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Abstract

Most epidemiological models for mosquito-borne disease assume exponentially distributed
residence times in disease stages in order to simplify the model formulation and analysis.
However, these models do not allow for accurate description of the interaction between drug
concentration and pathogen load within hosts. To improve this, we formulate a model by con-
sidering arbitrarily distributed sojourn for various disease stages. The model formulation is
presented using two proven equivalent approaches: integral equations and partial differential
equations. Analysis of the model includes the existence of equilibrium solutions and stability,
which are shown to be dependent on whether the control reproduction number R.. is less or
greater than 1. It is also shown that, when the general distributions are replaced by gamma
distributions, the system of integral equations can be reduced to a system of ODEs, which
has some non-trivial characteristics which are only captured by non-exponential distributions
for disease stages.

Keywords Partial differential equations - Integral equations - Ordinary differential
equations - Mosquito-Borne - Arbitrarily distributed disease stages - Non-exponential
waiting times

1 Introduction
Historically, mathematical modeling of mosquito-borne disease (VBD) has focused on either

within-host pathogen dynamics, or population-level (i.e., between-host) transmission dynam-
ics, with few models linking the two [1,2,4,6,7,13,17,24,25,38]. Only in very recent years has
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the topic of immuno-epidemiological models begun to grow [1,12,20,22,23,26,31,36,37],
addressing a critical gap in infectious disease modeling. An underdeveloped topic is the
effect of within-human host drug pharmacokinetics (PK) and pharmacodynamics (PD) on
population-level transmission dynamics and, in particular, their impact on the spread of drug
resistant pathogens [27,33]. PK is the study of drug dynamics and movement through an
organism; PD is the study of the effects of the drug on an organism. Within-human host
mathematical models integrated with PK/PD data have been used to evaluate the efficacy of
different drugs and dosing protocols [32]. However, the role of PK/PD in population-level
disease transmission has not been well studied and seems poorly understood. To date and to
the best of our knowledge, only one such model linking PK/PD dynamics to within-human
and between-hosts transmission interactions exists [28].

While interest in linking within-human host pathogen dynamics to between human-vector
hosts transmission dynamics has increased over the last decade, there are opportunities for
exploration of new approaches in creating this link naturally, and as dictated by the natural
progression of the disease within a human. Considering more realistic distributions of sojourn
times (compared with the usual assumption of exponentially distributed waiting times) is
particularly important for these immuno-epidemiological models. For example, how long a
human host has been infected is likely to influence their pathogen load and, subsequently,
their ability to transmit the pathogen to another host, especially among the immunologically
naive individuals in a population and for a disease like malaria. Additionally, the onset of
clinical symptoms, if any, is likely to dictate when treatment commences. Likewise, how
long an individual has been undergoing treatment for an infection will dictate their current
blood-drug concentration and pathogen load, and therefore, their susceptibility to re-infection
or superinfection with likely a different pathogen strain, along with their ability to transmit.
Extending the ideas developed in [9], incorporating general distributions of sojourn times,
we introduce a mosquito-borne disease framework that can be easily extended to incorporate
the link between within-human host PK/PD and pathogen load dynamics to population-level
disease transmission.

In our previous modeling studies [21,34] for similar biological questions related to the
effect of treatment on malaria dynamics, we used relatively simpler systems of ordinary
differential equations (ODEs), simple in the context of this manuscript. Like in most ODE
models for infectious diseases, we made the assumption that the disease stages (e.g., latent
and infectious stages) were exponentially distributed. Although such an assumption may not
be critical when the model is used to address certain biological questions, it is unrealistic and
may not be appropriate for use when answering other types of questions. For example, for a
PK/PD model, if the timing of treatment after infection and/or if the interaction between drug
concentration and pathogen load during treatment are important factors for consideration,
which typically are, then more realistic distributions for the waiting times in the different
epidemiological stages must be considered in order to provide a more informative intervention
strategy. In fact, it was shown in [8] that models which assume exponentially distributed
waiting times can produce misleading assessment of control or intervention strategies when
compared to those from corresponding models which assume gamma distributed waiting
times.

In this paper, we formulate a model which allows arbitrary distributions for several disease
stages. We present formulations using multiple approaches that can lead to either integral
equations or partial differential equations (PDEs). We illustrate that the models derived from
these two approaches are equivalent. We also show that, when these arbitrary distributions
are replaced by gamma or exponential distributions, the model equations reduce to ordinary
differential equations. One of the important observations is that the reduced ODE system
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can be very different from that when writing the ODEs without going through the derivation
based on arbitrary stage distributions. Non-exponential distributions have been considered
in epidemiological models (see, for example, [8§-10,15,16,18,19,30,38]). However, none of
these studies focus on mosquito-borne diseases. For mosquito-borne diseases like malaria in
which the use of antimalarial drugs is a critical component of malaria control, particularly
for reducing childhood mortality, understanding the role of arbitrary stage distributions on
population-level disease dynamics is critical.

This paper is organized as follows. A model based on general survival functions for various
disease stages is formulated in Sect. 2. The model consists of ordinary differential and integral
equations. The reduction of this system to a system of ODEs is also presented in this section.
In Sect. 3, we present an alternative formulation of the model using PDEs. In Appendix A,
we show that this PDE model is equivalent to the integral equation model derived in Sect. 2.
Analysis of the model is included in Sect. 4, and a discussion of the results included in Sect. 5.

2 Model Formulation with General Disease Stage Distributions

As will be illustrated later in this section, when arbitrarily distributed waiting times are
considered for the infected, treated and recovered stages, the reduction of the resulting system
of integral equations to ODEs can be very complicated. For demonstration purposes, the
model derived in this section includes only drug-sensitive strains of a generic mosquito-
borne disease.

2.1 Assumptions on Disease Stage Distributions

We are considering a Susceptible-Infected-Treated-Recovered-Susceptible (SITRS) model
for the host population, where S = S(¢) denotes the number of susceptible individuals at
time ¢, who can be infected if bitten by infectious mosquitoes. I = I(¢) denotes the number
of infected individuals. This class contains humans who are newly infected or those that have
progressed in their infection status but not yet infectious and could be either symptomatic
or asymptomatic, as well as those that are infectious. Individuals in this class could die as
a result of the disease, or due to natural causes, or may survive to progress to one of two
possible classes. They may either be treated with a drug at some time point during their
infection, or recover to join the partially immune class. 7 = T (¢) denotes the number of
individuals being treated, and R = R(t) denotes the number of recovered individuals who
may become susceptible again. The definition of these variables is also listed in Table 1.

For the mosquito population, we consider a simple case in which the total vector population
size (denoted by M) remains constant, and the model is an SI type with S,, and 7, representing
the numbers of susceptible and infectious mosquitoes, respectively.

Because our focus in this paper is on the effect of treatment and the interaction between
drug concentration and parasite load during treatment, we consider arbitrary distributions
for only the transitions associated with the 7 and T stages. For other processes, including
mortality and immunity loss, exponential distribution will be used. Let Px(x) denote a
general survival function for a probability distribution, which represents the probability that
an individuals is still in the class x time units after entering the class. We will use the following
definition for the corresponding survival functions:

— Prr(x): Probability of an infected human not recovering without treatment x time units
after infection
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Table 1 Symbol and definition of

state variables used in the model State variable Description
S Number of susceptible humans
1 Number of infected/infectious humans
T Number of treated humans
R Number of temporarily immune humans
N =S+ 1+ T + R. Total number of humans
Sv Number of susceptible mosquitoes
I, Number of infectious mosquitoes
M = Sy + I. Total number of mosquitoes
w

Fi

g.1 Transfer diagram for the human host

— Prg(x): Probability of an infected human not recovering with treatment x time units
after receiving treatment.

— Py (x): Probability of an infected individual not being treated x time units after becoming
infected.

— Pps(x): Probability of a recovered individual not becoming susceptible x time units after
recovery.

— Pp(x): Probability of an individual not dying from natural cause at stage age x.

— Pyp(x): Probability of a human that is infected not dying from natural or disease related
causes x time units after become infected.

Particularly, we assume exponentially distributed deaths and loss of partial immunity so that
Prs(x) =e ", Pp(x)=e ", Pp(x)=e W, 1)

where w is the per capita rate of immunity loss, and u and § are the per capita rates of natural
and disease-induced death, respectively. These probabilities define the transition rate from
each category of hosts as shown in Fig. 1.
The equation for susceptible humans is given by
ds

o =A=ADOS —uS+wR, 2)
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where A(¢) denotes the rate of infection from mosquitoes to humans given by
I8 I
A=pr—=p—. 3
P M P N )

The parameter 8 denotes the transmission rate from infectious mosquitoes to susceptible
humans S, I, is the number of infected mosquitoes, M is the total number of mosquitoes,
and r = M /N is the ratio of mosquitoes to humans.

For host individuals in other epidemiological classes, we will keep track of their status
changes with stage age by using integral equations that allow us to incorporate arbitrary
probability distributions for the time spent in each of these epidemiological stages, especially
in the infected (/) and treatment (7") stages.

All of the survival functions mentioned above have the following properties:

Px(0) =1, Py(x) <0, lim Px(x) =0, / Px(x) < oo. “)
xX—00 0

2.2 Derivation of Equations with General Distributions

Given initial conditions at + = 0, we can keep track of the changes of the number /(¢) at
time ¢ as follows. For ease of presentation, we use either the notation Py (x) for transition
probabilities (including death and immunity loss) or the rates p, § and w. Assume that an
individual was infected at a time u where 0 < u < t. Then the individual is still in the /
class at time ¢ only if she/he has not recovered, nor been treated, nor died, for which the
probabilities are each Pyg(t — u), Prr(t — u), and P;p(t — u), respectively. Thus, the total
number of infected people at time ¢ is given by

t
I(t) = /(; Mu)S(u) Prr(t — u) Pyr(t —u)Prp(t — u) du + Io(2), ©)
where

lo(t) = IoPir(t) Prr(t) Prp () (6)

denotes the remaining number of people in the / stage who were in I at t = 0 with initial
number Ip. The initial age distribution is ignored here as Ip(t) — 0 ast — oo.

Assume that an individual who was infected at time u received treatment at time 7, where
u < t <t (see the time line illustrated in Fig. 2), then the rate of becoming treated at t is
—dfi)%(t — u), and the probabilities that the individual has not recovered and still alive at
time ¢ are Prr(t — ) and Pp(t — ), respectively. Then the total number of people in the T
class at time 7 is

b —dP
10 = [ [ rwswriet -]~ @~ 0P -
0 Jo T
x Prr(t — T)Pp(t — t)dudt + To(r), (7

where Tj(¢) denotes the number of people in T class at time ¢ due to the infected people who
were present at time ¢ = (. For example,

dP]T
u

t
To(r) = /0 foPrr@)| = S0 | Prp ) Pra(e — w) Pt — wydu.

For the recovered class R, there are two inflows, one from the 7 class and the other from
T (see the time line diagram in Fig. 2). For the inflow from 7, assume that an individual who
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Fig.2 Depiction of transition times from infection to recovery. The top and bottom diagrams are for the cases
with and without treatment, respectively

was infected at time u recovered at time o, where u < o < t) before receiving treatment.
Then the rate of recovery is — % (0 — u) and the probability the individual is still in R at
time ¢ is Prg(t — o). Thus, the total number in R from [/ is

t o dPIR
fO/O A(u)S(u)[— -

For the flow from 7', assume that an individual who received treatment at time 7 recovers at
time p where T < p < t, then the recovery rate is —‘15%(,0 — 7). The probabilities that the
person has not lost immunity (i.e. has not transitioned from R to S) and is still alive at time
t are Prs(t — p) and Pp(t — p), respectively. Then the number of recovered from 7 at time

tis
s dP
[ [ [ raoswriee —w] - @~ 0P -
0Jo JO T

—dP
X[ 0 =0 |Po(o = ) Prs(t = p) Pott = p)dudr dp.
0

(o — u)]P,T(a — W Pip(o — u)Prs(t — o) Pp(t — o)du do.

Thus, the total number of people in the R class at time 7 is

o

‘o dP

R(r)=// A0S @) - d’R(o—u)]Pn(o—me(a—u)PRs<r—a)
0 Jo
X Pp(t —o)dudo

et dPir
+///A(u>5<u>m<r—u)[— (] Prn( )
0 J0 0

dt

[—dPTR
X

dp (p—T)]PD(p—T)PRS(l—p)PD(t—p)dudfdp+Ro(t), ®)

where R((?) denotes the number of people in the R class at time ¢ due to the infected people
who were present at time ¢ = (. The detailed expression for Ry (¢) can be written but is much
longer than that for Tp(¢) so we ignored it here (as it is not essential for the main results).
If we differentiate the R(¢) equation, the term involving d Prs(t)/dt will provide the flow
going from R back to S, which is wR(#) when Pggs is exponential. From the equations in
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(5)—(8), we obtain the following system for the human population with general distributions:

ds
T =A—M0S—uS+wR, SO =S,

t
I(t) = / A)SW)Prr(t —u)Prr(t —u)Prp(t —u) du + Ip(t),

T(t)—/ / 1S P =0 2L @ |~ w
XPTR(t—T)PD(I—T)dudT+T0(t),
R(t)_[/ )L(u)S(u)
X Pp(t —o)dudo
t prp ptT dPIT
+// / MS@Prr( = = S @ —w]Pro —w
T

[dTR
X
dp

(o - W | Pir( = Pip(@ — ) Prstt — )

(p—T)]PD(p—T)PRS(l— P)Pp(t — p)dudtdp + Ro(r), (9)

where A() is given in (3) and Sp > O is the initial number of susceptible humans.
For the mosquito population, under the assumption that M = S, + [, is a constant, we
can replace S, by M — I, and include only the following 7, equation in the model:

dly _ 1407

dt =B N

M - 1)) —vl,, I,(0)= Iy, (10)

where B, is the constant transmission rate from infected hosts to mosquitoes, 6 € [0, 1]
represents a constant reduction of infectivity by individuals in the T class, and v is the per
capita birth and death rate of mosquitoes I, is the initial number of infected mosquitoes.
We can assume, for simplicity, that o = O (recall that I > 0). The full model includes
the equations in systems (9) and (10). To incorporate different pathogen loads based on bites
from infectious mosquitoes at different time points, or to consider drug concentrations that
depend on the time since the onset of an infection or treatment, equation (10) may be replaced
by an integral equation for the vector population 7, (¢); this extension is the subject of future
work and will be discussed in Sect. 5.

2.3 Reduction of the Integral Equations in (9) to ODEs

In this section, we demonstrate that the integral equations can be reduced to ODEs when
the arbitrary distributions are replaced by gamma distributions with the following survival
functions:

J

(Jajx)(f D o
P (ZJ)C7
1R(X) = g T
K
(Kagx)*D ¢
P — aKx’
() = * 1)
k=1
L (LaLx)“’l)
Prp(x) =y  ————etaur, (11)

— (-
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In the survival functions Prg, Pr, and Prg, the integers J, K, L are the shape parameters
and 1/a, (m = J, K, L) represents the mean of the corresponding distribution. Other
survival functions are exponential as given in (1).

Assume that the survival functions satisty the following natural conditions:

d Px (m)(x)
dx

form = J, K, L and correspondingly X(J) = IR, X(K) =IT,and X(L) =
The following expression will be used frequently:

dP m (i—1) ,—mayx  m—1 (i—=1) ,—mapx
B X (m) (X) — may, Z (mamx). e B Z (mamx). e
dx (i—-1n! (i—-1!

i=1 : i=1

Px(my(0) =1, <0, lim Pym(x) =0, (12)
X—>00

_ My (Mayx) M=
N (m — 1)!

—ma, X

2.3.1 Derivation of Equations for Infected Sub-classes

When a gamma distribution with mean « and shape parameter n is considered for a disease
stage, a common understanding is that it is equivalent to dividing the stage into n sub-stages
with «/n being the mean residence time within each sub-stage. This does not work in the
current model. Because treatment may alter the remaining sojourn in the infected status, and
the recovery process is described by a different gamma distribution (Prg) after receiving
treatment, the number of sub-stages for the / class depends not only on P;yg but also on the
shape parameter of P;r, as shown below.
Note that

t
I(t) = /0 Au)Su)Prr(t —u)Prr(t —u)Prp(t —u)du + I(0)Prr(t) Prr () Prp(t),

t J oNWG=D —Jay(t—u)
=/O A(u)S(u)Z (Jay(t u).)f e 4
i=1

(—=D!

K 1) .— —_
o 3 ekl ) VTR sy g,
k- 1!

J K
(Jayt (- l)e—JaJt Kaxt (k—l)e—KaKt
+1(0) § ! ) Z( x?) Pl

P — 1! = (k—1)!

where

(Ja]([ _ u))(j—l)e—./aj(t—u) (Ka[((l _ u))(k—l)e—KaK(l—u)
(- D! ) k=1

t
Ij,k(t)=/0 Au) S (u)

e~ WHO=u) 7,
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(Jayt)U—De—Jast

+1(0) -
(Gj—n!
(k—1) ,~Kagt
.<K“K2< l; e 1< j<U1<k<K.

Because the terms corresponding to j = 1 and k = 1 in the functions in (11) have much
simpler and have very different properties than other terms with larger j or k, we present the
derivation of these equations separately. For j = 1 and k <2, 0or j <2 and k = 1, note that

t
I :/ )L(M)S(u)e*(fﬂﬂrl(ak+M+5)(1*M) du + I(O)e*(1a1+KaK+lL+5)l’
0
t
ha= / A S Kag (t — uye™ VW HKaxtmtOE0 gy 4 [(0)Kagre™ e Kaxtutor,
' 0

t
b= / Aw)Sw)Jay(t — uye”VTRATHANET gy 4 1(0)Jayre@HKaxtrADL,
’ 0

Differentiating these equations we obtain:

dl
% = AM)S(t) — (Jay + Kag + p+ 811 1,
dl»
ek Kaxhi— (Jaj+ Kag +up+8)1 2,
dl
7:JaJI],l—(-]aj+KdK+M+5)12,1- (13)
For all j, k # 1, the equations have similar patterns and are given by
dlj i
T Jajlj—1x + Kagljr—1— (Ja; + Kax +pu+8)1;x. (14)

If we adopt the Kronecker delta notation where §;; = 1if i = j and §;; = 0 otherwise, then
we can write the d /dt equation succinctly as follows:

[5]‘,15/(,1?»(050) + (1 =85 0Jaslj—1k

+ =& Kagljx—1 — (Jaj+ Kag + pn + S)Ij,k].

These sub-classes of the infected stage have different biological interpretations. Figure 3 is a
depiction of the transitions between sub-classes /; . Particularly, two paths can be observed,
one leads to the treated stage and the other leads to recovery. Apparently, among those
individuals who were infected at the same time, some may recover faster before receiving
treatment while others may receive treatment sooner before recovery.

2.3.2 Derivation of Equations for Treated Sub-classes

For the derivation of equations for sub-classes of 7', we need to divide the class into J x L
sub-classes, where L is the shape parameter of the gamma distribution described by the
survival function P;7. Note that

t T —dP
T(t):/ [/ A(u)S(u)PIR(T—u)< : lT(t—u))PID(t—u)du
0 0 T
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Fig.3 Depiction of the transitions between classes for the ODE system (18). In this example the values of J,
K, and L have been arbitrarily chosen for illustrative purposes. The green dashed arrow indicates transition
from an infection state to a treated state while the blue illustrate transitions from an infection state to the
recovered state and the red, transition from the treated state to the recovered state. Only individuals in class
Iplye(J),k» Where J = 6, can transition from the infected state to the recovered state. Individuals in class
1 green(k) Where, K = 4, can transition from the infected state to the treated state meanwhile individuals in
class Tj yeq(r) (for L = 3) can transition from the treated state to the recovered state. Notice that individuals
in class Ipjye(6), green(4) have two possible pathways to follow, either directly to the recovered state or to the
treated state, depending on the symptomatic prompt requiring treatment (Color figure online)

—dP
+1<0)P1R(r)(d—r”(r))Pm(r)}PTR(r — D) Pp(t — 1)dt

L
=> > Tis

j=11=1
where
! T J — (j—1) ,—Jaj(t—u)
Tja(0) :/ [/ (o s @ = w19 Ve
0 LJo -
Kag[Kag (t — u)]K=De—Kax (=) e g
(K —1)!
+I(O) [Jajf](jfl)e*(‘la]‘i’#‘i’a)t KaK[Ka](T](Kil)eiKaKf
(—D! (K —1)!
— (I-1) ,—Lar (t—71)
Lac t(;] 1)‘6 Mgr 1 <j<J 1<I<L.
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We first derive equations for the case of [ = 1. For (j,1) = (1, 1),

Ti1 = /t /t A(u)S(u)e_(Jal+KaK+l/«+S)(T_“) Kag[Kag (t —u)]
’ o LJo (K —1)!

(K=1)

du+T7, (r)]
Xe*(LaLJru)(tft)d.C’

where TIO 1 (t) represents the treated individuals from those infected who were presented at

t = 0 given by

Kag[Kagt]K-D
(K —1)!

TR] ('L') — 1(0)6—(]uj+KaK+M+5)f

For (j,1) = (2, ),

¢ o (K=1)
Tpi =/ /t)»(u)S(u)Ja](r—u)e_(J“J"'K“K"'“""S)(T_“) KaxlRax @ — 0l "~
' o LJo (K —1)!
+T201(r)]e_(L”L'H‘)(l_f)dr,
where
K K (K—1)
T9, () = 1(0)Jayre~VartKaxturoy KaxKaxT]
: (K — 1)!
Thus,
dT, t KarvlKar (i — ) E=D
dlt’l :/ M) S (u)e— V@ HKak+u+8) - akl ?II({( 1)7)] du+T191(t)
0 - .
t o N(K—1
_/ / S aye— VKoo - KaxKax (@ =] ®70
0 0 (K —1)!
+T191(T)]
x(Lay, + u)e_(L“L+“)(Z_T)dt,
= Kag I,k — (Lap, +w)T 1,
K—1
dTa1 _ | S Tay(t - we-VertKasvo-w KaxlKag @ — 0T
dt 0 (K — D!

+T5 (1)
_ /t |:/T A(M)S(M)Ja](r _ u)ef(JaJ+KuK+u+5)(r7u)
0 0

Kag[Kag(t —uw)] XD
X
K —1)!
= Kagh x — (Lap + )Tz 1.

du + T20,1(T)i| (Lap + M)e—(LaL-HL)(,_I)dT’

Following similar patterns, we can derive equations forall 1 < j < J and! = 1 and obtain:
dt

= Kaglj x — (Lap + )T, 1=j=</J.

For ! > 2, from

t T J _ (=1 ,—Jayj(t—u)
Tja(t) = /0 [ /0 rw s L4 Lg.]_ ot
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Kag[Kag (t — u)]K—De—Kak(@—u)
x K — 1)
[Lap(t — )]
-1

we know that, in d7T ;(t)/dt, the term corresponding to the derivative of 7} ;(t) with respect
to the upper bound of the integral is zero. Thus,

dT;,

dt

The transitions between sub-classes of /; x and 7;; as well as with treated classes are
illustrated in Fig. 3. We observe that some infected people can move more quickly through the
infected and treated stages to recover, while others may take much longer time or even recover
before being treated. Such detailed division of sub-classes provides a possible approach to
investigate the interaction between parasite load and drug concentration during the treatment
period. Model applications to such problems will be considered in future studies.

e~ WADE—w gy 4 Tﬁ,(r)]

e~ PatWi=gr 1 <j<J 2<I<L,

=LayTj;—1 — (La, +)Tj;, 1<j=<J,2=<I=<L.

2.3.3 Derivation of the Equations for the Recovered Class

From the derivations for d1; x /dt and d T} ; /dt equations we observe that the extra terms due
to initial conditions do not affect the results. We will ignore the terms Xo(t) (X =1, T, R)
in the following derivation. Recall that

(Ja](t _ u))(]*l)ef‘/aj(tfu) (Ka]((t _ u))(kfl)efKaK(tfu)

Iyt = /0 2u) S ()

J -1 (k —1)!
e~ WA= gy
and
_dPir(y) _ GJM ~Jayx
dx J =D
Thus,
' dPg -
S| = =@ = |Prr = Pip —wdu = Jay Y Ire. (15)
0 k=1
Note that
Tj(t) = / | / YO Lk )]V Delartrmw
7. A G-t
Kak[Kag (x —u)® Ve Kex0
(K — 1!
_ =1 ,—Lay(t—7)
LLaLt — ol e e M gudr, 1<j<J, 1<1<L,
-1
and that
AP _ e Kaed
dx (K — 1) ’
PR (Lapx)*=' ;.
dx (L-1!
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Thus,

rort —dPrt —dPrg
/()/OA(M)S(M)PM(T—M)[ - (@ —w P —w| — (-]
J
x Pp(t — T)dudr = Lap y " Tj 1. (16)
j=I

From the R equation in (9) and using (15) and (16), we obtain the following differential
equation:

dR K /
E=Ja,ZIJ,k+LaLZT,-,L—(w+M)R. a7)
k=1 j=1

The transitions from sub-classes of I and T are shown in Fig. 3. Particularly, we observe
that not all sub-classes of I or T can enter the recovered class directly. The reason that the R
stage does not need to be divided into sub-classes is because of the assumption that immunity
loss follows an exponential distribution, i.e., Prs(x) = e~ **. If the immunity loss is also
dependent on time since recovery, then the equations for recovered sub-classes will be much
more complicated.

2.3.4 The System of ODEs

Using the ODE equations for sub-classes of /, T', and R derived in the previous sections, we
obtained the reduced ODE system of the integral equations in (9) when the stage distributions
are either gamma or exponential (which is the special case when the shape parameter of the
gamma distribution is 1). The ODE system of the full model reads:

ds
— =A—A)S — uS+ wR,
dt
dly
= M)S—(Jay+ Kax +pu+ 811,
dl
7 = KaKIl,l - (Jaj +Ka]( +M+5)11.L
dl
le = Jajll,] — (Jaj + Ka[( +H+6)[2,17
dlj
e =Jajlj_1+ Kaglji—1 — (Jaj + Kag +pu+ 98I,
2<j=<J,2<k<K,
dTj .
TR = Kaglj g — (Lag +IL)Tj,1, 1<j<J,
dT;, .
TZ’ =LayTj; 1 —Lar+wT;;, 1<j=<J,2=<I=<L,
dR d d
g :JaJZIJ,k+LaLZTj,L_(w—‘f—/'L)R’
k=1 i=1
dl I +0T
o =By (M= L) = v, (18)
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with the appropriate initial conditions given as S(0) = S%, I; x(0) = (I; x)° for1 < j < J
and 1 <k < K, Tj;(0) = (I;)°for1 <j <Jandl <1 <L, R(0) = R"=0and
1,0) = (1), with SO+ 3 (1;0° + 22, /(T =1and 0 < (1,)° < 1.

Remark We observe from the system (18) and more clearly from the transition diagram in
Fig. 3 some unusual characteristics of this system. Particularly, it is not quite straightforward
to capture the intermediary transition patterns between sub-classes of I i, T ;, and R, since
the transition rate from /; x to ;11 x is different from the transition rate from I j to I; j+1
and from /; ; to I ;. However, individuals that can transition to R are only those that are in the
last infected column compartments (/7 x, k = 1,2, - - - , K) or last treated row compartments
(Tj,.,j=1,2,---,J). In most ODE models using gamma distribution for a disease stage,
e.g., the I stage, the number n of sub-stages I; with [ = Y "_, I; is the same as the shape
parameter in the gamma distribution. However, in our model, the number of sub-stages is
J x K where J and K are the shape parameters for the gamma distributions for / and T
stages, respectively. The more detailed separation of sub-stages is beneficial for the need of
considering interaction of drug concentration and parasite load during treatment to study the
effect of treatment. Results of these applications will be published elsewhere.

3 An Equivalent Model Formulation Using PDEs

To simplify notation, we assume in this section that the survival function for mortality is a neg-
ative exponential with ¢ and § being the natural and disease-related death rates, respectively,
just as was done in reducing model (9) to ODEs.

Let x (¢, a), y(t, a) and z(¢, a) denote the age densities of infected, treated, and recovered
individuals, respectively. Then

o0

1(t) = /Oox(t,a)da, T(t) = /00 y(t,a)da, R(t) =/ z(t,a)da.
0 0 0

Let xo(a) = x(0, a), yo(a) = y(0, a), zo(a) = z(0, a) denote the age densities at t = 0, and
assume that yg(a) = zo(a) = 0. Let B;(t) denote the number of new infections in humans
attime ¢, i.e.,

Bi(t) = (1)S(1). (19)
Then the equation for x (¢, a) is given by

Bi(t —a)Pg(a) Prr(a)e” W94 0 <a <1,
x(t,a) = | xo(a — ) g EGHEEL e W 0 <1 <a, (20)
xo(a); t=0=<a,
where x((a) is the density distribution of infected at time ¢ = 0. The fraction P;(a)/Pj(a—1)
(a > t, j = IR, IT) represents the conditional probability that the person is still in the
respective stage at stage age a given that the person was in the stage at stage age a — t. From
(20) we know that fora < ¢,

aa—f = B} (t — a) Pr(a) P (a)e” W1
and
i( x(t, a) )=- X, a) B W (UL,
da \Pir(@Pir(a))  Pigr(a)Prr(a) H Prr(a)Prr(a)’
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It follows that

il x(t,a) o
—x(t,a) + Prr(@Prr(a) - (m) — (w4 O)x(t, a). @1
Fora >t >0,
o Pirta—OPira—1)
3X(t,él) = [— Yol — 1) + xo(a —t)( IzR ~ ) ]
or Prgr(a —t)Prr(a —1) Plu(a —t)P}(a—1)

x Pir(a) Prr(@)e” " — (u + 8)x(t, a)

and
&) 3x(t,a) — (w4 8)x(t, ),
Prr(a)Prr(a) ot

which is identical to (21). Therefore, the PDE for x(¢, a) is given by (21).
Note that the instantaneous per capita rate of leaving the / stage at stage age a due to
treatment is P;T(a)/PIT(a). Let By (t) denote the flux from [ to T at time ¢, then

Prx(a)Prra) -

o0 P/
BT(t)=—/ N £ AC2 22)
0 Prr(a)
and
Br(t —a)Prr(a)e ™4, 0<a <t,
y(t, )—{’ 0<t<a. (23)
Similarly to the derivation of the PDE for x (¢, a) we have
2yt a)+ P (a)—( y(t, “)):— (t,a) (24)
y TR Prr(@) uy(, a).

Let Byg(t) and Bt g(t) denote the flux from / to R and from T to R, respectively, at time
t, then

Bir(1) = —/Ooox(t,a) Pie@ 40 Byr) = —/000 y(t,a)%da. (25)

Prg(a)
Thus,
2t.a) = { [BIR(f —a) + Brr(t — a)]PRS(a)e Ha. 0 <a<t, 26)
0; 0<t<a.
and the PDE for z(z, a) is
z(t, a)
z(t a) + Pgs(a )—(P (a)) = —uz(t, a). 27)
Therefore, we obtain the following PDE equations for the 7, T and R classes:
x(t @)+ Pir(@)Pir(a) 5 (%) = —(n+O)x(t.a),
Prr(a) Prr(a)
y(t ay _
fy(t a) + Prg(a )7<PTR(a)> = —puy(t, a),
z(t,a) _
—z(r a) + Prs(a )—( b (a)) = —uz(t, a), (28)

@ Springer



1694 Journal of Dynamics and Differential Equations (2021) 33:1679-1709

Table 2 List of symbols used in the PDE systems (28) and (32)

Symbol Description

x(t,a) Stage age density of infected humans at time 7

y(t,a) Stage age density of treated humans at time #

z(t, a) Stage age density of recovered/immune humans at time ¢
xo(a) Stage age density of infected humans at time r = 0

B (1) Number of new infections at time ¢

Br(t) Number of newly treated humans at time ¢

BR(t) Number of newly recovered humans at time ¢

Brg(t) Number of newly recovered humans from 7 class at time ¢
Brgr(1) Number of newly recovered humans from treated class at time ¢
x(t,a) =x(t,a)/[Prr(a)Pr7(a)]

y(t, a) =y(t,a)/Prr(a)

i(t,a) = z(t,a)/ Prs(a)

with initial conditions
x(0,a) = xo(a), y(0,a)=1z(0,a) =0, (29)
and boundary conditions
x(1,0) = Bi(t), y@,0)=Br@), z(t,0) = Brr(t) + Brr(1), (30)
where (see (19), (22) and (25))

Bi(t) = 1(1)S(n),

e P}, (a)
Br(t) = /O x(t,a) P,T(a)da’
™ Pl (@)
Bigr(t) = /(; x(t,a) PIR(a)da’
Y Pl p(a)
Brgr(t) = /o y(t’a)iPTR(a) (31)

Most of the symbols used in the PDE model (28)—(31) are listed in Table 2.

3.1 An Alternative Notation for the PDE Formulation

Let

x(t,a) S a) = y(t,a) t.a) = z(t,a)
Pir@Pir@’ Y T Prr@ YT Prs)

x(t,a) =

and r > a. Then

%(t,a) = B (t — a)e” W
y(t,a) = Br(t —a)e ™,

2t,0) = [ Big(t — a) + Bra( — ) e,
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and the equations in (28) can be written as

o 9\.. 57
(E N %>xa, @) = —(u + D)i(t, @),

0 9\ . -
( +7>y(t9a):_l‘(‘y(t’a)v

3 | da
0 + 0 2(t,a) = —pz(t, a) (32)
9 aaZya—sza»
with initial conditions
F0.0) =~ 50,4)=20.a) = 0.
Prr(a)Pr7(a)

and boundary conditions
x(t,0) = B;(t), y, 0)=Br(t), z(t,0) = Bir(t) + Brr().

To demonstrate that the PDE system is equivalent to the system of integral equations (9),
we provide in 1 a derivation of the integral equations from the PDE setting.

4 Model Analysis

The model analysis presented in this section uses the system including equations in (9) and
(10), which consists of differential and integral equations. We will focus on the case when
Prp, Pp and Pgg are given in (1). Thatis, only P;g(t), Prg(t) and P;r(7) are arbitrary. To
simplify the analysis, we consider the case of no disease-induced host mortality (i.e., § = 0).
In this case, by differentiating the /, T and R equations we can show thatdN /dt = A —uN
(a proof of this can be found in Appendix B). Thus, N(t) — A/u ast — oco. We assume
that the total population has already reached the equilibrium and replace the birth rate A
by the constant N. We include a numerical comparison of these results for the case with
disease-induced death, § # 0 in Sect. 4.4.

4.1 The Basic and Control Reproduction Numbers

For ease of presentation, we introduce the following notation:

00 d o
TIR :/ [_7d Prr(w) | Prr(u)e " du,
0 u

oo
d
Tir :/ Prrw)| — T Prr(u)]e™ " du,
0 u

o0 d
Trr = /0 [~ = Pret]e " du (33)

and
o0 o0
Dy = /0 Prru) Prr(u) Prp(u)du :/o Prr(uw)Prr(u)e " du,

o0

o0
Dr 2/ Prr(u)Pp(u)du :/ Prr(u)e "du,
0 0
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o0 1

o
Dr :f Prs(u)Pp(u)du :/ e e M dy =
0 0

. 34
—— (34)
These quantities have clear biological interpretations: 7; g is the treatment- and death-adjusted
probability of recovery (i.e., probability of recovery without being treated or dead), 77 is
the death-adjusted probability of recovery after being treated, 7; 7 is the recovery- and death-
adjusted probability of being treated, Dy represents the mean residence time in stage X with
X=1I1,T,R.
Let Ro and R denote the basic and control reproduction numbers, respectively. Then
Br pr

Ro=(BDr) (). Re=[8u(Dr +0TirDr) |(5). (35)
In the expression of Ry, the first factor (8,D;) describes the average number of mosquitoes
infected by one infected host who was not treated during the whole infectious period (Dy),
and the second factor (8r/v) describes the average number of hosts infected by one infected
mosquito during its entire period of infection (1/v). Similarly, in the expression of R, the

term 3,077 Dr gives the average number of mosquitoes infected by an infected individual
who received treatment (with probability 777) during the time before recovery (Dr).

4.2 Equilibria
Consider the order of variables (S, I, T, R, I,). The system always has the disease-free
equilibrium

Uy = (N,0,0,0,0).

Let U* = (S*, I*, T*, R*, I}) denote a positive equilibrium (i.e., /* > 0). Note that U* can
be obtained by solving the following equations:

UN — A*S* — uS* + wR* =0,

I* = \*S*Dy,
T* = M*S*T;7Dr,
R* = \*§* <TIR + TITTTR)DR, (36)
and
I*4+0T*
ﬁU+T(M — Iy —vIf =0, (37)
where A* = Brl}/M. Note that
Ti17D 7] TitTrr)D
75 = O1PT e (Trr +Ti7TrR) R % (38)
D] DI

From (37) we have:
Iy B,CI*/N
M v+ B,CI*/N’

where C = 1 + 07;7 Dy /D;. Using the second equation in (36) and noting that I* # 0 we
have:

Pbor (D1 + 6TirDr)S*/N _

1,
v+ B,CI*/N
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from which we obtain

N v+ B,CI*/N (39)
N BBur(Dr +o0TirDr)’
Using the first equation in (36) and (39), and noticing that A*S* = I*/D;, we have
I* D 1
= ubrDi (1- ) (40)
N+ Br[l —w(Tir + Trr Trr)Dr]| Re

Substituting (40) into (39) we also get

s 1 Br[1 — w(Tir + Ti7 Trr) DR <1 3 L)
N w+ Br[l —w(Tig + Ti7Trr) DR

Re

In the case of no immunity loss (i.e., w = 0), it is clear that I* > 0 if and only if R, > 1.
When w > 0, notice that wDgr = w/(w + ©) < 1 and that

Tir +TitTrr < Tir +TiT

o0 d
= f [ = —= Prr()]Prr e " du
0 du

o d
+ / Prr)[ — — Prr(w)]e” “ " du
0 du

0 /4 d
< _/ <d—PIR(u)P]T(M)+PIR(M)7P1T(M)>dM
0 u du

* d
_ —/0 E(Pm(u)P/T(u))du — 1.

Thus, 1 — w(Z;gr + T;77rr)Dr > 0. It follows that I* > 0 when R, > 1, in which
case, $*, T*, R* and I} are also positive. We can also show that solutions of (36) satisfy
S*+ 1"+ T* 4+ R* = N (see Appendix C). It follows that 0 < S§*, I'*, T*, R* < N. We
have proved that, U™ exists and is unique if and only if R, > 1.

4.3 Stability

For ease of presentation, introduce the following notation:
ai(z) = Prr(t)Prr () Prp(v),

T d
a (1) = /O Pir(t — ) — S P - $)|Pip(x — s)Prr(s)Pp(s)ds.  (41)

Then,

_ Br By

Vv

Re / [a1(u) + Oar(u)]du.
0

Consider the I and T equations in system (9). When ¢ is sufficiently large, the terms fo(t)
and Ty (t) are close to zero and can be ignored when considering solution behaviors as ¢ tends
to infinity. Then, we can rewrite the / equation in system (9) as

t
1(t) = / Aw)S(w)a(t — u)du. 42)
0
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By changing the order of integration we can rewrite the 7 equation as

t
T(t)= / Aw)S(w)a(t — u)du (43)
0
Because I,,(t) > 0 for t > 0 and all parameters are non-negative, from (10) we have
d1“<,31+9TM Iy = Bor(I +6T) — vl
— —vly = Byr —vl,.
dt — v N v v v

Assume that 7,,(0) = 0. Then
t
L) <e” / e” Bur[1(s) + 6T (s)]ds
0

t N
< ﬂvre_”'f e’ / A(u)S(u)[al(s —u) +0ax(s — u)]duds.
0 0

Let A(t) = ai(r) + Oax(r). Multiplying both sides of the the above inequality by gr/M
and noticing that § < N, we have

t N
A1) Sﬁﬁvre‘”’/ e”/ AMu)A(s — u)duds.
0 0
Integrating by parts:
t
Alt) < %/ Au)A(t — u)du. (44)
0

Let 1, be a sequence with the property that
tptl — In — 00, Aty) — A%°, as n — oo.

Then,

)L(thrl) =<

t?l
ﬁ”ﬁr/ A Atyst — w)du +
0

v

Note that A(u) = Brl,(u)/M < Br.Then

In+
ﬂ”ﬂr/ AW A1 — w)du.
t"

v

In It
/ Au)A(th+1 —u)du < ﬂr/ A(t)dt - 0 asn — o0,
0 In
and
In+1 o0 0
/ Au)A(ty+1 — u)du < sup A(t) A(t)dt — AOO/ A(t)dt asn — oo.
I 1=t 0 0

It follows that

o0
A < M)»OO/ A(t)dt = A®°R,.
% 0

Therefore, if R, < 1 then A*° =0, i.e.,
lim A(r) =0, (45)
—00
and equivalently, lim;_, o I, (#) = 0. From this and the fact that 7,,(r) > 0, we know that
I (1) - 0 ast — 0. From the I, equation (10) we have

I(t) +0T(1)

N (M= L) = vL(®) =0,

lim B,
—00
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Fig.4 Difference between R,

from PDE Analysis with § = 0 in

Eq. 35 and R, from next 10°°
generation matrix from ODE

system Eq. 18 with § # 0, using «0 107°
parameters in Table 3

< 10—13

107"

00 02 04 06 08 10
BB,

from which we obtain
lim [1(1) + 6T ()] =0.
1—00
It follows that
. . . . A
lim /(¢) = lim T(t) = lim R(#) =0, lim S(t) = —.
t—00 t—00 —>00 t—00 M

This shows that the disease-free equilibrium is globally asymptotically stable if R, < 1.
Using a similar approach as in [8] we can show that U* is locally asymptotically stable if
Re > 1.

4.4 Numerical Comparison with Nonzero Disease-Induced Death

To simplify our model analysis in the previous subsections, we assumed a zero disease-
induced death, § = 0. In this section we present numerical comparisons between the control
reproduction number, R, calculated in Eq. 35 to the value calculated for the ODE system
given by Eq. 18 using the next generation method. The parameter values, shown in Table 3,
used in the numerical comparison are for malaria in a high transmission region. The shape
parameters J, K, and L are chosen to match the illustration of stages in Fig. 3. To model
a particular situation these shape parameters would be determined by a fitting a gamma
distribution to data. In Table 3, we see that the malaria induced death rate for adults is
small compared to the natural death rate, § &~ 1 /40. Figure 4 illustrates that the difference
between the control reproduction numbers as a function of g8, is very small. Note that if
BBy = 1 every mosquito bite would transmit the malaria parasite from an infected human to
a mosquito. In high transmission regions with endemic malaria, 8, < 0.2.

In Fig. 5 we use the host integral equation system described by Eq. 9 and mosquito
differential equation in Eq. 10 to plot the infection status of the hosts and vectors versus
time for R, > 1 and R, < 1. The numerical algorithm used to solve Egs. 9, 10 and to
produce Fig. 5 is described in [14]. The parameter values chosen are from Table 3, including
disease-induced death. The values for all the parameters, including Sy and g at endemic
equilibrium (EE) are for a high transmission region with endemic malaria. The values for
By and B at disease-free equilibrium (DFE) are artificial. We see that as our analysis shows
for R, > 1, shown in Fig. 5a, the system reaches an endemic equilibrium and for R, < 1
shown in Fig. 5b, the system reaches the disease-free equilibrium after 200 days. In Fig. 5
both the EE and DFE situations include disease-induced death, the equilibrium values will
change whether or not disease-induced death is included. In both situations, § = 0 or § # 0,
for R, > 1 the host and vector populations move to an endemic equilibrium and for R, < 1
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Fig.5 Infection status of hosts and vectors versus time in days for the integral and differential equation system
in Egs. 9 and 10 showing the approach to equilibrium. a R > 1 with endemic equilibrium values from Table
3.b R, < 1 with DFE values from Table 3

the host and vector populations move to the disease-free equilibrium. We do not include the
figures for § = 0, as they are not markedly different than Fig. 5.

5 Discussion

The main contribution of this modeling study is the incorporation of general distributions of
disease stages into models for host-vector diseases such as malaria to investigate effects of
drug treatment. Because of the realistic description of the stage duration from time since infec-
tion and from treatment, such models are capable of describing the dynamic changes in drug
concentration and parasite load during treatment, which is impossible if stage distributions
are assumed to be exponential as commonly done in most ODE models for mosquito-borne
diseases.

We present two approaches for the derivation of the model with general distributions: one
uses integral equations and the other uses partial differential equations. We showed that the
models derived from these two approaches lead to the same system. Depending on goals of
model analysis and available mathematical tools, one form might be easier to use than the
other. In this paper, the model analysis is based on the formulation of integral equations. This
formulation is also used to obtain the corresponding system of ODEs when the distributions
are gamma or exponential.

Another important finding in this study is that it highlights the shortcoming of writing
models of ODE equations (assuming exponentially distributed stage durations) without using
the model with arbitrary sojourn distributions (see Sect. 2.3). For example, when a gamma
distribution is used for a disease stage, the resulting ODE equations usually includes n sub-
stages, where n is the shape parameter in the gamma distribution. However, this method
does not work for the model studied in this paper. As illustrated in Fig. 3, the [ class in the
integral equation (9) actually needs to be divided into J x K sub-classes (denoted by /; x,
1<j<J,1<k<K),whereJ and K are the shape parameters of the gamma distributions
forthe 7 and T classes, the two classes representing the two pathways from the infected human
class. This, in fact, highlights the heterogeneous nature of the pathways infected humans take
and how a pathogen manifests within each individual, even when the humans are infected at
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the same time. This is even more true and important for a disease like malaria where because
of the role of acquired (adaptive) immunity (which is positively correlated to how often an
individual may have been exposed to infectious mosquito bites), the parasite manifestation
within each individual will differ. Some individuals may be asymptomatic with a lower
severity of the diseases and likely to recover without treatment, while others may exhibit
symptoms early and may seek treatment early. The progression then of a malaria-infected
individual to either the recovered class without treatment or to the treated class, based on the
severity of symptoms will differ among individuals. Some infected individuals may recover
faster before seeking treatment, if they do seek treatment (likely as a result of having a better
developed adaptive immune response), while others may receive treatment sooner before
recovery due to early symptoms or the severity of the symptoms and disease. The latter is
likely to occur among the immunologically naive populations. Thus, the path to recovery
without treatment for an individual will require a minimum of J steps traversed horizontally
on [ as in Fig. 3, or K + L traversed vertically on I and T or K + J traversed vertically and
then horizontally on /. Our modeling approach sets the stage for us to model these different
cases as the waiting times for an infected human before recovery or before treatment are no
longer assumed to be exponentially distributed.

Since the goal of this manuscript was to demonstrate the modeling approach, the model
studied includes only drug-sensitive strains. One of the serious public health concerns is
the development of drug-resistant strains due to inappropriate treatment schedules. We have
considered ODE models with both sensitive- and resistant strains in previous studies (see
[21,34]). We did not include resistance strains in the current model because, as seen in
Sect. 2.3, the derivation for the reduction of equations from the integral equations to ODEs
is already very complicated. We will extend the general model in this paper to include a
drug-resistant strain in future studies. Furthermore, to extend the general model in this paper
to capture the interaction between vectors and humans for a mosquito-borne disease, and
address the feedback between within-human host PK/PD and between-hosts transmission,
we must replace the ODE vector equation d/,(¢)/dt with an integral equation for 7, (¢) of
the following form:

torn
1,(6) = L™ + /0 /0 Boln — u)(M — L,(n))

AMu)Sw)Prr(n —u)Prr(n —u)Pyp(n — M)e
N(u)

t ptopn
+f [ / Bo(t —uw)0(T — (M — 1,(1))
0 JOo JO

A0S @) Prr(y = w) [~ PLI=0 ) Py — ) Pra(e = ) Pro(e = 1)
N(u)

—V(f—n)dudn

X

x e "M dudndr,

where 1 denotes the time at which a susceptible mosquito takes a blood meal from an infected
human, and u the time the human was infected by an infectious vector. This formulation
incorporates the transmission potential as a function that depends on how long the infected
human has been in stage / or T at the time of transmission. This can be linked to the pathogen
load and drug concentration in the infected human. For example, a newly infected individual
will have a $, value that is close to zero, but increases with time, with a sharp rise, as
the time the transmissible forms of the pathogens to appear approaches (thus capturing the
incubation period of the infection). We remark that in the above integral equation for 1, (¢), the
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infection of a mosquito by a human host in the treatment class 7' depends on the transmission
rate B, (t — u) (which depends on the age-since-infection (7 — «) and the reduction factor
6 (t —n), which depends on the age-since-treatment (t —1)). Because the age-since-infection
can be associated to parasite load whereas the age-since-treatment is associated with drug
concentration, the product S, (t — u)60(tr —n) allows for the possibility to describe and model
the interaction between parasite load and drug concentration.

The differential equation that corresponds to the above integral equation is

dn() _

_ AOS@ Prr(t —u)Prp(t —u)Prp(t — u)du
dt

N(t)

t
/O Bu(t —u)(M — I,(t))

torn
+/(; /0 Bu(t —u)0(t —n)(M — I,(1))

Au)S(u)Prr(n — u) [—“’d—ﬁy—)] Pip(n —u)Prg(t — n)Prp(t —n)
X N dudn

—vl(),

Notice that when we assume constant transmission rate f,, and constant reduction parameter
6 € [0, 1], we can show using the forms of /(¢) and 7' (¢) defined in (9), that the above
differential equation reverts to the form

dly(t) , 1) +0T(1)
T Bv N (M — I(1)) — vI(1), (46)

as was obtained in (10).
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Appendix A: Derivation of Integral Equations from the PDE Formulation
To illustrate the equivalence of the two formulations of the model: PDEs and integral equa-

tions, we can also derive the integral equations in (9) based on the PDE equations in (28).
Note that the solution x (¢, a) is given by (20), from which we have

00 t
1(1) :/ x(t,a)da :/ B (t —a)PIR(a)PIT(a)e_(”M)ada
0 0

o0 Prr(a)P
+/ xo(a — 1) 1r(a) Pr7(a) oA gy
1 Pir(a — ) Prr(a —1)
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Note also from (31) that
Bi(r) = A(1)S(),

t

Br(t) = —/0 At —a)S(t — a) Prr(a) Pj(a) Prp(a)da,
t

Bir(t) = —fo Mt —a)S(t — a)Pyg(a)Prr(a) Prp(a)da,

t t—a
Brr(t) = —/(; /0 Mt —a—s5)St —a—s)Pir(s)Pip(s)Prp(s)ds Py p(a) Pp(a)da.
Thus,
1(1) = / A@)SW)Prr(t — u) Pry(t — u)e” WO gy
0

+ /Ooxo(a —1) Pir(@)Prr (@) PGary ) u=t—a)
‘ Prr(a —t)Prr(a —1)

which is identical to the I equation in (9) except the term for initially presented infected
people. The term involving xo(a — t) above includes a more detailed description as it takes
into consideration of the age density at time ¢ = 0 and the time already spent in the infected
class at time ¢ > 0 (the denominator), whereas the term Iy(¢) in (6) ignores the initial age
distribution by assuming a constant number of infected /y. This does not affect the analysis
for equilibrium and stability (because the term tend to zero as ¢+ — oo) but it makes the
derivation of reduction to ODEs much more tractable analytically.

From the solution expressions for y(z, @) given in (23) and using the expression for By
given above, we have

T(t) :/ y(t,a)da
0
t
=/ Br(t —a)Prr(a)e "da
0
1 t1—a
- / / Mt —a =S —a—5)Pr)( = Pir())e” " dsPrp(@e ™ da
0 JO

t T
= / / Mz —98)S(t — s)P1R(s)( - P,/T(s))ef(wa)xds
0 Jo

xPrr(t —)e "7 dr  (t=t-a)
1 T
= / / 1@S@ Prr(c =) = Pl (r = w)e” T 0ay
0 JO
x Prr(t — t)e M—Ddr. w=1t—75)

Using the z equation givein in (26) and the expressions for Byg and Brr above, we have

o0 t
R() =/ z(t,a)da:/ [BIR(t—a)+BTR(t—a)]PRS(a)e_“"da
0 0
= Rir + RrR,

where Rjg is the number of recovered from the / class given by

t
Rir(t) = /0 Bir(t — a)Prs(a)e™"ds
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t pi-a
= / / At —a—s)S{t—a— s)( — P,’R(s)) Prr(s)e” WS gs Prs(a)e " da
o Jo

t o
0 JO

X Prs(t — 0)67“(’70)d0 (c=t—a)
t o
= / / 1S@)( = Plg(o = w)) Pir(o — wye D =0ay
0 JO
X Prs(t — o)eil‘(“”)da (u=0—y)

and R is the number of recovered from 7T class given by
t
Rrr(t) = / Brr(t —a)Pgrs(a)e ""da
0

t pt—a
= / / Br(t —a — s)e"”( — P}R(s))dsPRs(a)e_“”da
o Jo

t t—a r—a—s
:/ / |:/ Mt—a—s—k)St —a—s—k)Prgk)
0 JO 0

x( - P,’T(k))e’(‘“””kdk} (= Pi&(®)e™ Prs(@e ™ dsda.
Changing variables by letting
p=t—a, t=t—a—-s=p—s, u=t—a—s—k=rt—k,
we have
t P T
Rrr(1) = f / [ / 1w Prr(z —w)( = Pip(r - u))e*'*”)“*")du]
0o Jo 0
x( — Prpp— r))e_“(p_f)PRS(t — p)e M=Pdzrdp.
Hence, the total number of recovered/immune individuals at time ¢ is

13 o
R(1) = / / k(u)S(u)( — Pjp(o — u)) Pir(o — u)e” WHD@=w gy
0 JO

x Prs(t — 0)e M=o

! T
+/ /p [/ Aw)Swu)Prr(t — u)( — Pir(t — u))e—(u+a)(1_u)du:|
0 JO 0

X ( — Prp(p = T)>€_“(p_r)PRs(t — p)e MI=Pdzdp.

Appendix B: Proof of % = N — uN for General Distributions

This proof is for the system (9) with general distributions for P;g, P;r, and Prg in the case
of § = 0. Other distributions are exponential as given in (1). We ignore the X(z) terms
(X = I, T, R) as they follow the same argument as for the main part of the corresponding
variables.

@ Springer



1706 Journal of Dynamics and Differential Equations (2021) 33:1679-1709

Differentiating the / equation in (9), we have

dl(t) d
— = A()S(®) +/ )»(u)S(u)|:
~———— 0

dP
- T =W Prr(— u)e‘“““”]du

t

Incidence
Number recovered per unit time

t
+ / )»(M)S(M)[PIR(Z - u)dZT (t — u)e*ﬂ“*")]du ().
0

Number treated per unit time

Similarly, from the 7" and R equations in (9), we obtain

dT(t) ! dPrr i
- _ P _ _ wu(t—u)
T /(; )»(u)S(u)[ TR(t —u) ' (t —u)e ]du
tore P P
+/ / A(u)S(u)[PIR(r _wihr . —u)e—W—WdJ(z—r)e—““—”]dudr
o Jo dt dt
Number recovered per unit time
—uT @),
and
dR(t ! dP
© _ _/ A S| =B ¢ = wyPrr(t = wye 0 |du
dt 0 dt

Number recovered per time from the 7 stage

ot P P
—/ / A(u)S(u)[PIR(r — BT e PR r)e—W—f)]dudr
0o Jo dt

dt

Number recovered per time from the 7' stage

— (e +w)R(r)

It follows that

LNy = i(S(r) +1@O+ 1)+ R(O)) = A= puN
dt dt '

Appendix C: Proof of $* + I* + T* + R* = N for the Equilibrium U*
We show first the simpler case when w = 0 (no immunity loss). Notice from (36) that
I+ T+ R* = 3*S*(Dy + TirDr + (Tir + Tir Tr) D ). 47)

From the definition of 7y and Dy in (33) and (34) we have

TirTrrDr = fooo PIR(u)[ — P;T(u)]e_’”‘du /OOO [— P}Mu)]e‘””du(i)

/000 PIR(M)[ - P;T(M)]e_“"du <i - /000 PTR(u)e_“”du>

l o0
; /0 Prg(o)| — Pi7)]|e#du — T17Dr 48)
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Then,

1 o0 _
TirDr + (Tix + Tir Trw)Pk = TikDr + - / Prr(o[ = Pir o) e du
0

l o0 /
- P P, g
/0 ( 1R (1) 1T(u))e u

m
1
=— —Dj. (49)
m
It follows that
1
D1+ TirDr + (Tir + TitTrr)Dr = u (50)

From the first equation in (36) and using (47) and (50),

I*+T*+ R*
(N — §%) = A*§* = tl
Dy +TirDr + (Tir +TitTrr)DR

=upu(l*+T*+R").
It follows that
S*+I*+T*+R"=N.
For the case of w > 0, from the first and last equations in (36) we have
(N = §%) = 'S = wR* = 38" [1 = w(Tik + Tir Tre)Dx .
Note also that
I+ T* + R* = 2*S*[ Dy + TrDr + (Tip + Tir Tro)Da |
It suffices to show that
1 —w(7ir + TirTrR)DR = M[DI +7irDr + (Tir + TITTTR)DR]- (5D
From Dr = 1/(w + n) we know that (51) is equivalent to
M[DI + T[TDT] +Tir +TirTrr = 1. (52)

It is easy to check that
Sl /
wIitDr +Tir + TirTrR = —/ (PIR(M)PIT(M)) e Mdu =1-puDy,
0

from which we obtain (52), and hence (51). This completes the proof.

References

1. Anita, S., Hritonenko, N., Marinoschi, G., Swierniak, A., Numfor, E., Bhattacharya, S., Lenhart, S.,
Martcheva, M.: Optimal control in coupled within-host and between-host models. Math. Model. Nat.
Phenom. 9(4), 171-203 (2014)

2. Cen,X.,Feng,Z.,Zhao, Y.: Emerging disease dynamics in a model coupling within-host and between-host
systems. J. Theor. Biol. 361, 141-151 (2014). https://doi.org/10.1016/j.jtbi.2014.07.030

3. Chitnis, N., Hyman, J .M., Cushing, J .M.: Determining important parameters in the spread of malaria
through the sensitivity analysis of a mathematical model. Bull. Math. Biol. 70, 1272—1296 (2008). https://
doi.org/10.1007/s11538-008-9299-0

@ Springer


https://doi.org/10.1016/j.jtbi.2014.07.030
https://doi.org/10.1007/s11538-008-9299-0
https://doi.org/10.1007/s11538-008-9299-0

1708 Journal of Dynamics and Differential Equations (2021) 33:1679-1709

20.

21.

22.

23.

24.

25.

Coombs, D., Gilchrist, M., Ball, C.: Evaluating the importance of within- and between-host selection
pressures on the evolution of chronic pathogens. Theor. Popul. Biol. 72(4), 576-591 (2007). https://doi.
org/10.1016/].tpb.2007.08.005

Desai, M., Buff, A.M., Khagayi, S., Byass, P., Amek, N., van Eijk, A., Slutsker, L., Vulule, J., Frank,
P.-H., Odhiambo, P.A.: Age-specific malaria mortality rates in the KEMRI/CDC health and demographic
surveillance system in Western Kenya, 2003-2010. PloS One 9(9), 106197 (2014). https://doi.org/10.
1371/journal.pone.0106197

Feng, Z., Cen, X., Zhao, Y., Velasco-Hernandez, J.: Coupled within-host and between-host dynamics and
evolution of virulence. Math. Biosci. 270, 204-212 (2015). https://doi.org/10.1016/j.mbs.2015.02.012
Feng, Z., Velasco-Hernandez, J., Tapia-Santos, B., Leite, M.: A model for coupling within-host and
between-host dynamics in an infectious disease. Nonlinear Dyn. 68(3), 401-411 (2012). https://doi.org/
10.1016/j.mbs.2012.09.004

Feng, Z., Xu, D., Zhao, H.: Epidemiological models with non-exponentially distributed disease stages
and applications to disease control. Bull. Math. Biol. 69(5), 1511-1536 (2007). https://doi.org/10.1007/
s11538-006-9174-9

Feng, Z., Zheng, Y., Hernandez-Ceron, N., Zhao, H., Glasser, J.W., Hill, A.N.: Mathematical models of
Ebola-Consequences of underlying assumptions. Math. Biosci. 277, 89—107 (2016). https://doi.org/10.
1016/j.mbs.2016.04.002

Feng, Z., Thieme, H.R.: Endemic models for the spread of infectious diseases with arbitrarily distributed
disease stages I: fundamental properties of the model. SIAM J. Appl. Math. 61(3), 803—-833 (2000a).
https://doi.org/10.1137/S0036139998347834

. Filipe, J.A.N., Riley, E.M., Drakeley, C.J., Sutherland, C.J., Ghani, A.C.: Determination of the processes

driving the acquisition of immunity to malaria using a mathematical transmission model. PLoS Comput.
Bio. 3(12), €255 (2007). https://doi.org/10.1371/journal.pcbi.0030255

Garira, W., Mathebula, D., Netshikweta, R.: A mathematical modelling framework for linked within-host
and between-host dynamics for infections with free-living pathogens in the environment. Math. Biosci.
256, 58-78 (2014). https://doi.org/10.1016/j.mbs.2014.08.004

Gilchrist, M., Coombs, D.: Evolution of virulence: interdependence, constraints, and selection using
nested models. Theor. Popul. Biol. 69(2), 145—153 (2006). https://doi.org/10.1016/.tpb.2005.07.002
Grogan, M., Prosper, O.: Generally distributed waiting times in a two-strain SITR vector-borne disease
model (In preparation)

Hethcote, H., Stech, H.W., van den Driessche, P.: Nonlinear oscillations in epidemic models. SIAM J.
Appl. Math. 40(1), 1-9 (1981). https://doi.org/10.1137/0140001

Hethcote, H., Tudor, D.: Integral equation models for endemic infectious diseases. J. Math. Biol. 9, 37-47
(1980). https://doi.org/10.1007/BF00276034

Legros, M., Bonhoeffer, S.: A combined within-host and between-hosts modelling framework for the
evolution of resistance to antimalarial drugs. J. R. Soc. Interface 13(117), 20160148 (2016). https://doi.
org/10.1098/rsif.2016.0148

Lloyd, A.: Realistic distributions of infectious periods in epidemic models. Theor. Pop. Biol. 60, 59-71
(2001a). https://doi.org/10.1006/tpbi.2001.1525

Lloyd, A.: Destabilization of epidemic models with the inclusion of realistic distributions of infectious
periods. Proc. R. Soc. Lond. B 268, 985-993 (2001b). https://doi.org/10.1098/rspb.2001.1599

Lukens, S., Depasse, J., Rosenfeld, R., Ghedin, E., Mochan, E., Brown, S., Grefenstette, J., Burke, D.,
Swigon, D., Clermont, G.: A large-scale immuno-epidemiological simulation of influenza a epidemics.
BMC Public Health 14(1), 1 (2014). https://doi.org/10.1186/1471-2458-14-1019

Manore, C., Teboh-Ewungkem, M.L., Prosper, O., Peace, A., Gurski, K., Feng, Z.: Intermittent preventive
treatment (IPT): Its role in averting disease-induced mortality in children and in promoting the spread of
antimalarial drug resistance. Bull. Math. Biol. 81(1), 193-234 (2018). https://doi.org/10.1007/s11538-
018-0524-1

Martcheva, M.: An immuno-epidemiological model of paratuberculosis. AIP. Conf. Proc. 1404, 176—183
(2011). https://doi.org/10.1063/1.3659918

Martcheva, M., Lenhart, S., Eda, S., Klinkenberg, D., Momotani, E., Stabel, J.: An immuno-
epidemiological model for Johne’s disease in cattle. Vet. Res. 46(1), 1 (2015). https://doi.org/10.1186/
$13567-015-0190-3

McKenzie, FE., Bossert, W.H.: An integrated model of Plasmodium falciparum dynamics. J. Theor. Biol.
232(3), 411-426 (2005). https://doi.org/10.1016/].jtbi.2004.08.021

Mideo, N., Alizon, S., Day, T.: Linking within- and between-host dynamics in the evolutionary epidemi-
ology of infectious diseases. Trends Ecol. Evol. 23(9), 511-517 (2008). https://doi.org/10.1016/j.tree.
2008.05.009

@ Springer


https://doi.org/10.1016/j.tpb.2007.08.005
https://doi.org/10.1016/j.tpb.2007.08.005
https://doi.org/10.1371/journal.pone.0106197
https://doi.org/10.1371/journal.pone.0106197
https://doi.org/10.1016/j.mbs.2015.02.012
https://doi.org/10.1016/j.mbs.2012.09.004
https://doi.org/10.1016/j.mbs.2012.09.004
https://doi.org/10.1007/s11538-006-9174-9
https://doi.org/10.1007/s11538-006-9174-9
https://doi.org/10.1016/j.mbs.2016.04.002
https://doi.org/10.1016/j.mbs.2016.04.002
https://doi.org/10.1137/S0036139998347834
https://doi.org/10.1371/journal.pcbi.0030255
https://doi.org/10.1016/j.mbs.2014.08.004
https://doi.org/10.1016/j.tpb.2005.07.002
https://doi.org/10.1137/0140001
https://doi.org/10.1007/BF00276034
https://doi.org/10.1098/rsif.2016.0148
https://doi.org/10.1098/rsif.2016.0148
https://doi.org/10.1006/tpbi.2001.1525
https://doi.org/10.1098/rspb.2001.1599
https://doi.org/10.1186/1471-2458-14-1019
https://doi.org/10.1007/s11538-018-0524-1
https://doi.org/10.1007/s11538-018-0524-1
https://doi.org/10.1063/1.3659918
https://doi.org/10.1186/s13567-015-0190-3
https://doi.org/10.1186/s13567-015-0190-3
https://doi.org/10.1016/j.jtbi.2004.08.021
https://doi.org/10.1016/j.tree.2008.05.009
https://doi.org/10.1016/j.tree.2008.05.009

Journal of Dynamics and Differential Equations (2021) 33:1679-1709 1709

26.

217.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Milner, F,, Sega, L.: Integrating immunological and epidemiological models, pp. 685-690 (2009). https://
doi.org/10.1006/jtbi.1996.0094

Okell, L.C., Cairns, M., Griffin, J.T., Ferguson, N.M., Tarning, J., Jagoe, G., Hugo, P., Baker, M.,
D’Alessandro, U., Bousema, T., et al.: Contrasting benefits of different artemisinin combination ther-
apies as first-line malaria treatments using model-based cost-effectiveness analysis. Nat. Commun. 5, 1
(2014). https://doi.org/10.1038/ncomms6606

Okell, L.C., Drakeley, C.J., Bousema, T., Whitty, C.J., Ghani, A.C.: Modelling the impact of artemisinin
combination therapy and long-acting treatments on malaria transmission intensity. PLoS Med. 5(11),
€226 (2008). https://doi.org/10.1371/journal.pmed.0050226

O’Meara, W.P., Smith, D.L., McKenzie, F.R.: Potential impact of intermittent preventive treatment (IPT)
on spread of drug resistant malaria. PLoS Med. 3(5), 633-642 (2006). https://doi.org/10.1371/journal.
pmed.0030141

Plant, R.E., Wilson, L.T.: Models for age-structured populations with distributed maturation rates. J.
Math. Biol. 23(2), 247-262 (1986)

Qesmi, R., Heffernan, J., Wu, J.: An immuno-epidemiological model with threshold delay: a study of the
effects of multiple exposures to a pathogen. J. Math. Biol. 70(1-2), 343-366 (2015). https://doi.org/10.
1007/500285-014-0764-0

Saralamba, S., Pan-Ngum, W., Maude, R.J., Lee, S.J., Tarning, J., Lidegardh, K., Nosten, C.F., Day, N.P.,
Socheat, D., White, N.J., Dondorp, A.M., White, L.J., : Intrahost modeling of artemsinin resistance in
Plasmodium falciparum. PNAS 108(1), 397-402 (2011). https://doi.org/10.1073/pnas.1006113108
Slater, H., Okell, L., Ghani, A.: Mathematical modelling to guide drug development for malaria elimina-
tion. Trends Parasitol 33(3), 175-184 (2017). https://doi.org/10.1016/j.pt.2016.09.004
Teboh-Ewungkem, M.T., Prosper, O., Gurski, K., Manore, C., Peace, A., Feng, Z.: Intermittent preven-
tive treatment (IPT) and the spread of drug resistant malaria. In: Jackson, T., Radunskaya, A. (eds.)
Applications of Dynamical Systems in Biology and Medicine, The IMA Volumes in Mathematics and its
Applications, Vol. 158. https://doi.org/10.1007/978-1-4939-2782-1

Teboh-Ewungkem, M.1., Yuster, T.: A within-vector mathematical model of Plasmodium falciparum and
implications of incomplete fertilization on optimal gametocyte sex ratio. J. Theor. Biol. 264, 273-286
(2010). https://doi.org/10.1016/.jtbi.2009.12.017

van Dorp, C.H., van Boven, M., de Boer, R.J.: Immuno-epidemiological modeling of HIV-1 predicts high
heritability of the set-point virus load, while selection for CTL escape dominates virulence evolution.
PLoS Comput. Biol. 10(12), 1 (2014). https://doi.org/10.1371/journal.pcbi.1003899

Vickers, D., Osgood, N.: A unified framework of immunological and epidemiological dynamics for the
spread of viral infections in a simple network-based population. Theor. Biol. Med. Model. 4, 1 (2007).
https://doi.org/10.1186/1742-4682-4-49

Woldegerima, W.A., Teboh-Ewungkem, M.I., Ngwa, G.A.: The impact of recruitment on the dynamics
of an immune-suppressed within-human-host model of the plasmodium falciparum Parasite. Bull. Math.
Biol. 1, 1 (2018). https://doi.org/10.1007/s11538-018-0436-0

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer


https://doi.org/10.1006/jtbi.1996.0094
https://doi.org/10.1006/jtbi.1996.0094
https://doi.org/10.1038/ncomms6606
https://doi.org/10.1371/journal.pmed.0050226
https://doi.org/10.1371/journal.pmed.0030141
https://doi.org/10.1371/journal.pmed.0030141
https://doi.org/10.1007/s00285-014-0764-0
https://doi.org/10.1007/s00285-014-0764-0
https://doi.org/10.1073/pnas.1006113108
https://doi.org/10.1016/j.pt.2016.09.004
https://doi.org/10.1007/978-1-4939-2782-1
https://doi.org/10.1016/j.jtbi.2009.12.017
https://doi.org/10.1371/journal.pcbi.1003899
https://doi.org/10.1186/1742-4682-4-49
https://doi.org/10.1007/s11538-018-0436-0

	A Mosquito-Borne Disease Model with Non-exponentially Distributed Infection and Treatment Stages
	Abstract
	1 Introduction
	2 Model Formulation with General Disease Stage Distributions
	2.1 Assumptions on Disease Stage Distributions
	2.2 Derivation of Equations with General Distributions
	2.3 Reduction of the Integral Equations in (9) to ODEs
	2.3.1 Derivation of Equations for Infected Sub-classes
	2.3.2 Derivation of Equations for Treated Sub-classes
	2.3.3 Derivation of the Equations for the Recovered Class
	2.3.4 The System of ODEs


	3 An Equivalent Model Formulation Using PDEs 
	3.1 An Alternative Notation for the PDE Formulation

	4 Model Analysis
	4.1 The Basic and Control Reproduction Numbers
	4.2 Equilibria
	4.3 Stability
	4.4 Numerical Comparison with Nonzero Disease-Induced Death

	5 Discussion
	Acknowledgements
	Appendix A: Derivation of Integral Equations from the PDE Formulation
	Appendix B: Proof of dN(t)dt=Λ-µN for General Distributions
	Appendix C: Proof of S*+I*+T*+R*=N for the Equilibrium U*
	References




