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Abstract We develop a global Hopf bifurcation theory for differential equations with a
state-dependent delay governed by an algebraic equation, using the S'-equivariant degree.
We apply the global Hopf bifurcation theory to a model of genetic regulatory dynamics with
threshold type state-dependent delay vanishing at the stationary state, for a description of the
global continuation of the periodic oscillations.
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1 Introduction

Consider the following system of differential-algebraic equations (DAEs) with state-
dependent delay,

(1.1)

{)E(t) = f(x@), x(t — (1)), 0),
() =gx(t), x(t — (1)), o),

where we assume that

(S1) Themap f:RY xRN xR 5 (61, 62, 0) — f(61, 6, 0) € RV is C? (twice continu-
ously differentiable).

(S2) The map g: RY xRV xR 3 (y1, 1, 0) — g(y1, o, 0) € Ris C2.

(S3) (% + %)f(@l, 6>, (T)|g=00,91=92=)(00 is nonsingular, where oy € R, and where
(X6, Toy) (or, for simplicity, (xo,, Toy. 00)) is a stationary state of (1.1). That is,

f(-xo'()a Xogs op) =0, g(xaoa Xogs 00) = Tog -
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(S3) implies that there exists ¢ > 0 and a Cl-smooth curve (o9 — €g, 09 + €9) > 0 >
(xg, 7o) € RN*! such that (x,, 7o) is the unique stationary state of (1.1) in a small neigh-
borhood of (x4, 74,) for o close to 0. In the following, we write 9; f = 3%,' ffori=1, 2,
and similarly we define 9;g fori =1, 2.

The state-dependent delay of system (1.1) arises in several applications. To mention a
few, in the model of turning processes [7], the delay 7 is the time duration for one around of
cutting, in the echo control model [18], the state-dependent delay is the echo traveling time
between the object’s positions when the sound is emitted and received. See [4] for a review.
To model diffusion processes in genetic regulatory dynamics with time delay, we considered
in [5] the following system:

O~ px (1) + for(t — T(1)),
DO — e,y + gox(t — T(0)), (12)

(1) = €0 +c(x(t) —x(t — (1)),
where fo, go : R — R are three times continuously differentiable functions; (, i p, ¢
and € are positive constants. The time delay t(t) = €p + c(x(t) — x(¢ — (¢))) models
the homogenization time of the substances produced in the regulatory processes. Since the
equation for T can be written as

L
/ Tmed®) g, (1.3)
t

—1(t) €0

we call 7 a threshold type state-dependent delay and we have shown in [5] that using the time
transformation ¢ +—> fot (1 — cx(s))ds inspired by [15,16], system (1.2) can be transformed
into a system with constant delay and distributed delay under certain conditions. In such a
case, the theory we developed in [1] is applicable to system (1.2) for a local and global Hopf
bifurcation theory. However, if €9 = 0 in (1.2), then the integral equation for T becomes

t
/ (1 —cx(s))ds =0, (1.4)
t—t(t)

which cannot be employed to remove the state-dependent delay using the time transformation
t — fot(l — c¢x(s))ds. Thus the global Hopf bifurcation theory developed in [1] is no
longer applicable. We remark that if we obtain a differential equation of 7 from t(t) =
€0 + c(x(t) — x(t — 1)) by taking derivatives on both sides, the resulting system will have
a foliation of equilibria and at least one zero eigenvalue. Thus the global Hopf bifurcation
theory developed in [6] is not applicable either. With these facts, we are motivated to develop a
global Hopf bifurcation theory for system (1.1) and apply it to an extended three dimensional
Goodwin’s model with state-dependent delay where the delay vanishes at the stationary state.
[See system (5.1) at Sect. 5 for a brief description of the model.]

To start the discussion, we denote by C(RR; R™) the normed space of bounded continuous
functions from R to RY equipped with the usual supremum norm ||x| = sup;cg |x(¢)| for
x € C(R; RM), where | - | denotes the Euclidean norm. We also denote by CHR; RY) the
normed space of continuously differentiable bounded functions with bounded derivatives
from R to RV equipped with the usual C' norm

Ixllct = max{sup [x ()|, sup [x(2)[}
teR teR

forx € CL(R; RM).
We wish to drop the algebraic equation in (1.1) for the application of S'-equivariant
degree. We have
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Lemma 1 Assume that (S2) holds. The following statements are true:

(i) Forevery(x, o) € C(R; RN) xR, where x is periodic, there exists afunctiont : R — R
such that t(t) = g(x(t), x(t — t(1)), o).

(ii) Let o0 € R be fixed and xo be a constant function in C (R, RN). There exists an open
ball O(e) C CY(R; RN) centered at xo with radius € > 0 such that for every periodic
x € O(¢) withperiod p > 0, there exists a unique periodic t € C'(R; R) with period p
suchthatt(t) = g(x(t), x(t—1(t)), o), t € R. Moreover, T depends on x continuously
under the supremum norm.

Proof Fix an arbitrary t+ € R and let a = t(¢). Consider the graphs of 4 = a and h =
g(x(t), x(t — a), o) in the h-a plane. The graphs must have an intersection since x €
CR; RY)is periodic and & = g(x(¢), x(t — a), o) is continuous and bounded with respect
to a. Since ¢ is arbitrary, there exists a function 7 : R — R with a = t(¢) such that
(1) = g(x (1), x(t — (1)), o).

Define F : R — Rby F(a, t) = a — g(x(t), x(t — a), o) where x € C'(R; RV) is
periodic. By (S2) F is continuously differentiable in (a, ) € R2. Moreover, a = 7(7) is
such that F(a, t) = 0. Note that we have

% =14 0dgkx@®), x(t —a), 0)x(t —a).
Since by (S2) d2g(y1, y2, o) is continuous, there exists an open ball O(¢) c C'(R; RY)
near xo with € > 0, such that for every x € O (e) with x periodic, we have % # 0. Indeed,
we can choose € > 0 small enough so that % assumes values in a small neighborhood of 1 in
R. By the Implicit Function Theorem, the solutiona = t(¢) ofa = g(x(¢), x(t —a), o) fora
is continuously differentiable with respect to . Moreover, by taking derivatives on both sides
of t(t) = g(x(t), x(t — 7(¢)), o) we know that 7 is bounded in R. Thatis, t € CY(R; R).
Next we show that we can choose € > 0 small enough so that t is unique. Suppose not.
Then for every € > 0, there exists x € O(e) with period p such that 7 is not unique. That
is, there exists 7y 7# 7 such that 7o(t) = g(x(¢), x(t — ©o(t)), o). Lete; > Oand L > 0 be
such that

L= sup supldrg(x(), y@), o)l
x,y€0(ey) teR

Then by the Integral Mean Value Theorem, for x € O(€) C O(e€;), we have

0 < sup|t(t) — 70(2)|

teR
= suplg(x(1). (0 = 7). @) = g0, £t = (1), 0
te
1
= sup f Bag(x(t), X(t) + s(r(t — T(6)) — x(t — (1)), 0)ds
teR [JO

X(x(t —7(1) —x(t — 70(1)))

1
/0 928 (x (1), x(1) +s(x(r — (1)) —x(t — 70(1))), 0)ds

= sup
teR
1
X sup f X+ 60(t(t) — 70(2)))dO(z(t) — ro(t))‘
teR [JO
< Lesup|t(r) — 1),

teR
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which leads to Le > 1 forevery € € (0, €;). This is a contradiction. Therefore, t is uniquely
determined by x with t(¢) = g(x (), x(t — t(t)), ), t € R.
Next, we show that 7 is p-periodic. Indeed, we have for every t € R,

t(t+p) =g+ p), xt+p—1t+p), o)=gk), x(t -+ p)), o),

which combined with 7(¢) = g(x(¢), x(¢+ — ©(¢)), o) and the uniqueness of the solution for
tleadstot(t) =t(t + p), t € R.

Lastly, we show that t depends on x continuously. Suppose that x and x both lie in
O(e) C C!(R; RV) and that 7 and T are the corresponding solutions of T(¢) = g(x(¢), x(t —
(1)), 0), t e Rforr.Let L > 0 and L > 0 be the supremum of |d;g| and |9>g| when x
is in O (€), respectively. We have

[T() — (1)
=1g(x (1), x(t = (1)), 0) = g(X(1), X(t = 7(1)), o)|
=1g(x (1), x(t —7(1)), 0) = g(X, x(t — (1)), o)
+ g, x(t = 7(1)), 0) — g(x(1), x(t — (1)), 0)|
< Lillx = x|+ Lalx(t = ©(1)) —x(z = 7(1)) + x(r — (1)) — x(t = T(1))|
< Lillx = x| + La(e|r () = T(®)| + [lx — x[)).

Take € > 050 that 0 < Lae < 1. We have |z(r) — 7(1)| < EHE2=x ang

(Li+ Ly)llx — x|l

It =7l <
1— Lye

which shows the continuous dependency of 7 on x under the supremum norm. O

By Lemma 1, we notice thatif x € C(R; R) is periodic, the function t satisfying 7 (¢) =
g(x(t), x(t —t(¢)), o) is not necessarily continuous and neither is f(x(¢), x(t — 7(¢)), o),
while continuity is crucial for applying topological degree theory for a Hopf bifurcation.
However, if x € C'(R; RY) is periodic and is in a small neighborhood of a constant function,
T is continuously differentiable. The complexity is caused by the implicitly given t in the
algebraic equation of system (1.1). If we replace the delayed term x (t — t(¢)) with x(t — 7, )
in the algebraic equation where 7, is the stationary state of t defined after (S3), we obtain
the following system with state-dependent delay,

x(t) = f(x(t)v X(t - T), 0)7
{r(z) = g(x(0), x(t — 70), 0), (1.5)

where t is continuous if x is continuous. We notice that system (1.5) shares the same set of
stationary states of system (1.1) and it has interest on its own right since it also represents a
class of differential-algebraic equations with state-dependent delay. Due to the similarities
between systems (1.5) and (1.1), we are interested in developing global Hopf bifurcation
theories for both systems, while for systems (1.5) we use the state space of C(R; RY) and
for system (1.1) we use C L(R; RN). Moreover, we show that if system (1.5) undergoes Hopf
bifurcation at (x4, Ts,), then system (1.1) also undergoes Hopf bifurcation at the same
bifurcation point. Namely, we show that systems (1.5) and (1.1) share the same set of Hopf
bifurcation points.

We organize the remaining part of the paper as following: Using the framework for a
Hopf bifurcation theory established in [6], we develop a local Hopf bifurcation theory for
system (1.5) in Sect. 2 and for system (1.1) in Sect. 3. We develop global Hopf bifurcation
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theories for both systems (1.1) and (1.5) in Sect. 4. In Sect. 5 we apply the developed local
and global Hopf bifurcation theories to the prototype system (1.2) with €9 = 0. We conclude
the discussion in Sect. 6.

2 Local Hopf Bifurcation for System (1.5)

We begin with definitions of notations. We denote by V = Ca, (R; RY) the space of 27-
periodic continuous functions from R to RY equipped with the supremum norm. We denote
by C217r (R; R") the Banach space of 27 -periodic and continuously differentiable functions
equipped with the C' norm.

Note that if x € C(R; R") is p-periodic, then t(r) = g(x(t), x(t — ©5), ), t € Ris
continuous and p-periodic. We call x asolution if (x, 7) satisfies system (1.5). For a stationary
state x4, of system (1.5) with the parameter o, we say that (x,, 0¢) is a Hopf bifurcation
point of system (1.5), if there exist a sequence {(x, ox, Tk)}z;o? C C(R;RM) x R? and
To > 0 such that

lim ||(xk, ok, Tk) — (Xoq5 00, T0)llc@:rN)xR2 = O,
k—+00

and (xx, o) is a nonconstant Ti-periodic solution of system (1.5).

Due to the nature of the same approach of using the S'-equivariant degree, the presentation
of the remaining part of this section is similar to that of [6], even though the systems in question
are different. We study Hopf bifurcation of (1.5) through the system obtained through the
formal linearization [2]. Namely, we freeze the state-dependent delay in system (1.5) at its
stationary state and linearize the resulting differential equation of x with constant delay at
the stationary state. For o € (o9 — €p, 0¢ + €p), the following system is called the formal
linearization of system (1.5) at the stationary point x:

X(t) =01 f(0) (x(t) —x0) + 2 f(0) (x(t — T5) — Xo) 2.1

where
31f(0) = alf(xaa To s U), 32f((7) = 82f(x09 T, 0), Tg = g(xaa Xo s 0)-

Letting x(t) = ¢” - C + x, with C € R", we obtain the following characteristic equation
of the linear system corresponding to the inhomogeneous linear system (2.1),

det A(xg,o)(a)) =0, 2.2)
where Ay, o)(w) isan N x N complex matrix defined by
Ay, o) (@) = oI =31 f(0) —drf(o)e” ™. (2.3)

A solution w to the characteristic equation (2.2) is called a characteristic value of the stationary
state (x5, 0). If zero is not a characteristic value of (x4, 00), (xo,, 00) is said to be a
nonsingular stationary state. We say that (x4, 00) is a center if the set of nonzero purely
imaginary characteristic values of (x,, 0¢) is nonempty and discrete. (x4,, o) is called an
isolated center if it is the only center in some neighborhood of (x4, 0¢) in RN x R.

If (xo,, 00) is an isolated center of (2.1), then there exist 8o > 0 and § € (0, ) such
that

det A(xﬂo, 00) (1130) =0,
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and

det Ay, o) (i) # 0, (2.4)

for any o € (09 — 8, 0o +6) and any S € (0, +00) \ {Bo}. Hence, we can choose constants
oo = ag(og, Bo) > 0 and ¢ = e(o9p, Bo) > 0 such that detA(xﬁo,go)(J has no zeros in
a2 where Q = (0, ap) X (Bo — ¢, Bo +¢€) C R? = C. We note that det Ay, o) (w) is
analytic in w and is continuous in o. If § > 0 is small enough, then there is no zero of
det A(x, 15, ops) (@) in 32. So we can define the number

V;l:(Xgo, a0, ,30) = degB(det A(xaois,a():té)(')a Q),
and the crossing number of (x4,, 00, Bo) as
¥ (Xoy, 00, o) = V- — v+, (2.5)

where degp is the Brouwer degree in finite-dimensional spaces. See, e.g., [8] for details.

To formulate the Hopf bifurcation problem as a fixed point problem in Co, (R; RY), we
normalize the period of a 277 / B-periodic solution x of (1.5) and the associated t € C(R; R)
by setting (x(¢), T(t)) = (y(Bt), z(Bt)) and obtain

(y‘(r)> _ (,éf(y(t), y(t = Bz(1)), o)) 7 2.6)
(1) gy@), y(t = Bzo), o)

where (Y5, 20) = (X0, To).
Define No : V x R x (0, +00) 3 (¥, 0, B) = No(y, o, B) € V by

No(y, o, B)(1) = f(y(r), y(t — Bz(1)), o), 2.7

where z is chosen to satisfy the second line of (2.6) in light of Lemma 1.
Then the differential equation part of system (2.6) is rewritten as

1
y(t) = BNO(y’ o, B)(1). 2.8)
Correspondingly, (2.1) is transformed into
1 -
y(@) = ENo(y, o, B)(@), (2.9)

where No : V x R x (0, +00) 3 (y, 0, B) — No(y, o, B) € V is defined by

No(y, o, B)(1) = 01 f(0) (y(1) = Yo) + 2./ (0) (¥t — B25) — Vo).

We note that y is 2 -periodic if and only if x is (27 /8)-periodic.
Let Lo : Czlﬂ(]R; RY) — V be defined by Loy(t) = y(t),t e Rand K : V — RY be
defined by

1 2
K@) = 2—/ y(t)dt. (2.10)
T Jo
Define the map F : V x R x (0, +00) — V by

~ 1~
Fy,o,B) =y —(Lo+K)™! [BNO(y’ o, B)+ K(y)} . (2.11)
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We call the set defined by

B(yo, 00, o;r, p) ={(y, 0, B) : Iy =yl <r, [(0, B) — (00, o)l < p},
a special neighborhood of F, if it satisfies
(i) F(y. o, B) # Oforevery (v, o, B) € B(yo. 00. Po: 7. p) with|(a, B)— (00, Bo)| = p

and ||y — yo |l # 0;
(i1) (yo, 00, Bo) is the only isolated center of (2.9) in B(yo, 09, Bo; ¥, p).

We cite some technical Lemmas from [6] with necessary notational adaptations, before we
state and prove the local Hopf bifurcation theorem for system (1.5).

Lemma 2 ([6]) Let L : Céﬂ (R; RN) — V be defined by Loy(t) = y(t),t € R and let
K:V > RN pe defined at (2.10). Then Lo+ K has a compact inverse (Lo+K) 1 v > v,

Lemma 3 ([6]) For any o € R and 8 > 0O, the map No(-, o, B) : V — V defined by (2.7)
is continuous.

Lemma 4 ([6]) If system (2.1) has a nonconstant periodic solution with period T > 0, then
there exists an integer m > 1, m € N such that =im 2w/ T are characteristic values of the
stationary state (Xo, Ty, 0).

For the purpose of establishing the S'-degree on some special neighborhood near the sta-
tionary state, we have

Lemma 5 Assume (S1)—(S3) hold. Let Ly and K be as in Lemma 2 and 1\70 VxR x
0, 4+00) — V beasin (29). Let F : V x R x (0, +00) — V be defined at (2.11). If
B(yo, 00, Bo;r, p) is a special neighborhood of]? with 0 < p < Po, then there exists
r’ € (0, r] such that the neighborhood

B(yo. 00, Bo: 7', p) = {(u, 0, B) : |y — yoll < 7', [(0, B) — (00, Po)| < p}

satisfies

1
y(t) # Bf(y(t), y(t = Bz()), o)

for (y, 0. B) € B(yo, 00, Pos r'. p) withy # yo and (o, B) — (00, fo)| = p-

Proof We prove by contradiction. Suppose the statement is not true, then for any 0 < r’ < r,
there exists (y, o, B) suchthat0 < ||y — y, || < ¥/, |(o, B) — (00, Bo)| = p and

1
y(t) = Ef(y(t), y(t — Bz(t)), o) fort € R. (2.12)

Then there exists a sequence of nonconstant periodic solutions {(yx, ok, Bi)}ze, of (2.12)
such that

kETOO vk = Yol = 0, [(ok, Br) — (00, Bo)l = p, (2.13)
and
1
Vi(t) = ﬁf()’k(l)’ Yi(t — Brzr(t)), ox) fort € R, (2.14)

where zj is determined by y; by the second line of system (2.6).
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Note that 0 < p < Bp implies that Sr > Bo — p > O for every k € N. Also, since the
sequence {ox, Bx}io; belongs to a bounded neighborhood of (09, Bo) in R2, there exists a
convergent subsequence, still denoted by {(o%, B)}7>; for notational simplicity, that con-
verges to (o*, B*) so that |(o*, B*) — (00, Bo)| = p and B* > 0. Then we have

lim [lyx — yo [l =0, lim [(ox, Br) — (6™, B*)| =0, (2.15)
k—+400 k—+00
and
1
Vi) = Ef(yk(t), Vit = Brzr(1)), oy) fort € R. (2.16)

In the following we show that the system

v(r) = %&f(d*)v(t) + %%f(a*)v(t — B 260, (2.17)
has a nonconstant periodic solution which contradicts the assumption that (ys,, 00, Bo) is
the only center of (2.9) in B(yo, oo, Bo; ", p)-

By (S1), f:RY xRN xR 5 (0,62, 0) — (61,062, 0) € RN is C%in (0, 6>). It follows
from the Integral Mean Value Theorem that

1 1
k() = */ 01 fr(or, s)(O)ds i (1) — Yoy,)
Bk Jo

1 1
+ @/0 % fr(or, $)(O)ds(ye(t — Bezk (1)) — Yo )s 2.18)
where

01 fr(ok, 5)(1) : = 01 f Yoy +5Ok(E) = Yor)s Yo + 5Okt — 2&(t)) — Yoy.)» 0k))s
0 fi(ok, $)(0) : = 0 f Yo +SVk(E) — Yoy )s Yoy + 5kt — 2k (1)) — Yo, ) Ok))-

Put
w(r) = KO = Yo (2.19)
1ye = Yo |l
Then we have
ot — ez (1)) = 2= Prar®) = Yo (220)

Yk = Yol
By (2.18) and (2.20) we have
1

1 ! 1
vk (1) :7/ 01 fr(og, s)()ds v (1) + —/ 02 fr(og, s)()ds v (t — Brzr(2)). (2.21)
Br Jo Bk Jo

We claim that there exists a convergent subsequence of {vk},‘:zo?. Indeed, by (2.13) and
system (2.6), we know that {zj, /Bk},j;’? is uniformly bounded in C(R; R) x R and hence
lim;— 1 o[t — Brzk ()] = 4o00. Then by (2.19) and (2.20), we have

lvell = L, [l (- = Brza (DI = 1.

Recall that 9; f(o*) and 9;g(c*), i = 1, 2, are defined in (2.1). By (2.15), we know that
Yo +5k() — Vo), Yo + skt — 2k (t)) — Yo,), Ok) converges to the stationary state
(Yo*, Yor, 0¥) in C(R; Ry x R uniformly for all s € [0, 1]. By (S1) we know that
f(61, 62, 0)is C%in (6, 62, o) and a1 f (61, 62, 0)is Clino. Also, by (2.13), the sequence
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{ur, Bk, ak},jzof is uniformly bounded in C(R; RN+ x RZ. Then there exists a constant
il > 0 so that

|01 fr(ox, $)(2) — 31 f (™)
=< ]:]|(y0k + s(yr(®) — Yrrk)v Yoy, + sk — zx () — yrfk)» o) — (Yo Yo+, G*)ls

forallt € R,k € Nands € [0, 1]. Therefore, we have limg_ 4+ |01 fx (0%, $)—01 f(6™)| =
0 uniformly for s € [0, 1]. By the same argument we obtain that

lim |31 fy(ox, s) = 1 f(@*)| =0, Hm |82 fk(ox, s) = f(0c™)] =0, (2.22)
k—+00 k—+00

uniformly for s € [0, 1]. From (2.22) we know that || fx (0%, s)| and ||92 fi (0%, $)| are
both uniformly bounded for all k € N and s € [0, 1]. Then it follows from (2.21) that
there exists a constant Ly > 0 such that lloxll < Lo for any k € N. By the Arzela—Ascoli
Theorem, there exists a convergent subsequence {vg j}j:f of {vk};r:“f. That is, there exists
v* € {v eV :|v| =1} such that

lim log; —v*[| = 0. (2.23)
Jj——+oo ’
By the Integral Mean Value Theorem, we have
ok, (&t — B2, (D) — vk, (1 — B*20°)]
1
= ’ [ O, (1 = 0Br; 2k, (1) — B* 20O (B, 24, (1) — B 2)
0

< 110, 11 - 112, (1) = B 2|

< Loy 124, (1) — 20| + 1Bk, — B1z0%)- (2.24)
By (2.15) and (2.24) we have
Jim o = By 2t () = v = B0)] = 0. (225)

Therefore, it follows from (2.23) and (2.25) that
im JJog; (= B2k, () — 0" (- = BFzo0) |l = 0. (2.26)
jotoo :
It follows from (2.15), (2.22), (2.23) and (2.26) that the right hand side of (2.21) converges
uniformly to the right hand side of (2.17). Therefore, v* is differentiable and we have

lim [0 (t) — 0*(1)| =0,
k—+00
and
1 1
0r(t) = Ealf(ff*)v*(f) + §32f(0*)v*(t — B%20+). (2.27)

Since by (S3) the matrix 91 f(0*) + 92 f(c™), is nonsingular, v = 0 is the only con-
stant solution of (2.27). Also, we have v* € {v € V : |lv|| = 1}, |[v*|| # 0. Therefore,
(v*(1), o*, B*) is a nonconstant periodic solution of the linear equation (2.27). Then by
Lemma 4 (y,+, o*, B*) is also a center of (2.9) in B(yo, 00, Bo; r, p). This contradicts the
assumption that B(yo, 0o, Bo; r, p) is a special neighborhood of (2.6). This completes the
proof. O

To apply the homotopy argument of S'-degree, we show the following
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Lemma 6 Assume (SI1)~(S3) hold. Let Lo, K, No, F be as in Lemma 5 and Ny : V x R x
(0, +00) — V be as in (2.6). Define the map F : V x R x (0, +00) — V by

1
F(y, 0, B)i=y—(Lo+K)"! [ENo(y, o, B)+ K(y)]

If U = B(yo, 00, Bo;r, p) € V x R x (0, 400) is a special neighborhood of]? with
0 < p < Po, then there exists r' € (0, r] such that Fy = (F, 0) and Fo = (F, 0)
are homotopic on B(yo, 00, Bo; ', p), where 0 is a completing function (or Ize’s function)
defined on B(yo, 00, Bo; r’, p) which satisfies

() 6o, 0, B) = —I(a, B) — (00, Po)| if (Vo> 0, B) € U;
(11) O(yﬂ o, /3)=’”/if||y_%||=r/-

Proof Since U = B(yo, 0o, Po; 1, p) SV xR x (0, +00) is a special neighborhood of F
with 0 < p < o, then by Lemma 5, both 7y = (F, 6) and Fo = (F, 0) are U-admissible.
That is, the S! degrees of Fp and Fp are well-defined on U. Note that we introduce the
completing function 6 in order to distinguish nontrivial solutions from trivial ones. See [8]
for details.

Suppose, for contradiction, that the conclusion is not true. Then for any r’ € (0, r],

= (F, 0) and Fy = (F, 0) are not homotopic on B(yo, oo, Bo; r’, p). That is, any

homotopy map between Fy and Fp has a zero on the boundary of B(yo, 00, ,30, r’, p). In
particular, the linear homotopy A(-, «) 1= aFp + (1 — Fo = @F + (1 —a)F,0) has a
zero on the boundary of B(yo, 09, Bo; r’, p), where o € [0, 1].

Note that 6(y, o, B) > 0if |y — y, || = r’. Then, there exist (y, o, B) and @ € [0, 1]
such that [y — ys |l < 7', [(0, B) — (00, Bo)l = p and

H(y, o, B, o) =aF +(1 —a)F =0. (2.28)

Since r’ > 0 is arbitrary in the interval (0, r], there exists a nonconstant sequence
{Ok, ok, Bk, ozk)},fil of solutions of (2.28) such that

kgrf lve = Yor Il = 0, [(ok, Br) — (00, Bo)l = p, 0 <oy <1, (2.29)
and

H(yk, Ok, ,Bk, O(k) = 0, forall k € N. (230)

Note that 0 < p < Bp implies that 8y > Bg — p > 0 for every k € N. From (2.29)
we know that {(oy, B, ax)};2, belongs to a compact subset of R3. Therefore, there exist
a convergent subsequence, denoted for notational simplicity by {(ox, Bk, ax)}72, without
loss of generality, and (o*, B*, a*) € R3 such that B* > By — p > 0, &* € [0, 1] and

lim |[(ox, B, ax) — (0%, B%, @®)| = 0. (2.31)
k—+00
Similarly as in the proof of Lemma 5, we show that the system
. 1 1
v(r) = Ealf(a*)v(t) + Eazf(a*)v(t = B%20%) (2.32)
with 9; f(0*), 0;g(c™),i = 1, 2, defined at (2.1), has a nonconstant periodic solution which

contradicts the assumption that B(uq, o9, Bo; r, p) isaspecial neighborhood which contains
an isolated center of (2.9).
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By (2.30), we know that the subsequence {(yk, ok, Bk, ax)}2, satisfies
H(yk, ok, Br, ax) = 0. (2.33)

By (S1), f: RN xRN xR 5 (01,62,0) = f(01,62,0) € RN is C%in (01, 6>). Then it
follows from the Integral Mean Value Theorem and from (2.33) that

1
(1) = % f 01 fe (0t $)(OdsGRD) = o)
Br Jo

1
+ f 8 fe(o, $)(Ods (et — Bezi(®) — Vo)
Br Jo

1 — o 1
/0 01 fi(ok, $)(@)ds (Ve (1) — Yoy,)
1 — oy !
+ B /0 02 fi (o, $)(@)ds it — Brzoy) — Yor ) (2.34)

where

01 fr(or, s)(t) : = 01 f (Yo +5k(t) = Yor)» Yo + 5kt — Bz (1)) — Yor.)» 0k))s
02 fi(og, s)(t) : = 02 f Yo, +5k(t) = Yor)» Yo + 5kt — Bz (1)) — Yor.)» 0k)).

Put

yk(t) — Yoy

. (2.35)
vk — Yo ll

v (1) =

Then we have

Vet — Brzk (1)) — Yo
vk — yo |l

ve(t — Brzk (1)) = (2.36)

By (2.34) and (2.36), we have
1
() = X / 01 fi(ok, )(1)ds v (1)
Br Jo

1
4% / By fi(or, $)(Dds vkt — izoy)
Br Jo

1 — oy
Br

1 — o

1
+ /(; 91 fi (o, s)(1)ds vi (1)

+

1
/o 3 fr(or, $)(0)ds vi(t — Brzoy)- (2.37)

We show that there exists a convergent subsequence of {vk},j:“l’. Indeed, by (2.29) we know
that {zg, ﬂk},jff is uniformly bounded in C (R; R) x R. Therefore we have

lim t — Byzr(t) = +o0. (2.38)
t—+400

By (2.35), (2.36) and (2.38), we have ||vk|| = 1, [lug(- — Brzx) |l = 1. By (S1) and (2.31) and
by a similar argument yielding (2.22), we know that

lim (|0 fi(ok, ) — 01 f(0™)| =0, lim |3 fi(ox, ) —df(@)] =0, (2.39)
k— 400 k— 400
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uniformly for s € [0, 1]. We know from (2.39) that ||9; fx (ok, )|, |92 fx (0%, $)||, are both
uniformly bounded for every k € N and s € [0, 1]. It follows from (2.37) that there exists
L3 > 0 such that el < L5 for every k € N. By the Arzela—Ascoli Theorem, there exists
a convergent subsequence {vkj};r:]) of {vk },J{:o? That is, there exists v* € {v € V : |Jv| = 1}
such that

lim ||Uk,- —v*| =0. (2.40)
Jj—+0o0o
By the Integral Mean Value Theorem, we obtain for all t € R,
|vkj (t - ﬁkakj (t)) - vkj (t - ﬁ*ZG*N
1
= ‘ / O, (t = B 2o — 0(Br, 2k, (1) — B*20))d0 (Br, 2k, (1) — B¥20%)
0

< ik, 1| - 1Bk, 2k, (1) — B*zge]

< La(By, lzk, () — 2o+ | + 1Bk, — B*1200). (2.41)
Then by (2.31) and (2.41) we have
i ok (= g2k, () = vk, (= B0 = 0. (2.42)

From (2.40) and (2.42) we have
lim (v, - = Bz, () — v = BFzo0) [ = 0. (2.43)
j=+oo

It follows from (2.31), (2.39), (2.40) and (2.43) that the right hand side of (2.37) converges
uniformly to the right hand side of (2.32). Therefore,

lim II'ka ) —v*@)| =0, (2.44)
J—>+0o0
and
1 1
V(1) = Ealf(a*)v*(t) + gazf(d*)v*(t — B To4). (2.45)

Noticing that v* € {v : ||v|| = 1}, we have ||v*|| # 0. Since the matrix 9 f(¢*) 435 f (o ™) is
nonsingular, v* is a nonconstant periodic solution of (2.45). Then by Lemma 4 (yq*, o*, %)
is also a center of (2.9) in B(yo, 00, Bo; ", p). This contradicts the assumption that
B(yo0, 00, Bo;r, p) is a special neighborhood of (2.9) which contains only one center
(yo, 00, Bo). This completes the proof. O

Now we are in the position to prove a local Hopf bifurcation theorem for system (1.5).

Theorem 1 Assume (S1)—(S3) hold. Let (x4, 0¢) be an isolated center of system (2.1). If
the crossing number defined by (2.5) satisfies

¥ (Xoq, 00, Bo) # 0,

then there exists a bifurcation of nonconstant periodic solutions of (1.5) near (x4, 00). More
precisely, there exists a sequence {(x,, oy, By)} such that o,, — o¢, B, — Po asn — 09,
and lim,_, o ||X;, — Xo |l = 0, where

(Xn, 0p) € C(R; RY) x R

is a nonconstant 21 / B, -periodic solution of system (1.5).
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Proof Let (x, 7) be a solution of system (1.5) with x being 27/ B-periodic and 8 > 0. Let
(x(®), T(1)) = (y(Bt), z(Bt)). Then system (1.5) is transformed to
{w) = 5 SO, (1t = Bz(0). o),
z2(t) =gy (), y(t = Bzo), o).

Let V = Cor(R; RY). Forany & = e’V € S', u € V, (Eu)(t) := u(t + v). Recall that §
and ¢ are defined before (2.5). Let Z2(og, Bo) = (o9 — 8, 00 + 8) x (Bo — €, Bo + ¢€) and
define the maps

Loy(t) := 3(1), y € C3,(R; RY),
No(y, o, B)(1) == f(y(1), y(t — Bz(1)),0), y € V,
No(y, o, B)(t) == 1 f(@)(y(t) — Yo) + D2 f (@) (¥(t — Bzo) — Yo). ¥ € V.,

where (o, B) € Z(09, Po) andt € R, and (y,, 25 ) is the stationary state of the system at o
such that y,, = x,. The space V is a Banach representation of the group G = S'.
Define the operator K : V — R by

(2.46)

1 2

K(y) = . / y(t)dt, y e V.
T Jo

By Lemma 2, the operator Lo + K : C3_(R; RY) — V has a compact inverse (Lo + K) ™! :

V — V. Then, finding a 27/ B-periodic solution for the system (1.5) is equivalent to finding

a solution of the following fixed point problem:

1
y=(Lo+K)" [ENo(y, o, p)+ K(y)} ; (2.47)

where (y, o, B) € V x R x (0, +00). 3
Define the following maps F : V xR x (0, +00) - Vand F : V xR x (0, +00) — V
by

1
Fy,o,B8) :=y—(Lo+K)™! [ENO(y’ o, B)+ K(y)] ,

~ 1 -~
F(y, 0, B)i=y—(Lo+K)™! [ENO(y’ o, B) + K(y)] .

Finding a 27 / B-periodic solution of system (1.5) is equivalent to finding the solution of the
problem

Fly, o, B)=0, (y,0, B)eV xR x (0, +00).
By results in [6], it is sufficient to verify the following conditions:

(A1) V has an S'-isotypical decomposition V = @72 Vi and for each integer k =
0, 1, 2..., the subspace V} is of finite dimension.

(A2) There exists a compact resolvent K of Lo such that for every fixed parameter (o, B) €
R%, (Lo+ K) "' o [No(-, o, B) + K]: V — V is a condensing map.

(A3) There exists a 2-dimensional submanifold M C Vo x R? such that i) M c F~1(0);
ii) if (yo, 00, Bo) € M, then there exists an open neighborhood Uy, g,) of (o, B) in
R? , an open neighborhood Uy, of Uy in Vp, and a C'-map 1 : Uy, gy) — Uy, such
that M N (Uy, x Uy, p)) = {(n(o, B), (0, B)) : (o, B) € Uy, p}-

(A4) M C F~1(0) and for every fixed parameter (o, B) € R2, (Lo+K) ' o[No(-, o, B)+
K]:V — V is a condensing map.
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(AS) There exi~st r > 0 and p > 0 so that B(yg, 00, Bo; 7, p) is a special neighbor-
hood of F and there exists ¥’ € (0, r] such that F(y, o, B) # 0 for (y, o, B) €
B(yo, 00, Po; r', p) with y # n(o, B) and |(o, B) — (00, Bo)| = p.

(A6) D,F(yo, 00, Bo) : Vo — Vp is an isomorphism.

By (S1) we know that the linear operator Np is continuous. By Lemma 3, we know
that No(-, o, B) : V — V is continuous. Moreover, by Lemma 2 the operator (Lo +
K)Y':V > Vis compact and hence (Lo + K)y'o (%No(-,a, B)+K):V — Vand

Lo+ K)o (%1\70(-, a,f)+ K) : V. — V are completely continuous and hence are
condensing maps. That is, (A2) and (A4) are satisfied.

Since (xo,, 00) = (Yoy. 00) is an isolated center of system (2.1) with a purely imaginary
characteristic value ify, Bo > 0, (Yoy, 00, Po) € V x R x (0, +00) is an isolated V-
singular point of . That is, (Yoy» 00, Po) is the only point in V such that the derivative
Dy F (Yoo, 00, Po) is not an automorphism of V. We define the following two-dimensional
submanifold M C Vp x R x (0, +00) by

M :={(ys, 0, p) 10 € (00 =8, 00 +8), p € (Bo — &, Po + &)},

such that the point (y,, 00, Bo) is the only V -singular point of Fin M. M is the set of trivial
solutions to the system (2.1) and satisfies the assumption (A3).

Since (Yoq, 00, Po) € V x R x (0, 4-00) is an isolated V -singular point of F,forp >0
sufficiently small, the linear operator Du]:'(yg, o, B): V — Vwith|(o, B)— (00, Bo)l < p,
is not an automorphism only if (o, B) = (00, Bo). Then, by the Implicit Function Theorem,
there exists 7 > Osuchthatforevery (y, o, ) € VxRx(0, +o00) with (o, B)—(00, Bo)| =
pand0 < ||y — ys || < r, we have f(y, o, B) # 0. Then the set B(xq, oo, Po; r, p) defined
by

{(y, 0. B) € VxR x (0, +00): [(0, ) — (00, Po)| < p. Iy = Yol <7},

is a special neighborhood for .

By Lemma 5, there exists a special neighborhood U = B(ys,, 00, Bo; r’, p) such that
F and F are nonzero for (y, 0, B) € B(yoy. 00, Po; 7', p) with y # y, and (o, B) —
(00, Bo)| = p. That is, (AS) is satisfied.

Let 0 be a completing function on /. It follows from Lemma 6 that (F, ) is homotopic
to (F, 6) onU.

It is known that V' has the following isotypical direct sum decomposition

=~
V= @ Vi,
k=0

where V; is the space of all constant mappings from R into RY, and V; withk > 0,k € N
is the vector space of all mappings of the form

xcosk-+ysink- : R >t — xcoskt + ysinkt e RV,

where x, y € RV Then Vi, k > 0, k € N, are finite dimensional. Then, (A1) is satisfied.

For (o, B) € Z(00, Po), we denote by ¥ (o, ) the map Dyj?-:(y(o), o, pf): V> V.
Then we have ¥ (o, B)(Vx) C Vi forall k = 0, 1, 2, .... Therefore, we can define ¥ :
P(00, Po) = L(Vik, Vi) by

Yi(o, B) =¥ (o, Plv-

@ Springer



J Dyn Diff Equat (2019) 31:93-128 107

We note that Vi, k > 1, k € N, can be endowed with the natural complex structure J : Vy —
Vi defined by

J(xcosk-+ysink-) = —(xsink - +ycosk-), x y € RV,

By extending the linearity of J to the vector space spanned over the field of complex numbers

byeik‘ €j:Rat— eik’-ej eCV,j=1,2,..., N, weknow that

(e ej, T ey = e ey i)
is a basis of Vi, where {€1, €2, ..., ey} denotes the standard basis of RY. Then we identify
Vi with the vector space over the complex numbers spanned by e'*" - €,j=12,..., N.

Then we have for v, € Vi, k € Z, k > 1,
1 -
(o, Bog = v — (Lo + K) ™! (EDuNO(u(O')a o, B)+ K) Uk
1
=w = gLot K7 (01 f () vk + &2 (0)(vi)ps, )

where (vi) gz, = vk (- — Bzo). Then we have, for eik'fj e Vi,
Yo, B €))

1 ' |
o (ikﬂ 14— 01 f(0) — ta f@)e M) - (ee;)

1 .
= @Am(g),a)(ikﬂ) (™€),

where the last equality follows from (2.3). Therefore, the matrix representation [W] of

Y (o, B) with respect to the ordered C-basis {e"k'ej}yzl is given by

1 .
@A(),mg)(lkﬁ).

Next we show that there exists some k € Z, k > 1, such that ui(ys,, 00, fo) =

degg(detc[W¥k]) # 0.
Define ¥y : %(09, Bo) — R? ~ C by

Yy (o, ,3) = detA(ymg)(i,B).

The number 11 (ys,, 00, Po) can be written as follows (see Theorem 7.1.5 of [8]):

u1(u(oo), oo, Bo) = € - deg (¥, Z(00, Bo))
where € = signdet ¥y (o, B) for (o, B) € Z(00, Bo). For a constant map vg € Vp,
1
Yo(o, Blvo = _E(alf(a) + 921 (o)) vo.
Then, by (S3), we have € # 0 and therefore (A6) is satisfied.
- Note that g, Bp, 6 and ¢ are chosen at (2.5). Define the function H : [og — §, op + §] X
Q — R2~Cby

H(o, o, f) = det Agy,. o (@ + iB).
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where Q@ = (0, ag) X (Bo — &, Po + €), ¥p = ap(0p, Bo) > 0. By the same argument for
(2.4) and (2.5), we know that H satisfies all the conditions of Lemma 2.1 of [6] (or Lemma
7.2.1 of [8]) by the choice of «g, Bo, € and §. So we have

deg (Wn, 2(00, Bo)) = ¥ Yoy, 00, Po) # 0.

Thus, 11 (Yey, 00, Po) 7 0 which, by Theorem 2.4 of [6], implies that (ys,, 00, Bo) is a
bifurcation point of the system (2.46). Consequently, there exists a sequence of non-constant
periodic solutions (x,, o,, B,) such that o, — 09, B, — Boasn — oo, and x,, is a 27 /-
periodic solution of (1.5) such that the associated pair (x,, t,) with 7,,(t) = g(x,(¢), x,(t —
7,(1)), op) satisfies (1.5) with lim,,, 4 o0 || (X, Tn) — (X5, Top) |l = 0. o

3 Local Hopf Bifurcation for System (1.1)

Now we consider the local Hopf bifurcation problem of system (1.1). By Lemma 1, we know
thatif x € CL(R; RY) is p-periodic and is in a small neighborhood O (¢) of x,, there exists
a unique p-periodic T € C!(R; R) such that () = g(x(¢), x(t —7(t)), o), t € R. We call
x a solution if (x, 7) satisfies system (1.1).

For a stationary state x,, of system (1.1) with the parameter oy, we say that (x4, 00)
is a Hopf bifurcation point of system (1.1), if there exist a sequence {(xg, o, Tk)},fi? -
CHR; RY) x R2 and Ty > O such that

lim ||(xk, ok, Tk) — (X645 00, T0)llc1r:rN)xR2 = O,
k—+00

and (xx, o) is a nonconstant Tx-periodic solution of system (1.1).

We freeze the state-dependent delay in system (1.1) at its stationary state and linearize
the resulting differential equation of x with constant delay at the stationary state. For o €
(00 — €0, 00 + €0), the following formal linearization of system (1.1) at the stationary point
Xg:

X(t) =01 f(0) (x(t) —x5) + 92 f(0) (x(t = T6) — Xo) (3.1

where

01f(0) =01 f(xg, T, 0), 02f(0) := 0 f(Xs, Ts, 0), To = gXo, X5, O).

Notice that the system (3.1) is the same as system (2.1) and hence they share the same
characteristic equations.

Let (x4,, 00) be anisolated center of (2.1) and let O (¢*) C CI(R;RN)bea neighborhood
of xq,. In the following we confine the discussion with x € O(e*) C C L(R; RY), where by
Lemma 1, €* > 0 is chosen so that every p-periodic x € O(¢*) C C H(R; RY) determines a
unique continuously differentiable p-periodic 7.

Now we formulate the Hopf bifurcation problem as a fixed point problem in C!(R; RY).
We normalize the period of the 277 / 8-periodic solution x € O(e*) of (1.5) and the associated
7€ CY(R; R) by setting (x(¢), (1)) = (y(Bt), z(Bt)). We obtain

(y‘(r)) _ (,;f(y(t), y(t = Bz(0), a)) . 3.2)
z(7) g(y(@), y(t — Bz(1)), o)
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Let W = O(¢*) N CL (R; RY). Define Ny : W 3 (y, 0, B) x R> = Ny(y, 0, p) €
Cl (R;RM) by

Ni(y, o, B)(1) = fF(y(0), y(t = Bz(1)), 0), (3.3)

where z is chosen according to y in light of Lemma 1 so that (y, z) is a solution of the second
line of (3.2). Then the equation for y in system (3.2) is rewritten as

1
y(0) = ENI()’, o, B)@). (3.4)
Correspondingly, (3.1) is transformed into
1 -~
y(@) = ENI()” o, B)(1), (3.5

where N1 : W 3 (y, 0, B) x R? = Ni(y, 0, B) € C}_(R; RV) is defined by

Ni(y, 0, BY(1) = 31 f(0) (y(1) = yo) + 021 (0) (¥(t — Bzo) = Yo) -

with (Yo, 20) = (X, T5). We note that y is 2 -periodic if and only if x is (277 /8)-periodic.
Let Lo : C (R; RY) — Cor(R; RY) be defined by Loy (1) = y(1),1 € R and K :
C) (R;RV) — RY be defined by

1 2
K0 =5 fo y(t)dr. (3.6)

Define the map F : W x R? — Czlﬂ (R; RY) by

~ 1 -~
F(y, 0,8 :=y— Lo+ K)" [ENo(y, o, f)+ K(y)] . (3.7
We suppose that the set defined by
B(yo. 00, Posr. p) ={(y, 0, B) : Iy = yollct <. (0, B) — (00, o)l < p}

is a special neighborhood of F which satisfies

(i) F(y, 0. B) # Oforevery (y, o, B) € B(yo, 00, Po: 7. p) with|(o, B)— (00, Bo)| = p
and ||y — yollct # 0;
(1) (yo, 00, Po) is the only isolated center in B(yo, oo, Bo; r, P)-

Before we state and prove the local Hopf bifurcation theorem for system (1.1), we need the
following technical Lemmas.

Lemma7 Let Ly : CL (R; RY) — Coz (R; RN) be defined by Loy(t) = y(t),t € R
and let K Czln (R; RN) — RN be defined at (3.6). Then the inverse (Lo + K)~' :
Cor (R; RV) — Czlﬂ (R; RN) exists and is continuous.

Proof By the proof of Lemma 3.1 in [6], Lo + K : C;n (R; RY) - Cor (R; RY) is one-
to-one and onto. Moreover, (Lo + K)~! : Cop (R; RY) — Czln (R; RV) is continuous.
O

Lemma 8 Foranyo € Rand B > 0, the map Ni(-, o, B) : W — C217r (R; RN) defined by
(3.3) is continuous.
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Proof Let {y,};2, C W be a convergent sequence with limit yo € W. By Lemma 1,

{yn};2; C W uniquely determines a sequence {z,}>, C C 2171 (R; R) satisfying

20 () = g(yn (1), yn(t — Bza(1)), 0), 1 €R.

Moreover, there exists zg € C;n (R; R) suchthatzo(t) = g(yo(t), yo(t—pBzo(t)), o), t € R
and by Lemma 1 we have,

lim  sup |za(t) — 20(1)| = O. (3.8)

=0 ¢€[0, 2]
By taking derivatives on both sides of z,,(t) = g(y,(¢), y(t — Bz,(t), o) we obtain that

N1g(Yn (1), yu(t — Bzn(1)), o) Yu(t)

in (1) = : . 3.9
n(® L+ Brg(yn(t), yu(t — Bzu(1)), o) yu(t — Bzu (1)) :2)
Notice that, we have

s0(r) = 9180 (1), yo(t — Bzo(1)), o)yo(t) (3.10)

1+ Barg(yo (1), yo(t — Bzo(1)), 0)Jo(t — Bzo(1))”

Using the Triangle Inequality and the Integral Mean Value Theorem, and noticing from (S2)
that g is C?, we can show that

sup 018(yn (1), yn(t — Bzn(2)), o) yn(t)
1e[0, 271 | 1+ BO2g(yn (1), Yu(t — Bzu(t)), 0)Yu(t — Bzu(t))
B 9180 (®), yot — Bzo(1)), o)yo(t)
L+ Bo2g(yo(®), yo(t — Bzo(1)), o) Yot — Bzo(t))
— 0, as n — o0. (3.11)

Therefore, by (3.9) and (3.10) we have limy,— o SUp; [0, 27] |2, () — Zo(t)] = O which com-
bined with (3.8) leads to lim,— « ||z, — zollct = 0.

Next we show that Ny : W — C1_(R; RY) defined by N1 (y, o, B)(t) = f(y(t), y(t —
Bz(t)), o) is continuous. That is,

Jm (N (@), yu(t = Bza (), 0) = Ni(yo(0), yo(t = Bzo(®)), o)llcr = 0. (3.12)

By the proof of Lemma 3.2 in [6], we know that the restriction Ni|¢, (. gy 18 a continuous
map from Co (R; RM) to Car (R; RN). Therefore, we have

lim — sup [ f(ya (1), ya(t — Bzn (1)), o) — f(yo(2), yo(t — Bzo(1)), 0)| =0. (3.13)

n=>09 1¢[0, 27]

Moreover, since lim,— o0 ||yn — Yol = 0 and lim,,—, o0 [|zn — 20/t = 0. We can use the
Triangle Inequality and the Integral Mean Value Theorem to obtain that

d d
lim  sup | —Ni(Yn, Yot — 7u(®)), 0) — —N1(yo, yo(t — 10(t)), o)
n—00 er0 271 | At de
= lim sup |alf(yn(t)7 yu(t — ,an(t))s G)}.’n([) + 32f(yn(f), yu(t — ,an([))’ o)

=09 +¢[0, 27]

X yn(t = Bza (1) — B2 (1)) — 31 f (Yo(0), yo(t — Bzo(1)), 0)yo(1)
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=0 f (o), yo(t — Bzo(2)), o)
X yo(t — Bzo()(1 = Bzo(®))],
—0. (3.14)
By (3.13) and (3.14), Ny : W — C1_(R; RY) is continuous. u]

To establish the S'-degree on some special neighborhood near the stationary state , we
have

Lemma 9 Assume (S1)—(S3) hold. Let Lo and K be as in Lemma 7 and Ni : W x R x
0, +00) — CJ (R;RN) be as in (3.5). Let F : W x R x (0, 400) — C3_(R; R") be
defined at (2.11). If B(yo, 00, Po; 1, p) is a special neighborhood of F with 0 < p < Py,
then there exists r' € (0, r] such that the neighborhood

B(yo. 00, foir’s p) = {(u, o, B) 1 Iy = Yollcr <7’ (0, B) = (00, Bo)| < p}

satisfies

1
y(t) # Ef(y(t), y(t = Bz(1)), o)

Jor (y, o, B) € B(yo, 00, Po; r'. p) withy # yo and (o, B) — (00, fo)| = p-

Proof We prove by contradiction. Suppose the statement is not true, then forany 0 < r’ < r,
there exists (y, o, 8) suchthat 0 < ||y — ysllc1 <1/, |(o, B) — (00, Bo)| = p and

1
() = Ef(y(t), y(t — Bz(1)), o) fort € R. (3.15)

Then there exists a sequence of nonconstant periodic solutions {(yx, ok, ,Bk)},fil of (3.15)
such that

kEToo vk = Yo, lcr = 0, [(ok, Br) — (o0, Bo)l = p, (3.16)
and
1
Vi) = ﬁf()’k([)’ Yi(t = Brzr (1)), oy) fort € R, (3.17)

where z; is chosen according to yi in light of Lemma 1 so that (yx, zx) is a solution of
system (3.2).

Note that 0 < p < Bp implies that Sr > Bo — p > O for every k € N. Also, since the
sequence {ox, Bx}io; belongs to a bounded neighborhood of (09, Bo) in R2, there exists a
convergent subsequence, still denoted by {(o%, B)}7>; for notational simplicity, that con-
verges to (o*, B*) so that |(c*, B*) — (00, Bo)| = p and B* > 0. Then we have

Jim = o ler =0, lim_iox, f) — (0, 61 =0, (3.18)
and
$1(0) = éf(yk(r), Wt = Bezk(0)), o) for t € R. (3.19)
We need to show that the system
80 = %alﬂo*)v(r) + %Ebf(a*)v(t — Bz, (3.20)
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has a nonconstant periodic solution which contradicts the assumption that (ys,, 00, Bo) is
the only center of (3.5) in B(ug, 0o, Bo; r, p). But (3.18) implies that

lim ||yx — yo [l =0, lim [(ox, Br) — (0%, %) =0, (3.21)
k—+00 k— 400

Then by the same argument in the proof of Lemma 5, (3.20) has a nonconstant periodic
solution. This completes the proof. O

To apply the homotopy argument of S'-degree, we show the following

Lemma 10 Assume (S1)—(S3) hold. Let Ly, K, N1, FbeasinLemma9and Ny : W x R? —
C%ﬂ (R; RV) be as in (3.2). Define the map F : W x R x (0, +00) — Czlﬂ (R; RN) by

1
F(y,0,B)i=y—(Lo+K)"! [ENl(y, 0, ﬂ)+K(y)].

IfU = B(yo, 00, Bo:rs p) € W x R x (0, +00) is a special neighborhood of F with
0 < p < Bo, then there exists r' € (0, r] such that Fy = (F, 0) and Fo = (F, 0)
are homotopic on B(yo, 00, Bo; r', p), where 0 is a completing function (or Ize’s function)
defined on B(yo, 00, Bo; ', p) which satisfies

@) 0(ys, 0. B) = —|(0, B) — (00, B if (s, 0, B) €U;
(i) 0y, 0, B) =r"if|ly = yollcr =71".

Proof Since U = B(yo, 0o, Bo;r, p) € W x R? is a special neighborhood of F with
0 < p < Bo, then by Lemma 9, both 7y = (F, 0) and Fo = (F, 0) are U-admissible. For
contradiction, suppose that the conclusion is not true. Then for any " € (0, r], Fo = (F, 0)
and %y = (F, 0) are not homotopic on B(yo, 0o, Bo; ', p). That is, any homotopy map
between Fy and f@ has a zero on the boundary of B(yo, oo, Po; r’, p). In particular, the
linear homotopy A(-, o) = aFs + (1 — @)Fs = (@F + (1 — «)F, 6) has a zero on the
boundary of B(yo, 00, Bo; ', p), where o € [0, 1].

Note that (y, o, B) > 0if ||y — yo|llc1 = r'. Then, there exist (y, o, ) and« € [0, 1]
such that [ly — yellc1 < 7/, |0, B) — (00, fo)| = p and

H(y, 0, B, @) :=aF + (1 —a)F =0. (3.22)

Since r’ > 0 is arbitrary in the interval (0, r], there exists a nonconstant sequence
{Ok, ok, Bk ozk)},fil of solutions of (3.22) such that

klj:{loo ¥k = Yo llct = 0, (0%, Br) — (00, Bo)l = p, 0 <o <1, (3.23)
and
H (yk, ok, Bk, ax) =0, forall k € N. (3.24)

Note that 0 < p < Bp implies that By > Bg — p > 0 for every k € N. From (3.23)
we know that {(o%, Bk, ax)}ge, belongs to a compact subset of R3. Therefore, there exist
a convergent subsequence, denoted for notational simplicity by {(ox, Bk, ax)}7>, without
loss of generality, and (o*, B*, a*) € R3 such that B* > By — p > 0, &* € [0, 1] and

lim |(ok, Bk, ax) — (0, B*, &™) = 0. (3.25)
k——+o00
By the same token for the proof of Lemma 5, we show that the system
1 1
v(t) = Ealf(d*)v(l) + Eazf(a*)v(t = Bzo+) (3.26)

@ Springer



J Dyn Diff Equat (2019) 31:93-128 113

with 9; f(0*), 0;g(c™),i = 1, 2, defined at (2.1), has a nonconstant periodic solution which
contradicts the assumption that B(uq, o9, Bo; r, p) is aspecial neighborhood which contains

an isolated center of (3.5). Since (3.23) implies limy— 100 [|[Yk — Yo, Il = 0, by the same
argument in the proof of Lemma 10 we know that system (3.26) has a nonconstant periodic
solution. This is a contradiction. O

Now we are in the position to prove the local Hopf bifurcation theorem for system (1.1).

Theorem 2 Assume (S1)—(S3) hold. Let (xq,, 00) be an isolated center of system (2.1). If
the crossing number defined by (2.5) satisfies

¥ (Xoq, 00, Bo) # 0,

then there exists a bifurcation of nonconstant periodic solutions of (1.1) near (x4, 00). More
precisely, there exists a sequence {(x,, oy, By)} such that o,, — o¢, B, — Po asn — 09,
and limy,_, o || Xy — Xoyllc1 = 0, where

(x, o) € C'R;RY) x R
is a nonconstant 21 / B, -periodic solution of system (1.1).

Proof Let (x, 7) be a solution of system (1.1) with x being 27/ B-periodic and 8 > 0. Let
(x(1), T(t)) = (y(Bt), z(Bt)). Then system (1.1) is transformed to

{y‘(r) = 5 SO, y(t = Bz(1), 0),
26) =g, y(t = Bz(1)), o).

Let W = O(e*) N C) (R; RY). Forany & = ¢'” € S', u € W, (Eu)(t) := u(t + v). By
results in [6], it is sufficient to verify the following conditions (A1)-(A6) listed in the proof
of Theorem 1.

Recall that § and ¢ are defined before (2.5). Let 2(09, Bo) = (09 — 8, o9 + 8) x (Bo —
€, Po + ¢) and define the maps

(3.27)

Loy(t) := 3(1), y € C1,(R; RY),
Ni(y, 0, B)() := f(y(0), y(t — Bz(1)),0), y € W,
Ni(y. 0. B)(t) = 01 F (@) V() — Vo) + . (@)Y (t — Bzo) — Vo). y € W,

where (o, B) € Z(09, Po) andt € R, and (y,, z5) is the stationary state of the system at o
such that y,, = x4,. The space Czlﬂ (R; RY) is a Banach representation of the group G = S'.
Define the operator K : C3_(R; RY) — RV by

1 2
K(y) =5 f y(t)dt, y € Cp (R; RY).
T Jo

By Lemma 2, the operator Ly + K : CQIH (R;RY) - Crr(R; RN) has a compact inverse
(Lo + K)~!. Then, finding a 27/ B-periodic solution for the system (1.1) is equivalent to
finding a solution of the following fixed point problem:

1
y=(Lo+K)™" [ENI(% o, B) + K(y)} , (3.28)
where (y, o, B) € W x R x (0, 400).

By (S1) we know that the linear operator N 1 is continuous. By Lemma 8, we know
that Ni(-, o, B) : W — C21” (R; RN ) is continuous. Moreover, by Lemma 7 the operator
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(Lo + K)7! 0 Con R;RY) — CL_(R;RV) is continuous. Noticing that the embedding
j:Ci (R;RY) < Conp (R; RY) is compact, we obtain that (Lo + K) ! o (%Nl (o, B)+
K): W — C3 (R;RY) and (Lo + K) ™' o (3N1(, e, B) + K) = W — Cy (R; RY) are
completely continuous and hence are condensing maps. That is, (A2) and (A4) are satisfied.

Define the following maps F : W x R x (0, +00) — Czln (R;RV¥)yand F: W x R x
(0. +00) — C} (R:RY) by

1
F(y,0,B)i=y—(Lo+K)"! [BNl(y, o, /3)+K(y)],

~ 1 -~
f(ys o, ﬂ) =y - (LO+K)71 [ENI()H o, ﬂ)+K()’)i|,

which are equivariant condensing fields. Finding a 27 / 8-periodic solution of system (1.1)
is equivalent to finding the solution of the problem

F(y, 0,8 =0, (y,0,B)ecWxRx(0, +00).

Since (xoy, 00) = (Yo, 00) is an isolated center of system (2.1) with a purely imaginary
characteristic value iy, Bo > 0, (Yo, 00, Bo) € W x R x (0, 4+00) is an isolated sin-
gular point of F. That is, (Yoy» 00, Po) is the only point in W such that the derivative
Dy F(Yoy» 00, Bo) is not an automorphism of C217r (R; RY). One can define the following
two-dimensional submanifold M C Vp x R x (0, 4+00) by

M :={(yo, 0, ) 10 € (00 =8, 00 +6), p € (Bo— ¢, Po+ )},

such that the point (ys,, 00, Bo) is the only singular point of Fin M. M is the set of trivial
solutions to the system (2.1) and satisfies the assumption (A3).

Since (ygy, 00, Bo) € W x R x (0, 4-00) is an isolated singular point of F, for p>0
sufficiently small, the linear operator D, F(yo, o, ) : W — Ci_(R; RV) with |(o, B) —
(00, Bo)| < p, is not an automorphism only if (o, ) = (o0, Po). Then, by the Implicit
Function Theorem, there exists » > 0 such that for every (y, o, ) € W x R x (0, 4+00)
with |(o, B) — (00, Bo)l = pand 0 < ||y — ys || < r, we have ]?(y, o, B) # 0. Then the
set B(xo, 00, Bo; r, p) defined by

{(y, 0. B) € W xR x (0, +00); [(0, B) — (00, o)l < p. Iy = Yo llc1 <1},

is a special neighborhood for F.

By Lemma 9, there exists a special neighborhood U = B(ys,, 00, Bo; ', p) such that
F and F are nonzero for (v, 0, B) € B(Yoy, 00, Po; ¥, p) with y # y, and |(o, B) —
(00, Bo)| = p. That is, (AS) is satisfied.

Let 6 be a completing function on U. It follows from Lemma 10 that (F, 6) is homo-
topic to (F, #) on Y. It is known that Czlﬂ (R; RV) has the following isotypical direct sum
decomposition

o0
Cr R;RY) = P Vi,
k=0

where Vj is the space of all constant mappings from R into RV, and V; with k > 0,k € N
is the vector space of all mappings of the form

xcosk-+ysink- : R >t — xcoskt + ysinkt e RV,
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where x, y € RN. Then V., k > 0, k € N, are finite dimensional. Then, (A1) is satisfied.
The verification of (A6) and the computation of the crossing number y (yo,, 00, Po) 7 0
is the same as that in the proof of Theorem 1. We omit the details here. Then by Theorem 2.4
of [6], (Yo, 00, Bo) is a bifurcation point of the system (3.27). Consequently, there exists
a sequence of non-constant periodic solutions (x,, 0,, B,) such that o, — 09, B, — Bo
as n — 00, and x, is a 2w /B,-periodic solution of (1.1) such that x,, satisfies (1.1) with
limy,— 400 [[Xn — Xoqo llc1 = 0. o

4 Global Bifurcation of DAEs with State-Dependent Delays

In this section we use a Rabinowitz-type global Hopf bifurcation theorem (Theorem 2.5
developed in [6]) to describe the maximal continuation of bifurcated periodic solutions with
large amplitudes when the bifurcation parameter o is far away from the bifurcation value.
Note that systems (1.1) and (1.5) share the same differential equation for x and differ only
in the algebraic equation for the state-dependent delay t. Moreover, by Theorems 1 and 2,
both systems share the same set of Hopf bifurcation points. In the following, we state results
in terms of system (1.1), which are also applicable to system (1.5).

Lemma 11 (Vidossich [17]) Let X be a Banach space, v : R — X be a p-periodic function
with the following properties:

) v e L, R, X);
(i) there exists U € L'([0, 21; R4) such that |v(t) — v(s)| < U(t — s) for almost every
(in the sense of the Lebesgue measure) s, t € R such thats <t,t —s < 5;

(iii) [P v()dr =0.
Then

ge]

p vl 52/2 UG dr.
0

We make the following assumption on f:
(S4) There exists constant L ; > 0 such that
|f (61, 62, 0) = f(O1, 02, 0)| < Lp(1601 — O1] + |62 — 62),
for every 01, 61, 01, 62, 0 € R.

Lemma 12 Suppose that system (1.1) satisfies the assumption (S4) and x is a nonconstant
periodic solution. The following statements are true.

Q) Iflitlire < i, then the minimal period p of x satisfies

p= 2
= 1—2Llls
(1) If T is continuously differentiable in R, then the minimal period p of x satisfies

Pz
L@+ )
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(iii) Suppose there exists a constant Ly > 0 such that

1§01, 62, 0) — g(B1, B2, 0)| < Lg(161 — 1] + |62 — 62)),

for every 01, 605, 01, 02, 0 € R.If || %]z < Lig, then the minimal period p of x
satisfies
o> 2(1 — Lg||5C||L<>°).
Ly

Proof Assume that x is a nonconstant periodic solution with minimal period p. Let v() =
x(t). Then we have fop v(t)dt = 0. For s < ¢, by (S4) and the Integral Mean Value Theorem,
we have

@) —v(s)| < |x(1) — x(s)]
SLp(x@) —x()+ x@ —1@) —x(s — (s
S Lpllxlizee@ =)+ Lpllxlipoe(t —s 4+ [2(t) — t(s)])
< (QLglklILe + LgllklLee - 1T llLee) (8 = 9). 4.1

(i) By (4.1) we have
lv(#) —v(s)| < Lgllxlipee —s) + Lgllxlipe —s +[T() —T(s)])
S2L gl xllpoe(t —s) + 2L pllTlizoe - IX]ILoe.
Let
U@) =2L¢lx oot + 2L lITllroe - X[ 200

Then, by Lemma 11, we obtain
5 p?
PllxllLe < 2/ U(t)dr = T 2L g%l Lo + P 2L pllTllLoo - (%] oo
0
If || 7]l Lo < i,then
2
Pz ——.
(I =2LylItllLe)

(ii) If 7 is continuously differentiable in R, then we have || ||~ < co. Moreover, by (4.1)
we have

() —v()| < Lgllxllpee(t —s) + LellXllpe(t — s+ |t() — T(s)])
<@+ Tl Ly - [IX] Lo (F = 5).
Let
U@) = @2+ NTllLo) Ly - Xl oot

Then, by Lemma 11, we obtain

g 2
. 2 p . .
pllxlLe < 2/0 Udr = il @+ lTloo) Ly - x| Loo.
Therefore,
4

Pz
Ly@2+tllzee)
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(iii) If g is Lipschitz continuous, then we have

[T(1) = T()| = Lglx (@) = x ()| + Lg|x(z — (1)) — x(s — 7(5))]
< Lglixllzoe(t — ) + Lgllxllzoe(t — s + [2(t) — T(s)D).

If | X ||z < Li, then we have
8

2Lg|Ix]I Lot —5)

[T(t) — T(s)| < , (4.2)
1= Lgllxllzee
By (4.1) and (4.2)
[0 = )] = Lyl =) + LyllEle = 5 + 170 = 7))
: 2L Ll k|70 (t = 5)
<2L- oo (t —
<2Ly - ||xllpoe(t —s) + Ll
2L ¢ 1% || oo
=L)C|.|L(t—s).
1= Lgllxllzee
Let
2L ¢|1% || oo
Ut = w ]
1= LgllxllLe
We obtain
P 2 .
; : P~ 2LylxllL=
pllillL~ < 2/ Urar = P 2l
0 41— Lglx|lre
and
_ 200~ Lylil)
> L,
O

To describe the minimal periods of the periodic solutions near the bifurcation point, we
need the following result which was first established in [9] for ordinary differential equations
and was extended to other types of delay differential equations in [6,19].

Lemma 13 Suppose that system (1.1) satisfies (S1-S4). Assume further that there exists a
sequence of real numbers {0y} | such that:

(i) For each k, system (1.5) with o = o} has a nonconstant periodic solution x; €
C (R; RN+ with the minimal period Ty, > 0, and one of the conditions (i), (ii) and (iii)
at Lemma 12 is satisfied by (xi, t¢);

(ii) lim ox =o0g € R, lim Ty = Ty < 00, and lim ||x;x — xo|| = 0, where xo : R — RN
k— 00 k— 00 k—o00

is a constant map with the value x.

Then xq is a stationary state of (1.1) and there exists m > 1, m € N such that im 2 /Ty
are the roots of the characteristic equation (2.2) with o = oy.

Proof By Lemma 12 and the uniform convergence of {(xx, oy, Tk)},fi] we conclude that
there exists 7* > 0 such that Ty > T* and therefore Ty > T*. We can show that (xg, op) is
a stationary state of (1.5), and that the following linear system

v(1) = 01 f(00)v(?) + 92 f (00)v(t — T0) (4.3)
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has a nonconstant periodic solution, the proofs of which are just simplified versions of the
proof for Lemma 4.3 in [6] without the equations for tz. Hence we omit the details here. Then
by Lemma 4, there exists m > 1, m € N, such that +im 27/ Ty are characteristic values of
(2.2). This completes the proof. O

Now we can describe the relation between 27/ and the minimal period of u in Theo-
rem 1.

Theorem 3 Assume (S1-S4) hold and every point in the sequence {(xi, ©)}7e, at Theo-
rem 1 satisfies one of the conditions among (i), (ii) and (iii) at Lemma 12, then every limit
point of the minimal period of xy as k — +00 is contained in the set

2

{( 50 1 im nPy are characteristic values of (xo, 0g),m, n > 1, m, n € N} .
npo

Moreover, if i m nfy are not characteristic values of (xg, og) for any integers m, n € N

such that mn > 1, then 27 /By is the minimal period of uy(t) and 27 /B — 2w /Bo as

k — oo.

Proof Let Ty denote the minimal period of xx (¢). Then there exists a positive integer ny such
that 27t /Bx = niTx. Since Ty < 2m/Br — 2m/Bo as k — o0, there exists a subsequence
{Tk,'}?il and Tp such that Ty = lim; Tkj. Since 277/,3k,~ — 21/ Po, Tkj — Ty as
J — 00, ng; is identical to a constant n for k large enough. Therefore, 27 /By = nTp. Thus
Ty; — 2m/(nBo) as j — oo. By Lemma 13, +im 2 /Ty = =+imnfy are characteristic
values of (xqg, og) forsomem > 1, m € N.

Moreover, if +i m nfiy are not characteristic values of (1o, og) for any integers m € N
and n € N with mn > 1, then m = n = 1. Therefore, for k large enough ng; = 1 and
27 /Br = Ty is the minimal period of xx (¢) and 2w /B — 27/ Bo as k — oo. This completes
the proof. O

The following lemma shows that we can locate all the possible Hopf bifurcation points of sys-
tem (1.1) with state-dependent delay at the centers of its corresponding formal linearization.
Since the proof is similar to that for Lemma 4.5 in [6], we omit the details here.

Lemma 14 Assume (S1-S3) hold. If (xo, 09) is a Hopf bifurcation point of system (1.1),
then it is a center of (2.1).

Now we are in the position to consider the global Hopf bifurcation problem of system
(1.1). Letting (x(2), t(¢)) = (y(%”t), z(%’t)), we can reformulate the problem as a problem
of finding 27 -period solutions to the following equation:

¥ = zﬂNo(y(z), o, 21 /p). 4.4)
T

where the z satisfies the algebraic equation z(t) = g(y(¢), y(t — %z(t)), o). Accordingly,
the formal linearization (2.1) becomes

. p -~
x(t) = — No(x(t), o, 27 /p). 4.5)
21
Using the same notations as in the proof of Theorem 1, we can define
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Then the following system

Lox = P A(x, o, p), p >0, (4.6)
2w
is equivalent to (4.4) and
Lox = 2 fj(x, 0, p), p > 0, @.7)
2

is equivalent to (4.5). Let S denote the closure of the set of all nontrivial periodic solutions
of system (4.6) in the space V x R x Ry, where R is the set of all nonnegative reals. It
follows from Lemma 12 that the constant solution (xg, og, 0) does not belong to this set if
the sequence {(xx, 7x)};, in Theorem 1 satisfies one of the conditions among i), ii) and iii)
at Lemma 12. Consequently, we can assume that problem (4.6) is well posed on the whole
space V x R2, in the sense that if S exists in V x R2, then it must be contained in V x R x Ry.

Then by the global Hopf bifurcation theorem 2.5 developed in [6] and with similar argu-
ments leading to Theorem 4.6 in [6], we obtain the following global Hopf bifurcation theorem
for system (1.1) with state-dependent delay.

Theorem 4 Suppose that system (1.1) satisfies (S1-S4) and (S3) holds at every center of
(4.7). Assume that all the centers of (4.7) are isolated and every periodic solution x of system
(1.1) satisfies one of the conditions among (i), (ii) and (iii) at Lemma 12. Let M be the set of
trivial periodic solutions of (4.6) and assume that M is complete. If (xo, 09, Po) € M isa
bifurcation point, then either the connected component C(xq, o9, Po) of (xo, 00, Po) in S
is unbounded, or

C(X(), 605 pO) mM = {(XO, 007 p0)7 (.Xl, 017 pl)v "'a(xqv qu pq)}7

where p; € Ry, (x;, 0j, pi) e M,i =0, 1, 2, ..., q. Moreover, in the latter case, we have

q
Zei)/(xi, oi, 2 /p;) =0,

=0
where y (x;, o, 27 /P;) is the crossing number of (x;, o;, P;) defined by (2.5) and
= sgndet(d f(07) + 02 f (01)).

5 Global Hopf Bifurcation of a Model of Regulatory Dynamics

We consider the following extended Goodwin’s model for regulatory dynamics:

+( (t r))

dy—?’) = —ppy(0) +apx(t — 1), (5.1)
8D = —pez(t) + aey(t — 1),

2(t) = c(e(t) — x(1 — 7)),

where x is the concentration of mRNA, y is the concentration of the related protein; z is the
concentration of an active enzyme which controls the level of the metabolite functioning as
repressor at the DNA level; u,,, i), and 1. are nonnegative degradation rates; o, o, and
a, are positive coefficients for the inhibition/activation terms; ¢ and Z are positive constants;
h is an even positive integer. The Goodwin’s model [3] without delay (r = 0) has been

B = —px (1) +
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extensively studied in system biology modeling various regulatory dynamics. Note that if we
freeze the delay t at the stationary state in system (5.1), it becomes the classic Goodwin’s
model without delay.

We are interested in the onset and termination of each Hopf bifurcation branch of periodic
solutions which are described as one of the alternatives given in Theorem 4. To be specific,
we need to obtain the boundedness or unboundedness of the connected component of the
pairs of nonconstant periodic solution and parameter in the product space of the state and the
parameter space. In the following, we first analyze the local Hopf bifurcation of system (5.1)
and then consider the boundedness of periodic solutions of system (5.1) for a global Hopf
bifurcation in light of Theorem 4.

5.1 Local Hopf Bifurcation

Note that & is an even positive integer. Every stationary point (x, y, z) of System (5.1)
satisfies that

_me_’_ Um ;= O’

+(3)
—ppy +apx =0, (52)
—eZ + ey =0,

_ ﬂ Al p
and (x, y, 2) = <XO, 1y 05 Loy

X = xg is the unique solution of

h

(07104

“m (#) X1 + Umx — o = 0.
MHellpZ

xo>, where by Descartes’ rule of signs we know that

Freezing the delay of system (5.1) at t = 0 and linearizing the resulting nonlinear system at

the stationary state (x, y, z) = (xo, Z—”xo, Z"Z” xo> leads to the characteristic polynomial
P eltp
Jh—1
—m 0 _Mhz
zh <1+ £ )
det | A1 — ()
ap —Hp 0
0 (2 —HMe
hoy 7!

=+ um)A 4+ pp) A+ pe) + (5.3)

~h z h 2
L+ (E)
which has a unique negative root and a pair of imaginary roots. In the following, we discuss
the existence of purely imaginary eigenvalues as the parameter «,, varies. We have

Lemma 15 Let (x, y, z) be a stationary state of system (5.1). Then the following equation
of (x, am)

hal e, \IT1
(o + 1) e+ 1) e + pom) = Ji - (e ) s,
m ertp (5 4)
KmX = %7 '
l+(ueupix)

has a unique solution for (x, ay) = (X*, o).
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h
Proof Noticing that by the second equation of (5.4), *2 = 1., (1 + (mx) ),We rewrite
the first equation of (5.4) into

n\ 3
Il n ( Al p x) _ (m + :up)(:ue + Mp)h(,ule + m)
hitm ( o0y ) -
Zh Mel‘«pz
which has a unique positive solution for x” and hence for x with x = x* for some x* > 0.
h
) ) The solution of (5.4) is (x, @) =

*
L o). [m}

’

agozp

Then ay, = o, with o, = x* <1 + (

(x*

Lemma 16 Let o, be as in Lemma 15 and . = u % iv be the imaginary roots of the
characteristic polynomial at (5.3). Then u and v are continuously differentiable with respect
to ay, and u = 0 if and only if o, = o). Moreover,

du

doyy,

ap=ay, > 0.

Proof Let (x, y, z) = (xo, Z—’;xo, MZM” xo) be a stationary state of System (5.1) and let

hOlmZh_]

(14 (;)h)z'

F, am) = 0+ wm) (A "'P«p)(}L + te) +

Noticing that z = xo and
dxg _ 1
do ’ h ’
" Mm + m (h + 1 )(:e:;;> x{)’

we know that F is continuously differentiable with respect to (A, a;,). Let (A, oy,) be such
that F (A, o) = 0. Then we have

1 1 1
:(A+Mm)(k+up)(k+ue)< + + )

di}L )\+Mm A"‘Mp k‘f’ﬂe

hoy 7! 1 1 1
= _ 5 + + .
- A\ Atpm  Atup A+ e

Next we show that d + # 0 at every solution of F'(A, ay) = 0. Otherwise, F has a repeated
root and the root satlsﬁes

1 1 1
+ +
At m At pp At Ue

which leads to two distinct negative roots:

—(m + Mp + He) = \/(.um + Me)z + ,u%) - Mp(ﬂm + e)
3 .

This is a contradiction. Then by the Implicit Function Theorem, A is continuously differen-
tiable with respect to «,.

A=
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Next we bring & = u + iv into the characteristic polynomial at (5.3) we have

{ (4 ) @+ pp) — v+ fne) — (Um + pp + 2u)0* 4+ co = 0 (5.5
[+ pm) @+ pp) _U2+(M+Me)(ﬂm +pp +2u)]v =0, '
h— 3 h—1
where ¢ = %;2 = ;;,7;’5 . (%) x" =3 If u = 0, then (5.5) leads to
zh(1+(§> ) " -
{ (m + Mp)(,ue + Mp)(.ue + Um) = co, (5.6)
Hmbp + the(pm + p) = v, '

Am

—— . By Lemma 5.4, we have «,,, = o}, By the uniqueness
1+( aeap~x)
) \nenpz
of o, u = 0 if and only if ,,, = ).
To compute ddT” at oy, = o, we take derivatives with respect to «, on both sides of the
equations at (5.5) and then letting u = 0, we obtain

where x satisfies y,,x =

{ [(,ueﬂp + Helbm + Mmﬂp) - 3v2]u, —2v(up + Np)v/ + 56 =0,
[2(m + pp + pe)vlu’ + [(eftp + telbm + mp) — 3U2]U/ =0.

Then we have

du . _C(/)((,ue,up + Metbm + Wmip) — 31)2)
o=t [(Neﬂp + Ueltm + Mmﬂp) - 3U2]2 + 4U2(Mm + l/Lp)(le +up + e) )

doyy,

By the second equation of (5.6), we have

du _ ZCE)(ILele + Uellm + Umitp)
m=tm [(Meﬂp + letbm + Wmitp) — 302 + 4U2(l/«m + l/vp)(llvm +up + Me) .

doyy,

Noticing that

3 h—1

oo = D ep =3

0= %2
T MUy Help

h (aeap )hl i ((xm)S
= ~7 . —_— x —
huZ \ wemyp x

h aea, \ 7! el h
=~Lhm.<ep> Xh 1+< ep~x)
Z MHeldp MHelkpZ
can be regarded as a fourth order polynomial of x” with positive coefficients, and that (‘%‘1 =
1

h
m+m (h+1) ( ::;f]l:i ) xé’

> 0, we have

deg
am=a, = 0,

dayy,

hence d&
ence g, -

A =a”;l > 0. O

Notice that ddT" am=cz > 0 implies the crossing number at the stationary point
*

(x (o), ylog), " (o)) satisifes:

v (x(ay), y(ay,), z(ay,), oy, viey,)) # 0.
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Moreover, we can check that conditions (S1-S3) for Theorem 1 are satisfied. Then we have
the following local Hopf bifurcation theorem for system (5.1).

Theorem 5 Let o), be as in Lemma 15. Then system (5.1) undergoes Hopf bifurcation near
the stationary point (x(c;y), y(ay), z(oh)) as o, varies near o,

5.2 Global Hopf Bifurcation

In this section, we develop a global Hopf bifurcation theory for system (5.1). By Lemma
5.4 and Theorem 5, we know that (x(c), y(e), z(e))) is the only Hopf bifurcation point
and is an isolated center. To apply the global Hopf bifurcation Theorem 4, it remains to
check condition (S4) and one of the conditions among (i), (ii) and (iii) at Lemma 12. We first
consider the boundedness of periodic solutions.

Theorem 6 Let (x, y, z) be a periodic solution of system (5.1). Then (x, y, z) satisfies for
everyt € R,

(0% [02710%
0<x()<—=,0<y(@) < 2" < =7
Mm Mplm Melk p m

Proof Note that 1 > 0 is an even integer. We have x(1) < —u,x(t) + a,, which by
Gronwall’s inequality leads to

X(1) < e M x(0) + S (1 — g Hnt) (5.7)
Mm
Since x is periodic, there exists p > 0 such that x(t) = x(¢ 4+ p) for every t € R and for
every n € N, we have x(¢) = x(¢ + np). Then for every t € R we have x(¢) = x(t + np) <
e Hm(t+nP) x () + o (1 — e Hmtnp)) — — o asn — oo. Therefore, we have x (1) < ;-
for every t € R.

By the same token, with x (t —7) < 0‘”’

, we obtain from the second equation of system (5.1)

that y(r) < a” n 't € R, and subsequently from the third equation of system (5.1) that
z(t) < zez"‘;’” for every tr € R.
To obtain lower bounds of x, y and z,letx = —x,y = —y andz = —z. Then system (5.1)
becomes
dﬁgt) — _/J/mi(t) (o2
(=]
GO = 50 + api(t — 1), (5.8)

dz(t)

—eZ(t) + aey(t — 1),
T(t) =c(x(@—1)—x(1)).

We have fc(t) < —umXx(t), which leads to
(1) < e *n'x(0). (5.9
Note that x is also p-periodic. For every t € R we have
X(t) = X(t + np) < e IFP5(0) - 0asn — oco.

Therefore, we have x(#) < O for every t € R. By the same token, with x( — 7) < 0, we
obtain from the second equation of system (5.8) that y(¢) < 0,7 € R, and subsequently from
the third equation of system (5.8) that zZ(¢) < O for every t € R. Then by the definition of
(x, ¥, z), we obtain that for every r € R, x(¢) > 0, y(t) >0, z(t) > 0.
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If there exists 7o € R such that x(f9) = 0, then by the first equation of system (5.1) we
have x(tp) > 0. By the continuity of X, there exists § > 0 such that x is strictly increasing
in (tp — 8, o+ 8).sothat x(t) < O for ¢ € (t9 — 8, tp). This is a contradiction. By the same
token we have y(f) > 0 and z(t) > O for every ¢t € R. O

Lemma 17 Let fp : R? x R? x R — R3 be defined by

U

Mm H_(L:Z)h
fo6r, 62) =~ up | -61 + opx2
He Qe Y2

where 01 = (x1, Y1, 21) and 6y = (x2, y2, 22). Then fy is Lipschitz continuous with a
Lipschitz constant

apho
Ly =max {m, Up, te, Ap, e, T s

where hy =

Proof We use the Mean Value theorem for integrals to obtain a Lipschitz constant. Let
61 = (X1, ¥1, 21) and 6, = (X2, 32, Z2). Then we have

‘f0(91, 02) — fo(O1. 52)‘ < max {im, Wp, the} 101 — 01

QU

+ max { o), o, Sup |— 162 — 65]. (5.10)

22 dZ21+<Z7g)h

We have

h—1
22
d Uy _ aph (7)

BT ()

Noticing that the map R > t — vanishes at = 0 and 1 = oo and that

th—l
(A+17)2
d th*l
i ——
dt (1 4 th)?

==

d Um

= o with
z

if and only if r = &+ (1 — h%) , we obtain that sup,,

and the supremum is achieved at %2 = (1 — h—il) " Then by (5.10) fop is Lipschitz continuous

. . . o amho
with a Lipschitz constant L ; = max {um, Kp, He, Op, Oy 50 ] . O
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To apply the global Hopf bifurcation theorem, we also use Lemma 12 to show the closure of
all nontrivial periodic solutions bifurcating from the stationary point (x(cy,), y(e,), z(e)))
will not include constant solution with zero period.

Lemma 18 Let (x, y, z) be a periodic solution of system (5.1). If o, < %, thent :R - R
given by t(t) = c(x(t) — x(t — t(t))) exists and is continuously differentiable.

Proof The existence and continuity of 7 follows from Lemma 1. Let f; : R? — R be defined
by

filt, ) =1 —c(x(@) —x(t —1)).

Then f; is continuously differentiable with respect to (z, t). Moreover, by (5.11) we have

ﬁ%;ﬁz1—da—w.

By the first equation of system (5.1) and by Lemma 6 we have for every t € R, x(¢) < o,
and

RO = —pt I, 5.11)

h
Mm Qe pm
1+ ( HeltpZ )

Then we have [x| < oy, and by (5.11) we have

afi(z, t .
L:l—c’x(z—f)>0.
ot
By the Implicit Function Theorem, t is continuously differentiable at ¢ € R. O

It follows from Lemma 18 and (ii) of Lemma 12 that if o, < %, then the period p of every
nonconstant periodic solution satisfies p > m > 0.
Now we are in the position to state the global Hopf bifurcation theorem.

. 2 . . ,
Theorem 7 Let o), be as in Lemma 15 and p* = U—Z where v* > 0 is the imaginary part

of eigenvalue of the formal linearization of system (5.1) at a,, = a),. Suppose that o)}, < %
There exists a connected component C of the closure of all nonconstant periodic solution
of system (5.1) bifurcating from (o, p*, x(oy), y(ay), z(a))) € R? x C(R; R3), which

satisfies that

(1) either the projection of C onto the parameter space of the period p is unbounded.
(ii) or the projection of C onto the parameter space of oy, does not cross a = 0 but is not
contained in any compact subset of the interval (0, %).

Proof We first show that if «;;, = 0, system (5.1) has no nonconstant periodic solutions. Oth-
erwise, let (x, y, z) be a nonconstant periodic solution with ¢, = 0. Then from system (5.1)
X = —pyx implies that x = 0 and subsequently y = z = 0. This is a contradiction. O

In the following we consider o, in (0, %) and introduce the following change of variables:

1

2
= q(@) = — (arctana - Z) + -, (5.12)
cm 2 c
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where ¢ is an increasing function of o with limy—, o ¢(@) = 0 and limy_, 40 g() = 1

o
Then system (5.1) is rewritten as

dﬁ?) = —Upx(t) + q—(oi) T
]_,'_(4(’2 T))
dy
DO — e,y (1) + apx(t — 1), (5.13)
dz(r)

= —Mez(t) + eyt — 1),
T(t) = c(x(t) — x(t — 1)),

with « € R and o* = q_](a,’fl) the critical value of o for a unique Hopf bifurca-
tion point. By Theorem 5 There exists a connected component Cy of the closure of
all nonconstant periodic solution of system (5.13) bifurcating from the stationary point
(a*, p*, x(a®), y(a®), z(e®)) € R?2 x C(R; R?).

By Lemma 17, condition (S4) is satisfied by system (5.13). By Lemma 18, the func-
tion 7 defined by 7(t) = c(x(t) — x(t — ©(¢))) for a nonconstant periodic solution
(x, y, z) of system (5.13) is continuously differentiable. Hence by Lemma 12, the period
p of every nonconstant periodic solution (x, y, z) of system (5.13) is positive. Notice that
(a*, p*, x(a®), y(a*), z(a™)) is the only bifurcation point of system (5.13), by Theorem 4,
the connected component Cg is unbounded in R? x C(R; R3).

Notice that by Theorem 6, the projection of Cy onto the space of (x, y, z) € C(R; R3) is
bounded. The unboundedness of Cp is either because of the unbounded projection onto the
parameter space of the period p, or the projection of C onto the parameter space of «.

Notice that ¢ induces a homeomorphism (g, id) : R* x C(R; R?) — R? x C(R; R?)
defined by

(g, id)(er, h) = (q(), h).

The image C = (g, id)(Co) of Cp under (g, id) is a connected component of the closure of
all nonconstant periodic solution of system (5.1) bifurcating from the bifurcation point

(af, p*, x(@k), y@b), z(a})) € R? x C(R; RY),

which satisfies that either the projection of C onto the parameter space of the period p
is unbounded, or the projection of C onto the parameter space of «,, does not cross the
hyperplane «,,, = 0 but is not contained in any compact subset of the interval (0, %). O

6 Concluding Remarks

Motivated by the extended Goodwin’s model with a state-dependent delay governed by an
algebraic equation, we developed global Hopf bifurcation theories for differential-algebraic
equations with state-dependent delay, using the S'-equivariant degree. This is based on
the framework described in [6] where the technique of formal linearization is employed to
obtain auxiliary linear systems at the stationary states which indicate local and global Hopf
bifurcation using a homotopy argument. We remark that the work discussed two types of
state-dependent delays: the one in system (1.5) depends on the state variable explicitly and
the other in system (1.1) depends on the state variable implicitly. We also remark that the
local and global Hopf bifurcation theory we developed for system (1.5) is also applicable for
systems with the delay given by 7(¢) = h(x;) where 4 is a function of x; (s) = x(t +5), —r <
s <0, r > 0, provided that 7 is continuous.
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The local and global Hopf bifurcation theories are applied to the extended Goodwin’s
model which describes intracellular processes in the genetic regulatory dynamics. We
obtained two alternatives for the connected component C of periodic solutions in the Fuller
space R? x C(R; R3). Namely, the projection of C onto the parameter space of the period p is
unbounded, or the projection onto the parameter space of o, is not contained in any compact
subset of the interval (0, %). We remark that in the previous case, there exists a sequence of
periodic solutions with periods going to co. From (4.6), system (5.1) can be represented as

27 d
?”d—f = Ao(x, @, P). P >0,

where x is normalized to be 2w -periodic. Notice from the definition of .4 at (2.7) that p
appears only in the time domain of .4g. Note also that the periodic solutions are uniformly
bounded with o, € (0, %). Then with p — o0, this alternative implies the possibility that the
system has a sequence of nonconstant periodic solutions with the limiting profile satisfying
the algebraic equation 49 (x, &, pP) = 0. See ([10-12]) for a discussion of limiting profiles
for differential equations with state-dependent delays.

If the projection of C onto the parameter space of the period p is bounded, we have the
latter alternative that the projection of C onto the parameter space of the period «, is not
contained in any compact subset of the interval (0, %). Since C will not cross the hyperplane

o, = 0, and will not blow up at o, = % with the boundedness of the solutions and periods,

C must cross the hyperplane o, = 1 leaving the solutions at a,, > % out of the scope of the

discussion. ‘

We also remark that the state-dependent delay in system (1.5) may be negative or positive
and is not a priori advanced or retarded type delay differential equations. It remains open to
investigate this type of systems in general settings for a qualitative theory including existence
and uniqueness of solutions. For systems with mixed type constant delays, see, among many
others [13,14].
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