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Abstract

In this paper, we investigate a delayed reaction—diffusion—advection equation, which mod-
els the population dynamics in the advective heterogeneous environment. The existence
of the nonconstant positive steady state and associated Hopf bifurcation are obtained. A
weighted inner product associated with the advection rate is introduced to compute the normal
forms, which is the main difference between Hopf bifurcation for delayed reaction—diffusion—
advection model and that for delayed reaction—diffusion model. Moreover, we find that the
spatial scale and advection can affect Hopf bifurcation in the heterogenous environment.

Keywords Reaction—diffusion—advection - Flow - Delay - Hopf bifurcation

1 Introduction

Inrecent decades, there are extensive works on the population dynamics in the advective envi-
ronments. For example, the population may have a tendency towards better quality habitat,
and Belgacem and Cosner [1] proposed the following model

0
a—b;=V~[qu—auVm]+u[m(x)—u], xe,t>0, (1)
u(x,t) =0, x €0, t>0,

where a measures the tendency of the population to move up or down along the gradient
of m(x). We refers to [4,6,10,11,31] and the references therein for results on this type of
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advection. Moreover, in streams and rivers, the unidirectional water flow always exists and
can influence the population dynamics of the river species [30,37-39]. Lou and Zhou [36]
considered the following single species model,
du
ar
du (0, 1) — au(0, 1) = 0, >0, (1.2)
duy(L,t) —au(L,t) = —bau(L,t), t >0,

=duyy —auy +u(r —u), O<x<L,t>0,

where u(x, t) denotes the population density at location x and time ¢, d > 0 is the diffusion
rate,r > (represents the intrinsic growthrate, x = 0, L are the upstream end and downstream
ends respectively, o accounts for the advection rate caused by the unidirectional water flow,
and b measures the lose of the species at the downstream end. Equation (1.2) can also model
the population dynamics of a species in a water column, where x runs from the top (x = 0)
to the bottom (x = L). Therefore, « may be positive or negative depending on whether
the density of the species is heavier or lighter than the water [50]. If » — oo, the hostile
boundary condition at the downstream is obtained, and Speirs and Gurney showed [42] that
the species can persist only when the speed of the flow is slow and the stream is long. If b = 1,
the boundary condition is referred to as the free-flow boundary condition or the Danckwerts
boundary condition, see [45] for detailed analysis on persistence. For more general case, Lou
and Zhou [36] gave the necessary and sufficient condition for the persistence of the species
with respect to b. We also refer to [33-36,49-52] and the references therein for results on
two competing species with this type of advection.

For reaction—diffusion equations without advection term, it is well-known that time delay
can make the constant steady states or nonconstant steady states unstable, and spatial homo-
geneous or nonhomogeneous periodic solutions can occur through Hopf bifurcation, see
[14,16,20,24,27,32,40] and the references therein. Especially, Busenberg and Huang [3]
firstly studied the Hopf bifurcation near the nonconstant positive steady state, and they found
that, for the following single population model,

ou(x,t
u;); ) =dAu(x,t) +ru(x,t) (1 —ulx,t—1)), x€Q, t>0, (1.3)
u(x,t) =0, x €02, t>0,

time delay 7 can induce Hopf bifurcation, see also [28,43,44,47,48] for some more general
population models. We also refer to [8,9,21-23] for the Hopf bifurcation of models with the
nonlocal delay effect and homogenous Dirichlet boundary conditions. A natural question is
that whether delay can induce instability for reaction—diffusion—advection models. For model
(1.1), considering the delay effect, Chen et al. [7] studied the following model

0
a—?:V-[qu—auVm]-i—u(m(x)—u(x,t—r)), xe, t>0, (1.4)
u(x,t) =0, xe€ed, t>0,

and showed that Hopf bifurcation is more likely to occur when the advection rate increases.

In this paper, we mainly concern whether delay can induce Hopf bifurcation for model
(1.2), and for simplicity we only consider the case of b = 0. Actually, we investigate the
following model for a single species in the advective heterogeneous enviroment

{u, =duy, —auy +u (m(x) — fOL K, Yu(y, t — r)dy), O<x<UL,t>0,

du,(0,1) —au(0,1t) =0, duy(L,t) —au(L,t) =0, t >0,
(1.5)
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where parameters d, o and L have the same meanings as that in model (1.2), delay t represents
the maturation time, and intrinsic growth rate m (x) is spatially dependent and show the effect
of the heterogenous environment. Here K (x, y) accounts for the nonlocality of the species.
We remark that this kind of nonlocal effect is not induced by the time delay, and it represents
the nonlocal interspecific competition of the species for resources. The individuals at different
locations may compete for common resource or communicate either visually or by chemical
means, see [2,19] for the detailed biological explaination. Throughout the paper, unless
otherwise specified, we assume that m(x) satisfies:

(A1) m(x) € L*((0, L)), and m(x) > O on (0, L),
and the following assumption is imposed on the kernel function K (x, y):

(Ay) either
K(x,y)=48(x—y),
or
K(x,y) € L*((0,L) x (0,L)), K(x,y)>00n(0,L) x (0, L),
and Ly :={(x,y) € (0, L) x (0, L) : K(x,y) > 0} has positive Lebesgue measure.

For example, the following kernel function

K(x,y)z{o’ y=r (1.6)

I, 0<y<ux

satisfies assumption (A3), and was used to model the nonlocal competition of the phyto-
plankton for light [13,29]. Moreover, if K (x, y) = §(x — y), then

L
/ K, yu(y,t —t)dy = u(x,t — 1),
0

and there is no nonlocal effect.

For the case that advection « = 0 and K (x, y) = 8(x — y), Shi et al. [41] showed that
delay can induce Hopf bifurcation for model (1.5). Our main results extend the results of
[3,41], and show that Hopf bifurcation can also occur at the nonconstant positive steady state
when a # 0. Moreover, we will show that if m(x) is spatially dependent, then the spatial
scale and advection can affect Hopf bifurcation. For example, Hopf bifurcation can be more
likely to occur when the advection rate increases or decreases for different types of m (x). This
phenomenon is different from that for model (1.4), where Hopf bifurcation is more likely to
occur when the advection rate increases. We point out that, since the boundary condition is
different, the method and arguments in [8] should be modified to investigate this model.

Letting u = ealdxy F = dr, denoting ¥ = 1/d, @ = a/d, T = dt, and dropping the
tilde sign, model (1.5) can be transformed as the following equivalent model:

up =e (e uy), +ru (m(X) - be K(x, y)e*u(y,t — r)dy) , xe(0,L), t>0,

uy(0,t) =u,(L,t) =0, t>0.
(1.7)
The initial value of model (1.7) is

u(x,s) =nx,s) >0, xe€(@,L), s e€[-10], (1.8)
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where 5 € C := C([—1,0],Y) and Y = L%((0, L)). Note that e"”% (e %) generates
an analytic semigroup 7'(¢) on Y with the domain

a d
9 (e—‘”a— (axu)) — (€ HAO.L) : 420 = yu(L) =0} (19)
X ax

Define F : C — Y by

L
F(¥)(x) =rw(0) (m(x) - /0 K(x, y)e”‘y\ll(—r)(y)dy) . (1.10)

An easy calculation implies that F is locally Lipschitz continuous. Therefore, it follows from
[46] that, for each W € C, there exists a maximum ¢y > 0 such that model (1.7) has a unique
solution uy (f) existing on [—7, ty). The following eigenvalue problem is crucial for our
further investigation

[—e_‘” (), = ram(x)p(x), x € (0, L), 0

¢x(0) = ¢x (L) = 0.

We say that A is a principle eigenvalue if (1.11) has a positive solution. Denote by A; the
principal eigenvalue of problem (1.11), and let ¢ be the corresponding eigenfunction with
respect to A1 such that ¢ (x) > 0. It follows from [36] that

L ax,2
A= inf M - (1.12)
O£y eW!2 [ e@¥m (x)y2dx
¢ is constant, and we choose ¢ = 1 for simplicity.

The rest of the paper is organized as follows. In Sect. 2, we show the existence of a
nonconstant positive steady state through bifurcation theory, and the Hopf bifurcation near
this nonconstant positive steady state is also investigated. In Sect. 3, we obtain the direction
of the Hopf bifurcation and the stability of the bifurcating periodic orbits. In Sect. 4, the
effect of spatial heterogeneity are obtained, and the spatial scale and advection can affect
Hopf bifurcation in the heterogenous environment. Moreover, some numerical simulations
are given to illustrate our theoretical results. Especially, Eq. (1.5) can model the population
dynamics for a species in a water column with nonlocal competition for light. We numerically
show that when advection rate « = 0, the density of the species concentrates on the top of
the water column. However when « is large, the density of the species concentrates on the
bottom of the water column.

For simplicity of the notations, as in [8], we also denote the spaces

X ={y € H*((0, L)) : ¥ (0) = ¥, (L) = O},
Y = L%((0, L)), C = C([-1,0],Y),and C = C([—1, 0], Y) throughout the paper. Let the

complexification of alinear space Zbe Z¢ := Z&iZ = {x1+ixz| x1, x2 € Z}, and define the
domain of alinear operator T by Z(T'), the kernel of T by .#'(T'), and the range of T by Z(T).
L

Moreover, for Hilbert space Y, the standard inner product is (¢, v) = / u(x)v(x)dx.
0
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2 Stability and Hopf Bifurcation
2.1 Positive Steady States and Eigenvalue Problem

Firstly, we show the existence of positive steady states of Eq. (1.7), which satisfy

{(e‘”ux)x + re**u (m(x) — fOL K(x, y)e"‘)'u(y)dy) =0, xe(,L), .1
uy(0) =uy(L) =0.
Denote 5 5
Then
X=A4(P)®X1, Y=A(P) @,
where L
N (Py) = span{¢} = span{1}, X| = {y eX: / y(x)dx = 0},
0 (2.3)

L
Y1:%(P0):{yEY:/ y(x)dx:O}.
0

By the arguments similar to Theorem A.2. of [5], we obtain the existence of positive steady
states in the following.

Theorem 2.1 There exist r; > 0 and a continuously differentiable mapping r +— u, from
[0, r1] to X such that u, is a positive solution of Eq. (2.1) forr € (0, r1], and ug = co, where

fOL m(x)e**dx
co =

= > 0. 2.4)
Jo J K (e, yyess+ovdxdy

Proof 1t follows from assumptions (A1) and (A3) thatcy > 0. Define H : Rx X1 xR - Y
by

L
H(c,w,r) = Pow +re**(c + w) (m(x) — / K(x, y)e*Y(c+ w(y))dy) .
0

Letting
u=c+w, ceR, we X, (2.5)

and substituting it into Eq. (2.1), we see that (u, r) solves Eq. (2.1), where u € X, r > 0, if
and only if H(c, w, r) = 0 is solvable for some value of c € R, w € X and r > 0. Note
that H(c, 0,0) = 0 for any ¢ € R. An easy calculation implies that

L
Day.ryH(c, w, r)[v, o] =Pyv + rm(x)e* v — re** (c + w)/ K (x, y)e* v(y)dy
0
L
—re™v / K (x,y)e® (c + w(y)dy
0

L
+oe* (c +w) (m(x) — / K(x, y)e*Y(c + w(y))dy) .
0
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Here D, H(c, w, r) is the Fréchet derivative of H (c, w, r) with respect to (w, ). Then,

L
D.nH(c,0,0)[v,0] = Pyv + oce*” <m(x) — c/ K(x, y)e“ydy> .
0

Since
L
—cpe™* (m(x) — Co/ K(x, y)eaydy> eY1=%Py),
0

there exists a unique v* € X such that

L
Pyv* = —cpe™* (m(x) — C()/ K (x, y)e“”dy) ,
0
and consequently,
N (D ryH(co, 0,0)) = {(sv*,s) : s € R}

A direct computation yields

L
D¢Dy ryH(co, 0, 0)[v*, 1] = m(x)e™* — 2cpe™ / K (x, y)e*Vdy,
0

where D.D ) H (co, 0, 0) is the Fréchet derivative of D, ) H (¢, w, r) with respect to ¢ at
(co, 0, 0). We claim that

DCD(w,r)H(607 0, 0)[1)*7 11¢ % (D(w,r)H(CO’ 0, O)) . (2.6)
Suppose it is not true. Then, there exists (v, &) such that
L
Dw,rnH(co,0,0)[D,6] = Py + 6coe™” <m(x) — ¢ / K (x, y)e“ydy>
0

2.7

L

= m(x)e* — 2cpe™* / K(x,y)e*Vdy,
0

which implies that
L
m(x)e*" — 2coe*” / K (x,y)e®Ydy € Z#(Py).
0
This contradicts the fact that

L L pL L
/ m(x)e**dx — 26()/ / K (x, )e®* T dxdy = —/ m(x)e**dx # 0.
0 o Jo 0

Therefore, Eq. (2.6) holds, and it follows from the Crandall-Rabinowitz bifurcation theorem
[12] that the solutions of H(c, w,r) = 0 near (cop, 0, 0) consist precisely by the curves
{(c,0,0) : c € R} and

{(c(s), w(s),r(s)) : 5 € (=6, 0)},

where (c(s), w(s), r(s)) are continuously differentiable, c(0) = ¢, w(0) = 0, r(0) = 0,
w’(0) = v*, and r'(0) = 1. Since ' (0) = 1 > 0, r(s) has a inverse function s(r) for small
s. Noticing that ¢y > 0, we see that there exists r; > 0 such that Eq. (2.1) has a positive
solution u, = c(s(r)) + w(s(r)) for r € (0, r1]. Moreover,

uy = c(s(0)) + w(s(0)) = c(0) + w(0) = cp.

This completes the proof. O
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Remark 2.2 1t follows from the imbedding theorem that u, € C9([0, L)) for some § €
(0, 1), and lim,_,o u, = co in C'*2([0, L]).

Then, we obtain the eigenvalue problem associated with u,.. The linearized equation of (1.7)
at u, takes the following form

i—f — e Py r <m<x) - /0 "k, y)e‘”‘ur(y)dy) v
— Iy fOL K(x,y)e*Yv(y,t — t)dy, x € (0,L), t >0, (28)
ve(x, 1) =0, x=0,L, t>0.
Denote .
K(r) :=m(x) —/0 K(x, y)e*Yu,(y)dy. 2.9

From [46], we see that the solution semigroup of Eq. (2.8) has the infinitesimal generator
A (r) defined by )
Ar(NVY =V (2.10)

with the domain

P(Ac(r) ={W € CcNCE: W(0) € X, W(0) = e PyW(0) + rK (1) W(0)
L
—rur/o K (x, y)e** W(=1)(y)dy},

where C<lc = CY([-1,0], Y¢), Py and K (r) are defined as in Eqs. (2.2) and (2.9) respectively.
Moreover, u € C is an eigenvalue of A;(r), if and only if there exists ¥ (7% 0) € X¢ such
that A(r, u, T)¢¥ = 0, where

L
Alr,pw, DY = e Poy +rK ()Y — ru, / K (x, y)e® Y (y)dye ™ — uy.
0
(2.11)
Then A, (r) has a purely imaginary eigenvalue i = iv (v > 0) for some 7 > 0, if and only
if

L
Poyr + re® K (r) ¢ — ruye®* / K(x, ey (y)dye ' — ive®y =0 (2.12)
0

is solvable for some value of v > 0, 8 € [0, 27), and ¥ (# 0) € Xc. The estimates for
solutions of Eq. (2.11) can be derived as follows.

Lemma 2.3 Assume that (itr, T, ¥y ) solves A(r, u, T)¥ = 0 with Rep,, tr > 0and 0 #
v € Xc. Then &‘ is bounded forr € (0, r1].
r

Proof Noticing that u, is the principal eigenfunction of Py +re** K (r) with principal eigen-
value 0, we have (¥, Poyr + re“* K (r)y) 570 for any ¥ € Xc. Substituting (u,, 7, V)
into A(r, u, )Y = 0, multiplying it by ¢**v/,., and integrating the result over (0, L), we
have

(Wr, Powr +re™ K (r)y,)

L L L
:r/ / K (6, 0)e 0w, (), (0 (Ddxdye ™™ + pu, / |y P,
0 0 0
(2.13)
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Since Reu,, T > 0, we see that

L pL
0 < Re(u /r) < Re [- I K(x,y)e“”“yur(x)%(xm(y)dxdye‘w]
0 0

S ey, 2dx
L

s||ur||oo||1<<x,y)||oo/ .,
0

and

1
O | ——
T ey, 2dx

L L
Tm [/ / K (x, )" T up ()P (X) Yy (y)dxdye_“’f’}
o Jo

L
snurnoonK(x,y)noo/O X dx.

is bounded for r € (0, r]. O

It follows from the continuity of r — ||u, || that ‘&
-

The following result is similar to Lemma 2.3 of [3] and we omit the proof here.

Lemma 2.4 Assume that z € (X1)c. Then |(Pyz, z)| > A2||z||%,w where Ly is the second
eigenvalue of operator — P.

For r € (0, r{], ignoring a scalar factor, ¥ in Eq. (2.12) can be represented as
v =pBco+rz, z€Xc, =0,
W13, = BA3L +r2lzl}, = L.

where cg is defined as in Eq. (2.4). Then, substituting the first Equation of (2.14) and v = rh
into Eq. (2.12), we obtain that (v, 8, ) solves Eq. (2.12), where v > 0, 0 € [0, 2) and
v e Xc(|ly ”%c = c(%L), if and only if the following system:

(2.14)

81(z, B, h, 0, 7)== Poz + e“* K (r)(Beo + rz) — ihe® (Beo + r2)
— e uy [ K, y)e® (B + rz(y)dye ™ =0 (2.15)
g2z, B, r) = (B> = DL +r?zl}, =0
has a solution (z, 8, h, ), where z € (X{)c, B = 0, h > 0 and 6 € [0, 27). Define

G:(XDe xR > Yo xR by G = (g1, g2)- Note that uyp = co, and we first show that
G(z, B, h,0,r) = 0is uniquely solvable for r = 0.

Lemma 2.5 The following equation

G h,0,0)=0
(z,B,h,0,0) 2.16)
z€ X1)c, h=0, >0, 0 €[0,27]
has a unique solution (zg, Po, ho, 6p), where
L oxX
d
fo=1. 0=m/2, hy= Do M 2.17)

fOL e*rdx

and zo € (X1)c is the unique solution of

L L
Pyz = —cpe™™ <m(x) — co/ K(x, y)eaydy> — icge‘” / K (x, y)e*Ydy + ihgcoe™*.
0 0
(2.18)
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Proof Obviously, g2(z, 8, 0) = 0 if and only if 8 = o = 1. Then, substituting 8 = f into
g1(z, B. h,0,0) =0, we have

L L
Poz = —coe™* <m(X) - CO[ K(x, y)e‘”dy> +ege / K (x,y)e*dye " +ihcoe™ .
0 0

(2.19)
It follows from Eq. (2.4) that

L L L
L’O/ / K (x, y)e®* T dxdy = / m(x)e*““dx.
0 0 0

Then Eq. (2.19) has a solution (z, &, 8), where z € (X1)c, h > 0,0 € [0, 2x], if and only if

o fOL fOL K (x,y)e* T dxdy sinf = h fOL e dx (220)
fOL K(x, y)e®* T dxdycosh =0 '
has a solution (6, h) with h > 0 and 6 € [0, 27 ], which yields
L ox
m(x)e“*dx
0 =0 =m/2, h=hy= Jo metrdx. 2.21)

fOL e**dx

Substituting h = hg and 8 = 6y into Eq. (2.19), we see that the right side of Eq. (2.19)
belongs to Z (Py), which implies that z = zg. ]

Then, we show that G(z, B, &, 8, r) = 0 is also uniquely solvable for small r.

Theorem 2.6 There exist ry > 0 and a continuously differentiable mapping r +>
(27, Brs hr, 0y) from [0, ra] to (X1)c X R3 such that (zr, Brs hy, 0y) is the unique solution of
the following equation

[G(z, B, h,0,r)=0, (2.22)

ze (Xpc, h >0, >0, 6 €[0,27),
forr € [0, r].

Proof Denote the Fréchet derivative of G with respect to (z, B8, &, 0) at (zo, Bo, ho, 6o, 0) by
T =(T1, D) : (X1)¢c x R? — Yc x R. Then, a direct calculation leads to

L L
Ti(x,k, €,9) =Pox + kcoe™ [m(x) - 60/ K (x, y)eaydy] + ikc(z)e‘“/ K (x,y)e*dy
0 0

L
—icohoke™ + ﬂcge‘” / K(x, y)e*Ydy —iecoe*”,
0
T (k) :2KC5L.

Obviously, T is a bijection from (X)c X R3? to Yc x R. It follows from the implicit
function theorem that there exist r» > 0 and a continuously differentiable mapping
r = (zr, Br, hy,6,) from [0, 2] to Xc x R3 such that G(z,, B, hr, 6r,7) = 0. Now,
we show the uniqueness, and only need to prove that if z" € (X{)c, 7 = 0, " > 0,
0" € [0, 2m) satisty G(z", ", h",60",r) = 0, then (", 8", h",0") — (20, Bo, ho, O) as
r — 0in X¢ x R3. From Lemma 2.3 and Eq. (2.15), we obtain that {#"}, {8} and {6"}
are bounded for r € [0, r1]. Multiplying the first equation of (2.15) by z, and integrating
the result over (0, L), we obtain that there exist positive constants M; and M, such that
hall Iy, = 142" Poz')l = Mill2"llve + Marl|2 |5, for r € (0. ra], where 15 is defined
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as in Lemma 2.4. Then, for sufficiently small r,, {z"} is bounded in Y¢ for r € [0, r3].
Note that Py : (X1)c — (Y1)c has a bounded inverse Pofl. Then, {z"} is also bounded in
(X1)c,and {(z", B", h",0") : r € (0, r2]} is precompact in Y X R3. Therefore, there exists
a subsequence {(z’" , ,B’", ", (9’")}2"21 such that

@ B0y — (20, 89, h0,60%) in Yo x RY,
and r" — 0 as n — oo. Taking the limit of the equation
Plei L BT R 6T ) =0
as n — 00, we see that
@B 0y — (20 8% h0,6%) in Xe x R,
asn — 00, and (zo, r0 no, 90) is also a solution of Eq. (2.16), which leads to
@, r% h%,6% = (20, Bo. ho, 60).
This completes the proof. O
Finally, from Theorem 2.6, we derive the following result.

Theorem 2.7 Forr € (0, 2], (v, T, ¥) solves

A(r,iv, )Y =0,
v>0,7>0, (0 € Xc,
if and only if
0, +2
v:urzrhr,lpzawr,rzrn:M, n=0,1,2,---, (2.23)
vy

where r, = Brco~+rzy, a is a nonzero constant, and (z,, By, hy, 6,) is defined as in Theorem
2.6.

2.2 Distribution of the Eigenvalues and Hopf Bifurcation

In this subsection, we will show the distribution of the eigenvalues of A;(r) and the exis-
tence of the Hopf bifurcation for model (1.7). Throughout this subsection, unless otherwise
specified, we always assume r € (0, r2], and the value of r, may be chosen smaller than
the one in Theorem 2.6, since further perturbation arguments are used. Firstly, we show the
distribution of the eigenvalues of A, (r) for t = 0.

Theorem 2.8 For r € (0, r;], all the eigenvalues of A;(r) have negative real parts when
T =0.

Proof To the contrary, there exists a sequence {r"}; | such that lim r" =0,and forn > 1,
n—oo

r" > 0, and corresponding eigenvalue problem

Poyr + r"e® K (r")yr — r"e® um fOL K(x, y)e* vy (y)dy = ne®y, x € (0,L)
Yx(0) =¥ (L) =0

} (2.24)

has an eigenvalue w,» with Repu,» > 0, where Py and K (r) are defined as in Egs. (2.2)

and (2.9) respectively. Ignoring a scalar factor, we assume that the associated eigenfunction
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Y with respect to p,» satisfies ||y, n ||%,(C = c%L, and ¥,» can be represented as y,» =
Brnco 41"z, where Bn > 0, z,,, € (X1)c and cg is defined as in Eq. (2.4). As in Sect. 2.1,
Wy can also be represented as p,n = r"*h,», and it follows from Lemma 2.3 that |k, ] is
bounded for r € [0, r2]. Then, substituting ¥ = .n = Bynco + r'*zn and w = r"h,» into
the first equation of Eq. (2.24), we see that (z,n, By, hyn) satisfies the following system

Hi(z, B, h,ry) = Poz + e K (r")(Beo + r"'2)
L
— ™ upm f K (x,y)e*[Beo +r"z(y)]dy — he® (Bco +1"z) =0, (2.25)
0

H(z, B.ry) = (B2 = DL + (rn)2||z||%/c =0.

Using the arguments similar to Theorem 2.6, we see that (z,#, By, hyn) is bounded in Y¢ X
R x C. Since the operator Py : (X1)c + (Y1)c has a bounded inverse P, ! by applying
PO_1 on

Hl (Zr’% ﬂr" 5 hr" s rn) = Oa

we find that {z,»}7°  is also bounded in (X)c, and consequently {(z,n, B;n, hyn)}o2 | is pre-

n=1
compact in Y¢ x R x C. Therefore, there is a subsequence {(z,n, Byn , by )}72 | convergent

to (z*, B*, h*) as k — oo in the norm of Y¢ x R x C, where 8* = 1,z* € Yc and h* € C
with Reh™ > 0. Taking the limit of the equation

P[;l H] (Zr"k s ﬂr"k B hr”k) =0

as k — oo, we see that z* € (X|)c and (z*, B*, h™*) satisfies
L
Poz* + coe™ (m(x) - Co/ K(x, )’)ea"dY>
0

L
— c%e’” / K(x, y)e*Ydy — h*cpe®* = 0.
0

Therefore,

L L L
—C()/ / K (x, y)e®* T dxdy = h*/ e dx,
0 0 0

which leads to 4* < 0. This contradicts the fact that Reh™ > 0. O

Then, we show the distributio~n of the eigenvalues of A, (r) for T > 0. As in [8], one needs
to study the adjoint operator A(r, iv, t) of e** A(r, iv, T), which takes the following form:

L
A(r,iv, )Y = Py + re® K (r)y — re®” / K (y, X)uy(0)e® Y (y)dye™™ + ive® .
0

(2.26)
It follows that

(W, ®Ar, iv, OV = (A, iv, )V, V), (2.27)
for any & ¥ € Xc, and
0p(e™ A(r,iv, 7)) = 0, (A(r,iv, 7).

Now, we consider the corresponding adjoint equation

L -
%&+wwkm¢—w”f K (v, 0)e u, (0P (y)dye' +ive™§ =0, 0 # € Xc.
0
(2.28)
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Note that if Eq. (2.28) is solvable for some value of b > 0, 6 € [0,2x) and ¥ (£ 0) € Xc,
then
6 + 2nm

~ )

v

A(r,id, %)% =0, where 7, = n=0,1,2,---.

Similarly, ignoring a scalar factor, ¥ in Eq. (2.28) can also be represented as

¥ = Beo+ri, Fe X, B=0,

7 5 - (2.29)
115, = BP3L + 21215, = L,

where ¢ is defined as in Eq. (2.4). Then, substituting the first equation of (2.29) and v = rh

i£1t0 Eq. (2;28), we obtain that (9, 6, 1/7) solves Eq. (2.28), where v > 0, 6 € [0, 27) and
v e Xc(|ly ||%P = C%L), if and only if the following system:

§1G. B h,6,r) = PoZ + e K (r)(Beo + r?) + ihe” (Beo +r2)
— e [F K (. 00 ur (y)(Beo + rz(y)dye’® =0 (2.30)
22G. B.r) = (B2 — DAL+ r2|Z1}, =0

h~as a solution (Z, ,3, fz,é), Wherg z € X1c, 5 >0,h >0 and § € [0, 27). Define
G:(X))c x R? — Yc x R by G = (g1, &2). By the arguments similar to Lemma 2.5, we
obtain that G(Z, B, h, 8, 0) = 0 is also uniquely solvable.

Lemma 2.9 The following equation

GG, B, h,0,0)=0 2.31)
Ze(Xnc, h>0, >0, 6 €[0,27] '
has a unique solution (2, Bo. ho, 6o), where
Bo=1. 6o =m/2. ho=ho, (2.32)

and 7o € (X1)c is the unique solution of

L L
Poz = —cpe™* |:m(x) - C‘()/ K(x, y)eo‘ydy:| + ic(z)e‘” / K (y,x)e*dy — icohpe*”.
0 0
(2.33)

The following results can also be proved similarly as in Theorems 2.6 and 2.7.

Theorem 2.10 (I) There exists a continuously differentiable mapping

r> Gr, By by, 0)

from [0, r2] to (X1)¢ X R3 such that (3, B,, ﬁ,, é,) is the unique solution of the following
equation
GG B.h.6,r)=0,

. - 5 - (2.34)
ze(X)c, h>0, >0, 6 cl0,2m),

forr € [0, rp].
(Il) Forr € [0, rp], the eigenvalue problem

A(r,iv, 5)y =0, V>0, >0, 04y € Xc
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has a solution (¥, T, ) if and only if

I
=
I
=]

=

©

D=0 =rhy, Y =ayy, T=1% - (2.35)

where a is a nonzero constant, &, = B,co +rz,, and Z,, B,, ﬁ,, 5r are defined as in Part
().
For later application, we give a remark on (%, Gy, V).

Remark 2.11 By the arguments similar to Remark 2.8 of [8], we see that /, = ﬁ,, 6, =
ér, v, = v, and 7, = T,. Therefore, in the following, we will always use (h,, 6;, v, T,)
instead of the ones with tilde. Moreover, we remark that the corresponding solution v, of
A(r,ivy, 7,)¥ = 0 may be different from 1/~f

Now, we show that i v, is simple.

Theorem 2.12 Assume that r € (0, r2]. Then n = iv, is a simple eigenvalue of A, (r) for
n=0,1,2,---, where iv, and t, are defined as in Theorem 2.7.

Proof From Theorem 2.7, we obtain that A [A,(r) — iv,] = Span[ei”’(’wr], where 6 €
[—7n, 0] and ¥, is defined as in Theorem 2.7. If ¢; € A[A,, (r) — ivy]%, then

[Aqr, (r) — iv]p1 € N [Ag, (r) — iv,] = Span[e""" ],
which implies that there exists a constant a such that
[Ar, (r) — vy 11 = ae" "y,
It follows that
$1(0) = iv,¢1(0) +ae "y, 0 € [~1,,0],

. - L (2.36)
$1(0) = e ** Po1(0) + rK(r)¢1(0) — rur/O K(x, y)e* o1 (=) (y)dy.
The first equation of Eq. (2.36) yields
— iv6 iv.0
$10) = 1(0)e"™" + abe™ "y, (237)

$1(0) = ivy¢1(0) + ayy.
Then, it follows from Egs. (2.36) and (2.37) that
e A(r, ivy, 7,)$1(0)

~ . L
= Pop1(0) — iv,e® $1(0) 4 re® K (r)¢1(0) — Fe—'e’eaxurfo K (x, y)e®"¢1(0)(y)dy
L
= ae™ (wr —re” % r,,ur/ K (x, y)e* iy, (y)dy> .
0

(2.38)

Multiplying the above equation by E(x) and integrating the result over (0, L), we see from
Eq. (2.27) and Remark 2.11 that

0=(A0. 19, 2007, 610)) = (G iv, T, $10)) = (1, € A, 10, 7)1 0)

L _ L L _
=a(/ “ydx — rrge / / uroc)K(x,y)e“”“w?r(x)wr(y)dxdy)
0 0 0

=aS,(r).
(2.39)
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It follows from Theorems 2.6, 2.7 and 2.10 that 6, — m/2, r7,, — (% + 2n7r) /ho,

Y, Y — ¢ in Xc as r — 0. Therefore,

: 2 (T L ox
lim 5,(r) = [1+1 (5 + 2n71)]/ “Fdx #0, (2.40)
r— O
which yields ¢ = 0. Therefore,
NNAg, (1) — vl = N[Ag, (1) —iv,], j=2,3,---, n=0,1,2,---,
and u = iv, is a simple eigenvalue of A, forn =0,1,2,---. ]

Noticing that u = iv, is a simple eigenvalue of A , from the implicit function theorem,
we see that there are a neighborhood 0, x D, x H, C R x C x X¢ of (z,, iv., ¥) and a
continuously differential function (i (7), ¥ (7)) : O, — D, x H, such that u(t,) = iv,,
¥ (1) = ¥, and for each T € O, the only eigenvalue of A, (r) in D, is u(t), and

A, (1), DY (T) = Poyp () + re® R (MY (1) — u(0)e™ (1)
L (2.41)
e / K (x. )¢ ¥ (0)()dye HOF =0,
0

A direct calculation can lead to the transversality condition, and here we omit the proof.
Theorem 2.13 Forr € (0, 1], R~ 0, = 0,1,2, - .

Then, from Theorems 2.7, 2.8, 2.12 and 2.13, we obtain the distribution of eigenvalues of
AL (7).

Theorem 2.14 Forr € (0, r2], the infinitesimal generator A, (r) has exactly 2(n + 1) eigen-
values with positive real parts when t € (ty, ty41], n=0,1,2,--- .

Finally, we obtain the stability of the positive steady state u,, and the existence of the asso-
ciated Hopf bifurcation.

Theorem 2.15 Forr € (0, r], the positive steady state u, obtained in Theorem 2.1 is locally
asymptotically stable when t € [0, t9), and unstable when t € (19, 00). Moreover, when
T=1, (n=0,1,2,--), system (1.7) occurs Hopf bifurcation at the positive steady state
Up.

3 The Properties of the Hopf Bifurcation

In this section, we obtain the direction of the Hopf bifurcation of Eq. (1.7) and the stability
of the bifurcating periodic solutions, the methods used are motivated by [15,17,18,26]. Here,
unless otherwise specified, we also assume r € (0, ;] throughout this section, and the value
of rp may be chosen smaller than the one in Sect. 2, since further perturbation arguments are
also used. Letting U(t) = u(-,t) — u,, t = tf, T = 1, + ¥, and dropping the tilde sign,
system (1.7) can be transformed as follows:

du(m

7 e Y PU®G) + 1, PIU + J(Uy, y), 3.1
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where U; € C = C([—1, 0], Y), Py is defined as in Eq. (2.2), and
L
PU; = rK()U@) — ru, / K (x, )e Ut — 1)(y)dy,
0

L
JWU, y)=ye " PoU +yPiU — (y + Tn)rU(t)/ K (x, y)e*? Ut — ) (y)dy.
0

Then Eq. (3.1) occurs Hopf bifurcation near the zero equilibrium when y = 0. The linearized
equation of (3.1) for y =0is

auv(r)

e

Denote by A;, the infinitesimal generator of the solution semigroup for Eq. (3.2). From [46],
we have

e “PyU (1) + 1, P1U;. (3.2)

Ay, ¥ =W,
D(As) :{\11 eCenel: W) e Xe, W(0) = tre ™ PyW(0) + 1, Py U,},

where CL = C!([-1, 0], Yc), and the abstract form of Eq. (3.1) is
C q

au,
d—t’ = A, U + XoJ (U, y). (3.3)
where
0, 0el-1,0),
Xo() =
0®) il, 6 =0.

In order to compute the normal forms, we need to introduce a weighted inner product for
Y

L
(u, v) :/ e u(x)v(x)dx for u,ve Y.
0

Here the weight function is concerned with advection rate «, Y is also a Hilbert space with
this product, for @ > 0,

(v,0) < (v, )1 < (v, v),
and fora < O,

et (v,v) < (v, V)1 < (v, ).

Following the methods of [17,44], we introduce the formal duality ((-, -)) in C by
L

0
(T, 0)) = <®(0),W(0)>1—rrn/1<®<s+1),u,/0 K(-,y)e“>‘w.s><y)dy> ds, (3.4)
- 1

for ¥ € Cc and U e C(’[": = C([0, 1], Yc). As in [25], we can compute the formal adjoint
operator Aj of A, with respect to the formal duality. We remark that A7 is referred to as
the formal adjoint operator of A, if

((AF U, W) = (U, A, W) (3.5

for any W € 2(A;,) and U e D(AT).
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Lemma 3.1 The formal adjoint operator Ay of A, is defined by

AL W(s) = =T (s)
with the domain

DAL = [\ij €CLN ) 1 B(0) € Xe. W (0) = tye @ Py (0)
L
+rt, K ()W (0) - rr, / K(y,x)e“yur<y>®(1)<y>dy},
0
where (C2)! = C1([0, 1], Yo).

Proof For W € 7(A,,) and ¥ € 2(A} ),

(W, Ay, W)
0

L
<\if(s+1),u, / K(x,y)eaﬁ’\i/(s)(y)dy> ds
0 1

= (50 4, 0)0), ~ra [
= <\i/(0), e PyW(0) + 1, le)l

0

L
— 71, |:<lil(s + 1), ur/ K(x, y)e“y\IJ(s)(y)dy> ]
0 1

—1

0. L
+r1:,,/ <\il(s+ l),u,-/ K(x,y)eo‘y\lf(s)(y)dy> ds
0 1

—1
0

(4,00 wo) = o, |

. L
<—\f’(s+ 1),urf K(x,y)e“y‘I’(S)(y)dy> ds
—1 0

1
= (47,0, D).

This completes the proof. O

It follows from Theorem 2.14 that A, has only one pair of simple purely imaginary eigenval-
ues ﬂ:i v, Ty, and the assc&iate_d eigenfunction with respect to i v, 7, (respectively, —iv,t,) is
il (respectively, Yre Vw0 for @ € [—1, 0], where v, is defined as in Theorem 2.7.
Similarly, it follows from Theorem 2.10, Remark 2.11 and Lemma 3.1 that the operator .A;kn
also has only one pair of simple purely imaginary eigenvalues +iv,t,, and the correspond-
ing eigenfunction with respect to —iv, 7, (respectively, iv,7,) is ¥, (x)e'"" ™" (respectively,
1/~/r (x)erm) for s € [0, 1], where 1/7, is defined in Theorem 2.10. From [4_6], we see that the
center subspace of Eq. (3.1) is P = span{p(0), p(0)}, where p(0) = VetVrnf is the eigen-
function of Ay, with respect to i vy, and the formal adjoint subspace of P with respect to the
bilinear form (3.4) is P* = span{q(s), g(s)}, where ¢ (s) = ¥,e'"r™* is the eigenfunction of
1
A7 with respect to —iv,7,. Denote ®; = (p(0), p(0)), V1 = Sii(q(s), g(s)T, where
r

S (r) is defined as in Eq. (2.39), and then ((V;, ;1)) =1, WherenI is the identity matrix in
R2X2.

Note that formulas for the direction and stability of Hopf bifurcation are all relative to
y = 0 only, let y = 0 in Eq. (3.1), and we obtain a center manifold as follows

2 )
w(z,2) = wzo(G)% +wi(0)zz + woz(g)% +0(zP). (3.6)
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The solution semi-flow of Eq. (3.1) on the center manifold is
Ur = @10, 20" + wz0), Z0)),

where z(z) satisfies

d
(1) = 7 44a(). Ui))

3.7
= iz + o (00, 7 (@160, Z0) + w0, 20).0)).
Denote
B = (0. 1 (G0, 70)" + w().70)).0))
g(Z,Z)—Sn(r)<fJ( )s 1(z(), 2 w(z(®),2),0)) -
= X o, '
— qlj!
2<i+j=<3
As in [8], we derive
21’1’” —ivT Lol — ax—+ay
g0 =————e '™ / Yr ()W () K (x, y)e* T (v)dxdy,
Su(r) o Jo
rT, . L LT N
gl =———em / Vr (Y (0K (x, )e** T, (y)dxdy
Su(r) o Jo
— g f f T OTr (0K (x, e+, (y)dxdy,
I'l(r)
2”"" iV, T, oax—+o
g =— e / U ()T (OK (x, )™ T, (y)dxdy,
Su(r) o Jo (3.9)
2 n L L— , .
21 =— Ty (W (K (3, 1)y (=D () dxdy
Sn(r) 0
ro, (LE—
-3, Ur ()Y (0K (x, )e** Y wao (= 1) (y)dxdy
(r)
— g / / Fr (w0 (0K (x, 7)e Oy ()dxdy
n(r)
27'7,'" —iV,T ax—+oay
S,,(r)e ’ "/0 A 1/fr(x)wu(0)(J€)K(x,y)e Yr(y)dxdy,
where wy((0) and w1 (#) are needed to be computed.
Note that w(z(z), z(¢)) satisfies
W= Ag,w+ XoJ(®7(z,2) +w(z,7),0)
— & (W, XoJ (@1(2, D) +w(z,2),0))) (3.10)

2 -2
z _ Z
=A,w+ H203 + Hyzz + Hozz + 0z,

where Hyp, H11 and Hp, satisfy

XoJ(®1(z, )7 +w(z,2),0) — PUY, XoJ (®;(z,2)T + w(z,72),0)))
2 =2
Z _ Z 3
= Hzo; + Hi1zz + Hoz; + O0(|z]”).
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By using the chain rule, we see that w also satisfies

w(z,z). O0w(z,2)-
0 — (z z)z+ (z Z)Z.

0z 07
Therefore,
Qivy Ty — Ay, )wao = Hao, G.11)
—Ag, w11 = Hiy.
Note that for 6 € [—1, 0),
Hy(0) = —(g20p(0) + €022 (9)), G.12)
Hy1(0) = —(g11p(0) +211P0)). .
Then, from Eq. (3.11) and (3.12), wyo and w1 can be expressed as
i ig, .
wa(®) = 22 p(O) + 222 5(0) + E 0 (3.13)
rTn 3v,T,
and . —
1811 1 _
wi©) = — 22 p©) + B 50) + F,. (3.14)
VrTn VrTn
Noticing that
. L |
Hy0(0) = — (220p(0) + 202 P(0)) — 2rr,e '™, / K(x, v)e® ¥ (v)dy,
0
we see from From Egs. (3.10) and (3.11) with 6 = 0O that E, satisfies
L
Qiv,t, — Atn)E,eZ’”"’"e = —2rte VY, f K (x, y)e* ¥, (y)dy,
6=0 0
that is,
) L
A(r, 2iv,, T, E, = Zre*’””"wr/ K (x, y)e* ¥ (y)dy. (3.15)
0
From Corollary 2.7, we have that 2iv, is not the eigenvalue of A, (), and hence
L
E, = 2re ™o A(r, 2ivy, 1) ! <1//r/ K(x, y)e”'l/q(y)dy) .
0
Similarly,
L
F, =rA(r,0,1,)"" (e””f" Yy / K (x, y)e"‘y%(y)dy>
0 (3.16)

L
+rAr,0,7,) ! <€7’vﬂ"%/ K (x, y)é’“y'/fr(y)dy> .
0
Then, E, and F, can be derived in the following.
Lemma3.2 Forr € (0, rp], let E, and F, be defined as in (3.15) and (3.16). Then
E, =b.co+ ¢r, 3.17)

where cq is defined as in Eq. (2.4), ¢, € (X1)c, and by, ¢, satisfy
lim by =~ Tim Iy =0,
r—0 2i — 1 r—0

and lim, ¢ || Fy|ly, = 0.
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Proof We only prove the estimate for E,, and F, can be derived similarly. Substituting Eq.
(3.17) in to Eq. (3.15), we have

1 ~ L .
;PO(pr = —e" K(r)(byco + ¢r) + upe™ f K (x,y)e* [byco + ¢r(y)]dye_2wrfn
0

L
+2ihye* (byco + ¢r) +2e7 e / K (x, y)e™ ¥, (y)dy,
0

(3.18)
where &, is defined as in Theorem 2.6. Integrating Eq. (3.18) over (0, L), and noticing
that |h,|, |ur|leo and || ¥, ||c are bounded for r € (0, r;], we see that there exist constants
My, M; > 0 such that

16| = Mollgyrllve + M, (3.19)

for any r € (0, rp]. Multiplying Eq. (3.18) by ¢,, and integrating the result over (0, L), we
see from Lemma 2.4 and Eq. (3.19) that there exist constants M>, M3 > 0 such that

22l 3, < rvalig, |3, + rMsliglive.

for any r € (0, r2], where A, is defined as in Lemma 2.4. This leads to lim, ¢ [|¢,|ly. = 0.
Then, integrating Eq. (3.18) over (0, L), and taking the limit of the equation at both sides as
r — 0, we obtain

L L
i —1) <lim b,) / m(x)e*dx = 2i/ m(x)e**dx,
r—0 0 0

which leads to lim, ¢ b, = 212—11 Similarly, we can prove that lim,_,¢ || F; ||y, = 0. O
Therefore, by similar arguments similar to [8], one can also derive

lim g1; =0 and lim Re[gy1] < 0. (3.20)
r—0 r—0
It follows from [26,46] that C; (0) determines the direction and stability of bifurcating periodic

orbits, where
lg021? ) 821

C1(0) = 3 + —.

i
2V, T, 2

Then, Eq. (3.20) implies lim,_.o Re[C1(0)] < 0. Hence we have the following result.

<811820 —2lgnl* -

Theorem 3.3 Assume that r € (0,72], where 0 < r2 < 1. Let {1,(r)}2, be the Hopf
bifurcation points of Eq. (1.7) obtained in Theorem 2.15. Then, for each n € N U {0}, the
direction of the Hopf bifurcation at T = t, is forward and the bifurcating periodic solutions
from T = 1 is orbitally asymptotically stable.

4 The Effect of Spatial Heterogeneity

In this section, we will consider the effect of spatial heterogeneity on Hopf bifurcation values.
It follows from Lemma 2.5, Theorems 2.14 and 2.15 that the first Hopf bifurcation value g
of Eq. (1.7) depends on r, «, L, and satisfies:

6, (a, L)

To(r,a, L) =m,
r £

Y
lim 6, (a, L) = —,
fim 0r (e 1) =

fOL m(x)e‘”dx. @1

lim A, (a, L) =hy(a, L) =
r—0 IOL e dx
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If m(x) = mo, where my is a positive constant, then

ho(a, L) = mo and 1im r1o(r, o, L) = ——
r—0 2mg

for small r. It seems that

for any o € (—o00, 00) and L > 0, and hence 7o(r, a, L) =

the value of 7o(r, v, L) has no significant change as advection « or spatial scale L changes,
when m (x) is spatially homogeneous.

Then we consider the case that m(x) is spatially heterogeneous. We find that Hopf bifur-
cation is more likely to occur as spatial scale L increases, if m(x) achieve its maximum at
boundary x = L.

Proposition 4.1 Suppose that m(x) is non-constant, m(L) = maxXye[o,r]m(x), o €
(—00,00), and L1 > Ly > 0. Then there exists i > 0, depending on Ly, Ly and «,
such that to(r, o, L1) < to(r, o, Lp) fort € (0, 7].

Proof Since
dho(e, L) €L [ Im(L) — m(x)] e dx 0
= >

aL ( Sl e dx)2

we see that, for any fixed o € (—o0, 00), ho(e, L) is strictly increasing for L € (0, co). Note
that

Oy (ar, L) . b1
w(r,a, L) = — and limrry(r,a, L) = ——.
rhy(a, L) r—0 2ho(a, L)
It follows that there exists 7 > 0, depending on Lj, L, and «, such that 7o(r, o, L) <
1o0(r,a, Ly) for t € (0, F]. m]

In the following we will choose different types of m(x) to show the effect of spatial hetero-
geneity.

Example 4.2 Choose

m(x) = x. (4.2)
In this case,
OlLeaL _ eotL + 1 L
h(e, L) =———+———, ho(0,L) = —,
(a, L) w @l 1) 0(0, L) 5
2
dho(e, L) fOL x%edx foL e“dx — (foL xeaxdx) 0
= > >0,
da (fOL 6‘“de)
oh al (pal _ o1 — 1
o(a, L) _e (é’ o ) o
oL (e"‘L . 1)2
Consequently, if we choose
m(x) =my — x, 4.3)

where my is a constant and my > L, then
oho(a, L) doho(a, L)
— <0, — <.
da oL

Then we have the following two statements on the effect of advection «.
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1. Assume that L € (0, 00), m(x) = x and oy > «y. Then there exists 7 > 0, depending
on «y, ap and L, such that 7o(r, 1, L) < 79(r, az, L) forr € (0, F].

2. Assumethat L € (0, 00),m(x) = mg—x,wheremg > L,and | > oy. Then there exists
7 > 0, depending on «, ap and L, such that 7o(r, @1, L) > to(r, a2, L) for r € (0, r].

Therefore, Hopf bifurcation is more likely to occur when the advection rate increases (respec-
tively, decreases) for m(x) = x (respectively, m(x) = my — x, where mo > L). Similarly,
we have the following two statements on the effect of spatial scale L.

1. Assumethato € (—00, 00),m(x) = xand L > L;. Then there exists 7 > 0, depending
on Ly, L» and «, such that to(r, o, L1) < to(r, ¢, Lo) for r € (0, 7].

2. Assume that @ € (—00, o0), m(x) = mg — x, where mg > L, and L; > Lj. Then
there exists 7 > 0, depending on L1, L, and «, such that to(r, &, L1) > t9(r, o, Lo) for
r € (0,r].

Therefore, Hopf bifurcation is more likely to occur when spatial scale L increases (respec-
tively, decreases) for m(x) = x (respectively, m(x) = mgo — x, where mo > L).

Example 4.3 Choose
mm:g#%. 4.4)

In this case,

mal (et +1) 2
h(a, L) = , ho(0,L) = —.
@b =t rery e -y "OP=;
Therefore, if L > m, then
oho(a, L dho(a, L
ohol, L)y 4 S0l L)
da oL

Consequently, we have the following two statements on the effects of advection « and spatial
scale L.

1. Assume that «; > ap > 7/L. Then there exists 7 > 0, depending on «, oy and L, such
that to(r, a1, L) > t9(r, aa, L) forr € (0, 7].

2. Assumethat L1 > Ly > m/a. Then there exists 7 > 0, depending on L1, L and «, such
that 7o(r, @1, L1) > 19(r, a2, Ly) for r € (0, F].

Therefore, Hopf bifurcation is more likely to occur when advection rate « > /L decreases
or spatial scale L > m/a decreases.

5 Numerical Simulations

Finally, some numerical simulations are given to support our obtained theoretical results in
Sects. 2 and 3. For simplicity, we only give the numerical results when m(x) is spatially
homogeneous. Firstly, we assume that kernel K (x, y) satisfies Eq. (1.6), and model (1.5)
with this kernel takes the following form:

d x
a—lzzduxx—aux—i—ru(l—/ u(y,t—t)dy), O<x<L,t>0,

0
du,(0,1) —au(0,1) =0, t>0, (5.1)
duy(L,t) —au(L,t) =0, (>0
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We see that when t is small, the solution converges to a positive steady state, and when 7 is
large, Hopf bifurcation can occur and the solution converges to a positive periodic solution,
see Fig. 1 for « = 0 and Fig. 2 for « = 0.45. In some sense, Eq. (5.1) can also model
the population dynamics for a river species in a water column, where x = 0 and x = L
represent the top and the bottom of the water column respectively, and the individuals at
location x only compete with the ones in [0, x]. There are some examples of this type of
nonlocal competition, such as the competition for the oxygen or the light [29]. Numerically,
we find that when advection rate @ = 0, the density of the species concentrates on the top
of the water column, see Fig. 1. However, when o becomes large, the density of the species
concentrates from the top to the bottom of the water column, see Figs. 1 and 2.

Then we consider the case that K(x, y) = §(x — y), and model (1.5) with this kernel
takes the following form:

d

ETL;=d“xx—Oéblx-i-rlxt(l—u()c,t—vc)), O<x<L,t>0,

duy(0,1) —au(0,1) =0, t>0, (5.2)
duy(L,t) —oau(L,t) =0, t > 0.

Similarly, we see that when 7 is small, the solution converges to a positive steady state, and
when 7 is large, Hopf bifurcation can occur and the solution converges to a positive periodic

0

2

—
4 0.5
0.4
0.3
0.2
0.1

0 20 40 60 80 100 120

t

Fig. 1 Equation (5.1) occurs Hopf bifurcation with advection « = 0. Here d = 1, L = 47 and r = 0.5.
(Left): T = 1; (Right): T = 4

t t

Fig. 2 Equation (5.1) occurs Hopf bifurcation with advection « = 0.45. Hered = 1, L = 47 and r = 0.5.
(Left): T = 1; (Right): T =4
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Fig. 3 Equation (5.2) occurs Hopf bifurcation with advection « = 0. Here d = 1, L = 47 and r = 0.5.

(L

eft): T = 1; (Right): t = 4

Fig. 4 Equation (5.2) occurs Hopf bifurcation with advection « = 0.2. Here d = 1, L = 4 and r = 0.5.

(L

eft): T = 1; (Right): t =4

solution, see Fig. 3 for « = 0 and Fig. 4 for @ = 0.2. Moreover, the steady state and periodic
solution are spatially homogeneous for @ = 0 and spatially nonhomogeneous for « = 0.2.

Ac

knowledgements The authors are grateful to the anonymous referees for their helpful comments and

valuable suggestions which have improved the presentation of the paper.

References

Belgacem, F., Cosner, C.: The effects of dispersal along environmental gradients on the dynamics of
populations in heterogeneous environment. Can. Appl. Math. Q. 3(4), 379-397 (1995)

Britton, N.F.: Spatial structures and periodic travelling waves in an integro-differential reaction—diffusion
population model. SIAM J. Appl. Math. 50(6), 1663-1688 (1990)

Busenberg, S., Huang, W.: Stability and Hopf bifurcation for a population delay model with diffusion
effects. J. Differ. Equ. 124(1), 80-107 (1996)

Cantrell, R.S., Cosner, C.: Spatial Ecology via Reaction—-Diffusion Equations. Wiley, Chichester (2003)
Cantrell, R.S., Cosner, C., Hutson, V.: Ecological models, permanence, and spatial heterogeneity. Rocky
Mt. J. Math. 26(1), 1-35 (1996)

Cantrell, R.S., Cosner, C., Lou, Y.: Movement towards better environments and the evolution of rapid
diffusion. Math. Biosci. 204, 199-214 (2006)

Chen, S., Lou, Y., Wei, J.: Hopf bifurcation in a delayed reaction—diffusion—advection population model.
J. Differ. Equ. 264(8), 5333-5359 (2018)

@ Springer



846 Journal of Dynamics and Differential Equations (2020) 32:823-847

8. Chen, S., Shi, J.: Stability and Hopf bifurcation in a diffusive logistic population model with nonlocal
delay effect. J. Differ. Equ. 253(12), 3440-3470 (2012)
9. Chen, S., Yu, J.: Stability and bifurcations in a nonlocal delayed reaction—diffusion population model. J.

Differ. Equ. 260, 218-240 (2016)

10. Chen, X., Hambrock, R., Lou, Y.: Evolution of conditional dispersal: a reaction—diffusion—advection
model. J. Math. Biol. 57, 361-386 (2008)

11. Cosner, C., Lou, Y.: Does movement toward better environments always benefit a population? J. Math.
Appl. Anal. 277, 489-503 (2003)

12. Crandall, M.G., Rabinowitz, P.H.: Bifurcation from simple eigenvalues. J. Funct. Anal. 8,321-340 (1971)

13. Du, Y., Hsu, S.-B.: On a nonlocal reaction-diffusion problem arising from the modeling of phytoplankton
growth. SIAM J. Math. Anal. 42(3), 1305-1333 (2010)

14. Faria, T.: Normal forms and Hopf bifurcation for partial differential equations with delays. Trans. Am.
Math. Soc. 352(5), 2217-2238 (2000)

15. Faria, T.: Normal forms for semilinear functional differential equations in Banach spaces and applications.
II. Discrete Contin. Dyn. Syst. 7(1), 155-176 (2001)

16. Faria, T.: Stability and bifurcation for a delayed predator-prey model and the effect of diffusion. J. Math.
Anal. Appl. 254(2), 433-463 (2001)

17. Faria, T., Huang, W.: Stability of periodic solutions arising from Hopf bifurcation for a reaction—diffusion
equation with time delay. In: Differential Equations and Dynamical Systems (Lisbon, 2000), volume 31
of Fields Inst. Commun., pp. 125-141. Amer. Math. Soc. (2002)

18. Faria, T., Huang, W., Wu, J.: Smoothness of center manifolds for maps and formal adjoints for semilinear
FDEs in general Banach spaces. SIAM J. Math. Anal. 34(1), 173-203 (2002)

19. Furter, J., Grinfeld, M.: Local vs. non-local interactions in population dynamics. J. Math. Biol. 27(1),
65-80 (1989)

20. Gourley, S.A., So, J.W.-H., Wu, J.: Nonlocality of reaction—diffusion equations induced by delay: bio-
logical modeling and nonlinear dynamics. J. Math. Sci. 124(4), 5119-5153 (2004)

21. Guo, S.: Stability and bifurcation in a reaction—diffusion model with nonlocal delay effect. J. Differ. Equ.
259(4), 1409-1448 (2015)

22. Guo, S.: Spatio-temporal patterns in a diffusive model with non-local delay effect. IMA J. Appl. Math.
82(4), 864-908 (2017)

23. Guo, S., Yan, S.: Hopf bifurcation in a diffusive Lotka—Volterra type system with nonlocal delay effect.
J. Differ. Equ. 260(1), 781-817 (2016)

24. Hadeler, K.P., Ruan, S.: Interaction of diffusion and delay. Discrete Contin. Dyn. Syst. Ser. B 8(1), 95-105
(2007)

25. Hale, J.: Theory of Functional Differential Equations, 2nd edn. Springer-Verlag, New York (1977)

26. Hassard, B.D., Kazarinoff, N.D., Wan, Y.: Theory and Applications of Hopf Bifurcation. Cambridge
University Press, Cambridge (1981)

27. Hu, G.-P, Li, W.-T.: Hopf bifurcation analysis for a delayed predator—prey system with diffusion effects.
Nonlinear Anal. Real World Appl. 11(2), 819-826 (2010)

28. Hu, R., Yuan, Y.: Spatially nonhomogeneous equilibrium in a reaction—diffusion system with distributed
delay. J. Differ. Equ. 250(6), 2779-2806 (2011)

29. Huisman, J., van Oostveen, P., Weissing, F.J.: Species dynamics in phytoplankton blooms: incomplete
mixing and competition for light. Am. Nat. 154, 46-67 (1999)

30. Jin, Y., Hilker, EM., Steffler, PM., Lewis, M.A.: Seasonal invasion dynamics in a spatially heterogeneous
river with fluctuating flows. Bull. Math. Biol. 76(7), 1522—1565 (2014)

31. Lam, K.-Y.: Concentration phenomena of a semilinear elliptic equation with large advection in an eco-
logical model. J. Differ. Equ. 250, 161-181 (2011)

32. Lee, S.S., Gaffney, E.A., Monk, N.A.M.: The influence of gene expression time delays on Gierer—
Meinhardt pattern formation systems. Bull. Math. Biol. 72(8), 2139-2160 (2010)

33. Lou, Y., Lutscher, F.: Evolution of dispersal in open advective environments. J. Math. Biol. 69, 1319-1342
(2014)

34. Lou, Y., Xiao, D., Zhou, P.: Qualitative analysis for a Lotka—Volterra competition system in advective
homogeneous environment. Discrete Contin. Dyn. Syst. A 36, 953-969 (2016)

35. Lou, Y., Zhao, X.-Q., Zhou, P.: Global dynamics of a Lotka—Volterra competition—diffusion—advection
system in heterogeneous environments. J. Math. Pures Appl. 121, 47-82 (2019)

36. Lou, Y., Zhou, P.: Evolution of dispersal in advective homogeneous environment: the effect of boundary
conditions. J. Differ. Equ. 259, 141-171 (2015)

37. Lutscher, F., Lewis, M.A., McCauley, E.: Effects of heterogeneity on spread and persistence in rivers.
Bull. Math. Biol. 68, 2129-2160 (2006)

@ Springer



Journal of Dynamics and Differential Equations (2020) 32:823-847 847

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

49.

50.
SI.

52.

Lutscher, F., McCauley, E., Lewis, M.A.: Spatial patterns and coexistence mechanisms in systems with
unidirectional flow. Theor. Popul. Biol. 71, 267-277 (2007)

Mckenzie, HW., Jin, Y., Jacobsen, J., Lewis, M.A.: R analysis of a spatiotemporal model for a stream
population. SIAM J. Appl. Dyn. Syst. 11(2), 567-596 (2012)

Sen, S., Ghosh, P,, Riaz, S.S., Ray, D.S.: Time-delay-induced instabilities in reaction—diffusion systems.
Phys. Rev. E 80(4), 046212 (2008)

Shi, Q., Shi, J., Song, Y.: Hopf bifurcation and pattern formation in a diffusive delayed logistic model
with spatial heterogeneity. To appear in Discrete Contin. Dyn. Syst. B. (2018)

Speirs, D.C., Gurney, W.S.C.: Population persistence in rivers and estuaries. Ecology 82(5), 1219-1237
(2001)

Su, Y., Wei, J., Shi, J.: Hopf bifurcations in a reaction—diffusion population model with delay effect. J.
Differ. Equ. 247(4), 1156-1184 (2009)

Su, Y., Wei, J., Shi, J.: Hopf bifurcation in a diffusive logistic equation with mixed delayed and instanta-
neous density dependence. J. Dyn. Differ. Equ. 24(4), 897-925 (2012)

Vasilyeva, O., Lutscher, F.: Population dynamics in rivers: analysis of steady states. Can. Appl. Math. Q.
18, 439-469 (2011)

Wau, J.: Theory and Applications of Partial Functional Differential Equations. Springer-Verlag, New York
(1996)

Yan, X.-P., Li, W.-T.: Stability of bifurcating periodic solutions in a delayed reaction—diffusion population
model. Nonlinearity 23(6), 1413-1431 (2010)

Yan, X.-P., Li, W.-T.: Stability and Hopf bifurcations for a delayed diffusion system in population dynam-
ics. Discrete Contin. Dyn. Syst. Ser. B 17(1), 367-399 (2012)

Zhao, X.-Q., Zhou, P.: On a Lotka—Volterra competition model: the effects of advection and spatial
variation. Calc. Var. 55, 73 (2016)

Zhou, P.: On a Lotka—Volterra competition system: diffusion vs. advection. Calc. Var. 55, 137 (2016)
Zhou, P., Xiao, D.: Global dynamics of a classical Lotka—Volterra competition—diffusion—advection sys-
tem. J. Funct. Anal. 275(2), 356-380 (2018)

Zhou, P., Zhao, X.-Q.: Evolution of passive movement in advective environments: general boundary
condition. J. Differ. Equ. 264(6), 41764198 (2018)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and
institutional affiliations.

@ Springer



	Bifurcation Analysis for a Delayed Diffusive Logistic Population Model in the Advective Heterogeneous Environment
	Abstract
	1 Introduction
	2 Stability and Hopf Bifurcation
	2.1 Positive Steady States and Eigenvalue Problem
	2.2 Distribution of the Eigenvalues and Hopf Bifurcation

	3 The Properties of the Hopf Bifurcation
	4 The Effect of Spatial Heterogeneity
	5 Numerical Simulations
	Acknowledgements
	References




