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Abstract In this paper, we study the time periodic traveling wave solutions for a periodic
SIR epidemic model with diffusion and standard incidence. We establish the existence of
periodic traveling waves by investigating the fixed points of a nonlinear operator defined
on an appropriate set of periodic functions. Then we prove the nonexistence of periodic
traveling via the comparison arguments combined with the properties of the spreading speed
of an associated subsystem.
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1 Introduction

The investigation on traveling wave solutions for various evolution systems arising in
biology, chemistry, epidemiology and physics has received increasing interest, see, e.g.,
[6,16,35,36,47,51,56] and references therein. As a basic but important subject, the existence
of traveling wave solutions has been widely studied. For autonomous monotone evolu-
tion systems, by standard approaches such as monotone iteration, comparison arguments
or monotone semiflow, the theory of traveling wave solutions has been well developed, see,
e.g., [13,14,28,42,48] and references therein. Meanwhile, there are a few results on the exis-
tence of traveling wave solutions for nonautonomous (in particular, time periodic) monotone

B Zhi-Cheng Wang
wangzhch@Izu.edu.cn

1 School of Mathematics and Statistics, Lanzhou University, Lanzhou, Gansu 730000,

People’s Republic of China

Department of Mathematics and Statistics, Memorial University of Newfoundland, St. John’s,
NL A1C 587, Canada

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s10884-016-9546-2&domain=pdf

380 J Dyn Diff Equat (2018) 30:379-403

systems: Alikakos et al. [1] established the existence and global stability of time periodic
traveling wave solutions (see the form of (1.3)) for periodic reaction—diffusion equations with
bistable nonlinearities; Liang et al. [27] extended the theory of spreading speeds and traveling
waves for monotone autonomous semiflows to periodic semiflows in the monostable case;
Fang and Zhao [14] developed the theory of traveling waves for monotone semiflows with
bistable structure and applied it to time-periodic evolution system; Zhao and Ruan [54,55]
studied the existence, uniqueness and asymptotic stability of time periodic travelling wave
solutions to periodic reaction—diffusion, advection—reaction—diffusion Lotka—Volterra com-
petition systems, respectively; For bistable periodic traveling waves of periodic and diffusive
Lotka—Volterra competition system, we refer to Bao and Wang [2]. More recently, Fang et
al. [15] developed the theory of traveling waves and spreading speeds for time-space peri-
odic monotone semiflows with monostable structure and applied the abstract results to a two
species competition reaction—advection—diffusion model.

It is well known that many nonlinear reaction—diffusion systems modeling interaction
of multi-species, such as predator and prey, the disease transmission among the suscepti-
ble individuals and infective individuals, combustion and the chemical reaction, etc., are
non-monotone. Due to the lack of the comparison principle and monotonic properties for
such evolution systems, the study of traveling waves is very challenging, and the related
research is very limited. In the pioneering work of Dunbar [10,11], the shooting argument
was applied to prove the existence of traveling waves for a classical Lotka—Volterra predator—
prey model. This method is also used in [25,30] for predator—prey systems with different
functional response, and in [19,20] for classical Kermack—McKendrick SIR models. Huang
[21] further developed the method in [10,11] to provide a more effective way to obtain
traveling waves for a large class of predator—prey systems. Based on a fixed-point prob-
lem and the limiting argument, Ducrot and Magal [8] and Ducrot et al. [9] studied the
existence of traveling waves for an infection-age structured Kermack—McKendrick model
with diffusion. Motivated by the method in [8,9], there were also some works involving in
traveling waves for a bio-reaction model [44], an H5N1 arian influenza model [46], and
nonlocal dispersal Kermack-Mckendrick models [26,49,50]. By constructing an invari-
ant cone and applying Schauder’s fixed point theorem, Wang and Wu [45] obtained the
existence of travelling waves for a class of diffusive Kermack—-McKendrick SIR models
with non-local and delayed disease transmission (see also [38,39]). Schauder’s fixed point
theorem 1is also applied for the existence of traveling waves for evolution systems with-
out monotonicity, see, e.g., [24,29,33,34,37,52]. More recently, Huang [22] presented a
geometrical approach to investigate the existence of traveling waves and their minimum
wave speed for non-monotone reaction—diffusion systems, which include the models of
predator—prey interaction, the combustion, Belousov-Zhabotinskii reaction, SI-type of dis-
ease transmission, and biological flow reactor in chemostat. Zhang et al. [53] introduced
the concept of weak traveling waves and obtained the necessary and sufficient condi-
tions for the existence of such solutions for a class of non-cooperative diffusion-reaction
systems. Fu and Tsai [18] employed an iteration process to construct a set of super/sub-
solutions to establish the existence of a family of traveling waves with the minimum
speed.

However, there are very few investigations on the time periodic traveling wave solutions
for periodic non-monotone evolution systems. The purpose of this paper is to study time
periodic traveling waves for the following periodic and diffusive SIR model with standard
incidence:
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3 _ B®)S(t.x)1(1,x)
35t x) =diAS(1, X) — S5 00

21, x) = dy AL (1, x) + BDSEOLED ()11, ), (1.1)

DRt x) = d3AR(t, x) + y (DI (t, x),

where S(¢,x), I(¢t,x) and R(t¢,x) denote the densities of the susceptible, infected and
removed individuals at time ¢ and in location x, respectively. Further, di, d» and d3 are
the diffusion rates for the susceptible, infected and removed individuals, respectively. The
infection rate 8 and the removal rate y are positive T -periodic continuous functions of 7.
Here the incidence reflects the recovered individuals are removed from the population, and
not involved in the contact and disease transmission, see [5,40]. Since the equation for R
of system (1.1) is decoupled from the equations for S and I, it suffices to consider a two-
dimensional system for S and 7:

S, x)+I(t,x) °

S(t, ,
I, x) = dy AL (1, x) + BSEDHED — ()11, x).

BS(t,x) = dyAS(t, x) — EDSEOIE0
(12)

Time periodic traveling waves to system (1.2) are defined to be solutions of the form
S0\ _ (o x+en\ ($e+T, ) _ (¢t a3
1(z, x) v, x+ce)) \Y@+T,2) Y, 2) '

(¢(r, ioo)) _ (qsi(z))
v, £00)) ~ \yv)

where c is called the wave speed, z = x + ct is the moving coordinate, and (¢+ (t)) and

satisfying

Yy (1)
Y (1)

—( T . . o
(d) ( )) are two periodic solutions of the corresponding kinetic system:

[ds — _BOSOI®)
dr — 7 SO+
(1.4)
dl _ BOSHI{@)
ar = Swarw YOI
The profile (¢, ) then solves the following time periodic parabolic system:
b1, 2) = dipzo (1, 2) — ¢ (1, 2) — %W, (t,2) € R x R,
Vi, ) = davrea(1,2) = (1,0 + FRERIEE) — y (0w (1.2, (1,2) R X R.
(1.5)

Since the periodic system (1.2) does not admit the comparison principle, the theory and
methods developed for monotone periodic systems (see, e.g., [14,27,54,55]) cannot be used
here. In view of the profile system (1.5), the shooting arguments (see, e.g., [10,11,21,22]) for
predator—prey systems do not apply to periodic system (1.2). Although Schauder’s fixed point
theorem is a powerful tool to prove the existence of traveling wave solutions for autonomous
evolution systems (see, e.g., [24,33,38,39,45,53]), it may not be applied directly to periodic
system (1.2). Our strategy is to reduce the existence of periodic traveling waves to a fixed
point problem by constructing a non-monotone operator on an appropriate convex set of
periodic functions. To obtain the nonexistence of time periodic traveling waves, we combine
the comparison arguments for single equations and the properties of spreading speeds for
periodic and monotone systems, which is of its own interest and may apply to other non-
monotone models.
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This paper is organized as follows. In Sect. 2, we first construct some appropriate sub-
and super-solutions to obtain an invariant convex set, then define a nonlinear non-monotone
operator on it, and finally apply Schauder’s fixed point theorem to get the existence of
periodic traveling waves. More precisely, we prove that if the basic reproduction number
Ro = [9; B()dr

Jo y@dt
a c¢® > 0 such that for any ¢ € (c*, 00), system (1.2) for S and I admits a time periodic,
non-trivial and non-negative traveling wave solution with speed c¢. Section 3 is devoted to the
nonexistence of such traveling waves for two cases where Ry < 1,or Ry > l andc € (0, ¢*).

of the periodic kinetic system (1.4) is greater than unity, then there exists

2 The Existence of Periodic Traveling Waves

In this section, we focus on the non-trivial and time periodic travelling waves (¢ (¢, z), ¥ (¢, 2))
of the form (1.3). Such solutions satisfy the following system:

$i(1,2) = dighoo (1, 2) — e, (1, 7) — EDLLIPLD,

2.1
Vi (t,2) = davro (1, 2) — ey (1, 2) + EEEDRED —y () (1, 2).

This systemis posedon (7, x) € R4 xR andis supplemented with the following asymptotic
boundary conditions

¢(t, —00) = 8o, ¢(t, 00) = S, ¥(t, £00) = 0 uniformly int € R. 2.2)

Here So > 0 is a constant, and (Sp, 0) is the initial disease-free steady state. The parameter
¢ > 0 is the wave speed, while constant S > 0 describes the density of susceptible
individuals after the epidemic. Our investigation procedure is as follows. Firstly, we construct
some appropriate sub- and super-solutions that will be essential to obtain a closed and convex
set D. Note that this set contains all the bounded and uniformly continuous functions which
lie between the sub- and super-solutions. Secondly, for any (¢, 1}) € D, we find a unique T '-
periodic solution (¢*, ¥*) to a linear integral system, and then we define a nonlinear operator
F such that F(¢, V) = (¢*, ¥*). Finally, by applying Schauder’s fixed point theorem to F,
we establish the existence of periodic traveling waves.

2.1 Construction of Sub- and Super-solutions

Linearizing system (2.1) at the disease-free steady state (Sp, 0), we obtain the following
equation for the infective variable:

Jo=dyJo (1, 2) —cJ(t,2) + (B(1) —y () I (1, 2). (2.3)

Denote H = % fOT H (t)dt for any T -periodic function H (-). Define
I -
Ac(A) - = dzkz —ch+ ko, ko= ?/ [B(t) —y@®)]dt = B() —y(), ceR, L €R,
0

t
0*(1) = exp ( /0 [B(s) —y(9)]ds — lKo) :
Clearly,

dQ*(1)

KoQ (1) = [B(t) — y ()] Q* (1) — o
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We also set

c—Ac—4k

k = daky, AC:T if ¢ > ¢* 1= 2k.
_ Jy By
Jo v

Let K (1) :=exp (f(; [d222—che+(B(s) — v ()] ds). We define four functions as follows:

In the following, we always assume that Ry : > 1, and fix ¢ > ¢* 1= 2,/k.

¢ (t,2) 1 = S, ¢7(1,2) := max {So (1 — Me?), 0},

Y, 2) = K0, ¥~ (1, 2) i= max {K ()" (1 — Mpe™) , 0},
where €1, M1, €2 and M, are all positive constants and will be determined below. Then we
have the following results.

Lemma 2.1 The function ¥+ (t, z) = K (t)e’? satisfies the following linear equation:

Ui = daYz — ey + (B — y (). 24

Lemma 2.2 Suppose € is sufficiently small such that 0 < €| < A, and My > 1is sufficiently
large. Then the function ¢~ satisfies

BV

Ve >

¢ —diy; + i, <

forany z #z1 = —efl In M.

Proof 1f 7z > —efl In My, then ¢~ (¢, z) = 0, which implies that the inequality (2.5) holds.
Ifz < —el_l In My, then ¢~ (t,z) = So (1 — M%) . Hence, the inequality (2.5) is
equivalent to

Ae
di SoM €%e€1% — cSoMye1e'? < _ﬂ(t)SO(l — My T K@)
! = So(1 — Mye€i2) + K (1)ehe?

forany z < z; := —el_l In M. Rewriting the above inequality, we have

B(@)So(1 — MleE'Z)K([)e(M-—el)z
So(1 — Me€12) + K (t)ehe?

SoMi€1(c —dy€1) >

Soforz < z1 := —61_1 In My, it is sufficient to verify

e ' e—e)

SoMiei(c —dier) = BOK (e~ Fm DM — g1 K (1) M . VteR.

Note that 8(¢) and K (¢) are positive T -periodic functions. Thus the above inequality holds
true if we choose M| = 1/€; with €; > 0 sufficiently small. O

Lemma 2.3 Suppose € > O sufficiently small such that €; < minf{ey, A, — A.}, where
AL = #, and M is sufficiently large such that —6;1 In My < —efl In My. Then the
Sfunction ~ satisfies

Vi —doz + e = —y (DY — Al¢™, Y] (2.6)
forany z # 75 1= —e;l In My, where Al¢p, Y1(t, 2) is defined by

0, o, )Y(t,z) =0, V(t,z) e RxR,

Al Y10, 2) =
BLoCiptd g1, )9 (t,2) #0, ¥(t,2) eRxR.
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Proof We assume that M is sufficiently large such that —62_1 In My < —el_l In M{. When
7> 7p = —e;l In M>, we see that ¢~ (¢, z) = 0, and hence, the inequality (2.6) holds.

Letz < 7o := —62_1 In M. Then ¢~ (t,z) = K(t)e*? (1 — M2e€?) and ¢~ (1, z) =
So(1 — Mye€1?). Tt suffices to verify

By~ - _ B’
pre——— =BO) —yNy P
In view of the expression of K (¢) and v~ (¢, z), we have that

YV —doy ey — (B —y) Y~
= K'(1)e** (1 — Mae™) — dy [AEK(t)eM (1 — Mpe?) — Acea MoK (1) Te2)?

Y —day ey <—y Oy 2.7

O + QMK e * | ¢ [ K (06" (1 = Mae™) — MK (1)) ]
—[B(t) — y DIK ()€™ (1 — Mpe™)

=K (1) — dar2K (1) + A K (1) — [B() — y (DIK (1)}
— MoK (1) — dy(he + )P K (1) + cOhe + ) K (1) — [BX) — y (DK ()}

= —Mae*H K (1) {[dad — ere] — [d2(he + €2)* = cO + )]}

= Mae™ K (1) - Ac(he + €2)

Then the inequality (2.7) is equivalent to

BOK (1)e™% (1 — Mpe™?)?
So (1 — Mye€17) 4 K (t)ere? (1 — Mae2?)’

Mze()‘erQ)ZK(t) Ac(he +€) < (2.3)

Since € < A, — A, it follows that A + €2 € (A, AL.), and hence
AcOe + €) = dr(he + €2)7 — c(he + €2) + ko < 0.

Due to the positivity and periodicity of both K (#) and B(¢) in R, we see that the inequality
(2.8) is satisfied if and only if

~MoAc(he +€) [So (1 — M1e?) + K ()e™* (1 — Mpe®*)]
> ﬁ(l)e()»c—ez)z (1 _ Mzeezz)z
forallz € [0, T']. In terms of z < —62_1 In M>, we only need to show
“MaA (e + €2)So (1 - MIM;“/Q) > )My %™/ forall 1 € [0, 1.

Since Ao — €3 > A, — €1 > 0, when M> tends to infinity, the right-hand side of the last
inequality tends to zero and the left-hand side of the last inequality tends to infinity, which
means the last inequality holds true for large M>. O

2.2 Reduction to a Fixed Point Problem

Let X = BUC(R, R) be the Banach space of all bounded uniformly continuous functions
from R into R with the usual suppremum norm || - || x. Let

XT={weX:wk)=>0xecR).
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Then X is a Banach lattice under the partial ordering induced by X . It follows from [7,
Theorem 1.5] that the X-realization dAx of dA generates a strongly continuous analytic
semigroup 7'(t) on X and T ()X C X for t > 0. In addition, we have

1

Vardt

For a given positive constant 1, denote the functional space B, ([O, T] xR, Rz) by

(T(Hw) (x) = /e—% wy)dy, t>0,xeR, w()eX. (29
R

B, ([0, T] x R,R?) :=

ui € BUC(0, TI xR, R), sup e **u;(r,x)| < oo,
u = (Mly MZ) R te[0,T],xeR

ui(0,x) =u;(T,x), x€R, i =1,2.

equipped with the norm

lully :=max{ sup e Mu@,x),  sup e *Muy(t, x)|
t€[0,T],xeR te[0,T],xeR
Define a convex cone D as

D={@ 1) e B (0.TIxRE): 9~ <§=¢%, ¥~ =¥ =min{y™, A}},

B@)So
So+A

where A > 0 is sufficiently large such that
(¢, ¥) € D, define maps

filg, ¥1(t, 2) = a19(t, 2) — Alp, ¥1(t, 2)

—y () < Ofort € [0, T]. For any given

and

£l V1, 2) = a2V (t, 2) + Alp, ¥1(t, 2) — y OV (1, 2),

where the functional A is defined as in Lemma 2.3, o and o) are positive constants and
satisfy @1 > max;¢o,7) B(¢) and ap > max,c[o,7] ¥ (¢), respectively. Fix a (¢, ) € D.
Consider the following parabolic initial value problem:

¢ —dipz; + e, + a1 = fild, ¥1(t,2), 0 <t < T, z €R,
Y —div: + o+ ooy = flg.U1(t.2), 0<t <T, z€R, (2.10)
¢(0’ Z) = ¢0(Z)7 W(()’ Z) = WO(Z)a z € R.

Rewrite (2.10) as an integral system:

b(t.2) = (11 (090) @) + Jy (Tit =) i1, T1®)) @)ds,

t o 2.11)
V() = (T0Y0) @ + fi (T2 = ) £16, V1)) @ds,

where T;(¢) is the analytic semigroup (see, e.g., [7], [31]) generated by the linear differential
operator A; : D(A;) — C(R) defined by

DAY =1 () Wl : A =duz: —cu; —que CR){. i=12

1<p<oo
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Moreover, D(A) = UC(R) (see [31, Chapter 5]), and following from (2.9), it is not
difficult to obtain that

(x—ct— v)z

(Ti (Hw) (x) = e ! T w(y)dy, t>0,xeR, w()eX. (2.12)

T b

We note that the solution of (2.11) is the mild solution of lizlear system (2.10).
In what follows, we intend to prove that for any given (¢, ¥) € D, there exists a unique

(¢*, ¥™*) € D satisfying
[¢*(r) =Ti()¢*(0) + [y T1(t — 5) f1l, ¥1(s)ds,

) s (2.13)
(1) = Ta()y*0) + [y Ta(t — ) fale, Y1(s)ds.

Given a positive number 7, denote a functional space Bn (R, R?) by

Bn (R, R2) = ‘v = (v, ) v € X, supe_nlzllv,'(z)l <00, z€ER, i = 1,2.]
zeR

equipped with the norm

[v], := max [supe‘"‘z‘lvl(z)l, supe‘”'“lvz(z)ll .
zeR zeR

Define

D z ¢~(0,2) < ¢o(2) = ¢7(0,2)
D:= {(¢0('), Yo() € B, (R, R?) : < 0(2 z } |

¥ (0,2) < Yo(z) <min{yr (0, 2), A}

Clearly, D is convex and closed. For a given (qb w) e D, fi qb zp](z -),i = 1,2 belong
to C([0, T]; C(R)). Moreover, fi [d) 1//] and f2[¢ w] admit uniform bounds with respect
to ((Z), 1/~/) € D, respectively, uniformly for (z, x) € [0, T] x R. Thus, with the aid of [31,
Theorem 5.1.2], for any (¢g, Yo) € D, it follows that (¢, V) defined by (2.11) belongs to
C([0, T] x R, R) N C%?*([e, T] x R, R) for every € € (0, T) and @ € (0, 1), and there are
Ci(e,0) > 0, Cy(e,0) > 0 such that

16 (T, 2@ < Cile, 9)(6‘9 Ipolloc + Il f1l. 1/7]||oo) (2.14)

and

1 (T oy = Cate, 0) (7 1Wollos + 116, Floc). 2.15)

In view of Lemma 2.1, we have the following integral equality for the function ¥ (¢, z) :
t

Y = Do) + /O Tt = )2t () + (B6) = y W ()]s, (2.16)

By Lemmas 2.2 and 2.3, and similar arguments to [43, Lemma 3.2], we further show the
integral inequalities for ¢~ (¢, z) and ¥~ (¢, 2).

Lemma 2.4 The following inequalities for ¢~ and

t
¢~ (1) = Ti()¢ (0) +/0 Ti(t —5) filg™, ¥ 1(s)ds .17

and

V() =Ty (0) +/0 It —s) f2lo™, ¥ 1(s)ds (2.18)

are valid, respectively.
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Proof Letd~(t,2) = ¢~ (t, z+ct)and ¥ (¢, 2) = Y (¢, z+ct) forany (¢, z) € [0, T] xR.
Then for any ¢ € [0, T], by Lemma 2.2,

b (t,2) —dip(t,2) + a1 (1,2) — fild~, ¥ 1, 2) <0

forany z # z7 (1) = %(— In My — ceqt). Clearly,

9~ (t. 2 (1) — 0 :
¢~ (t, 27 (t9) ) _ lim {—SQM161€61(Z+U)} =—€5 <0.
0z 72" (t0)—0

Define

G(t,2) i=—¢, (t,2) +di1¢p(t,2) —a1¢™(t,2) + fild . ¥ T1(t,2) > 0

and
efal(tfr) o] (Z,y)z R
H(@ ) (t.z,1) = e MW@ (r, y)dy.
»,/47'[d1 (t—r)
Then, by a direct calculation, we have
I ape” = oo eop?
—H(@ ) (t,z,r) = ———— e M@= (r, y)d
oy (@)t 2,7) i ) ¢ (r, y)dy
e~ (t=r) © @,
+ e M=~ (r, y)d
2 - Ardi G —1) ¢ )y
e~ (t=r) 0 (z—y)2 [

_ T3 G-n d
SAmd G =1) ) 4y —2€ ¢ (. y)dy

L e % e 9% )

e -1
Y mdia=n 3y2
e—otl(t r) 00 (z—)?
INZEr s Ty
1 —_ —_
e—al(t—r) 00 z—y)

+m D [ 4167910, - G ) dy

Furthermore, integration by parts yields

dhe 0D [ g )

PTG

amdia —r) J- 9y
— t— - —y)2 25—
_ 6117” : (’)6—4‘;,(;1,) Yoy,
Vamdia—n J)- oy?
_ et <4; W9 () =0
drd (t —1) 9z
o1 (t=r) T _@y?
_ e M= ¢~ (r, y)d
drdi(t —1) Jooo 20t —7) o
a1 (t=r) T (7 —y)? =yp)?

_;’_ e 4([1(1‘ r) 7, d
VA =1) )—vo  4di(t —1)2 ¢ (r.y)dy.
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Here we have used the fact that d?‘(t, z) = 0,Vz > z7(t). In view of %}’)_0) =
—€15p, we have

L HG 2 r) = —er 50BN
— )(t,z,r) = —€ e U=
or 1@ 0 Jamdi G = 1)

e—a1(t=r) 00 =02

+m 3 e 4d1(t r) I:f][d) W+ 10, y) — G(r, y)]dy

Since

dye” =" ’ =z (")? ] 0= (r,z=(r) = 0)
exp{—

Jardi(t —r) 4dy(t —r) 0z
is integrable in r € [0, 1), %H(q@’)(r, z, r) is continuous in r € [0, ¢), and

—ay(t—r) 00 (z—

‘ I 6, vy = 6, 2),

Iim ——————
r—t—0 /4mwd|(t —r)

we conclude that

¢ (t,z) = lim H(p ), z,t —1n)
n—0+0

A =n A
= H(¢p ), 2,0) + lim / %H(q)*)(t,z,r)dr
e—o(|l‘ o0 (z )

= T e M $T(0, y)dy
1 —

! —ai(t=r) == ()
_GISO/ Le_ 4d|(t—'r) dr
0 4 d; (t—r)

+/t e~ (t=r) 00 , 45;1(: a [f [¢ &J’_](r G )]d 0
o VArdiG =1 /- ! - Py ayar
With the aid of G(r, y) > 0, we see that
t
¢~ () <Ti()p (0) +/0 Ti(t =) filg~, ¥ 1r)dr, 1 € (0, T],

where f"l (¢) is defined by

~ el B c=»?
T (t ) X 67 Ay d
(hwe) w=—7—x | ¢ ()dy.
Hence, it is not difficult to obtain the inequality (2.17) for ¢~ . Similarly, we can show that
the inequality (2.18) for ¥/~ holds. O

On the basis of the above integral equation and integral inequalities, we shall show the
invariance for integral equations (2.11) (see, e.g., [32]).

Lemma 2.5 Let (¢(¢, z; $0, o), ¥ (t, z; $o, ¥o)) be the solutions of the system (2.11) with
the initial value (¢o, Yo) € D. Then

(1, 2) < D1, 2; g0, Vo) < ¢7 (1, 2),
Y (t,2) < Y(t, 25 do, Yo) < min{yt(r, 2), A}
for (t,2) € [0, T] x R.
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Proof Recall that (¢~>, &) € D, (¢, Vo) € D and (¢, V) satisfies the system (2.11). More-
over,

¢ (t,2) <P(t.2) <ot (t,2), ¥ (t,2) <¥(t,2) <min{yT(t,2), A}, (1,2)€[0,TI xR

and

$7(0,2) < ¢o(2) <¢7(0,2), ¥ (0,2) < Yo(z) <min{yy"(0,2), A}, (,2)€[0,T] x R.

Since ¢ (t, z) = Sy, it is easy to see that

t
67 (1) = TIOPHO) + o / Ti(t — $)¢* (s)ds. (2.19)
0

Due to the positivity of semigroup 77(-), we have

t t
/0 Ti(t — ) fil§, F1(s)ds < a /0 Tyt — $)B(s)ds

for any t € (0, T]. By (2.19), it follows that

t
/0 Tit — ) Al F15)ds < 67 (1) — TS (O) < 6F (1) — T1 (Do

for any ¢ € (0, T'], which implies that ¢ (¢, z) < ot (¢, 2) for any t € [0,T] and z € R. Let
w(t,z) = ¢(t,2) — ¢~ (1,2),¥(1,2) € [0, T] x R. By (2.17), we have

w(n) =Ti(0)lgo — $~(O)]
¢ ~ ~ ~
- /0 71t =) {@1l§(s) = 97 ()] = AL, F1(s) + Alg™, ¥ 1) | ds
> T1(1)[go — ¢ (0)]

! S + - +
N /0 . (r—s){al[as(s)— b (s)] — BOBEVT®) | BO$~ )y (s)] n

G(s) + YT (s) P(s) + Yt (s)
B (s)
d(s) + YT (s)

t ~
=T1 (g0 — ¢ (0)] +/0 T1(t = s)lar — B()][@(s) — ¢~ (s)]ds.

t ~
=T1(0)[¢o — ¢ (0)] +/0 T(t—s) [011 - ] [p(s) — @ (s)lds

Since a1 > max;efo,7] B(1), it follows that w(t) > 0, V¢ € [0, T], which implies that
¢, 2) > ¢ (1,2), V(,2) €[0,T] xR.

In the following, we consider V¥ (¢, z; ¢o, ¥o) fort € [0, T], z € R. It is easy to see that
t t
| 120 =9t 1625 = [ 120 =9 [on6) + 416 105) = y 910 s

t
< /0 Tatt — ) [oa™ () + (Bs) — y (N ()] ds

for any t € (0, T]. By virtue of (2.16), we have

t
/o Ta(t = 5) folp, ¥1(s)ds < ¥ (1) — o)y (0) < ¥ () — Ta()vho
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for all + € (0, T]. In addition, (0, z) = ¥o(z) < ¥ (0, z) for any z € R. It then follows
that

Ytz ¢, %) <yT(t,2), V1 €[0,T], z€R.

Recall that A > 0 satisfies ’;(YES —y(t) < Ofort e [0, T].Itis not difficult to prove that
Vi(t, 2) = A satisfies that

t
VA2 = T0v0.2) + a2 / Ta(t = )Y (5. 2)ds.
0
By a similar argument to the proof for ¢ (¢, z), we can prove that

U, ¢, U) <Yl ) =A, Ve[0Tl z€R.

Since T»(-) is positive and ap > max;cjo,7] ¥ (¢), it follows that

t t
/0 Ta(t — 5) fol$, F1(s)ds > /0 Ta(t — 5) folg ™ ¥ 1(s)ds

for any t € (0, T]. According to (2.18), we have

t
/0 Ta(t — ) fold, ¥1(s)ds = ¥~ (1) — Ta ()~ (0)

=y () - DOy, Ve (©T],
which yields

t
V(1) = Ta(t)vo +/0 Tyt — s) f2l$, Y1(s)ds = ¥~ (1), Vi € (0, T1.

Additionally, ¥ (0, z) = ¥o(z) > ¥~ (0, 2), Yz € R. Consequently, we have proved that
Ytz 4. %) =¥ (t,2), ¥t €[0,T], z€eR.

This completes the proof. O

For any given (q{;, 1/7) € D, we denote the time-7 map of system (2.11): (¢0(z), ¥0(2)) —
(@(T, z; o, Vo), ¥ (T, z; ¢o, o)) by

Fig.5)(@0(), ¥o() = (&(T, - ¢o, ¥0), ¥ (T, -; g0, o)) -
Thus, any fixed point of the T'-map F| b gives a T -periodic solution of system (2.11).

Theorem 2.6 For any given (¢, ¥) € D, there exists a unique (¢*, ¥*) € D such that
(2.13) holds.

Proof In view of Lemma 2.5 and the definitions of ¢* and ¥*, we assert that F 5 ) maps

D into D. For any compact interval / C R, due to the estimates (2.14) and (2.15), we can

conclude that {(¢(T', -; ¢o, Vo), ¥ (T, -; g0, ¥0)) : (¢o, Yo) € D} is compact on C(I, R?).
We can further show that F 49y D—=>D is compact with respect to | - | .. In addition, it is not

difficult to see that F @0 D — D is continuous with respect to | - |,,. Thus, the Schauder’s
fixed point theorem implies that F{; 7, admits a fixed point (¢g, ) € D. As a result,

(B, 25 95, ¥5), v (1, 2 @, W) satisfies (T, z; ¢, ¥) = ¢ (2) and Y (T, 23 @5, ¥g) =
¥ (2), Yz € R. Furthermore, we claim that such a fixed point (¢, ¥) is unique. Suppose

@ Springer



J Dyn Diff Equat (2018) 30:379-403 391

that there exists (¢3*, ¥¢*) € D such that (P, 2 dFF WE™), vtz @5, Yi™)) satisfies
@.11), and ¢ (T, 23 8", Vi) = 8550, (T, 23 §3, Yi*) = Y (2), ¥z € R. Then

(Z*X*L‘T)z
B e 4T
(T, 23 05, ) — d(T, 25 95" Yi™)| < e “ITAW|¢3(x>—¢3*(x)|dx
7(2’*/\'*('7‘)2
R P R T
< ) — Iy € ————dx
- ”¢0( ¢0 L R 47‘[le

=e T o5() — 5 )] -

On the other hand, ¢ (T, -; ¢35, ¥5) = ¢5(-) and ¢ (T, -5 ¢5*, V™) = ¢3*(-), we then see

that
65 = 85" Ol o = e T [ 85C) = 85" O] oo -

Since e~7T < 1, we have &5 () = ¢ (). Similarly, we can also obtain ¥ (-) = w5 ().
Hence, there exists a unique (¢*, ¥*) satisfying (2.13). O

Let (¢*(1,2), ¥*(1.2)) = (1. z: 95, Y. ¥ (1. 23 ¢ Y1), where (¢, ) € D is the
unique fixed point of the operator F; . In view of Theorem 2.6, we can define an operator
F:D — B,byF (q;, 1}) = (¢*, ¢¥™). Thus, the existence of periodic traveling waves is

reduced to the existence of a fixed point of the operator F.

2.3 The Periodic Traveling Waves

In this section, we prove the existence of periodic traveling waves. As discussed in Sect. 2.2,
we need to study the existence of fixed points of the operator 7. We start with the properties
of F. In view of Lemma 2.5, 7 maps D into D.

Lemma 2.7 Themap F : D — D is continuous with respect to the norm ||-1|,, in B, ([0, T x
R, R?).

Proof For any (¢1. Y1) € D and (2. Y2) € D, let (¢ (1, 2 §i, ¥i). W7 (1, 23 b1, i) =
F(¢pi, ¥i), i = 1,2. From the first equation of systern (2.13) and (2.12), we see that

-~ o~ 1 _ @=y—=cD)”
?kT, S ) = 7(11T/ 4(llT O d
¢,( ¢, ¥i) =e " 47Td1Te ¢’ 0, y)dy
+/T s [ LS 0 G s, vydyd
e s RV s, s.
0 R«/4nd1s ! ey

d\ T 4cTp—a) T <1

Let ,3~ = max;¢[o,7] B(¢) and choose p sufficiently small such that e
Consequently,

‘¢T(T,z; b1, 01 — G5(T, z; o, 1;2)‘ e

1 _Gyer?
<ol / e 1610, 3) — 610, )| dye
1

T 1 (Z—)‘—CJ)Z - B
—ays — == B B B
+/0 ‘ /R Jadis© (617 =53 =27 = 5.)
+ ‘1/}1(7" —5,9) — V(T —s, y)‘) (a1 + B)dydse M
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1 _ (z=y—=ch)*
< e—alT/ e 41117 0, (0, e Myl only=zl g
< T |¢>1( y) — $3(0, y)| y
/T ous/ 1 -& = @ - (T ) 7 (T ) mlyl
+ e 1S (‘ —85,y) — -, e
A : 4nd1s o1 ) — y

[T =5, 3) = P = s, 9)| 0T 05Ny + Brdyds

(zfy—cT)2

3T e#lz—)’—CT\dy

< T T 197 (0) —

¢>;<0)|M/Rﬁ"
+(a1 + B) (H¢~>1 - J’ZHM + HJ’] B JIZHM)

T 1 _ (a—y—cs)?
X/ e—alseuw/ e ddys eulz—y—CS\dde
0 R 4mdys

2
_ !
_ e_a1T+MCT|¢T(0) _ e 4d,TelL|y\dy

EOIM /R T::W
+(@1 +B) (H¢~>1 - ¢~>2HM + lefl - I/NIZHM)
X/T e“"“‘e“”/ ! e_#?"e“'y‘dyds

0 R V4mdys

< 2e =T |4 (0) — $2(0)],

+er + ) (Hqsl & + |- Hu) /O et senag,

24—
< 2edin+ep Dél)T|¢>l'<(0) _ ¢;‘(0)|M

2 + ) (e T - 1) (16~ 6]+ i - 2]

+

dip? +cp — ay
l * _ *k
< 2|¢>1 0) — 2 (0)],

2 + B) (e<d1u2+m—a1>T

. (61 -a] + [ -a],)

dip? +cp —a
Let

4(a1 + B) (e(d|u2+cu—0t|)T — 1)
dyp? +cp —a '

Since ¢ (T, z; Gi, i) = ¢7(0,2),i = 1,2, we obtain from the above inequalities that

67(0) — ¢30)] < Lg1 — G2l + 191 — P2ll,0)-
On the other hand, qb;‘ (t, z; d;i, &i) satisfies that

U 1 _ ay—et?
Gtz i) = /R e 010 dy
t 1 _( —y—cs)
+/0 e““/]R " s f1[¢,,1/fz](t—s y)dyds.
v 1
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Hence, by similar arguments to above, it is not difficult to conclude that ¢*(z, z; &, V) is con-
tinuous in (¢, ¥) with respect to the norm || - || ,. Similarly, we can prove that ¥*(¢, z; ¢, V)
is continuous in (¢, ¥) with respect to the norm || - || . ]

Lemma 2.8 The map F : D — D is compact with respect to the norm | - ||, in B, ([0, T] x
R, R?).

Proof For any (¢, V) € D, let (¢*,¥*) = F(p, V), where (p*(t,z), ¥*(t,2)),t €
[0,T],z € R is the solution of system (2.13). In particular, it follows from the esti-
mates (2.14) and (2.15) that there exists K'(#) > 0 independent of (q;, 1}) such that
lo*Ollcewy = 19" (Dl < K and [y*O)llcor) = IV (Dlcrw) < K’
Moreover, fi (¢, ¥]and fz[qg, ] admit uniform bounds with respect to (¢, V) €D, respec-
tively, uniformly for (¢, x) € [0, T] x R. Thanks to [31, Theorem 5.1.2], it follows that
o*, v* e C%2([0, T] x R, R) with some 6 € (0, 1), and there exists C; () > 0,i = 1,2
and K () > 0 such that

16* o200 71 = C1 (19O llcwey + 1418 o) < KO (220

and
19 o 0.1y = Co (I Ollew e + 1216, Pllso) = K(©). @21

Let (¢}, ¥)) = F(dn, 1/}n). Since ¢ and ,; satisfy the estimations (2.20) and (2.21),
respectively, there is a subsequence of {(¢;, ,")}, without loss of generality, still labeled
by {(¢;, ¥}, such that it converges in Cioc([0, T'] x R, R?) to a function (¢™*, ¥**) €
C([0, T] x R, R¥), that is, for any N € RT,

Jim ] (7. v) = (7 ¥™) llcqo,rixi-n v r2) = 0- (2.22)

Clearly, (¢™*, y**) € D.
In the following, we are ready to prove that

Tim | (&, v) = (67, ¥ Il = 0.

Note that D is uniformly bounded with respect to the norm || - || ,. Accordingly, the norm
I ( ., w;f) — (@™, ¥**) ||, is uniformly bounded for all n € N. Given any p > 0, it is not
difficult to find an M* > 0 such that

e (B, 2, 0 (1,2) — (7, 2, ¥ (1, ) | < p

forany ¢t € [0, T], |z| > M* and n € N. On the other hand, by virtue of (2.22), there exists
H e N such that

e (97,2, v (1, 2) = (67, 2,97 D) [ < p

foranyr € [0, T],z € [-M*, M*]and n > H. As a consequence, it follows from the above
two inequalities that (¢;f (t,z), ¥, z)) — (™ (¢, 2), ¥**(t, z)) with respect to the norm
-1 o

To complete the proof of this section, we also need the following powerful lemma on the

Harnack inequalities of cooperative parabolic systems, which is from Foldes and Polacik
[17] (see also [41,54]).
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Lemma 2.9 ([17]) Let the differential operators

Zal](tx) z 8— k=1,2,...,1,

i,j=1 x

be uniformly parabolic in an open domain (t, M) x Q of (¢, x) € RxR", thatis, there is oy >
0 such that ak .(z x)&&; > ag > 52 for any n-tuples of real numbers (&1, “;‘2, &8,

where —00 < 1 < M < +o00 and Q2 is open and bounded. Suppose that a bk €
C((t,M) x Q,R) and

b t, f, <
Lmas, B9 lafy e, 0] < By

for some By > 0. Assume that
W= (wp,w,...,w) € C((t, M) x Q&LRHYNCL2((x, M) x Q, R

satisfies
1
ch’s(t,x)ws +Lew <0, (X)€@, M) xQ, k=1,2,...,1, (2.23)

s=1
where &5 € C((t, M) x Q,R) and ¢** > 0ifk # s, and

max M@, %) <
t,xe(t,M)xQ

(k,s=1,2,...,1) for some yy > 0. Let D and U be domains in 2 such that D CC U, dist(l_),
dU) > o, and |D| > € for certain positive constants o and €. Let 6 be a positive constant
with t + 460 < M. Then there exist positive constants p, w; and wy determined only by
a0, Bo, Y0, 0, €, n, diam Q and 0, such that

inf wi > wi || (wg) ™ —wp max su wi) .
30 p Wk 2 W) T e (c+0,7420)x D) 2, max ap((r,rje)w)( i)
Here (wy)T = max{wg, 0}, (wx)~™ = max{—wy, 0} and dp((t, T +40) x U) =t x U U
[t, T +460) x dU. Moreover; if all inequalities in (2.23) are replaced by equalities, then the
conclusion holds with p = oo and with w1, wy independent of €.

Now we are ready to prove the main result of this section.

Theorem 2.10 Assume that Ry > 1. For any ¢ > c*, system (1.2) admits a time periodic
travelling wave solution (¢*, ¥*) satisfying (2.2). Furthermore, 0 < %IOT (e, z)dr <
So — S forany z € R, and

1 00 T . B 1 00 T ,B(t)d)*(t»Z)W*(t,Z) B N
?/—oo/o y(OY*(t, 2)dtdz = T /—oo/o DD dtdz = c[So — S*°].

Proof In view of Lemmas 2.7 and 2.8, the operator F is continuous and compact on D with
respect to the norm || - || ,. Additionally, it is easy to verify that D is closed and convex. Then,
the Schauder’s fixed point theorem implies that F has a fixed point (¢*, ¥*) € D. Moreover,
(@*(T, ), ¥*(T, ) = (¢*(0, ), ¥*(0, ) and (¢*, ¥*) satisfies that

¢* (1) = Ti(9*(0) + [y Ti(t — 5) 1", ¥*1(s)ds,
Y = @Y *0) + [y Talt — ) fol¢*, ¥*1(s)ds

(2.24)
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for € [0, T]. Define (¢* (¢, ), ¥*(t, z)) = (¢*(t —kT, 2), ¥*(t —kT, z)) forany t € Rand
z € R, where k € Z satisfieskT <t < (k+1)T. Then we get ((jAJ*(t—l—T, 2), @*(r—i—T, 7)) =
(*(t,2), ¥*(t,2)),¥(t,2) € R x R. Since (¢*, v*) € C?29([0, T] x R, R?) for some
6 € (0, 1), we have (¢*, ¥*) € C?2?(R x R, R2). Due to the T-periodicity of ¢* and ¥*,
we see that (§*, ¥*) satisfies

$*(1) = Ti$*(0) + [y Ti(t —5) fild*, I 1(s)ds,
V() = TP (0) + [y Talt — s) fold*, ¥*1(s)ds

fort € R. Denote (qs*, 1}*) by (¢*, ¥*) again. It follows from [31, Theorem 5.1.2, 5.1.3 and
5.1.4] that (¢*, ¥*) € CL2H2(R x R, R?) satisfies

(2.25)

OF (1. 2) = digL(1.2) — et (1, 2) — ERE ST teR zER,
Vit D) = oy (t,2) — eyt o) + ERESDND — y()yr(r,2), teR zeR
(2.26)
and
||¢*||C1,2+29(RX]R’]R) + ”w*”CLH”(RxR,R) < 0 (2.27)

for some 6 € (0, 1).

Next, we need to verify that (¢*, ¥*) satisfies the boundary conditions (2.2). By the
definitions of ¢+ and ¥, it follows that ¢*(¢, z) — So and ¥*(¢, z) — O uniformly for
t € R, as z — —o00. On the other hand, by the estimate (2.27) and Landau type inequalities
(see, e.g., [23] or [4]), we have

1 1
* * 2 * |2
|¢z |L°°([0,T]><(—oo,M]) <2 {45 - SO!LOC([O,T]X(foo,M]) |¢ZZ|L°O([0,T]><(700,M])
and

1 1
’wZ*‘LW([O,T]x(—oo,M]) =2 W*|ZOC([0,T]x(—oo,M]) ‘1//;2|z°°([0,T]x(—oo,M]) .

As a result,

lim (¢I(,2), ¥} (t,2)) = (0,0) uniformly for r € R.
—>—

We further discuss the asymptotic behavior of ¢}, and v}, when z tends to —oo. By the
(strong) maximum principle, it follows that ¢* (¢, x) > 0, ¥*(r,x) > 0,Vr > 0,x € R.
Differentiating two side of the first equation of (2.26) with respect to z yields

B (Y*)? + Y (™)
(9" + ¥*)?
Since ¢;‘ e C?2 (R x R, R?) for some 6 € (0, 1), it follows from the T -periodicity of
¢* and [31, Theorems 5.1.3 and 5.1.4] that ¢* € C1>*?(R x R, R) and

(@) = di(§))z: — c(9)); — , t>0,zeR. (2.28)

||¢:||C1,2+26(R><RR) < 0

for some 6 € (0, 1). By a similar argument to ¢*, we can conclude from the Landau type
inequality that

lim ¢Z (t,z) = 0 uniformly for 7 € R.
Z—>—00 ~

Similarly, we have

lim ¥Z.(t,z) = 0 uniformly for r € R.
z—>—o00 ¢

@ Springer



396 J Dyn Diff Equat (2018) 30:379-403

Consequently, we can see from the system (2.26) that

lim (¢;(t, z), ¥, (¢, 2)) = (0,0) uniformly for 7 € R.
7—>—0Q

Define ®(z) = % fOT @*(t, z)dt. Clearly, ®.(z) — 0as z — —oo. It then follows from the
first equation of system (2.26) that

T * *
17 BDe™ (. )y" (. 2)

cd, =d| P, — 2.29
SR ST e 229
Integrating two sides of (2.29) from y to z and letting y — —oo yield
1 /2 [T B()o*(r, *(t,
d\®.(z) = c[®(2) — Sol + —/ ’3(*)¢ ( y)‘/’*( Y ardy. (2.30)
T JoccJo @*(t,y)+¥*(,y)

Due to the uniform boundedness of ¢*(z, z) and ¢} (z, 2), it is easy to see that ®(z) =
% fOT ¢*(t,z)dt and ®,(z) = % fOT @3 (1, z)dt are uniformly bounded, respectively, and
L T BO)$*(t, )¢ (t,2)

hence, + |, Wdt is integrable on R. From (2.29), we have

e~ci/dt T B()g*(t, D)Y*(t, 2) U
diT Jo ¢*(t,2) +9*(t,2)

For the above equality, an integration from z to oo gives

ot/ ®.(2) = _L e o/ T B)o*(t, )Y*(t, y)
aiT J, 0o .Y+ Y, y)
which implies that . (z) < 0 for z € R. It follows that ®(+o00) exists and ®(400) <

®(—00) = Sp. With the aid of Barbélat’s lemma (see, e.g., [3,12]), we have ®,(z) — 0 as
z — 00. Furthermore, letting z — oo in (2.30) yields

1 00 T ,8(t)¢*(l, Z)l/f*(l‘, 2) B B .
?/—OO/O *(l‘,z)_i_W*(t’Z) dtdZ—C[SO_(D(OO)]_C[SO_S ]’

where §% := ®(c0) < S°.

In the following, we explore the asymptotic behavior of y*(z, z) as z — oo. Let y :=
min;epo,77 ¥ (t) and y = max;¢[o,77 ¥ (), and define ¥ (z) = %IOT w*(t, z)dt. Then W (z)
satisfies

(efcz/dl (DZ) — e*CZ/dl (P,; —cP,;/dy) =
Z

dtdy,

1T B¢ (t, 9™ (1, 2)
T Jo ¢*@t,2)+9*(¢ 2)

" 1T .
— Vo + eV, +yV = dt—?/ (V(t)_y) Y (t, 2)dt.
0

(2.31)
Denote by

. cE./c?+4dyy

At .
2d»
the two roots of the characteristic equation

—doA2 4+ ch+ 7P =0.

p:=d> ()A\.+ - 5\_) = 1/62 +4dyy.

In addition, denote
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Itiseasy toseethatA~ < 0 < A*. Since + fT Wﬁlt <5 fOT B(1)dt = BSo,

we see from (2.31) that

z ~ T * * T
v = L / em—n[ B (1, Y (1, y) / () - 7) w*a,z)} drdy
T J oo 0 0

o*(t,y) +v*(t, y)
1 /°° emz—y)[ O YY) —/T (r -7) W*(“Z)] dedy
z 0 0

ot ). 573 + V(L )
2 / e [T BOS YY) i
pT 0 ¢ y)+YrEy)
L[ grey [T BOS V@)
pT J; 0o P Y)+ Y. y)
_ L% (TR0 =Ytz —y)
AT Jo 0 ¢*t.z—y)+Yt.z—)

1 ity Tﬁ(l)qb*(t,z—y)w*(t,z—y)dtdy.
AT - o ¢*tz—y)+ Ytz —y)

Integrating W (z) from ¢ to &, we obtain

/ V(z)dz =
¢

ﬂ(t)¢> t, 2=y, z— y)dta'zdy
(t»Z—y)‘i‘w (taZ_Y)

O .,z — Ytz — y)dtdzdy'

¥ (t,z—y) +Y*(t,z—y)

eﬂyV

+A
oT

Note that fOT B qg?f;‘i* dt is integrable on R. It then follows from Fubini’s theorem that

W(z) is integral on R, and

/°° 1o BOY . Y (1.2)
= = Z
—00 yT J—o0JO @1, 2) +¥* (@, 2)

In view of (2.27), it is easy to see that W,(z) is uniformly bounded on R, and hence,
Barbdlat’s lemma guarantees that W(z) — 0 as z — 0o. On the other hand, for the second
equation of system (2.26), applying Lemma 2.9 with t = —7,0 = T and D := D, =
(Z_%,Z_F%),U=(Z—%,z+%),9=(z—l,z—i—l)withzeR, we have

sup ¥*(t,y) < Cop _inf (¢, 2)
(O,T)[>’<D Y (2T, 3T)xD v

=Cyo min ¥, y)
[2T,3T1xD

< Comin (0, ),
D

where Cy is a positive constant independent of D. Due to the periodicity of ¥* in time ¢, we

see that ¢*(¢, z) — O uniformly for r € R, as z — oo.
We further prove that ¢*(¢, z) — S° uniformly for ¢ € R, as z — o0o. On the basis of

the T-periodicity of ¢*, it suffices to show

18P =8% =8 :=liminf min ¢*(z,2).

lim sup max 1,2
p0¢( )= =00 1€[0,T]

z—o00 L€l
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It is clear that there exist {z,} and {z,} satisfying {¢,} C [0, T]and z,, — oo (asn — 00),
respectively, such that

lim ¢*(t}’ls Zn) = S.Cl,)-o
n— 00

Let ¢pp(t,2) = d*t +th, 2+ 20), Yu(t,2) =¥ @ +th, 2+ z4),Vn €Nt € R,z € R.
Due to the estimation (2.27), there exists a subsequence of (¢, (¢, z), ¥, (¢, 2)), still denoted
by (¢n (1, 2), Yn(t, 2)), converging to (x(t, ), 0) in CL:2 (R x R) for some 6 € (0, 1), as
n — 00. In particularly, we have ¢, (0, 0) = S$° and

Gt +T,2) = ¢pu(t,2), ¢u(t,2) <S8, V(t,z) eRxR.

Since {t,} C [0, T], without loss of generality, let t, — t* € [0, T]. Then ¢ (¢, z) =
¢+ (t —1*, 2) satisfies

t
o5 (1) =T1 ()¢ (0) +/0 Ti(t — ) fil$5, 01(s)ds

t
=T ()¢, (0) + / T (t — s)a1¢) (s)ds.
0

Consequently, ¢ (¢, z) satisfies
Ui (1,2) = d1826 (1,2) — o9 (1,2), (1,2) €R xR
Since ¢ (t*,0) = S and ¢ (t,7) < S, it follows from the maximum principle that
¢ (t,2) = S fort < 1*. By the T-periodicity of ¢ (-, z), we have ¢ (1, 2) = S3°, Vi € R,
and hence @ (z) := % fOT 2+ (t, z)dt = S°. On the other hand,

+ 1 ’ + 1 r *
@, (2) =?/0 o (1, 2)dr = ?/o s (t —t*, 2)dt

1 T
= lim —/ Ou(t — 1%, 2)dt
0

n—oo T

T
= lim l/ @ (t —1* +ty, 2+ zp)dt
n—oo T 0
=5,
which implies S° = §°°. Therefore, lim sup,_, ., max;c[o,7] ¢*(¢, z) = S°°. Similarly, we
can prove liminf,_, oo minsejo, 71 ¢* (¢, z) = S. This implies that ¢ (¢, z) converges to S
uniformly in ¢ € R as z — oo.
Moreover, since W (z) satisfies

1 [T Bt Y (1, 2)
T Jo ¢*(t.2)+ vy 2)
by making an integration of (2.32) on R, we get

1 oo T % _ l oo pT /3(t)¢>*(t,z)1/f*(t,z) ~ N
f[w/J y(OY*(t, 2)dtdz = T /700 Ty, dtdz = c[So — S*°].

It remains to prove that 0 < % fOT w*(t, z)dt < So — S*. In order to achieve this, we
shall use a similar argument to the proof of [45, Theorem 2.9]. First, by similar arguments to
the proof of the asymptotic behavior of ¢} (¢, z) and ¢}, (¢, z) as z — —o0, we can show that

1 T
-V, + V¥, = dt — ?/ y(OY*(t, z2)dt, (2.32)
0

lim X (r,z) = lim ¢).(t,2) =0
7z—>00 z—>00
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uniformly for ¢ € R. Thus, we have
. * _ : * _
Z—1>1r:i:nOO 17[/1 (t5 Z) - Z—I}IEOO Ilfzz(ta Z) - 0 (233)
uniformly for ¢ € R. For any z € R, we define a function

T [e’e) T

WD) = - / / YOVt y)didy + — / /) / Y OV (E, )drdy.
CT —00 J0O CT é 0

(2.34)

It is easy to see that W*(z) satisfies the following equation:

1 T
WD) = VL) + / SOWE(t. y)di, Yz € R,
0

By means of (2.33) and L’Hopital’s rule, it follows that

lim ¥*(z) =0, lim ¥* L ! * dy =8y — S
7)) = , Jim (z)—cT A y(@Oy*(t, y)dy = So
g —00

7—>—00
and
z—lirﬂrzloo UX(z) = 0.
Recall that W(z) = % fOT w*(t, z)dt. We further introduce a function
U(z) = W(z) + ¥¥(z), Vz€ER.
Consequently, it is not difficult to obtain from (2.32) and (2.34) that
LT B0 (. ) (t, 2)

V. (2) =dr V.. (2) + — dt, Vz e R.
z( ) 2 zz( ) T 0 (P*(I,Z)‘i‘w*([’ Z)
Multiplying two sides of the above equation by e~“/%2% and integrating from z to 0o, we
have
= L [T gy [T OV

T J, 0o ¢, 2)+ Y, 2)

This implies that \fl(z) is non-decreasing in R. Note that lim;_, oo \il(z) = Sp — S*°. Hence,
\if(z) < Sp — S for all z € R. In view of the definition of \if(z) and W*(z), we conclude
that U (z) < \il(z) < Sp — S forall z € R, thatis, 0 < %fOT Y*(t, z)dt < Sy — S for
any z € R. O

3 The Nonexistence of Periodic Traveling Waves

In this section, we prove the nonexistence of time periodic traveling waves for two cases. In
the case where Ry < 1, there is no time periodic traveling wave. In the case where Ry > 1
and ¢ < c*, there is no time periodic, non-trivial and non-negative travelling waves.

W B
Jo y@at
traveling wave solutions (¢, V) satisfying

¢ (t, —00) = Sy, d(t, 0) = S < Sy, ¥ (t, £00) = 0 uniformly inz € R. 3.1)

Proof Suppose, by way of contradiction, that there exists a time periodic, non-trivial and non-
negative solution (¢ (¢, z), ¥ (¢, z)) of (2.1) with (3.1). Then there exists a positive constant
b suchthat 0 < ¢(t,z) < b, V¥t > 0,x € R, and hence,

Theorem 3.1 Assume that Ry = < 1. Then for any c > 0, there is no time periodic
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PO, )Yt 2)
P(t.2) +¥(t,2)

bB(1)
S daryz(t,2) — ez (t, 2) + [m - J/(f):| ¥, 2).

forany t > O and z € R. Let  := sup,g ¥ (0, z) < 0o. Then ¥ (0, z) < n,Vz € R. By
the comparison principle, we have

Yi(t,2) = datpreo (1, 2) — (¢, 2) + YOy (. 2)

Y(t,z) <v(t;n), Ve>0,zeR,

where v(¢; 1) is the solution of the following ordinary differential equation:

[v/(z) =[2 —yo]vo). >0,
v(0) =n.

Since Ry < 1, we have % fOT (B(t) —y(t))dt <0. Set

bp (1)

P V) ==

—y(@®.

Then we have

T 1 T
/ p(t, 0)dt = ?/ (B@) —y(@))dt <0.
0 0

Hence, [56, Theorem 3.1.2] implies thatlim;_, o, v(¢; n) =0. It follows thatlim;_, 5 ¥ (¢, 2)
=0, Vz € R, which contradicts to the time periodicity of ¥ (¢, -) in ¢. O

Next, we prove the non-existence of periodic traveling waves for the case where Ry > 1
and ¢ < c¢*. We first consider the following scalar periodic reaction—diffusion equation:

B

al; —duy + f(tu), 1>0, x €R, (3.2)
whered > 0, f € Cl(RJr xRy, Ry), and f(¢, -) is T-periodic in t for some T > 0. Assume
that

(A1) f(t,0) = 0 fort > 0, and there is a real number H > 0 such that f(t, H) < 0,
and for each t+ > 0, f(¢, ) is strictly subhomogeneous on [0, H] in the sense that
f(t,au) > of (¢, u) whenevera € (0, 1),u € (0, H].

(A2) Fu(,0):= & [ 2L g, 5 g,

By [56, Theorem 3.1.2], it follows that the periodic ordinary differential equation

du

— = f(t,u), t>0 33

R S, u) (3.3)
has a unique positive T -periodic solution ¢ (¢) with g(¢) € [0, H],Vt € [0, T], and ¢g(t)
is globally asymptotically stable in (0, H]. By the same arguments as in [27, Sect. 4] (just
letting T = 0 in Theorems 4.1 and 4.2), we have the following two results.

Proposition 3.2 Assume that (A1) and (A2) hold. Let ¢* = 2,/d - f,(t,0) and u(t, x, @)

be the solution of equation (3.2) with the initial data ¢. Then the following statements are
valid:
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(1) Forany ¢ > c*, if ¢ € Cy0) = {¢ € CR,R) : 0 < ¢(x) < ¢(0),Vx € R}
with o(x) < q(0),Yx € R, and ¢(x) = 0 for x outside a bounded interval, then
hmt—)oo,\xlzct u(t,x,¢) =0.

(2) Foranyc < c*,if o € Cyo) with ¢ % 0, then lim;_, oo |x|<cr (u(t, x, ¢) — q (1)) = 0.

Proposition 3.3 Assume that (A1) and (A2) hold. Let c¢* be defined as in Proposition 3.2.
Then c* is the minimal wave speed for the monotone periodic traveling waves U (t, x + ct)
of equation (3.2) connecting ¢(t) to 0.

Now we are in a position to prove the non-existence of periodic traveling wave solutions
in the case where Ry > 1 and 0 < ¢ < c¢*.

Theorem 3.4 Assume that Ry > 1 and 0 < ¢ < c*. Then there is no time-periodic traveling
waves (¢, V) satisfying

@ (1, —00) = Sy, ¢(t,00) = S > 0, ¥ (¢, £oo) = 0 uniformly int € R. (3.4

Proof Suppose, by contradiction, that there exists such a traveling wave satisfying (3.4) for
some ¢ < c*. Then there exists a > 0 such that ¢(r,x +ct) >a > 0,Vt > 0,x € R. It
follows that v(z, x) := ¥ (¢, x + ct) satisfies

ap(t)
U > davyy + ————v(t,x) —y (v, x), 1 >0, x eR.
a—+v(t, x)
Note that Ry > 1 implies that (A2) holds. Let g“(¢) be the unique positive T -periodic
solution of
ap (1)

u(t)=—y@u() + mu(r), t>0

and choose a continuous function ¥o(x) such that 0 < Yo(x) < ¢%(0) and Yo(x) <
¥ (0, x), Vx € R, and ¢ # 0. Then the comparison principle implies that

v(t,x) =y, x+ct) >u(t,x,¥g), Vi >0, x e R, 3.5)

where u(¢, x, Y¥o) is the unique solution of the following scalar reaction—diffusion equation

(3.6)

u; = dautyx + ajf((f?x)u(t, x)—y@u(t,x), t>0,xeR,
u(0,x) = Po(x), x €R.

By Proposition 3.2, ¢* = 2,/d> - B(t) — y(¢) is the spreading speed of system (3.6). Fix a

real number ¢ € (c, ¢*). It then follows from Proposition 3.2(2) that

lim  (u(t,x,90) —q“(1)) = 0. (3.7

t—o00,|x|<ct
Since ¢“(¢) is T-periodic, letting t = nT, x = —ct in (3.7), we obtain
lim u(nT, —cnT, ¥g) = q“(0).
n—00
In view of (3.5), we have
YT, (c—c)nT) >unT, —cnT, ¥y), Vn > 1.
It then follows that
¥ (0, —00) = lim ¥ (0, (c —¢c)nT) = lim ¥ (nT, (c —c)nT) > q*(0) > 0,
n—00 n—00

which contradicts v (0, —oo) = 0. O
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