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Abstract The averaging theory for studying periodic orbits of smooth differential systems
has a long history. Whereas the averaging theory for piecewise smooth differential systems
appeared only in recent years, where the unperturbed systems are smooth. When the unper-
turbed systems are only piecewise smooth, there is not an existing averaging theory to study
existence of periodic orbits of their perturbed systems. Here we establish such a theory for
one dimensional perturbed piecewise smooth periodic differential equations. Then we show
how to transform planar perturbed piecewise smooth differential systems to one dimensional
piecewise smooth periodic differential equations when the unperturbed planar piecewise
smooth differential systems have a family of periodic orbits. Finally as application of our
theory we study limit cycle bifurcation of planar piecewise differential systems which are
perturbation of a X -center.
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1 Introduction and Statement of the Main Results

Piecewise smooth differential systems have appeared in for example control theory, electronic
circuits with switches and mechanical engineering with impact and dry frictions, see e.g.
[3,8,10,14,15,23] and the references therein. Their dynamics becomes an important subject
to be studied. It has been attracting lots of mathematicians, physicists and engineers focusing
on the study of their dynamics. In the past three decades the theory of piecewise smooth
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differential systems has been greatly developed, and there appeared many nice results, see
e.g. [5,7,13,16,21-25] and the references therein.

At the moment there are many tools and theories to investigate dynamics of piecewise
smooth differential systems. Of which the averaging theory is a newly developed one.
Whereas this theory is classical and powerful in the study of dynamics of nonlinear smooth
dynamical systems. The first formalization of the averaging theory for smooth differential
systems was provided by Fatou [9] in 1928. Its practical applications were made by Krylov
and Bogoliubov [2] in 1930, and by Bogoliubov [1] in 1945, to study stationary oscillation
of nonlinear mechanical systems and so on. Recent years, the averaging theory for smooth
differential systems has been greatly developed, and there have appeared plenty of excel-
lent results. Buica and Llibre [4] developed the averaging theory to study periodic orbits
of Lipschitz continuous differential systems via the theory of Brouwer degree. Buica et al.
[6] improved their theory to the case that the unperturbed system has a lower dimensional
submanifold filled with periodic orbits. Giné et al. [11] presented an averaging theory of
arbitrary order for one dimensional perturbed analytic differential equation. Llibre et al. [19]
generalized the results in [11] to any finite dimensional smooth differential systems with the
unperturbed differential systems having periodic orbits filled with a region. In the case that
the unperturbed differential systems have periodic orbits filling only a lower dimensional
submanifold, the averaging theory of arbitrary order was established only recently in [12].

Whereas the averaging theory of piecewise smooth differential system has a starting point
only in recent years. Llibre et al. [20] developed a variation of the classical averaging method
for detecting limit cycle of certain piecewise continuous dynamical systems. Llibre et al.
[17] further consider the averaging theory of first and second order for studying periodic
solutions of any finite dimensional piecewise smooth differential systems. We note that the
averaging theories in [17] can deal with only the piecewise smooth differential systems whose
unperturbed systems are smooth. Llibre and Novaes [18] recently obtained an averaging
theory of first order for studying periodic orbits of the piecewise smooth differential systems,
whose unperturbed systems have periodic orbits filled with a lower dimensional submanifold.
This result is a generalization of that in [6] for smooth differential systems to discontinuous
piecewise smooth differential systems. The author provided also an application of their theory
to piecewise linear differential systems with the unperturbed system is smooth. As we knew,
all examples in [17,18,20] showing applications of the averaging theories for piecewise
smooth differential systems have smooth unperturbed differential systems.

In this paper we first establish an averaging theory of arbitrary order for studying periodic
orbits of one dimensional piecewise smooth periodic differential equations. We will see the
averaging functions will be more complicated than the smooth cases. The reason is that the
variational equations of the unperturbed systems along their periodic orbits are piecewise
smooth, and their solutions have complicated expressions than the smooth cases. Second we
use our developed averaging theory to study planar piecewise smooth autonomous differential
systems whose unperturbed systems have a family of periodic orbits, which are separated
by a straight line. For doing so, we use a generalized polar coordinate change of variables
to transform the planar piecewise smooth differential systems to one dimensional piecewise
smooth periodic differential equations, and then we compute the exact expressions of the
averaging functions. Finally we apply our averaging theory to study limit cycle bifurcation
of planar piecewise polynomial differential systems with a nondegenerate X-center, which
is a normal form of a family of piecewise differential systems with X-center (posed by Buzzi
et al. [5]). We prove that for any n € N there exists a piecewise polynomial perturbation
of degree n which can have n limit cycles using the first order averaging method; and that
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piecewise linear perturbations of the nondegenerate ¥-center can produce 2 limit cycles
using the second order averaging method.
Consider a piecewise analytic and periodic differential equation

d
d—’; = > kPt x) = F(t,x,6), (1,x) €S x D, )
k>0

with S' = R/(TZ), D C R an open interval, and

o) = [Fk;(t,x), t €0, 1],

Fi(t,x), tell,T],
where 71 € [0, T), F,ﬁ S'xD—R,i=1,2,are analytic functions, and are periodic of
period T in ¢, and ¢ € (—e&g, &9) with g9 a small positive real number. Of course, if 71 = 0
then Eq. (1) is smooth. Here ‘piecewise analytic’ means that F (¢, x, ¢) are analytic in both
of the regions [0, T1] x D x (—¢&o, €0) and [T7, T] x D x (—¢o, €0).

Denote by x (¢; z, €) the solution of system (1) with the initial condition x (0) = z. In what
follows we also use the notation x (¢; 71, z, ) to denote the solution of system (1) satisfying
the initial condition x(7}) = z.

Assume that the unperturbed equation of Eq. (1), i.e.

dx

i Fo(t, x), (2)
has a family of periodic orbits of period 7', which are filled with a region of S! x D. Let
xo(t; z) be a solution of the unperturbed system (2) satisfying xo(0) = z. Note that the
solution xo(¢; z) of Eq. (2) can be seen as a composition of the solution xé (t; z) of the initial
value problem

dx 1
— = F, (1, x), 0) =z, 3
7 o (£, x) x(0) =z 3)
when ¢ € [0, 7], and of the solution xg(t; T1, w) of the initial value problem
dx
=R, x(T) =w:=x(T,2),
when t € [Ty, T]. That s,
1
Xy (5 2), t €0, T1],
xo(t,z) =179
0. 2) [xéu —TixM(Ti2) = R Tw). 1€ [T T,

So xo(t; z) is analytic in z because of the analyticity of the composition of two analytic
functions. Since x(¢; z) are a family of periodic orbits for z € D, it follows that the solution
xo(t; z) is monotonic in the initial value z. So one has

axo(t; z . .

% #0, for t € [0, T], and z is not a constant solution of (2).

z
In what follows, for simplicity we use xg(t, z) to represent xg(t; T, xé (T, 2)).
Due to the piecewise analyticity of system (1), by similar arguments than xo(¢; z) we get

that the solution x (¢; z, €) of system (1) satisfying x(0) = z is analytic in z and €. Hence it
can be written as

X(12,8) = D x(t, 28" “

n>0
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The following result provides exact expressions of the functions x, (¢, z) in (4).

Theorem 1 Assume that xo(t; z) is the solution of Eq. (2) satisfying the initial condition
x0(0) = z. Then the solution (4) of Eq. (1) with the initial condition x(0) = z has the
expressions

axo(t; 2) t Fi(s, xo(s; 2))
xi1(t,2) = 9z /

CE R
9z
8XO(t ) Rk(s z)
xi(t,2) = TGD) ds, k>2,
9z
where
k=2k=l /1 g Fk Vi
Ri(t,z) = Fi(t, x0(t; 2)) + I ———(t, x0(; 2))
=0 j=1 .

XD e () X X X (1.2

my+--tmj=l+j

is analytlc in both of the regions [0, T1] x D and [Ty, T] x D, and m; > 1 is an integer for
i=1,2,-

The proof of Theorem 1 will be given in Sect. 2. As we will see, the treatments for
smooth differential systems will not work here well, because now the variational equations
of unperturbed systems along the given periodic solutions are piecewise smooth. We will
carefully compute the solutions of the piecewise linear variational equations, and use them to
express the averaging functions of arbitrary order, for more details, see the proof of Theorem 1,
and especially of Lemma 6.

We remark that Theorem 1 also holds for system (1) to be piecewise C*° instead of
piecewise analytic when we study any finite order averaging function. The proof follows
from the same arguments as those of Theorem 1 by taking a sufficiently high cutoff of (4).

We define the averaging functions hy, hy : D — R,k =2,3,...,as

T
Fi(s, x0(s; 2))
hi(@) = / T ®)
0 9z
[ Ri(,2)
§,2
@) = / 8§0(s;z) ds, k=2,3,... ©)
0 az

Recall that %;Z) # 0. So hi(z)’s are well defined for all k € N. For the later application
we present the precise expression of /;.

Fo . dF .
ha(z) =/m (Fz(s,XO(s,z))Jr Ty & X0lss )X (s, 2)
0 9z
132 .
T332 U (s, x0(53 ) (x1 (5, 2) ) @)
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Now we can state the arbitrary order averaging theory for piecewise smooth periodic
differential equations (1).

Theorem 2 Assume that the solution xo(t; z) of Eq. (2) satisfying the initial condition
x0(0) = z, is of T—periodic for all z € D. The following statements hold.

(a) If hi(z) is not identically zero, then for each simple root z* of h1(z) = 0 and |e| # 0
sufficiently small, there exists a T—periodic solution x(t; ¢ (¢), €) of Eq. (1) such that
x(0; ¢ (e), &) = z*ase — 0, where ¢ is an analytic function which satisfies ¢ (0) = z*.

(b) Assume h1(z),--- , hy—1(2) are identically zero in D. If h,(z) is not identically zero,
then for each simple root 7* of h,,(z) = 0 and |e| # O sufficiently small, there exists a
T—periodic solution x(t; ¢ (¢), €) of Eq. (1) such that x(0; ¢(¢),e) — z* ase — 0,
where ¢ is an analytic function which satisfies ¢ (0) = z*.

The proof of Theorem 2 will be given in Sect. 2.
Next we will apply Theorems 1 and 2 to study limit cycle bifurcation of planar piecewise
smooth differential systems. Consider the planar piecewise smooth differential system

o0
i=> e px ),

k=0

o0
¥=> farlx, y),

k=0

(x,y) € Q CR?, ®)

with € a connected open subset and 2 N {y = 0} # ¢, where
Py, oy eQti=Qn{y=0}
Py (x,y),  (x,y) e Q=N {y <0}

(), (y)eQti=Qn{y >0}
g (x,y),  (x,y)eQ =QN{y <0}

pr(x,y) = {

qr(x, y) :[

We assume that the unperturbed systems of (8), i.e.

x=pox,y), y=qox,y), (x,y)eq,

has periodic orbits filled with an open region around the origin. Here we assume that the
origin is in the region 2. We take a generalized polar coordinate change of coordinates

X =ES(ME®), v =& nF®), ©9)

in the upper and lower half planes respectively, to transform system (8) to a one dimensional
piecewise smooth periodic differential equation of form (1), i.e.

r > efFFO.r), 0€[0,n],

- :FG, ,E) = k=0 10
do @10 > kF (0,r), 0€ln, 27, 10)
k=0

where F (0, r, €) is 2w periodic in 6, and F, /<+ (0, r) and Fy (0, r) are analytic in respectively
the regions [0, 7] x J and [x,27] x J with J = (0, 0) an open interval. The concrete
expressions of F, ki (6, r) will be given in (29) for k = 0, 1, 2. We remark that the concrete
expression of the transformation (9) depends on specific differential systems.
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Denote by r (0, 7) the solution of Eqg. (10) with the initial condition r (0, ) = z in the
upper half plane, and by 7, (6, z) the solution of differential equation (10) with the initial
condition r, (77, z) = r0+ (7, z) in the lower half plane. In order to simplify notations, we set

rgt = roi(Q,z),
P = p (65 GF 6, D 0), 560, )3 0))
GF = qF (EECEO, 0T 0), EE GO, DmF©), i=0,1,2,...

Applying Theorem 1 to Eq. (10), we can get the averaging functions associated to system
(8). But since their expressions are very complicated, we only present the first order averaging
function here.

Theorem 3 For the planar piecewise analytic system (8), if its unperturbed system has a

family of periodic orbits filled with a period annulus, which can be parameterized by the

generalized polar coordinates (9), then the first order averaging function has the expression
—pia; +Podr

}M@:/ g (6.2 2
O D eyt B+ € o)
x (& eHEY eHDnE = G eDHE Gt 0f))ae

o ~Pidy + Py dr
+ ary (6,2) P 2
T BB (& O By + &) 0Ty )

x (& 09)E) 0N 0y — €Y 0)E () = ny 615 )d,

. d&t g _ .
where (§; )(r ) = . org (0, 2), & )(ro) = I ory(0,2),i = 1,2, and the o

denotes the composition of two functions.

The proof of Theorem 3 will be given in Sect. 3. In appendix we present the formula and
its derivation of the associated second order averaging function of system (8).

Finally we will apply Theorems 2 and 3 to study limit cycle bifurcations under the per-
turbation of the piecewise linear vector field

z . (*,9) =(=1,2x), fory >0,
T Gy =(1,20), fory <0,

which is the topological normal form of a kind of piecewise smooth differential systems

around a nondegenerate X-center, see [5] for details about the results and definition of X-

center. The authors in [5] provided an example showing that for any m € N there exists a

C®° perturbation of Z(, which has m limit cycles. Next we will prove that for any m € N

there exists a piecewise polynomial perturbation of degree m which can have m limit cycles.
Consider the perturbed piecewise polynomial differential system

-1 Fl +eFf
+e 1+1+8 ), y=o,
(x) _ 2x Fy| +¢eFy),
’ e futetz) <o
2x Fy +¢eF,,

(1D
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where

n n
+ _ + i j + _ N
Fp = Z a;ix'y’, Fp; = Z Xy,

i+j=0 i+j=0
i+j=n n
+ _ + i ] + _ + i
Fy = Z bijx v, Fy = Z dijx v/,
i,j=0 i+j=0

The next result provides the expression of the first order averaging function associated to
system (11).

Theorem 4 For the piecewise smooth system (11), the following statements hold.
(a) The first order averaging function M1 (r) associated to system (11) has the form

n
Mi(r) = Z Blrzl.
=0

(b) System (11) has at most n limit cycles which bifurcate from the X -center via the first
order averaging method.

(c) There exists a system of form (11) with FljzE =0, i = 1,2, which has k limit cycles for
k=0,1,---,n

We now turn to piecewise linear differential systems. We will use the second order averag-
ing methods to prove that there exist piecewise linear differential systems of form (11) which
can have 2 limit cycles. For system (11) with n = 1, we denote by A the set of parameters
of system (11) which satisfy

bgo —bgy =0, by + by, +ajy+apy=0.
This is in fact the condition for the first order averaging function vanishing identically.
Our next result is the following.

Theorem 5 For |e| # O sufficiently small, system (11) when n = 1 has at most 2 limit cycles
for the parameters inside A by using the second order averaging method, and the maximum
number can be achieved.

We remark that when applying the third order averaging method to system (11) with third
order linear perturbation we can only get at most 2 limit cycles bifurcated from the X-center.
At the end of the proof of Theorem 5, i.e. the end of Sect. 4, we will give detail explanation.

This paper is arranged as follows. In Sect. 2 we will prove Theorems 1 and 2. The proof
of Theorem 3 will be presented in Sect. 3. The proofs of Theorems 4 and 5 will be given in
Sect. 4.

2 Proof of Theorems 1 and 2
2.1 Proof of Theorem 1

Recall that x (¢; z, €) is the solution of equation (1) satisfying the initial condition x(0) = z.
Set

xM(t, z,8),  tel0,T],

x(t;z,8) = l xz(,,z, g), telT,T].
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Then x2(T1, z, €) = x' (T}, z, €), and each function x’ (7, z, ) satisfies the piecewise smooth
differential equation (1) for i = 1, 2. That is,

0 . .
X e = Rz, i=1,2 (12)
k>0

Note that x! 0, z, &) = z, we will also write x! (t,z,€) in x! (t; z, €) for reminding readers
the initial condition taking at t = 0.

Since F,f (t, x) in equation (1) are analytic for i = 1, 2, the solution x (¢, z, &) of system
(12) can be written as

xi(t,z, g) = ij-(t, Z)Ej. (13)

j=0

Then the functions x;(t, z) in (4) can be expressed in

D) = x}(t,z), t € [0, 1],
= sz.(t,z), tel[n,Tl,

with x; L, = xz(T] z) for all nonnegative integers j. As explained in the introduction
for equatlon (2), the functions x; (¢, z)’s are analyuc inz. Substituting the solution (13) into
the differential equation (12), and expanding £ (¢, x i(t, z, €)) in Taylor series give

Fi(xt (.2, 0) = F | 1,290, 2) + D xj(t, )¢
izl

Fl(t,x}(t, 2)) Zx (t, 2)e’

j=1

= F(t, i, Z))+Zlva ;

= Fi(t. x)(t,2) + D & Z Al (. 2),

=1 j=1

wherei =1, 2, and

Al = ~ 2 pi i, o) D @D XX, (,2), (14)
klj N k\"s O\ mi ’ m; ) )

1
i1 ox/
J mi+--+mj=l

withm, € Nforn =1,2,---, j. Then the right hand side of (12) can be written as

S kFlx e = D e F (xi, z))+ZZ€"”ZAkU(f 2)

k>0 k>0 k>0 1>1

= ZskFlf(t, xé(t, 7)) + Zr‘?n ZZAZ_HJ‘(I, 2)

k=0 n=l =1 j=1
k1
= F(t. xy(t, )+ D e | i xje. o)+ DD Ayt 2)
k>1 =1 j=1
(15)
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It is clear that
D ditze) = > D it el (16)
a7 — g1
Jjz0
Using (15) and (16), and equating the coefficients of ¢ in (12) yield
9 . . . 9 . . .
53D = Flxj . 2) + S Bt xp @ 0)xf (2. i =1.2, (17

which are nonhomogeneous linear differential equations.
Let u(, z) be the solution of the variational equation

ou ad
— = —Fo(t, xo(t;2))u,  u(,z) =1 (18)
ot 0x

of the unperturbed equation of (1) along the solution xq(#; z). Set

1
u'(t,z), tel0,T],
ut, = 1,02 101 (19)
us(t,z), telh,T].
Then 1’ (¢, z) satisfies the variational equation
a a . . )
—u'(t,z) = —Fy(t, xo(t, 2)u'(t,2), i=1,2. (20)

ot ax
The next result characterizes properties of the solution ! (¢, z) of the variational equation.
Lemma 6 Assume that the unperturbed equation of (1) has a solution xo(t; z) which satisfies

x0(0) = z for each z € D and is T—periodic. Let u(t, z) be the solution of the variational
problem (18). Using the notations in (19), we have

a a
ul(t.2) = —xp(t.2).  w(t.2) = —x5(t,2),

9z ('Tx(l)(Tl,Z) 9z

Z

and they satisfy u' (T1, 2)u*(T, z) = 1 and u' (0, z) = u?(T1,z) = L.

Proof Since xo(t; z) is a solution of the unperturbed differential equation of equation (1),
one has

d
EXO(I; ) = Fo(t, x0(t;2)),  x0(0;2) =z.

It follows that

9 . ) .
S0 2) = Ry (. 2). i =12, @1

Fori =1, xé (;, z) satisfies the initial condition xé (0, z) = z. So it will also be denoted by
xé (t: z). Since F, € C?(S! x D), it follows that x(% (t; z) is analytic in [0, T1] x D. Moreover
the variational equation (20) with i = 1 satisfying u' (0, z) = 1 has the solution

ul(t,z) = ixl(t' 7)
’ az 0’
For i = 2, note that the solution xg (t, z) satisfies the condition xg(Tl ,7) = x& (T1; 2). Set

w = xé(Tl; z).

@ Springer



64 J Dyn Diff Equat (2018) 30:55-79

One has
xg(t, 2) = x5t Ty, x§ (T, 2)) = x3 (5 Ty, w).
Then

d

3% T w) = F (x5 (5 T ), x(Ths T, w) = w.
So its associated variational initial value problem
du>  9Fg(t, x5t Ty, w) o

2
_ T =1
ar ™ . u (T, z) )

has the solution
sz(t; Ty, w)
W21, 2) = P21, w) = 0L
ow

In addition, since

ax3(t; Ty w) 9 9
It L W) @xé(r; Ty, xy (T, 2)) = ————x2(t: Ty, xA(T1, 2)),

Jw Lxy(T1;2) 92

and x3(t, z) = x3(t; T1, x} (T1, 2)), it follows that

W (t,2) =7t w) = - ixg(:, 2). (22)

yzxé (T1; 2) 9z
Consequently we have

W (Ty,2) =1,
where we have used the fact that xg(Tl ,2) = xé (T1; z). Furthermore, since ul(t, z7) =
{%xé (t; 2), one gets from (22) that

d
ul (1, 2u(T, 2) = 37‘3”’ 2) =1,

where in the last equality we have used the fact that xg(T, z) = z. This completes the proof
of the lemma.

In order to study the solutions xi (t,z) of Eq. (17) fori = 1, 2, we set
Xt ) =u' . uit.2), i=12 (23)
Since xll(O, z) =0and u' (0, z) = u*(Ty, z) = 1 by Lemma 6, we have
uj(0,2) =0, and uj(T1,2) = x7(T1,2) = x| (T1. 2).

Substituting (23) into (17), we get respectively

o
ul(t, z):/o mﬂl(s,xg(s, 2))ds, (24)
ui(t, 2) = x(T1, 2) +/t ¥F2(s x2(s, 2))ds. (25)
n e (s, T
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For ¢ € [0, T1], substituting (24) into the expression (23) we get from Lemma 6 that

! 1
x1(t,2) = x{ (1, 2) =u'(z,z)/0 mFﬂ(s,xé(s,z»ds

axl,z) (11
— 70\ 1 1
- / 9x) (s.2) Fi(s: xo(s, 2))ds.

For ¢t € [T, T], substituting (25) into the expression (23), together with Lemma 6 and the
last expression, one has

x1(t,z) = xlz(t, 2)

! 1
= u*(1, 2) (xl‘(n,m + /T | ml"f(s, X3 (s, z))dS)

T
u*(t, 2) (u (T, z)/ l F1 (5, x0(s, 2))ds

! 1 2 2
+/T1 7142(& ) Fi (s, x( (s, z))ds)

ax2(t, 2) T 1

— 270\

N 0z /O BX()( Fl (s, Xo(S 2)ds
az

S |
+/T1 dx2(s )Fl (s, xo(s 2))ds

dxo(t,2) (1 1
= / By Fi(s, xo(s, 2))ds.
Z

where in the third and fourth equalities we have used Lemma 6.
For k > 2, equating the coefficients of ek in (12) together with the expansions (16) and

(15) gives

k l
0 . . . .
32 = it xp (1, 2) + DD AL
=1 j=1
k—1 k-1 ]
= Ftx§t0) + DD Ay g2
1=0 j=1
k—1 k=2 ]
= Ftxp(t )+ DD Ay g6
1=0 j=1
+ Ayt 2)
9 . . . .
= a—xF’ (¢, xp(t, 2)x (¢, 2) + R (2, 2), (26)
where
k—2 k—I
Ri(t.2) = Fi(t. xb(t. ) + DD AL 101t 2).
1=0 j=1
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Clearly,
Rl(t,2), tel0,Ti],

Ri(t,z2) = [R,%(l‘,Z)v te|T,T],

with R,i (t, z) and R,%(t, z) analytic in respectively [0, T1] x D and [T, T] x D. Note that
equations (26) are linear differential equations. Working in a similar way to solve equation
(17), one gets the solution of the linear differential equation (26):

e [f 1
= /0 9y (5.2) Ri(s, xo(s, 2))ds, t €0, T1],
az
T
ax2(1,2) ! 1 | .
xk(t,2) = oaz /0 ox 50 Ry (s, x0 (s, 2))ds
Tz
t 1 ) ,
*/Tl ey R a.ands | 1€ (1, T
gt

We complete the proof of the theorem. O

2.2 Proof of Theorem 2

By assumption that the unperturbed equation of (1) has a family of periodic solutons xo(¢; z)
of period T', z € D, we can define the Poincaré map of the perturbed periodic differential
equation (1) for |¢| sufficiently small:

Pi(2) =x(Tiz,8) —2= Y xj(T,2)e/,
jzl1

where x(¢; z, €) is the solution of equation (1) satisfying the initial condition x(0) = z. In
expansion of P (z) we have used the fact that x(7'; z, 0) = xo(T; 2) = z.
(a) Define

fz,e) = x(T;z,8) —2)/e.

Clearly it is analytic in its variables. Note from Theorem 1 that the averaging function /1 (z)
is x1 (T, z). One has

f(z,8) =hi1(2) + ep(z, €).

Clearly, x(¢; z, €) is a T—periodic solution for z € D if and only if f(z, &) = 0. According
to the conditions in Theorem 2(a), the function f(z, ¢) satisfies

af(z*,0) _ ah1(z*) £0,
0z 0z

By the Implicit Function Theorem, there exists a unique analytic function z = ¢ (¢) defined
in a neighborhood of ¢ = 0 such that f(¢(¢), &) = 0 with ¢ (0) = z*. That is

x(T; p(e), &) = p(e).

Therefore x (¢; ¢ (), €) is a periodic solution of period T of the perturbed differential equation
(1) such that x (¢, ¢(g), &) — z* when e — 0.
(b) Since h1(z) = ... =hy—1(z) =0, and h, (z) # 0, n > 2, we define

g(z,e) = (x(T,z,8) —2)/e".

f(&*,0)=0,
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Clearly it is analytic. We have
8z, &) =xn(T,2) + O(e).

Note from Theorem 1 that the averaging function 4, (z) is x, (7T, z). Then the proof follows
from the same arguments as those in the proof of (a).
We complete the proof of the theorem. O

3 Proof of Theorem 3

For the planar piecewise smooth differential system (8), we transform it, by a generalized
polar coordinate change of variables (x,y) = &£V(r)n*(0) in the upper half plane and
(x,y) = &~ (r)n~(0) in the lower half plane respectively, to a one dimensional piecewise
smooth differential equation of form (1). And the averaging functions can be presented by
(5) and (6). Some calculations show that system (8) can be written in the upper and lower
half planes respectively as

> ek (EF ) piE - EE Y)Y gF)

ﬂ k=0 27)
Ao~ 3 ek (D) mapE + D )’
k>0

where denotes the derivative of the functions with respect to their variables, 5
i—' r), 771 =n; (0) i=1,2,and fork € Zy = NU{0}

= p & T O, 6 T 0). ¢ = qF EFemT©0). & (ng 9)),
pr = pp G (m]0),E (N, 0)),  qp = q; & )0y ), & (r)n; (0)).

Set
[EO.1) = 50D pE — &0 i
8 (0.1) = —E 0y pif + &S nfai
We have
dr & fk ®,r) , ‘s Y
(—— ) ek gF 0, r)
a0 ; 8 0.1 ; ) (,; 8 ’)
_ Z kfk @,r)
=0 (9 r)
j
x |1+ e Z( ) D &m0 x e x g (0,1)
=1 j=I1 80 (0 r) Myt j=1

_foi(e,r) + S
T o g (e P (fk .0 2 i)

k>1 =1
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l J
1
) T oo

j=1 my+eetm =l

= > fFE@.r). (28)

k>0

where

Py = J0O0) &) ps — & )

U g0 =& my ey + €D M ay
Fif@.r) = o (/776,185 0. r) = [3°(6. 1187 (6.1)

(55 &y @iy - 6gmmd) ) piad + piad)
(—& 5Py + EDniay)’ ’

Fy(0.r) = W(gﬁf(e, (5085 ©.r) = f50.1)g5 0. 1))

g1 (0. 1) (£ 0. Mg (0. 1) — (0. 15 (O, r>))
(55 &y @iy - & m D)) (—piad + piap)
(—EH s pE + EYntal)
(&5 EH 0Pm - EVeined)) ria + riad)
(~@&DnEpE + € nEey)’
x (—(E) 1P + ED) g (29)

From the expression (5), we have

+

FF Gt o0) [ Frsrg(s.2)
_ s, ry (s, 2 (s, ry (s, 2
@) _/ org (5.2) ds +/ org (5.2) as, (30)
0 0z b4 0z

Substituting FijE @, r) fori = 0,1,2 in (29) into this last expression, we get the concrete
expression of Hj(z) as shown in Theorem 3.
We complete the proof of the theorem. O

4 Proof of Theorems 4 and 5

For the planar piecewise smooth differential system (11), we can parameterize it in the
generalized polar coordinates (x, y) = (rcos9, r2 sin 0). As we will see, this change of
coordinates are more useful than the standard one. After this change system (11) can be
written in

—rcos@ + 2rsinfcosd +sUT (O, r)
dr " 2rcos2@ 4 2rsinf +eV+(@,r)
do | rcos@+2rsin@cosd + U™ (0, r)

2rcos?0 —2rsinf +eV=(6,r)

, 0 €10, ],
(31)
R 0 € [m, 2],
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where

UT(0,r) =rcosOF,| +sin0Fy;

+ &(r cos QFIJE + sin@FzJE) + 82(r cos@ng + sinQFng),
vte,r) = cosHFZJE —2r sin9F1+1

+ E(COSHFZJE —2r sin@FlJE) + sz(cos 9F2+3 —2r sin@Fng),
U (0,r) =rcosOF +sin0F,;

+e(rcosOF;, +sin0F,) + 82(7' cosOF; +sin6 F,s),
V=(0,r) =costF, —2rsinfFy;

+&(cosOF,, —2rsinfF,) + gz(cos OF,; —2rsin0F3).

We can check that cos? 0 +sin@ > 0,0 € [0, ], and cos?f —sinf > 0,0 € [7r, 27r]. Then
we can expand the right hand side of equation (31) in Taylor series.
For 6 € [0, ], by Taylor expansion in a neighborhood of ¢ = 0 one has

dr

25 = Fo 0.0 +eF 0.0+ e F (0.r) + 0(e), (32)
where
F0+(9, r = —cosf + 2Si1‘1.9 cos 6
2(cos2 O + sin )
1 ) .2
Fif6,r) = pTTI (2r cosO(1 + sin” O) F}| + (1 +sin* ) Fy})
1 . .2 2
F0.0 = gy raman (4r cososin6(1 +sin6) (F)
1
+2(1 + sin? 6)(sinf — cos® 9)F1+1 F2+1 — —cosf(1+ sin? 0) (FZJE)2
r
+4r cos O(1 + sin® ) (sin 6 + cos” 6) F;
+2(1 + sin® ) (sin 6 + cos® 6) F}) , (33)
with Flj' = Fﬁ' (rcos@, r2sin@). Some calculations show that the unperturbed equation

(32)|¢=0 with the initial point (6, r) = (0, z), z > 0, has the solution

Z

re0,27) = —————. (34)
+/cos2 6 + sinf
For 6 € [x, 2], similar to the manipulations in the case 6 € [0, 7] one gets
dr - - 2p— 3
75 = Fo 0. +eF[ 0.0+ Fy (0.1) + 0(&), (35)
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where
_ cosf + 2sin 6 cos
F() @,r) = 5 - r
2(cos* 6 — sin )
— 1 . 2 — . 2 —
Fr0,r) = Heo?§ —snoR (2r cos O(1 + sin” ) Fj; — (1 +sin" ) F5;)
— _ 1 . .2 —\2
F2 (9,r) = m (4rCOSQ Slne(l —+ sin Q) (F“)

1
—2(1 + sin® 0)(sin 0 + cos® 0) F}; Fy; + — cos 0(1 + sin® 0) (F;;)°
r

+4r cos O(1 + sin® ) (cos? § — sin6) F;,
—2(1 + sin? 6)(cos® § — sinO) F,, ) , (36)

with Fl; = FJ (rcosf, r2 sin 0). Recall that cos?f —sinf > 0,6 € [7r, 27]. It follows that
all functions F ;’s are analytic. Clearly, the unperturbed equation (35)|.=¢ with the initial
point (0, r(;r (, 7)) = (0, z) has the solution

z

e —— 3 37
+/cos20 —sinf

rg (0,2) =

4.1 Proof of Theorem 4

For computing the first order averaging function, which is associated to system (8), we can
set F5=0,i=1,2.
According to the expression (30), set

+ + 2 _
Hi1(2) 3—/w s, Hipp(2) ::/Mds

g (s,2) ry (s,2)
0 0z T dz

From (11) and (32) one has

Fit(s,rf (s, 2)

g (5,2)
az

(cos 0 +sing)"2 [ 2(1 + sin®0) Z af (rg (s, 2) T cos'™! 0 sin/ 6
i+j=0

+(1+ sin? 0) Z b (r0 (s, z))i+2j cos’ sin’ 6
i+j=0
n
Z al’;z‘”/“(cos 0 + sin6
i+j:0

os't1 g sin/ H(1 + sin? §)

N =

+2j+3
+ Z b+ 227+ (cos? 6 + sin6) ™~ HHE cos’ 6sin/ O(1 + sin® 9).
H»]—O

Then

+ 7+ i+2j+1 ot it
Hyy = Z agliyy ;2 T Z bijlij2 ™, (38)

t+/ 0 l+j =0
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where
T
i+2j+43 . L .
= /(0052 0 +sin6)” 7 cos' 0sin/ (1 + sin® 6)do. (39)
For k € {1,...,2n}, collecting the coefficients of z¥ in the two summations >’s of the
expression (38), one gets
1 n+1 [%] 2n+1 kT
_ 1 k +
Hio= 2| 208 2 aln il i+ 208 20 @iy 0y,
k=1 j=0 k=n+2  j=k—n—1
PR n E3
k + + +
DI ISR AEIVE D D b aj s
k=0  j=0 k=n+1  j=k—n
2n+1
= > K, (40)
k=0
where
17+ _
1bo Ioo’ k=0,
1[k ! + + (4] +
7 > ak—2j71,jlk72j,j+ > bl 2”Ik 2j.j° l<k=<n,
j=0 j=0
7 1 & + + 1[%] + +
T = 2 Oan—Zj,jIn—Zj-H,j + 4 Z bn 2j+1, /In —2j+1,j° k=n+1, (41)
j= j=0
1 [z + + 1 2] + +
b3 z ak—ijl,jIk72j,j+Z Z bk72111k72]’17 l’l+2§k§2n7
j=k—n—1 j=k—n
sag It k=2n+1.

In order to study the properties of the functions Ii";, we need the formulas

/(cos29 +sin)~3 cos' 6(1 + sin2 6)d6

(42)
_ 2 i+1 2 gyt
- cos' T O(cos“ O +sinfh)” 7,
i+1
where we omit the integrating constant. By this we get
2 . _it2j+3 P .
(cos“ 6 + sinf) 2 cos' @sin’ (1 + sin” 0)dO
(43)

j o -
=> (-1 'ct /(c0529 Fsing)” T cosi 20D g(1 + sin? 0)d6.

where C.li = (; ) = I,(JJ%I), So it follows from (42) that

0, i odd,

Y iJ(; = 4 .
i even,
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and from (43) that

0, i odd,
li = Syt %Ci’ . ieven. 9
= i+2(—-D+1
Using those expressions of Il.';’s we get easily that
Je =0, forkodd.

From the expressions of Hj in (40) and of j;c in (41), one can rewrite H;; as

n

Hyp = > It (45)
k=0
where
1
+ 7+ _
Zbooloo’ k=0,
1k ! + I+
Z“zk 2j—1,j k- 2”+ ZbZk 2j. k=2 ;> 2k € {1,...n},
1 [%1 " . 1["“1 N
‘Ik+ = 5 ZO n— 2//In 2j+1,j + Z bn =2j+1, /In =2j+1,j° 2k =n+1,
j=
1 k=l
— a o .I P
2 il 20k=j)=1,j"2(k=j).J
1ok
+Zj_2 bZ(k /)112(k i 2ke{n+2,...,2n}.
(46)
Some similar calculations to those of H;; show that
n
Hip =Y J 2%, (47)
where
1 _
4b0010m k=0,
_ 1k
Z Aop—zj1,jlor—2j,j — 4 2 by il sy 2k e{l.....n},
j:O =0
1 18] | [";‘]
ka_ 5 a,_ 2]]In 2]+1j_1 Z bn 2]+l]In —2j+1,j° 2k =n+1,
=0 j=1
1 k=1 _
2,0 Z_: D12 )
1
—— b_ I, 2k e{n+2,...,2n},
4,50 2(k—=j),j " 2k=)).J°
(48)
with
0, i odd,
I-=1J act (49)
I
Y ZZO( 1) W, i even,
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Substituting (44)—(49) into (30), one gets the first order averaging function

n
Hi=2 Bz, (50)
k7
where
oo ~ ooy k=0,
kol J 2(=D'CY
]:ogém« D aj 2j-1,j T 82— 1,)
L g _(D'G j _
" Z:012 m ((_1)]b2k*2j*1,1 Yy 1,) 1 <2k <n,
j=01=0
51 j 2(=Dic!
J +
-1/ )
By = j:01§)n—2l+2 (( )a, 2j.j T -2j,j
g e
i Zl zzom ((_I)Jb"—2j+l,j _bn—zjﬂ,j)a 2%k =n+1,
J= =l
kel 2-D/C
j=2k—n— 11§)m(( b/ aZk 2j-1,j T2 1,)
k j (_1)[ )
iy % Zﬁ« Dby 15 = by 11)’”+2S2k§2n.
Jj=2k—n1=0

(6D
From the expression of By in (51), we know that the coefficients of H; can be chosen
arbitrarily provided that the coefficients of F ﬁ and Fi in system (11) are arbitrarily chosen.
This shows that H; (z) has at most n simple roots, and that by suitable choices of the coef-
ficients of F 1 and F21, Hj(z) do have exactly k simple roots for k= O I,--- n Then it
follows from Theorem 2 that by sultably choosing the values of a - in FE 1] and of b in F21’
system (11) canhave k, k = 0, 1, - - - , n, hyperbolic limit cycles via the first order averaglng
method.
We complete the proof of Theorem 4. O

4.2 Proof of Theorems 5

Now the perturbed differential system (11) is piecewise linear, i.e. n = 1. From the proof
of Theorem 4 it follows that the first order averaging function which is associated to system
(11) withn = 11s

2 - _
Hi(2) = 3 (ajy + by + ajo + b)) 2 + o = beg- (52)

According to Theorem 1, substituting (33)—(34) and (36)—(37) into (6) and (7) together with
some calculations we get that the second order averaging function associated to system (11)
is

Hy(2) = Io+ Lz + hz® + 2 + 2%, (53)
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where
1
L + 14 + -
2 o _
I = 5 (botaiy + ) + @b, — o) i + b))

2 _ _ _ _
L= 3 (ago(ary + boy) — agylary + by + ¢y + g +dgy +dgy) 5

4 _ _
I = 5(% + b, +ayy + by

4 o _
li=135 (agy (afy +bg)) + ag; (agy + byp)) -
Proof of Theorem 5. Under the conditions A, that is H;(z) = 0 in (52), the expression of
Hj(z) in (53) can be simplified to

4 ~
Hy(z) = E(afro + by (agy —agz*

2 - - .2
+ 3 (@@l + bg) (g + dgo) + €y + ¢ig + dgy + dg))z2

1
— = g +
+ Eboo(bm —byy) +dyy — dyy-

Clearly, H>(z) can have 2 simple roots when we choose suitable values of the parameters.
Consequently the piecewise linear differential system (11) can have 2 hyperbolic limit cycles,
which are obtained by the second order averaging method. Clearly through the second order
averaging method we can get at most two limit cycles. This proves the theorem. O

Remark 1 Of course, by suitable choice of the parameters H>(z) can have exactly k simple
roots for k = 0, 1, 2. Then system (11) can have k hyperbolic limit cycles, which are obtained
by the second order averaging method.

Remark 2 Under the conditions Hi(z) = 0 in (52) and H(z) = 0 in (53), applying the
third order averaging function in Theorem 1, together with some calculations, we get the
expression of H3(z) as

4 4 2 )
H3(z) = B(am —ag)(cyg+dy)z" — g(“oo + agy)(cg +dyy)z
) _ 1
+ Zbooblo(bfro —bip) + EbOO(dIO —dijp)
L + -
+ EdOO(blO = bio) + 400 — 900-

Clearly H3(z) has at most 2 simple positive zeros. Consequently system (11) has at most 2
limit cycles using the third order averaging method.
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Appendix: The Second Order Averaging Function for Planar Piecewise Sys-
tems

In this appendix we present the formula and its derivation of the associated second order
averaging function for the planar piecewise smooth differential system (8).
Continuing the computations given in the proof of Theorem 3, we get

OFF®.1) _ s (i) — fo (61) = ()i — fi(s0) | 2/5 81 (80
ar (g5)? (¢)?
1 ( st v LA\, 4
= ED)E) (D) ny — M) n ) pya
((Sli),ﬁqat_@zi)/n;pg)z 1 2 1772 2 M 8Py 41
—qi pT) — (ED)'E 0T 1)) + ED e D)) (piai + a5 p)
+2(ED EEnE DY g g+ ED) e ) pi p D)+ (E5EDY i)y —

: ey (00 x0T (29 Lot
CRGYROY )((5%) (ro 5 —ai 50 ) +& (v a—y‘—qoia—yl))

N N tyrek t, Ay £/ iaqu ﬂ:apoi
- (51 (52 ) (771 ) b +(51 )Ez m (772))((51 ) (P1 ox +q; W)
(2 0qy apy , , 4 0q5
+ (&) (plia—; + q%a—yo)) +2((EDE 0y ) a7 -
v edved £ :I:/iap(:)t v edyvet £ :I:/:I:aq(:)t
+ (‘5‘_2 ) (";‘_1 )52 P (nz)Pl W) +2((€1 ) (-‘;:2 ) 51 m (771 ) q W"’
1
mias — € i)’
— &5 ad) (6D nia — &) ) (€0 ke - @) pt
iy
dy

((Szi)’)zéfnzi(nf)’pfta’ﬁ))nL -
dy (D

((s;(niypat

apy apy
)= & E S +sziaiy°>)),

9 +
+ @f)’n]i(s#% +EF
(54)

and

PFyO0.r) 1
(&)

bl
or

9’ 9* 9 9
+4\2 + + o+ + + + == == +42
3 ((go) ﬁfo -8 /o ﬁgo —2¢; 580 fo +2f5 (580) )

1 (( N2 e + ERNAY
= (€3 ))(E ) —2¢& ((5 ))
(G rmrar — ety ) 6D =28

+ sﬂsﬁ)/(sﬁ)”/) ()’ 0r) (a57) + ( — (&) &) + 25 (€))

- sﬂsﬁ%sﬁ”) (n3)* @) (py)” + ((sf@;)/@;)“’ - € (E))?
+265 &) 6 - 265 EHN?) 0ry F) + (265 (€))?

+EDEE) + D8 ED - 46D (szi)”)n,*nzimzi)/) vy) a5
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+ (( — EDEDE + (EDNED) - 267 €D &Y
F2AEDE) ) ) + (= 20EDNED — EFED &
—EFED EDY + 46T ED ED) iy (7)) )<q0 )’ p

+(2(@1*)/&;:71*(17;)/—sﬁ@f)/(nf)/ni)((sl V) E 1* 5 ’;0

0 0
EEYnE BEEES) ) — G EEnE () )((s1 )”ﬂ—@z ’ ”y”)

l’o
ax2

+ &) (€Yo - &5 @ oy'ng) ((@1 )?

d
+ () 3;’2” ) — 265 (&) & 0 o) n ;’ 0

+265" &) 0 (267 iy g - (&#)/é}nﬂni)/)a”(’i)(gﬁz
+(2(@,*)/5;:7?(:72*)’—sli@zi)’(nli)/nzi)(s,i)/((sz )aniz qao +
&)1y (BED & T My = &€ 07)n3) ((s1 >”ﬂ (&ﬁ”agyoi)
265 () 0y () = @)'m) ((é1 )/ﬂ + (& )/%)

‘10
Ix2

+ @& (ED T oy — g & apynd) ()

qo

+ () SI0) + 265y &) s (65 &) 0 'ng

a
- 2(&#)/&}#(@’) 24

S0 26 () i o >/ﬂ)< )2

+ ((szi)’(s]i@zi)%n,*)’(n;)z — GO nF)
3%p ad
x(((sﬂ)z (&)’ ,,0>

- (Sli)’(é‘]i(ézi)’mi(n]i)’nzi — G & 005 )

3 92
X (((af)’)2 +(&D) ;’0 )
P25 0 — e R ) (@) & ‘?
N P tyvret o £\ et (ety iazl’oi
+2(§1 (Ez ) (771 ) N, — (S] )5;'2 m (772 ) )(51 ) ((Ez )) R axdy

+ (2((51 ) (€3 )/nli(m ) 772
—3EEED) ED) ED ) nE + 265 (DY) ED ) nE
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+2(65)) &) 00 + () 6D & 0D 05 ) %
+ (3656 € & mr Y i + 2(E0) (@) oy
+260) €5 ) 0D 01) — 466D (6 iy
—2(ED) (@) 0P - (6 6 6 00 %
+ (=265 6 @Y EY Y 1) = 3ED 66 6 g 05
—2(E) (@) 0y ) +4(E) 6 @ ni s )
+EED (@) D) ) + 26 (€) (mi),(@z)%é
+ (=265 (@) s ) = 26585 (&) i )’
—65(E)) @ o o) + 3(&#)/52*@2*)/(52 )i 1y ()’

il
+265 (6) 0 05)?) ;’5 )p&qoi

Y
(( 251 (52 (771 ) (772 )2 +2($1 )52 ((52 )377?:)73:(7;2 ) ) (PO)

=\

+2( (&Y e &) g 05 - 267 (@) 0 ) (&) (;))

apT apE

+4((ED) 6 (&) ning 05 — 656 (@) oy g ﬂ%%

+ 9 +

+2(&5(E) () 0 o) s = (6) 67 i) ("2))%3%0
dgy 0

+2(55 (@) (@) e ng — (65)) 85 6 o)) 5 % ;’;)
d

+2( = (GG 0D + &5 6D & nf ) ng ) (65 S %40 ;’;)

aqy 0
12— () & 0 Pos) + 28 (E)) &t oy'ns) % %)qoi

oqt\
+ (2(@%)’55 W) — & &0 o) nF ) (EFY) (a";’)

2q=\
+2((ED) & o) — 65 & @ oy ) (&) ;’;))
) 3q:t 3p:|:
12— (@) e F) + EEED @ 0 ) )(($§>)27§7§
d ad
+2(( = (e s oy + & ED @ 0 0)?) (65) L % ff

3 3‘]0 81’0

2
* dy 0y

— EE ) + 60D 6 0D?) (6))
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2 340 3]70

+2(&5(E) 0 0 - G @ i ) () &

d a
+ (& e oY — &5 & @) 6 () ";) g’)‘; )poi. (55)
Set
0 _mtet o st
o= [ — = P TP 5
0 B (&H et a - & i)

x (sr<ro+>(s;>’(rg)<nl+>’n; — & 0DE 0T 05 )do,
v12(0, 2)

vl (. z)+/9 Chd 2 hd) ;
BB &y ey dy — &) 07 By )

x (&7 @) D) g ey 6..2) = ) 055 gy (7))o

From the expression (6), we have

b4

1 +(o oFy
%@=/;¥S %@m@@H—a@m@@VGD
0 A
19%Fy
+5 o2 (s, x0(s, 2))(r (s, 2))?
y i — oFT B
+/a%3 Q@m@xn+ar@m@&WM&@
T 9z
1 2
2 ar 2 (s x0(s, 2))(ry (s, 2)*

(56)

arg (5.2) or
0z

2 +

1
282

=/ GG LA M PR
0

(s, xo(s. ) (v} 0, )22 70 . Z))

2 _ _
/ B &y 6.2 aFl (s, 157 (5, D)) (6, 2)

dry (5.2)
b4 0z

13
2r

0_ (s, x0(5, 2))(v2(0, 2))° 0( Z))

Substituting (29) and (54)—(55) into (56), we can obtain the second order averaging function
H;(z). As we have seen, the concrete expression of H»(z) will be much involved, and it is
omitted.
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