI + Lo ©2)

For the summation-product part, recall that the S é;leo terms in the products can ban be

bounded individually using row 11, with ||§ é;leoﬂ L(Cd,el) = Kg ]O As for the “external”
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terms of the form Sz V2 ’QVIZ](Z)k_ »» since we have replaced h with h™2, these are given by
SN0 frp = STV O AN HI (B g2 ).

We can bound these using a combination row 3 and 10 of the table and Proposition 4.1.1. We
get

~ 1~ v
157 O i plly = Kot (14 3) 1B (93)
Next, expanding ék_ pin é;lq;k_ p We can get the estimate

~ 1~ v
13 B-plls = Ko (14 3) 118" 1o (94)
using row 3 and 9 of Table A and Proposition 4.1.1. By combining (91), (92), (93), (94) and

the inline estimates, we can finally get the bound

v v
1@l = (14 3) IMO AT o + L + JoBY + (14 3) 1Bl

n—1

n—1
Y\ 20 5,0 | w5, v N
+[(1+3) KA1+ Lo ]; -111 Ko | Ko (14 3) 1B o
= J:

Taking the maximum of the above with (89), the resultis [|(2),—p |y < Kn.

To get a bound for ||24(0)||, we will also need to compute and bound $(0) — ¢(0). This
is straightforward: as we have already obtained a bound for 2>, we let k™ € X N2 50 that

160) = pO)|| = [|C2S* wR A2,y + (I + COY(Ha(By  Ip1) — Ha(BY' % 7))y
=1 + CYHa(ByY x ")k
<2gWIIL + Cill - 1B llo-

The last thing we need to do is deal with the H> (A, * I, 1= AIIY U rN2) terms, multiplied on

the right by é;léo or @;Ieo. However, since the latter two have range in a2 (Ell)) (recall
we already have a bound for the case 2 € X3°, see (90)), this can be equivalently written (for
placeholder z € C¥) as

Ho(Ap = Iy = AN ™) (8, G0+ 05 'eoz) = Ha(ay +7%) (8,00 + 0, eoz)
The map H(Ap* Iy — Agl *7rV2) can without loss of generality be replaced with H, (AY %
72), which gives the bound

H2 (A 5 )| 01 cay < 28BN + 1 + Cil|

Combining the previous estimates again, we finally get the bound

@A™ )11 = 2601 + 1l (1B 1o + 114510 (Ko (1+5)))

2
v p—1 p—1
0
+ 2801+ Cull - 1AFIKS, (1+3) 20| TT K65 | Ko 118 o
k=1 \j=k+1

Applying (60) to take the maximum of the above with (90) we get the bound ||(24)(0)|| <
k(0). Finally, applying (60) again but this time to Q : X, — X,, we get ||Q]|p(x,)
max{x (0), k1, ..., kp}

O IA
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7 MATLAB implementation

To accompany this publication we have implemented the numerical discretization of the
monodromy operator in MATLAB. It can be found at the author’s GitHub [9]. The imple-
mentation can handle arbitrary period p and delay ¢, provided these are integers. Rigorous
enclosures of the ¢, and ¢3 bounds is accomplished with the INTLAB library [24], although
at present we have only implemented the case 1 = p < ¢. In the same way, ¢; bound
computation for generalized Morse index and radial sector validation are implemented and
handled with INTLAB. The code is general-purpose, taking as input the matrix-valued func-
tions A(t) and B(t) appropriately pre-processed, impulse matrices C; and C» and various
other user-specified data. The code can be found at [9]. INTLAB is required for rigorous
proof, but is not required for monodromy operator discretization, so the latter is suitable for
eigenvalue (Floquet multiplier) estimation. The validation code can also be run with floating
point arithmetic, but in this mode the output should not be considered rigorous (especially
the c; bound code). At time of writing there are several parts of the code that could be vec-
torized (specifically some functions that implement block-matrix convolutions), leading to
performance improvement.

7.1 Computation of ¢; bounds

For generalized Morse index validation, the ¢; bound must satisfy

max | cf. sup [|(My,.v, —re’ D7, o | < e,
0€[0,27] v

where C}L = SUPge[0.27) I(MNy N, — re"el)’1||3(xgo) can be bounded using an explicit
formula (Lemmas 6.1.1, 6.2.1 and 6.3.1). Since the eigenvalues of My, y, come in complex-
conjugate pairs, it is enough to perform the former bound over 6 € [0, ]. The strategy is
therefore to fix a mesh size m, partition [0, ] according to

0=01<br---<bp_1<b,=m

and compute

f i0 \—1
¢y =max | ¢, max sup  |[(Mn,,n, —re'’I) ||B(XN2) ,
J=lwmgelo;_1,0;] v

where chr is replaced by an appropriate upper bound. The supremums are done using interval

arithmetic (INTLAB). If cjcpcz3 > 1, one should refine the mesh (to reduce the over-
estimation due to interval arithmetic and subsequently decrease cp), increase the number
of modes (to push c3 closer to zero and decrease the error || M — My, n,|lB(x,)) or work with
v if such flexibility is afforded by the given problem. It may also be necessary to change the
value of the radius r.

The situation is similar for validation in a closed ball. The ¢; bound must satisfy

max (C-l].’ sup ||(MN1,N2 - ()L + rei9)1)71 ||B(XN2)> =c1,
tel0,2r] v

where cf = SUPgero. 271 I1(MNy N, — (A + re'yn-! [|B(x50). There is no symmetry that can
be exploited here, so we must partition the entire interval [0, 277]. With m mesh points, we
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compute

¢] = max CI, max sup  ||(Mn, N, — (A + 7616)1)_1||B(XN2)
J=lmoeio; ;.01 v
using interval arithmetic. The conditioning guidelines are the same as for generalized Morse
index validation.
For radial sector validation, the ¢; bound must satisfy

max (CT sup ||(Mwy,n, — 2(t3 A, 7, w)l)_lllB(XNz)) =ci
t€[0,4] v

for the radial sector parameterization z from (44), where cir = sup;co 1 1 (Mny N, —
2t h, r, )] [|B(x2) can once again be bounded using an explicit formula (Lemmas 6.1.1,
6.2.1 and 6.3.1). By choosing mesh sizes my and partitioning the intervals [k, k + 1] for
k=0,1,2,3 according to

k=t <tia<- <tgm=k+1,

one can then compute

T -1
¢y =max |c;, max  max sup WMy, N, — 2t A r, ), o ],
( k=0.1.2.3 j=l.mi re[1 ;_y 1] B(Xy»7)

where cI is replaced by an appropriate upper bound and all suprema are calculated using
interval arithmetic (INTLAB). Conditioning guidelines are the same as the previous case,
except that generally it might also be necessary to change the value of the width r or sweep
w of the radial sector.

Remark 7.1.1 In all cases, an appropriate bound for c;r is available from one of Lemmas 6.1.1,
6.2.1 or Lemma 6.3.1.

7.1.1 Mesh generation

In our implementation of the ¢; bound we have allowed two options for the mesh. The first
is a uniform grid, and the second one is a pre-specified mesh. A script is included to generate
a (nonuniform) mesh in one of two ways. The first, which is generally very slow, involves
first computing

s 1My, = 26Dy,

at a specified number of equally-spaced points throughout the domain dom(z) of the param-
eterization for U (for U the set to validated) with floating point arithmetic (for speed). A
mesh 0 =51 < --+ < s, = max(dom(z)) for specified m is then computed so that

Si
—1
L 1008 =D

is (nearly) equal for i = 1, ..., m. A much faster way is to instead take {oq,...,on} =
o (My,,N,) the eigenvalues of My, n, and compute
1
s

ming (lox — z(s)])
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at a specified number of equally-spaced points throughout the domain dom(z), and then
generate the mesh in such a way that

i 1
[ et
Si—1 mlnk(|(7k - Z(S)|

is (nearly) equal fori = 1,...,m

7.2 Handling arbitrary period and delay in the absence of validation

Our basic implementation of the discretized monodromy operator is built on the premise
that the the period p and delay g are coprime and p < g. In this section we explain how
the implementation handles the other cases. If p and ¢ are not coprime but p < ¢, one can
interpret the monodromy operator M as being a product:

M=U(p,p-DU(p—-1,p=2)---U2, 1HUU,0),

with U (t1, tp) denoting the solution operator from time 7y to time #; for (12)—(13). Each of
U,k —1)fork = 1,..., p can be discretized using our scheme, since these operators
can, themselves, be interpreted as the monodromy operator for a system of the type (12)—
(13) except with period pg = 1 and delay ¢. This is not optimal, and implementing the
discretization from the ground up treating arbitrary p < g would improve efficiency by
reducing the amount of large matrix multiplications.

Depending on the relationship between p and ¢ and the regularity of the matrix-valued
functions A(t) and B(t), one might be able to write M using fewer than p factors. Suppose
p < g have a common factor m. Then p = jm for some j > 0, and we can write

M=U(p.(j —Dm)U((j —Dm,(j —2)m)---UQ2m,m)U(m,0).

Provided the matrix-valued functions A(¢) and B(¢) are piecewise-analytic with respect to the
intervals (km, (k 4+ 1)m) for k € Z, we can apply our discretization scheme by interpreting
each factor as the monodromy operator of a system of the type (12)—(13) with period pp = m
and delay ¢g. After an appropriate time rescaling (since the new period m divides g) we
can rescale the period to 1. However, since this is problem-specific, we do not implement it
directly in our MATLAB code and instead implement the worst-case fallback option outlined
in the previous paragraph.

Suppose now that p > ¢: that is, the period is greater than the delay. We can write
p = jq + k for some positive integer j and a remainder k € {0, ..., g — 1}. We can then
write the monodromy operator M as

M =U(p, j9)U(q.(j —Dq)---U2q.9)U(q.0).

In the same way as last time, we can interpret U (mgq, (im — 1)q) as being a monodromy
operator for a system of the type (12)—(13) except with period and delay both equal to g,
while U (p, jq) can be interpreted as a monodromy operator for a system of the same type,
except with period equal to pg = k and delay equal to ¢. This is handled automatically in our
MATLAB implementation, where each of the M (mgq, (im — 1)q) operators are discretized
using the worst-case product fallback approach from the first paragraph.

Atatheoretical level, the discretization My, n, resulting from this construction converges
to M (although with a generally worse rate) in B(X,) just as it does for the coprime cases
p < gq;namely, the convergence is achieved as N1, No — oo provided N — N1 — oo. This
can be proven by careful analysis of the bounds ¢, and c¢3. Namely, ¢ is uniformly bounded
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and c¢3 is O(1/(N2 — Np)). One can then apply the error bound (42). However, the validated
numerics of Sect. 4.3 no longer apply. The proof of the main lemma and theorem in the latter
section explicitly uses the decomposition of M in terms of a single implicit and explicit part
operator, and if p > g or they are not coprime it is generally necessary to split M into several
such operators. We briefly demonstrate the problem at the end of Sect. 10. While the result
can indeed be generalized to the case p > g or non-coprime p and ¢, the estimation of the
analogous bounds (such as ¢> and c3) quickly become rather involved. Thus, while these
cases could be handled using our validated numerics setup, we do not do so at this time.

7.3 Optimizations for some special scalar problems

Some additional preprocessing can improve the speed of computer-assisted proofs if ¢ = kp
for a natural number k and the impulsive delay differential equation is scalar. First recall [10]
that 1 is a Floquet multiplier if and only if to A := p~!log i there is associated a nontrivial
complex-valued p-periodic function ¢ (¢) such that t — ¢ (¢)e’* is a solution of (10)—(11).
One can then check directly that ¢ is a periodic solution of

() = (A(t) = AD$(t) + e M BD)$ (1 — q), t ¢ pZ
Ap(t) = C1p(t7) +e M Cagp(t — q), t € pZ.
However, since g = kp for p the period of ¢, the above is equivalent to
¢(t) = (A(t) — ADp(t) + e B1)¢ (1), t ¢ pl
Ap(t) = C1p(t7) + e M Cagp (1), t € pL.

Let A= p~!' [/ A(t)dt and B = p~! [j B(t)dt.If ¢ is scalar, ¢ is periodic with period p
and nontrivial if and only if

1=(0+C))exp (p(z +e™MB — A)) + Cre,

as can be verified by solving the ordinary impulsive differential equation and imposing the
equality ¢ (0) = ¢ (p). However, this is the exact same equation one obtains upon substituting
the ansatz y(r) = ¢ (t)e* into

y = Ay(t) + By(t — q), t ¢ p
Ay =Ciy(t™) 4+ Cry(t — q), t € pZ

and imposing periodicity of ¢. The above impulsive DDE and (10)—(11) therefore have the
same Floquet multipliers, so in the computation of the bounds ¢, ¢2 and c3, it is sufficient
to replace the inputs A and B with rigorous interval enclosures of the mean over the entire
interval [0, p]. The tail terms can also be rolled into this rigorous enclosure of the means, so
that in the bound computations one can take them to be zero.

8 Examples and applications: rigorous numerics

The following sections demonstrate the strengths (and weaknesses) of our numerical mon-
odromy operator discretization scheme and the rigorous numerics approach to eigenvalue
validation. The models of the first two sections (Sects. 8.1, 8.2) are motivated in part by
existing mathematical models or well-known equations. In the first of these sections we
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exploit the robustness of INTLAB to prove results that are uniform with respect to model
parameters. In particular, we prove some robust stability and bifurcation enclosure results.
Section 8.3 demonstrates the importance of eigenvalue validation by way of a family of
simple examples.

In all proofs of this section, the periodic coefficients of our delay equations will be entire.
By Corollary 4.1.1, we can therefore use any v > 1 in proofs that we want. For the most
part we will use v = 1.17, but when we need to take N; very large as we do in the proof of
Theorem 8.2.1, it will be necessary to use a smaller v to balance the interval arithmetic.

Remark 8.0.1 [Disclosure] All references to computing time in the computer-assisted proofs
were as performed on a Windows 10 machine with an AMD Ryzen 5 1500X processor
and 16gb of memory in MATLAB R2019b with INTLAB v12 unless otherwise stated. The
times are for the entire runtime of the proof (e.g. they include interval arithmetic computa-
tions of My, n,), not just the ¢y, ¢z and c¢3 bound calculation. Times were done using the
tic/toc MATLAB function. These times are not necessarily optimal. Different choices
of modes (N1, N2) and weight (v) can have a significant impact on computing time while
still yielding correct proofs. The computation times include negligible overhead associated
to the computation of the mesh (generated using the “fast” method from Sect. 7.1.1) for the
c1 bound. The number of points in this mesh has a significant impact on computation time,
and this number is generally different for each proof. See the associated MATLAB code [9]
for documentation.

8.1 Time-delay predator-prey model with impulsive harvesting

The following predator-prey system is modeled off of one considered in [22]:

X =rx(1) (1 - %) — Bx(t)y(1) (95)
¥ =pBe NTx(t — )y(t — 1) — day (1), t¢Z (96)
Ay = —hy(t7), tel. (97)

The difference between the above system and one cited is that instead of impulsive harvest-
ing of prey (x), we consider impulsive harvesting of the mature predator (y). Predator age
structure is taken into account, but the juvenile dynamics do not have an influence on the
remaining population classes and have been neglected here. One may consult [22] for details.

There is a predator-free equilibrium, (x*, y*) = (K, 0). The linearization at this equilib-

rium is
. | -r —-BK 0 0
Z—|:O _dz]z(t)—i—[o pﬂKe_dl,]z(t—r), t ¢7
Az = |:8 _Oh] z(t7), t €.

This system is upper triangular and it is easy to verify that its stability (and, consequently,
the dimension of the unstable manifold of (x*, y*)) is entirely determined by the following
scalar equation:

b= —dov(t) + pBKe NTu(t — 1), r¢7 (98)
Av = —hv(t7), tel. (99)
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Table 1 Numerical outputs from the proof of Theorems 8.1.1 and 8.1.2

T h Ny v cl %) c3 cleac3 Computing time (s)
1 0.075 30 1.17  219.4946  1.0278  0.0016013 0.36126 11

1 0.060 30 1.17  247.2036  1.0283  0.0016013 0.40704 14

1 [0,0.050] 40 1.17 3267163  1.0300 0.0013785 0.46387 32

1 [0.050,0.060] 40 1.17  359.694 1.0285  0.0013785 0.50996 36

2 0075 30 1.17  133.5642  1.0278  0.0015696 0.21547 28

2 0.060 40 1.17  368.8167 1.0282  0.0011863 0.44983 47

3 0.075 40 1.17  135.1902  1.0277 0.0011628 0.16155 105

3 0.060 70 1.3 723.1795  1.0280  0.00068617  0.51012 430

Making use of this observation, our numerical implementation of the discretized monodromy
operator and implementations of the ¢y, ¢ and ¢3 bounds, we can prove the following.

Theorem 8.1.1 (Pointwise stability) Suppose v € {1, 2, 3}. With the parameters p = 0.1,
p=1 K =1,dy =0.02 and d» = 0.03, the predator-free equilibrium (x*, y*) = (K, 0)
of (95)—(97) is:

e unstable if h = 0.060 with a one-dimensional unstable manifold,
e locally asymptotically stable if h = 0.075.

Proof (Outline) For each choice of t and &, we compute the interval enclosures of the dis-
cretized monodromy operator M (with a suitable number of nonconstant Chebyshev modes)
with INTLAB. We then compute ¢; and c3 bounds, as well as the ¢; bound for Morse index
validation. Following this, we count the eigenvalues of the interval matrix M with absolute
value at least one. We do this using the radii polynomial approach from [6]. This count then
gives the number of Floquet multipliers of (98)—(99) with absolute value greater than (and,
by robustness, greater than or equal to) one. By previous observations, these results carry
over to the linearization of the full system (95)-(97) at the predator-free equilibrium. O

The results of the computer-assisted proof are tabulated in Table 1 and the approximate
spectrum for 2 = 0.060 and t = 3 is plotted in Fig. 3.

We can also prove the following “robust instability” result for the system with ¢ = 1. The
results of the computer-assisted proof can be found in Table 1.

Theorem 8.1.2 (Robust instability) Suppose t = 1. With the parameters B = 0.1, p = 1,
K =1, d; = 0.02 and d» = 0.03, the predator-free equilibrium (x*, y*) = (K, 0) of
(95)—(97) is unstable with a one-dimensional unstable manifold for all h € [0, 0.060].

Proof (Outline) Let My, n,(h) denote discretized the monodromy operator of (98)-(99)
for harvesting parameter & (and all others fixed as in the theorem), and let M (h) be the
(undiscretized) monodromy operator. We compute an interval enclosure M of the discretized
monodromy operator with N» = 40 nonconstant Chebyshev modes and interval parame-
ters hp = [0,0.050] and /21 = [0.050, 0.060]. Consequently, for each & € hg, we have
Moy, N, (h) € M(hp) and for each h € hy, Mo n,(h) € M(h). We therefore compute upper
estimates for the ¢y, ¢ and ¢3 bounds for the interval matrices M(hg) and Ml(%) using INT-
LAB, for Morse index validation (i.e. radius r = 1). If cicoc3 < 1, then M (h) and My, (h)
have the same number of eigenvalues in the complement B (0) for all h € [0, 0.060]. By
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Fig.3 Left: Approximate spectrum of monodromy operator for the linearized predator-prey model (98)—-(99)
with parameters from Theorem 8.1.1, t = 3 and & = 0.060, with a unit circle for scale and visual instability
reference. Right: zoomed in portion of the region in the dashed box showing the unstable Floquet multiplier
(black dot)

Theorem 8.1.1, we already know this number of eigenvalues is exactly one. The supplied
MATLAB code completes all these calculations. O

Finally, we can accurately enclose the possible bifurcation that is identified by Theorem
8.1.1. Doing this requires:

e selection of an interval h in which the bifurcation is contained,

o validation of a generalized Morse index (of an appropriate radius < 1) uniformly over
h,

e validation of a radial sector (of appropriate radius and sweep), uniformly over h,

e two sets of rigorous interval eigenvalue enclosures, one for each endpoint of h,

e two additional Morse index validations (at radius r = 1) at the endpoints of h.

The computer-assisted proof took 1155s (19min, 15s) to complete. The following theorem
summarizes the result, and we outline the proof in a similar manner to the previous one.
Figure 4 provides a visual depiction of the combined validation structure and output of the
code, while Table 2 provides the ¢y, ¢» and ¢3 bounds for each step.

Theorem 8.1.3 (Bifurcation) Suppose T = 1. Let h = [0.065, 0.066]. With B = 0.1, p =1,
K =1,dy = 0.02 and dy = 0.03, the predator-free equilibrium (x*, y*) = (K, 0) of
(95)—(97) enjoys the following properties.

e Forall h €, it has a single Floquet multiplier A(h) that satisfies |A(h)| > 0.8, and all
other multipliers are strictly contained in the interior of the ball By g(0) C C.

o Ah) € Ryx(r,w) withaA* =1, r =5x 103 and w = 2.5 x 1073 forall h € h.

e |1(0.066)| < 1 < |A(0.065)|. That is, A(h) crosses the unit circle at some h € h.

Proof (Outline) Similar to the previous proof, we let My, n,(h) denote the discretized the
monodromy operator of (98)—(99) for harvesting parameter /2 (and all others fixed as in
the theorem), and M (k) the (undiscretized) monodromy operator. We compute an interval
enclosure We compute an interval enclosure M of the discretized monodromy operator with
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Fig. 4 Visual depiction of the content of Theorem 8.1.3 generated by the computer-assisted proof. Left: the
Morse index at radius 0.8 is validated and is represented by the solid black circle. The dashed blue circle
has radius 1 and is provided for comparison. At the extreme right are two eigenvalues (one for 7 = 0.065
and another for 7 = 0.066) and the radial sector R;x(r, w) that are too small to resolve at this level of
magnification. Right: zoomed in portion of a region within the dotted black square. The radial sector appears
as a solid black curve, and the individual eigenvalues (red dots, 27 = 0.065 on the right and 2 = 0.066 on the
left) can be resolved. Note that the exact location of the eigenvalues is only known up to inclusion within this
radial sector and the ordering [A(0.066)| < 1 < |A(0.065)| (Color figure online)

N> = 150 nonconstant Chebyshev modes and interval parameter h. As such, foreachh € h
we have My y, (h) € M. We therefore compute upper estimates for the ¢, and ¢3 bounds for
the interval matrix M. Next, we compute ¢; bounds for two validation structures:

1. the ball By 3(0), for generalized Morse index validation at radius 0.8,
2. the radial sector Ry« (r, w) with A* = 1,r =5 x 1073 and w = 2.5 x 1073, for compact
eigenvalue validation.

If cicpc3 < 1 for the Morse index structure, we can conclude that for all 2 € h, the number of
eigenvalues of M (h) and My, o(h) in the complement of By g(0) are constant and equal. If
cicpc3 < 1 for the radial sector structure, the number of eigenvalues of M (h) and My, o(h)
in Ry« (r, w) is constant and equal for all 2 € h. This proves the first two points. For the final
point, we need to compute M(0.065) and M (0.066), validate their eigenvalues and ensure
that the eigenvalues with absolute value greater than 0.8 have rigorous enclosures contained
in Ry« (r, w) and satisfy |1(0.066)| < 1 < |A(0.065)|. To ensure that this ordering is correct
for the exact eigenvalues, we need to validate the Morse index at radius 1 for # = 0.065 and
also at i = 0.066. Verifying rigorously that the eigenvalues (of the discretized operator) are
contained within R;x(r, w) is accomplished with Proposition 4.3.1 and the radii polynomial
approach for enclosure of eigenvalues of interval matrices from [6]. The supplied MATLAB
code completes all these calculations, and we use v = 1.17 to complete the proof. As a
final remark, the ¢ and c¢3 bounds for M can be used for all validation proofs since they
are by definition over-estimates for the associated ¢, and c¢3 bounds for the interval matrices
Mo, n)2(0.065) and My n,(0.066). O
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The bifurcation proven in Theorem 8.1.3 corresponds to a transcritical bifurcation of
periodic solutions. There is some 2* € [0.065, 0, 066] at which a nontrivial periodic solution
of (95)—(97) collapses onto the equilibrium solution (K, 0). Its distance to (K, 0) is O (Jh —
h*|) and it is locally asymptotically stable when & < h*. For visualization, we have provided
in Fig. 5 a numerical integration of the system at the parameters where this solution is stable.

8.2 Hopf bifurcation “normal form” with symmetry-breaking delays

Consider the following planar delay differential equation with real parameter 8 and integer
delay 7 € N:

&= px@t) —wy(t) — x(O)x*(t — 1) + ¥ (1) (100)
¥ =mx(t) + By(t) — yO) (x> (1) + y:(t — 7). (101)

The system (100)—(101) is qualitatively similar to the normal form of the Hopf bifurcation for
ODEs with angular velocity , except we have inserted two delays t > 0 into the nonlinear
terms. The solutions of the traditional Hopf normal form are invariant under rotation about
zero, but this is not the case for the system above.

(x,y) = (0, 0) is an equilibrium solution and as f crosses through zero, a supercritical
Hopf bifurcation occurs. The bifurcating periodic solution is explicitly available: for given
parameter 8 > 0 it is precisely

(x* (1), y*(1)) = (/B cos(mt), /B sin(rt)).

This follows almost immediately from the observation that x*(r — t) = (—1)"x*(¢) and
y*(@t — 1) = (—1)Ty*(r). We are interested in the stability and possible bifurcations that
can occur on this branch of periodic orbits. After some algebraic simplifications and use of
trigonometric identities, one can show that the linearization at (x*, y*) is

. 0 —7 — BsinQt
°T [n _psinGrn o )]Z(’)
r+1 | B(1 4 cos(2m1)) 0
+ =D [ 0 Bl — cos(Zm))] 2t =1 (102)

for z € R%. Note that even though the original periodic solution has period two, we can see
that the linearization has period one. If we let U (z, s) : C([—t, 0], R?) — C([-1, 0], R?)
denote the associated solution operator, the monodromy operator M := U (2,0) can be
factored: if we define M := U (1, 0), then

M=U®2,00=UQ2,1HU1,0)=U(,0)U(,0) = M? (103)

due to the periodicity of the coefficients. By the spectral mapping theorem, the eigenvalues
of M are the squares of the eigenvalues of M. Thus, to investigate the stability of (x*, y*)
it suffices to work with the monodromy operator for (102) interpreted as a periodic system
with period p = 1 and delay ¢ = 7, rather than period two. Also, recall that since (x*, y*)
is a periodic solution of an autonomous delay differential equation, u = 1 will always be a
Floquet multiplier [14, Section XIV.2, Proposition 2.6], so we will always have /it € %1 as
an eigenvalue of M. Stability of (x*, y*) is determined by the remaining Floquet multipliers.
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Fig.5 Left: numerical simulation of the system (95)—(97) at the parameters t = 1, 8 =0.1, p =1, K =1,
dy = 0.02,d, = 0.03, r = 0.7 and 2 = 0.06 from the constant initial condition (xg, yo) = (1, 0.01) for
t € [0,2000). The equilibrium (x, y) = (1, 0) is unstable by Theorem 8.1.2. The x component is the top curve
(black) and y is the blue curve (bottom). The discontinuities occurring at the integers make the y curve difficult
to resolve (note the varying “thickness” of the curve with respect to ¢). Top right: x component windowed
to ¢t € [1995,2000). Bottom right: y component with the same windowing. At this resolution the converged
periodic solution (of period 1) is easily discernible

Namely, orbital asymptotic stability with asymptotic phase (i.e. asymptotic stability modulo
phase difference) occurs if all other multipliers have modulus less than one, and instability
occurs if there is a multiplier with modulus greater than one.

Since each of cos(27¢) and sin(27¢) (the nontrivial time-varying coefficients in (102))
can be generated as solutions of the two-dimensional linear ODE

. 0 —2m
”_|:27-[ 0 }u, (104)

W€ can:

e get the terms of the truncated Chebyshev series of cos(sr (s — 1)) and sin(z (s — 1)) with
rigorous interval enclosures (for a partiaular level of discretization) using monodromy
operator discretization on (104);

e obtain bounds for the absolute error in the truncated coefficients using the discretization
€ITOr C2C3,

e bound the tails using the discretization error.

This information is then used to obtain interval enclosures of the truncated Chebyhev series
of the matrices in (102) (after transforming the time domain from ¢ € [—1,0]tos € [—1, 1])
and bounds on the tails. Using our rigorous numerical method, we can prove then prove the
following theorem.

Theorem 8.2.1 Let t = 1. The unstable manifold of the nontrivial periodic solution

. . . 3
(x* (1), y* (1)) of the two-dimensional Hopf-like normal form (100)-(101) at parameter f = 5
is at least two-dimensional.
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Fig. 6 The black dots are the eigenvalues of the finite (matrix) part of the operator M NN, Observe that
—1 is a (numerical) eigenvalue, which is consistent with the discussion following (103). The radial sector
Ry (r, ) from the proof of Theorem 8.2.1 appears in blue. The unit circle is provided for relative scale, and
is delineated by a black dashed curve. The gap between the radial sector and the unit circle is very small and
difficult to resolve in the figure: in the radial direction the length of the gap is bounded below by 3.4 x 1073

Table 3 Numerical outputs from

the proof of Theorem 8.2.1 ‘1 2 €3 cleac3

85.79436 5.70375 0.0020193 0.98813

Proof (Outline) We validated the radial sector Ry« (r, w) with
A* = 0.405828912008976 + 0.974191597102970i, r = 0.055, o =0.1.

The validation was done at N1 = 65, N> = 1000 and v = 1.04. We used the radii polynomial
method and Proposition 4.3.1 to prove that M N1,N, has exactly one eigenvalue within this
radial sector. As the non-real eigenvalues of the monodromy operator come in complex-
conjugate pairs and R;«(r, ) does not intersect the real axis, we conclude that there is also
a conjugate eigenvalue. By Lemma 4.3.2, the (undiscretized, true) monodromy operator M
has a pair of complex-conjugate eigenvalues contained in the union of Ry=(r, w) and its
reflection over the real axis. This sector is strictly outside of the unit disc in the complex
plane, so the eigenvalues have absolute value greater than one. From our observations above
concerning the spectral mapping theorem and the relationship between the eigenvalues of M
and M, we conclude the unstable manifold of the periodic solution (x*(¢), y*(¢)) is at least
two-dimensional. See Fig. 6 for the validation structure and approximate eigenvalues. O

The proof is computationally expensive. Based on some heuristics, we would expect an
unparallelized version of the proof to take approximately 23 days to complete on our machine.
Almost all of this time is due to the lengthy ¢; bound calculation. To speed up the computation
for the proof, we distributed the load over our primary machine and a laptop running an Intel
Corei7 5950HQ with 32GB of memory. Each machine then ran five simultaneous instances of
MATLAB, and each instance was tasked with 1/10 of the load associated to the ¢; bound. The
script at [9] includes a parameter that controls which section of the proof is to be completed,
and it was this script that was simultaneously run on the ten MATLAB instances. Doing the
proof this way, it took a bit over two days to complete. The results are found in Table 3.
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y(t —2)

Fig.7 The attractor of the planar system (100)-(101)att = l and 8 = % Computed by forward integration
in ddde23 for ¢t € [0, 2000] and truncated to [1000, 2000]. The delayed variable y(t — 2) is included to
realize the embedding of the two-dimensional manifold (equivalent to a torus) in three-dimensional space

This theorem provides strong evidence for the existence of an invariant torus, since the
two unstable Floquet multipliers would need to have crossed through the unit circle between
B=0and g = % The likely scenario is that this would have occured at a Neimark-Sacker
bifurcation. Numerical integration of the delay differential equations does indeed reveal an
attracting, invariant torus: see Fig. 7.

8.3 Spurious flower petals

This final example demonstrates the importance of validated numerics. It also provides some
aesthetically pleasing figures. Consider the following piecewise-constant delay equation:

% = (=Dl [S _OC] x(t — 1), (105)

where 7 is a nonnegative integer and ¢ € R. It is worth mentioning that this equation is
notoriously difficult to integrate to high precision.

Proposition 8.3.1 For any nonnegative integer delay v and ¢ € R, the only nonzero Floquet
multiplier of (105)is u = 1.

Proof Let x(1) = ¢ (¢)e'* be a Floquet eigensolution—that is, A € C and ¢ complex-valued

. . 0 —ce™*
with period 2. Let V(1) = e 0 . Then

¢ =—rp(0)+ (=DVEP( —1).
Case 1: 7 is even. Then ¢(t — t) = ¢ (t) since ¢ is periodic with period 2. Then

¢ = (Al + (=DHV ).
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One can verify that the matrices —A/ + V(1) and —Al — V(L) commute, from which it
follows that the solution ¢ (¢) of the above differential equation satisfies

#(2) = exp(=Al = V(Q)) exp(=AL + V(2)9(0) = exp(=21)¢ (0).

Since ¢ is nontrivial, we must have A = 0. Therefore u = ¢® = 1 is the only nonzero Floquet
multiplier.

Case 2: 7 is odd. Define ¢o(t) = ¢(t) and ¢1(t) = ¢(t — 1). Since ¢ is periodic with
period 2, we have ¢o(t — ) = ¢1(¢) and ¢1(t — t) = ¢o(t). The pair (¢o, ¢1) therefore
satisfies the ODE

$o = —rdo + (=D V()
$1 = -2 — (=DIV )¢y

The matrices M| = —)»I4x4+diagl(V(A), —V))and My = —)J4X4—diagl(V()L), -V ()

commute, where diagl (A, B) = 0 4 ] It follows that (E(r) = (¢o(), ¢1(1)) satisfies

B 0
E(2) = exp(Ma) exp(M1)E(0) = exp(—22 145, )E(0).

As ¢ is nontrivial, we must have A = 0. Therefore ;© = ¢? = 1 is the only nonzero Floquet
multiplier. O

Even though p = 1 is the only Floquet multiplier, the discretized operator My, n, has
some rather interesting flower petal-shaped numerical eigenvalue patterns that are present
for seemingly arbitrarily high level of modes N, (note: N1 = O for this problem). The latter
is a common element of the spurious eigenvalue phenomenon [12]. We provide plots of the
eigenvalues of My, n, in Fig. 8 for c = 10, T = 3, 5, 7 and various values of N>. We should
also emphasize that neither the radii polynomial method [6] nor verifyeig (applied to
validation of distinct eigenvalues) from INTLAB [24] are able to verify any of the eigenvalues
of the associated matrices My, n,, S0 even if we were able to numerically verify cjcac3 < 1
for for the closed circle with radius r = 0.99 (which seems bounded away from the all of the
discretized spectra), we would be unable to prove using a computer that there is an eigenvalue
with absolute value greater than 0.99.

Another interesting observation is that the diameter of the “flower” portion of the eigen-
value pattern seems to be proportional to the parameter c. We do not provide figures
demonstrating this scaling but refer the reader to the MATLAB code [9] where they may
adjust the parameters 7, ¢ and N; as desired. Even with ¢ = 1072, none of the eigenvalues
(treated as distinct, as opposed to clusters) can be validated with the radii polynomial method
or verifyeig.
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Fig. 8 Eigenvalues in the complex plane (horizontal axis real, vertical axis imaginary) of the discretized

monodromy operator My, n, as computed by eig in MATLAB for the two-dimensional system (105) with

¢ = 10. Since the periodic coefficient (—1) ] js piecewise-constant, Ny = 0. Plots are provided fort = 3,5,7
and Ny = 50, 200, 400. Though the figures are not reported here, we did the same calculation with N = 1000
and the same “flower petal” patterns were present

9 Examples with floating point arithmetic

It is worthwhile doing some large-scale tests of our numerical method for monodromy oper-
ator discretization of impulsive delay differential equations in floating point arithmetic. In
particular, we are interested in how fast our implementation is for larger systems.

9.1 Methodology: examples with periodic coefficients

We generated six systems of the form (10)—(11) for each dimension d = 10, 50. The delays
were g € {1, 2, 3} and the periods p € {1, 2}, so that each combination of delay and period
is seen at each dimension. The systems were constructed as follows.

1 The matrices A(t) and B(t) were designed at the Chebyshev level. After transformation
to the s € [—1, 1], suppose we write truncated Chebyshev series for the restriction of one
of A(t) or B(¢) to an integer-length interval ¢ € [n, n + 1] as

Ny

So+2) " ScTi(s)
k=1
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for d xd matrices Sk and T the kth Chebyshev polynomial. The entries of Sx are drawn from
the uniform distribution on 27¥[—1, 1] to simulate analytic coefficients with geometric
decay rate 2. We took N1 = 50 so that all remaining terms of this (presumably) analytic
function would have norm bounded above by 9 x 10~1°. The coefficients are then rescaled
by a random number drawn from uniform [0, 1].

2 The C; matrices was designed to induce contraction (or at least non-expansion). We first
generate a random matrix D by sampling entries from the uniform distribution on [—1, 1].
We then take k to be sampled from the uniform [0, 1] and define

k
Ci=—D — Ijx4.
|IDI| )
By construction, ||/ +C1|| = k < 1, so the effect of the impulse due to C; is nonexpansive

(contractive if k£ < 1).

3 The C, matrices was taken to be a (relatively) small and random. Their entries were drawn
from the normal distribution with mean ; = 0 and variance 02 = 107!, truncated to the
interval [-10~!, 107!].

9.2 Methodology: examples with piecewise-constant coefficients

With constant coefficient systems it makes sense to look at lower-mode discretizations (since
we do not need to take into account the standing hypothesis N, > Njp). This also gives us
more flexibility (in terms of computer memory) to look at systems of higher dimension. We
look this time at systems of dimension d = 10, 50 and also 100. Our design methodology is
identical to the periodic coefficients case except that we take N; = 0 so that our Chebyshev
series for A(¢) and B(t) have zero nonconstant modes (i.e. A(¢) and B(t) are piecewise
constant).

9.3 Results

Remark 9.3.1 All references to computing time were as performed on a Windows 10 machine
with an AMD Ryzen 5 1500X processor and 16gb of memory in MATLAB R2019b. All
operations were completed in 64-bit floating point arithmetic. Times were done using the
tic/toc MATLAB function. While this is relatively accurate for long computations, short
computations are subject to jitter and the actual computation time might be shorter.

Before we begin presenting the results, we should briefly mention that due to how we
have designed the matrices A(¢), B(t), C1 and C», it is expected that higher-dimensional
problems we study will be unstable (in the sense of Lyapunov stability) and therefore have
larger spectral radii o (M, n,). Intuitively, this is because since these have been generated
randomly there is greater potential for multilayered feedback mechanisms to overwhelm the
contraction generated by I + Cj.

The time needed to compute My, , in floating point arithmetic for each tuple of dimen-
sion, period, delay and number of modes (d, p, g, N>) is stated in Tables 4 and 5 for the
systems with periodic coefficients. The systems with constant coefficients have the results
stated in Tables 6, reftablespsfp50c and 8. The spectral radius of My, n, for each tuple is
also stated, so that one can compare the predicted spectral radius (and inferred stability) as
the order (i.e. number of modes) increases. We should emphasize that the part of My, v, that
lives in memory (i.e. the finite part) is a gd (N2 + 1) X gd (N> + 1) matrix. The construction
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Table4 Computation time for M, n, and spectral radius for the 10-dimensional periodic coefficient exam-
ples

P q M Time o(Mn,.N,) P q M Time o(Mn, N,)

1 150 0.1823 0.260300268572241 2 1 50 0.3669 1.716890539322859
1 1 100 0.8171 0.260300268572240 2 1 100 1.8684 1.716890539322860
1 1 200  4.6518 0.260300268572241 2 1 200 10.6391 1.716890539322858
1 2 50 0.3009 0.862657110762436 2 2 50 0.8336 0.962102756266976
1 2 100 1.5717 0.862657110762425 2 2 100 4.6179 0.962102756266973
1 2 200 10.5377  0.862657110762449 2 2 200 30.3392  0.962102756266975
1 350 0.5769 0.835260513721166 2 3 50 0.7818 1.301687998067846
1 3 100 3.4762 0.835260513721170 2 3 100 4.2526 1.301687998067844
1 3200 247049  0.835260513721173 2 3 200 25.8714  1.301687998067849

Table 5 Computation time for My,  n, and spectral radius for the 50-dimensional periodic coefficient exam-
ples

p q N Time o(Mpn, N,) p q N Time o(Mpn, N,)

1 1 50 7.1569 2.007711242747832 2 1 50 16.1546 10.407570266516226
1 1 100 48.5008 2.007711242747846 2 1 100 115.242 10.407570266516256
1 1 200 3483643 2.007711242747829 2 1 200 789.033 OOM

1 2 50 17.6226 3.790193289898586 2 2 50 52.8226 1.592405342469769
1 2 100  119.2017  3.790193289898596 2 2 100 400.6249  1.592405342469754
1 2 200 OOM OOM 2 2 200 OOM OOM

1 350 44.8359 1.146527675417064 2 3 50 50.2296 7.557587755604763

1 3 100 330.5872  1.146527675417057 2 3 100 378.5051  7.557587755604715
1 3 200 OOM OOM 2 3 200 OOM OOM

of each such matrix requires storing other large matrices in memory and multiplying them.
In those instances where we were unable to complete the calculation because we ran out of
memory, the associated entry in the table is flagged “OOM” (Out Of Memory).

From the point of view of spectral radius approximation, we see that computing more
than N, = 50 nonconstant modes does not improve precision. For example, comparing
the results for the systems with periodic coefficients, the estimations of o (My, n,) agree
to 10713 precision for each problem (i.e. fixed p and g). Thus, at least insofar as stability
verification is concerned, there is no reason to use more than N, = 50 nonconstant modes.
The same trend is present for the systems with piecewise-constant coefficients. Going further,
comparing from N, = 10 to N = 50 modes, we see that the spectral radius calculations
agree to 108 for all problems of dimension d = 10, 50, and to 10~ for the 100-dimensional
problems.
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Table 6 Computation time for My, n, and spectral radius for the 10-dimensional constant coefficient exam-
ples

P q Ny Time oMy, .N,) P q Ny Time o(Mn, N,

1 1 10 0.0204  0.556128844229585 2 1 10 0.0478  2.185758750606892
1 1 50 02339  0.556128849778831 2 1 50 0.3671 2.185758750607603
1 1 100 0.5561 0.556128849778835 2 1 100 1.6692  2.185758750607603
1 2 10 0.0265  0.663276863767956 2 2 10 0.0329  0.661060805093243
1 2 50 0.2693  0.663276863768000 2 2 50 0.6227  0.661060805093239
1 2 100 1.2452  0.663276863768000 2 2 100 3.6868  0.661060805093245
1 3 10 0.0183  0.657019981757325 2 3 10 0.0494 1.762876266177592
1 3 50 0.5016  0.657019981765232 2 3 50 0.6014 1.762876266179832
1 3 100 3.0095  0.657019981765237 2 3 100 3.2392 1.762876266179832

Table7 Computation time for My, n, and spectral radius for the 50-dimensional constant coefficient exam-
ples

p q N Time o(Mpn, N,) p q N Time o(Mpn, N,)

1 1 10 0.1289 1.431806607392872 2 1 10 0.3776 5.889651972534294

1 1 50 6.6510 1.431806607395949 2 1 50 15.2128 5.889651972514686
1 1 100  44.1495 1.431806607395935 2 1 100 103.2565 5.889651972514656
1 2 10 0.2640 3.021066383737128 2 2 10 0.7894 55.374021351893155
1 2 50 16.5041 3.021066384401501 2 2 50 47.9067 55.374022020448038
1 2 100 114.8197 3.021066384401488 2 2 100 338.0685  55.374022020448052
1 3 10 0.6170 2.713663289865321 2 3 10 0.7164 6.095605026664076

1 3 50 40.7782 2.713663291176386 2 3 50 46.6918 6.095605037539426
1 3 100 297.4751 2.713663291176395 2 3 100 320.8671  6.095605037539483

Table 8 Computation time for My, y, and spectral radius for the 100-dimensional constant coefficient
examples

p q Ny Time o (M, ,N,) p g Ny Time o(Mn, N,

1 1 10 1.0073 4.756741912773284 2 1 10 1.9272 694.4431525710570
I 1 50 44.8451 4.756741869532997 2 1 50 103.5975 694.4431388682707
I 1 100 353.0308 4.756741869532950 2 1 100  893.3342 694.4431388682730
1 2 10 1.7046 3.180153198138059 2 2 10 4.9740 7.487399911295219
1 2 50 116.2478 3.180152710155930 2 2 50 366.5735 7.487399886587351
1 2 100 9042700 3.180152710155918 2 2 100  3000.4027  7.487399886587358
1 3 10 3.8915 5.086753778285468 2 3 10 4.4939 7.141800125000926
1 3 50 310.9164 5.086753811041823 2 3 50 362.3332 7.141800129977383
1 3 100 26403295 5.086753811041799 2 3 100 2677.7598  7.141800129977379
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10 Conclusions

We have developed a numerical method for the discretization of the monodromy operator
associated for impulsive delay differetial equations with periodic coefficients. The method
is able to accomodate systems where the period and delay are commensurate: that is, their
ratio is a rational number. The numerical scheme is based Chebyshev collocation: we identify
concrete linear operators that act on Chebyshev series coefficients that represent sufficiently
smooth initial conditions to the impulsive delay differential equation. We also represent the
periodic coefficients in the Chebyshev polynomial basis (with matrix coefficients). Truncating
the number of modes at the level of the inputs (initial conditions) and at the level of the periodic
coefficients yields a numerical method.

An advantage of our framework is that it is amenable to computer-assisted proofs con-
cerning the location of Floquet multipliers based on the discretized monodromy operator. In
Sect. 6 we proved explicit and computable formulas for quantities ¢y, ¢ and c3 such that if
c1cac3 < 1, the location of the Floquet multipliers of the impulsive DDE relative to a spec-
ified validation structure has the same location as analogous eigenvalues of the discretized
monodromy operator. These structures include specific compact sets in the complex plane
that are bounded away from the origin (e.g. radial sector validation) and complements of
closed discs centered at zero (i.e. generalized Morse index validation).

We implemented our numerical scheme for arbitrary integer period p and delay ¢ in
MATLAB. We also implemented the bounds c1, ¢ and ¢3 for the cases p = ¢ = 1 and
1 = p < q. We demonstrated the computer-assisted proof techniques on two problems. The
first was a scalar problem motivated by a model from mathematical ecology. For this problem
we first proved binary stability/instability results by validating a Morse index at radius 1. We
then proved some robust stability and bifurcation enclosure results. The second example
was a two-dimensional nonlinear system modeled off of the Hopf bifurcation normal form.
We linearized about a periodic solution and verified using our method that at a particular
parameter value, the unstable manifold of this periodic solution is two-dimensional.

We tested our numerical implementation in floating point arithmetic on several problems.
The implementation is fast for problems of moderate (< 50) dimension and a reasonable
number (N> < 50) of modes provided p and ¢ are fairly small. For the test problem of calcu-
lating the spectral radius of the monodromy operator, there was not a significant difference
in relative accuracy when the number of modes N, was dramatically increased (i.e. from 50
to 100 or from 100 to 200), so fewer modes (e.g. 10 to 50) may be perfectly suitable for
situations where validated numerics are not needed. As should be expected, the computing
time and memory requirements become steep as the (rescaled, relative to period) delay ¢
increases. Some of the matrices needed to compute My, n, are sparse, so memory could be
saved with a sparse matrix implementation at the cost of speed. Moreover, our implemen-
tation for arbitrary period and delay outlined in Sect. 7.2 has some inefficiencies and could
certainly be improved.

It should be emphasized that the extra dimensions (of which there are (¢ — 1)(N2+ 1)) in
the discretization due to the delay g are only present because of our stated goal of developing
not only a rigorous numerical method, but also techniques for computer-assisted proof of
Floquet multiplier location. Indeed, the extra dimensions are necessary to ensure that all
eigenfunctions can be represented as uniformly convergent Chebyshev series with coefficients
in X,,. However, if one were to expand the solutions in terms of other basis functions and the
form of convergence was taken to be more coarse (e.g. L? convergence), a faster numerical
method could be developed that does not suffer from this drawback. However, such a method
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would likely not be as well-suited to computer-assisted proof of eigenvalue location and
proving its convergence might be difficult.

We have claimed that our approach to computer-assisted proof could be extended to the
case where the period is greater than the delay: p > g. We elaborate on this briefly now by
way of an example. Suppose that p = 2 and g = 1. Let M| = (I — W{)~! E| denote the
operator that sends an initial condition at time ¢t = 0 to its value at time ¢ = 1 after flowing
along the dynamical system (10)—(11). Similarly, Let M> = (I — W) E> be the operator
that an initial condition from time ¢ = 1 forward to time t = 2. Then M = M, M, is the
monodromy operator. If E 1, Wi, E; and Wz are approximations of Ey, Wy, E; and W», then
one may be interested in adapting Lemma 4.3.1 to the operator M and its “approximation”
M= M2A~41, with Mz = - Wz)_lﬁz and Ml = - Wl)_lENI. Observe that

M=M= (1= W)™ [ = Wo)(d = W)™ Eall = W™ By — Eo( = W) T Ey |
=t —wy ™ {[a =Wt =W By - B2 (1 = W) E
+E, [(1 —-W)'E - - W1)_1E1]}

= -Wwy! {[(1 — Wa)M, — Ez] M + E; [Ml - Ml]}

The norm of M) can (presumably) be obtained precisely using a computer. Each of (1 — W)~
and (I — Wz)Mz — E3 are formally analogous to operators that are bounded above by c;
and c3 in our present proof of Lemma 4.3.1. The latter lemma can technically be applied as
stated to obtain a bound on the norm of M | — M. As for E;, its norm can in principle be
estimated by writing

Er = E» + (E2 — E),

computing a bound for the norm of E> on a computer, and deriving a computable bound
for the norm of the error Ey — E by careful inspection. In summary, there should be an
explicit computable bound for the norm of M — M and its computation will involve similar
estimates to those involved in the statement of Lemma 4.3.1, so we would expect many of the
bounds from Sect. 6 to be be applicable. The rest of the proof could be carried out essentially
verbatim. The above argument can be extended to general commensurate period-delay pairs.

Acknowledgements The author thanks Jean-Philippe Lessard for some helpful technical discussions. Kevin
E. M. Church acknowledges the support of NSERC (Natural Sciences and Engineering Research Council of
Canada) through the NSERC Postdoctoral Fellowships Program.

A Table of useful norm bounds

The two linear operators expressed in Lemma 5.1.3 appear often in estimates concerning
the ¢, and c3 bound, and they are often accompanied by a projection operator. Several other
auxiliary operator norms are also required. Here, we list such operators and upper bounds
on their norms (in the appropriate spaces of linear maps) in the form of a table. We then
prove each bound directly. In what follows, we always have v > 1, U, Y € Ell)((Cd ) and
Ny > N; > 0. Also, let Q~!(Y), DT, H(l), Z,ivl N2 and S(YM) be defined as at the beginning
of Sect. 6.
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Row  Linearmap F: X — Y Bound for [|F||L(x,y)
1 d 1 (1
1 Hy: ¢, - C 2+ 7—v tanh™ - =g()
2 1
2 HZ(Y*JT]?;;) :1211, —cd e <||YN1||V+<1+W> ||Y00||v)
1 v
3 Hy:th -} 3+2
—1
4 CH ) e} e,
4Ny + 1)
5 S0l - max{1,2v~1}
6 Sn°° o) > cd 2v~ (V2D
7 S*r el — cd 2y~ (N2+D)
A—1lyN Ny . pl 1 N
8 o' yMyxMa el -t} = o ZHQ,N D/
9 0~ '(rNyey : ¢ — ¢} Z 1Q; oM/
j=0
S 1 yNiy-Na . gl d L[ &=1yN A AL N
_ . o — 1 - 1
10 s 'yMyzM el - ¢ pmax 1@ >\|+2nZlHQ,,,k<Y )|
11 SO ' Ney:c? - ¢ Qg <YN1>||+2ZHQ‘0<YN1)H
j=1
Ny N
U™ ] 5-1
~ max .
12 o'MW1« k=0,...,Ny N2 FIHk Z((Nerl vz 1ol
00 :el el -
) b +\|Q;1DTzkI’NZS(UN1>||>vJ
N
1 22 UMl 100)
13 a2 gy M *7TR0) A k=0 Ny N2 HIFE (Ny+1—Np)? -
+IDT; 2 NZS(UNI)W
1 2 1 N
00 Ny o0y . gl 1 Ni —| = 1
14 TR (YN @) 2 ) — £ 4(N2+1) (( + -+ )IlY v (U )HY H)
(- 1)’<+1
m0+z 21 M
~_ N
15 chgnNzg Yy MyH (U 1 UM | e
. mj = max
”sz))'d Kl Ny VN TFT Ny 4 1= N2 — 1 k0
6~ C HIQ 'pTZ} 1 2SN )

A.1 Proofs of the bounds from the table in Appendix A

This subsection will be structured with proofs being completed by row. The row number will
be stated and a proof will immediately follow.
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A.1.1 Proof of Row 1

Let h € ¢! satisfy ||A||, < 1. Then

o0 —
2072

||H2h||§I|ho||+Z(2 )2 o] < 1 +Z(2 e

2 1
:1+v—|—(1 vo)tanh™ (v~ ):g(v).

v

A.1.2 Proof of Row 2

Let i € ¢, satisfy ||1|], < 1. Then with 2 = 732h,

IH (Y % bl = [[(Y™ % h®)o| + Z I A P

@) -

<2 Y IYCI - g ||+Z(2 )2 > ¥l Wyl

n>Np+1 |m|2N2+1

2017l 2 o | ]
sm+2(2ﬂ2_1|w v 2o Iamilly

j=1 [m|>N>+1

2=y yoo

T UN2+IZ(2 )2 il

2 1
= o7 Il (1 - W)

Conversely, one can check that [|Hy (YN % h™)|| < UN% 1Y), by a similar argument.

A.1.3 Proof of Row 3

[1Hillpp) < sup 5 Z | Hyjony |07

- LS N ERE Y
max § - -V, -
= 27470 \4 "8

1 1 1)n—] n+1 1
f,ggﬁ(;ﬂ—l TP +4(n+])) =37

I

A.1.4 Proof or Row 4

Leth € 151 satisfy ||a|], < 1.

00 0 o] k
k - %
IR il = D5 VY IHL el = Y el + hicalD
k=Nx+1  j=0 k=Nr+1
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o0

k—1 k+1 —1
> il + v g
k=Ny+1

v
4(N, + 1)

1 ) .
< ———— v+ ViR v Ry
4(N2 + 1) 2 ’ ;0 !

v—i—v‘l
= ———|lhll,.

4(N, + 1)
A.1.5 Proof of Row 5

Write h € €} with |||, = 1 ash = h° + k™, where h° = (ho, 0, ...). Set A = ||h°||. Then
[|A%°]|], =1 — A and

o0 o0
2 . 2
NI +2_Zl||hj|| <i+ ;Zlﬂhj”vj =1 a+-(-n= max{1,2v7"}.
Jj= J=

A.1.6 Proof of Row 6/7

2

2
o] k
ISTRAIN<2 D Mhll = < D el < =1l
k>N>+1 k>Nr+1

The proof for S* is essentially identical.

A.1.7 Proof of Row 8

We will apply Lemma 5.2.1 to the operator L : X, — X, for X, = 4 x Z‘I), with
Lh = (0, 0~ 'nMhy). By construction,

oo
(O '7™h); = Q5
n=0

for 0 < j < N, and is zero for all other indices. In that notation L consists of only a V-type
operator. Then ||L||p(x,) is bounded above by

1 & 1
A1 n O-! n
sup — . VvV = max . V.
sup - 0j||Q_,,,1|| max Y 19,1
- J=! J=

and we obtain the bound for [|Q 72| | B(e1) by restriction.
A.1.8 Proof of Row 9

Let z € CY. Then

Qe 0<j<M
0 j= N+ 1,

(0 'epz); = :
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The proof is then similar to the one for Row 8. Apply Lemma 5.2.1 to the linear operator
L:X,— X, with Lh = (O 'eph(0), 0). In the notation of the lemma, L consists of only
a U-type operator.

A.1.9 Proof of Row 10/11
Apply Lemma 5.2.1to L : X, — X, with Lh = (Sé_]ﬂNzh(), 0). In the notation of the

lemma, L consists of only a T'-type operator and 7'(0) = 0. The result for row 10 then follows
by definition of Q~!. The proof for row 11 is similar and omitted.

A.1.10 Proof of Row 12/13
Since é‘lnNz =M é‘lnNz (Lemma 5.1.2), we can really think of é‘lnNQ as being the

infinite block diagonal matrix é g2 = diag(é_l, 0°°), where 0°° represents the infinite
zero block. To represent the operator-valued convolution (U1 nl‘:,j), we write

-0 -

Ny oo _ 71Ny
UM oy, =U™

where convolution acts “column-wise” and the first nonzero column is at index N, + 1.
Lemma 5.2.1 implies the bound

~_ 1 &~ .
N0~ 2™ Hy (UM @)1 peer) < ;“%JZ 1Q; ' (HY + DT)(WUM )V,
> .

where we have abused notation and allowed the row-column indices for Q! to run greater
than N, by treating the associated blocks as zero. It is our job to make this expression more
explicit. First, observe that since only the (block) rows 0, ..., N> of 6_1 can be nonzero, we
need only explicitly compute the rows 0, ..., N, of the product (Hl0 + DT)(UM « nlf,‘;).

‘We first concentrate on H 10(U N1 nj\’,j). H 10 has only one nontrivial row (the zero row),
and for computations later the only observation we need to make is that if N > Ny, then we
have the bound

k< Ny+1

0
HO UN1 * oo <
|| 1( HNz)k” - { (N2+1_1N1)2_1||UN1||wkZN2+1.

This follows because (UM x n,‘z,‘;)k = 0 for k < Nj, while the first nonzero entry for
k > Ny + 1 occurs at index Ny + 1 — Nj. The calculation is then straightforward given the
definition of HIO . Denote N = N, + 1 — N for later.

Next we deal with DT (UM *nf\’,oz). Restricting to the block “rows” 0, . . ., N3 of the infinite
matrix DT, only the “columns” O, ..., No + 1 are nonzero. Thus, we need only explicitly
compute those columns of UM x nl‘fg that are nonzero at or above row index N, + 1. The
final column index where this is satisfied is N + 1 + Ny, and one can verify that the first
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N + 1 rows correspond precisely to Z,iVI’NZS(UNl) for Ny+1 < k < N> + 1+ Nj. Finally,
we already know that (UN' * rr]f,oz)k =0for0 <k <N;.
We now combine all of the previous discussion. Our bound becomes

N0~ 2™ Hy (UM s @) per)

1 &K, ~ ~
< ;“EVTZ(IIQ, VHP UM s @kl 4+ 11Q; ! DT (UM s i )il l)v
= j=0

.....

oM
ax UMH Z( — Q511+ 1Q; PTZI S ) v/,
The proof for row 13 follows by formally replacing 0! with the identity.

A.1.11 Proof of Row 14

Denote ¢k € L(C4, ¢! ») the map defined by (€F2), = 8k.nz for & the Kronecker delta. The
operator 73 HI(AN1 * ) satisfies for i Hy(A) Nt 5 00y ok — ( for k < N», while for

k>Ny+1,
1
TR Hi (YN 5 )e) ) = 4—},((1/”1 #e)jm = (PN e )

1

— 1 Ny k
=5 (Yuln\ Y\j+17n|>e|n|

4‘] [n|>Ny+1
I /on N
= Z(Y\jflfm - )
1
=—c;
4] J»k

for j > N, 4+ 1, while it is identically zero for j < N, because of the projection 711?,‘; on the
left. We can therefore set ¢; x = 0 without loss of generality whenever 0 < j, kK < N». Since
we can write £} 3 h = 3", _ ¢*hx, we have the expression

1
e Hi(Y N s ih) ;=) 7 Gkl
k>0 J

Next we apply Lemma 5.2.1.

R Hi (Y1« ) Bl

< sup—Z—.nc,-,knvf
k>0 vk ) 4j -

1 1 c+1+N; c—14+N;
. No+j Z No+r
=S R AN, 1 D) Do LIt 1Yol
c>1 j=c+1-N, r=c—1—N)
1 Np N
N1y, m+c+l1 Nijy, r+e—1
<sup———— [ D |yphiv + Y Y
= c [m| n|
e>1 4vE(N2 + 1) W i
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—1 Ny
1

_ 2m1+1, 1y N [my] N [ma]
= v Y "+ v[[Y),. v

4(Ny + 1) Z [mi] X_: [mo|

m1=—N; mpy=0
-1 Ni
2r1—1 N r —1 N

+ Z v ||Y|r11|||vlll‘ + Z v ||Y|r21|||v‘r2‘

ri=—Ni =0

1 N 1 N 1
< _ YN] _ Y 1 YN] YN] _ Y 1 _ YN]
SIMED (v(ll o = ¥ 1D + IV 4 Z5 (YT = ¥ 7D + YL

=a(¥™).

A.1.12 Proof of Row 15

To complete this proof, we determine bounds for (x¥2 Q1 (YM)H (UM x TN k=
0, ..., N>. An application of the triangle inequality will then supply the bound for row 15.
However, since 7 V2 Q’I(YNI) =g é’l(YNl)nNz, much of the work has already been
done in the proof of row 12/13. Indeed, for fixed k € {0, ..., N>}, this calculation shows
that

e O~ (Y M) Hy (UM s 3l e o)

1 (IIUN‘IIw

< ma.
=0 N2 _ 1

j=0,....Ny vN2+1+)

1Q; 011 + ||6,:‘DTZ,-N"N25<UN1>||) :

Note, the roles of j and k are reversed relative to the previous proof.
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