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Abstract

In this paper, we deal with the Gause—Kolmogorov-type predator—prey system with indirect
prey-taxis, which means that directional movement of predators is stimulated by some chem-
icals emitted by preys. The existence of the positive equilibrium, the effect of the indirect
prey-taxis on the stability and the related bifurcations are investigated. The critical values
for the occurrence of the Hopf bifurcation, Turing bifurcation, Turing—Hopf bifurcation and
double-Hopf bifurcation are explicitly determined. An algorithm for calculating the normal
form of the double-Hopf bifurcation for the non-resonance and weak resonance is derived.
Moreover, we apply the theoretical results to the system with Holling-II type functional
response, the stable region and the bifurcation curves are completely determined in the plane
of the indirect prey-taxis and self saturation coefficient. The dynamical classification near the
double-Hopf bifurcation point is explicitly determined. In the neighborhood of the double-
Hopf bifurcation, there are stable spatially homogeneous/inhomogeneous periodic solutions,
stable spatially inhomogeneous quadi-periodic solutions and the pattern transitions from one
spatial-temporal patterns to another one with the changes of the indirect taxis and semi sat-
uration coefficients. The results show that spatially inhomogeneous Hopf bifurcations are
induced by an indirect prey-taxis parameter y > 0, which is impossible for the reaction—
diffusion predator—prey model with a direct prey-taxis.
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1 Introduction

Since the pioneer work of Lotka [32] and Volterra [50], predator—prey interactions have been
one of the hottest topics in mathematics and ecology and exhibited the rich biodiversity of
ecosystem [3]. Spatiotemporal heterogeneity plays an important role in ecological systems,
directly accounting for ecosystem biodiversity and species interactions. The reaction—
diffusion models including taxis terms provide effective theoretical and practical tools in
describing the spatiotemporal heterogeneity in ecosystems [6,7,29,33,34,46]. The prey-taxis
describes active movement of predators towards the area of higher prey density, which was
first observed in the experiment and treated as biased random walks by Karevia and Odell
[25].

In view of the random diffusion of predator and prey and biased random walks to prey, a
general reaction—diffusion equation with direct prey-taxis is the following form:

N — Nf(N)— Pg(N) +8yAN, x€Q, t >0,

92 =y Pg(N)—mP +V - (—x(P)VN +8pVP), x €Q, t >0,

(1.1)

where N(x,t), P(x,t) are the densities of prey and predator populations at space x and
time ¢, Pg(N) denotes the inter-specific interaction, f(N) is the per capita growth rate
of the prey population in the absence of predator. m is the mortality rate of the predator
population. y is the conversion coefficient. In particular, g(N) is the functional response
which reflects the intake rate of predators to preys. 6y, dp are the diffusion coefficients of
the prey and predator. V - (—x (P)VN) denotes the tendency of predator moving upward
or downward the prey gradient direction. The existence and uniqueness of weak solutions
of system (1.1) were obtained by [2]. Tao [44] investigated the existence and uniqueness
of classical solutions of system (1.1) in a smooth bounded domain @ C R*, 1 <n < 3.
Pattern formation induced by prey-taxis was studied for different functional responses in
[29]. The existence, bifurcation of nonconstant steady state and pattern formations of system
(1.1) are investigated in [52]. Wu et al. [53] focused on a more general form of system (1.1)
and obtained the global existence and boundness of the solutions. Wang et al. [51] studied
the existence and boundedness of the solutions of the three-species predator—prey model
with two prey-taxis in bounded domain of arbitrary spatial domain. Yousefnezhad et al. [54]
studied the global stability of the constant positive equilibrium of a predator—prey system
with prey-taxis and special functional responses by constructing a Lyapunov function. The
existence of nonconstant steady state and Turing instability induced by direct prey-taxis has
also been widely investigated in the literatures (see [5,24,27,30,55,56]), which show that the
prey-taxis term can destabilize the constant equilibrium.

Direct taxis models as (1.1) to simulate the active movement of predators to preys are
fraught since such models can not result in stable spatially heterogeneous dynamical behav-
iors in the absence of nonlinear terms, illustrated in [4,19,47]. Instead of a direct influence of
prey-taxis and assuming that the taxis is stimulated by some chemicals that are continuously
emitted by prey (e.g., odour, pheromones, exometabolites), the predator—prey model with
the indirect prey-taxis has attracted the great attention of the researchers. Compared with the
direct prey-taxi, there is a little work on the predator—prey system with indirect prey-taxis.

It has been shown that intensive indirect prey-taxis results in the spatial heterogeneity
in the predator—prey models even in the absence of predator’s reproduction and mortality
processes [4,9,45]. Recently, Tyutyunov et al. [49] investigated the influence of the indirect
prey-taxis on the dynamics for the diffusive Gause—Kolmogorov-type predator—prey model,
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where the predator ability to pursue the prey is modelled by the Patlak—Keller—Segel taxis
model and the movement velocities of predators are proportional to the gradients of specific
cues emitted by the prey population. And it has been shown that the prey-taxis destabilizes
the constant steady state and induces Hopf bifurcation. Tyutyunov et al. [48] considered
the indirect prey-taxis model based on the Rosenzweig—MacArthur predator—prey model
with Allee effect in predator population growth. They found that the indirect prey-taxis
activity of the predator can destabilize both the stationary and periodic spatially-homogeneous
regimes of the species coexistence. The results in [48,49] are mainly based on the numerical
investigation and the assumption. More recently, Ahn et al. [1] proved the global existence
and uniform boundedness of solutions of system (1.2) with indirect taxis in any spatial domain
and the global stability of semi-trivial equilibrium, And the simulations reveal that indirect
prey-taxis can result in complex spatial patterns.

In the present paper, we consider the following Gause—Kolmogorov-type predator—prey
system with indirect prey-taxis as follows:

N = Nf(N)— Pg(N) +8yAN, x€Q, t >0,

98 = yPg(N)—mP +V - (—xPVS+8pVP), x€Q, t>0,

B —EN—nS+85A8, xeQ, t>0, (1.2)
N 3P =35 -0, xedQ, t>0,

N(x,0) = No(x) > 0, P(x,0) = Py(x) >0, S(x,0) = So(x) >0, x € 2,

where S(x, t) is the taxis stimulus concentration, §g is the constant diffusion coefficient of
stimulus, x is the taxis coefficient of the predator population. When x = 0, there is no
indirect prey-taxis. Generally, x > 0 (known as the attractive taxis), which implies that the
prey-taxis movements of predator density are positively stimulated by some chemical emitted
by the prey and show the tendency to the high prey area. When the predator may retreat from
high prey area, y can be negative (known as the repulsive taxis), which occurs in the case
when the prey act anti-predator defensive behaviors and show chemical defences [31]. Other
parameters are as the same as system (1.1). Here, we choose 2 = (0, [r) for simplicity and
convenience in computing the normal forms and carrying out the numerical simulations. v
is the outer normal direction. The zero-flux boundary condition is imposed to imply that the
system is close to the exterior environment.

The primary purpose in this paper is to investigate mathematically what interesting
dynamical behaviors for system (1.2). Especially, we investigate the occurrence of the
codimension-two double-Hopf bifurcation and Turing—Hopf bifurcation and determine the
dynamical classification near the double-Hopf bifurcation by calculating the normal form of
the double-Hopf bifurcation. System (1.2) has been proposed in [49], however, to the best
of our knowledge, the study for the stability and codimension-two bifurcation is the first
mathematical investigation.

As we all know, the codimension-one Hopf bifurcation and Turing bifurcation have been
extensively studied in various reaction—diffusion systems (e.g. [8,17,23,40,49,57] ). How-
ever, the interactions of double-Hopf bifurcations may generate spatially homogeneous
and nonhomogeneous periodic solutions, quasi-periodic solutions, coexisting of several
periodic solutions [13,20,21]. Interactions of Turing and Hopf bifurcations may generate spa-
tiotemporal periodic pattern, bistability between spatial and temporal patterns [38,40,42,43].
Following the outstanding work of Faria [16,18], the general frame of calculating the normal
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forms of double-Hopf bifurcations has been derived by Jiang and Song [22] for the delay
differential equations under the case of non-resonance and weak resonance and by Du et al.
[13] for the reaction—diffusion with delay, where is no prey-taxis, and by Song et al. [39] for
the resource-consumer model with random and memory-based diffusions.

In comparison with other existing results, we roughly summarize our main results as
follows:

e The spatially inhomogeneous Hopf bifurcations induced by the indirect prey-taxis for
the predator—prey model are found.

e Taking the indirect taxis coefficient and other parameter as the bifurcation parameters, we
mathematically investigate the existence of double-Hopf bifurcations and Turing—Hopf
bifurcations of system (1.2), which reflect that indirect prey-taxis can bring about rich
dynamical behaviors.

e An algorithm for calculating the normal form of the double-Hopf bifurcation for the non-
resonance and weak resonance is derived, which guarantees the exact regional divisions
with different dynamics near double-Hopf bifurcation points.

e Our theoretical results are applied to the predator—prey system (1.2) with Holling-II
functional response and some interesting pattern formations are illustrated.

We would like to mention that spatially inhomogeneous Hopf bifurcations do not occur
for the reaction—diffusion predator—prey model with a direct prey-taxi like (1.1) when x > 0,
and here it is shown that an indirect prey-taxi can generate spatially inhomogeneous Hopf
bifurcations. The spatially inhomogeneous Hopf bifurcations are also proved in [31] for the
attraction-repulsion Keller—Segel system. The mechanism there is to have both attractive and
repulsive chemotaxis, while the mechanism here is to have indirect prey-taxi. Both of them
need three equations. However, when the delay is involved into the diffusion terms, spa-
tially inhomogeneous Hopf bifurcations can occur even for the single population model with
memory-based diffusion [36,37,41]. In [37], the authors first proposed this spatial memory
model and it has been shown that the delay-induced spatially inhomogeneous Hopf bifurca-
tions are always unstable. However, the delay-induced stable spatially inhomogeneous Hopf
bifurcations are possible in the models proposed in [36,41]. In [41], the mechanism of spa-
tially inhomogeneous Hopf bifurcations comes from the interaction of the memory delay and
the nonlocal reaction, while in [36], it comes from the interaction of the memory delay and
maturation delay. For classical Keller—Segel equation with logistic growth, spatially inho-
mogeneous periodic orbits are also found, but which are not the results of Hopf bifurcation
from the positive constant equilibrium [15,35].

The rest of this article is as follows. In Sect. 2, we investigate the stability of the positive
equilibrium and existence of spatially homogeneous and nonhomogeneous Hopf bifurcations
and Turing bifurcations, and the critical values of the double-Hopf bifurcation and Turing—
Hopf bifurcation points are explicitly obtained. Besides, our results are applied to the system
(2.12) with Holling-II functional response and the corresponding results are derived. In
Sect. 3, the normal form of double-Hopf bifurcation for a general reaction—diffusion system
with indirect prey-taxis is derived and rich dynamical behaviors near the double-Hopf bifur-
cation points are discussed. In Sect. 4, numerical simulations are illustrated to verify and
expand our theoretical results and complex spatial patterns are exhibited. Conclusion and
further discussion are given in Sect. 5.
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2 Stability and Bifurcation Analysis

In this article, we further assume the absence of the Allee effect in the prey population.
Moreover, the functional response of predators is only prey-dependent, which implies that
f(N) and g(N) satisfy the following conditions formulated by Kolmogorov [26]:

(H1) f(©) >0, fl’\, < 0 and there exists a constant K > 0 such that f(K) = 0;

(H2) g(0)=0, g} > 0and there exists a constant N > 0 such that g(N}) = %

It is shown that the system (1.2) has the zero equilibrium E(0, 0, 0) and the bound-
ary equilibrium E{(K, 0, %) (extinction of predator) and the unique positive equilibrium
E>(N3, P;, S3) (coexistence of prey and predator), where

ENy

e (MY e NIFOVH _yN3FND o, EN3
No=s ( )’Pz_ dNH C om T 2.0

The corresponding ordinary differential equation of system (1.2) is as follows:
G = Nf(N) = Pg(N),
4F =y Pg(N) —mP, (2.2)
48 = gN —S.
From [49], we have the following result:

Lemma 2.1 [49] System (2.2) has a unique positive equilibrium E>(N5, P}, S3) defined
by (2.1), which is locally asymptotically stable if f(N3) — Pyg'(N3) + Nff'(N}) < 0
and unstable if f(N3) — PS¢ (N3) + N} f'(N}) > 0. And system (2.2) undergoes a Hopf
bifurcation at E2 (N3, P¥, S3) when f(N}) — P3¢ (N3) 4+ Nj f'(N3) = 0.

Through this section, we assume the following condition holds:
(H3) f(Ny)— Pyg'(N3)+ N3 f'(N7) <0.
The linearization of the system (1.2) at E>(N5, Py, S3) is as follows:

N
a1 AN N
%—f =D| AP |+A| P},
5 AS s
ar
where
5y O 0
D = 0 513 —XPZ* 5
0O 0 Ss
and
ai —g(Ny) 0 a _m
v
A=|yPSg(N5) yeWN;j)—m O | =|yPrg(Ny) 0 0 |,
£ 0 - § 0 -

where aj; = f(N3) — Pfg'(N5) + N5 f'(N;) < 0.
It is well-known that the eigenvalue problem

—Au(x) = pu(x), x € (0,Iln),
ux(0) = uy(m) =0,

@ Springer



1922 Journal of Dynamics and Differential Equations (2021) 33:1917-1957

. 2 . . . .
has the eigenvalues pu, = ’;—2, n =0,1,2,..., with the corresponding normalized eigen-
functions

1
j cos %X 7= =0
B () = ra()ej, r(x) = ——E— = i 2.3)
’ Il cos || 2 (o
Cos 5 0 = cos B n £ 0.

The characteristic equations corresponding to the positive equilibrium E>(Nj, P, S5) are

W4 P(x.mA* + Q(x.m)x+ R(x.n) =0, (2.4)
where
N2
POGI) =6y +38s+5p) (T) +n—an.
n\4 n\2
Q0. m) = (Bnds + (65 +8mop) (T ) + @ +6p) = (s +p)an) (7)
—nayy +mPyg (N3), (2.5)

n 6 n 4 * *k
RGrom) =8y3s0p (7) + @nspn —ansssp) (7) +mmPig (V)

m ny\2
+ (—napan +mP3 g (N)Ss + fo;) (5)

2.1 Stability, Hopf and Double-Hopf Bifurcations

In this section, we consider the stability and Hopf bifurcation of the system (1.2) by ana-
lyzing the characteristic values. By the Routh—Hurwitz criterion, E> (N5, P;, S3) is locally
asymptotically stable if and only if foralln =0, 1,2, ...,

Ay >0, Agy >0, Az, >0,

where 5
n
Bin =Pt = @y +35+67) (7) +n—an >0,
| P 1 _
_ n\6 n\4 n\2 m& ., /n\2
=01 () +02 () +02 (7) = Tari (7) +oe
P(x,n) 1 0
Azy = | R(x,n) Qx,n) P(x,n)| = R(x,n)Azm,
0 0 R(x,n)
with

b1 = (85 + 8N)8% + 52(8p + 8n) 4 6385 + 8p) + 28n858p > 0,
by = (8% + 8% 4 28p (85 + 8n) + 2858N)
—a11(8% + 8% +2((8y + 85)8p + 8x3s)) > 0,
by =af;(8s + 8p) — 2a11n(8s + 8p) — 2a118n + n*(Sn + 8p)
+mP5 g (N3)(y +8p) > 0,

(2.6)

0, a1 =0,

— 2 2 _ ® 1oty ] T
by =ajn —ann anszg(Nz):>O’ ayy <0,
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Clearly, the sign of A3, agrees with Ay, since R(x,n) > Oforalln € Ny £10,1,2,...}.
Thus, the stability of E2(NJ, Py, S7) and the existence of Hopf bifurcation are determined
only by the sign of Ajy,. It is easy to check that, when a1 < 0, system (1.2) has no Hopf
bifurcation for any x < 0 since Ay, > 0 for n € Ny. Thus, when aj; < 0, we can obtain
the existence of Hopf bifurcation only when x > 0. In this case, A = 0 is not a root of the
characteristic Eq. (2.4).

The necessary condition for Hopf bifurcation to occur is Ay, = 0 for a fixed n € Ny,
which is equivalent to

2
s H_ Y my? £)2 ! _
R (bl(l) +0r(7) Hbs+ba( ) )>0n=12. @

or

a1 =0, n=0.

Remark 2.1 The Hopf bifurcation curve ajy = f(N5)— PS¢ (N)+ N5 f/(N5) =0, n =0
of the diffusive system (1.2) is exactly the Hopf bifurcation of the corresponding ODE (2.2).

Hence, for fixed n € {1, 2, ...}, Eq. (2.4) has a pair of purely imaginary roots,
hn = Fiwy =i Q(x, n) at x = x,. (2.8)

Next, we verify that the transversality condition holds.
Taking the derivative of both sides of Eq. (2.4) with respectto x at x = Xf , we have that,

S adCE

dr .,
— @A™+ 20P(x,n) + Q(x,n))
dyx l

x=xi

which implies that

R (dx)“ __ YReGZ+%POLM+ QUL _ 2006
= 5 = 5 .
-1
Thus, dg—e}‘ > 0 since the sign of Re (%) is consistent with the sign of d:;—e)‘.
X =yt x X

In the sequel, we show the monotonicity of the critical values x,/ with respect to 7.

Lemma 2.2 Let xq be a unique positive root of the cubic equation 2b1x3 4+ byx? — by = 0,
where by, by, by are defined in (2.6). Set

t [V/oll, i xmen = X i 09
Vxoll+ 1 i x> x i
Then Xf is decreasing inn < n¥, and increasing in n > n¥,;. That is, X’gﬂ = negl,i?.,.}{an}’
where X,fl is defined by (2.7).
In particular, when a1y = 0, X,{-I is increasing in n, that is, X]H = min {X,{"I}.

ne{l,2,..}

Proof (i) When ay; # 0,let G(x) = b1x? + byx + by + 2. Then G'(x) = 2b1x + by — %.
Clearly, G'(x) = 0 is equivalent to W (x) = 2b1x3 + box? —b* = 0.
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Obviously, W (x) is increasing in (0, +00) since by, by > 0 and W(0) = —b* < 0. Thus,
there exists a unique xg > 0 such that W(xp) = 0 and W(x) < 0 on (0, x9) and W(x) > 0
on (xg, +00). Since G'(x) = W(x)/xz, G (x) is decreasing on (0, xg) and increasing on
(x0, +00). By the definition (2.9) of n},, the result is confirmed.

(ii) When aj; = 0, Xf = #Pz* (bl (%)4 + by (%)2 + b3) is increasing in n since by >

0, by > 0, b3 > 0. Clearly, x{! = ne?llizn }{X"H 1. ]

From the analysis above, we obtain the following results:

Theorem 2.1 Assume that the conditions (H1)—-(H3) hold and Xf, n=1,2,...,aredefined
by (2.7). Then the following results are true:

(I) when f(N}) — PS¢ (N3) + Nj f'(N}) < 0and x < O, system (1.2) has no Hopf
bifurcation;

(I1) when f(Ny)—P; g (N})+N; f'(N3) < Oand x > O, forfixeddy, 8p, 8s, v, m, &, 1,
ayp andl,

(i) if forany j € Ng and j # n such that X]H #+ Xf, system (1.2) undergoes spatially
inhomogeneous Hopf bifurcations near the positive equilibrium E>(N3, P¥, S3) at
X = X,{" , and a family of spatially inhomogeneous periodic solutions bifurcate from
the positive equilibrium E»(N}, Py, S3);

(ii) ifthere existsny, na, ..., ng € No such that )(nh]’ = thz, == X,{f and XJH #= X,ﬁ
for j # ny, na, ..., ng system (1.2) undergoes spatially inhomogeneous s —multiple
Hopf bifurcations near the positive equilibrium E»(N5y, Py, S5) at x = X,{'I_', i =
1,2,...,s;

In particular, if s = 2, 2-multiple Hopf bifurcation is often called double-Hopf
bifurcation;

(iii) the positive equilibrium E(N3, Py, S3) is locally asymptotically stable for x e
[0, th{) and unstable for x € (X,g[, +00), where ny, is defined by (2.9);

(D) if f(N3) — PFg'(N3) + N5 f'(N}) = 0, system (1.2) undergoes double-Hopf bifurca-
tions near the positive equilibrium E> (N, Py, S3) at x = X,?H, where

2= () ) s 0

H}.

and xPH = min D
X ne{l,z,...}{X”

Remark 2.2 Hopf bifurcation in the predator—prey models has been widely studied in [43,
57], where Hopf bifurcation at the first critical value is always homogenous. In fact, it is
exactly Hopf bifurcation of the corresponding ODE. However, the indirect-taxis-induced
Hopf bifurcation at the first critical value is spatially inhomogeneous.

2.2 Turing Instability and Turing—Hopf Bifurcation
From the above analysis, we know that when a; < 0, system (1.2) has no Turing pattern for

any x > 0 since A = 0 is not a root of the characteristic Eq. (2.4). Thus, we can obtain the
existence of Turing bifurcation only when xy < 0.
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The necessary condition for Turing bifurcation to occuris R(x, n) = 0, whichis equivalent
to

_ T Yy E 4 B z 2
X=X, = e P <5N355P(l> + (Bnndp 0115S5P)(l>

N (2.10)
—|—17mP2*g/(N§k) <;> —ndpan —I—mP;g/(N;)(SS) cn=1,2,....

Clearly, for fixed n € {1, 2, ...}, Eq. (2.4) has a simple zero root at x = XnT since R(x,n) =
0, QO(x,n) > 0. Next, we verify the transversality condition.
Taking the derivative of both sides of Eq. (2.4) with respectto x at x = XnT, we have that,

-6

dr .,
— @A +20P(x,n) + O(x,n))
dyx l

x=x.

which implies that
di\"!
dx

-1
di : : dh : : : : di
Thus, 0 |yt < 0 since the sign of <dx> is consistent with the sign of d-

Next, we give the monotonicity of an on n.

_ YBRH20P(x,n) + 0(x,n)

el smP; (1)

_ yQG.m)

P

< 0.

Lemma 2.3 Let x* be a unique positive root of cubic equation
28N638px3 + (ynép — a11858p)x2 — nsz*g/(N;) =0.

Set

* . T T
[vx2dl, FX w2 Xowen @.11)

*_
ny =

* . T T
W+ L X ey < Xqymnen

Then )(,,T is increasing in n < n%}. and decreasing in n > n’.. That is, )(n]; = I{rllazx }{)(,,T},
T nel,Z,...

where XnT is defined by (2.10).

Proof Let .
Lx) = 5N558Px2 + (6yndp —ay1dsép)x + w
X
Clearly,
P* A N*
L' (x) =28x5858px + Syndp —a118s8p) — 77””27%(2)7
x
2nm Py (N3)

L”(x) =25N858p + 3 .
X
That is, L’(x) is increasing in (0, +-00) and L’(0"7) = —oo, L’(4+00) = +oo. Hence, there
exists a unique x* > 0 such that L'(x*) = 0 and L'(x) < 0 for x € (0, x*) and L'(x) > 0
for x € (x*, +00).

By the definition of n’}, the result is confirmed. O
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In addition, it is clear that Ay, > 0, Ay, > 0 when x < 0, aj; < 0. Hence, the positive
equilibrium E» is unstable only when R(x, n) < 0, which is equivalent to

Ty _ T
X <r;1€a1§{xn}—xn;-

From the analysis results above and combining Lemmas 2.1 and 2.3, we have the following
results:

Theorem 2.2 Assume that the conditions (H1)—(H3) hold and an, n=1,2,...,aredefined
by (2.10). Then the following results are true:

(D) when x > 0, system (1.2) has no Turing bifurcation;
(I) when x <O, for fixed 5y, Sp, 8s, y, m, &, n, ary and |,

(i) if for any j € Ng and j # n such that XjT * XHT, system (1.2) undergoes Turing

bifurcations near the positive equilibrium E>(Ny, Py, S3) at x = x,I';

(ii) if there exists ny, ny, ..., ng € Ng such that XnTl = sz; =...= X,£ andeT 7+ XnT1
for j #nyi,no, ..., ng, system (1.2) undergoes s —multiple Turing bifurcations near
the positive equilibrium E>(NJ, Py, 87) at x = )(nT1 R
In particular, if s = 2, 2—multiple Turing bifurcation is often called Turing—Turing
bifurcation;

(iii) the positive equilibrium E2 (N3, Py, S5) of system (1.2) is asymptotically stable for
)(”T,; < x < 0 and unstable for x < X"T’?’ where n¥. is defined in (2.11);

(IN) when f(N3) — PS¢ (N3) + N3 f'(N3) = 0, system (1.2) undergoes Turing—Hopf

bifurcations near the positive equilibrium E>(N5, Py, 85) at x = X,ZTH, where

% n* 4 n* 2
XnT;H =- e Py dndsép <TT) + (Byndp —andsdp) <7T>

1 \2
+nm Py g'(Ny) (zT*) —ndpay + sz*g’(Nﬁk)&s) .
T

2.3 Application to the Predator-Prey Model with Logistic Growth and Holling-II
Functional Response

In this subsection, we consider the following predator—prey model with Logistic growth and
Holling-II functional response:

BN (1= )~ £ S ayaN, e O, 150

e _p (lﬁ‘;’v —,oP) LV . (—xPVS+8pVP), x e (0,ln), 1 >0,

%=SN—nS+83AS, x e (0,Im), t >0,

Ny(x,t) = Py(x,t) = Sy (x,1) =0, x=0, In, t >0,

N(x,0) = No(x) >0, P(x,0) = Py(x) =0, S(x,0) = Sp(x) >0, x € [0, [x].
(2.12)

Assume that
vk

ok+1

(A1) 0<p<

’
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then system (2.12) has a unique positive steady state E> (N5, Py, S5), where

0 ry 1 ENJ
Vel (o)) o
Ty —op P Bly—op)? k 2Ty

For system (2.12), we have

BN
14+0oN

N
f(N)=r<1—*),g(N)= . m=pp,

k

(G 2) - igap) =5
ayp=pr{\—(\o+-)——— ), a2 =—",
4 k k(y —op) Y

1
a21=r<V—P<U+E>), ax =0.

It is easy to verify that,

and then

aj; <0, ifeo < —, (2.13)

| =

and when o > %,

<0, p> pi(o),
aig = f(N7) — PSg'(N3) + Ny f'(N5) { =0, p=pi(0), (2.14)
>0, p<pi(o),
where
y (ko — 1)

ok to for fixed y, k. (2.15)

p=pic)=
Therefore, for the following corresponding ODE of system (2.12),

dN:rN(l—%)— BNP

dr 1+o N>

NP
4 = p (2~ o), 216
48 =N — S,

we have the following results on the stability and Hopf bifurcation for system (2.16):

Theorem 2.3 Assume that the condition (A1) holds and p = p) (o) is defined by (2.15). Then
the following results are true:

(i) ifo < % the positive steady state Ey (N}, Py, S3) of system (2.16) is always stable for
any p > 0;
(i) ifo > %, the positive steady state Eo (N3, Py, S3) of system (2.16) is stable for p >
p1(0) and unstable for p < p1(o);
(iii) for fixed k, y and 0 < p < p;i ..., where
o = ﬂ (2.17)
max 4 + 3\/5’ °

system (2.16) undergoes Hopf bifurcations at o = oj, j = 1,2, where o and o,

are two roots of (2.15) for fixed p. And when p;,,. < p < %, there is no Hopf
bifurcation for system (2.16).
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Proof From Lemma 2.1 and (2.13), (2.14), (i) and (ii) are confirmed. Next we only verify
the result (iii).
(iii) It follows from Eq. (2.15) that

Ip1(0)  (—k*0? 420k + )y
do (02k +0)?2

which implies that there exists a unique o* = HT*E such that apg%h:a* =0, % >0
foro € (% HT‘E) and % <O0foro € (HT‘E +oo>.
1

Thus, for fixed k, y, the function p; (o) is increasing for o € (;, 1%6) and decreasing

foro € (H'T*fz, +OO) with respect to 0. And p; (o) reaches its maximum value

Prax = 01(07) = 2k :
max 4 + 3ﬁ
% _ V2yk . .
Therefor, for fixed k, y and p € (0, p,,,) = (0, e ﬁ)’ there exists two possible Hopf
bifurcation points o1, o, with o] < % < 07 such that
ko — 1
- % =12 (2.18)
o; k+oj

The characteristic equation of the linearized system of (2.16) at E> (N}, Py, S3) is
(A +n(G? —anr — apaz) = 0,
which means that Ao = —n < 0, and
Az—an)»—a]zaz] =0. (2.19)

Clearly, Eq. (2.19) has a pair of purely imaginary roots A1 » = £i/—apazi atoc =0, j =
1, 2. In addition, taking the derivative of both sides of Eq. (2.19) with respectto o ato = o
and combining (2.18), we have that,

dr _ 2 +antg
do 2\ —ay

1__ 2 _
pr (A (y k(V*fTP)2> a12>

20 —ayg

or <1 2p )
2 \y  k(r=0p)*)lo—s,

k 1 2 2 -1
__pr o) — +2 aj—i—[ =12
dyo; k k

< 07, we have that,

re (D -1
eda

which implies that,

= Re

0=0;

1+v2
By o) < ==

o=0]
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Hence, system (2.18) undergoes Hopf bifurcation at o, j = 1, 2. Theorem 2.3 is confirmed.
O

We apply the results of Sects. 2.1,2.2 to the taxis-induced predator—prey model with Logistic
growth and Holling-II functional response under the condition (A1).
By Theorems 2.1, 2.2 and 2.3, we have the following results:

Theorem 2.4 Assume that the condition (A1) holds and X,ZH, XnT are deﬁned by (2.7) and
(2.10) respectively. Then when one of the following three conditions (i) o < k’ (ii) Py <

p < Uk_lf_l and o > P (iii) 0 < p < pph,y and o € (1/k, 01) U (02, Vﬁ 2y holds, where
o1, 07 are homogenous Hopf bifurcation points defined by Theorem 2.3(1ii), the following
results are true:

(I) the positive equilibrium E»(Ny, P¥, S3) is locally asymptotically stable for x e
(XHT* , ani ) and unstable for y € (—oo, X,E )uU (X,ﬁ , +00);
T H T H

() if for any j € Nog and j # n such that x JH * X,fl , system (1.2) undergoes spatially
inhomogeneous Hopf bifurcations near the positive equilibrium E>(N3, Py, S3) at
X = X,{-I > 0; and if there exists n1, ny, ..., ng such that X,{T = X,Z == X,{;[
H H . . . ..
and x i # Xn,» System (1.2) undergoes s—multiple Hopf bifurcations near the positive
equilibrium E>(N3, Py, S3) at x = an: > 0. In particular, if s = 2, system (1.2)
undergoes double-Hopf bifurcations near the positive equilibrium E>(N5, Py, S3);
(M) if for any j € No and j # n such that XjT #* XnT , system (1.2) undergoes Turing
bifurcations near the positive equilibrium E»(Ny, PY, S3) at x = xI < 0; and if
there exists ny, np, ..., ng such that XnT, = X,,Tz = .. = XnTX and XjT 7+~ X,,Tl,
system(1.2) undergoes s—multiple Turing bifurcations near the positive equilibrium
E>(N3, Py, 83) at x = XnTl > 0. In particular, if s = 2, system (1.2) undergoes
Turing—Turing bifurcations near the positive equilibrium E> (N5, Py, S3).

Theorem 2.5 Assume that the condition (A1) holds and x, xI are defined by (2.7) and
(2.10) respectively. Then when 0 = o1 or o = o3, and 0 < p < p} ., where o1, o2 are
homogenous Hopf bifurcation points defined by Theorem 2.3(iii), system (1.2) undergoes
double-Hopf bifurcations near the positive equilibrium E>(Nj, Py, S3) at x = x>
0, n =1,2,..., and Turing—Hopf bifurcations at x = XnT <0, n=12,..,and XlH =
. Hllln )

3 Normal Form of Double-Hopf Bifurcations on the Center Manifold

In this section, we follow the normal form theory developed in [16,42] for the reaction—
diffusion system with/without delay and use the same notations as in [16,42] and derive the
normal form of double-Hopf bifurcations for the non-resonance or weak resonance case. This
section is also motivated by the works on the double-Hopf bifurcations in [11,12,22] for the
delay differential equations without diffusion, in [13,14,39] for the reaction—diffusion with
delay but without indirect prey-taxis.

3.1 Decomposition of Phase Space

From Theorem 2.2, we know that system (2.12) undergoes double-Hopf bifurcations at the
interaction points (o, x, 1y of two Hopf bifurcation curves near the positive steady state
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E>(N3, Py, S3). We assume that at the interaction point (o, X,f’) = (0%, x*), Eq. (2.4) has
two pairs of purely imaginary roots £iw,,, Fiw,, forn =njandn = ny withn; < na,
respectively, which only requires that the ratio of w,, and wy,, isnot 1 : 1,1:2,1:3,1: 4,
that is non-resonance or weak resonance case. And all other eigenvalues have negative real
parts. Define the real-value Sobolev space:

a .
X = {(u1. uz. uz) € (W20, ln))ﬂ% =0, x =007, i=123)
X

with the inner product

15:3
[u,v] = (uyvy + ugvy + uzv3)dx, foru = (uy, uz, u3), v = (v, v2,v3). (3.1
0

To investigate codimension-2 bifurcation, we introduce two parameters €; and €;. Set
€1 =0 —0%, € = x — x* such that €, = ¢, = 0 are double-Hopf bifurcation values.
Thus, the positive equilibrium E> (N3, P;, S5) can be written into a parameter-dependent
form En, (N5 (€1), Py (e1), S5(€1)) with

fey— P pw ry (o 1
M= e e YT B = ey <y g (U et k)) ’
ENy (€1)

S3(e1) =

Letting N(-,1) = N(-,1) = Nj(e1), P(-.1) = P(-,1) = Py (e1), SC,1) = S(-, 1) — Sj(e1)
and U(t) = (N(-, 1), 15(-, 1), 5(-, 1)), then dropping the tildes for simplification, system
(2.12) can be rewritten into the following abstract form:
dU (1)
dt

= D(e)Uyx + L(e))U + F(U, €1), (3.2)
where
F(U,e)=(fON, P, S, e), fPN, P, S, e), fON, P, S, )T — Le)U, (3.3)

with

SO, P, S, €) =r(N+ Ni(e) <1 N+ (61)> _ PN A NP + B (e))

k 1+ (c*+e)(N + Ni(e1)
y(N + N3 (€D)(P + P3(e1)
14 (0* + € (N + Ni(e1))
FON, P, S, 1) = E(N + Ni(e1)) — n(S + Si(e1)),

F@N, P, S, e) =ﬂ( p<P+P;(e1)>>,

and
D(€)Uyy = DUy + G (U, €),
with
0
GUU,e) = | —x*PSy | +€1D1Usy + €2D2Uxy
0
0 0
—e | PSc | —€e P;/(O)Sxx + o(e),
0 0
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where
Sy O 0 00 0 00 O
D=| 0 8p —x*Pf |, Di=[0 0 —x*P;’©0) |, D,=|0 0 —P5 |,
0 0 8s 00 0 00 O
and
aji(er) ap(e) O
L(eNU = [ azi(e1) an(er) 0 | £ AU +¢€,QU + o(ey),
§ 0 -
where
1 1 2 Bp
au(él)ZW(*(G*-i-El-i-*)— )5012:—7,
Y k k(y — (0* +€1)p) Y
1 (3.4)
ax(€1) =r ()’ —p <U* +e + E)) , an(er) =0,
and
a1 (0) ap@© 0 a;;’(0) 0 0
A=|a(0) an© 0 |, 0=|ax'(0) 0 0
§ (U 0 00
Noticing that €1, €; are the parameters, we can obtain another form of (3.2) as follows:
dU (1) ~
dl = DUXX + AU + F(U7 €1, 62)7 (3'5)
where
F(U,e1,€) = F(U,€1) + € QU + G (U, €) + o(ey). (3.6)
The linearized system of system (2.12) at the origin is
dU
—p = DUsx + AU. (3.7

By Theorem 2.5, the operator D+ A has two pairs of purely imaginary eigenvalues £iw,,, +
iwp, (W, 7 wy,) forn = ny and n = ny and all other eigenvalues have negative real parts.
Set

B, = Span{[¢(), B 1816 € X, j =1,2,3),

where B (x), j = 1,2, 3 are defined in (2.3).
On B, the linear equation (3.7) is equivalent to the ODE on R3:

N —on (4)? 0 0 N N
Pl={ o - wm)[(2]ralr] 68
N 0 0 —85 (%) S S

where (N, P, S) € R3. Tt is easy to check that (3.8) has the same characteristic equation as
the linearized equation (3.7).

Let
n

My = (7)2D+A (3.9)

be the characteristic matrix of (3.8). Let A be the finite set of all eigenvalues of the matrix (3.9)
with zero real parts. We have known, when n = ny, na, ., has two pairs of purely imag-
inary roots £iw,,, £iw,,, i.e. A = {iw,,, —iw,,, ioy,, —iwy,}. And P is the generalized
eigenspace corresponding to A. P* is the dual space of P.
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Define the scalar product

W', ¢)=v"o, fory, ¢ e R
Denote

q)n] = (¢17 ¢2)7 CI)l’lz = (¢35 ¢4)7
W, = col(Yl, 1), W,, = col(y!, yl).

Let @ = (O, Puy) = (@1, 92, 93, 04), ¥ = diag(¥,,, ¥,,) be the basis of P and P*
associated with the eigenvalues iw,, and i w,, satisfying

M@y, = By, ~/lnT\I/n =BV, (V,, ®y) =1, n =ny,ny,

with B,, = diag(iw,,, —iwy,), Bp, =diag(iw,,, —iwy,).
By virtue of ., @, = @y By M) Wy = By Wy, ie.

. . T.,T . T T.,T . T
«%m(ﬁl = lwnlfpl’ j/nld)Z = _lwnld)Zs '/%Vllwl = lwnﬂ/’] s %n|w2 = _lwl111//2 s

we choose that

1
11 ) npy2
i, +8n5 (L) —a11(0)
=2 |=| ——mo—— |-
®13 £
iwn]"t‘aS(y’Tl)z"”]
i, +8, (L) a2 (0)
ay2(0)
Vi1 o )
Y=\ v | =M ,
Y13 1Py (4L)
iw"1+85(”71)2+’7
¢ =1, V2 =11,
with
. 2 2 -1
= 2wy, + Bp +0n) (F)” — a11(0) — axn(0) N Ex* Py (%)
a12(0) (iwn, +85 (44) +m)?

By the same way, in terms of .#,, ®,, = ®, By, , MT W, = By, ¥y,, ie.

ny
. . T, T _ T T, T . T
=%n2¢3 - lwn2¢37 <%n2¢4 - _lwn2¢47 r//{n21p3 = lwnzw:’, s '%;nl/fzt = _lwnzl/f4 s
we choose that
iy +8, (")’ a2 (0)

1 Y31 0121(0)
¢31 A 1y \2 Yi=| v | =M
iwny +8y (") —a11(0) n ’
=\ |=| "o | V33 G
¢33 I iw,,2+3s(n72)2+77
iy +85 (%) +n o o
P4 = ¢3, Y4 =3,
with
. 2 2 -1
- (zlwm O o0 () —an® —an© | ex' P () )
) = X 2
a12(0) (iwn, + 85 ()" +m)?

@ Springer



Journal of Dynamics and Differential Equations (2021) 33:1917-1957 1933

Now, we decompose the Sobolev space X into a center subspace P and its orthocomple-
ment, i.e.
X =P @ kerm,

where 7 : X — P is the projection defined by

7T(¢) = q>n1 (“I}nl s [d)()’ ﬂnl]) : 137!1 + q)nz(\llnza [¢()5 ﬂnz]) : /3!12» (310)

with

[00).817]

Lj=12.

By (3.10), U = (N, P, $)T e X can be rewritten as

U= Cbnlznl : ﬂnl + (Dnzznz . lgnz +w
= (2101 + 22010, () + (2303 + 24¢3)7, (X) + w (.11
= dzy +w,
Where 2711 = <\ij’l]9 [U» :3711]) = (lezz)» Zi‘lz = <\Iln27 [U7 ﬂnz]) = (Z37 Z4)s and

Zx = (217, (%), 227, (X), 2370y (%), 2470y ()T,
w = (wy, wy, w3)! € Q4 C'NKerm = {op € Kerrrlq'b e C}.

For convenience, denote z = (Z,,, Zn,)! = (21, 22, 23, 24) and B = diag(iwy, , —iwp,, iwn,,
—iwy,). Then system (3.5) is decomposed as a system of abstract ODEs on R* x Kermn:

F(® €,
P — Bz 4+ W [~( Zx +w, €) lgnl] ’
[F(Dz +w,€), B, ] (3.12)
b= Liw+ (I =) F(®zy +w, €),
where L is the restriction of the linear operator D + A in Q.
3.2 Center Manifold Reduction
Consider the formal Taylor expansion
- 1 -~ 1
FU,e)=Y Fi.0. FU.e) = > Fi.en.
j=2 j=2
where F j is the jth Fréchet derivative of F.And
d I 4 [
G°(U,e) = EGz(U’ €)+ 563(U, €)+o(e),
where d(0,0) d(1,0) d(,1)
G(U,e) =G5V W) + G5V (U) + €65 W), .

i, e) = GI"O W) + ,64%D U) + 61,61V W),
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with
0
G50y =2 —x*PeSe |, G5MOW) = 201Uy,
0
61" W) =200, G5 0W) =0, (314
d(0,1 0 d(l,1 0
GIOPwy=—-6| P.Sc |, GV W) = -6 P (0)S
0 0
From (3.6), we have that,
B (U, €1, €) =261QU + GL(U, €) + F> (U, €1), (3.15)
and _
F3(U,e1,) = Gi(U, )+ F3(U, €)). (3.16)

Then (3.12) can be written as

=B+ Y 5f} @ we),
j=27

w=Liw+ Y. 4z w,e), ¢
=
where -
- [Fi(Dzx + w,€), Bn,]
| =w( '
fi@ w, e ([Fj(cbzx-l—w,é),ﬂng])’ (3.18)

i@ we) = —m)Fj(®z +w,e€).
Let V;’(R“) denote the space of homogeneous polynomials of degree j in 6 variables
z = (21, 22, 23, z4)T, € = (€1, eZ)T with coefficients in R* as follows:
VORY) = Span{z]' 2820 el e* . 1. q2. g3, g4. 1. p2 € No,
and g1 +q2+q3 + g4+ p1 +p2 = jh
where U4 (k = 1, 2, 3, 4) are unit coordinate vector of R4,
Define the operator M; = (Ml, MJZ.), j =>2by
Mj: VO(RY) — VORY, M7 : V(Q1) — Vi(Kern),
(M} p)(z.€) = D.p(z.€)Bz — Bp(z. €). (3.19)
(M7h)(z,€) = D:h(z, €)Bz — Lih(z, €).
It is easy to verify that,
M} (7P D) = (ion, (@1 — 42) + i0ny (g3 — q4) + (= D¥iwn)20 €0y, k= 1,2, 3.20)
M} (1P D) = (ion, (@1 — 42) + i0ny (g3 — q4) + (—D¥iwn,)20 €0y, k= 3,4,

q.p — 91,92 ,_493 _494 P1_P2
where z7€P = 7] 2,°2372,7 €5 €]".

Then from (3.20), we have that,

Z1€; 0 0 0
Ker(M21) = Span 8 R 22061‘ R Z3OE' , g ,i=1,2,
1
0 0 0 Z4€;
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and
Ker(M}) = Span{ziz3z491, 21€}01, 232201, z1€2€1 91,

22232402, z2€,~2792, mz%ﬁz, 2262610,
21222393, z3€,-2193, z%zwa, z3€2€1 93,
21222474, Z46,~2194, z3zﬁl94, z4€2€104,1 = 1,2},
Remark 3.1 If w,, : w,, is1 : 1,1 :2,1:3 or 1 : 4, that is the strong resonance case, the

base forms of the space K er(M21 ), Ker (M3l) will be more complex, which is not considered
here.

For autonomous ODEs in the finite dimension space [10], by a recursive transformation of
variables

1
(@w) =@ 0+ UG e),UiGEe), j=2,
J:

where U /1 and UJZ are homogeneous polynomials of j in Z and €, and dropping the tilde, the
normal form on the center manifold for (3.17) is

) 1 1
=Bz + 5gzl(z, 0,6)+ 5g31(z, 0, €) + o(elz|?), (3.21)
where g21 and g31 are the second and third terms in (z, €), defined by
23(2,0,€) = Proji,, (i) 22,0, €), 83(2,0,€) = Projg,, ) f3(2,0,0) + o(elz]),
(3.22)
where
- ~ 3 ~ ~
f3(2.0.0) =(2.0.0) + S[(D: £,)(z. 0. 0)U3 (2, 0) + (Dy £2)(z. 0, 0)U3 (z, 0)
— (DU} (z,0))g3(z, 0, 0)].

(3.23)
3.3 Second Order Terms of the Normal Form
It follows from (3.18) that,
- [ﬁ2(®z.x’€)’ﬂﬂl]
@z 0,e)=w| - (3.24)
| oz, ). B |
From (3.11) and (3.14), we have that,
([2e1Q(<I>zx>,ﬂn1]> B (261Q(11¢1 +2201) )
[2¢10(®z0), B | 2€10(z303 + 2463) )
e G50 (@z,). B, —2e1 (%) D121 + 2261)
= — | (3.25)

1G5 (@z,), By —2¢; ("2)° Dy (2303 + 243)

dO,l _
€G3V (@20, B, —26 (")’ Dazigh1 + 22001)

oGV (@2,). i, —262 ()" Datasds + 246)

[
[
|26
[

| IS ) S— | IS ) E—
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From (3.3), it is easy to check that for any € € RZ,
Fy(®zx,€) = F2(Pzy, 0),
which, together with (3.15), (3.22), (3.25) results in

By 1z1€1 + Bnj2z1€2
B 122€1 + Bpj222€2
Bpy123€1 + Bpyazzen
Byy124€1 + Bujrza€r

1 1 . ~
582(@.0,€) = S Projx, 2 (2,0, €) = , (3.26)

where

By =v{ <Q¢1 - (%)2 D1¢1) v Bppp=— (%)2 v{ Dagr,

B =] (002 = () 2103). Ba == () vl Dot

3.4 Third Order Terms of the Normal Form

Since o(|z]€?) is irrelevant to determine the generic Hopf bifurcation, it is sufficient to
compute g; (z, 0, 0) for determining the properties of Hopf bifurcation.
By (3.22), (3.23) and g% (z,0,0) = (0,0,0,0)7, we have that,

23(2.0,0) = Proji, 1) f1 (2 0,0), (3.27)
where
- ~ 3 ~ ~
/320,00 = f§(2,0,0) + JI(D: )z, 0, 0)U3 (2, 0) + (Du ;) (2,0, O U3 (2, )],
and B B
Uy = (M)~ f1(z,0,0), U3 = (M3)™" f3(z,0,0). (3.28)
Next we calculate the third order terms g; (z, 0, 0) in three steps.
Step 1. The calculation of Projg,, 1,3 (2. 0, 0).
By (3.13) and (3.16), we have that,
F3(@zy, 0) = F3(Pz. 0).
Expand F3(®zy, 0) in Taylor series described as follows:
F3(92,.0) = F3(02:.0) = Y Fyggaurnt 2@ B0zl 822824
q1+q2+q3+4q4=3

_ (€8] 2) 3)
where Fy 4,495 = (Fqipa390> Forqpasan> Farg

[ﬁ3(d>zx, 0), ﬁn,] v [F3(@zy, 0), B, |
[ Fs(®2,0), B [F3(®2:,0), B, ]
1 1
2 Foipasas Jo" i o T (o) dxz] 29202
—y | ateteta=3

I _q1+q2 q3+q4+1 q1_92 _q3 _q4
> Foia2q304 fo Fny (X (x)dxzy 2572324
q1+q2+q3+q4=3

»q3qs) . - Hence, from (3.18), we have that,

f2(z,0,00=w
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Therefore,

2
C2100z722 + C1011212324

o, gt Fla, 0,0y = | 071 T Clonzaisds (329)
= Lrojg o cuh f3 (2,0, = ’ .
30 er(My) C0021Z§Z4 + C1110212223

Co0212325 + C1110212224

where, combining with the fact fO (x)rn2 (x)dx = 1

In>

1
a=¥{ Fa00, n1 =0, |
T
Ca100 = Cion = o Y1 Fiott,
1
ml/flTleoo, ny #0,

Con21 = 71/,3 0021, Citio = 71/,3 1110-

Step 2. The calculation of PrOngr(Mg)(Dszzl )(z, 0, 0)U21 (z,0).
It follows from (3.13),(3.15) that -

Fy(®z,,0) = G (®zy, 0) + Fa(Dzy, 0) = G100 (Dz,) + Fa(P2,,0).  (3.30)

Since for all € € RZ, F(0,¢) = DF(0, €)U = (0,0, 0)T. Then we have that,

F)(Pzy +w, €) = Fp(Pzy +w,0)

= Y Fpgpeart TP @ 222820 + Sz + w. 0) + 0w,
q1+q2+q3+q4=2
(3.31)
where S>(dz, + w, 0) is the cross term of ®z, and w.
Besides, denote Gg(o‘o)(ézx) O, GZ(O O)(2)(d> ), 0)T for convenience. From (3.14),
we have that,
Gtzl(O,O)(2)(q>Zx)

4 2
- EX* {(m) (1201327 + 2Re(P12¢13)2122 + P12$1323) (Sm %x)

#((05124533 + ¢13¢32)2123 + (912633 + ¢13@)le4

+ (P12¢33 + P13032)2223 + (P12¢33 + P13$32)2224) sin % gin 225

l
2 o 2
+ (’172) ($3203323 + 2Re($32633)2324 + $3263323) (Sin ?)
(3.32)
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Noticing that,
1 _
1”2 m,m;ﬁO,n-O,
_ 1 _
/O T () (X)dx = oL 2m=n#0,
0, otherwise,
I m£0, n=0,
I . mx 2
/0 (sm T) rpn(x)dx = _\/iln7 2m =n #0,
0, otherwise, (3.33)
2l
, k=n—m, m#0,
154 mx . nx e 4 7+—
A sstmTrk(x) x=13 ilﬂ’ k=n+m,
0, otherwise,
I 1 k= k=n—m.
f P (O (O () = | Vo KT M ork=mmm
0 0, otherwise.
by (3.24), (3.30), (3.33), direct calculation results in
) [ (2,0, B, |
£@00=w| "
I:Fz(d)ZXs 0), ﬂnz]
Fao00z3 + Fa00025 + (Foo2o — E1z3 + (Foozo — ENz5
ﬁ‘l’ +(Foor1 — E2)z3z4 + Fri002122 , ny =0, np #0,

F10102123 + F1o01z124 + Fo1102223 + Fo1012224

=10,0,0,0)7, ny # 2ny,

(Fio10 — E3)z1z3 + (Fioo1 — E4)z1z4 + (For10 — E4)z223

(Fa000 + Es)z3 + (Faooo + E5)23 + (Fi100 + E6)z122
where

2 - 2
Ey = (0, 25" $32¢33 (%) L0)T, Ey = (0, 4x* Re(¢32033) ("72) L0y,

I Fa —
=V +(For01 — E3)2224 , np=2nj,

nn _— — nin
Es = (020" 91adss + dusdsa) - O Ea = (0. 20" @129 + d13¢32) 5 0

niN2 PN
Es = (0, 2x*¢12¢13(71) L0)7, Eg = (0, 4x* Re(¢12013) (7‘) L0y
Thus, for ny # 2n1, ny #0, U21 (z,0) =(0,0,0, O)T.
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Forny =0, ny # 0, we can compute that Uz1 (z,0) = (UZI(U, U21(2), U21(3), U21(4))T from
Ul = M)~ £1(z,0,0) as follows:

=2 2
— 200025 + = — (Foo20 — E1)z3
ny 3iwy, 2iwy, — iwy,

L1 2
U," =——=v <7 Fr00027 —
2 =\ 1

1 - 1 1
2
— e (Foo20 — E1)zg — —— Frio0z122 — —— (Foor1 — E2)z324 )
2wy, + iwy, iwp, iy,
1 _ 1 o7 2 2 1 2
U,” = Y1 —— I0002] — —— F200025 + = — (Foo20 — E1)z3
Vit 3iwy, iwy, 2iwp, +iwy,
1 —_— — 5 1 1
———————(Foo20 — E1)zj + —— Fr100z122 + —— (Foo11 — E2)z324 | ,
2iwy, — iwy, iwp, iy,
13) L7 ( Fioo Fio01 Forio Foro1
U, " =——= — 2123 — = - 124 — ——2233 — = - 224 ) »
VT iy, 2wy, — iwy, iy, 2iwy, +iwy,
14 I —r Fio10 F1o01 For1o Foio1
U2( ) — v3 ( - 2123 + - 2124 — - ; 2223 — 2224 ) -
Vit iwy, + 2iwy, iwp, iwy, — 2iwy, iwp,

For2n; = ny # 0, ULz, 0) = U}V, u)@, U}, U} @) denoted by

w_ Lo L - _ 1 P —E
U, = ¥ ; (F1o10 3)2123 ” (F1o01 4)2124

2l ny n2
1 — 1 _

+———F—Fo110 — Ex)z2z3 — —————=— (Foi01 — E3)2224 |,

iwp, — 2iwy, iwp, + 2iwy,

U, = WT < ! (Fio10 — E3)z123 + ;(me — E4)z124
2 V21 2iwy, +iwy, 2iwy, — iwp,
1 - 1 _

+——For10 — E4)z223 — —— (For01 — E3)Zzz4> ,

iwp, iwp,

13) 1 [ Foo+Es 5, Faow+Es 5, Fiioo+ Ee
U, = 3 - —2] — = —25 — - 2122 |,
2wy, — iwy, 2wy, + iwy, iwp,

I —7 ( Fyo+E Fa000 + Es Fii00 + E6
yl@ _ ( 000 5 5 000 5 2 Fioo T

Y3 - —Z] — = - -
2 V2l 2iwp, + iwy, ! 2iwp, — Wy, 2 iwp,
Thus,
Dy1002322 + Dio11212324
1 _ i D21002123 + D1011222324
3!PrO]Ker(Mg)[(szz)Uz](Za 0,0) = ) (3.35)

Dop212324 + D1110212223

2
Doo212325 + D1110212224
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where for ny # 2ny, n; % 0, D21oo = Dio11 = Doo21 = Di110 = 0. And for ny = 0,
ny # 0,

2
Da100 = - — W Fa000) W Fri00) + < 197 Faoool* + 1¥{ Friool® ),
6lmiw,, 3
1 2 T T 1 T —T
Diont = — | —— @1 F2000) ¥y (Foor1 — E2)) + —— ¥y Frio0) (1~ (Foorr — E2))
6l iwp, iwp,
2T . T 1 T _ T
% —— (¥y (Foo20 — E1))(¥3 Froo1) + —— (1 (Foorr — E2)) (Y3 Fio10)
LWy, — Ly, Lwn,
T N — 1 T —T
2.7.(1#1 (Fooz2o — E1) (W3 Fro10) + —— (¥ (Foor1 — E2))(¥3~ Fioor) ) »
LWy, + Ly, Ly,
Lt T _ T T _
Dop21 = —— (Y3 Fro10) (Y] (Foor1 — E2)) + - —— (Y3 Froo0) (Y| (Foozo — E1))
6lm iy, 2iwp, — iwy,
1 T —T T —T
+— 3 Fonno) (Y1 (Foorr — E2)) + -————— (3 Foro) (Y1~ (Foo2o — E1)) | »
iwy, 2iwy, + iwy,
1 1 T T 1 T T 1 T T
D110 = —— | —— W3 Forio) (W1 Fri00) — —— (W3 Fio10) (W1 Fii00) — —— (Y3 Fio10)(¥3 Foii0)
6lmr \iwy, Ly, LWp,
1 T T [T Fioo | [T Foro1 1
F( F, .
+iwn, (Y3 Fo110) (Y3 Fro10) + B, —iom | iam, + 2iom
For 2ny = ny # 0,
Dot — B W (Fioi0 — E3))(W] (Fii00 + Es)) + Wl (Forio — E9) (W] (Fao00 + Es))
2100 = ol iOny 2iwn, — iwn,

+ Wl (Fioo — E4))(%T(F1100 + Es)) + Wl (Foio1 — E))(%T(onoo + Es))
i, 2iwy, +iwp, ’

Dints = 1 7(1/f1T(F1010 — E)(W] (Fioo1 — E4)) + Wl (Fioo1 — E) (W] (Fioio — E3))
o= 1217 iwp, iy,
1 T 02 T =2
_ F — E _ F —E R
+2iw,,1 . [¥1 (Forio — E4)|” + Zien + Tom, [ (Fotol 3)|
Doo21 =0,
Divie — 1 (291 (Faooo + Es) (W] (Fori0 — Es) n (Wd (Frio0 + E¢) (W] (Fioi0 — E3))
MO = orn i, — 2icn, iwn,

+2W3T(F2000 + Es)(¥1" (Froo — E3)) n T (Fii00 + Eo) Y1 (For10 — Ex))
2ia)nl + l'(l)n2 iwnz ’

Step 3. The calculation of ProjKer(M%)(DwJ:zl)(z, 0, O)Uzz(z, 0).
By (3.13), (3.14), (3.15) and (3.18), we have that,
[ DuFa(®z + 0, 0)uzoU3 (2, 0), i |

(Dy f)(2.0,00U2(z.0) = W i
[(DuFo(@z +w, 0)lu—gU3 2. 0. i, |

. (3.36)

where 5
Fy(®z, + w, 0) = GIOV(@z, + w) + Fr(Dz, + w, 0). (3.37)
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Direct computation shows that

D, G5O (@2, + w)lw=oU3 (2, 0) = 0, (3.38)

since Gg(o’o)(CI)zx + w) is independent on w.
From (3.31),

Fr(®zy +w,0) = SH(Pzy + w, 0) + O(2%, w?)

3 2 4
= (Z Sjewjzkray (X) + Y Sjxw;zkra, <x)) +0@E, wh),
=1

k=1 k=3

J

where Sj; = ZMQFQ w=0, (j =1,2,3, k=1,2,3,4), which induces that

3wj3zk
2 4
Dy Fy(®z + w, 0)|y—ow = (Z(Slk Sok S3k)Zktny (X) + Z(Slk Sok S3k)ZkTn, (x)) w.
k=1 k=3
(3.39)
Let
U3@.0) = h(z) = Y hy(2)rn (), (3.40)
n>0
with "
hP(2) hngiq20394
R )
hy =hy(z)=| i @) | = Z h512q)1q2q3q4 lellzgzzghz?.
h(3)(z) QN +p+q3+qa=2 3)
" nq192q394

According to (3.36)—(3.40), we have that,

|:DwF2(d)Zx +w, 0)|w=0 Z hn(2)rn(x), ,Bnli|

(Dwf;l)(z,O, 0)U3(z,0) = ¥ n=0
|:DwF2(d>zx + w, 0)|w=0 Y hn(2)r,(x), ﬂn2:|

n>0

[20(2,221 (S1x Sak S3k)hn (22T (X)rn, (x)
+_22=3(Slk Sok S3k)hn (2) 2 (X) Ty (X), By ]
[ zo(z,%zl (Stk Sak S3k)hn (2)2kn ()7, (x)

+ _Zi=3(slk Sok S3k)hn (2) 2 (X) Ty (X),5 Bry ]

> Banyny Sr—1 Stk Sat S30Rnzk + banyimy Y3 (Six Sk Sax)hnze)
n>0

> Banyns r—1 (Sik Sat S30Rnzk + banyny g3 (Six Sk S3x)hnze)

n>0
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wheren =0,1,2,...and

1 —
I iz’ " o
bunny = [ o,y = { L =2 20,
0, otherwise.
1 — _
N n=ny#0,n1 =0,
1

15,4
b = n(X)rp, (X)rp, (x)dx = , O<ny<ny, n=n nyorn=ny—ni,
nniny j(; n( )n]( )nz( ) Nor 1 2 2+n 2 1

0, otherwise.

Thus, forn; = 0,ny #0,

\% (Zizl(slk Sok Ssi)hozk + 22:3(51k Sok S3k)hn22k>

54

(Dw f3)(2,0,0)U5(z,0) = W | L (Zle(&k Sok S hny 2k + Ytz (Sik Sax Ssk)h02k>

3l

+ﬁ St (St Sak S3)ham) 2k

For 0 < ny < noy,

(D f£1)(2.0,0)U2(z. 0)

\/2117 (Zizl (Stk Sax Sa)hom 2k + Y f 3 (S1k Sax S3k)hn1+n2Zk)

+‘/%; Zizl(slk Sok S3k)hozk + Snyny Zi=3(511< Sok S3k)hny—n, 2k

= \U ,
/721[71 (Zi:l(slk Sok S3k)hny4ny 2k + Zi=3(S1k Sok S3k)h2n21k)
+¢% 22:3(511{ Sok S3k)hozk + (Snlnz ZI%:](SUC Sok S3k)hngfn11k
1
, N < n2
where 8}11”2 = J2117 . . Then,
\/ﬁa nyp =ny

E21002322 + E1011212324

SR
Es1002125 + E1011222324

1 . ~
1Pk er )y (D f2)(2, 0, 0)U3 (2, 0) =

Al , (3.41)

2
Eoo2125324 + E1110212223

Eo0212325 + E1110212224
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where forn; =0, ny #0,

1
Ez100 = ——v 1 ((S11 Sa1 S31)h + (S12 S22 $32)h02000)
2100 6\/5% ((S11 821 S31)ho1100 + (S12 S22 §32)h02000)
1
Eron1 = ——=1{ ((S11 $21 S31)ho0o11 + (S13 S23 S33)hny1001 + (S14 S24 S34)ns1010)s
o/l

1

m((513 823 833)ho0o11 + (S14 S24 S34)h00020)

1
Eon1 = 6¢3T (

1
—l—ﬁ((Sm $23 $33)h 200011 + (S14 S2a S34)h(2n2)0020)> ,

1 1
Ey110 = 61/f3T (ﬁ((sll 821 S31)hns0110 + (S12 S22 S32) A, 1010

1
+(S13 S23 $33)ho1100) + E(SB $23 S33)h(2n2)1100> ,

and for 0 < n; < na,

1 1
Exio0 = -¥1 (7((511 821 S31)ho1100 + (S12 S22 832)h02000)
6‘/’1 I

1
+ﬁ((S11 S21 S3)h@ny1100 + (S12 S22 532)},(2"1)2000)> ,

1 1
Eyo11 = gllflT (E ((S11 821 S30)h@ny0011 + (S13 23 $33)h (14021001

1
+(S14 524 S38) (402 1010) + T(Sn S21 S31)hooot1
T

NG
+801m, ((S13 823 833) (s —nyp)1001 + (S14 S24 S34)h(n27n1)1010)> ,
1

1
Eon1 = glﬁgT (m((sm 823 833)h2n0)0011 + (S14 S24 S34) 1 (202)0020)

1
+T((513 823 S33)hooo11 + (S14 S24 534)h00020)) ,
T

7=

1 1
Ei110 = 6W3T (E ((S11 821 S30) R (ny+n20110 + (S12 822 S32) A0 412)1010

1
+(S13 823 $33)h2ny)1100) + —=(S13 $23 $33)h01100
T

Vix

+ 8y (S11 821 S30D)R(y—npyo110 + (S12 S22 S32)h(n2—n1)1010> .

Obviously, we still need to compute A,1100, 712000, 2r00115 Ar10015 n10105 £r00205
hnot10-
By (3.19), we have that,

(M%)(hn (@Drn(x)) = (D) (hy () (x))Bz — Ly (hp (D)1 (x)),
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which, combining (3.1), (3.9), (3.12), leads to

[(M3) (1 (2)rn (X)), Bu] = iwn, Qhu20002] + hn10102123 + Hnt0012124

— 2hn020023 — hn01012224 — hn01102223)
e " (3.42)

. 2
+ iy, (217002023 + 1r10102123 + hpo1102223

2
— 2h,000225 — Pn10012124 — hno1012224) — Mnhy (2),

where .#,, is defined in (3.9). According to (3.10), (3.12), (3.30), we have that,

f3(2,0,0) = (I — ) F5(®zy, 0)
=Fy (D2, 0) — (YT [Fo(Dzy. 0). B 161 + V1 [F2(D2y, 0), B, 117, (x)

— WPz, 0), Buylds + V3 [Fa (D2, 0), By 1637 (),
Fy(®z,,0) = G100 (dz,) + Fr (P2, 0),

which, combining (3.33), induces that, for n; = 0, ny # 0,

. 1 _ _
[fzz(L 0,0), ﬂo] =— ((onoo — ¥ Faooodr — WITF2000¢1)Z%

JVir

+ (Faooo — ¥ Faoood — V1" Faoood1)<3

+ (Fii00 — ¥{ Fiioopr — Vi’ Frioodn)ziz2

+ (Fooo0 — E1 — ¥ (Foozo — EN1 — %T(Foozo - El)a)zg

+ (Fooo — E1 — ¥{ (Foozo — ENt — ¥ (Foozo — EN1) <3
+(Foor1 — E2 — ¥ (Foorr — E2)é —WT(FOOH - Ez)%)mu) ,

. 1 . 7 _
[/3(z,0,0), Bn,] = —— ((FIOIO — VY3 Froio¢3 — ¥3 Flo1093)2123

JVir

+ (Fro01 — ¢3TF1001¢3 - %Tme%)Zlu
+ (Fio01 — ¥4 Fioo1¢3 — %Tm)am
+(Frowo = ¥ Fonogs — V' Froiod)2z)

~ 1 _
[f3(2,0,0), Bony] = —— ((Foozo + E1)z3 + (Foozo + E1)z3 + (Foor1 + E2)z324) ,

V2l

(3.43)
where E|, E; are defined by (3.34).
For 0 < ny < ny,
[732.0.0). 5]
\/% ((F2000 — Es)z} + (Fao00 — E5)z3 + (Fonoo — E1)Z3 (3.44)

= 1+ (Foozo _E)Zi + (F1100 — E¢)z122 + (Foo11 — E2)13z4) s n=0,
7\/2117 ((Foozo + ENzZ3 + (Foozo + E1z3 + (Foor1 + E2)z3z4), n = 2no,
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(20,0, ]
7\/2117 ((Fro10 + E3)z1z3 + (Fio10 + E3)2224

+ (Fioo1 + Ea)ziza + (Fioo + E4)2233) , n=ni+n,
Tlm ((Fio10 — E3)ZIZS+7(FIOI()7— E3)z224
+ (Fioo1 — EDz1z4 + (Fioo1 — E4)2223) , n=ny—ny, na #2ny, ny #3ny,

7T —_—

ﬁ ((FIOIO — E3s — Y] (Fio10 — E3)¢l; Y1 (Fioio —f3)¢1))2113
= {+(Fio01 — Es — ¥ (Fioo1 — E)¢1 — Y1 (Fioo1 — E&)$1))z124

[ — [ — 7T [ [ —
+(Fioo1 — E4 — ¥[ (Frool — Eng1 — 1~ (Fioo1 — E4)$1))z223

[ [— [ — 7T [ [ —
+ (Fio10 — E3 — ¥T (Fio10 — E)¢1 — ¥1 (Fioto — E3)¢1))zzz4) ,n=ny—ni, np =2ny,
ﬁ ((Fa000 + Es)z + (Fao00 + Es)z3 + (Fi100 +E))21Z2
+(Fio10 — E3)z123 + (Fioo1 — E4)z1z4 + (Fio10 — E3)z224

+(Fioo1 — E2)2223) , n=ny—ni. ny=3n.
(3.45)
and
[72.0.0. 5]
ﬁ <(onoo + Es)zi + (F2000>
+7/Tllﬂ (?5)1% + (F1100 + Es)zlzz) , n=2ny, ny #2ny, ny # 3ny,

7T —_—
\/2117 ((onoo + Es — T (Fao00 + Es)p3 — 3~ (Faooo + Es)$3)27

PR — R 77‘ [ —_—
+(Fa000 + Es — ¥ (Faoo0 + Es)¢3 — w3~ (Faooo + Es)d)z)Z%

7T —_
+(F1100 + Es — ¥4 (Fii00 + Ee)¢3 — V3~ (Fi00 + E6)¢3)2122> , n=2ny,ny =2ny,

- ((onoo + Es5)z3 + (Fao00 + Es)23 + (Fii00 + E6)z122

V20w
+(Fi010 + E3)z123 + (Fio01 + E4)z124 + (F1010 + E3)2224
+(Fro01 + E3)2224) . n=2n, n, =3nj.
(3.46)
From (3.28), we have that,
[(M3)(hn (2)7n(x)), Bl = [f5(2.0,0), B], n=0,1,2,.... (3.47)

Next, we compute /1,4, 4,434, 1D three cases.
Case 1. For ny = 0, ny # 0, from (3.42),(3.43), (3.47) and matching the coefficients

22, 23, 7122, 7324, we have that,

. —T —
2iwp, ho2000 — ~#oho2000 = ﬁ(onoo — YT Faoood1 — 1 Fao0091).
. —T —
2iwn, hooo20 — ~A#ohooo20 = ﬁ(Foozo — Er — ] (Foo — ENg1 — 1 (Foozo — EDé1),
7T —
—AMohor100 = ﬁ(Fnoo — ¥ Flioodr — 1 Friodn).

—AMohooot1 = ﬁ(Foon — E» — ¥ (Foor1 — Ex)1 — %T(Foon — E2)¢1).
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Therefore,

ho2000 = ﬁ@iwm I — 5) ™ (Faooo — ¥{ Faoood1 — U1 Faoood),

100020 = ﬁ@iwnzl — M) (Foozo — Ey — vl (Foooo — ENgr — WT(Foozo — E)é1),

ho1100 = —ﬁ/ffo_](ﬂloo — ! Fiioo¢1 — V1" Fii0001)s

hooo11 = —ﬁ O_I(Foon — Ey — ¥ (Foor1 — E))éi —WT(FOOH — Ep)éy).
Similarly, when n = ny and n = 2n», by matching the coefficients z1z3, z124, 2223, we
have that,
huy1010 = ﬁ(i(wnl + wny) ] — AMny) " (Fro10 — ¥1 Frotogs — %Tleo@),
hny1001 = ﬁ(i(wnl — )] — M)~ (Froor — ¥ Fioo1$3 — V3 Fiooi#3),
hus0110 = =@y — @)1 = )~ (Froor = ¥ Froores =3’ Fioorda),
5, (Fooi1 + E2),

h2ny)0011 = ~ 7
h(212)0020 = ﬁ@iwnzl — Mop,) N (Foozo + E1), hnyyii00 = 0.

Case 2. For 0 < ny < ny, from (3.42), (3.44), (3.46), (3.47) and matching the coefficients
z%, z%, 2122, 2324, we have that,

2iwy, ho2000 — Aoho2000 = ﬁ(onoo — Es),
2iwp, o020 — A#0ho0020 = \/%(Foozo - Ey),
—Aoho1100 = ﬁ(Fnoo — Ep),
—AMohooo11 = ﬁ(ﬂ)@ll — Ej).
Therefore,
ho2o00 = —=iwn, I — #o)~ (Fa000 — Es),
Jim
00020 = = iwn, I — #0) " (Foozo — E1),
Jim

ho1100 = _\/%///()_I(FHOO — Ep),
hooo11 = —\/%//ZQ_I(FOOU — E2).

Similarly, when n = 2ny, n = n; + np, n = np — nj and n = 2n,, by matching the
coefficients z%, z%, 2122, 2123, 2124, 2223, 2324, We have that,

) h@ny)0011 = —ﬁ///{n;(f’oon + E»),
n=4=aznp, . _ -
h2ny)0020 = ﬁ@lwnzl — Mony) N (Foozo + E1), hnpyii00 = 0,
R +n2)1001 = ﬁ(i(wnl — wn,) I — My, 40y) " (Froo1 + Es),
n=njy+ny, h(n1+nz)0110 = ﬁ(i(wnz - wnl)I - -///n1+nz)71(F1001 +F4)1
R +np)1010 = ﬁ(i(wnz + wn ) — My, 40y) " (Fro10 + E3).
Forn = 2n1, ny # 2ny,

{h(an)llOO = —ﬁ(/ffznl)_l(ﬂloo + Es), h@npoot1 = 0,
=0.

h(2n1)2000 = ﬁ@iwnll — M) " (Fao00 + Es), h(any)0020
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Forn = 2ny, np = 2ny,

_ —7 —
hon1100 = —ﬁ(///znl) Y(Fi100 + E6 — VT (Fii00 + E6)p3 — V3 (Fii00 + E6)3),
. _ —7 —
h@ny)2000 = ﬁ@lwnl I — ton) " (Faoo0 + Es — 1 (Faooo + Es)3 — W3~ (Faooo + Es)3),

h@npoot1 = h@npoo20 = 0.

Forn =ny —ny, ny # 2ny,

R(nz—ny)1001 = ﬁ(i(wnl — ) — Mpy—n,) " (Fioo1 — Ea),
h(nz—nl)lOlO = ﬁ(i(a)n] + wnz)l - <ﬂn27nl)7l(F1010 — E3),
hny=n0110 = 5= (i (@ny = @n)I = My )~ (Froo1 — Ea).

Forn =ny, —ny, np =2ny,

hny=n1001 = 5= (@n, = o)l = My—n)™ (Froo1 = Es
—y] (Fioo1 — Es)$1 — %T(Flom — E»gr)),

hny—ny)1010 = ﬁ(i(wnl + wny) I = Mny—ny)”  (Fro10 — E3
=y (Fioi0 — E3)$1 — %T(FIOIO — E3)¢1)),

hy—npo110 = ﬁ(i(wnz — wn)] — Myy—n)) " (Froo1 — Es
~y ] (Froor = Eng1 — 91" (Fioor — E)gn)).

Hence, by (3.21), (3.26), (3.27), (3.29), (3.35) and (3.41), the norm form to third order for
double bifurcation is as follows:

2
By, 121€1 + Bnaz1€2 Ba100z722 + B1011212324
B21002123 + Blo11222324
. By 122€1 + Byp22€2 2
z=Bz+ B B + 5 R (3.48)
ny123€1 1 Bnp223€2 Boo212524 + B1110212223
Bny1z4€1 + Buy2za€2 Boo212325 + Bl110212224
where,

3 3
B3100 = C2100 + E(Dzmo + E2100), Bioi1 = Cio11 + E(DIOII + Ejo11),

3 3
Boo21 = Coo21 + E(Doozl + Eo021), Biiio = Ciiio + E(Dmo + Ei110).

Making double polar coordinates transformation by

i0; it

12 - 10 —
21 =p1e, o =pre” ", 23 = pae'?, 24 = pre” ',

system (3.48) is equivalent to the following equation:
o1 = pi(ciel + caer + dipt 4 kip3),
02 = pa(czer + caer + dap} + kap3),

where
¢1 = Re(By,1), c2 = Re(By,2), c3 = Re(Bp,1), c4 = Re(By,2),

dy = Re(B2100), d2 = Re(B1110), k1 = Re(Bio11), k2 = Re(Booz21).
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4 Numerical Simulations

In this section, we numerically investigate the spatiotemporal patterns of system (2.12).
Firstly, for the local system (2.16) with

r=1,k=2 =12, y=1,&=2,n=0.5,

it follows from (A1) that the positive equilibrium E; exists for 0 < p < 2/(20 + 1) and
from (2.17) that system (2.16) has no Hopf bifurcation for p > p . ~ 0.3431. By (2.15),
we have the Hopf bifurcation curve H: p = (20 — 1)/ (202 4+ o) and E» is asymptotically
stable for p > 20 — 1)/(2(72 + o) and unstable for p < (20 — 1)/(202 + o). The stability
region D1 and the Hopf bifurcation curve H for system (2.16) in the o—p plane are illustrated
inFig. lafor0 <o <4.2and0 < p < 2.

For fixed p = 0.2 < p;s .., we have o1 2~ 0.6492 and o, =~ 3.8508. Thus, the positive
equilibrium E, is asymptotically stable for 0 < o < o7 or ¢ > o2 and unstable for
01 < 0 < 02, and system (2.16) undergoes Hopf bifurcations at 0 = o}, j = 1, 2, which
are also the critical values of the spatially homogeneous Hopf bifurcation of the diffusive
system (2.12). Then, for (2.12), choosing the diffusive coefficients and the spatial interval
0, Ix) as

oy =0.5, 6p =0.8, §s =0.5, [ =4,
we investigate the spatiotemporal dynamics taking the parameters x and o as two bifurcation
parameters. It follows from Lemma 2.2 that [/xo/] = 1 if o € (0, 4.2). A further calculation

shows that x{?(0) > x4 (o) for o € (0,0.1837) U (4.0146, 4.2) and x [ (o) < x¥ (o) for
o € (0.1837,4.0146). Thus,

I 1, o € (0.1837,4.0146),
H ™12, 0 €(0,0.1837) U (4.0146, 4.2).
Denote the Hopf bifurcation curves in the o—y plane by

HY 6 =0) ~06492, H? :6 =0y ~3.8508,

which correspond to the spatially homogeneous Hopf bifurcations, and by Theorem 2.1,

2.5(1 — 0.20)2(9,361121 —(9.4429 — 0.7680)a1 + 0.7058 — 0.06240)

’

H:x=x{lo) =

0.9—0.20
" 2.5(1 —0.20)%(3.3a%, — (4.4115 — 0.1920)ay| + 1.0852 — 0.06240)
Hy:x=x5 (0)= 09020 :

where aj; = 0.2(o +0.5—1/(1 —0.20)), which correspond to the spatially inhomogeneous
Hopf bifurcations, for wave numbers n = 1 and n = 2, respectively.
Similarly, by Lemma 2.3, we have

. |3, 0€(0,2.857),
"T =12, 0 € (2.857,4.2).
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(a) 2 ' ' D,: Stable Region
D2: Unstable Region
1.5 b
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Fig.1 aThe existence and stability regions of the positive equilibrium E» of the local system (2.16); b Stability
regions and bifurcation diagrams for the diffusive system (2.12) in the x — o for p = 0.2 and other parameters

are the same as in (a). The shaded regions SR1 and SR2 are stable regions, H(gl) and Héz) are homogeneous
Hopf bifurcation lines. Hy, H» are spatially inhomogeneous Hopf bifurcation curves and 73, T, are critical
Turing bifurcation curves

Then, by Theorems 2.1 and 2.2, the boundaries of the stability regions of system (2.12)
consist of the spatially inhomogeneous Hopf bifurcation curves H; and H», the spatially
homogeneous Hopf bifurcation lines Hél) and Héz) and the Turing bifurcation curves 73 and
T,, as shown in Fig. 1b, where

Tr:x = XzT(U) - _M (_0'220 +0.5525 + ;> 7
09—-0.20 10 — 20

T3: x = X3T(cr) — _M <—O.l917cr +0.4133 + ﬁ) ,
0.9 - 020 1-0.20

according to Theorem 2.2.

The spatially inhomogeneous Hopf bifurcation curves H; and H, intersect at two points
03(0.1837,3.7633) and Q4(4.0146, 1.2837). The spatially inhomogeneous Hopf bifurca-
tion curve H; intersects with the straight Hopf bifurcation lines Hél) and Héz) at the point
01(0.6492, 1.6353) and Q,(3.8508, 0.4736), respectively. These double-Hopf bifurcation
points Q;, (j = 1,2, 3, 4) lie on the the boundaries of the stability regions of system (2.12).

The critical Turing bifurcation curves 73 and 73 intersect with the straight Hopf bifur-
cation lines H\" and HS® at the points R;(0.6492, —1.063) and R»(3.8508, —0.1428),
respectively. By Theorem 2.5, system (2.12) undergoes Turing—Hopf bifurcations near the
positive constant equilibrium E, at Ry and R, which also lie on the the boundaries of the
stability regions of system (2.12).
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In what follows, we are interested in the dynamical classification of system (2.12) near
the double-Hopf bifurcation points.

4.1 The Double-Hopf Bifurcations Due to the Intersection of the Spatially
Homogeneous and Inhomogeneous Hopf Bifurcations

For the double-Hopf bifurcation point Q7(3.8508, 0.4736), which is the intersection point
of the spatially homogeneous Hopf bifurcation line Héz) and the spatially inhomogeneous
Hopf bifurcation curves Hy, we have n; = 0, np = 1 and it follows from (2.5) and (2.8)
that

wop = 0.1765, w1 = 0.2755.
Letting € = o — 3.8508, €2 = x — 0.4736 and employing the procedure developed in

Sect. 3, we obtain the normal form truncated to the third order terms as follows:
f1 = p1(—0.2786¢; — 0.03075p7 — 10.0633p3),

. ; , @.1)
f2 = p2(—0.2396¢; + 0.0681€s — 0.0464p? — 0.057p3).

System (4.1) has a zero equilibrium £ (0, 0) for any €1, €2 € R, and two boundary equilibria

EF(/=9.0594€/,0), € < 0; E5(0, y/—4.2006¢; + 1.1943€2), €, > 3.5173¢),

and a positive equilibrium

E*(y/—5.1462¢| + 1.4728¢>, \/—0.0119661 — 0.00401¢3), 3.4941€) < €2 < —2.6569¢.

By analyzing the stability and bifurcation of these equilibria, the normal form (4.1) is the
so-called simple case, illustrated in [28]. The phase portrait is easy to be obtained in Fig. 2,

where the curves Héz) , H 1 Lé, L% are denoted by

H® : 0 =3.8508, H : x =0.4736+3.5173(0 — 3.8508),
LY: x =0.4736 4 3.4941(c — 3.8508), (0 < 3.8508),
L3: x =0.4736 — 2.6569(c — 3.8508), (o < 3.8508).

The lines Héz), i, Lé, L% divide the (o, x) plane into six regions with different dynamics.

Remark 4.1 The Hopf bifurcation line H | obtained by the normal form (4.1) is tangent to the
Hopf bifurcation curve H; due to the linear analysis at the point 0> (3.8508, 0.4736).

According to the phase portrait Fig. 2, there are three stable patterns near the double-Hopf
bifurcation point Q5 as follows:

(i) when (o, x) = (3.858,0.44) € (D, (4.1) has a stable equilibrium Ej, which implies
that the positive equilibrium E;(0.8757,2.0511, 3.5026) of system (2.12) is asymptoti-
cally stable, as shown in Fig. 3a, d;

(ii) when (o, x) = (3.848,0.44) € (®, (4.1) has a stable boundary equilibrium E7,
which implies that system (2.12) has a stable spatially homogeneous periodic solution,
as shown in Fig. 3b, e;

(iii) when (o, x) = (3.8608, 0.5096) € (@), (4.1) has a stable boundary equilibrium EJ,
which implies that system (2.12) has a stable spatially inhomogeneous periodic solution
with the spatial shape like cos(x/4), as shown in Fig. 3c, f.
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Fig.2 The phase portrait near the double-Hopf bifurcation point Q5 in Fig. 1
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Fig.3 Spatiotemporal dynamics of (2.12) for different parameters o and x near the point Q;: a, b and ¢ are
the projections of N (x, t) on the x—t plane for (o, x) = (3.858,0.44) € (D, (0, x) = (3.848,0.44) € ©®,
(o, x) = (3.8608, 0.5096) € @, respectively. d, e and f are the spatial profiles for fixed time r = 1500 of (a),
(b) and (c), respectively

Except for these stable patterns, there are two types of pattern transitions: (i) from unstable
spatially homogeneous periodic solution to stable spatially inhomogeneous periodic solution,
which exists in the region (@), (see Fig. 4a); (ii) from unstable spatially inhomogeneous
periodic solution to stable spatially homogeneous periodic solution, which exists in the region
®, (see Fig. 5a). Figures 4a and Sa are the projections of N(x,t) on the x—¢ plane for
(o, x) = (3.85,0.49) € ® and (0, x) = (3.842,0.4438) € (3, respectively. Figure 4b, c
are the truncated sections of Fig. 4a for short-term and long-term behaviors, respectively.
Figure 5b, c are the truncated sections of Fig. 5a for short-term and long-term behaviors,
respectively.

When (o, x) lies in the region (@), two stable spatially homogeneous and inhomogeneous
periodic solutions coexist.

@ Springer



1952 Journal of Dynamics and Differential Equations (2021) 33:1917-1957

1) I (©)....

o.95
1950 |
-— B —— _— o
=
= 1900
= [ER— o.as
[
1850 o8
—
1800 o075
o 5 10

Space @
(b) -co

150 o8
- oo
<
= 100
= o.8s5
s0 o
o o.75
o 5 10 ) 5 10

Space a Space a

600

400

200

Fig. 4 a The projection of N(x,t) on the x— plane for (o, x) = (3.85,0.49) € @, which shows the
existence of the pattern transition from unstable spatially homogeneous periodic solution to stable spatially
inhomogeneous periodic solution. b and ¢ are the truncated section of (a) for short-term and long-term
behaviors, respectively
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Fig. 5 a The projection of N(x, t) on the x—¢ plane for (o, x) = (3.842,0.4438) € (®, which shows the
existence of the pattern transition from unstable spatially inhomogeneous periodic solution to stable spatially
homogeneous periodic solution. b, ¢ are the truncated section of (a) for short-term and long-term behaviors,
respectively

4.2 The double-Hopf bifurcations due to the intersection of two spatially
inhomogeneous Hopf bifurcations

For the double-Hopf bifurcation point 03(0.1837, 3.7633), which is the intersection point of
two spatially inhomogeneous Hopf bifurcation curves Hy and Hp, we have ny = 1,ny = 2
and w; = 0.5414, wp = 0.7027, and the normal form truncated to the third order terms is

[pl = p1(0.08387¢; + 0.0153¢; — 0.0902p7 — 0.15243), “2)

2 = p2(0.08896€1 + 0.03029¢; + 0.1093p7 — 0.18863).

System (4.2) has a zero equilibrium My (0, 0) forany €1, €2 € R, and two boundary equilibria

M (4/0.9296¢; + 0.1696¢3, 0), €2 > —5.4822¢1; My(0, V0.4716¢; 4 0.1605¢2), €3 > —2.9373¢],

and a positive equilibrium

M(\/0.0671561 — 0.05138¢,, \/0.510561 + 0.1308¢,), for —3.9033¢; < €3 < 1.3069¢.
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Fig.6 The phase portrait near the double-Hopf bifurcation point Q3 in Fig. 1

And the phase portrait for (4.2) is plotted in Fig. 6, where the curves 1-731, ﬁ32, L_%, L_%
are denoted by

Hy; X = 3.7633 — 5.4822(c — 0.1837), Hay : x = 3.7633 — 2.9373(c — 0.1837),
L_% : x =3.7633 —3.9033(c — 0.1837), (o > 0.1837),
L% : x =3.7633 4+ 1.3069(c — 0.1837), (o > 0.1837).

The lines Hy;, Hso, L}, L2 divide the (o, x) plane into six regions with different dynamics.

Remark 4.2 The Hopf bifurcation curves ﬁ31 and ﬁgz obtained by the normal form (4.2) are
tangent to the Hopf bifurcation curves H; and H», respectively, due to the linear analysis at
the point 03(0.1837, 3.7633).

According to the phase portrait Fig. 6, there are four stable patterns near the double-Hopf
bifurcation point Q3:

(1) when (o, x) = (0.18, 3.685) € (D, system (4.2) has a stable equilibrium My, which
means that the positive equilibrium E3(0.2075, 0.7748, 0.8299) of system (2.12) is
asymptotically stable, as shown in Fig. 7a, e;

(i) when (o, x) = (0.19, 3.736) € @), system (4.2) has a stable boundary equilibrium M|,
which means that system (2.12) has a stable spatially inhomogeneous periodic solution
with the spatial shape like cos(x/4), as shown in Fig. 7b, f;

(iii) when (o, x) = (0.18, 3.78) € (©, system (4.2) has a stable boundary equilibrium M>,
which means that system (2.12) has a stable spatially inhomogeneous periodic solution
with the spatial shape like cos(x/2), as shown in Fig. 7c, g;

(iv) when (o, x) = (0.19,3.752) € @, system (4.2) has a stable positive equilibrium M
and two unstable boundary equilibria M, M>, which means that system (2.12) has a
stable spatially inhomogeneous quasi-periodic solution with the spatial shape like the
combination of cos(x/4) and cos(x/2), as shown in Fig. 7d, h.

For fixed space variable x = /5, Fig. 8a—c are the time evolutions of N (x, t), and (d),
(e) and (f) are the orbits of system (2.12) in the phase space corresponding to Fig. 7b—d.

In addition, besides these four stable patterns, there are still three types of pattern tran-
sitions: (i) from unstable spatially inhomogeneous periodic solution with the spatial shape
like cos(x/4) to stable spatially inhomogeneous quasi-periodic solution for (o, x) € @);
(ii) from unstable spatially inhomogeneous periodic solution with the spatial shape like
cos(x/2) to stable spatially inhomogeneous quasi-periodic solution for (o, x) € @; (iii)
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Fig. 7 Spatiotemporal dynamics of (2.12) for different parameters o and x near the point Q3: a—d are the
projections of N (x,?) on the x— plane for (o, x) = (0.18,3.685) € (D, (o, x) = (0.19,3.736) € @,
(o, x) = (0.18,3.78) € ®, (0, x) = (0.19,3.752) € @, respectively. e-h are the spatial profiles for fixed
time t = 1500 of a—d, respectively
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Fig. 8 For fixed space variable x = /5, a—c are the time evolution of N(x, ?), and d—f are the orbit of
system (2.12) in the phase space with the same parameters o and x as in Fig. 7b—d, respectively. d—e show
the existence of stable periodic orbit and f shows the existence of the quasi-periodic orbit

from unstable spatially inhomogeneous periodic solution with the spatial shape like cos(x /4)
to stable spatially inhomogeneous periodic solution with the spatial shape like cos(x/2) for

(0, x) €®.

Remark 4.3 Compared with the case of Q», the stable spatially inhomogeneous quasi-
periodic solution newly appears, but there is no the existence of stable spatially homogeneous
and inhomogeneous periodic solutions.

5 Conclusion

In this paper, we investigate the effect of the indirect prey-taxis on the dynamics of the Gause—
Kolmogorov-type predator—prey system. The stability of the positive equilibrium and the
possible bifurcations are studied. We obtain the conditions guaranteeing the occurrence of
the Hopf bifurcation, double-Hopf bifurcation and Turing—Hopf bifurcation and the explicit
critical values for these bifurcations are determined.
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For this system and under the assumption that the positive equilibrium of the correspond-
ing ordinary differential system is stable, there is no diffusion-driven Turing instability when
there is no indirect prey-taxis (x = 0). For the repulsive indirect taxis (x < 0), there exists
only taxis-driven Turing bifurcation but no Hopf bifurcations and the boundaries of the sta-
bility region consist of the Turing bifurcation curves and the spatially homogeneous Hopf
bifurcation curve. The intersection points of these boundary curves are Turing—Turing bifur-
cation and Turing—Hopf bifurcation points, which may result in the occurrence of the spatially
inhomogeneous steady state, spatially homogeneous/inhomogeneous periodic solutions and
the coexistence of multiple stable steady states.

For the attractive indirect taxis (x > 0), there exists only prey-taxis-driven spatially
Hopf bifurcation but no Turing bifurcation, which do not occur for the reaction—diffusion
predator—prey model with a direct prey-taxi like (1.1), and the boundaries of the stability
region consist of the Hopf bifurcation curves. The intersection points of these boundary
curves are double-Hopf bifurcation points, which leads to the occurrence of the spatially
homogeneous/inhomogeneous periodic solutions and quasi-periodic solutions. To theoreti-
cally investigate the dynamical classification near the double-Hopf bifurcation point, we take
the indirect prey-taxis and other parameter in the reaction term as the perturbation parameters,
and then derive an algorithm for calculating the normal form of codimension-2 double-Hopf
bifurcation for the non-resonance and weak resonance.

We also apply the obtained theoretical results to the system with the Holling-II functional
response. The stable region and the bifurcation curves are completely determined in the
o — x plane, where o is the self saturation coefficient. Employing the normal form of
the double-Hopf bifurcation, the dynamical classification near this double-Hopf bifurcation
point is explicitly determined. For the double-Hopf bifurcation derived from the interaction
of the spatially homogeneous and inhomogeneous Hopf bifurcations, there are three kinds of
stable patterns: constant equilibrium, spatially homogeneous periodic solutions and spatially
inhomogeneous periodic solutions. Except for these stable spatial-temporal patterns, there
are two types of pattern transitions: one is from unstable spatially homogeneous periodic
solution to stable spatially inhomogeneous periodic solution, the other is from unstable
spatially inhomogeneous periodic solution to stable spatially homogeneous periodic solution.

For the double-Hopf bifurcation derived from the interaction of two spatially inhomoge-
neous Hopf bifurcations, there are four kinds of stable patterns: constant equilibrium, two
kinds of spatially inhomogeneous periodic solutions with different spatial profiles and spa-
tially inhomogeneous quasi-periodic solutions. Besides these four stable spatial-temporal
patterns, there are pattern transitions either between two spatially inhomogeneous periodic
solution with different spatial profiles or between spatially inhomogeneous periodic solution
and spatially inhomogeneous quasi-periodic solution.

There are other interesting but challenging bifurcation problems worthy of investigation
for this system with indirect prey-taxis: the spatial-temporal dynamics induced by the other
codimension-two bifurcations such as Turing—Turing bifurcation and Turing—Hopf bifurca-
tion or by the strong resonance double-Hopf bifurcation which may be the codimension-three
bifurcation.
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