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Abstract It is known that solutions of nonlocal dispersal evolution equations do not become
smoother in space as time elapses. This lack of space regularity would cause a lot of diffi-
culties in studying transition fronts in nonlocal equations. In the present paper, we establish
some general criteria concerning space regularity of transition fronts in nonlocal dispersal
evolution equations with a large class of nonlinearities, which allows the applicability of var-
ious techniques for reaction—diffusion equations to nonlocal equations, and hence serves as
an initial and fundamental step for further studying various important qualitative properties
of transition fronts such as stability, uniqueness and asymptotic speeds. We also prove the
existence of continuously differentiable and increasing interface location functions, which
give a better characterization of the propagation of transition fronts and are of great technical
importance.
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are widely used to model diffusive systems in applied sciences. The nonlinearity f arising
from many diffusive systems in biology or physics possesses two zeros representing two
states, say O and 1, that is, f(¢,x,0) = f(t,x,1) = 0 for all (t,x) € R x R. Since
the pioneering works of Fish (see [21]) and Kolmogorov et al. (see [28]) on the traveling
waves of (1.1) connecting the two constant states, i.e., u = 0 and u = 1, in the case
f(t, x,u) = u(l —u),avastamount of literature has been carried out to the understanding of
front-like solutions connecting # = 1 andu = 0in such an equation and its generalized forms.
We refer to [2,3,23,24,27,59,61] and references therein for works in homogeneous media,
ie., f(t,x,u) = f(u).Recently, there is a lot of progress concerning (1.1) in heterogeneous
media. We refer to [9,20,33,34,37,39,40,58,60,63] and references therein for works in
space heterogeneous media, i.e., f (¢, x, u) = f(x, u),and to [1,38,43,44,46,47,49,54] and
references therein for works in time heterogeneous media, i.e., f (¢, x,u) = f(t, x). There
are also some works in space-time heterogeneous media (see e.g. [29-31,35,36,45,48,60]),
but it remains widely open.

When using Eq.(1.1) to model a diffusive system in applied sciences, it is implicitly
assumed that the internal interaction range of organisms in the system is infinitesimal and
that the internal dispersal can be described by random walk. However, in practice, a diffusive
system may exhibit long range internal interaction. Equation (1.1) is then no long suitable to
model such a system. More precisely, the random dispersal operator d,, is no long suitable.
As a substitute, the nonlocal dispersal operator is introduced (see e.g. [22,25] for some
background) and we are now concerned with the following integral equation

uy=Jxu—u—+ f(t,x,u), ( x)eRXR, (1.2)

where J is a convolution kernel and [J s u](x) = [p J(x —Yu(y)dy = [ J(y)u(x —y)dy.
There is also a great amount of research toward the understanding of front-like solutions of
(1.2) connecting u = 0 and u = 1. See [5,6,8,13,15-18,42] and references therein for the
study in the homogeneous case f (¢, x,u) = f(u). See [4,14] for the study in the case that
[, x,u) = f(¢t,u)isperiodic or almost periodicinz.In [19,55-57], the authors investigated
(1.2) in space periodic monostable media, i.e., f (¢, x,u) = f(x, u) is of monostable type
and periodic in x, and proved the existence of spreading speeds and periodic traveling waves.
In [41], the authors studied the existence of spreading speeds and traveling waves of (1.2) in
space-time periodic monostable media. Very recently, both Berestycki, Coville and Vo (see
[12]), and Lim and Zlatos (see [32]) investigated (1.2) in space heterogeneous monostable
media. While Berestycki, Coville and Vo studied principal eigenvalue, positive solution and
long-time behavior of solutions, Lim and Zlato$ proved the existence of transition fronts in
the sense of Berestycki-Hamel (see [10,11]). In [50,51], the authors studied (1.2) in the time
heterogeneous media of ignition type, and prove the existence, regularity and stability of
transition fronts.

However, comparing to the classical random dispersal case, i.e., (1.1), results concerning
front propagation for (1.2) are still very limited. One of the difficulties arising in the study
of front propagation dynamics of (1.2) is that solutions of (1.2) do not become smoother as
time ¢ elapses due to the fact that the semigroup generated by the nonlocal dispersal operator
u — J *u — u has no regularizing effect. The objective of the present paper is to investigate
the space regularity of transition fronts of (1.2) with various nonlinearities, including the
monostable nonlinearity, the ignition nonlinearity, and the bistable nonlinearity. The results
to be developed in this paper have important applications in the study of stability, uniqueness,
asymptotic, etc. of transition fronts of (1.2).

To state the main results of this paper, we first introduce two standard hypotheses.
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(H1) J : R — Rsatisfies J 20, J € C', J(x) = J(—x) > 0 forx € R, fRJ(x)dx =1
and

/ J(x)e"*dx < oo, / [/ (x)|e?*dx < oo, Vy €R.
R R

(H2) There exist C2 functions fB :10,1] - R and fj : [0, 1] — R such that

Seu) < ft,x,u) < fu@), @& x,u) e RxRxI0,1];
moreover, the following conditions hold:

— f R xR x[0,1] - Ris continuous and continuously differentiable in x and u, and
satisfies

sup [ fx(t, x,u)] < oo and sup [ fu(t, x, u)| < o0;
(t.x,u)eRxRx[0,1] (t,x,u)eRxRx[0,1]

— there exist 81 € (0, 1) such that f,(z, x,u) <0 forall (#,x,u) e R x R x [0y, 1];

— fpis of standard bistable type, thatis, fp(0) = fp(#) = fp(1) = 0forsomed € (0, 1),
fe(w) < O0foru € (0,0), fp(u) > Oforu € (6,1) and fol fe(u)du > 0; moreover,
ur = J xu —u + fp(u) admits a traveling wave ¢p(x — cpt) with ¢pp(—o0) = 1,
¢p(0c0) =0and cp # 0;

— fum is of standard monostable type, that is, fr(0) = fy(1) = 0 and fa(u) > O for
ue (0,1).

We remark that cp must be positive. Observe that nonlinear functions satisfying (H2)
include the monostable nonlinearity, the ignition nonlinearity, and the bistable nonlinearity
satisfying the conditions below.

(i) Monostable or Fisher-KPP nonlinearity.
Standard monostable nonlinearity f(-): f(0) = f(1) =0, f(u) > Oforu € (0, 1),
and % is decreasing in u.
General monostable nonlinearity f(-, -, -): fmin(w) < f(t, x,u) < fmax(u) for

(t,x) e RxRandu € [0, 1], where finin(-) and fiax (#) are two standard monostable
1,x,U)

nonlinearities, and f(T decreasing in u for any (¢, x) € R x R.
(ii) Ignition nonlinearity.
Standard ignition nonlinearity f(-): f(u) = 0 for u € [0,0] U {1}, f(u) > O for
u e @,1),and f,(1) <0, where 6 € (0, 1) is referred to as the ignition temperature.
General ignition nonlinearity f(-, -, -): fmin(w) < f(t, x,u) < fmax(@) for (¢,x) €
RxRandu € [0, 1], where fiin(+) and fmax (+) are two standard ignition nonlinearities.
(iii) Bistable nonlinearity.
Standard bistable nonlinearity f(-): f(0) = f(0) = f(1) =0, f(u) < 0foru €
©0,0), f(u) > 0foru € (0,1), and f,(0) < O, f,(1) < 0, f,(0) > 0, where
6 € (0,1).
General bistable nonlinearity f(-, -, ): fmin(@) < f(t, x,u) < fmax(@) for (¢,x) €
RxRandu € [0, 1], where fmin(-) and finax (+) are two standard bistable nonlinearities
with fol Smin(w)du > 0 and u; = J *u — u + fmin(u) having traveling waves with
nonzero speed.

We remark that (H2) can also be applied to a general bistable nonlinearity f (¢, x, u) with

fol Jmax()du < Qand u; = J xu —u—+ fimax (1) having traveling waves with nonzero speed.
In fact, let v(z, x) = 1 — u(t, x). Then, v(z, x) satisfies

v,=J>|<v—v+f(t,x,v), (t,x) e R x R,
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where f(t,x,v) = —f(t, x, 1 —v). Hence
fmin(@) < f(£.x,0) < frnax (). (£.x,0) €R xR x [0, 1]

where finin(v) = — fmax(1 — v) and fiax(v) = — fmin (1 — v). Clearly, fuin(-) and fiax(-)
are two standard bistable nonlinearities and fol fmin(v)d v>0andu, =J*u—u-+ fmin (u)
admits traveling waves with nonzero speed.

We also remark that, besides monostable, ignition, and bistable nonlinearities, nonlinear
functions satisfying (H2) include those having more than one zeros between 0 and 1.

Next, we recall the definition of transition fronts of (1.2) connecting u = 0 and u = 1.

Definition 1.1 Suppose that f (¢, x,0) = f(¢,x,1) = 0 for all (+,x) € R x R. A global-
in-time solution u(z, x) of (1.2) is called a (right-moving) transition front (connecting 0 and
1) in the sense of Berestycki-Hamel (see [10,11], also see [43,44]) if u(z, x) € (0, 1) for all
(t,x) € R x R and there exists a function X : R — R, called interface location function,
such that

lim wu(t,x+ X(@#))=1and lim u(t,x + X(¢)) = 0 uniformly in 7 € R.
X—>—00 X—>00

The notion of a transition front is a proper generalization of a traveling wave in homo-
geneous media and a periodic (or pulsating) traveling wave in periodic media. The interface
location function X (¢) tells the position of the transition front u(#, x) as time ¢ elapses, while
the uniform-in-¢ limits (the essential property in the definition) shows the bounded interface
width, that is,

VO<e <ey <1, supdiam{x € Rle; < u(t, x) < €} < oo.
teR

Notice, if £ () is a bounded function, then X () +£&(¢) is also an interface location function.
Thus, interface location function is not unique. But, it is easy to check that if Y (¢) is another
interface location function, then X () — Y (¢) is a bounded function. Hence, interface location
functions are unique up to addition by bounded functions.

We see that neither the definition nor the Eq.(1.2) guarantees any space regularity of
transition fronts. In fact, there is even no guarantee that a transition front u(z, x) of (1.2)
is continuous in x (we refer to [8] for the existence of discontinuous traveling waves in the
bistable case). This lack of space regularity indeed causes a lot of troubles in studying tran-
sition fronts because (i) space regularity of approximating solutions is required to ensure the
convergence to transition fronts; (ii) space regularity of transition fronts lays the foundation
for applying various techniques for reaction—diffusion equations to nonlocal equations, and
hence, for further studying various qualitative properties such as stability and uniqueness.
Hence, it is very important to study the space regularity of special solutions.

In the present paper, we intend to establish some general criteria concerning the space
regularity of transition fronts of (1.2). More precisely, we want to know whether a transition
front u(¢, x) of (1.2) is continuously differentiable in x. To state our first result, we further
introduce the following hypothesis.

(H3) There exist 8y € (0, 61) and k¢ > 0 such that
fut,x,u) <1 —ko, (t,x,u) € R xR x[0, 6]
We prove

Theorem 1.2 Suppose (HI1)—-(H3). Let u(t, x) be an arbitrary transition front of (1.2). Then,
u(t, x) is regular in space in the following sense: for any t € R, u(t, x) is continuously
differentiable in x and satisfies sup; yerxw |[Ux(t, X)| < 0.
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We remark that Theorem 1.2 can be proven essentially due to the assumptions
fol fB(w)du > 0 and the existence of traveling waves of

ur=Jxu—u+ fpu) (1.3)

with nonzero speed in (H2), which corresponds to the unbalanced case in the bistable case.
If we drop these assumptions, then, in the bistable case, there is no hope that Theorem 1.2
is true without additional assumptions on f (¢, x, u), since discontinuous traveling waves of
(1.3) with zero speed were constructed in [8], where necessary conditions for the existence
of discontinuous traveling waves are also given. Thus, our results are kind of sharp and
are compatible with the results for traveling waves in the monostable case, the ignition
case and the unbalanced bistable case. It is worthwhile to point out that in the case (1.3)
admits discontinuous traveling waves, it may also admits non-monotone waves (see [15,
Theorem 5.4]).

Although the assumptions on fp are automatically true in the monostable case and the
ignition case, it does cause some restrictions in the bistable case, and hence, there remains an
interesting problem, that is, whether transition fronts in the bistable case are regular in space
when (1.3) admits only smooth stationary waves, i.e., smooth traveling waves with speed
Zero.

The proof of Theorem 1.2 is based on the rightward propagation estimate of transition
fronts and the analysis of the growth and the decay of W The rightward propa-
gation estimate reads as

X)) —X(t) =c1(t—t0—T1), t =1 (1.4)

for some ¢; > 0 and 77 > 0, which is established in Theorem 2.2 (to show (1.4), we need
fol fe(u)du > 0 and the existence of traveling waves of (1.3) with nonzero speed). To

u(t,x+n)—u(t,x)
n

control the behavior of when x is close to oo, we need (H3). A key ingredient

u(t,x+n)—u(t,x)
n

in proving Theorem 1.2, i.e., controlling the term , 1s the observation that for

fixed x, the term wltx ) —ult.Y) cop only grow for a period of time that is independent of x.

Moreover, since we directly study transition fronts, which may not come from approximating
solutions, we are lack of a (pr10r1 information, which immediately causes the possible blow-
up behavior of “: x+'7) u as 7 — O at the initial time #y. To overcome this technical
difficulty, we utilize the fact that transition fronts are global-in-time, which means we can
take 7o to approach —oo along subsequences.

Clearly, (H3) rules out many monostable nonlinearities, and it does not cover all Fisher-
KPP nonlinearities. Our next result is trying to cover the monostable nonlinearities at the
cost of putting some restrictions on transition fronts. We prove

Theorem 1.3 Suppose (H1) and (H2). Suppose, in addition, that

sup [ feu(t, x,u)| < 00 and sup [ fuu(t, x, u)| < oo.
(t,x,u)eRxRx[0,1] (t,x,u)eRxRx[0,1]

Let u(t, x) be an arbitrary transition front of (1.2) satisfying

u(t,x) < Ce™*ur,y), (t,x,y) eRxRxR (1.5)

for some C > 0 andr > 0. Then, u(t, x) is regular in space in the following sense: for any
t € R, u(t, x) is continuously differentiable in x and satisfies sup, \\crxRr % < o0.

The key assumption in Theorem 1.3 is the Harnack-type inequality (1.5), which is the
case for some transition fronts in the Fisher-KPP case (see [32,53]). The importance of (1.5)
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lies in the fact that it allows the comparison of J * u and J' % u with u. More precisely, by
(1.5), we find % IS J(x)e "Hlax < Juﬂ <CJp J(x)e" ¥l dx and similarly for J’ s u, which
plays crucial roles in controlling %

The next result gives space regularity of transition fronts under the exact decay assumption.

Theorem 1.4 Suppose (HI) and (H2). Suppose, in addition, that

sup | fru(t, x,u)| < 00 and sup | fuu(t, x, u)| < 00.
(t,x,u)eRxRx[0,1] (t,x,u)eRxRx[0,1]
Let u(t, x) be an arbitrary transition front of (1.2) with interface location function X (t).
There exists ro > 0 such that if
Coou(t, x4+ X(t . .
lim M =1 uniformlyin t € R (1.6)
X—>00 e rx
for some r € (0, ro], then, u(t, x) is regular in space in the following sense: for any t € R,

u(t, x) is continuously differentiable in x and satisfies SUP(; y)erxR ‘";ét’xx))‘ < Q.

We remark that the exact decay assumption (1.6) is the case for some transition fronts in
the Fisher-KPP case (see [32,53]). The importance of (1.6) lies in the fact that it allows the
comparison of J * u and J’ * u with u near x = oo. Note that if the limit in (1.6) is some
other positive number instead of 1, then we only need to shift the exponential function on the
bottom correspondingly. The number r( corresponds to the possible decay rate of Fisher-KPP
transition fronts, and thus, it would be interesting to determine the optimal rg.

The study of space regularity of transition fronts of (1.2) was initiated in [51], where the
space regularity of well-constructed transition fronts in time heterogeneous media of ignition
type is obtained. Those well-constructed transition fronts are uniformly Lipschitz continuous
in space and their interface location functions can be chosen to be continuously differentiable
with uniformly positive first order derivatives. These properties, which may not be true for
an arbitrary transition front, play important roles in the study of space regularity of well-
constructed transition fronts in [51]. Our results, Theorems 1.2, 1.3 and 1.4, generalize the
work in [51] to arbitrary transition fronts (with some additional assumptions in Theorems 1.3
and 1.4) of (1.2) with alarge class of nonlinearities. As already shown in [51], space regularity
of transition fronts is of great significance in the study of stability, which together with
uniqueness and asymptotic speeds, will be studied elsewhere.

Finally, we study the existence of continuously differentiable and increasing interface
location functions. As mentioned before, if X (7) is an interface location function of a transi-
tion front u (¢, x) of (1.2), then for any bounded function & (¢), X (t) + &(¢) is also an interface
location function of u(z, x). Hence, interface location functions of a transition front are not
unique and may not be continuous. But, near each interface location function, we are able
to find a continuously differentiable and increasing function, as the new interface location
function. This is given by the following

Theorem 1.5 Suppose (H1) and (H2). Let u(t, x) be an arbitrary transition front of (1.2)
with interface location function X (t) satisfying

X)) —X(t) <t —to+T2), t=1 (L.7)

for some ¢y > 0 and Ty, > 0. Then, there are constants 0 < Crmin < Cmax < 00 and a
continuously differentiable function X (t) satisfying

Crmin < f((t) <Cmax, t€R
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such that ~
sup | X () — X (t)| < o0.
teR
In particular, X (t) is also an interface location function of u(t, x).

We see that (H1) and (H2) do not ensure the space regularity of transition fronts. It will
be clear later that the proof of Theorem 1.5 does not need the space regularity of transition
fronts.

We refer to X (t) in Theorem 1.5 as the modified interface location function, which gives
a better characterization of the propagation of transition fronts and has been verified to be
of great technical importance in studying the stability of transition fronts in time hetero-
geneous media (see e.g. [50,51,54]). Moreover, for reaction—diffusion equations in space
heterogeneous media, the rightmost interface location at some constant value continuously
moves to the right (see e.g. [33,34,39,64]). But for nonlocal equations in space heteroge-
neous media, the rightmost interface location at some constant value jumps in general due to
the nonlocality, which makes the modified interface location function more important.

The condition (1.7) is a technical assumption saying a transition front moves to the right
at most at linear speed in the average sense, which together with (1.4) allow us to find the
modified interface location function. Arguing as in the proof of Theorem 2.2, we readily
check that the condition (1.7) is always true in the bistable case. This condition can also be
verified in other cases including the monostable case and the ignition case as in the following
two corollaries.

Corollary 1.6~Supp0se (HI) and (H2). Let u(t, x) be an arbitrary transition front of (1.2).
If there exists 0 € (0, 0) such that

f,x,u) <0, (t,x,u) e R xR x[0,6],
then (1.7) is true. In particular, the conclusions of Theorem 1.5 hold.

Clearly, Corollary 1.6 covers, in particular, all bistable and ignition nonlinearities, but
rules out all monostable nonlinearities, which are covered by the next result.

Corollary 1.7 Suppose (HI) and (H2). Suppose, in addition, that J is compactly supported.
Let u(t, x) be an arbitrary transition front of (1.2) with interface location function X (t). If
there exist r > 0 and h > 0 such that

ut, x +X@) <e "M (1,x) e R x R,
then (1.7) is true. In particular, the conclusions of Theorem 1.5 hold.

We remark that in the monostable case, uniform exponential decay as x — 0o may be
necessary for transition fronts to travel at linear speeds, since slower decay near x = oo may
cause super-linear propagation (see [26]). It is worthwhile to point out that in the bistable
case, a discontinuous traveling wave may not converge to zero exponentially as x — oo
(see [7, Theorem 5.1]). Here, we need J to be compactly supported, since we will use results
obtained in [13,57] in the proof, which were proven when J is compactly supported. It should
be pointed out that the arguments and results in [57] can be extended to dispersal kernels J
which are not compactly supported, but satisfy (H1) (see [62]).

As adirect application of the results, in particular, Theorem 1.2 and Corollary 1.6, obtained
in the present paper, we study in [52] the Eq.(1.2) in time heterogeneous media of general
bistable type, that is, f (¢, x, u) = f(t, u) satisfies

Smin(@) = f(t,u) < froax(w), (t,u) € R x [0, 1],
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where the C? functions fmin and fmax are standard bistable nonlinearities on [0, 1] with
the unbalanced condition fo] Jfmin(u)du > 0. Provided that there is a space nonincreasing
transition front, we show by means of Theorem 1.2 and Corollary 1.6 that (i) all transition
fronts are asymptotically stable and enjoy decaying estimates; (ii) transition fronts are unique
up to space shifts; (iii) all transition fronts become periodic traveling waves in the periodic
media and have asymptotic speeds in the uniquely ergodic media. The assumption on the
existence of a space nonincreasing transition front can be verified if, for example, f (¢, u) is
of standard bistable type in u for each ¢ and their middle zeros are the same.

The rest of the paper is organized as follows. In Sect. 2, we establish the rightward propa-
gation estimate of transition fronts. We will see, in particular, that any transition fronts moves
front left infinity to right infinity as time goes from —oo to co. In Sect. 3, we prove Theorem
1.2. In Sect. 4, we prove Theorem 1.3. In Sect. 5, we prove Theorem 1.4. In Sect. 6, we prove
Theorem 1.5, Corollary 1.6 and Corollary 1.7. We end up the present paper with an appendix,
“Appendix”, on ignition traveling waves.

2 Rightward Propagation Estimates

In this section, we study the rightward propagation estimates of transition fronts. Throughout
this section, we assume (H1) and (H2).

In what follows in this section, u(#, x) will be an arbitrary transition front of (1.2) with
interface location function X (7). For A € (0, 1), we define X, (¢) and X;\" (t) by setting

X, (1) = sup{x € Rlu(t,y) > A, Vy <x},
X (1) = inf{x € Rlu(t, y) < A, Vy > x} 2.1

Note that if u(¢, x) is continuous in x, then X, (¢) and X;f (t) are nothing but the leftmost
and rightmost interface locations at A. Trivially, X, (1) < X;r (t) and X,\i (t) are decreasing
in A. Due to the possible discontinuity of u (¢, x) in x, it may happen that u(z, X, (1)) < A or
u(t, X7 () > a.

From the definition of transition fronts, we have the following simple lemma.

Lemma 2.1 The following statements hold:
@) forany 0 < A1 < Ay < 1, there holds supte]R[X;'1 (t) — X;z ()] < oo;
(ii) forany A € (0, 1), there hold sup, . | X () — Xf(t)l < 00.

Proof (i) By the uniform-in-¢ limits limy_, o u(¢,x + X (¢)) = 1 and lim,_, o u(t, x +
X (1)) = 0, there exist x; and x, such that u(t, x + X (t)) > Ap forall x < xp andr € R,
and u(t, x + X(t)) < Aj forall x > x| and ¢ € R. It then follows from the definition of
X3, () and X (¢) that xa + X (1) < X}, (1) and x; + X (1) > X} (¢) forall 7 € R. The
result then follows.

(ii) LetA; = A = A, in the proof of (i), we have x + X (t) < X, () and x1 + X (¢) > X;\"(t)
for all # € R. In particular,

NHXO <X, ) <X M) <x1+X(@), teR

This completes the proof.

The next result gives the rightward propagation estimate of (¢, x) in terms of X (¢).
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Theorem 2.2 There exist c; > 0 and T > 0 such that
X)) = X)) =c1(t —1t0—T1), t=>1.

Proof Fix some A € (0, 1). We write X~ (¢) = X, (¢). Since sup,cg [X (1) — X~ ()| < 00
by Lemma 2.1, it suffices to show

X" —X () =2ct—1t0—T), t>1y (2.2)

for some ¢ > 0and T > 0.
Recall f3 is as in (H2). Let (cp, ¢p) with cp > 0 be the unique solution of

Jxdp—¢+co+ fB(@) =0,
¢x <0, ¢(0) =6, ¢(—00)=1and ¢(c0) =0

(see [8] for the existence and uniqueness of (cp, ¢p)). That is, cp is the unique speed and
¢p is the normalized profile of traveling waves of

ur=Jxu—u+ fpu). 2.3)
Letup : R — [0, 1] be a uniformly continuous and nonincreasing function satisfying

A, x < xp,
uo(x) = [0 - 00 2.4)

where xo < 0 is fixed. By the definition of X~ (¢), we see that for any #p € R, there holds
u(to, x+ X~ (1)) > up(x) forall x € R, and then, by f (¢, x, u) > fp(u) and the comparison
principle, we find

u(t,x + X" () > up(t —to, x;up), x €R, t>1, (2.5)

where u g (¢, x; ug) is the unique solution to (2.3) with u (0, -; ug) = ug. By the choice of ug
and the stability of bistable traveling waves (see e.g. [8]), there are constants xp = xp(1) € R,
gp = gp(A) > 0 and wp > 0 such that

up(t — to, x; up) > ¢pp(x — xp — cp(t —to)) — gpe "0 x eR, 1 > 1.
Hence,
u(t, x + X~ (10)) = ¢pp(x —xp — cpt — 1)) — qge 20, x eR, 1 > 1.

Let To = To(A) > 0 be such that de""BTo = 1_7}‘ (making g p larger so that gp > 1‘% if
necessary) and denote by &p (]J’T’\) the unique point such that ¢ (53(%)) = HT’\ Setting
Xy = xg +cp(t —ty) + SB(HT’\), the monotonicity of ¢p implies that for all r > #9 + Tp
and x < x*—1

u(t, x + X~ (60)) = ¢pp(xe — 1 — xp — cp(t — 1)) — qpe”** ™

> ¢p(xyx — xp — cp(t — 19)) — gpe V™0

= ¢ (SB (]%A)) —gpe BT0 = 3.

This says that x, — 1 + X~ (t9) < X~ (¢) for all t > ty + Tp, that is,

X (t)— X (toy) =xp—1+cpt—1t9) +&p (HT)L) , t>1y+ Tp. (2.6)
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We now estimate X~ (r) — X~ (tg) for ¢t € [t9, top + To]. We claim that there exists z =
7(Tp) < 0 such that
X7(t) — X (t0) =z, t€l[to, 10+ Tol. 2.7

Let up(t, x;up) and up(t; X)) := up(t, x; A) be solutions of (2.3) with upg(0, x; ug) =
up(x) and up(0; 1) = up(0, x; &) = A, respectively. By the comparison principle, we have
up(t,x;ug) < up(t;r) forallx € Rand ¢ > 0, and up(t, x; up) is strictly decreasing in x
fort > 0.

We see that for any ¢+ > 0, up(t,—oo;ug) = up(t;A). This is because that
%ug(t, —oo;ug) = fpup(t,—oo;up)) for t > 0 and up(0, —o0; up) = A. Since
A € (0, 1), as a solution of the ODE u; = fp(u), up(t; A) is strictly increasing in ¢, which
implies that u g (t, —oo; ug) = up(t; A) > A fort > 0. As aresult, for any # > 0 there exists
aunique £p(¢) € Rsuch that up(t, £p(t); ug) = A. Moreover, £g(¢) is continuous in ¢.

Setting x4 = &Ep(t —1p), wefindu(t, x+ X" (tp)) > Aforall x < x., by the monotonicity
of up(t, x; up) in x, which together with (2.5) implies that

X)) = xpu + X (00) =& — 10) + X" (f0), 1t > 1p.
Thus, (2.7) follows if infe (s, 10+79) §(t — t0) > —00, that is,

inf &p(t) > —oo0. (2.8)
1€(0,Tp]

We now show (2.8). Since ug(x) = XA for x < xp, continuity with respect to the initial
data (in sup norm) implies that for any € > 0O there exists § > 0 such that

ug(t;\) — A <e and suplup(t; A) —up(t,x;uo)]l =up(t; X)) —up(t, xo; ug) < €
X=<x0

for all t € [0, &], where the equality is due to monotonicity. By (H1), J concentrates near O
and decays very fast as x — =£oo. Thus, we can choose x| = x1(€) < xo such that

X0
/ Jx—y)dy>1—¢€, x <xi.
—00
Now, for any x < x and ¢ € (0, §], we have

d
E“B(L X;up) = / J(x — y)up(t,y; ug)dy —up(t, x;up) + fp(up(t, x; ug))
R

X0
> / (e — Vug(t, v: uo)dy — ug(t, x5 o) + f5(ug(t, x; uo))

%

(I—e) xigfo ug(t,x;ug) —up(t; M) + fp(up(t, x; up))

=—(—e€)suplup(t;A) —up(t, x;uo)] —eup(t; A) + fpup(t, x; ug))
x=<Xxq
>—e(l—€)—e+e)+ fplup(t,x;up)) >0
if we choose € > 0 sufficiently small, since then fp(up(t, x; ug)) is close to fp(A), which
is positive. This simply means that ug(t, x; ug) > X for all x < x; and ¢ € (0, 8], which
implies that £5(¢) > x1 for t € (0, §]. The continuity of £p then leads to (2.8). This proves
(2.7). (2.2) then follows from (2.6) and (2.7). This completes the proof. O

As a simple consequence of Theorem 2.2, we have
Corollary 2.3 There holds X (t) — oo ast — Fo0. In particular, u(t, x) — last — oo

and u(t,x) — 0 ast — —oo locally uniformly in x.
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Proof We have from Lemma 2.2 that
X(@)—X() =1t —to—T1), t=1p.

Setting ¢+ — oo in the above estimate, we find X (1) — oo as ¢ — oo. Setting fp — —o0,
we find X (f9) — —o0 as tp — —oQ. m]

This corollary shows that any transition front travels from the left infinity to the right
infinity. Thus, steady-state-like transition fronts, blocking the propagations of solutions, do
not exist.

3 Proof of Theorem 1.2

We prove Theorem 1.2 in this section. Throughout this section, we assume that (H1)—(H3)
hold and u(z, x) is an arbitrary transition front of (1.2) with interface location function X (¢).

To prove Theorem 1.2, we first do some preparations and prove several lemmas. Fix some
0 <8 < 1.For(t,x) e RxRandn € Rwith0 < || < o, we set

u(t,x +n) —u(t, x)

VIt x) =
n
It is easy to see that v (¢, x) satisfies
v (¢, x) = b"(t, x) — v"(t, x) +a"(t, )v"(t, x) + a(t, x), (3.1)
where
n f(taxvu(tax+n))_f(tv)C»u(tvx))
al(t,x) = )
u(t,x +n) —u(t,x)
~n f(lsx+7I,u(tvx+77))_f(f,xsu(f,x‘f"]))
al(t,x) = )
n
P10 = [ 6=y = [ 2 _””3] —TE=D 0, .
R R

Hence, for any fixed x, treating (3.1) as an ODE in the variable ¢, we find from the variation
of constants formula that for any ¢ > t(

t
VIt x) = 07 (g, x)e o (17" (-2 +/ b (z, x)e~ Jr1=a" s g
) K (3.2)
+/ a@"(z, x)e fr(1-a" . 0)ds g
I

0
Moreover, we set

Lo=1+80+sup|X(1) — X5 (1)] and Ly =148 +sup|X(t)— X, ().
teR teR

where 61 and 6 are as in (H2) and (H3), respectively. By Lemma 2.1, Ly < oo and L1 < oo.

We also set
I (t) = (—o0, X(1) — Ly),

In (1) = [X () — L1, X(1) + Lol,
I(t) = (X (1) + Lo, 00)
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for t € R. Clearly, [;(¢), I,,(t) and I,(¢) are disjoint and I;(t) U I,,,(t) U I.(¢) = R. Since
X (t) may jump, so do I;(t), 1,,(¢) and I, (¢).

Since X (t) — Zoo as t — Zoo by Corollary 2.3, for any fixed x € R, there hold
x € I (t) forall t « —1 and x € I;(¢) for all + > 1. Thus, for any fixed x € R,

thrst (X) = sup {f € ]R|x e I, (¢) forall t < f},

fast (x) = inf {7 € R|x € [;(?) forall t > 7}
are well-defined. We see that if X (¢) is continuous, then #f.(x) and 1,5 (x) are the first
time and the last time that x is in [, (7). Clearly, —00 < tfirst(x) < flasc(x) < 00 (notice,

thirst (x) = f1ast (x) may happen since X (f) may jump). Although the functions x > g (x)
and x > f1,5(x) are unbounded, their difference is a bounded function as given by

Lemma 3.1 There holds

T := sup|[tiase (x) — thirse (x)] < 00. (3.3)

xeR

Proof To see this, we suppose ffirst(X) < fa5¢(x). Due to possible jumps, we consider two
cases.

Ifx ¢ I (tirsc (x)), then x € Ij (tirst (X)) U Ly (first (X)), thatis, x < X (tgirse(x)) + Lo- Thus,
forall t > the(x) + 11 + L°+7L1+1, we see from Theorem 2.2 that

cl
X < X(tirst (x)) + Lo < X () — c1(t — thirst (x) — T1) + Lo < X(#) — L — L.
This, implies that x € I;(¢) for all t > tges(x) + 71 + LO%II'H, and hence, by definition
Lo+ Li+1
(6] '

Hast () < thirse (x) + T1 + 3.4

If x € I, (trst (x)), then we can find a sequence {#,} satisfying #, > tfirs¢(X), I —> first (X)
asn — ooand x ¢ I,(t,(x)). Then, similar arguments as in the case x ¢ I, (ff5c(x)) lead to

Hast(X) < t, + T + L°+07L1‘+] Passing to the limit n — oo, we find (3.4) again. Hence, we

have shown (3.3). O

To control v"(¢, x), it is crucial to control 1 — a!(¢, x), which is achieved by means of
thirst (x) and f1a5¢ (x) and is given in the following

Lemma 3.2 Forany (t,x) € R x Rand 0 < |n| < 8o, there holds

11— t < Ifirs
a'(t, x) < K0, < Ifirst (%), 3.5)
0, t > fase(x).

Proof By the definition of 75 (x) and #1a5¢ (x), We see
c I.(1), 1< ffirse (%),
I (1), t > fase ().

By (H2), (H3) and the choices of Ly and L, we find that for any (¢, x) € R x R and
0<Inl<do

(3.6)

an(t,x) < 1 — Ko, X € Ir(t)a
0, x € Li(®).

The lemma then follows from (3.6). O
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The above lemma says that for any fixed x, the solution v”(¢, x) of the ODE (3.1) can
only grow for a period of time that is not longer than T'.
In the next lemma, we show that u(¢, x) is continuous in space.

Lemma 3.3 Foranyt € R, u(t, x) is continuous in x. Moreover; there holds

u(t,x) —u(t,y)
— Tl <
X —y

sup sup
teR x#y

Proof Since 0 < u(t, x) < 1, we trivially have

u(t,x) —M([, }’) <
xX=Yy

sup sup
1R |x—y[=do

Q.

Thus, we only need to show

u(t,x) —u(t,y)
—_— Tl <
X =Yy

3.7

sup  sup
teR 0<|x—y|<8p

To do so, we consider (3.2) for some fixed x € R. We are going to take fp — —o0
along some subsequence, and so fy < tgrst(x). For ¢, there are three cases: ¢ < ffirg (X),
t € [thirst(x), fast(x)] and t > f1a5¢(x). Here, we only consider the case t > f1,5(x); other two
cases can be treated similarly and are simpler.

We first note

My = sup sup [lb"(t,x)l + |L~ln(l‘, X)|] <00
(t,x)eRxR 0<|n|<d¢

and the following uniform-in-7 estimates hold:

o= I (1=a"s0)ds < =0t ()=

r =< st (X),

o fr”as'm(lfan(s,x))dx C.T

<eCT 1€ [thrse(x), Hast ()], (3.8)

e Ir=a" s < =0 e g (), 1,
where Cy := SUP(; y)erxR SUPO< |y <s, |1 — a’(Z, x)| < oo by (H2). They are simple conse-
quences of (3.3) and (3.5).

For the second and third terms on the right-hand side of (3.2), we have

1

ot
</ o= (1=a"(s.0)ds g
My s

0

4 t
/ [6"(r, x) +a"(z, x)]e” Je(=a"(s.x)ds 40
fo

Hirst (X) . fast (x) . t .
_ / first e_-/r[(l_a”(s’x))dsdr +/la1 e_ﬁ(l—an(.r,x))dsdr +/ e_-{r[(l_a"(s’x))dsd-[_
I

0 Hirst () Hast (X)

For the three terms on the right-hand side of the above estimate, we use (3.8) to deduce

Hirst (X)
/ first e—fr’(l—a”(s,x))dsdr
1

0

Ifirst (X) . Hast (X) 1
_ / o= J O (a7 (5. 0)ds = ooy (1= (5005 = [ (1= (5.0)ds
fo

CyT

first (X) ) cT e
< / o0 () =0) yCaT =t =tus (X)) g <
0 K0
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/tlasx(x) e—ff(l—a”(s,x))dsdl, _ /tlas((x) e_frtlast(X)(l_an(s,x))dse—j;iasl(x)(l—aﬂ(s,x))dsdt
[;

first () Hirst (X)

Hast (X)
< / oCaT g==1s @) gy < T ¢CaT

Tfirst (X)

t t
/ e’fr'(lfan(‘”))dsdr 5/ e g < 1.
Hast (X) Hast (X)

Hence, we have shown

and

Cc,T
< Mo(e +TeCT + 1). (3.9)
Ko

! K N(e¢ o
/ [67(z, x) +@"(x, x) |~ Je 1" Nds g
to

Notice the above estimate is universal.
For the first term on the right hand side of (3.2), we choose 7y such that #g,5 (x) — 79 =
and claim that

1
Il

— (T (1=an
v”(to,x)e f’o(l al(s,x))ds

-0 as n— 0. (3.10)
In fact, from |[v7 (2, x)| < ﬁ and (3.8), we see

oy =a(onds| 1 (s g i 10 -a s

v'(tg, X)e < frst ()
Il
< L 0 ) —10) ,CaT (1=t ()
~ nl
1 -1 cr
< —e Me~*" -0 as n— 0.
Il
Consequently, choosing #y such that #g5(x) — g = ﬁ we conclude from (3.2), (3.9) and
(3.10) that
> eCal CaT
sup sup |v"(t,x)| < C + My 4+ Te* ' +1),
(t,x)eRxR 0<|n|<do K0
where C = C(ko, 89, T) > 0. This proves (3.7), and hence, the lemma follows. m}

We see that for any (7, x) € R x R, as n — 0, we have
a'(t, x) — fut,x,u(t,x)),

a'(t,x) — fu(t,x,u(t, x)),

b(t,x) — /RJ’(x — Yu(t, y)dy.

(3.11)

Notice the first two convergence in (3.11) need the continuity of u(¢, x) in x. By (3.11),
(3.5) holds with a (¢, x) replaced by f, (t, x, u(t, x)), that is,

1- K0, r< tﬁrsl(x)»

(3.12)
0, t > fast(x).

fu(t5x7 u(t5x)) S {

Now, we prove Theorem 1.2.

Proof of Theorem 1.2 Let us consider (3.2). We are going to prove the existence of the limit
lim, o v"(¢, x). As in the proof of Lemma 3.3, we assume #o < ffirsc (X) and ¢ > f1a5¢ () in
the rest of the proof. We treat three terms on the right-hand side of (3.2) separately.
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For the second term on the right-hand side of (3.2), we claim

t t

/ b'(z, x)e—f;(l—aﬂ(s,x))dsdr N / (/ J(x — yu(r, y)dy)e_fr[(l_ﬁ’(s‘x’“(s’x)))dsd‘[
to 1o R
as n — 0 uniformly in #p < ffirst(x). (3.13)

To see this, we notice

/-r b (, x)e~ Jr(=a"ds g _ /’ (/ 7' (x = yu(r, y)dy)e—frl(lffu(s,x,u(s,x)))dsd.[
1 1 R

0 0

t

</
—00
By (3.11), the integrand converges to 0 as n — 0 pointwise. Thus, by dominated conver-

gence theorem, we only need to make sure that the integrand is controlled by some integrable
function that is independent of 7. Writing

drt.

b (z, x)effz’(lfa”(s,x))ds _ (/ J'(x = yyu(r, y)dy)e’ JE1= fu(s.x,u(s,x)))ds
R

P(x, x) = / J'(x = yyu(r, y)dy and a’(s,x) = fuls, x,uls, x)),
R
we only need to make sure that the function

13
T sup b"(r,x)e_fr(l_“n(s'x))ds

0=[nl=<do

is integrable over (—oo, f].
Setting M := sup; ,)erxRr SUP0<|y|<s, |07 (7, X)| < 00, we have

sup |b"(z,x)e” Fa=a(s.x)ds
0<[nl<do

<M sup e—f;(l—a”(s,x))ds'
0=[n|=édo

To bound the last integral uniformly in 0 < |5| < §p, according to (3.8) and (3.12), we
consider three cases:

Casei. T < ffirst(x) In this case,

s il EO 1 I(=at (s, x0)ds

sup e—fT’(l—aW(s,x))ds: sup e tireg (¥)

0<|n|<do 0=[n|=<do

< e*KO(tﬁrst (x)*f)eCaTe*([*IIast (x)) ;

Case ii. T € [tfirs¢(x), fast (x)] In this case,

. ast (¥) 1
sup e~ Jia=a"(s.x)ds _ sup o U F f ) (1=a(s.0))ds < CaT g=(t=tas ().
0=<[nl=do 0<[nl=do

13
Case iii. T € (f1ast(x), 7] In this case, supy— |, <5, e~ Je(1=a"(s.0)ds <e (-0,
Thus, setting

e ko (tfirst (x)—‘[)eca Te_(l_tla“ () s T < Ifirst (X)

h(t) = eCaTe*(l*flast(x))’ T € [tfirst (X)), Hast (x)]
e~ =1, T € (Hast(x), t],
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we find for any t € (—o0, t]

sup  [b7(z, x)e a5 x0ds _ ( / J'x = yu(r, y)dy)e‘ e futswats s
0<[nl=<do R
<2 sup br](f, x)e—f;(]—a'?(s,x))ds < 2]1(‘1.')
0=[nl=<do

To show (3.13), it remains to show fi oo P(t)dT < 00. But, we readily compute

t Ifirst () Tast (X) t
/ h(t)drt =/ h(r)dr—l—/ h(t)drt +/ h(t)drt
t 1

—00 —o0 first (X) Jast (X)

IA

Ifirst (X)
/ o0t (=) yCaT = (1=t (1) 4 1
—00

Tast (%) t
+/ ecaTe—u—nast(x))d,Jr/ -0 g
1

first () Hast (%)
eCaT

IA

+ TeCT 41, (3.14)
Ko

Thus, we have shown (3.13). Note that the last bound is uniform in (¢, x) € R x R.
For the third term on the right hand side of (3.2), we claim

t t
/ &n(t,x)effrt(lfa”(s,x))dsdr N / Folt, x, u(t, x))e™ f;(lff}‘(s,x,u(s,x)))dxdr
to 0]
as 1 — 0 uniformly in #fy < fhrge (X). (3.15)

The proof of (3.15) is similar to that of (3.13). So, we omit it. Notice
t
.

t
S[ sup Ifx(t,x,u)l]/ h(t)dt
(t,x,u)eRxRx[0,1] —00

eCuT
< [ sup | fe (2, x u)|](— + TeCT + 1). (3.16)
— X E) E) KO

(t,x,u)eRxRx[0,1]

Felt, x,u(e, x))e™ Je A= fulorutsxnds|

For the first term on the right hand side of (3.2), we have (3.10), that is,

1 ot (1—an )
With e (¥) — t9 = —. V7 (19, x)e I (174" )ds

]

Hence, choosing 7o such that tg5 (x) — o = Wll and passing to the limit  — 0 in (3.2),
we conclude from (3.13), (3.15) and (3.17) that

—0 as n—0. (3.17)

uc(t,x) = lim v"(z, x)
n—0

—0o0

t 1
/ [/ J'(x = yu(t, y)dy + fu(w, x, u(z, x))}e_ff“_f“(s’“"”“’x”)dsdr-
R
(3.18)

From which, we see that u, (¢, x) is continuous in (¢, x) € R x R. Moreover, by (3.14),
(3.16) and (3.18), we have SUP(; y)eRxR |ux(t, x)| < co. This completes the proof. ]
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Remark 3.4 From (3.18), (3.14) and (3.16), we see

C,T
e a
sup  fux (7, )| < |:||J,||L1(R)+ sup |fx(t,X,M)|]( +T€C"T+1),
(t,x)eRxR (t,x,u)eRxRx[0,1] Ko

where C, depends only on sup, \ ,)erxrx[0,1] |.fu(#, X, u)| and T is controlled by (3.4), and
hence, T depends only on fp and the shape of u(z, x).

4 Proof of Theorem 1.3

This whole section is devoted to the proof of Theorem 1.3. Let u(¢, x) be a transition front
as in the statement of Theorem 1.3. Hence, there exist C > 0 and r > 0 such that

u(t,x) < Ce"" @, y), (r,x,y) eRxR xR. 4.1)

Let X(¢) and X f\t (t) be interface location functions of u(z, x), where X it () are given in
(2.1). Asin [32], for (r,x) e R x Rand n € Rwith 0 < |n| < §p < 1, we consider

u(t,x +n) —u(t,x) v(t, x)

T, x) = d w'(r,x) = .
v'(t, x) . and w'(r, x) o
We readily check w' (¢, x) satisfies
w! =aj +ajw”, (4.2)
where a] = J*T"n + % and a; = —% +a — 5 with
&n — f(tv-x + n, M(tsx + 77)) - .f(tv-x» u(t,x + 71)) (43)
n
and
t,x, u(t, — J(t, x, u(t,
a”=f( x,u(t,x +n)— f({ x, u( X)). @.4)
u(t,x +n) —u(t,x)
To bound the solution of (4.2), we first analyze a? and a;’ . For a?, we first see
J x " 1 Jx—=y+n)—Jkx—-y)
‘ _ / u(t, y)dy
u u(t,x)|Jr n
< C/ Jx+n) —J(x) o,
R n
where we used (4.1). Next, setting C := sup, , ,yerxrx[0.1] |fxu (#, X, u)|, we have
a’ - | fe (2, X 4 14, u(t, x + )] - 1u(t,x +n) <cicol,
u u(t,x) u(t, x)
where we used Taylor expansion, the fact f, (¢, x,0) = 0 and (4.1). Hence,
Cy:= sup sup aj| < oo. 4.5)

(t,x)eRxR 0<|n|<éo

For a), we first see from (4.1) that

1 7
—/ ToeMax < 2% < c/ Toe ™ dx,
CJr u R
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and thus, setting C3 := % Jz J(x)e "¥ldx and Cy ;= C Jr J(x)e" ™l dx, we find

A
—Cy < . < —Cs.
u

To control the term a” — % in ag, we set
0, C -
fo := min | 2, 2 sup IfGx )|t
2 2 | (t.x,u)eRxRx[0,1]

and define

Lo=148)+sup|X () — X+(t)| and Ly =1+ 80+ sup|X () — Xp (1)].
teR teR

As in the proof of Theorem 1.2, we set
I;(t) = (=00, X (1) — Ly),
Im(t) = [X(t) - Lls X(Z) + LO],
I.(t) = (X (@) + Lo, 00)

for t € R, and for any fixed x € R, define

thirse (x) = sup{f € R|x € I.(¢t) forall ¢t < 1},
Hast(x) = inf{f € R|x € I;(¢) for all ¢ > 7}.

Then, there hold T := sup, cp[fiast (*) — ffirse (x)] < 0o and for all x € R
c I (1), 1< ffirse (%),
1), 1> fasc(X).
Now, for 0 < |n| < §p, we have
o if 1 < firt(x), then x € I,(¢), in particular, x > Xé;(r) + 80, and hence, u(t, x) < 6o

andu(t,x +1n) < 50; it then follows from Taylor expansion that

f e
a"— = = | fult,x, us) = fu(t, X, Uas)| < |t — U] sup | (8, X, )| < —,
(t,x,u)eRxRx[0,1] 2

where u, is between u (¢, x) and u(z, x +n), and u. is between 0 and u(¢, x), and hence,
both u, and u. are between 0 and &y, so [Use — Uys| < 0o;

e ift > fu5(x), then x € [;(x), in particular, x < Xe1 () — 6, and hence, u(t, x) > 61 and
u(t, x +n) > 6y; it then follows from (H2) that a” < 0, which leads to a” — 5 <0;

o if 1 € [ffirs (x), fast (x)], then |a” — £| = 2sup(t,x,u)e]R><]R><[O,]] [ fult, x, u)l.
Therefore, we have the following for ag :for0 < |n] < §pand x € R

~S 1<t (),
Cs, tirst (X) < 1 < a5t (X), (4.6)

—C3, t > fast(x),

N
[SC]

where Cs := C4 + 25Up(; , 1)erxrx(0.1] | fu(t, X, w)].
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With the help of (4.5) and (4.6), we are now able to bound the solution of (4.2). Notice,
the solution of (4.2) can be written as

t r
w'(t, x) = e-f'o az(s’x)dsw”(to, X) +/ et “g(s’x)dsa?(r, x)dr, xeR, t>1. (4.7
fo
Using (4.5), (4.6) and (4.7), we first argue as in the proof of Lemma 3.3 to conclude that
ut,x +n) —u(t, x)
nu(t, x)

= sup sup |w'(t, x)| < oo,
(t,x)eRxR 0<|n|<do

sup  sup
(t,x)eRxR 0<|n|<8p

which in particular implies that u (¢, x) is continuous in x, since u(z¢, x) € (0, 1).
La g foandad = — 2% 4 f, — % Using the continuity of u(z, x)
in x, we have the pointwise limits a; — a and aj — a3 as n — 0. Then, using (4.5) and

(4.6), we can show that as (3.13),

t ‘o t t 0
/ e‘fT ay (s,x)dsail(.[, x)dt — / efr ay (S,x)dsa?(r, x)dt
1o o

Now, we set a? =

uniformly in 7y < tgrst(x) as n — 0, and as (3.10),

. 1 tall
with fhee(x) — 10 = —, e'[’o az(s’x)dsw"(to, x)—>0 as n— 0.

In]

Hence, setting tgs (x) — fp = Wl\ in (4.7) and passing to the limit » — 0, we find

1, . !
ux (¢, x) = lim w"(¢, x) =/ efrt “S(S’X)dxa?(r,x)d‘r, (t,x) e R x R.
u(t, x) n—0 —00
This completes the proof. O

5 Proof of Theorem 1.4

We prove Theorem 1.4 in this section. Throughout this section, we assume (H1) and (H2).
To prove Theorem 1.4, we need the following three lemmas. For » > 0, let

1, x <0,

Co(x) = minfl. e "™} =
»(x) = min{l, e} [e‘”,.xEO.

Lemma 5.1 There exist two continuous functions M : (0, co) — (0, o0o) and y : (0, 00) —

(0, 00) with y (r) — 0 such that

[+ D)
[y (x)

I <y@), x=M(@)

forallr > 0.
Proof Fixr > 0 and write I' = I'.. We see

0 o
Valo o [ sa- i [T e -1 Day -1
0

I(x) oo '(x) I'(x)
0 00
=/ Ju—w59w+/11u—WJW”w—l
—00 I'(x) 0

0 F(y) ry © ry
J(x —y)——=dy + J(y)e'ldy — 1| — J(y)e'dy.
—00 F(.X) R X
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Due to the decay of J at =00, it is not hard to see that lim, _, f?oo J(x—y) ll:gg dy =0.
In fact, for all large x,

0 F(y) 0 rx 0 r(x—y)
J(x—y)——=dy = J(x—y)e'tdy < J(x—y)e""dy — 0 as x - oo.
—00 I'(x) —00 —00
Since [p J(y)dy = 1, we find lim,_q [ J(y)¢’*dy = 1 by dominated convergence
theorem. Clearly, lim,_, o fxoo J(y)e"Ydy = 0. The lemma then follows. O
Lemma 5.2 There exists ro > 0 such that if r € (0, ro] is such that

. ou(t,x + X(2)
lim ————

xX—00 e~ X

=1 uniformlyin t € R, 5.1)

then, there exists M (r) > 0 such that

l = LT+ ute, - + X0)Ix) < é, x>M(r) and t e R, 5.2)
2 w(t,x + X(1)) 2
and
W7 sult, -+ XD _ oy and 1 e R (5.3)

u(t, x + X (1)) -
Proof Letu = u(t,x + X(t)). For r € (0, ro], where r¢ is to be chosen, we let I' = ;.
Write

J J*xT -T r
*u—l— * Jx(u )—i—l——l
u r JxT

|:J*F_1i||:J*(u—1")+1:|5+J*(u—l")£+|:£_li|.

r JxT JxT u u

By Lemma 5.1 and (5.1), we only need to treat the term % for large x.
By (5.1), for any € > 0, there exists M (e, r) > 0 such that

lu(,x +X@) —e ™| <ee™™, x>M(er) and tcR.

Then, for € > 0, we have

Jx@—-T) T |[Jx@—T)
JxI | J«T r
r M) t,y+X@)-T
- [/ J(x_y)lu( y+X®) (y)ldy
JxT| ) o I'(x)
o0 ut,y+X@) —e "
+/ S = Oy HXO) |dy]
M(e,r) e
r M(e,r) Ly+X@®)-T
- [/ J(x_y)lu( y+X®) (y)ldy
JxT | J o I(x)
o0
+€/ J(x—y)er(x_y)dy]
M (e,r)
r M(er) lu(t, y + X (1)) — T(y)| ,
< J(x —y)— d +e/J( )er}'d]
J*F[/_oo Y NE) LN S
Due to the decay of J at 00, we have
Me,r) t X)) =T
lim ](x—y)'u( y+ X)) (y)|dy=0 uniformly in ¢ € R.
x—o00 [_ F(x)
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It then follows from Lemma 5.1 that for any € > 0, there exists M (¢, r) > 0 such that

Jxu—T)
VESY

< )7(r)|:§ +e/ J(y)erydy], x> M(e,r) and t€R,
R

where Y (r) — 0 as r — 0. The result (5.2) follows by first fixing €, say € = ﬁ, and then

choosing ro small so that if r € (0, ro], then |% —1] < % for all large x depending on r.

Note that the term £ fir — 1 and Lemma 5.1 restrict . Similar arguments lead to (5.3), since
J *u <|J/|>k1" [J'| % (u—T) ! r
u - r FMESS u

This completes the proof. O

Lemma 5.3 Ler u(t, x) be an arbitrary transition front of (1.2) with interface location
function X (t). Then, there holds

VL >0, inf inf wu(t,x) > 0.
teRx<L+X(t)

Proof Fix L > 0and x, > 0.Let A; € (%, 1) and A, € (0, ﬁ). We define ug R — [0,1]
and u} : R — [0, 1] by setting

A, X < =Xy, 1, x =<0,
ug(x) = —i—ix, X € [—x4,0], and ug/l(x) = %x +1, x [0, x4],
0, x>0 A2, X > Xy

Clearly, uf (- — X3, (1)) < u(t,-) < ul!(- — X; (1)) for all 1 € R. Now, denote by
up(t, x; u{f) and u (¢, x; ug”) the solutions of u; = J xu —u + fp(u) andu; = J xu —
u+ fm(u), respectively, with initial data u g (0, -; ug) = ug and u (0, -; ué"’) = u(l)"’. It then
follows from comparison principle and homogeneity that

up(T,x—=X;, (t—=T); ug) < u(t,x) <up(T,x=X (t=T)up), (1,x) e RxR (5.4)

for all T > 0. Now, we consider a small 7 and let A > 0 be small. Let éf (T) be such
that up(T, Sf(T); ug) = A. We then see from the first inequality in (5.4) that if x <
Sf (T) + X;l (t — T) — 1, then the monotonicity of ug (¢, x; ug) in x yields

u(t,x) > up(T,EL(T) — 1;ub) > up (T, £ (T); ul) = 1,

which then leads to
X, ) =8+ X, —T)—1, 1R,

Note that if we can find some C > 0 such that
X;l(t—T)ZX(t)—C, teR, (5.5)

then we can make A closer to 0 such that fg’f(T) is so large that X, (1) > L + X (¢) + 1 for
all r € R, which then leads to

inf inf  w(¢t,x) >inf inf  wu(t,x) > A > 0.
teRx<L+X (1) l€]Rx5X;(t)—l

Hence, to finish the proof, we only need to show (5.5).
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We now show (5.5). Let us look at the interface locations for u(z, x) and u (¢, x; ug”) at
%. From the second inequality in (5.4), we see

X%*(r) 5&2”(T)+X;“2(t—T)+1, teR, (5.6)

where S{"’(T) is such that u (T, “;‘{W(T); ug”) = % Notice choosing T or A, smaller, we can
2 2

guarantee that “g‘{” (T) is well-defined. We then deduce from (5.6) that
2

X, t—T)= Xt —T)—C
> Xt -1 —1-C
2 2

zxa)—cz—sfm—l—cl

forall# € R, where C; = sup,cp |X}T1 (t)—sz(t)l and Cy = sup; g IXT@)—X@). Setting
2
C =Cy+EM(T)+ 1+ Cy, we find (5.5), and hence, the lemma follows. O
2

We are ready to prove Theorem 1.4.

Proof of Theorem 1.4 Let ro > 0 be as in Lemma 5.2 and fix r € (0, ro]. Let u(¢, x) be an
arbitrary transition front of (1.2) satisfying

Coou(t,x+ X(@))
lim ——= =

xX—00 e~ rx

1 uniformly in 7 € R. 5.7

To prove the theorem, we proceed as in the proof of Theorem 1.3. Thus, we only need to
bound a? = J’Z—‘”n + % as in (4.5) and estimate a; = —% +a — 5 as in (4.6), where a"
and a” are given in (4.3) and (4.4), respectively.

For aj, we have

VEXK
laj| < <

“u(t,x)

f,y)dy+C———,
» u(t, y)dy+C 2D

where C1 = sup(, y )erxrx[0,1] | fxu(t, X, u)|. For a sufficiently large M; > 0, we see from
(5.3) and (5.7) that

al
u

1 / [Jx=y+n) —Jx —y) u(t, x +1n)
R

sup  sup sup aj| < oco.
teR x=M+X (1) 0<|n|<do

Since inf;er inf < +x () u(t, x) > 0 by Lemma 5.3, we have

sup  sup sup aj| < oco.
teR x<M+X (1) 0<|n|<dy
Hence, we obtain
sup sup |a1’| < 00.
(t,x)eRxR 0<|n|<éo
For ag , we first see from (5.2) that we can find a sufficiently large M, > 0 such that

1 Jxu 3
= = <—-, x>M+X(t) and t eR.
2 u 2
Since inf;cr infy<p,4+x ) u(t, x) > 0 by Lemma 5.3, there exist C; > 0 and C, > 0
such that

J xu
C <

<Cy, x<M>)+X(t) and t € R.
u
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Then, setting C3 = min{%, Ci}and Cq4 = max{%, C»}, we have

J xu
—C4 < ———=<-C3, (t,x) eRxR.
u

We then follow the arguments as in the proof of Theorem 1.3 to conclude an estimate for
a;’ asin (4.6).

The rest of the proof can be done along the same line as in the proof of Theorem 1.3 and
then we complete the proof. O

6 Proof of Theorem 1.5 and Corollaries 1.6-1.7
In this section, we prove Theorem 1.5, Corollaries 1.6 and 1.7. We first prove Theorem 1.5.

Proof of Theorem 1.5 Letu(t, x) be an arbitrary transition front of (1.2) with interface loca-
tion function X (¢) as in the statement of Theorem 1.5. Then, by Theorem 2.2 and the
assumption, we have

cit—tg—T) < X(t)—X(t9) <2t —tg+T2), t=>ty. (6.1)

We modify X (¢) within two steps by means of (6.1). The first step gives a continuous
modification. The second step gives the continuously differentiable modification as in the
statement of the theorem. We remark that two inequalities in (6.1) play different roles in the
following arguments. While the first inequality in (6.1) pushes X (#) move to the right, the
second inequality in (6.1) controls the possible jumps of X (7).

Step 1. We show there is a continuous function X : R — R such that sup,.p | X () —
X(t)| < oo.Fixsome T > 0. At =0, let

ZH(;0) = X (0) + o(T + T) + %‘t, 120

By the second inequality in (6.1), X () < Z™(¢; 0) for all [0, T]. By the first inequality
in (6.1), we have X (t) > Z7(¢; 0) for all large ¢. Define TIJr =inf{t > 0|X(t) > ZT(t; 0)}.

By (6.1), it is easy to see that T1+ elT, Q(Tg#]. At the moment T1+, X (t) may jump,

but, due to the second inequality in (6.1), the jump is at most c27>. Thus, we obtain

X(t) < Z¥(t; 0) for t € [0, T}1),
X(T\") € [ZT(T]7;0) — o2 To, ZT (1,15 0) + 2 T2).

Next, at t = T]+, let
C
ZXG T = XA + el +T) + 5 =T, 12T

Then, 7," = inf{t > T,"|X(t) > Z*(t; T,")} is well-defined, and T, — T;" €

[T, %] Moreover, there hold

X(t) < ZH(t; T)F) for t € [T}, T,),
X(I,H) e (ZV (L5 1)) — oo, ZH(T,5 T + e ).
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Repeating the above arguments, we obtain the following, there is a sequence of times
(1,7 nz satistying T, = 0, T;F — T,7 e [T, 2TER AT ang

X(t)<Zte; T} ) fort e [T}, T,D),
X(T) e ZNT T, 29T TR ) + eol), (6.2)

foralln > 1, where Z*(1; T, ) = X(T," )+ co(T + o) + 4t — T, ).
We define Zt : [0, 00) — R by setting

Ztn =7 @ T, ), rell, |\ T,)), n=1

Since supnzl[Tntl, T;") = [0,00), Z¥(t) is well-defined. It follows from (6.2) that
X(t) < Z*(t) for all t > 0. Moreover, for t € [T, |, T,}),

Z*(z)—X(r)<X(T+1)+cz(T+Tz>+—(r—Tﬂ)—[X(T*1)+c1(t " — Tl

<c(T+T1T)— ?(t — Tn—l) +c1Ty (T +Tr) +ca1Th.

Hence, 0 < Zt(t) — X(t) < (T + 1) + 1T for~a11 t € [0, 00). Modifying
Z7*(t) near Tn+_1 for n > 1, we find a continuous function Z* : [0, c0) — R such that
SUP; 0,00y |1 £ (1) = X (1)] < o0.

Clearly, we can mimic the above arguments to find a continuous function Z~ : (—o0, 0] —
R such that sup;¢(_ oo 01 |Z () — X ()| < oo. Combining Zi(t) and modifying near 0, we

find a continuous function X : R — R such that SUP;cR IX(t) — X()| < o0.

Step 2. By Step 1, we assume, without loss of generality, that X (¢) is continuous. We
proceed as in Step 1.

Fix any #9p € R and consider it as an initial moment. At the initial moment #9, we define
Z(t;ty) = X(o) + Co + %(t — 19) for t > t9, where Cop > O is so large that Cp >
cyTh. Clearly, X(t9) < Z(to; tp). By the first inequality in (6.1) and continuity, X (t) will
hit Z(z; typ) sometime after #y. Let 77 (7o) be the first time that X (¢) hits Z(t; tp), that is,
Ti(to) = min{r > 19| X (t) = Z(t; 19)}. It follows that X () < Z(t; 1) for ¢ € [to, T} (t0))

and X(Ti(t0)) = Z(Ti(t0): 10). Moreover, Ty(1o) — 1o € [ 9=, CoaTi ], which is a

simple result of (6.1).

Now, at the moment T (¢y), we define Z(¢; T (ty)) = X (T1(t9)) + Co + %‘(t — T1(tp))
for t > Ti(t). Similarly, X(T1(t0)) < Z(Ti(ty); T1(tp)) and X (¢) will hit Z(t; Ty (tp))
sometime after 77 (#p). Denote by T>(tp) the first time that X (¢) hits Z(¢; T1(tp)). Then,
X(@) < Z(#; Ti(w)) fort € [Ti(t), To(t0)) and X(Ta2(10)) = Z(Tz2(1); Ti(t0)), and
Ta(t0) — Ty(1o) € [ =2l Coreyli ],

Repeating the above arguments, we obtain the following: there is a sequence of times
{Th—1(t0) Inen satistying To(ty) = #o and

Co—c2Ip Co+c 1Ty
Tn(tO) - Tn—l(tO) € |:

, , VneN, 6.3
c—c1/2 c1/2 ] " ¢

and forany n € N

X(t) < Z(t; T, (tp)) for t € [T,,—1(t0), Tu(to)) and X (T, (t0)) = Z(Tn(to); Tn—1(t0)),
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where Z(t; T,,—1(t0)) = X (T—1(t0)) + Co + 5 (t — T,—1(1)). Moreover, for any n € N and
t € [Ty—1(t0), T, (tp)), we conclude from (6.1) that

Z(t; Tum (10)) — X (1)
< X(T-1(0) + Co+ 5 (t = Ty-1 (1)
— [X(Th-1(10)) + c1(t = Ty—1(to) — T1)]
= Co+aTi— 5= T1() < Co +iTh.

Next, define Z (5 10) : [t9, 00) — R by setting
Z(t;10) = Z(t; Ty—1(t9)) for t € [Ty_1(t0), Tu(t0)), n € N. (6.4)

Since [#9, 00) = Upen[Tn—1(t0), T, (tp)) by (6.3), Z(t: to) is well-defined for all 7 > 1.
Notice Z(t; to) is strictly increasing and is linear on [T,,_ (o), T, (1)) with slope 5 for each
n € N, and satisfies

0<Z(t;t9) — X(t) <Co+c1Th. 1= 1.

Due to (6.3), we can modify Z (t; t9) near each T, (ty) for n € N as follows. Fix some
5. € (0. $2=272 ). We modify Z(1: 5) by redefining it on the intervals (7, (10) = 8. T (10)),
n € N as follows: define

Z(t;10), 1 € [to, 00)\ Unen (Ty(t0) — 8+, Tu(10)),

X(t; t()) = (X(Tn(to)) + 8(f _ T”(to))’ t e (Tn(t()) — 8*, Tn(t()))’ ne N’

where § : [—d4, 0] — [—%clé*, Cp] is twice continuously differentiable and satisfies

Cl

8(=8s) = —=d, 3(0) = Co,

$(=8,) = %‘ = $(0), $(1) > %1 for 1 € (—8,,0) and
§(—85) = 0 =45(0).

The existence of such a function §(z) is clear. Moreover, there exist ¢jpax = Cmax(8x) > 0
and Emax = Emax (8x) > 0 such that §(7) < cmax and |8(2)| < Emax for z € (=8, 0). Notice
the above modification is independent of n € N and 9. Hence, X (¢; o) satisfies the following
uniform in 7 properties:

e 0 < X‘(t; to) — X (t) < dmax for some dpyax > 0,
° % < X(#;10) < Cmax,
o |X(t» 10)| < Cmax-
Since X (¢) is continuous, so locally bounded, we may apply Arzela-Ascoli theorem to
conclude the existence of some continuously differentiable function X : R — R such that
X(t;t9) — f((t) and X(t; to) —>~)~((t) locally uniformly in ¢ as tp — —oo along some

subsequence. It’s easy to see that X (¢) satisfies all the properties as in the statement of the
theorem. O

Next, we prove Corollary 1.6. Recall that for a given transition front u(z, x) of (1.2),
X (1) are defined in (2.1).
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Proof of Corollary 1.6 We modify the proof of Theorem 2.2. Let u(z, x) be an arbitrary
transition front of (1.2) with interface location function X (). Since f(z,x,u) < 0 for
(t,x,u) € R x R x [0, é], we can find a function f;(u) such that f (¢, x,u) < fj(u) for
(t,x,u) € Rx R x [0, 1], where f; : [0, 1] — Ris C? and is of standard ignition type, that
is, there exists 8; € (0, 1) such that

frw) =0, uel0,0,]U{1}, fi(w)>0, ue®,1) and f/(1) <O.

Fix some A € (6, 1). We write X*(t) = X" (#). Since sup,cg | X (1) — X+ ()] < oo by
Lemma 2.1, it suffices to show

Xt =Xt () <ct —to+T), t>19 (6.5)

forsomec > 0and T > Q
To do so, we fix some 0; € (0, 0;). Let (cs, ¢r) with ¢; > 0 be the unique solution of

Jxdp—¢+coe+ f1(d) =0, i
¢x <0, ¢(0) =07, ¢(—00) =1 and ¢(o0) = 0;.

Note that ¢; connects 6; and 1 instead of 0 and 1 (see “Appendix” for more properties
about ¢;; in “Appendix”, we consider traveling waves connecting 0 and 1, but by simple
shift, all results there apply here).

Let ug : R — [0, 1] be a uniformly continuous and nonincreasing function satisfying
up(x) = 1 for x < 0 and ug(x) = 6y for x > xo, where xy > 0 is fixed. Clearly, u(to, - +
Xgl (t0)) < up. Applying comparison principle and Lemma 7.1, we find

M(l,x-i—Xg (10)) < ur(t—1,x; ug) < pr(x—cy(t—to)—&)+ere 10 x e R, 1 > 1.
I

Let&; (%) be the unique point such that ¢y (&7 (%)) = % and T > Obesuchthate;e®T =
% (we may make €; > % if necessary). Setting x, = ¢y (t — to) + &7 + 51(%), we conclude
from the monotonicity of ¢; that forx > x, + landt > 1+ T,

u(t,x+ X7 (10) < ¢r(ox+ 1 —cr(t —10) — &) +ere"
< g1l —cr(t —t9) — &) +ere T =2,
It then follows from the definition of X (¢) that

A
Xt <xe+1+ Xgl(to) =it =) +& +5G) +1+ Xgl(to), t>1t+T.

Setting Cy := sup, g | X T (1) — Xg (to)| < oo due to Lemma 2.1, we conclude
1

A
X)) = Xt(to) <crt —10) + & +$1(5) +1+Cy, t=10+T.
It remains to show that
XT(1)— XT(t0) <&, telto+T] (6.6)

for some &, > 0 independent of #y. To do so, let iig be the ug in the proof of Theorem 2.2.

Then, we have iig(- — X~ (t9)) < u(to, -) < uo(- — Xg (to)), where X~ (¢) = X, (¢). Since
1

fB < f < f1, we apply comparison principle to conclude that

up(t — 10, x — X~ (10); o) < u(t,x) <up(t —to,x — X7 (to);up), x €R, 1=1p.
1

@ Springer



J Dyn Diff Equat (2017) 29:1071-1102 1097

We then conclude (6.6) from the continuity of up(t — 9, x — X~ (fp) and u;(t — t9, x —
Xg (t0); up), and the fact supy, e | X~ (10) — X;r (to)| < oo due to Lemma 2.1. This completes
1 1

the proof. O
Finally, we prove Corollary 1.7.

Proof of Corollary 1.7 Note first we can find a C? Fisher-KPP nonlinearity fxpp : [0, 1] —
Rsuchthat f(z, x, u) < fgpp(u) forall (z, x, u) € RxRx[0, 1]. Letu(¢, x) be the transition
front as in the statement of Corollary 1.7, that is, there exist » > 0 and & > 0 such that

u(to, x + X (1)) < e (19,x) eR xR,
Fixed 4 € (0, 1). Setting ho := h + sup, g | X (f0) — X;\"(to)| < 00, we find
ulty, x + X;"(to) + ho) < e, (to,x) € R x R.

Then, we can find some uniformly continuous function ug : R — [0, 1] satisfying

. . up(x)
lim wuog(x) =1 and lim =
xX—>—00 x—o00 e~ IX
such that
ulty, x + X; (o) + ho) < uo(x), (fo,x) € R x R.

Note that we may assume, without loss of generality, that r is so small that it is the decay
rate of some traveling wave of ¢, (x — ¢,t) (satisfying ¢,(—o00) = 1 and ¢, (c0) = 0) with

fR J(Y)é’”dyr 1+ fipp () > 0 of

speed ¢,

ur =J xu—u+ fxpp(u), 6.7)

that is, lim,_, ";’_(,{) =1 (see [13,57]). In particular, we have

ugp(x)

fim - (6.8)
x=>00 ¢y (x)
Moreover, there holds
lim & _ 6.9)
x=>00 ¢y (x)
To see this, we notice J;q” 1+ cr¢—: + % = 0. Clearly, limy_, o W
Sxpp(0). For J:;f)’ , we have

——dy —> J(y)ePdy as x — o0

[Jx¢elx) e / T(y)e” Or(x —y)
or(x)  r(x) ey

by (6.8) and dominated convergence theorem. From which, we conclude (6.9).

Then, arguing as in the proof of Corollary 1.6, we conclude the result from the stability
of ¢, (x — ¢,t), that is,
ugpp (1, x; up)

¢r(x —crt)

where ugpp (f, x; ug) is the solution of (6.7) with initial data ugpp (0, -; ug) = ug. We remark
that (6.10) follows from [57, Theorem 2.6]. Also, by means of (6.8) and (6.9), it can be
proven as that of [53, Theorem 1.3]. O

lim

11— 00

-1 =0, (6.10)
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Appendix: Ignition Traveling Waves

Consider the homogeneous ignition equation
ur=Jxu—u+ frw), (t,x)eR xR, (7.1

where J is as in (H1), and the C 2 function f1 :10, 1] — R is of standard ignition type, that
is, there is 6; € (0, 1) such that

frw) =0, uel0,0,]U{1}, fi(w)>0, ue®,1) and f7(1) <O.

It was proven in [16] that the problem

Jxp—d+che+ f1(¢) =0,
¢x <0, ¢(0) =67, ¢(—00) =1 and ¢(c0) = 0.

for (c, ¢) has a unique classical solution (cy, ¢7) with ¢; > 0.
We used the following result in the previous sections.

Lemma 7.1 Let ug : R — [0, 1] be uniformly continuous and satisfy

lim up(x) =1 and wup(x) < e OF0 x cR
X——00

for some ag > 0 and xo € R, then there exist o; = wy(ag) > 0 and €; > 0 such that for
any € € (0, €1] there exist Sli = Sli(e, ug) € R such that

pr(x —cpt — &) —ee™ " <up(t,x;up) < dpr(x —cpt — &) +ee”', xeR
Sforallt > 0, where uy(t, x; ug) is the solution of (7.1) with initial data uj (0, -; ug) = uo.

Lemma 7.1 can be proven as [51, Theorem 1.4]; we here simply recall it for completeness.
To do so, we fix L; > 0 so large that

1+51

0
¢1(—L1) > and ¢;(Ly) < 5’

where 6; € (67, 1) is such that
fiw) < —Br. uelb 1] (7.2)

for some B; > 0 (such §; and B; exist due to f1 (1) <0).
Fora > 0,1etI'y : R — [0, 1] be a smooth nonincreasing function satisfying

L x<-Li—1,
* e L) v > 41,

‘We have

Lemma 7.2 There exists oy, > 0 such that such that for any o € (0, o] there exists Ly =
Ly(a) > L1 + 1 such that

|[J * T l(x) — e_“(X_L‘)‘ < Cziloce_o‘()‘_L‘), x> Lo.
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Proof See[51,Lemmad.1]. Itrequires the symmetry of J so that fR J(x)e**dx—1 = O(a?).
O

Now, we prove Lemma 7.1.

Proof of Lemma 7.1 Let @ = “70 and L, = Ly(«) as in Lemma 7.2. For any € € (0, /],
where €; > 0 is to be chosen, we can find £+ = ESE (e, up) € R such that

Gr(x —E7) —€elo(x —§7) Sup(x) < pr(x —§7) +ely(x —£7), xeR. (7.3)
Setting e =t + %(l — e~ "), where A > 0 and w > 0 is to be chosen, we define
uF(t,x) =¢(x —ct —E5(1)) £ee ' T(x —ct —EX(r)), >0,

where ¢ = ¢;, ¢ = ¢; and I’ = T'. Clearly, u= (0, ) < up < u™(0, -). Thus, if we can
show that u~ (¢, x) and u™ (¢, x) are sub- and super-solutions, respectively, then the lemma
follows.

We show that u~ (¢, x) is a sub-solution; u™ (¢, x) being a super-solution can be proven
along the same line. We compute

u;, —[Jxu" —u"1— fr(u")
= Aece ¢ + cwe ' T — ee ™ (Ace™® — )T
+ee I« T =T+ f1(¢) — fr(u™),

where ¢, ¢, T" and I'’ are computed at x —ct — &~ (t) and J T = [ J(x — y)['(y —ct —
&7 (t))dy. We consider three cases.

Case 1. x —ct — &7 (1) <-Lj—1In thiscase, ' =1, =0andhence J «I' — ' <
1—1 = 0. Moreover, ¢ > # by the monotonicity of ¢ and the choice of L, which implies
thatu_ > ¢ —e; > 51 if we choose

1-6
er < 2’. (7.4)

It then follows that f7(¢) — fr(u™) < —eBIe_”TF. Hence, we obtain

uy —[Jxu” —u"]l— fiw”) < wee T — €fre T <0
if we choose B
o < Br. (7.5
Case2.x —ct — & (t) e [-L; — 1, L,] In this case,

Ace ¢ < Ace™®" sup ¢'(x) <0,
xe[lefl,Lz]

ewe T —ee @ (Aee ™ — )/ +ee @ [J*xT —T]<ee ®(w+1)

if we choose
€] =

) (7.6)

|0

and f1(¢) — f1(u™) < (sup,c(o 2 |f1’(u)|)ee“°’ (note that it’s safe to extend f7 to (1, 2] so
that sup,, g o) |.f; ()| < 00). It then follows that

u; —[Jxu" —u"l—fru") <ee ™ |:A sup ¢ (X)+w+1+ sup |f1’(u)|i| <0
xe[—Li—1,L3] uel0,2]
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if we choose

~1
A > —[ sup ¢/(x)] [1 +2 sup Iff(u)l} 7.7

x€[—Li—1,Ly] uel0,2]

since w < fy < Sup,c(0.2 | f7 ()| due to (7.5).
Case3.x —ct —£ (1) > L, Inthis case, [ = ¢~ @@ —ct=67(O~L1) TV = _qT and hence,

ewe T —ee ™ (Ace™ — ) = €e ' [w + Aace ™ — ca]l.

By Lemma 7.2, we have ee™'[J * ' = I'] < ee™® % T. Since fi(¢) =0 = fr(u™)
(note it’s safe to do zero extension of f on (—oo, 0)), we obtain

u, —[Jxu" —u"]l— fru") <ee”™ |:a) + Aaee™ — ca + %:IF <0

if we choose

ac c
w 2 and €; ) (7.8)

Consequently, if we choose A as in (7.7), w as in (7.5) and (7.8), and €; as in (7.4) and
(7.8), then we have u, — [J xu~ —u~]— fr(u™) < 0for¢ > 0. This completes the proof.
O
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