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Abstract

In this paper, we study the delayed reaction—diffusion Schnakenberg systems with Neumann
boundary conditions. Sufficient and necessary conditions for the occurrence of Turing insta-
bility are obtained, and the existence of Turing, Hopf and Turing—Hopf bifurcation for the
model are also established. Furthermore, for Turing—Hopf bifurcation, the explicit formula
of the truncated normal form up to third order is derived. With the aid of these formulas, we
determine the regions on two parameters plane, on which a pair of stable spatially inhomo-
geneous steady states and a pair of stable spatially inhomogeneous periodic solutions exist,
respectively. The theoretical results not only reveals the joint effect of diffusion and delay
on the patterns that the model can exhibit, but also explain the phenomenon that time delay
may induce a failure of Turing instability, found by Gaffney and Monk (Bull Math Biol
68(1):99-130, 2006).

Keywords Diffusive Schnakenberg model with delay - Turing instability - Turing—Hopf
bifurcation - Normal form - Spatiotemporal patterns

1 Introduction

The morphogen is an important concept in developmental biology, because it describes a
mechanism by which the emission of a signal from one part of an embryo can determine
location, differentiation and fate of many surrounding cells [10]. A reaction diffusion model
with Schnakenberg kenetics [26], has been widely used to describe spatial distribution of
morphogen, and to understand how various morphogens interact with cells and patterns. The
Schnakenberg system is chosen as a simple exemplar, given it is representative of the behavior
of many, though certainly not all, two species reaction diffusion systems [22]. Recently, it is
argued in [6] that there is an evidence that time delay in gene expression due to transcription
and translation plays an import role in dynamics of cellular systems. Therefore, a diffusive
Schnakenberg system with time delay is proposed in [17], as follows:
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ui(x, 1) = educe(x, 1) +a —ulx, 1) +u(x,t —vx,r —1), x € (0, 1), 7 > 0,

VX, 1) = dvge (X, 1) + b —u?(x, t — Dv(x, t — 1), xe€0,1),r>0,
ux(0,1) = uy(1,1) = v, (0, 1) = v, (1,1) =0, t >0,
u(x,t) =¢x,t) >0,v(x,t) = ¢, t) >0, (x,1) €0, 1] x[—1, 0],

(1.1)

where u(x, t) and v(x, t) are concentrations of activator and inhibitor at (x, #) respectively,
and a, b, d, € are all positive constants.

For (1.1) with = 0, numerous studies have been done. As known to all, Turing’s theory
shows that the diffusion could destabilize a stable steady state of reaction diffusion equation,
and lead to nonuniform spatial patterns [12,20,23,30]. Based on Turing bifurcation analysis,
sufficient conditions for the occurrence of Turing instability of (1.1) is provided in [22,36].
Hopf bifurcation problem of (1.1) with = 0 is also investigated in [19,25,34], by using an
intermediate parameter depending on a and b. In addition, Turing—Hopf bifurcation is studied
in [25], where the main idea is to show the existence of time-periodic solutions through Hopf
bifurcation in the first place, and then to prove the Turing instability of the bifurcated periodic
solution, showing the existence of spatially inhomogeneous time-periodic patterns. For more
information on Turing—Hopf bifurcation for other specific models, we refer the readers to
[2,14,18,21,28]. In [32], asymmetric spike patterns for (1.1) are constructed, and explicit
conditions for the existence and stability of these asymmetric patterns are determined.

Due to the factor of time delay, Hopf bifurcation occurs frequently as delay may destabilize
the steady state and induce a temporally periodic solution, see [3,8,9,24,29,31,35,37]. When
T # 0, the detailed stability and Hopf bifurcation analysis is performed for (1.1) in [36],
showing the existence of spatially homogeneous periodic solutions. Aside from this, the
authors also show in [36] that time delay could induce a failure of Turing instability, due
to the Hopf bifurcation at the spatially inhomogeneous steady state (bifurcated from the
constant steady states through Turing bifurcation).

In the present paper, we first carry out detailed analysis on Turing, Hopf and Turing—
Hopf bifurcation for (1.1). Firstly, we obtain an critical curve in (¢, d)-plane that separates
Turing stable and instable regions. The curve is continuous and piecewise smooth, and the
nonsmooth points corresponds to the critical values for Turing-Turing bifurcation. The results
will provide the sufficient and necessary condition for the occurrence of Turing instability,
extending most of the results in the literature [22] as the conditions established there are only
necessary. Other than this, from the explicit expression of this curve, one can easily find the
spatial inhomogeneous steady state in various profiles, depending on the wave number. This
theoretically explains why the spatially inhomogeneous steady-states with high frequency in
space are prone to coexist, when the diffusion rate is small and the size of spatial domain is
fixed. Secondly, we prove that (1.1) will undergoes Hopf bifurcations as time delay t passes
through a sequence of critical values. Finally, much attention is paid on the interaction of
diffusion rate and time delay. The techniques we used here is combining the center manifold
theorem and normal form theory to study this codimension-two bifurcation directly, which is
distinguished from the two methods that have been extensively used in the existing literature
(the first method is to study the Hopf bifurcation at the spatially inhomogeneous steady
state generated through Turing bifurcation, the other one is to examine the Turing instability
of periodic solution arising from Hopf bifurcation). In [13], within the framework of [4,
5], we already derived a set of explicit formulas for calculating normal forms (up to third
order) of Hopf-steady state bifurcation (including Turing—Hopf bifurcation) for a general
delayed reaction diffusion equation with Neumann boundary condition. By employing these
formulas, we obtain the normal forms of (1.1) when Turing—Hopf bifurcation occurs, where
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the coefficients in the normal form explicitly depend on the original parameter in the system.
From the dynamics of unfolding of the normal form, we theoretically prove the existence
of various spatiotemporal patterns for different parameter values, such as, a pair of spatially
inhomogeneous steady state, a stable spatially homogeneous periodic orbit and two spatially
inhomogeneous periodic orbits.

Turing—Hopf bifurcation for delayed reaction diffusion equation has been covered in
[11,15,27,33] and reference therein. The method employed here is different from the ones
in the literature. It requires a great deal of symbolic manipulation, whereas, its advantages
are also threefold: (1) From the bifurcation set for the unfolding of the normal form, one
can specify what kind of spatiotemporal pattern the model can exhibit for any parameters
near the critical bifurcation values; (2) One can also easily find the curves where periodic
solution undergoes Turing bifurcation or spatially inhomogeneous steady state undergoes
Hopf bifurcation. From this point of view, our approach can be regarded as an integration of
the two methods mentioned above; (3) Through this codimension two bifurcation analysis,
other complex patterns could be theoretically shown, such as spatially inhomogeneous quasi-
periodic solutions (see the cases of V/a and VIIa in [7] or [16]), relying on the signs of the
coefficients in the normal form.

The paper is organized as follows. In Sect. 2, by analyzing characteristic equations at the
positive constant steady state, conditions for Turing instability, as well as Hopf bifurcation
and Turing—Hopf bifurcation are established. In Sect. 3, applying the general formula of
normal form for Hopf-steady state bifurcation in [13], explicit formulas for quadratic and
cubic coefficients of normal forms at Turing—Hopf singularity are derived. In Sect. 4, for a
certain set of parameter values, we use the unfolding of normal form to prove the existence of
various spatiotemporal pattern, caused by Turing—Hopf bifurcation. Numerical simulations
are also carried out to support the theoretical findings. We finish our study with conclusions
in Sect. 5. Throughout the paper, N is the set of all positive integers, and Ng = N U {0}
represents the set of all non-negative integers.

2 Turing and Hopf Bifurcation

In this section, Turing instability, Turing bifurcation and Hopf bifurcation for system (1.1)
are investigated.
It is straightforward that the system (1.1) admits a unique positive constant steady state
Ey = (uy, vy), with
b

u*:a-l—b, U*:m.

The linearized equation of system (1.1) at E, is given by

ur(x,t) = eduy,(x,t) —u(x, t)+2uveu(x, t — r)—l—uiv(x, t—1), x€(0,1),1t>0,

vi(x,t) = dvgy(x, 1) — 2uvau(x,t — 1) — uiv(x, t—1), xe€(0,1),r>0,
ux(0,1) = uy(1,1) = vx(0,1) = vy (1,7) =0, t>0.
2.1

Let ur, k € Ng be the eigenvalues of —A with Neumann boundary condition in one dimen-
sional spatial domain (0, 1). Then, p; = k%72, and the characteristic equation of (2.1)
is
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Di(h, T, 8) := 2>+ prh+ i+ (skh + gr)e T =0, k € No, (2.2)

where

[>

ed*k*n* + di*n?,

(gui — 2uyvy)dk*m? + u?k

Pk 2 (e + DAk a> +1,  ry
. (2.3)
Sk = Uy — 2Us Vs, qr

[I>

In particular, for t = 0, (2.2) turns into
Dy(x,0,8) = A% + (px +s0Ar + (e +qx) = 0, k € No. 2.4
Denote DETy := ry + qx and T Ry := —(py + sx) for k € Np. Then

DET, = ed®k*n* + (su2 — 2u,vy + Ddk>n? + u2,
TRy = —(e + Ddk’m? — 1 — u2 4 2u, vy,

Throughout this paper, we assume
(No) ui > 2uyv — 1 > 0;

By (Np), we know that all eigenvalues of (2.4) with £k = 0 have negative real parts. In
the remaining parts, k-mode Turing (Hopf) bifurcation is referred to the corresponding k-th
characteristic equation having a zero root (a pair of purely imaginary roots), and (1, n)-mode
Turing—Hopf bifurcation is related to the fact that (2.2) with m and n have a zero root and a
pair of purely imaginary roots, respectively.

2.1 Turing Bifurcation and Turing Instability

We first determine the feasible region on (g, d)-plane, on which Turing bifurcation curve
may exist.

Lemma 2.1 For (1.1), the Turing bifurcation point (g, d) always exist, and (¢, d) € {(e,d) €
R;,d > 0,0 <e <ep(d)} =S, where

gléui%(\/m_nz,if0<d§do,

es(d) = ) , 2.5)
e2(d) & i"z*fiuzl’ if d> dp.
eu2—
Proof For k € RT, DET; attains its minimum at krzm.n £ %. It then can be verified
2 2
that min DET; = u?k — W > 0 if and only if ¢ > &1. From (Np), we have

keR+
T Rx < 0 for any k € Ny. Therefore, 0 can not be a zero of (2.4) for any k € Ny as long as

e > €.
When ¢ < &3(d), we have ki, > \iﬁ Consequently, there exists (g, d), such that
& < &2(d) and O is aroot of (2.4) with such (¢, d) for some k € N. By ~/2u*v* > 1, we know
. . . . . . . _ N 2u§
£2(0) > €. Since &7(d) is strictly decreasing in d. there is a unique d = dp = NG TRTT)
such that &> (dy) = €1, &2(d) > &1 ford € (0, dp) and &,(d) < €1 ford € (dy, +00). From
the above discussion, we can conclude that the Turing bifurcation point (g, d) € S. O

For any k € N, define

Quyvy — 1)dk?>n? — u? 2.6)
dk2m2(dk2m? +u?) '

8*(ka d) =
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&4 (dy(2.e,) (dy(1)-e,) L ie=e, (dye,)
T,:e=e.(1,d)

T2:£=£.(21d)

d3d2 d2v3 o d1 d11202 03 aa 05 05 o7 08

Fig.1 The graph of functions ¢ = €1, ¢ = e2(d) and ¢ = &4 (k, d) for different k in (d, ) plane

2
ford > dy & "7*1) Obviously, DET; = 0 whenever ¢ = &,(k,d). Using a

k272 Quy vy —
geometric argument, we have the following properties for €. (k, d).

Lemma 2.2 Suppose that (Ng) holds. Then, we have

(a) For any fixed k € N, ¢ = e,(k,d) reaches its maximum ¢ at d = dy(k) 2
2

m > dy, and €. (k, d) is monotonically decreasing (increasing) in d, for
d > dyk) (dy <d < dyk)).
(b) Forany k € N, the equation

ex(k,d) = ex(k+1,d),d >0,

has a unique positive root dy k+1 € (dy(k + 1), dy (k) for d, which is given by

2 2
u 1 1 1 1 4Quyvy — 1
dijr1==——"—— ++\/<+ ) + (2150, )

2m2Qusvs — 1) | K2 (k + 1)? k2" (k+1)2 k2 (k+1)2
2.7
Moreover,
ex(k,d) > ek +1,d) > ex(k+2,d)>---, ford > di +1. (2.8)
(c) Let
ex(d) == ex(k,d), ford € [dik+1,dk—1k), k € N. 2.9)

where dy,1 := +00. Then, ¢,.(d) < ep(d) for 0 < d < +00, and ¢,(d) = ep(d) if and
only if d = dp(k), k € N.

In Fig. 1, we plot the curves of e.(k, d) for different k to illustrate the properties as

presented in Lemma 2.2. We will show that the graph of €,(d) is actually the critical curve
of Turing instability.

@ Springer



2228 Journal of Dynamics and Differential Equations (2019) 31:2223-2247

Lemma 2.3 Assume that (Ng) holds. Then,

(1) Ifd € (di; .ky+1, Ak, —1.k,) for some k; € N and ¢ = ,(d), then 0 is a simple root of
(2.2) with k = ki, and all the other roots of (2.2) have strictly negative real parts for
t = 0. Furthermore, let . = A(ky, T, €) be the root of (2.2) with k = ki such that
Mk, T,64(d)) = 0, where (7, €) € [0, +00) X (e4(d) — 6, e,(d) + ) for sufficiently
small § > 0. Then,
dDg, (A, T, ¢8)
de

(2) Ifd = di k+1 and € = €, (dy k+1), then 0 is a simple root of (2.2) for both k and k + 1,
kel

|A=0,s=s*(d) < 0. (2.10)

Proof (1) Recall that DET, = 0 if and only if ¢ = e, (k, d) for k € N. Then, for any k € N,
A = 0 1is always a root of (2.2) with such k when ¢ = e,(k, d). By the definition of ¢, (d) and
ex(k, d), we know that if d € (dk, k,+1, dk,—1,k,) for some ki and ¢ = &.(d), then L = 0 s
aroot of (2.2) with k = kj. Furthermore, A = 0 is simple, since

dDg, (A, T, ¢8)
dA
Note that the assumption (Ng) ensures TR, < 0, for all k € Ng, and DET; > 0 for
k € N, k # k;. Therefore, all the other roots of (2.2) for = 0 has strictly negative real parts
when ¢ = g,(d).
It remains to verify the (2.10). Differentiating (2.2) with respect to €, we obtain

dDy, (A, 7,8) dA(ky, T, ex(d))
Tl):ﬂ,s:s*(d) = (pr, + Sk, — kal)T

Using (No) and DET}, = 0 again, we have

|}\=O = pkl +Skl — ‘L'qk] = _TRkI —+ 'L'rk] > 0.

+ d*ktnt fdid?u? = 0.

Dy + Sk, — Tqk, = ui —2uy vy + 1 4+ (ex(d) + 1)dk%n2 +1rg, > 0.
Thus,

dr(k d’kin® + dkimu;
ko) | dkm” Hdbmiu o e

de Pk + Sky — T4k
This proves the first statement.
(2) By a similar argument as above, one can show the second assertion. O

As adirect consequence of Lemma 2.3, we arrive at the following conclusion on the Turing
bifurcation of (1.1).

Theorem 2.4 Assume that (Ng) holds. Then,

(1) Ford > 0, if ¢ > ¢e4(d), then the constant steady state (u, vy) of system (1.1) is
asymptotically stable for t = 0, and if 0 < € < €,(d), then (uy, vy) is unstable.

(2) Ford € (di k+1, dk—1.k), the system (1.1) will undergoes k-mode Turing bifurcation at
& = €4(d), and the bifurcated inhomogeneous steady state near (&4(d), ux, vy) can be
parameterized as (e(s), u(s), v(s)) for s € (=6, &) with sufficiently small 5, where

e(s) = e4(d) +5, (u(s), v(s)) = (Ux, v4) +r(s)cos(kimx)(1, pr,)-

and py, = uiz(l — 2Uy Vs — dEg i), 7(s) 7# O.
(3) Whend = dy k+1, (k, k + 1)-mode Turing-Turing bifurcation occurs at & = &4 (dy k+1)-
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Stable Region for (u,,v,)

Turing Unstable Region

Fig. 2 The first Turing bifurcation line 7 : & = &4(d), d > 0, and Turing-Turing bifurcation point
Tk,k+1sk =1,2,3,...

Remark 2.5 The graph of ¢ = ¢,(d), d > 0is called the first Turing bifurcation curve in this
context. From Lemma 2.2, we know it is continuous and piecewise smooth on (0, +00), and
the nonsmooth points of ¢, (d) are exactly the Turing—Turinig bifurcation points Tj k1, k €
N, see Fig. 2. Since the expression of &,(d) explicitly depends on wave number k and
diffusion rate d as in (2.9), we can easily find stable spatial inhomogeneous patterns of (1.1)
with arbitrary wave number, see the numerical simulations in Sect. 4. In addition, if ¢ is fixed,
then the diffusion coefficient d also has great impact on wave number &, and hence on the
spatial patterns of (1.1)

Remark 2.6 1t is also remarked that ¢ < &,(d) is the sharp condition for the occurrence
of Turing instability for (1.1), i.e., (i, v4) is stable for ¢ > &,(d), and will be destabilized
through Turing bifurcation, as € decreasingly crosses € (d). This extends most of the existing
results in the literature. For instance, it has been shown in [11] that Turing instability will
not happen for ¢ > ¢, where ¢1, defined in (2.5), is independent of d. In Theorem 2.4, we
prove that the steady state (u., v4) is always stable for ¢ > ¢.(d), which can be viewed an
extension of the results in [11], since €4(d) < ep(d) < ¢;.

Remark2.7 If ¢ € (e, (dg l€+l)’ Ex (a’,;+1 ,;ﬂ)) is fixed, for some k € N, from the graph

of 8* (d), there exists~a sequence of d;, sgch that 0 is a root of (2.4) whend = d;, i =
..2k+1,andd; > d;if j > i.Let A(ky, T, d) be the root of (2.4) with some k = ki

such that (ks 7, d;) = 0. Then, it can be verified that M| _j > Oand k, = 51
(M|d ~l_<0andk_2>forl_135 2k +1G =2,4,6,...,2%). This

will implies the stability of (i, vs) interchanges repeatedly as d passes through d;,and (1.1)
has a spatially inhomogeneous steady state with wave number "H ford € (dj11,d;) and

i=1,3,5...,2k+1.
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2.2 Hopf Bifurcation
Now, we will study the Hopf bifurcation of (1.1) in the case of ¢ > ¢,(d), d > 0. Suppose
that A = =iwy with @i > 0 are a pair of purely imaginary roots of (2.2). Then,
Dy (wg, T,€) = ry — a),% ~+ gk cos(wiT) + Srwi sin(wg T)
+Hil prox + skwi cos(wrT) — gx sin(wet)] = 0,
for k € Np. Separating the real and imaginary parts, we have

ik (WF —r%)— PrSk W}

sin(wyt) = W
which yields
o+ (PL = 8¢ = 20w + 1 — g = 0. (2.12)
Define
wp = ? <S£ —pi+2nx \/(slg — P24 2m)? — 402 — q,?))l/z. o1

Theorem 2.8 Assume that (Ng) holds and 2”*:7;'"1 > & > &,(d) for any d > 0. For (2.12)
with k € Ny, the following statements are valid.
(1) When0 <k < K9, “)1:— is the unique positive root to (2.12), where

1

0._ 1 2 _ _ 2 _ 12 2 ?
K" = 52 (euy — 2us vy — 1) + 4/ (euz — 2uve — )= +4euz | . (2.14)
edm

(2) Fork > KO,

(a) lf(ui — 2u, )% (2 + 1) < 1, then (2.12) has no positive root;
(b) if W2 — 2usv,)?(e* + 1) = 1and K° > K+, where

1 12
Kt = ———— (—e + \/(ug — 2u,v)2 (2 + 1) — 1) . (@l15)

2/ + Dd

then (2.12) also has no positive root for k > K°;
(©) if (U2 —2uv)*(e2 +1) > land K° < K¥, thereis a K, € (K°, K1), such that

(2.12) has two positive roots a)kjE fork € (K°, K.), a positive root w,:r fork = K°

or K, and and has no positive root for k > K.
Proof (1) Obviously,ry+qgr = DET; > 0.Frome < %ﬁ,weknowsui—h*v*—l <0.
Hence,

e — qr = e(dk*7?)? — (eu? — 2uv, — 1) (dk*7?) — u?

is strictly increasing ink € R and ry — g > ro — qo = —ui. For K° defined in (2.14), we

have rlz(0 — qIZ{O = 0. This implies

r,g—q,§<0, for 0 <k < KO,
ri —qi >0, for k > K9,
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and therefore, wk is the unique positive root to equation (2.12) for 0 < k < KO,
) It (u — 2uv:)2(e2 4+ 1) < 1, then pO _S() 2rg = —(u — 2u,v:)% + 1 > 0. Note
that

PP — st —2r = (2 + D)d?k*n* + 28dk*n? — (U2 — 2uyv,)? + 1.

By the monotonicity of p,% — s,f — 2ry with respect to k, it concludes that p,% — s,f —2ry >0
for all k € R, If (u2 2u*v*)2(8 +1) > 1, then K+ in (2.15) is well- deﬁned and is the
unique nonnegative root of pk — sk 2r, = 0 with respect to k. Therefore pk — sk —2ry >0
for k > K in this case. On the other hand, it follows form (1) that rk qk > Ofork > K.
Therefore, both a),j and w, can not be positive under the assumptions of (a) or (b) in (2),
which proves the first and second assertion.

For the case of KO < K, let

A(k) = (52 — p2 +2r)2 — 402 — qP).

Then, A(K®) = (s2, — p%o + 2rgo)* > 0 and A(KT) = —4(r2 —q%;) < 0. So there
exist K, € (K°, K1) such that A(K,) = 0, and A (k) > 0, rk — qk > 0fork € (K K.).
Accordmgly, equation (2. 12) has two positive roots a)k fork e (K 0 K,). When k = K©,
(sk - pk +2r)? > 0 and rk - qk = 0. Therefore, wo =0and w o 18 the unique positive

root of (2.12). For k = K, from A(K,) = 0 and (s%(* - p%{* —|— 2r1<%)2 > 0, we have

wz* =wg > 0. This proves the third statement in (2). O

Corollary 2.9 Suppose that (Ny) holds, and 2”*:72”1 > ¢ > e4(d), ford > 0. Let

KO, for (u? — 2u,v,)? (e +1) < 1
K*:= 1 K9 for (u2 — 2u,v.)*(e? +1) > land K* > K+, (2.16)
K., for (2 — 2u,v,)?(e?2+1) > land K < KT,

Then, equation (2.12) has at least a positive root w,‘: for0 <k < K* and k € Ny.

Suppose that a),:r is a positive root of (2.12). Let t; be the root of (2.11) with wy = a);r in
(0, 2r]. Then, we can define the critical values for T by

Dt Z k012 0<k < K*
D =g +,J - <k < K*. 2.17)
k

at which :i:iwk are pure imaginary roots of (2.2). Denote by A(t) = «(7) +iw(7) the root of
(2.2) near T = rk(’) satisfying oz(r,f’)) =0, w(tk(”) = o), fork € Ng, 0 < k < K*. Then,

Theorem 2.10 Suppose that (Ngy) holds, 2“*;75""1 >e>e4(d), d >0and0 < k < K*.
Then, :

da(t)
T' o > 0.

Proof The proof is similar to the proof of Theorem 2.2 in [36], and hence omitted here. O

Let kp € [0, K*) be an integer such that

Tk, = min Tr. (2.18)
keNg,ke[0,K*)

@ Springer



2232 Journal of Dynamics and Differential Equations (2019) 31:2223-2247

Theorem 2.11 Suppose that (Ny) holds, and % > g > g4(d), d > 0. Then

(1) The steady states (uy, vy) of (1.1)is locally asymptotically stable for T € [0, ti,). When
T = Tk, D, (A, T, €) = 0 has a pair of pure imaginary roots for A, with all other roots
of (2.2) hqving strictly negative real parts for any k € N.

2) Att = ‘c,ij) with0 < k < K*and j, k € Ny, (1.1) undergoes k-mode Hopf bifurcation

near (U, vy), and the bifurcating periodic solutions near (rk(j), Uy, Vy) can be parame-
terized as (t(s), u(s), v(s)), fors € (=6,0) (ors € (0, 8)), where § > 0 is sufficiently
small,
)] _ 0y itz 6
T(s) =17+, (u(s), v(s)) = (Ux, v4) + [r1(s)(1, pye ™%k
+ra(s)(1, pig)e_i’kwlje] cos(kmx)

for =1 < 6 < 0, and p) = L(1 = 2upve ™K — depu + i) HA, ri(s)
or r(s) # 0.

Remark 2.12 1If w, " is also a positive root of (2.12), one can compute 7, € (0, 27 ] such that
7, isaroot of (2.11) with wy = @, , and define

) =+ 52 jk=0,1,2,.., K <k < K, (2.19)

The tranversality condition is now described as:

dReA(7) | 0
— 1 4o < 0.
ar "
Therefore, 7, < min 7, . This implies 7y, is always the first Hopf bifurcation value

KO0<s<K,,seNy
no matter if w;~ exists or not.

3 Turing-Hopf Bifurcation

In this part, we will study the Turing Hopf bifurcation for (1.1), based on the conclusions of
Turing bifurcation and Hopf bifurcation in previous section. It has been shown in Theorems
2.4 and 2.11 that Hopf-steady state bifurcation of (1.1) will never happen, in either case of
T>0andd =0ort =0andd > 0. Using Theorems 2.4 and 2.11, one can easily prove
the existence of Turing—Hopf bifurcation, induced by the joint effect of diffusion rate d and
delay 7.

Theorem 3.1 Suppose that (Ng) holds. Given k; € N. Then, for d € (di, ky+1, Ak, —1.k;)>
system (1.1) undergoes (k1, ko)-mode Turing—Hopf bifurcation near (uy, vy) at (t,&) =
(Tky» €4(d)) := (Tky, &x), Where ky is determined by (2.18).

For the purpose of determining the spatiotemporal patterns, which can be induced by
Turing Hopf bifurcation, we shall derive the third-order normal forms of system (1.1) for
(k1, k2)-mode Turing—Hopf bifurcation, with (z, &) near the bifurcation point (7x,, £4). In
order to use the formula, derived for the normal form of Hopf-steady state bifurcation in [13],
we normalize the delay 7 in system (1.1) by time-scaling t — /7, and translate (i, vy)
into origin. Then, system (1.1) becomes

?{l’i = t(eduxy +a — ult, x) +uy) + @t — 1, x) + u)? @ — 1,x) +vy)), 3.1
ar

= 1(dvex + b — (u(t — 1, ) + u)?(0(t — 1, x) + v))).
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The corresponding characteristic equations are now given by
A2+ Tpr(e)h + T2ri(e) + (Tsph + T2qr(e))e ™ =0, k € No, (3.2)

Rewrite T = 14, + a1, & = &« + ap, and let U(¢) = (u(t), v(t)) Then, system (3.1) can be
written as

%U(t) = Lo(Uy) + DoAU (1) + %Ll(a)U, + %Dl(oz)AU(t) + %Q(U,, Up)
+ %C(Ut, U U)+ -+, (3.3)
where
Do = d, (""0* (1)) Di() =2d

Lop = 7, [ #" O 20000 (1) ulp® (-1

0¥ =t —QusvapD (1) + u2p@ (1))

—pW(0) + 2us vV (= 1) + u2p® (1)
—QusvipV (= 1)+u*<p<2>( 1)

0@, ¢) = 21,0V (= D[V (= 1) + 2u.p@ (— 1)](

(als* —|—¢x2'rk2

Li(a)p = 2ay (

2 1
C@. 9. 9) =3l (D (1) (_1) :

with ¢ = (o, ¢<2>)T. The phase space of (3.3) is chosen as C = C([—1, 0]; X), with
= {(u.,v) :u,v e WH(Q) : u/(0) = u'(1) = v'(0) = v/(1) = 0 }. Thus, the symmetric
multilinear forms Q and C can be written as
1
Oxy = 2T {vsx1 (= D)y1(=1) + us(x1 (=D y2(=1) + x2(=Dy1(=1))} (_1 ) ,
Cryz = 27, [x1 (=D y1(=Dz2(=1) + x1 (=D y2(=Dz1(=1)

+x(= Dy (= Dzi (1] (_11> ,

(1) = (1).+=(2)
X2 2 22
For o = (o1, @) in a small neighbourhood of (0, 0), it follows from [13] that the normal
forms of (3.3) for 2 = (0, [7) for any [ > 0, up to the third order, are
21 =a(@)z1 +anzt +anzni +anz +anszizi + hoit.,
2y =iwoza + ba(@)z2 + b12z122 + bi12ziza + bnazaZa + heo.t.. 349

7o = —iwoZa + ba(a)za + b12z172 + b112z%22 + bzzzzzZ% +h.ot.,

In order to represent the explicit formula for the coefficients in (3.4), we introduce the
following notations, see [13, (2.4),(2.6)—(2.9)] .

$1(0) = $1(0), $2(0) = $2(0)e™,

i 3.5)
Y1(s) = ¥1(0), Ya(s) = Yp(0)e™'“0°
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for6 € [—r, 0], s € [0, r], where ¢(0), ¥1(0), $2(0), ¥»(0) are determined by

£k (0)¢1(0) =0, ¥1(0)Ak (0) =0,
Dgy (fw0)$2(0) = 0, ¥2(0) Ag, (o) = 0, (3.6)
Wi, ¢, =1, i=12.

Here, Ar () and (-, -); are given by

Ar(A) = A — Do — Lo(e* D), 3.7)
0 0
W, @)k = ¥ (0)p(0) —/ /0 Y& —0)dni (@) (§)dE,
¥ e C*EC([0,r]; C"™), ¢ €C, (3.8)

with pg = k2/12, k € Ng. And, n; € BV ([—r, 0], C™) for k € Ny satisfies

0
— Doy (0) + Loy = [ dm(®)y(®), ¢ €C = C(-r,0],C"). (3.9)

From [13], we have the following conclusion on the normal form (3.4), in the case of
ko =0, ki # 0 (which is referred to Turing—Hopf bifurcation of Hopf-pitchfork type).

Lemma 3.2 ([13]) For ky = 0, ki # O, the parameters ai(a), by (), ayy, azs, aiii, ai23,
b12, b112 and baos in (3.4) are given by

1
ar(@) = SY1(0)(L1()¢1 = g, D1()¢1(0).

1
ba(e) = S¥2(0)(L1(@)¢2 — 1, D1(e)¢2(0)).

ajg = a3 =byp =0,

1 1
atn = 291 OCyupig1 + V1 OREG g1, 1200 Cprgr +11 0004 (h200+ fh%z))

2 .
a3 = Y1(0)Cy 4.5, + %Wl(O)Re(1Q¢1¢2 ¥200)04,5,

0 2% k
+v1(0) [Qm (hon ﬁhmll) + Q¢zh101 + Q(izhlllo:| ,

bip = %102(0)%14;1@ + 21.1701&2(0){2Q¢1¢1 V1(0)0p ¢y + [— Qe ¥2(0)
+Q¢2¢2&2<0)]Q¢1¢1} 02000 (001 1Sh + Qa0

b3 = ¢2(0)C¢2¢2¢2 lﬁz( ) {%Q(,;zg,z ¥2(0) Qg + [ —20¢,4,¥2(0)
+404,5,120)] Qm;z} +Y2(0)(Qgyhy ) + g, h0)- (3.10)

where

1 0 1 -
W30 (0) = [/ dno@)17 ' Qg1 + m(qh(@)lﬁz(o) - ¢2(9)W2(0))} 04161

B2k 1 0 -
h00(6) = WG [ dm, @) | Qg
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0 1 - _
71 (0) = [ / dno(Q)]_lQm;z+@(052(9)1//2(0)—¢>2(9)W2(0))} Qi

hot} ©) =0,
1 0 - . 1
hio(8) = [216001 - / _ez’“’ﬂednow)] Qpnine™™" = 57 [¢2(9)1/f2(0)

+§d32(9)@2(0)} Q262

0 -1 . 1
Wi ©) = [iwol— f e'wO"dnh(e)] Q¢1¢2€lw06—%¢1(0)W1(0)Q¢1¢2,

—r

h802(0) = h820(9), h101 ®) = h”O(O) (3.11)

0 € [—r, 0l ¢1, p2, ¥1(0), ¥2(0) and ny are denoted by (3.5), (3.6) and (3.9), respectively.

For 3.1), m = 2, r = 1, I = 1. Now, we can see that it remains to compute

$1. 62, Y1(0), ¥2(0) and Qiyj. Cipjh. for i, j.1 = 1,2. Note that wy = T, we
have that

; +
$10) = ( 10), $2(0) = ( 10) %’ _1<0<0 (3.12)
D 123
and
w1(0>=i(1 a?) wz(mzi(l ) (3.13)
N »q1) N, s 4o ) .
where
0 1
q; = (1 = 2uyvy — degpig,),

QU4 Vs

1
p) = —5 (1= 2uv, — dewpy,),

*

1 —it, " i, i
qg = v (1 = 2uyve 2% — dey ik, +1(ok Ye' 2%k |
k Usk
0 1 lszwk 1rk2a)z'
Py = ﬁ(l — 2Uyv4e 2 —dey i, +1a)k )e 2,

*

Ny = 1+ pla) + tiyus Qus + usp))(1 — g},
i wF
Ny =1+ p3g8 + Tiyus Qs + s p9) (1 — ge” 2% (3.14)

Therefore, the coefficient a; () and b, («) in the normal form are
1 1
a1(@) = F-[=1+ Qv+ us PO =) —diim? ey + pra)len — (-dkin’noe,
1

1 s +
ba(@) = S-[=1+ Qv + w.pY) (1 — g9e ™% — didn2 (e, + plgd)lan

1
—Edk%nzrkzaz. (3.15)
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Furthermore,
Opor = 2Tk, (Vs + 2usp)) (1, =T,
Qoo = 27 ™ v, +u(pY + pDIL, —1)7,
gy = 210 ™ (v, + 1P + pDIA, —1)T,
Oy = 2rk2e72irk2w’j2 (s + 2uspD (A, =DT, (3.16)
0oy = 2Tk (v + 10 (pY + pPD)(1, =D,
05,4, = 2Tk262irk2wk+2 (e + 2 pD (1, —1)7
and
Corprr = 6T, 7 (1, D)7,
Coi0dr = 2Tkz(Pl + Pz + Pz)]( -7, .
Corprn = 2miae 2% 2p0 + pY(1, =1, G0
Corpndy = 2%k (2p2 + p2)e ol (1, =T,
Substituting (3.12), (3.13), (3.16) and (3.17) into (3.11), one can get
1 2 [ Re(lSLethei?
)= e [”2 (_01) ol (Re<£}§’}’9@iwﬁe> )} 7
2.2
Ioeh(®) = ﬁ(v* + 2u*p?)m (1 ;gg;zzzjg)
-l 1 2 [ Re(lSE i
"1 (0) = 2[vy + us(p3 + pD] [u% (_01> n = (Re(((l_}%i)pgei%“’lg)"))} ’
hor 0) = 0,
i, 0 (0-2) o
hio(®) = (v. + 2u*p?)Doisz’%’g*) (—Zito%kz— 1) as)

(s 2up)) eiw;z(e_a(l—q;’)(l()) L snge e (=) (1
iof N> 2] 3 Na Py

h02(8) = 0 (6),

- (0— 1 dkin?
1 0©0) = 2o + ua(p) + ple 2@ ( Lo, + )

. + LI
Dy (i), Ty, ) \ —1oy, — exdhim™ — 1

=g
—2fv, + u(p{ + pPle % ( )
1a)k2N1 P1

101(9) —h110(9)

which, together with (3.16), (3.17), (3.18) and (3.10), will yield all the other expressions of
aiii, ai23, b1z and b3 in the normal form.

Theorem 3.3 Assume that (Ng) holds. Letd € (di, k,+1. dk,—1 k) for some ki # 0, and kr =
0. If a111 # 0, a123 # 0, Reby12 # 0, Rebns # 0 and ay11Rebans — ajzRebiin # 0, then
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Table 1 The twelve unfoldings of (3.19), see [7]

Case la 10 1T 1 IVa IVb V Vla VIb VIa VIIb VI
do +1 +1 +1 +1 +1 +1 -1 —1 —1 —1 -1 -1
bo + + + - - - + + + - - -
co + + - + - - + - - + + -
do — boco + — + + + - — + — + - -

Turing—Hopf bifurcation of (1.1) is non-degenerate. Moreover, the cylindrical coordinate

equation, associated with (3.4), is
o 2 2
rj_r(sl(a)—l—r —é—boz ),2 (3.19)
z = z(&2(e) + cor= + doz°),

Rebii2
lari]

where g1 (o) = Reba (a)sign(Reb23), e2(a) = aj(a)sign(Rebro3), by =
co = ‘R‘;Lﬁsign(Resz) and dy = sign(aj11Rebrr3).

sign(Reb223),

According to the standard theory on (3.19) in [7], we know that there are twelve distinct
unfoldings for (3.19), depending on the signs of by, co, dop and do — bocy, as presented in
Table 1. In addition, each of these unfoldings will have different bifurcation scenario with
respect to bifurcation parameters. With the aid of the dynamical behavior of (3.19), one can
determine what kind of spatiotemporal patterns that (1.1) can exhibit as (z, €) varies within
a small neighbourhood of (7x,, &4). See [1] for the possible spatiotemporal patterns near the
Turing—Hopf bifurcation point.

4 Pattern Formation

In this section, we will illustrate how to use the results in Sects. 2 and 3 to show the existence
of various spatiotemporal patterns for (1.1) with a certain set of fixed parameter values,
such as, spatially inhomogeneous steady state (induced by Turing bifurcation), temporally
periodical solutions with homogeneous or inhomogeneous spatial variables (through Hopf
bifurcation), and other mixed patterns (caused by Turing—Hopf bifurcations).

Seta = 0.1, b = 0.9. Then, it can be calculated that

(14, v5) = (1,0.9), &y = 0.1167, dy = 0.5931, K = 0.2721,
Moreover, (Ny) is also satisfied. Given k1 € N, for d € (di; k;+1. dk;—1.k,), We have
4dikin? -5
Sdkin2(dkin? + 1)

From Theorem 2.4, kj-mode Turing bifurcation of (1.1) will take place at ¢ = &, for any
fixed d € (dky gy +1> diy—1k1)-

ey = 84(d) = 4 (k1,d) =

4.1 (1, 0)-Mode Turing—Hopf Bifurcation
If we setk; = 1, then from (2.7), we have dj » = 0.1765. Fixd = 0.5 € (d;,2, +00). Then,

£x(0.5) = 0.1007, and 1-mode Turing bifurcation of (1.1) will occur at €,(0.5) = 0.1007,
see Fig. 3.
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.
oul Tyemh(3.d) T:e=¢,(d) i
'VY\-{\
b 347 T,e=e(1,d) |
23
1.2
w
ooel ,
oo ,
|
d=0.05 d d=05

Fig. 3 The line d = 0.5 and d = 0.05 intersect with Turing bifurcation line 7" at (1, 0.5) = 0.1007 and
£x(3, 0.05) = 0.1056, respectively

When ¢ > 0.1007, according to (1) in Theorem 2.8, we assert that (2.12) has a unique
positive root w,j = 0.9144 when 0 < k < K°, and k» = 0. Therefore, the first critical value
7, for the occurrence of Hopf bifurcation is 7, = 0.2171. Thus, by Theorems 2.11 and 3.1,
we can conclude that

Corollary 4.1 For parameters a = 0.1, b = 0.9 and d = 0.5, we have

(1) The equilibrium (uy, vs) = (1,0.9) of system (1.1) with T € [0, 0.2171) is asymptoti-
cally stable for ¢ > 0.1007, and unstable for 0 < ¢ < 0.1007.

(2) System (1.1) undergoes (1, 0)-mode Turing—Hopf bifurcation near the constant steady
states (uy, vx) = (1,0.9) ar v = 0.2171, ¢ = 0.1007.

Now, we compute the coefficients in the normal form associated with Turing Hopf bifur-
cation. From (2.3) and (3.14), we have
g% = 0.16837, ¢9 =0.55554 — 0.6075%, p! = —0.30307, p9 = —0.99997 + 1.0937i,
N1 = 1.2192, N, = 1.0848 + 1.4353i,

T, =0, g, =1, p, =1,
ri, = 1.3859, gr, = —7.3859, pi, = 6.4359,
rag, = 58.9574, qox, = —32.5438, pox, = 22.7260.

By (3.18), we also obtain that

0 o ( 0.0084241 L (—0.097808
h200(0)_<—0.0079706 » 00D =g 0gssa3 )

0.31035
00 (0) = o (—1) = (—0.046975) ’

—0.031531 0.36609
0 _ 0 1) —
011 (0) _< 0.029834 ) hon (=1 = (—0.33134))’

@ Springer



Journal of Dynamics and Differential Equations (2019) 31:2223-2247 2239

0 (0) = 0.0020659 + 0.069984i O (—1) = —0.08515 — 0.80808i
020877\ —0.0021214 — 0.066282i /° 20 —\ 0.082398 +0.73077i )’

nlo(0) = —0.0043069 + 0.10203i W1y = 0.03495 — 0.24323i
—\ 0.0073407 — 0.253471 ) "0 — \ —0.048564 — 0.14565i )’

7 0 _ 70 )
hior = hiyos  hoo2 = hoos 111 = 0.

Substituting these values into (3.10) and (3.15), we can get all the coefficients in normal
form,

aj(a) = —0.00018873a1 — 0.8787 a2,

br(a) = (0.07723 4 0.83252i)aq,

ayy = a3 =bp =0, “4.1)
ajyp = —0.1399, b112 = —0.0906 + 0.0967i,

a3 = —0.1966, bz = —0.1675 — 0.0489i.

In addition, the coefficients in cylindrical coordinate equation (3.19) are

e1(a) = —0.07723a1, &2 () = 0.00018873c; + 0.8787 s,

by = 0.6476, co = 1.1737, dy =1, do — boco = 0.2399 4.2)

which implies the case of Ia in Table 1. Since sign(Reby3) = —1, we know from [7] that
the complete bifurcation set for (1.1) in (z, €)-plane should be the one, as shown in Fig. 4a.
In Fig. 4a, the critical bifurcation lines are expressed by

Li:7T =14 &> &,
Ly:e=1¢6,—0.00021478(t — 14), T > T4,
L3y:e=¢6,—0.1034(t — 1), T > Ty,
Ly:e=26,—0.1359(t — 1), T > Ty,
Ls:tT =1 € <eéy,

Lg: e =64 —0.00021478(T — Ty), T < Ty.

The regions divided by those lines are denoted by D;, i = 1,2, ..., 6, respectively. For
instance, D is the area enclosed by the lines L and L¢ (but not including L and L), i.e,
Dy ={(r,8) e R?: & > g, — 0.00021478(t — 74), T < T4}. For (z, &) in different region
D;,i =1,2,---6, the dynamical behaviors of (3.19), with its coefficients given by (4.2),
are shown in Fig. 4b.

Theorem 4.2 For system (1.1) with a = 0.1, b = 0.9, d = 0.5, there are six possible
dynamics of (1.1) for (z, €) sufficiently close to (14, &), depending on the region D; that
(t,¢) liesin, i =1,2,...,6. More specifically,

(1) The steady state (u, vy) is asymptotically stable for (t,e) € D1, and 0-mode Hopf
bifurcation near (uy, vy) occurs at (t,€) € Ly.

(2) For (t,¢e) € Dy, (uy, vy) becomes unstable and there exists a stable spatially homo-
geneous periodic orbit through Hopf bifurcation at (uy, vy), as (t, €) crosses Ly from
left-hand side. On the line Ly, 1-mode Turing bifurcation occurs near the unstable
steady state (uy, Vy).

(3) If (z, €) € Ds, then there are two unstable spatially inhomogeneous steady states, which
are bifurcated from the steady state (uy, vy) on Ly, and the spatially homogeneous
periodic solution still remains. Moreover, on the line L3, 1-mode Turing bifurcation
occurs near the spatially homogeneous periodic orbit.
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‘ D, D, D,
L z z -
D, 1 r ] r r
(7.,2.)=(02171,0.1007)
D, D. D,
z z z
D

(b)

Fig. 4 a The bifurcation set for (1.1) in (7, &) plane and b phase portraits of (3.19) and (4.2), in the case of
Ta.Here,a =0.1,b =09,d = 0.5

(4) Inregion D4, (1.1) possesses two stable spatially inhomogeneous periodic orbit, bifur-
cated from unstable spatially homogeneous periodic solution on the line L3. The linear
parts of these two periodic solutions are

Ey + p$2(0)e' ™" + 5 (0)e ™™ £ hgpy (0) cos(mrx),

where p and h are constants. In addition, 0-mode Hopf bifurcations occur near the two
stable inhomogeneous steady-states at (v, €) € Ly. It is remarked that the two unstable
inhomogeneous steady states in D3 still persist for (t, &) € Dy.

(5) For (t,¢e) € Ds, the two stable spatially inhomogeneous periodic orbits vanish (due
to Hopf bifurcation on L), and there are two stable inhomogeneous steady-states for
(1.1). Aside from these solutions, (1.1) also has another unstable spatially homogeneous
periodic orbit, bifurcated through Hopf bifurcation at (u.., vy) on the line Ls.

(6) If (z,¢€) € Dg, then (uy, vy) is unstable, and two stable spatially inhomogeneous steady
states will be bifurcated from (ux, vi) at Le. (The unstable spatially homogeneous
periodic orbit disappears, due to the occurrence of Hopf bifurcation as (t, €) passes
through Ls).

where T, = 0.2171, &, = 0.1007, w, = 0.9144 and (u, vy) = (1, 0.9).

We carry out numerical simulations for (1.1), to detect its solution patterns for different
choice of (7, &), as stated in Theorem 4.2.

(i) Let(t,e) = (74, £5)+(—0.05,0.05). Then (7, ¢) € Dy, and (uy, v,) is asymptotically
stable, see Fig. 5.

(ii) Set (t, &) = (T4, &) + (0.05,0.05). Then (7, €) € D>. From (2) of Theorem 4.2, one
can observe an asymptotically stable spatially homogeneous periodic orbit for (1.1),
see Fig. 6. Furthermore, if (7, &) € D3, there still exists an spatially homogeneous
periodic orbit, which is consistent with the assertions (3) of Theorem 4.2.

(iii) For (t,&) = (74, &4) + (0.05, —0.0063) € Dy4. If we assign two different initial

functions for (1.1), i.e.,
(up(x,t),up(x,t)) = (1 —0.1cos(mrx), 1 —0.1cos(mrx)) 43
(up(x,t),uz(x,t)) = (1 +0.1cos(rx), 1 +0.1cos(rx)) (4.3)

for (x,1) € [0, 1] x [—0.2671, 0], then it is found that the solutions with these two
functions will approach distinct periodic orbits, indicating the co-existence of two
spatially inhomogeneous periodic solutions, see Fig. 7.
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u(x,t) v(x,t)

(a) (b)

Fig.5 A solution of (1.1) tends to the steady state (uy, vs) as t — oo for (t, &) € Dj. The initial functions
are (u(x,1),v(x,t)) = (1 +0.1cos(mrx), 1 + 0.1 cos(mrx), for (x,7) € [0, 1] x [—0.1671,0]. a u(¢, x) and
bv(z, x)

u(x,t) vixt)

Fig.6 An asymptotically stable spatially homogeneous periodic orbit for (1.1) in the case of (z, ¢) € D;. The
initial functions are the same as the ones for (x, ¢) € [0, 1] x [-0.2671, 0] in Fig. 5. a u(¢, x) and b v(¢, x)

(iv) Choose (7, &) = (14, €4) + (0.05, —0.03) € Ds. Then the solutions of (1.1), equipped
with the following two initial functions:
(ui(x, 1), uz(x, 1)) = (0.9, 1.1)

4.4)
(up(x,t),uz(x,t)) = (1 +0.1cos(rx), 1 +0.1cos(x))

for (x,t) € [0, 1] x [—0.2671, 0], will converge to different steady states, as shown
in Fig. 8. Similarly, for (7, ¢) € Dg, a pair of stable spatially inhomogeneous steady
state solutions can be also simulated.

4.2 (3, 0)-Mode Turing-Hopf Bifurcation

In this part, we choose ki = 3 and d = 0.05, and all the other parameters are the same
as before. Then, d3 4 = 0.0255, d» 3 = 0.0525,d € (d3,4, d23) and &, = €4(3,0.05) =
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u(x,t) v(x.t)

t 2630 0 2630 0

(a) (b)

(© (d)

Fig. 7 The coexistence of two stable spatially inhomogeneous periodic orbits of (1.1) for (7, €) € D4. a
u(t,x),buv(t,x),cu(t,x)and d v(t, x)

0.1056. The system (1.1) will undergoes 3-mode Turing bifurcation at &, see Fig. 3. More-
over, we have kp = 0, a)k+ =0.9144 and 7, = 0.2171.

Corollary 4.3 For parameters a = 0.1, b = 0.9, d = 0.05, we have that

(1) The steady state (u, vy) is asymptotically stable for T € [0, 0.2171) and 0.1056 < ¢ <
0.1079, and unstable for 0.0600 < ¢ < 0.1056.

(2) System (1.1) undergoes (3, 0)-mode Turing—Hopf bifurcation near (u,, vy) = (1, 0.9)
att =0.2171, ¢ = 0.1056.

For the parameters in (3.19), one can compute &1(«) = —0.07723aq, &2(a) =
0.00018873w1 + 0.8787ap, by = 0.6476, co = 1.1737, dy = 1, dy — bocy = 0.2399,
sign(Rebsy3) = —1. Therefore, the Case Ia in Table 1 holds again, and the critical bifurca-

tion lines in Fig. 4a are now given by

Li:t=r1,, €> &,

Ly : e =6, +0.00020177(t — Ty), T > Ty,
Ly:e =6, —0.1154(t — 1y), T > Ty,
Ly:e=6,—0.1231(t — 7y), T > Ty,
Ls:T =1 & <é&y,

Le: ¢ =&, +0.00020177(t — Ty), T < Ty.
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u(x,t) vx,t)

Fig.8 For (7, ¢) € D5, two stable spatially inhomogeneous steady state solutions of (1.1) coexist a u(z, x),
b v(t, x), cu(t, x) and d v(t, x)

When (7,¢€) = (T4, &) + (0.05, —0.0063) € Dy, it follows from Theorem 4.2 that
two stable spatially inhomogeneous periodic solutions also coexist, However, the patterns
are different from the ones in (ii7), in that the solutions oscillate with respect to spatial
variable x, see Fig. 9. If (7, &) = (74, &) + (0.05, —0.03) € Ds, then there are two stable
inhomogeneous steady states, which is also periodic in x, for (1.1), see Fig. 10.

5 Conclusion

In this paper, we studied the Turing bifurcation(instability), Hopf bifurcation and Turing—
Hopf bifurcation for a delayed reaction—diffusion Schnakenberg system, combining char-
acteristic equation analysis, center manifold theorem and normal form theory. An explicit
expression of &,(d) for the first Turing bifurcation curve has been derived. The constant
steady state (i, vy) is stable for (¢, d) on one side of this curve, while Turing instability
occurs for (g, d) on the other side. For (g, d) in the Turing instability region, a pair of stable
spatially inhomogeneous steady states are bifurcated from (u., vy). The first Turing bifur-
cation curve is continuous and piecewise smooth, and its non-smooth points correspond to
the critical values at which (1.1) undergoes Turing-Turing bifurcation. Owing to the explicit
expression of €,(d), it is easy to find the spatially inhomogeneous steady state with arbitrary
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u(xt) v(x.t)

Fig. 9 For (7, ¢) € Dy, two spatially inhomogeneous periodic orbits with different initial functions in (4.3)
are plotted. a u(t, x), b v(t, x), cu(t, x) and d v(z, x)

wave number. In addition, if we choose d as varying parameter for Turing bifurcation, then
the phenomenon of stability switches of (u,, vs) is observed, which will induce spatially
inhomogeneous steady state with various wave number.

Under the condition for avoiding Turing instability, we studied the Hopf bifurcation near
(U4, v4), by using time delay 7 as varying parameter. It turns out that only spatially homoge-
neous periodic solution will be bifurcated from (u, v) for (1.1) with Neumann boundary
condition, as T crosses a sequence of critical values.

We further investigate the Turing—Hopf bifurcation to explore the joint effect of diffusion
rate ¢ and time delay 7. For Turing—Hopf bifurcation, the truncated normal forms up to 3rd
order has been derived in [13] for a general partial functional differential equations. Applying
these formula to (1.1), we compute the normal form of the model in a special (but most
interesting) case of k1 # 0 and k2 = 0, when Turing—Hopf bifurcation occurs. Moreover,
the coefficients in the normal form are expressed explicitly by the original parameters in
the model. The complete bifurcation diagram for the derived normal form are given in [33],
from which one can show (1.1) may have various spatiotemporal patterns as the (z, €) are
changed. In particular, we prove that two spatially inhomogeneous periodic solutions of (1.1)
coexist, caused by the joint effect of ¢ and . Numerical simulations help us to detect all the
spatiotemporal patterns as expected from theoretical analysis.
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u(xt) v(x,t)

(a) (b)

ux,t)y v(x,t)

(©) (d)

Fig. 10 Two stable spatially inhomogeneous steady states of (1.1), for (z, ¢) € Ds5. The initial functions are
given by (4.4). au(t,x),b v(t,x),cu(t,x) and d v(¢, x)

In [6], itis numerically observed that time delay could induce a failure of Turing instability.
This phenomenon is later explained in [36] from Hopf bifurcation point of view. In Turing—
Hopf bifurcation analysis, we have shown that the spatially inhomogeneous steady states,
generated through Turing bifurcation, will lose its stability as delay t varies, and spatially
inhomogeneous periodic solutions are induced by Hopf bifurcation. This provides another
interpretation of failure of Turing instability caused by delay.
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