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Abstract

We study the existence of ground state solutions for a class of discrete nonlinear Schrodinger
equations with a sign-changing potential V that converges at infinity and a nonlinear term
being asymptotically linear at infinity. The resulting problem engages two major difficulties:
one is that the associated functional is strongly indefinite and the other is that, due to the
convergency of V at infinity, the classical methods such as periodic translation technique and
compact inclusion method cannot be employed directly to deal with the lack of compactness
of the Cerami sequence. New techniques are developed in this work to overcome these two
major difficulties. This enables us to establish the existence of a ground state solution and
derive a necessary and sufficient condition for a special case. To the best of our knowledge,
this is the first attempt in the literature on the existence of a ground state solution for the
strongly indefinite problem under no periodicity condition on the bounded potential and the
nonlinear term being asymptotically linear at infinity. Moreover, our conditions can also
be used to significantly improve the well-known results of the corresponding continuous
nonlinear Schrodinger equation.

Keywords Discrete nonlinear Schrodinger equations - Gap solitons - Ground state
solutions - Saturable nonlinearity - Linking theorem - Variational methods
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1 Introduction

Discrete nonlinear Schrodinger (DNLS) equations are very important nonlinear lattice models
in the nonlinear science, ranging from condensed matter physics to biology [5,7-9,11,17].
For DNLS equations, one central problem is the existence of gap solitons [2,10,12,19,24,26].
Gap solitons in the DNLS equations are solitary standing waves with temporal frequencies in
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gaps of continuous spectrum which decay to zero at infinity. The main tools in establishing
the existence of gap solitons include the principle of anticontinuity [2,19], centre manifold
reduction [10] and variational methods [24]. Gap solitons observed in the optical pulse
propagation in saturable nonlinear media [7,32,35] can be modelled by the DNLS equations
with a sign-changing potential in the linear term. The DNLS equations also lead to the discrete
nonlinear Laplacian equations with a potential containing a negative part [3,7,24,32]. The
DNLS equations with sign-changing potentials are not well studied.
In this paper, we consider the following DNLS equation

— Au(m) + V(m)u(m) = f(u(m)), meZ (1.1)
and establish the existence of a nontrivial solution of (1.1) satisfying the boundary condition

lim u(m) = 0. (1.2)

|m|— o0
In (1.1), the operator A is the discrete Laplacian defined as
Au(m) :=u(m+1) —2u(m) +u(@m —1), m e Z.
The potential V satisfies the following assumptions:

(V1) 0 <limpy»o0o V(m) = Vo < 0.

(Va) V(m) < Voo — Coe " form € Z, where 0 < Coand 0 < rg < cosh™! (Vs /2 + 1),
where cosh~!(x) = In(x + +/x2—1), x € [1,00) is the inverse function of the
hyperbolic cosine cosh(x) := (e* + ™) /2 for x € [0, c0).

(V3) info (L) < 0, where o (L) is the spectrum of L := —A + V in [>. Here for 1 < p, I?
is defined by

1

= u={u(m>}mez:u(m)eR,nunw:(Zm(m)v’) <oof,

meZ
which exhibits the following property
19C1?, ulr < llulla, 1 <q < p < oo.
The nonlinear term f € C(R, R) is assumed to satisfy the following conditions:

(f1) f islocally Lipschitz, i.e., for every x € R there exist a neighborhood Uy of x and a
constant L, such that, for all u, v € U,, one has

[f ) — f()] < Lyxlu —vl.

(f2) lim,—o(f(u)/u) = 0 and 0 < limj, - oo (f (1) /u) = a < oo.
(f3) The function u > f(u)/|u] is strictly increasing in u € R\{0}.
(fa) f F(u) := fou f(s)ds and F(u) := %f(u)u — F(u), then

lim F(u) = oo.
|u|—o0

It is seen from (V) that V is bounded and .55 (L) = [Voo, Voo + 4] [34], where 0,55 (L)
is the essential spectrum of L. Hypothesis (V3) implies that

o_ = sup{o (L) N (—00,0)} <0 < oy :=inf{o (L) N (0, 00)}. (1.3)
Thus the potential V is also sign-changing, non-periodic and approaches a limit V, at

infinity. Moreover, the assumptions on f show that f is asymptotically linear at infinity.
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Typical functions satisfying hypotheses (f1) — (f1) include f(u) = au3/(1 + u?) and
fu) = au(l — e_”z), foru € R and a > 0. These functions are also widely used in the
literature. For instance, f(u) = au? /(1 + u?) was used in [32,35] to study the optical pulse
propagation in 1D equidistant nonlinear waveguide arrays.

We point out that mainly using the variational method [23,37,38], the existence of non-
trivial solutions of (1.1) has been studied under different assumptions on the potential V and
the nonlinearity f. For example, Pankov [24] obtained the existence of a nontrivial solu-
tion of the nonautonomous problem with f(u(m)) = f(m, u(m)) in (1.1) and 0 belonging
to a spectral gap of —A 4 V, and both V and f are periodic in m with f satisfying the
Ambrosseti—-Rabinowitz (AR) condition. Later Zhou and Yu [41] improved the classical AR
superlinear condition to a general superlinear one. The existence of a nontrivial solution of
(1.1) with a constant potential V and an asymptotically linear term f, was given by Pankov
and Rothos [25] using the Nehari manifold approach and the mountain pass argument. Fur-
ther, by using the mountain pass lemma of [29] in combination with periodic approximations,
Zhou and Yu [40] studied the existence of nontrivial solutions of (1.1) under the assumption
that V and f are both periodic, u +— f(m, u)/|u| is strictly increasing for u € R\{0}, and f
is asymptotically linear at infinity. Recently, Chen et al. [3] considered the nonautonomous
problem of (1.1) with the potential V being periodic and f being asymptotically linear at
infinity. When either O is a spectral endpoint of —A + V, or it is in a finite spectral gap of
—A + V, the authors obtained the existence of nontrivial solitons by using a generalized
weak linking theorem introduced by Schechter and Zou [30]. In the above mentioned work,
the periodicity assumptions on V and f play an essential role since the periodicity ensures
that (1.1) is invariant under periodic translation. This property is used to overcome the lack
of compactness of a Palais—Smale or Cerami sequence, due to the fact that (1.1) is defined
in Z.

Existence of nontrivial solutions of (1.1) with an unbounded potential V' (i.e., lim;;|— oo
V(m) = 00), has also been studied in the literature. In contrast to the periodic case, (1.1)
with an unbounded potential V is no longer translating-invariant. The unbounded potential V
ensures a compact inclusion from a weighted subspace of I2 into [? (p > 2), which allows us
to be able to handle the lack of compactness of a Palais—Smale or Cerami sequence. Zhang
and Pankov [36] investigated the existence of nontrivial solutions of the nonautonomous
problem with the unbounded potential V and f(m, u) = ym|u|P_2u in (1.1). The method
used the minimization method on the Nehari manifold and the compact embedding technique.
By using the fountain theorem of Zou [42] and the compact inclusion, Zhou and Ma [39]
obtained infinitely many high-energy solutions for the nonautonomous problem with an
unbounded potential V and a suplinear nonlinearity f at infinity. Chen and Schechter [4]
studied the unbounded potential problem of (1.1) with superlinear nonlinearity f at infinity.
By using the weak linking theorem of Schechter and Zou [30], they obtained the existence
of ground state solutions. By using the critical point theory, Pankov and Zhang [27] proved
the existence and multiplicity results for nontrivial solutions for the nonautonomous problem
with an unbounded potential V and a saturable nonlinearity f at infinity. Recently, Lin and
Zhou [16] obtained infinitely many high-energy solutions for the nonautonomous problem
provided that V is unbounded and f is of mixed nonlinearity at infinity, by using the fountain
theorem of Zou [42]. Other related results for (1.1) can be found in [6,12,14,15,18,20,26,33].

Notice that the existence of a nontrivial weak solution for the corresponding continuous
version of (1.1) with indefinite and non-periodic linear part V and asymptotically linear f
was obtained by Maiaet al. [21,22]. In [21,22], the authors proved the existence of a nontrivial
weak solution in H'(RY), N > 3 by employing spectral theory arguments, the geometry
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of the linking theorem, and the interaction between translated solutions of the problem at
infinity. In their celebrated works, £ is a C3 function with the following crucial restriction on
f11,21,22]: There exist C; > Oand 1 < p; < ps such that p;, p» < (N +2)/(N —2) and
| F® ()] < Ca(s|P~*+|s|P2=*) fork € {0, 1, 2, 3}and s € R, which plays a crucial role in
their proof. In this paper, we only need f to be locally Lipschitz. Obviously, if f € C' (R, R),
then it is locally Lipschitz. Thus, it is possible to use our condition ( f1) to improve those in
the existing results obtained in [1,21,22] for the continuous nonlinear Schrédinger equations.

Discrete Schrodinger operators of the form —A + V appear in a wide range of fields,
such as the description of random walks, the propagation of waves in crystals, and the the-
ory of nonlinear integrable lattices (see [7,34] and references therein). It can be seen from
[1,21,22] that the exponential decay estimate on eigenfunctions corresponding to eigenvalues
below the essential spectrum for the continuous Schrodinger operators has been thoroughly
established very early. The estimate plays a significant role in establishing the compactness
of Cerami sequences. However, an analogous result for —A 4 V has not been established
yet. By using the Combes—Thomas method, Smith [31] proved the existence of exponen-
tial decay of eigenfunctions corresponding to eigenvalues below the essential spectrum for
—A + V, and proposed a conjecture on finding upper bounds of exponential decay rate on
these eigenfunctions. Based on Phragmen-Lindel6f principle of pseudodifference equations,
Rabinovich and Roch in [28] obtained an upper bound for —A + V depending on a bounded
and slowly oscillating potential V. Without the assumption of V being slowly oscillating
and by using elementary method, the upper bound of [28] has been reformulated with some
separate interest to fit in with our setting in this paper (Lemma 2.1).

In this work, one difficulty in problem (1.1) is that the associated functional J (defined in
Sect. 2) is strongly indefinite. To tackle this difficulty, we adapt the classical linking theorem
with a Cerami sequence introduced by Li and Wang [13]. It is convenient to decompose the
functional space [2 into a direct sum of two subspaces Ht and H ~, one of them being finite
dimensional. It is possible to prove that the limiting problem

— Au(m) 4+ Voou(m) = f(u(m)), meZ, (1.4)

admits a ground state solution ug in /2. After projecting uo on the subspace H, the linking
set M is constructed, under which we do not need to use the minimization method on the
generalized Nehari manifold. Although it is rather intricate to estimate the interactions of the
translations of up, we are able to find the linking geometry (Lemma 3.6). This allows us to
find a Cerami sequence at level ¢ that is given by the linking minmax structure.

Another difficulty is the lack of compactness of the Cerami sequence. As a result, neither
the periodic translation technique nor the compact inclusion method can be adapted. To
overcome this difficulty, we give exponential decay bounds on eigenfunctions corresponding
to eigenvalues below the essential spectrum of —A + V (Lemma 2.1). Moreover, an upper
bound of the exponential decay rate that depends only on V4, is also explicitly given. This
bound allows a priori estimate on exponential decay for nontrivial solutions of (1.1) and
(1.4). These new estimates on exponential decay rate are crucial to our proof. Assuming
that u +— f(u)/|u| is strictly increasing for u € R\{0}, we can successfully compare the
energy level ¢ of the Cerami sequence with the ground state level ¢, of the limiting problem
(Lemma 3.7). Thus, the concentration-compactness method can be used.

To the best of our knowledge, this is the first attempt to obtain the existence of a ground
state solution of (1.1) with a sign-changing and bounded potential V that does not need to be
periodic, and a nonlinearity f which is asymptotically linear at infinity. Moreover, we also
derive a necessary and sufficient condition on the existence of ground state solutions for a
special case.
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Our main results are stated as follows.

Theorem 1.1 Assume that (V1) —(V3) holdand f € C(R, R) satisfies (f1)—(f1). If Voo < a,
then (1.1) has a ground state solution u in 2. Moreover, the solution decays exponentially
at infinity, that is, for any t € (0, cosh™! (Voo /2 + 1)), there exists a constant C, depending
only on T and Vo, such that

lu(m)| < Cllulee™ "™, m e Z. (1.5)

We remark that although for (1.1) with periodic potentials, the existence of nontrivial
solutions which decay exponentially has been extensively studied in [3,18,24,25,33,40,41],
no explicit bounds on the exponential decay rate have been provided. Nevertheless, our
estimate (1.5) explicitly gives an exponential decay bound on a nontrivial solution of (1.1).
Indeed, (1.5) is a byproduct of Lemma 2.1 (given in Sect. 2). Lemma 2.1 can also provide
us more precise information on the upper bound of exponential decay rate of a nontrivial
solution of (1.1) with periodic potentials.

Theorem 1.1 only presents a sufficient condition on the existence of a ground state solution
of (1.1) in /2. We mention that if some of these conditions fail, then (1.1) has no nontrivial
solution in /2.

Proposition 1.2 Assume that (V1) and (V3) hold and f € C(R, R) satisfies (f2) and ( f3).
If0 ¢ o(L) and a < min{oy, —o_}, then (1.1) has no nontrivial solution in 2.

Combining Theorem 1.1 and Proposition 1.2, we obtain a necessary and sufficient condi-
tion on the existence of ground state solutions of (1.1).

Theorem 1.3 Under conditions (Vi) — (V3) and (f1) — (fa), if 0 ¢ o (L), 04 = Vo and
min{Vo —a, a+o0_-} <0, (1.6)
then (1.1) has at least one ground state solution in 1% if and only if Vs < a.

We remark that oy = V. is possible for a class of sign-changing potentials. In fact, if
04+ < Vs, then )\; = sup{o (L) N (0, Vs )} exists and )L,J; < Vi provided that V, is not a
cluster point of isolated eigenvalues of L. Define a new potential V; as V —AF — e fora small
enoughe > 0. Then o = V is satisfied by rewriting L with V| in the place of V. We should
mention that there is no published result focusing on a necessary and sufficient condition of
(1.1) with a sign-changing potential V going to a limit V4, at infinity and an asymptotically
linear term f at infinity. Notice that, if Vo, < a, then (1.6) is satisfied automatically. Thus it
follows from Theorem 1.1 that the ground state solution obtained in Theorem 1.3 also shares
the exponential decay estimate (1.5).

We organize the rest of the paper as follows. In Sect. 2 we present some preliminaries
including the variational setting associated with (1.1) and some auxiliary lemmas. In Sect. 3,
we first prove that every Cerami sequence of the corresponding functional J of (1.1) is
bounded, and then we show that J satisfies the linking geometry. We present the proofs of
our main results in Sect. 4.

2 Preliminaries

In this section, we build the variational setting associated with (1.1) and present some auxiliary
lemmas which are crucial to the proofs of our main results.

@ Springer



532 Journal of Dynamics and Differential Equations (2020) 32:527-555

2.1 Variational Setting
Let E := [%. The energy functional J : E — R associated with (1.1) is given by

J(u) = %((—A + Vu,u)g — Z F(u(m)), uekE,

meZ
where (-, -)g is the inner product in / 2 The corresponding norm in E is denoted by || - || g.
Then J € C!(E, R) and its derivative is given by
('), v) = (A + V)u,v)g — Y f(m)v(m), u, veE. @1
meZ

Thus, (1.1) is the corresponding Euler-Lagrange equation for J. To find nontrivial solutions
of (1.1), we only need to look for nonzero critical points of J in E.
It is known from conditions (V) and (V3) that the eigenvalue problem

— Au(m) + V(m)u(m) = au(m), meZ 2.2)

has a sequence of eigenvalues A; < Ay < --- < A, < 0. Denote by ¢; the eigenfunction
corresponding to A; fori € {1,2,...,k,}in E. Setting E~ :=span{g; : i = 1,2, ..., ky},
we know thatdimE~ < oo since the essential spectrum of —A+V equals [V, Voo +4][34].
Denote E0 ;= ker(—A+V).If0 ¢ o (—A+V), then EY = {0}, if not, then 0 is an eigenvalue
of finite multiplicity. Thus, E 0 is finite dimensional. Denote byfei: i =1,2,..., ke the
basis of EY, and if E® = {0}, thenone hase; = 0,i = 1,2, ..., k4 for convenience. Setting
Et = (E- ® E%!, weknow that E = E* ® E~ @ E° and dim(E~ @ E%) < oco. We
call ET and E~ the positive and negative spectral subspaces of —A + V in E, respectively.
Then, we have

(—A+Vyuw)p = oy lul. ueE", (23)

and
— (A +Vyu,u)p > —o_|ullf, ueE™, (2.4)

where oy and o_ are givenby (1.3). Foranyu, ve E = EY@®E-®E, u =ut +u~ +u°
and v = v 4+ v~ + v°, we define an equivalent inner product (-, -) and the corresponding
norm | - || on E by

(0 v) = (A + V)u o5 g — (A + Vyu~, v)p + 0% p and flull = (u, )2,
(2.5)
respectively. Clearly, the decomposition E = E+ @ E~ @ E is also orthogonal with respect
to both inner products (-, -) and (-, -) g. Therefore, J can be written as

1
Ja) = Sl = 5 L ? - > Fu(m))
meZ
foreachu = ut +u~ + u® € E. We also have

('), v) = @ —u",v) = > fum))vim)

mez
=((=A+Vut v — (A +VIu", v g
=Y fum))vm) (2.6)

meZ

foru=ut+u +u'c Eandv=vr+v +° € E.
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Definition 2.1 Assume that the set A = {u : u € E\{0}, J'(u) = 0} of all nontrivial critical
points of J is nonempty. A solution ug € E of (1.1) is called a ground state solution if its
energy level J(up) > O satisfies

J(ug) = inf{J(u) : u € A}.

For the limiting problem (1.4) with the boundary condition (1.2), the energy functional
associated with (1.4) is given by

Joo(u) = %((—A + Voo)u, u)g — Z F(u@m)), uekE.

meZ

We have
(Joo),v) = (A + Voo)u, v)E — Z fw(m)v(m), u,vecE.

mez

Let ug € E be a ground state solution of (1.4), that is, Joo (40) = cso > 0 with
Cxo = Inf{Jso(u) : u € E\{0}, Jéo(u) = 0}. 2.7)

The existence of ug has been proved in [3] as V < a.

2.2 Some Auxiliary Lemmas

To prove the main results, we need some auxiliary lemmas.

Lemma2.1 Let V € [, and u € ker(—A + V — A) in E for some A < a =
liminf, 00 V(m). Assume B € [A, ). Then for any u € (0, cosh™1(1 + (¢ — B)/2)),
there exists a constant C, depending only on  and B, such that

u@m)| < Cllullee™", m e Z. 2.8)
Proof A simple calculation yields
Ae MMl = (gl o™ — 2)e Ml 1y e Z)\{0).
Since 1 € (0, cosh™! 1+ (@ — B)/2)), we have
et +e -2 <a—g.
By the definition of «, there exists an integer N = N (i, B) > 0 such that
Vim)>B+e'+e* -2, |ml >N,

and thus, for all A < 8, we further have

V(im) > A, A—=V(@m)+et+e*—-2<0, Iml >N.

Denote C = "N, For any u € ker(—A 4+ V — 1)\{0} with A < B, we define a sequence
w = {w(m)} as

w(m) = u(m) — Cllul=e ™™™, meZ.

Thenw € [? and wt € 12, where wt = {w (m)} is defined by w (m) = max{w(m), 0} for
m € Z. The definition of C ensures that w(m) < 0 for all |m| < N. Therefore, w*(m) =0
for [m| < N. Let

A={m: wr(m)>0,meZ} and B={meZ: |m| <N}
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Clearly, A C D(N) = Z\ B. Denote the forward difference operator V by Vu(m) = u(m +
1) — u(m). We claim that A = ¢J. Otherwise,

Do IVwtmPP = ) (Ywm) - Vu'm)

mez meD(N)
> (Awm 4 1) - wtm+1)
meD(N)
= > (=Aw(m)) - w(m)
meA
<Y =V e+ e =2)Cllule " wim),
meA

since A — V(m) < 0 and u(m) > C|luljoe *" for m € A. However, it is impossible as
u(m) > 0form € A C D(N) and N is chosen such that

A—=V(@m)+et+e*—-2<0, me D(N).

This proves the claim. It follows from the claim that w(m) < 0 for all m € Z, that is,
u(m) < Cllul|joe ! for all m € Z. Replacing u by —u finishes the proof. O

Next we show that every solution of (1.1) in /> decays exponentially at infinity.

Proposition 2.2 Under assumptions of Theorem 1.1, any nontrivial solution u € 1> of (1.1)
decays exponentially at infinity, that is, for any t € (0, cosh™ (Voo /2 + 1)), there exists a
constant C, depending only on t and Vo, such that (1.5) holds.

Proof Define V(m) = V(m) — U(m), where U(m) = f(u(m))/u(m) if u(m) # 0 and
U@m) = 0if u(m) = 0. Since f(u) = o(u) as u — 0 and limy,|— oo u(m) = 0, it follows
that lim,;| o0 U(m) = 0. Then lim,| - V(m) = Voo. By using Lemma 2.1 with V(m)
for V(m), it is easy to obtain the desired estimate (1.5). O

Lemma 2.3 Under assumption ( f1), for any C1 > 0, there exists a constant Cy > 0 such
that

[F(u+v) — Fu) — F@)| < Colullv]
forallu, v e Rwith |u|, [v| < Cj.

Proof 1t is well known that f is locally Lipschitz if and only if it is Lipschitz on every
bounded and closed subset of R. Thus, for any C; > 0, there is a constant C, > 0 such that

|f ) — f)| = Colu — v

forall u, v € Rwith |u|, |[v| < Ci.Ifu = 0 or v = 0, there is nothing to show. Thus assume
0 < |ul|, |v] < Cy. Then we have

|F(u+v) = F(u) = F(v)]

1
= '/ [f(su+v) — f(su)luds
0

1
< |u|/ f (st 4+ v) — (su)lds
0
< Calul|v|,

which completes the proof. O
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Lemma 24 If ur > w1 > 0, there exists C > O such that, for all my, my € Z, one has
Z e Hlm=mi] ,—palm—mo| < CeHilmi—ma|
meZ
Proof 1t follows from
pilmy —ma| + (2 — p1)lm — mo|
< ui(lm —my| + Im — ma|) + (n2 — p1)lm — my|
= pilm —mi| + palm —ma|,

that
3 emmlmomilgmpaimml < § ol —mlg=Ga=pin-ml _ comim=ml,
mez mez
Thus the desired result follows. O

3 Linking Geometry with a Bounded Cerami Sequence
3.1 Boundedness of a Cerami Sequence

Given a Banach space (E, || - ||), we say that a functional J € C'(E, R) satisfies the Cerami
condition if every sequence {ux} C E with |J(uz)| < M, for some constant M > 0, and
|/ (ui) || g« (1 + |lu|l) = O has a subsequence uy, — u in E.

Lemma3.1 Let {uy} C E be a sequence such that J(ug) — ¢ > 0 and ||J'(ug)| g+ (1 +
lukl) = 0, as k — oo. Then, {uy} has a bounded subsequence.

Proof Assumptions (f1) and (f>2) imply that, given ¢ > 0 and 2 < p, there exists C; such
that
|f @) < elul + Celul”™! and |F()| < elul* + Celul” (3.1)

forallu € R.
Let B(c, r) be the open ball in a Hilbert space with radius » and center c. If {wy} is a
bounded sequence in E, then it satisfies one of the following cases:

(i) Nonvanishing: there exist constants r, n > 0 and a sequence {n;} C Z such that
1im Supy_, o0 D e Bng.r) lwi (m)|? > 7.
(ii) Vanishing: for all r > 0, lim sup,_, ., Sup,cz ZmeB(w) lwi(m)|* = 0.

By way of contradiction, we assume that ||ug|| — oo. Setting vy = u/||ukll yields
llukll = 1. The sequence {v} is bounded. We finish the proof with contradictory arguments
to show that neither (i) or (ii) is satisfied by {vi} as follows.

Claim 3.2 Nonvanishing of the sequence {vy} is impossible.

Proof First assume that (i) holds for the sequence {vx}. By equivalence of the norms, there
exist constants ¢y, ¢ > 0 such that

lull < cillulle < c2llull, for ue€ E. (3.2)
Denote

ly={uel’:{neZ: |um)| > 0}is a finite set, 2 < s}.
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Then lg is dense in /2. Moreover, for every ¢ € 12, there exists mq € N such that ¢ (m) = 0
for all |m| > mg. Let {nx} C Z be the sequence given by (i). Denote ¢ = {pr(m)} by
or(m) = ¢(m — ny) for any ¢ = {p(m)} € lé. Noting that the sequence {uy} is a Cerami
sequence, we have from (3.2) that

(J'r), o)l < I @l exllgrll < erll I @l = el £
= a1l @)l e+ llglle — 0.

Since ||ux|| — oo, the cardinality of the set Ay = {m € Z : |u(m)| > 0} is positive. Let
0, (1) be a quantity that approaches zero as v goes to infinity. Denote foo (1) = f(u) — au.
Then,

1
or(1) = —(J"(up), ¢) = (v — v, ) — Z JUm) o my

ok e
= (@ — v d) — Y ave(m)ey(m) — Zf‘”( “e) o my
meZ meZ ”
foo g (m))
= (v — v ) — Y ave(m)gr(m) — ) Sacomy mdetm). 3.3)
mez meAg

Define Uy (m) = vi(m + ny) and U (m) = ur(m + ny). Note that {v;} is bounded in E. In
fact, it follows from (3.2) that

101l < c1llVklle = erllvelle < callvill = ca.
Thus, passing to a subsequence if necessary, we have
U%—7in E, and ¥ — ¥in 3. (3.4)
LetQ={meZ: |p(m)| > 0}. By (f2) and (f3), | f(-)|/| - | is a bounded function in R\{0}
with | f()|/] - | < a. From (3.4), there exists g € I such that |93 (m)| < g(m) in . Thus,
we obtain
foo(uk(m))~
iy (m)
We have that v # 0. In fact, it follows from (i) and (3.4) that
> B =limsup Y [G(m))> =limsup Y [u(m)* > n > 0.

meB(0,r) k=00 B0, k=00 e Bng,r)

k(m)p (m)| < 2ag(m)¢(m). (3.5)

By (f>2), we have that fo(1)/u — 0 if |u| — oo. From (3.5) and the Lebesgue Dominated
Convergence Theorem, it holds that

Z foo(uk(m)) ok ()i ()

meZ

Z foo(uk(m))~( Yo ()

Z foo(uk(m))~( )b (m)

=y Lttt ) foo(vk(m)||”k||)~

O (m) [z |

k(m)¢ (m) — 0. (3.6)

me2

@ Springer



Journal of Dynamics and Differential Equations (2020) 32:527-555 537

Since u{ € E, it follows from (3.3), (3.4) and (3.6) that

ok (1) = ” || ——(J" (ur), )
= —vpa b0 — 3 avmgeim) — 30 LD g )
meZ mez i (m )
= Y [Vl m) - V(m — ) + V() (m) (m — ni)]
meZ
+ Y [V (m) - Ve (m —mg) + V(m)v, (m)p(m — ng)]
mez
— > ave(m)gi(m) — ox (1)
mez
= Y [V m) - V(m) + V(m + ) (m)e (m)]
meZ
+ Y IV (m) - Vg (m) + V (m + n)¥ (m)ep (m)]
mez
+ Y IVI(m) - Vo (m) + V(m + m) T (m)ep (m)]
mez
— D avi(m)g(m). (3.7)
mez

We distinguish two cases to finish the proof. Case 1. |ni| — oo. In this case, it follows
from (V}) that V (m + ny) converges to Vi in Z as k — oco. From (3.7), we have

or(1) = Y IV (m) - Vg (m) + (Voo + 0k ()T (m)¢ (m)]

me2

+ Y IV (m) - Vo m) + (Voo + 0 ()T (m)ep ()]
me2

+ Y IVEL(m) - Vg (m) + (Veo + 0k (1)} (m) ()]
meg2

=D atim)(m). (3.8)
me2

Taking k — oo in (3.8) and noticing that (3.4) holds, then for any ¢ € 12, we get
(=A+ Vo)V, $) g = (aV, P)E,

thatis, 7 # 01is a solution of the problem — AV(m) + Vo D(m) = av(m) in Z. This contradicts
to the fact that there is no eigenfunction of —A in 12 [34] since Vs < a.
Case 2. {ny} is a bounded sequence. From (3.2), we have

~ Cl ~ cl 1
larll = —luklle = —Nurlle = —lukll,
) 1) o)
which goes to infinity as k — oco. We see from (3.4) that

|1k (mo)]

0 # [9(mo)| = lim [0k (mo)| = lim ——
k=00 koo |[ug|l
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with some mq € B(0, r). As ||ix|| — 0o, we obtain |y (mg)| — oo. Thus, combining ( fz)
with Fatou’s Lemma gives

- 1
lim inf [Ef(uk(m))uk(m - F(uk(m))]
meZ
> ) liminf [lf@k(m))’ﬁk(m) - F(ﬁk(m»]
_-mEZ koo |2

U B e ~ ~
> lim inf [*f(”k(mo))uk(mo) - F(Mk(mo))]
k—oo |2
= 00.
This is impossible since it contradicts with

1 1
> [Ef(uk(m))uk(M) - F(uk(m))] = J(ur) — 5(1’(uk), ug) = ¢ + or().

mez

In summary, (i) is impossible for the sequence {vy}. O
Claim 3.3 Vanishing of the sequence {vy} is impossible.

Proof Now we assume that (ii) is true for the sequence {vi}. Since the sequence {vi} is a
Cerami sequence, we have (J/(uy), u,:r) — 0and (J'(ug), u; ) — 0. Thus,

+
1
H={(J = J' (up), v
or (1) < (ug), P k”2> ||uk||( (ur), v)

= I 1P = 3 L o o (3.9)

meZ

and

oeD) = (), %Y = L (7w, vp)
sl | = Toael

= I - Zf( s )) we(m)uy (om). (3.10)

meZ

Subtracting (3.10) from (3.9) gives

oe(1) = I I + o I — Zf(“"( ") o o) (v ) — v ()

= uel® = )2 —Zf( oL )) e (m) (v (m) — v (m)

S —Zf( i ))v (m) (v (m) — v, (m)).

mez

Since {v} vanishes, we have v,(()—\O in 12 as k — oo. It follows from dimE® < oo that
||v,?|| — 0 as k — oo. Then

Z f(blk( )) (m)(v,j(m) — vy (m)) — 1. (3.11)

meZ
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By equivalence of the norms, there exists a constant pp > 0 such that
lull® = polluly, u€E. (3.12)
It follows from ( f>) that, given 0 < ¢ < %,00, there exists § > 0 such that

|f ()l

Jue]

<e for 0 < |ul <§.

For each k € N, consider the set By = {m € Z : |uy(m)| < 8}. By (3.12) and Holder’s
inequality,

y, L) (”k(’")) ok () (w] (m) — vy, (m)
meBy
<e Z |vk(m)||vk+(m>—v;<m)|
meBy

<e(lwlelvd ||E + llvellellvg lE)

) 2e
< 2efluelly < *”Uk” =— <L
£0 £0
It also follows from (3.11) that

hmmf Z f(uk( ) (m)(v,j'(m)—vk_(m))>0. (3.13)
koo meZ\ By i (m)

Denote |Z\ Bx| the cardinality of Z\ By. We claim that

lim sup |Z\ Bx| = oo. (3.14)
k—o00
Otherwise,
lim sup |Z\ Bx| < oo.
k— 00
Then, since the vanishing of {v;} implies vi(m) — 0 in Z as k — o0, taking into account
the above inequality and the boundedness of f(s)/s for s € R\{0}, we have

hm Z f(uk( )) ve(m) (vt (m) — v (m)) — 0.

meZ\ By

This contradicts with (3.13) and hence (3.14) holds. Condition ( f3) shows that there exists
R with R > § > 0 such that if |u| > R then %f(u)u — F(u) > 1. For each k € N, let
={m eZ: |luxy(m)| > R}. Then

1
cto(Dz Y [Ef(uk(m»uk(m)— F(uk(m»] > |,

meQy

which implies that the sequence {|€2;|} is bounded. Let 5/( ={meZ:§<lur(m)| <R}.
Since % = (Z\By)\S%, we have |Z\Bi| = || + |S%]. It follows from (3.14) and the
boundedness of {|<2|} that

Q%] — oo. (3.15)
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We see from (f3) that §9 = infue[g,R](%f(u)u — F(u)) > 0. Hence, from (3.15),
we have

1
> [Ef(mm))uk(m) - F(uk(m»]

mez

| ~
=3 [Ef(uk(m))uk(m) - F(Mk(m))] = dolx| — oo.

me§~2k

This contradicts with

1 |
> [Ef(uk(m))uk(m) - F(uk(m))] = J(ur) — 5(1’(uk), ur) = ¢ + or(l).

meZ
Thus we have proved (ii) is impossible for the sequence {vy}. O
To sum up, we have proved that {us} has a bounded subsequence. O

3.2 Linking Geometry

Now we show that the functional J satisfies the geometry of the linking theorem with a
Cerami sequence [13].

Lemma 3.4 (Linking Theorem with a Cerami sequence [13]) Let H = HY @ H™ be a
Banach space with dimH ™~ < oo. Let R > p > 0, and let u € H™ be a fixed element such
that ||u|| = p. Define

M ={w=tu+v :||lw|<R, t>0, ve H},
My:={w=tu+v” v eH™, |[w|l=R, t>0o0r |w| <R, t =0},
Ny,:={we H" : |w| = p}

Let J € CY1(H, R) be such that

b:=infJ >a:=maxJ.
Ny My

Then, ¢ > b, and there exists a Cerami sequence at level c for the functional J with

n{"maﬁi; J(yw)), ''={y e C(M,H) : y|u, =1d}.

c:=1
yellwe

To simplify the notation, given w € E andn € Z, we respectively let wt (- —n), w™ (- —n)
and wO(- — n) be the projections in E*, E~ and EY of the translation w(- — n).
Remark 3.5 If u, v € I2, then

Z u(m —n)v(m) - 0 as |n| - oo.

mez

Letug € E be a ground state solution of the limiting Eq. (1.4) such that Jo,(10) = ¢oo > 0
where ¢ is given by (2.7). For R > 0 and n € Z, consider

M:={w=mul(—n)+v +0": Jw| <R, >0, v+’ c E- @ E’)
and
My:={w=tuf(-—n)+v  +0": v+ e E” @ E°,
lw| =R, t>0o0r |w|] <R, t=0}.
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Lemma 3.6 There exist R > 0 and n € 7, with R and |n| sufficiently large, such that
JImy 0.

Proof The subset M( can be written as a disjoint union of M| and M, where
My={w=rtuf (- —m)+v-+0°: v" +° € ET@E°, |lwl| <R, t =0}
and
My:={w=rtuf (- —n)+v" +0": v+ € EZ®E’, |w| =R, t>0).

As M| C E~ @ E°, we have J(w) < 0 for any w € M. Let R > 0 and w € M, with
lw] = R. Writing

w = [lwlw/[[wll = [wllww = [w](Rwug ¢ —n) + v, + 0)),
we have
J(w) = J(wlluy)
= %uwnzxinu;o —-n)* - %uwuznv;n2 - %F(Ilwlluw(m»
e

1 2 2+ 2 _ F(Ruy,(m))
= Il 125 g ¢ = I = g |12 =2 Z TRz G e )2
To simplify the notation, we write A, u, v~ and vY instead of Aw, Uy, Uy, and vg, respectively.
By (f>) and (f3), we have lim|s|_>oo(F(s)/s2) = a/2 and |F(s)/s2| < a/2forall s # 0,
which ensure

|F (Ru(m))| a
————|u(m)* < < u(m)|*.
| Ru(m)] 2
By the Lebesgue Dominated Convergence Theorem,
F(R
lim @ _ FRum)) P =0 (3.16)
R—o00 2 |Ru(m)|2
mez
for all u € E with |u|| = 1. Since M> is contained in a finite-dimensional subspace of
E, for w = ||w|lu € M, with |Ju| = 1, we claim that the limit in (3.16) is uniform in u.
Let 9B; be the boundary of B(0, 1) in a finite-dimensional space generated by the terms
”8_(' —n), Q1, ..., Pk, €1, ..., ek, Itis sufficient to prove that (3.16) holds uniformly for

u € dBy. In fact, for each R = j € N, consider J; : 9B} — R with
=3 |5 = FGu@m)/Ljum) | a2,
m

From the continuity of the function F, we see that J; is a continuous functional for each
fixed j. By equivalence of the norms, (f2) shows that there exists a constant C > 0 such
that

0= 4560 = Y [5 = FGum)/LjuomP | luemP? < alluly < €

2
meZ

forallu € dBj. Since J; is continuous in the compact set d By, for each fixed j, J; reaches its
maximum at some u; € dBj. Let {u;} be the sequence of these maxima. Since ||u || equals 1

@ Springer



542 Journal of Dynamics and Differential Equations (2020) 32:527-555

for each j in the finite-dimensional space spanned by u, T =n), Ols ooy Qs €1y vy Chigys
there exists u € 9B such that, passing to a subsequence if needed,

luj —ull -0 asj— oo. 3.17)
For all u € 9By and for each j, we have 0 < J;(u) < J;(u;), thatis,

0= Y [5 = FGutm/jutm)] luem)?

meZ

= Z [% - F(j“j(m))/ljuj(m)lz] lu; (m)>. (3.18)

mez

Note that u;(m) — u(m) in Z as j — oo for some u(m). If u(m) # 0, then | ju(m)| — oo
as j — oo. Thus, (f>) implies that

a . . 2 2
|5 = F ) /1 jusmP ]y ml? = 0 (3.19)

as j — oo. If u(m) = 0, we also have (3.19). It follows from (3.17) that there exists & € [!
such that, passing to a subsequence if necessary,

a . .
0= [5 = FGuem)/1juym)] 1y (m)> < alu;om)? < ahim). (3.20)
Finally, by using (3.19), (3.20) and the Lebesgue Dominated Convergence Theorem, we have
im. 3 (5 = FGugm)/1jujom 2] P

jmoo
Thus, taking j — oo in (3.18) produces
lim Z [f — F(ju(m))/|ju@m)| ] lu(m)|?

]—)OO

uniformly for u € d B;. This proves the claim.
Recalling that E = Et @ E~ @ E° is orthogonal with respect to (-, -) g, we have

1
J(w>=2||w||zi lug ¢ =) 1> = llv™ ||2—aZ|u<m)|2+oR<1>]

mez

1 _
=||w||2:A2||u0( —m* = oI —ar? Y fud (m —n)?

2 mez
—a Yy e mP—a)_ [W0m) +oR(1)]
mez mez
1
< S lwl? ixz [||u0< —m*=a ) jufm —nﬂ +oR<1>} (3.21)
meZz

Define another norm in E by

1
lullve = ((—A + Vodu,u)z, u€E.

It is easy to check that the three norms, || - ||g, || - || and || - ||v,,, are equivalent. It follows
from (V) and (V,) that
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lug ¢ = mI? = (A + Vyug (- —n), ud (- — )&
< (A + Vaodug (- —n),ud (- —m)g
= llug ¢ =}, < luoC- —mI3,. (3.22)

Since J is translation invariant, it is true that ug and ug(- — n) are critical points of Ju.
Thus, (J., (uo(- —n)), uo(- —n)) = 0, that is,

luoC = m)l3, = D> fluo(m — n)ug(m —n). (3.23)
meZ
In terms of (3.22) and (3.23), we have
lug - =) 1> < Y f (wolm — n))uo(m — n). (3.24)
meZ

Subtracting (3.24) into (3.21) gives us

J(w) < %nwn2 {Az [Z [ (o(m —n))uo(m — n)

mez

—a ) ug (m — n)P} + OR(I)}

mez

= %nwn2 {Az [Z fuo(m —n)uo(m —n) —a Y |ug(m — n)[*

mez meZ

+a ) luolm —n)* — lug (m — n)ﬁ} + OR(I)}

mez

1
= 5 lwl® {AZ [Z fuo(k)uok) —ay_ |uok)[?

keZ keZ
+a ) [luo(m —n)* - Iusr(m—n)lz]i| +0R(1)}. (3.25)
mez
In what follows, we will estimate
> Fluo®)uok) —a Y Jugk)? (3.26)
keZ keZ
and
> [luotm =) = fug (m —m)P]. (3.27)
mez

Since ug # 01is bounded, the function f (uo(-))/uo(-) assumes its maximum at some mg € Z.
Thus, since | f(s)/s| < a for all s € R\{0}, we have

> Fuote)uotk) —a Y lugk)*

keZ keZ
k
=2 <7f(u°( 2 a) o)
i\ uo(k)
J(uo(mo)) 2
< ( Y a) luolly < —v,
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where y = %(a - f(uo(mo))/uo(mo))nuoll% > (. This means that there exists y > 0 such
that
> Fluotnuote) —a ) luo®)* < —y. (3.28)

keZ keZ

For (3.27), as u(J)r(- —n), uy (- —n) and “(0)(' — n) are orthogonal with respect to (-, -) g, we
get

> [luom = ) = ug (m — n)|*]

mezZ

= Z [|u8'(m —n)+uy(m—n)+ u8(m — n)l2 — |ua'(m - n)|2]

meZz

= [lug m —m) > + lug m — m)* + [ud(m — n)|* = lug m — n)|*]
mez

= [lug m —m)* + lugem — n)|*] .
meZ

We claim that ), ., [|ua(m —n)>+ Iug(m — n)|2] — 0 as |n|] — oo. In fact, since
{o1,.... o) and {ey, ..., e, } are respectively the bases for the subspaces E~ and EO,
(V1), (V») and Remark 3.5 indicate that, given ¢ > 0, for each i € {1, ..., k.}, there exists
N; > 0 such that if |n| > N;, then

(o (- — n), ¢i)
==Y [Vug (m —n) - Vei(m)] = Y V(m)ug (m — n)p;(m) < &,
mez mez
and for each j € {1, ..., ky}, there exists K; > O such thatif |n| > K, then

(wo(- —n), ej) = Z ug(m —n)ej(m) < e.

mez

Taking N* = max{Ny, ..., Ni,, K1, ..., Ki,,} gives us that, fori € {1,...,k,}and j €
{1, ..., kes}s

(uo(- —n), ¢i) < € and (uo(- —n), e;) <e¢, if |n| = N*. (3.29)

Since uy (- —n) +u8(- —n)e E~& EY is a linear combination of p1,..., ¢k, €1,..., ek,
that is,

ke Ks
uy (- —n) +ud(- —n) =Y _aimg; + Y _bjne;.
i=1 j=1
it follows from (3.29) that there exists N* > 0 such that, if |n| > N*, then

lug (- — n) + ud- —n))?

= (uo(- — n), uy (- — n) +ud(- — n))

k* k**
= uo(-—n), Y aimei + Y _bjne,
i=1 j=1
< &(ks + ku) max{lar ()], ..., lag, W1, b1, .., |br, ). (3.30)
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In the following, we show that there exists a constant C > 0 that does not depend on n, such
that
max{la;(n)|, ..., lak, ()|, |b1()], ..., bk, ()|} < C for n € Z. (3.31)

Indeed, as dim(E~ @ E) < oo, by equivalence of the norms in a finite-dimensional space,
there exists D > 0, which does not depend on n, such that

2
k**
Za, (mgi + Zb (n)e;
Voo
> D(max{lai ()], ..., lax, ()1, b1(n)], ..., Ibr, (W)

Thus, we obtain

2
k**
luollyy, = llug - —n) +ug- —m|7, = Za, (mei + Zb (n)e;
Voo
> D(max{lai ()], ..., lax, ()1, 1)1, ..., |bx,, (W)1)?. (3.32)

This implies (3.31) by taking C = ||u0||%,oo/«/5 > (. Substituting (3.31) into (3.30) yields
lug (- —n) + u8(~ —n)||? < e(ky + kyy)C for |n| > N*. By equivalence of || - || and || - Vs
in E, we have that [Ju, (- —n) + ug(- —n)|lv, — 0as |n| — oo. Thus,

> lug m = m)* + |u§om — n)|?]

meZz

1
< - llug C=m+ ud(- —m)|} — 0 as |n| — oo. (3.33)
o

Substituting (3.28) and (3.33) into (3.25), we see that

l 2142
J(w) = S lwll A=y + oy (D] + 0r (D)} (3.34)

for |n| and R sufficiently large.
Now, we are in a position to finish the proof of the lemma. Indeed, assume by contradiction
that there exists w; = |w;lu; = ||lw; ||()»ju5r(- —n)+ v; + vjo.) such that
< J(ng
llw;ll

F
G I G I Ry l(w(’(';)z)l ujm)P  (3.35)

mez

for all j and ||lw;|| — oo as j — oo. Since ||kju0( —n)+ UJ + 1)0||2 1, it follows
that Aﬁllua'(- —n)|®+ ||vj_||2 + ||v?||2 = 1. Thus, noting that F is a nonnegative function
according to (f3), we have ||v].—||2 < A2||u0 C(=n)*=1- ||v_||2 — ||v0||2 and therefore

A= 1091572 < A3 llug ¢ —m)II? (3.36)

Passing to a subsequence if necessary, we may assume that u j—u = )\(z)uar(- —n)+v +2°
in E. We claim that there exists a constant by > 0 such that || v? || < bo < 1 for j sufficiently

large. If not, we may assume that ||v9|| — 1l as j — oo. Then

W llug C=mI7 = o7 17 < A3 llugd ¢ = mIP + 1l 17 = 1= v} 1> — 0
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as j — oo. It follows from dimE® < oo that v(/? — 10 #£ 0as j — oo, which implies

U= A(z)u(_)"(' —n)+v 4+ # 0. Thus, there exists m, € Z such thatu ;(m,) — u(m,) #0
and |wj(my)| = |lw;lllu;(ms)| — oo as j — oo. Then by (f2) and (f3), we have

F(wj(my))

2 a 2

as j — oo. This contradicts with (3.35), since F is a nonnegative function and A% ||u(J)r (-—

n)|?*— ||vj_||2 — 0as j — oo. Thus ||vj?|| < by < 1 for j sufficiently large. By equivalence
of the norms and translation invariance of | - || v, , there exists C > 0, which does not depend
on 7, such that 2||u0+(- -n|?* < C||u0||%,m. It follows from (3.36) that

for j sufficiently large. Considering (3.34), if A> > ko, we take n € Z with |n| sufficiently
large such that —y + o},(1) < —y /2. Thus, (3.34) becomes

2
J(w) < %uwu2 [—%V +oR<1>].

Since —A% < —kg and since R does not depend on 1 according to the uniform convergence
in u in (3.16), taking R sufficiently large such that —koy /2 4+ og(1) < 0, we obtain

1 A2 1 k
J(w) < Enwn2 [—TV +oR(1)} < Euwn2 [—"TV +0R(1>} <0.

Letting A = A; and w = w; in the above inequality leads to a contradiction to (3.35). Thus
the proof of the lemma is complete. O

Lemma 3.7 For cx given in (2.7) and ¢ given in Lemma 3.4, one has ¢ < cco.

Proof Note that the set M defined in Lemma 3.4 is bounded and closed, and is contained in
the finite-dimensional space E~ & E° & ]Ru(')"( — n). Thus, M is a compact set. Since J is
a continuous functional, for all n € Z, there exists w, = v, + v,? + t,,uar (- —n) € M with

max J(w) = J (v, + v) + taugd (- — n)).
weM

We claim that there are Aj, A> € R, independent of n, such that 0 < A; < t, < A, for |n|
sufficiently large.

Proof On the one hand, since w, = v, + v,? + tnuar (- —n) € M, and since the number
R > 0 given by Lemma 3.6 does not depend on n, we have that

R2

v

2 - 02, 2 2
lwall? = vy, + vall® + 12 llug ¢ = m)|

t2(luo- — m)1? = llug (- — n) +uy(- —n)||?).

v

As shown in (3.33), we can take |n| large enough such that
- 0 2 _C o0
g (- —n) +ug- —n)|I* = Elluollvoc,
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where C > 0 does not depend on 7 and satisfies ||ug(- — n)||> > C||uo||%,oo. Thus,
2c
R = 2o = m) 2 = g = m) +u = m?) = 2C 5 ol
In other words, we have
tr < A3 :=2R*/(Cluoll},)-

On the other hand, by (3.1) with 2 < p, for each ¢ > 0, there exists C, > 0 such that, if
u € ET with |u|| = p > 0, then

1 1
J@) = Slull® = 37 Fum) = 0% = elulg = Cellullf,. (337)

meZ

By equivalence of the norms, there are Cy, C, > 0 such that

1 1 )
J(u) = p —&Cilull® = Callu))” = 5—8C1 p= — C2p”.

Let ¢ > O satisfy D, := 1/2 — ¢C| > 0. Take p > O sufficiently small such that pg :=
Dy p? — Cap? > 0, thatis, 0 < p < (Ds/C2)Y®=2 Then J(u) > pp > Oforallu € ET
with ||u|| = p.

In fact, note that pg does not depend on n. Thus, by taking 7o > 0, which does not
depend on n, sufficiently small such that ||tou(J)r (-—n)|| < p < R, we can prove that
I(touar(~ —n)) > po > 0. Therefore,

J @y vy g (= m) = max J (w) = Llioug (- = n)) = po.

that is,

2
g - —m? - |*|| — 3" F(uy (m) + v0m) + tuf (m — n)

mez
= J (v, + v + taug (- = n)) > po.
By the nonnegativity of F, we have
2
*Iluo( —m)* = po,
which indicates that

2._ 2p0
Clluolly,,

)

where C > 0 does not depend on n and satisfies ||u3'(~ —n|? < C||uo||%,oo. This proves the
claim. m}

Now, for simplicity, we denote ug , (-) := uo(-—n), and denote C a positive constant,which
may not necessarily be the same in every situation. Since F is nonnegative, we see from
definitions of J and J, that

J(v, + vB + t"“g,n)

2
. : .
== D Fy (m) +0y0m) + tyud, om) + g, I = S o 112

mez
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< S UF (utto.n(m)) — F (v, (m) + v00m) + tyu, ()]

mez
1 i 2
+ 5 llwo.nl - > Fltyuon(m)) — Sllug, + gl
mez
< D [F (v, (m) +v)(m) — t(ugy, (m) + ug) ,(m)))
mezl

+ F(tattg, 0 (m)) — F (v, (m) + v2(m) + tnuf{,,(m))]

2
+ Jootton) + 237 (V) = Vo) o ()P (3.38)

mez

We firstly estimate the first term in the last inequality of (3.38). Taking w? = v, + v¥ —
th(ug , + ug ,)» WE want to estimate

To = | Y [Fwj(m) + F(tauo.n(m)) — F(w}i(m) + tyuo.n(m))]| .

meZ

Since w;; € M, ||w;:||2 < RZ2, and hence we may repeat the estimates in (3.32) with wy
replacing ug , + ug ,,» and use the claim just proved to show that there is a constant C > 0,
not depending on 7, such that

k**
lwyi(m)| < CZwl(mn +C Y lejm)|
i=1 j=l1
k**
<D:= chup l9i m)] + C ) sup lej(m)], (3.39)
i— ]meZ i= lme

for all m € Z. Without loss of generality, we may take D with |ug ,(m)| < D forallm € Z
since ug, € [°°. Thus, in terms of (f]) and Lemma 2.3, we conclude that there exists a
constant C > 0 such that

Jn = Cty Z lwy, (m)||uo,n (m)]. (3.40)

mez

Since ug in [ 2 is a nontrivial solution of (1.4), given by Lemma 2.1, we have that
lug(m)| < Ce™™1" m e Z,

for some w; € (ro, Cosh’l(Voo/Z + 1)), where rg is given by (V2). Now, with 8 = A; <
0 < Vs in Lemma 2.1, any eigenfunction ¢;, i = 1, ..., k,, satisfies

lpi(m)| < Ce2", m € Z,

forsome uy € (u1, cosh_l(Voo/Z—i-l)). Similarly, itisture thate;, j =1, ..., ky, satisfies
lej(m)| < Ce Ml e 7.

Thus, from the first inequality in (3.39), one has for |n| sufficiently large that

w*(m)| < Ce=M2M 1 e 7.
n
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It follows from Lemma 2.4 that

D lwim)llug(m)| < €y e r2lmlemrilm=nl < comrilnl, (3.41)

mez meZ

The above, together with (3.40), yields
Ju < Ce~inl (3.42)

where C > 0 does not depend on r, since t, is uniformly bounded by the claim.
Now, we estimate the term

2
LY V) = Voo m) .

mezZ

It follows from (V>) that

2 2
% D (Vm) = Vao)lugn(m)* = % D (Vi +n) = Voo)luo(m)[?

mez mez

t2

< =52 Coe™ ™" Mjugom)?

mezZ

t2

< =5 Co Y e e g o) ?

meZz
— _Ce*rolnl,

for |n| sufficiently large, where C > 0 does not depend on 7.
Thus, (3.38) combined with (3.42) gives

J(v, + vg + tnua'.”) < Joo(tutto.n) — Ce™"oll 4 comilnl,
Since 0 < rg < w1, we see from the above inequality that

J(v, + v2 + t,,ua'n) < m>aox Joo(tug),
\ >

for |n| sufficiently large. Since uq is ground state solution of (1.4), it is seen from (f3) that
max;>0 Joo (fup) is attained exactly at# = 1. In fact, assume that max,>o Joo (f10) is attained
at some ¢t = t9. Obviously, 79 # 0 and

8 Joo (tug)

m = 10((—A + Voo)uto, ) — Y _ f(touo(m))ug(m) = 0.

1=lo meZ
Since ug is a nontrivial critical point of J,, we have
(=A + Voo)uo, ug) — Y f (ug(m))ug(m) = 0.
mez

Denote Q9 = {m € Z : |up(m)| > 0}. Then combining the two equations above gives us
that

fuo(m))  f(touog(m))
> | -

uo(m) toup (m)

] lug(m)|* = 0.

meQ
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Thus, it follows from ( f3) that #p = 1. Since ug is a ground state solution for (1.4), it follows
from the definition of ¢ > 0 that

c< maﬁ](w) =J(v, +v2+tnua'n) < Coos
we ’

and the lemma is proved. O

4 Proofs of Main Results

In this section, we present the proofs of our main results of this paper.

4.1 Proof of Theorem 1.1

Recall that a functional / is said to be weakly sequentially lower semi-continuous if for
any uj—u in E, one has I (1) < liminf;_, o I(u;), and I’ is said to be weakly sequentially
continuousiflim; o < I'(uj), v >=< I'(u), v > foreachv € E.By astandard argument,
one checks easily the following.

Lemma 4.1 Under assumptions of Theorem 1.1, the functional
I(u) =Y F(u(m))
mez

in E is non-negative, weakly sequentially lower semi-continuous, and I’ is weakly sequen-
tially continuous.

Remark 4.2 Since ¥ : E — R with W(u) = |ju|? is a functional of class C! and W’ is
weakly sequentially continuous, by the above lemma and by equivalence of the norms in E,
we obtain that both J' and J/, are weakly sequentially continuous.

According to Sect. 3, we deduce that there exists a bounded sequence {u;} C E satisfying
J(ug) = ¢ >0and |J ()l g+ (1 + lugl) = 0 as k — oo.

Thus, there exists a constant C > 0 such that ||ug|| < C. Passing to a subsequence if
necessary, we have uy—u in E. Next we show that u # 0.

Arguing by contradiction, suppose that u = 0, i.e., uxy—0 in E, and so uy — 0 in lf),
2 < s and uxg(m) — 0in Z. By (Vy), (V») and (f3), it is easy to show that

Jim D (Vm) = Voo) lug(m)* =0, lim 37 Fu(m) =0, u € E

meZ meZ
and
li - = i = .
Jim 3 (Vm) = Voo) um)v(m) = 0. lim 3 " f (ux(m)vm) =0, u. v e E
meZ meZ
Note that

1
Joo(u) = J () = 5 3~ (V) = Voo) lu(m), u € E

mez

@ Springer



Journal of Dynamics and Differential Equations (2020) 32:527-555 551

and

(Jéo(u),v) (J'(n), v) Z (V(im) — Vo) u(m)v(m), u, v € E.

meZ

Thus, we have
Joo(ur) = ¢ and || I, () || e+ (1 + |lugllv,,) = 0, as k — oo.

We claim that there exist § > 0 and my € Z such that |ug(my)| > 6. If not, then uy — 0

in [® as k — oo. Since dimE® < oo, we have ug — 0in E, that is, ||uk|| — 0,as k — oo.

For p > 2, we have

-2 2
lurllfp < Nuxllfe el -

It follows from boundedness of {uy} and equivalence of the norms in E that uy — 0 in [?
for all p > 2. In terms of (3.1) and (3.2), we have

D Flurm) wf (m) — ug (m))

mez
<& Y fur(m)luf m) —u m)| + Ce Y ug(m)|P~ " uf (m) — uj; (m))|
mez meZ
< elluglleluf e + ||uk 1) + Cellully" Qs ar + g ir)

2
< 2elulg + Cellullly " (e ep + Nl lor)

2
C
2 2 -1 .
" lur* + Cellux iy Ul e =+ Haage lze)-
1

Take a small enough ¢ with 1 — 286‘%/6‘% > 0, which together with J'(u;) — 0, ||u2|| -0
and

g 1> = (I ), = ) = Nl + Y f )l — uy (m)),
mez

indicates that uy — 0 in E as k — oo. This further implies that ¢ = 0, a contradiction.

As Jy and J/ are invariant under translation, writing vy = {vi(m)} with v(m) =
ur(m + my), we have |lvellv, = llukllvy, Joo(Wk) = Joo(ur), J5 (W) = Jo,(ur), and
|vk (0)] > 8 for each k. Thus {vx} is also a bounded Cerami sequence at level ¢, that is,

Joo(W) — ¢ and |5 (i)l g# (1 + llvgllv,,) — 0, as k — oo. (4.1)

Passing to a subsequence if necessary, we have vy—v in E, and vy — v in lg, 2 < s and
vk (m) — v(m) in Z as k — oo. Obviously, v # 0 and J,, (v) = 0 according to Remark 4.2.
This shows that Jo (v) > ¢ since coo is the least energy level. On the other hand, by using
(4.1), we have

1
Co > ¢ = lim I:Joo(vk) - 7(.](;0(1)](), Uk>i|
k— 00 2

= leII;or% [%f(vk(m))vk(m) - F(Uk(m)):|

v

1
> lim [Eﬂvk(m))vk(m) - F(vk(m»]
meZ
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1
=Y. [Ef(v(m))v(m) - F(v(m))]

meZ

= Jao®) = UL, ) = Joo(0) 2 e

This contradiction implies that u # 0. By a standard argument, we can verify that J'(«) = 0.
This shows that u € E is a nontrivial solution of (1.1).
Now we try to find a ground state solution of (1.1). In fact, let

={u:ue E\{0}, J'(u) =0}
be the set of all nontrivial critical points of J and
¢ =1Inf{J(u) : u € A}.
From (f2) and (f3), we have

ff(s)s —F(s) > f( 5)s — & Cdr =0, s #0. 4.2)

0

Therefore, for any u € A, we have

1, 1
Jw) =J(@u) - 5(1 (u), u) = Z [Ef(u(m))u(m) - F(u(m))] >0

mez

Thus 0 < ¢ < J(u). Suppose that there exists {uy} C A such that J () — ¢4 as k — oo.
Then {u;} is a Cerami sequence at level c,. By Lemma 3.1, {ux} is bounded in E. Up to
a subsequence if necessary, we have uy—u, in E. Repeating the previous procedure in
obtaining the compactness of the Cerami sequence of J, we can prove that u, is a nontrivial
critical point of J. Therefore, by (4.2) and Fatou’s lemma, we have

1
Cyx = kli)rgo |:J(uk) - E(J/(Mk), Mk)]

1
= kliffc}o”% [Ef(uk(m))uk(m) - F(uk(m))]
= rgzklif‘;o [%f(uk(m))uk(m) - F(uk(m))]

1
=y [Ef(u*(m))u*(m) - F(u*(m))]

meZ

= J(ux) — *(J (), uy) = J(uy) = cx.

Hence J (u#4) = ¢4 > 0. In other words, u, € E is a ground state solution of (1.1). Estimate
(1.5) follows from Proposition 2.2. This completes the proof.

4.2 Proofs of Proposition 1.2 and Theorem 1.3

We first prove Proposition 1.2.
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Proof By way of contradiction, we assume that (1.1) has a nontrivial solution u = {u(m)}
in /2. Then u is a nonzero critical point of J, that is, (J/(«), u) = 0. We see from (2.6), (f2)
and ( f3) that

(—A+Vyut u) g — (A + Vyu",u)g
=" Fm)@"(m) —u(m))

meZz
% LD on) -+ ) = )
<a Y Ut P =Pl <a Y (et mP + - ml)
meZ meZ

= allutl|E +alu” I < oxllutllE —ollu” 1%
This is impossible since it follows from (2.3) and (2.4) that
(A +Vyut u) g — (A + Vi uT)p = oy ut g — o fu” |3
Thus the proof of Proposition 1.2 is complete. O
Finally we prove Theorem 1.3.

Proof Note that o4 = V. The proof of Theorem 1.3 consists of the following two steps.
(i) Assume that V,, < a. Then (1.6) is satisfied automatically in this case. Thus it follows
from Theorem 1.1 that (1.1) has a ground state solution « in [2. (ii) Assume that (1.1) has a
ground state solution u in /2. Then we need to show that a > V. By way of contradiction,
we assume that a < V. It follows from (1.6) that a + o_ < 0, which further includes that
a < min{o4, —o_}. Thus, by virtue of Proposition 1.2, we know that (1.1) has no nontrivial
solution in /2. This contradicts with our assumptions. The proof is complete. O
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