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Abstract The asymptotic behavior of the principal eigenvalue for general linear cooperative
elliptic systems with small diffusion rates is determined. As an application, we show that if a
cooperative system of ordinary differential equations has a unique positive equilibrium which
is globally asymptotically stable, then the corresponding reaction-diffusion system with either
the Neumann boundary condition or the Robin boundary condition also has a unique positive
steady state which is globally asymptotically stable, provided that the diffusion coefficients
are sufficiently small. Moreover, as the diffusion coefficients approach zero, the positive
steady state of the reaction-diffusion system converges uniformly to the equilibrium of the
corresponding kinetic system.
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1 Introduction

Let €2 be a bounded domain in the Euclidean space RY with smooth boundary, denoted as
d%2. Given any scalar function g € C(2), let 1 (d A + ¢) denote the smallest eigenvalue of
the linear problem
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dAp +q(x)p+1rp =0 inQ,

subject to the Dirichlet boundary condition

¢ =0 onadQ
or the Neumann boundary condition
dy¢p =0 on0d2.
Here the diffusion coefficient d is assumed to be a positive constant, A = Z,N: 1 % is the

Laplace operator in RY, v denotes the unit outer normal vector on 9€2, and 0y = V¢ -v.
By standard variational argument, it follows readily that ([2])
lim Aj(dA 4+ ¢q) = —maxq(x). (1.1)
d—0+ xeQ
It is natural to ask whether (1.1) can be extended to linear elliptic systems. This ques-
tion arises from the study of some reaction-diffusion systems in population biology [11].
In general, the dynamics of a system of reaction-diffusion equations is more complicated
comparing to its corresponding kinetic system of ordinary differential equations. This was
illustrated in [16], where the following two species Lotka—Volterra competition model was
considered:
u; =diAu~+u@m(x) —u—cv) in 2 x (0,7),
v, =dpAv+v(m(x) —bu —v) in Q2 x (0,7), (1.2)
dyu =d,v=0 ond2 x (0, 7).

Here u and v denote the densities of two species competing for acommon resource represented
by m(x). The positive constants d; and d; are their diffusion coefficients, while » and ¢
account for the interspecific competition. In the weak competition case, i.e. b, ¢ € (0, 1), the
dynamics of the corresponding kinetic system

[ U =U@m(x)—U —cV),

Vi = V(n(x) —bU — V) (1.3)

is rather simple. Namely, for each x, there exists a unique positive equilibrium (U*, V*) :=

( ll__b"cm(x), f_;lf’cm(x)) which is globally asymptotically stable among solutions of positive
initial data. In contrast to the simple dynamics of system (1.3), it is proved in [16] that for
some ranges of b, ¢ € (0, 1) anddy, d» > 0, system (1.2) does not possess any positive steady
state. Moreover, it is shown that for any initial data that are non-negative and not identically
zero, one of the species is driven to extinction by its competitor. The assumption that m being
non-constant plays a crucial role in such “diffusion-driven extinction” phenomenon. We refer
to [1,13,18,19] for related works and [6-8, 15] for recent development.

While the dynamics of (1.2) can be different from that of (1.3) for some ranges of diffusion
coefficients, it is demonstrated in [11] (see also [15]) that when d; and d; are sufficiently
small, then again (1.2) has a unique positive steady state, denoted by (u*, v*), which is
globally asymptotically stable, and as dy, dy — 0,

(u*,v*) = (U*, V*)  uniformly in €. (1.4)
In general, we have the following question:

Question [fan ODE system has a unique equilibrium which is globally asymptotically stable,
does the corresponding parabolic problem, with small diffusion rates, have a unique steady
state which is globally asymptotically stable?

@ Springer



J Dyn Diff Equat (2016) 28:29-48 31

An affirmative answer to this question means that sometimes the dynamics of the PDE,
with small diffusion rates, is indeed fully determined by that of the corresponding kinetic
system. This general question was posed by Hutson [10]. In [11] this question was addressed
for (1.2). The approach of [11] is as follows. First, the existence and asymptotic profiles of
positive steady states of (1.2), as di, d>» — 0, are determined. Then the authors proceed to
show that any positive steady state is linearly stable, and hence locally asymptotically stable
(see, e.g. Theorem 7.6.2 of [23]). Finally, the following result from the monotone dynamical
system theory is invoked to yield the uniqueness and global stability of positive steady state
of (1.2).

Theorem 1.1 ([9,12,23]) Let u and u be strict sub/super solutions of a monotone dynamical
system preserving the order <, and that u < u. If every steady state u such thatu <u < u
is locally asymptotically stable, then u is unique and globally asymptotically stable in {v :
u<v =il

The crucial step in the proofs of [11] is to show that every positive steady state is linearly
stable. After suitable transformation, it amounts to show that, for dy, d» sufficiently small,
the principal eigenvalue of the cooperative elliptic system

diA¢ +ang +any +rp =0 inQ,
DAY +ax ¢ +any + Ay =0 in Q, (1.5)
av¢ = avw =0 on Q2

is positive. By the convergence result stated in (1.4), we have
air ar) _ [(m —2u* —cv* cu* -U* cU*
(a21 azz)_( bv* m—bu*—2v*)_) (bV* —V*)’

asdy, d» — 0. Since both eigenvalues of the latter matrix are negative at every point x € 2,
one expects that the principal eigenvalue of (1.5) will be positive when d, d» are small.
This is indeed the case, as shown in [11] via a rescaling argument. However, the problem of
determining the precise limit of the principal eigenvalue of (1.5) as d1, d» — 0 was left open
in [11].

The first goal of this paper is to completely determine the asymptotic limit of the principal
eigenvalue for general linear cooperative elliptic systems, including (1.5), when the diffusion

coefficients approach zero. To this end, we consider the following eigenvalue problem in
vector notation:

[D£¢+A¢+A¢:Oin9, (1.6)

By =0 on 082,

where D = diag(dy, ..., dy,), di > 0 are positive constants; £ = diag(L1, ..., L,) with
L; being second-order elliptic operators of non-divergence form, i.e. for 1 < i < n and
1<k/I<N, ' A _

Liu = aj,0} u+ PLogu+v'u, (1.7)

where af;, B, " € C?(Q) for some 6 € (0,1) and nolé|> < ol (X)&&E < nil€]* for
£ e RV, x € Q, and for some positive constants 19, n1; ¢ = (¢1, ..., ¢n)T e [CEHT1:
A = (a;j) € (C(S_Z))nxn satisfies a;;(x) > 0 in Q wheni # j; B = (By,..., B,) are
boundary operators satisfying for each i either the Robin boundary condition

Bi¢i := 0ypi + pi(x)¢p; on 9, (1.8)
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where p; > 0 and p; € C(Q), or the Dirichlet boundary condition
B,’(ﬁ,’ = d)i on 9€2. (19)

Definition 1.2 An eigenvalue 2 of (1.6) is called the principal eigenvalue if 1; € R and for
any eigenvalue A such that & # Ay, we have Re A > Aj.

Throughout this paper, A denotes the principal eigenvalue of problem (1.6). The existence of
the principal eigenvalue of (1.6) is obtained by Sweers [24] via the Krein-Rutman Theorem
([14]). Nagel [17] and deFigueiredo-Mitidieri [4] also studied the principal eigenvalue prob-
lem, using semigroup theory and maximum principle, respectively. By the Krein—Rutman
Theorem for positive compact operators, (1.6) has a principal eigenvalue A; € R and the
corresponding eigenfunction ¢ = (¢1, .. ., ¢n)T can be chosen to satisfy ¢; > O for all i. If
in addition we assume that ;; > 0 in Q2 for all i # j, then A, is simple and it is the unique
eigenvalue corresponding to a strictly positive eigenfunction, i.e. ¢; > 0 in 2 for all i. For
later purposes, we provide a proof of this fact in Sect. 3 (Proposition 3.1).

We recall the existence of the principal eigenvalue for any non-negative matrix, as guar-
anteed by the Perron—Frobenius Theorem ([5]).

Theorem 1.3 Given a real-valued square matrix A = (a;;), whose off-diagonal terms are
non-negative, (i.e. ajj > 0 if i # j), there exists a real eigenvalue X(A), corresponding
to a non-negative eigenvector, with the greatest real part (for any eigenvalue ¥’ # A(A),
X(A) > Re)'). Moreover, ifajj > 0 foranyi # j, then X(A) is simple with strictly positive
eigenvector, and it can be characterized as the unique eigenvalue corresponding to a non-
negative vector.

The first main result of this paper is

Theorem 1.4 Let Ay be the principal eigenvalue of (1.6) with boundary condition (1.8) or
(1.9). Then .
lim A1 = —max A(A(x)). (1.10)

max| << {di}—>0 xeQ

Theorem 1.4 extends an earlier result of Dancer [3], where it is proved that if d; go to
zero at the same rates, i.e. for each i, d; = ezji for some constant 5,~ > 0, then (1.10)
holds as € — 0. The proof in [3] is based on solving some limiting eigenvalue problem with
constant coefficient in RY or in a half space, which is derived by exploiting the same scale
of the diffusion rates. Under our assumptions, d; can approach zero with different rates and
hence there might be no limiting eigenvalue problem. A critical ingredient in our proof is a
boundary Lipschitz estimate (Theorem 2.2), which seems to be of self interest.

As an application of Theorem 1.4, we consider

ojw = DLw + F(x,w) inQ x (0, 7T),

Bw =0 ond2 x (0,7), (1.11)
w(x,0) = wo(x) in ,
where D, £ are defined as before, w = (wy, ..., w,)! and B = (By, ..., B,) where B;

satisfies the Neumann or the Robin boundary conditions as given in (1.8). For the reaction term
F we assume that F(x, s, ..., 8:) = (F1, ..., F)(x, 51, ...,57) € CHQ x [0, 00)"; R")
and satisfies the following assumptions:

(Al) (cooperativity) dy; Fj(x, s1,...,s,) > 0if i # j.
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(A2) (kinetic dynamics) For each xo € €, the ODE system
@'(1) = F(xg, (1)), @(0) € (0, 00)" (1.12)
has a unique, globally asymptotically stable positive equilibrium, denoted by
a(x) = (a1(x0), - . ., &p (x0)).

Moreover, « is continuous in £ and as an equilibrium of (1.12), « is linearly stable for
each xg € €, i.e.,

X(DSF(xo,a(xo))) < 0.

(A3) (positivity of growth) There exists do > 0 such that for all j = 1,...,n,
Fj(x,s1,...,8,)/sj > & forall x € Q,and0 < s; <8 foralli =1,...,n.

(A4) (dissipativity) There exist positive constants M, 5(’) > O suchthatforall j =1,...,n,
Fij(x,81,...,80)/8; < =8 if x € Q and minj<;<,{s;} > M.

Assumption (A1) means that the system is cooperative, i.e. the growth of any species will
help the increase of other species. (A2) says that the kinetic system has a unique equilibrium
which attracts all solutions with positive initial data. (A3) ensures that at any location in the
habitat the intrinsic growth rate is positive for each species. (A4) guarantees that the solutions
of (1.11) will remain uniformly bounded for all time.

Our second main result is

Theorem 1.5 Assume that (A1)-(A4) hold. If max<;<,{d;} is sufficiently small, (1.11) has
a unique positive steady state, denoted as W (x). The positive steady state w(x) is globally
asymptotically stable among solutions with non-negative, non-trivial initial data. Moreover,
w(x) — a(x) uniformly as max<j<p{d;} — 0.

This paper is organized as follows: In Sect. 2 we establish a boundary Lipchitz estimate.
For later purposes, the existence of the principal eigenvalue is proved in Sect. 3, together with
some well-known eigenvalue comparison theorem for cooperative elliptic systems. Theorems
1.4 and 1.5 are established in Sects. 4 and 5, respectively.

2 A Boundary Lipchitz Estimate

In this section we establish a boundary Lipchitz estimate for solutions of some linear inho-
mogeneous second order elliptic equations. To this end, let f € C(2). For each d > 0, let
u4 be the solution to the problem
—dLiu+u=f inQ,
[u:O on 012, 2.0
where L is given in (1.7). It is well-known that u, exists for all d > 0 sufficiently small,
e.g. ifd|y! (@) < 1. We also state the following fact:

Lemma 2.1 For each compact subset K C 2, ||ug— fllrek) — 0asd — 0. If we assume
in addition that flyq = 0, then |[ug — fllLe@) — Oasd — 0.

For later purposes, we shall prove a boundary Lipschitz estimate of u4, which implies Lemma
2.1 for f € CH(Q).
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Theorem 2.2 If f € C'(Q) and flyq = O, then

lug — f1

sup——— —> 0 asd — 0.
o dist(x, 082)
The following result is a direct consequence of Theorem 2.2.

Corollary 2.3 If f € CY(Q) satisfies f > 0in Q, flag = 0and d, flaq < O, then for any
€ > 0, we have

-6 fx) <ugx)y<A+e)f(x) in,
for all sufficiently small d > 0.

Assume in addition that f > 0in 2 and 9, f|sqe < 0. Theorem 2.2 follows from the next
two propositions.

Proposition 2.4 Suppose f > 0inQ2andd, flyq < 0. Then foreache € (0, %infag [0v f1),
we have
ug < f +3edist(x,0) inQ, (2.2)

for all sufficiently small d > 0.

Proposition 2.5 Suppose f > 0inQ2andd, flyq < 0. Then for eache € (0, %infag [0y f1),
we have
ug > f —3edist(x,02) inQ, 2.3)

for all sufficiently small d > 0.
Assume that Propositions 2.4 and 2.5 hold.

Proof of Theorem 2.2 By Propositions 2.4 and 2.5, Theorem 2.2 is proved with the extra
assumptions f > 0 in Q and 9, f|se < 0. To remove these extra assumptions, choose
¢ € C(Q) such that g|yq = 0, ¢ > max{0, — f} in Q and 3,¢ < min{0, —d, f} on ILQ.
Let vy be the unique solution to

—dLv+v=¢ >0 inQ, v|gg=0.
Then uy + vy is the unique solution to
—dLz+z=f+¢>0 inQ, zlse=0.

As previous arguments are applicable, we have

lug — fI _ _1va = ¢l [(ua +va) — (f + 9 0
— dist(x, 02) ~ dist(x, 0€2) dist(x, 0€2)
uniformly in €2, as d — 0. This proves Theorem 2.2. O

We now proceed to prove Propositions 2.4 and 2.5 via a careful argument via barrier
functions. Given € > 0, choose R > 0 small such that

(B1) For all xg € 0€2, there exists I?R cQ sucl} that 0 Bg N QQ =_{x0}.
(B2) For all xg € 9%, there exists Bg C RV \ §uch that 0 Bg N Q2 = {xp}.
B3) [V f(x1) — Vf(x2)| < €/2 forall x1, xp € Q2 such that |x; — xp| < 2R.

By (B1), forallt € (0, R], T, : 9Q2 — {x € Q : dist(x, ) = R} defined by

[y (x0) := x0 — tvy,,
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where vy, is the unit outer normal of d€2 at xo, is a diffeomorphism. By (B3),
0< fx) < [—8,,f(xo) 4 g] dist(x, Q) infx € Q:dist(x, Q) < R}, (24

where xo € d€2 is the unique point on 92 closest to x.
Define the barrier function p € C 2(B3 r/2 \ {0}) by

RU+1

p(x) == (x|~ = R77),
where the parameter o > 1 is specified in the following result:
Lemma 2.6 If

Nni 3RIBH~@  9R%|y'|i=~@
o=—+ +
1o 2no 4no

)

then L1p > 0in B3gy2 \ {0}, where ng, n1, ,8,&, yl are given after (1.7).
Proof Let x| =r.

o

Ra+] 0_2[

Lip=r"— 0(0+2)Ot,11xkxl/r2—ol/lk0—U,Biixk‘i‘ylrz]

>r 7 2o (0 +2)n0 — Nnio — o8 1@ BR/2) — 1y |10 3R/2)*]

> 0.
This completes the proof.

‘We start with a crude estimate on u4. Define

. (cl +26)01+1 2e R
81 :=minq R -1, —
c1+e€ (o0 + (e +2¢) 2

where ¢; = max |9, f|.
30

Lemma 2.7 There exists di > O such that for all d € (0, dil,
ug(x) < (=dy f(yx) +€/2)81 in{x € Q : dist(x,9R) < 81},
where yy is the unique point on 9S2 closest to x.

Proof By (2.4), there exists f € C*(Q) such that f > f in €, and
Fx) < (=8, f(y) +€/2)81 in {x € Q : dist(x, Q) < 8;}.
Then for d > 0 sufficiently small,
—dLf+f>f inQ, flag>0.

By the maximum principle [20], gy < f. This proves the lemma.

(2.5)

[m}

To prove Proposition 2.4, by Lemma 2.1 it suffices to establish (2.2) in a neighborhood
of 3. In fact, it suffices to show that there exists d; > 0 such that for all d € (0, d;) and
each xo € 9€2, (2.2) holds for x = xo — tvy, forall 7 € (0, §1], where vy, is the unit outward
normal vector at xo € 92 and §; is defined in (2.5). Without loss of generality, assume
x0=1(0,...,0,R), vy, = (0,...,0, —1) and the exterior sphere at x( guaranteed by (B2)

is Bg(0). We establish the following result:
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Lemma 2.8 Define z € C>(Br1s,(0) \ Br(0)) by
2(x) 1= (=0y f(x0) + 2€)(—p(x)).
Then

() z(x) > f(x) in Q20 Bris (0);
(ii) 2(0,...,0,R+1) < f(0,...,0, R+1)+3et forallt €[0,5].

Proof To show (i), we note that for all ¢ € (0, §1),

R o+1
0xn2(0,...,0,1+ R) = (3xy f(x0) + 2¢) (t—l—iR) > Oyy f(x0) + €,

by our choice of §; in (2.5). Since
z(0,...,0,R) = f(0,...,0,R) =0, (2.6)

we have
2(0,...,0,t 4+ R) > t(dxy f(x0) +€) fort e (0,65]. 2.7

For x € QN Bgrys, (0), if we write x = y — tv, (where y is the unique point of 92 closest
to x), then necessarily 0 < ¢ < |x| — R < &1, since Bg(0) N Q2 = #. Now f|sq = 0, and
by (B3), [V f(x)| < dxy f(x0) + €/2in Bag(xp) N Q. If we integrate it from 92 along the
normal direction, then f(x) < #(dx, f(x0) + €). Together with (2.7), we obtain

fx) 2t @By fxo) +€) <2(0,...,t+R) <z(0,...,0,|x]) = z(x).
This proves (i). Part (ii) follows from (2.6), (B3) and

R o+1
8XNZ(O, R A R) = (afo(xO) + 26) (m)

< Oy S (x0) + 2¢
< Oy fO,...,t+R)+3e

fort € [0, 81]. O
Proof of Proposition 2.4 1t suffices to show that
ug <z inQ := Brys, (0) N Qforalld € (0, d). (2.8)
We will proceed by comparison. Firstly, by Lemma 2.8(i),
—dLiz+z>z>f inQ. (2.9)

Secondly,
ug=0<z ondQ' NaIQ. (2.10)

Thirdly, for each x € 9Q' N Q, and all d € (0, 31),
€
ua() = (=000 +3) 81 = (=0, f00) + ) o1, @.11)

where the first and second inequalities follow from Lemma 2.7 and (B3), respectively.
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Next, we claim that
(=3, f(x0) + €) 81 < z(x) ond' NK. (2.12)

To show (2.12), we note that by (2.5),

1-— 08—1 + 70(0 1) (81)2 <l-o (7—vi(xo) te ) 6—1
R 2 R =0y f(x0) +2¢/) R

In view of the inequality (1 4+s5)7° <1 —o0os +

Y ( —8, f (x0) + € ) 51
5 E 1 —0 T a 7. N1 A W
I+ —9.f(x0) +2¢) R

which is equivalent to (2.12). Combining (2.10), (2.11) and (2.12), we have

U(%H)sz for s > 0, we have

ug <z ondS foralld € (0,d). (2.13)

By (2.9) and (2.13), we can conclude (2.8) by the comparison principle. ]

We now proceed to establish Proposition 2.5. To this end, define

1
-2 o1 R
8y 1= min[R|:1—(Cz 6) },51,], with ¢ = inf 3, f]. (2.14)
) —€ 2 aQ

As before, by Lemma 2.1 it suffices to show that there exists do > 0 such that for all
d € (0, d) and for each xg € 9, (2.3) holds for x = x¢ — tvy, for all £ € (0, 82]. Without
loss of generality, assume xo = (0, ..., 0, —R), vy, = (0, ..., 0, —1) and the interior sphere
at xg is Br(0).

Lemma 2.9 Define w € C%(Bg(0) \ Br—s,(0)) by
w(x) 1= (=0, f(x9) —2€)p(x).
Then

(1) wx) < f(x) in Br(0)\ Br—s,(0);
(i) w©,...,0,—R+1)> f(0,...,0,—R+1)—3et forallt €0,5].

Proof Part (ii) follows from w(0, ...,0, —R) = f(0,...,0,—R) =0, and

O yw(,...,0, =R +1) > 0, w(0,...,0,—R)
=0¢y f(0,...,0,—R) — 2¢
> 0y, f(O,...,0, =R +1) — 3¢,

where the last inequality follows from (B3).
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Part (i) follows from w = 0 < f on dBg(0), and

—xy
x|

R o+1
Oy w(x) = (dxy f (x0) — 2€) (7|)

R o+1
< (Bxy f(x0) — 2€) (R — 52)
=< 3fo(x0) —€
<O f0 =3

in Br(0) \ Bgr—s,(0). The second last inequality follows from (2.14) and the last inequality
is a consequence of (B3). O

Proof of Proposition 2.5 By the proof of Lemma 2.9(i), we have actually shown
Se . .
fx) —wx) > - in {x € Br(0) : dist(x, 02) = 82} . (2.15)

Let Q’: = {x € Br(0) : dist(x, 32) < d2}. By Lemma 2.9(ii), it suffices to show that for
some dy = d2(82, €, Q, f),

ug>w inQ" foralld € (0, d). (2.16)
We proceed by comparison method. Firstly, by Lemma 2.9(1) and Liw > 0,
—dLiw+w<w< f inQ". 2.17)

Secondly,
w=0<u; ondR’"NaIBr(0). (2.18)

Thirdly, by Lemma 2.1, there exists dy = d2(52, €, 2, f) such that for all d € (0, d2),
doe . .
w<f— > <ug in{x € Q:dist(x, 0Q) = 8}. (2.19)
In particular, w < ug on 3Q” N Bg(0) foralld € (0, d2). Hence by (2.17), (2.18) and (2.19),

we deduce (2.16) by the comparison principle. Hence (2.3) holds for x = xo — tvy, and all
t € (0, 62]. This completes the proof of Proposition 2.5. m}

3 Existence and Comparison Theorems for Principle Eigenvalues

In this section, following the approach in [24], we demonstrate the existence of the principal
eigenvalue for (1.6) via the Krein—Rutman Theorem and establish some comparison theorems
for the principle eigenvalues.

Proposition 3.1 There exists a principal eigenvalue A1 € R for (1.6), with either boundary
condition (1.8) or (1.9).

By replacing A by A — C for some large constant C, we may assume that ¢;; > 0 in £ for

all i, j. Choose any 8 > 0 large such that (—d; L; + 8) ! exists for the respective boundary
conditions and is positive. Let A € [—f, 00). Define K g : [C(2)]" — [C(2)]" by
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K pu = (=DL+ BI) "' [Au + (n + Bul. (3.1

As K p is a positive compact operator, by the Krein—-Rutman theorem, K, g has a principal
eigenvalue r (K, g) > 0 given by

r(Kog) = lim 31K p)" .

The following result is a consequence of the monotonicity of r(K; g) in A € [—f, 00),
for each B > 0. Clearly, Proposition 3.1 follows from Lemma 3.2.

Lemma 3.2 The principal eigenvalue Ay of (1.6) exists. Furthermore, let B > 0 and ) €
[—B, 00) be given.

(i) Ifr(Kyp) =1, then A = Ay;
(it) Ifr(Ky p) < 1, then A < Ay;
(iii) Ifr(Ky,p) > 1, then A > Aj.

Proof Without loss of generality, assume D = [, i.e. d; = 1 for all i. Firstly, part (i) can be
verified in a straightforward manner. Secondly, suppose that r(K},,g) < 1 for some g > 0
and A9 € [—f, 00). Define Z : [C(2)]" — [C(2)]" by

(Zu); = (—Li + B) " u;
Since for any A > A,
(K pu)i > M(—Li + B) " 'uil = (Zu);

holds, where (—L; + 8)~! is the inverse of (—L; + ) (with boundary conditions), we have
r(Ky pg) = Ar(2) for all A > Ao. Since r(Z) > (0 by the positivity of Z, by the continuity
of r(Kyg) in A, r(K; ) = 1 for some A > Ao. Therefore by part (i), Lo < A= A1, where
A1 is the principal elgenvalue of (1.6). Finally, suppose that r (K}, g) > 1 for some 8 > 0
and A9 € [—f,00). Then for A > Ag, (K gu); > (K, pgu); for all i and u; > 0. So
r(Kyp) = r(Kyyp) > 1forall L > Ao. If the principal eigenvalue A of (1.6) exists, then
we must have A < Ag. Thus it remains to show the existence of A;. For that purpose, we
observe that r(K_g g/) < 1 for some g’ > 0, as ||(—L; + B)~ 1 — 0when g/ — oo, via
the maximum principle. By the previous part of the proof, there exists A’ € (—f8’, 00) such
that (K p/) = 1, i.e., A exists and equals 1. m}

Next, we present a well-known comparison theorem for principle eigenvalues of cooper-
ative systems.

Definition 3.3 (i) Let A} be the principal eigenvalue of

[Dlld) + A*¢* +2*¢* =0 in Q, a0

B*¢* =0 on 02,
where A*(x) = (a;“j(x)) € (C(Q))nxn satisfies a > 0in Q wheni # j; B* =

(Bf, ..., By) with Bf =9, + p}, where p} > 0, p} € Cc(Q).
(i) Let A? be the principal eigenvalue of (1.6) with Dirichlet boundary condition (1.9).
(ii1) For each smooth subdomain ¢ C €2, let Af) (£2p) be the principal eigenvalue of (1.6)
with € replaced by €2, and Dirichlet boundary condition on 9.
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Proposition 3.4 Suppose that al.*j > ajj in Qforl <i,j <n, and pi < piin Q for
1 < i < nif B; satisfies (1.8). Let Ay be the principal eigenvalue of (1.6) with boundary
condition (1.8). Then A} < 1 < AP < AP (Qy).

Proof Define (—DL—{-ﬁI)_1 s (—DE—H?I)B1 and [(—DL + ;‘31)*]‘1 as the inverse operator
of (—DL + BI) on Q with boundary conditions B[-] = 0, D[-] = 0 and B*[-] = 0,
respectively. (Here D¢ = ¢|yq.) Let (—DL + BI )0 lD denote the inverse operator of (—D L+
B1I) on Qg with Dirichlet boundary condition on 8520 As before, by replacing A with A — C
for some large constant C > 0, and take a large positive 8, we may assume that “; ! >a;j >0

in Qforalli, j,and thatforany g > 0, (—=DL+BI) "', (=DL+BD ' [(=DL + B1)*]!
and (—DL + BI )a ID exist and are positive.
First we show A} < A;. Let K*: [C()]" — [C(2)]" be defined by

K*u = [(=DL+ A1+ D*I7 (A% + OF + A+ Du).

Thenr(K*) = 1 by Lemma 3.2. It follows from the maximum principle that forall f € C (Q)
and f >0,

[(=DL+ A1+ DD f = (=DL+ (M| + DD f.

S0 Kyx jpsj+1.f < K* f holds for all f = (fi, ..., fu)" € [C(Q)]" such that f; > 0 in Q.
Therefore,

r(Kos si41) = r(K*) =1.
Hence, by Lemma 3.2, A1 > A7. The proof for A; < kf) is similar and is omitted.

Next, we show A < AP (Q). Define K2 : [C(Q)]" — [C(Q)]" and K : [C()]" —
[C(R0)]" by

KPf = (—Dll n (M{)(Qon + 1) 1); (Af n (A?(QO) + 2P (o) + 1) f) ,

k{1 = (-pL+ (hP@i+1) 1) [(ar+ (1P +1P@0)1+1) £) Ia |-
Applying the maximum principle to 29, one can show that for any f > 0, f € C(R),
—1 —1
_ D _ D
(-pe+ (WP@ui+1)1) 1712 (<DL + (P @1 +1) 1) [Flad]

holds in €2¢. Hence, for all f = (f1,..., fu) € [C(2)]" such that fi=0inQpand f; =0
in @\ Qo, we have K flo, > KP f in Qo. So r(KP) > r(KP) = 1. By Lemma 3.2, we
obtain AP < AP (Q). a]

4 Proof of Theorem 1.4

In this section we establish Theorem 1.4. For the sake of clarity we divide the proofs into
several lemmas. It is clear that Theorem 1.4 follows immediately from Lemmas 4.1 and 4.3.
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First we consider the lower bound of the principle eigenvalue of (1.6).

Lemma 4.1 The following estimate holds:

lim inf A] > —max A (A(x)). 4.1

max| < <p {di}—> xeQ

Proof We only need to treat the Neumann boundary condition (i.e. (1.8) with p; = 0), since
by Proposition 3.4, replacing the Neumann boundary condition by the Dirichlet boundary
condition or the Robin boundary condition only increases A1. By Lemma 3.2, it suffices to

show that given € > 0,if A < — ma_xi (A(x)) — €, then 7 (K jxj+1) < 1 for max;<;<,{d;}
xeQ
sufficiently small.

Replacing A by A — C for some large constant C > 0, we may assume a;; > 0 forall i, j.
For the meanwhile, we make the additional assumption that

aij(x) >0 inQ foralli, j. 4.2)

For each x € Q, A(x) is a cooperative matrix. By the Perron-Frobenius Theorem, for
each x € Q there exists a unique eigenvalue A (A(x)) € R with a corresponding non-
negatlve eigenvector ®(x) = (®1(x), ..., D, (x)), P;(x) > Oforalli. Thatis, A(x)P(x) =

k(A(x))d)(x) for all x € Q, where we normallze d(x) by >, <b2(x) = 1. Moreover, by
(4.2), M(A(x)) is simple and ®; > 0 in Q forall i. O

Claim 4.2 ® € [C(Q)]"

To establish our assertion, given any xg € Q, let x; be a sequence in Q such that x; — xo,
and A(xp)®(xx) = A(AGxg)) P (xp). By passing to a subsequence, we may assume that for
some &’ € R", ) € R, ®(xx) — ¥ and A(A(x)) — A/ as k — oo, with @) > 0 foralli,
> (@;)2 = 1,and A(xp)®" = A'®’. Since @' is a non-negative eigenvector of A(xo), by the
simplicity of the principle eigenvalue we must have ®' = ®(xp) and 1 = A(A(xp)). Since
the limits A/, @ are independent of subsequences, the full sequence converges and the claim
is proved.
Next, we claim that for each i, if f € C(Q), then as d; — 0,

(~diLi + M+ 1) f— in L>(Q). 4.3)

A+ 1
To show (4.3), we observe that for any € > 0, there exists f € C%($2) such that
f=

Then for d; small,

" f P ;
&¢u+w+n(m+]+%— ¢u(m+l+0+f+aw+nzf

f§f+§ in® and 9,f=0 ondQ.

mm

in Q. As (—d;L; + |\ + 1)~! (with the Neumann boundary condition) is a positive operator
for d; small, we can conclude by the comparison principle that for d; small,

_ f f ( 1 )
—diLi + 1A+ D7 f < +ex< + +1)e
(ZdiLi + M+ 1) f—|x|+1 Al + 1 A+ 1
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Similarly, for d; small we have

_ / f ( 1 )
—diLi + A+ D7 > —e> - +1)e
( DT Al +1 [Al+1 A+ 1

Hence (4.3) is proved.
Next, we observe that

AP X)) + A+ A+ DD (x) = [AM(AK)) + A + 1] + 1D (x).
Hence, as max <j<,{d;} — 0,

MAG)) + A+ A+ 1
K 1P (x) — P D(x)

in L®°(2). Since we chose A < — max A(A(x)) — €, so for d; small,
Q

I +1—e/2

K o <
A A|+1 |)\| +1

Hence, r (K., 3+1) < 1. This proves (4.1) under assumption (4.2).

We now remove the extra assumption (4.2). Let § > 0 be any small constant. Consider
(1.6) with the Neumann boundary condition, with A(x) = (ai j (x)) replaced by A(x) =
(@ (x)) := (aij(x) + 8). Denote the corresponding principle eigenvalue by ;. Previous
arguments apply and we have

liminf & > — max 2 (A(x)) .

max <i<p{di}—0 xeQ

By Proposition 3.4, A; > *1. Hence, liminf A > — m_ax)_» (A (x)>‘ On the other hand,
max; {d; }—0 Q

x (A(x)) — A (A(x)) uniformly in Qas 8 — 0. This proves (4.1).
Next, we consider the upper bound of the principle eigenvalue of (1.6).

Lemma 4.3 The following estimate holds:

limsup A; < —max A(A(x)). (4.4)

max|<j<p{d;}—>0 XEQ

Here the boundary condition of (1.6) can be either (1.8) or (1.9).

Proof Given any &’ > 0, choose B = B,(xg) with » > 0 and xop € Q so that B C
and A(A") > maxg A(A(x)) — §', where A" = (a{/.) is a constant n X n matrix given by

a; ;= meig a;j(x). Let A be the principal eigenvalue of the problem
X

DLo+ A¢+2rp =0 in B,
¢=0 on dB.
By Proposition 3.4, A] > 4. O

Claim4.4  limsup A} < —A(A).

maXj<j<p {di}—0

To establish this assertion, choose ¢ € C'(B) so that ¢ > 0 in B, ¢l = 0, and
dv,@lyp < 0. Similar as before, given n > 0, set . = —A(A’) + n and
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Al = (=DL+ A+ DA u+ O+ [A] + Dul.

Set u; := a;p, where a; > 0 are constants, not all equal to zero, which satisfy A;/.aj =

X(A"a;. Choose € > 0 such that
A+ 1
M(l —e)> 1.
Al + 1

Then for max<;<,{d;} small, Corollary 2.3 implies
(Ajw)i = MA) + A+ A+ 1(=diLi + M+ D g
aip
A+ 1

=+ A +DA-e

Hence, there exists some constant ¢ > 1 such that

(Aju); > cu; ifa; > 0;
(A;\u),‘ =0= Cu; ifa,‘ =0.

Therefore, r(Ag»,MH-l) > 1 for max;<;j<p {_d,-} small. By Lemma 3.2, given any n > 0, for
max<j<n{d;} small, we have 1] < A = —A(A") + 1. Hence,

limsup A} < —A(A") +1.

max|<;<,{di}—0

Our claim follows by letting  — 0.
To finish the proof of (4.4), we notice that A} < k’l, SO

limsup A; < —A(A") < —max L(A(x)) + &'
Q

max; {d; }—0

Finally, (4.4) follows by letting 8" — 0.

5 Global Stability in Nonlinear Cooperative Systems

Theorem 1.5 will be proved in this section, with (A1)—(A4) being assumed throughout the
whole section. We shall combine the arguments in [22] together with our linear theory devel-
oped in earlier sections. The main steps are outlined as follows. First, it is shown that (1.11)
has at least one positive steady state (Lemma 5.1). Next, itis proved in Proposition 5.2 that any
positive steady state of system (1.11) converges uniformly to the unique positive equilibrium
of the corresponding kinetic system as maxi<;<,{d;} — 0. Finally, we prove (Proposition
5.9) that every positive state is linearly stable and thus asymptotically stable; this step makes
use of the linear theory introduced earlier in the paper. Theorem 1.5 follows immediately
from the monotonicity of system (1.11).

Lemma 5.1 System (1.11) has at least one positive steady state. Furthermore, if maxj<;<p
{d;} is sufficiently small, then any positive steady state u = (uy, ..., u,) must satisfy 8o <

uj < M in Q, where 8o and M are given in (A3) and (A4), respectively.

Proof Define w” = (@Y, ..., wY) and w’ = (w?, ..., w?) by J)?(x) = M and g?(x) =8

in Q, Jj = 1,...,n. Since for max<;<,{d;} sufficiently small, w° and go are upper and
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lower solutions of (1.11), respectively, and u')(; > Q/). in € for all J, (1.11) has at least one

positive steady state w = (wy, ..., w;) such that g(} <w; < 12)?.

On the other hand, by (A1) and (A4), there exists § > 0 such that

diLiM +Fx,M',.... M) <0 foralli, if [max {di} <Sand M' > M. (5.1)
<i<n

Assume that maxj<j<,{d;} < 8 and w = (wy, ..., w,) is a positive steady state of (1.11)
such that [[w ;|| =~ @) = ]max lwill oo (@) = M’ > M for some j, then by (5.1) and (A1),
’ <i<n

dijM/-i-Fj(x, wl,...,wj,l,M/,ij,...,wn) < 0.

Sow; # M', and z := ||w,|l1=@ — w; is a non-negative function in Q that satisfies
z(xp) = 0 for some x¢ € 2, and

diLiz+pz <0 inQ, Bjz>0 ondQ,

1
where p(x) = fO 8stj(x, Wi, ..., Wi—1, Wj + l‘(||U)j||L00(Q) — wj), Witl, .-, wy) dt.
This contradicts the strong maximum principle if xo € €2, and the Hopf Boundary Lemma
if xo € 9Q2. Hence, w; (x) < M in 2 for all i. Similarly one can show that w; > &g in 2 for
all 7. O

Proposition 5.2 For any positive steady state w of (1.11), w — « uniformly in Q as
max;{d;} — 0. Here o is given in (A2).

We adopt a monotone iteration procedure as in [22]. Let w® and w° be as defined in the
proof of Lemma 5.1. Let K > 0 be chosen so large that for all i, K + 95, F; (x, s1,...,5,) >0
forallx € Qand 0 < s1,...,s, < M. For any (ug,...,Up) € [C(Q)]n, define v =
(v1, ..., vy) = 7Tu as the unique solution to

—DLv+ Kv=Ku+ F(x,u) in 2,
Bv =0 on 0€2.

Now for k € N, define w* = (w})_, := Tw*~! and wk = (Wh)1_, := Twh .

k—1

Lemma 5.3 Foreveryk € N, wk < wk < k=1 < @F holds in Q.

Proof We proceed by induction. Fork =l andi =1,...,n,

—DL@' — % + K@ — % = DL + F(x, w%) <0 in Q,

B! —w% =0 on 9.
By the strong maximum principle (applied to each component), w' < w0 in Q. Assume
for induction that for some k > 1, w¥ < w¥~1 in Q. Then, as Ks; + Fi(x,s1,...,8,) 18
increasing in sy, .. ., s, and strictly increasing in s;, we have

—DL@*! — k) + K@k — k)
=K@ — oY + F(x, o) — F(x,o*1) <0 inQ,
B@*t! — wk)[yq = 0.
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k+1 0 1

By the maximum principle we obtain wf*! < @ in Q. By induction, w® > w! > w? > ...
0 1 2

Similarly, we have w” < w' < w*~ < ... It remains to show that for any k € N U {0},
wk < wk. (5.2)
The statement obviously holds for k = 0. Assume (5.2) holds for some k£ > 0, then

—DL:(II)/H_I _ wk+l) 4 K(wk+l _ wk+l)
= K@ —w") + F(x, w") = Fx,w") > 0 in€,
B(wk+l _ wk%»l)bQ =0.

Hence, w**! > wk*! in ©. By induction on , (5.2) holds for all k € N U {0}. |
Lemma 54 Ifw = (wy, ..., wy) is a positive steady state of (1.11), then for all k,
wt<w<wf  inQ (5.3)

Proof By Lemma 5.1, (5.3) holds for k = 0. Suppose that (5.3) holds for some k > 0. Then
—DL@ T —w) + K@ —w) = K@* —w) + F(x, w*) — F(x,w) >0

holds in 2, and B(w*+! —w) = 00n 8. By the comparison principle we have w**t! —w > 0.

Similarly, w**! — w < 0. This completes the proof. D

Next,_for each fixed k we investigate the convergence of wk, wk as maxliiin{c_li} — 0.
Define Wo(x) = (M, ..., M) and Eo(x) = (8p,...,080). For k € N and x € , define
successively

W) o= WA 00+ R, W ),
W) = WA+ 2 e, wh ).

Lemma 5.5 For eachk € NU {0}, i = 1,...,n, as maxi<j<a{d;} — 0, w¥ — W} and
wf‘ — Eﬁ‘ uniformly in Q.

l’? — Wik , as gﬁ‘ — ﬂf{ follows in a similar fashion. Given € > 0,
it suffices to find, for each k, i, some positive constant § such that |u')l’.‘ — Wileoo(Q) < eif
maxi<j<n{d;} < 8. We proceed by inductionon k. Fork = Oandanyi = 1, ..., n, the claim

is trivially true as II)? = Wio. Suppose that ﬁ)f — Wik forsomek >0andalli =1,...,n.

Proof We only show w

Choose smooth functions p;, i = 1, ..., n, satisfying p; < Wl.k in Q. By the monotonicity
of Fi s

1 - 1 - -
pi+ e Filx, p) < W+ Fox, W) = Wi

Therefore, for each € > 0 sufficiently small, there exist smooth functions p = (01, ..., On)
such that for each i,

1 _
fi—gsp+ohp)<h W inQ BA=0 mie (54
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Then P; = w*t! — 5; + € satisfies
—d;L;P; + KP;
= K} + F;(x, 0") — Kp; +d;Li(p; — €) + Ke
= K" + Fi(x, ") — Kpj — Fi(x, p) — Ke/2 + d;i Li(p; — €) + Ke
K@} — W)+ F(x, w") — Fix, W) + diLi(5i — €) + Ke/2
> Ke/2—d;iCy — Ca||wf — W1~
>0,

%

provided that max<;<,{d;} is sufficiently small. Therefore, for any € > 0 and p; < Wik, we

have ﬁ)f“ > p; — € for sufficiently small d;. Hence,

liminf @/ > p;
max|<;<p{di}—0

uniformly in Q. By choosing p; — Wik for all i, we see by (5.4) that p; — Wf“ for all 7.
Hence,

liminf @it > wit!
max<j<p{di}—>0

uniformly in Q. Similarly, we can show that for all 7,

lim sup 12)5‘“ < WikH
max| <j<p{di}—>0

uniformly in Q. Therefore for all i, IDZHI — WikH uniformly in Q as max|<j<pidi} = 0.

This completes the proof. O
Lemma 5.6 Forallx € Q,i=1,...,n andk € NU{0},
W) < Wi o) < Wi oo < W) inQ (5.5)
Proof We proceed by induction. Consider k = 0. For all x € € and all i,
W) = Wl + %Fi(x, M,....M) < W),
Whw = W0 + R0, 80) > W),
Wy — Wl =M+ %Fi(x,M, M) — [50 + %Fi(x,éo, ...,50)] > 0.

The last line holds as for all i, K's; + F; (x, s1, ..., Sy) is increasing in s, . . ., s, and strictly
increasing in s;. Now assume (5.5) is true for some k > 0, then

WE2(x) — WA () = WA () — WEx) + % [Fi (5 W) = 7 (e, W4)] <0,
W2 (0 — Wi () = wh 0 - who + 2 [F (v 1) < (1 04)] > 0,
W 00— R0 = WA 0 = W o 4 [ (1 W9) = (v w1 ] s 0

Thus (5.5) is true for k + 1. The proof is complete. O
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Lemma 5.7 WX — « and W* — o uniformly in Q as k — oc.

Proof Notice that for each x¢ € Qandeachi =1,...,n, Wl." (xp) is decreasing in k and
Wik (x0) > ﬂ?(xo) > 0 is bounded from below. Hence, Wl-oo(xo) = klim Wik (x0) > 0
—00

exists foralli =1, ..., n. In addition,
_ _ 1 _
W (x0) = W (xo) + ?Fi(x, W (x0)),

and thus Fj (x, W™ (x0)) = 0 for all i. By (A2), W (x) = «; (xo) for all i.

Now for each i, {W,-k}kzo is a sequence of continuous function decreasing in k and con-
verges pointwise to «; € C(£2). By the following well-known calculus lemma (see, e.g.
Theorem 7.13 in [21]), we see that as k — oo, W¥ converges to « uniformly in Q.

Theorem 5.8 Suppose that K is a compact set in RN and

@ {fi}g2 is a sequence of continuous functions on KC,
() {fx} converges pointwise to a continuous function f on IC,
©) fix) > fix1forallx e K, k=0,1,2,...

Then fi — f uniformly in K.

Similarly, W* — « uniformly in € as k — oc. The proof of Lemma 5.7 is complete. 0

Proposition 5.2 follows from Lemmas 5.4, 5.5 and 5.7.

Proposition 5.9 There exists some positive constant § such that every positive steady state
of (1.11) is linearly stable (hence locally asymptotically stable) if max;{d;} < §.

Proof To consider the linear stability of a positive steady state w = (wyq, ..., wy), it suffices
to show that the principal eigenvalue A of the following problem is positive:

DLY + s F(x,w)p +A¢p =0 in Q,
Bp =0 on 0.

BAy (A2), we have A(D,F (x, a(x))) < 0 for all x € . Therefore, for any n > 0 small,
Fij(x) :== stFi(x, a(x)) + n satisfies

A(Fij(x) <0 forallx € Q. (5.6)
Let i1 be the principal eigenvalue of

DLo+ Fop+rp=0 inQ,
B =0 on 0L2.

By Proposition 5.2, there exists 6 > 0 such that for any positive steady state w of (1.11),
0s; Fi (x, w(x)) < 9y, Fi (x, (x)) + 1 = Fjx) ing,

whenever max<;<,{d;} < 8. Therefore, 11 > )Aq by Proposition 3.4. While by Theorem 1.4
and (5.6), we have

maxlgiﬁn{di}_)o maxlSiSn{di}_)O xeQ

liminf Ay > lim ):1 = —mag(X (I:",-j (x)) > 0.

Hence, there exists § > 0 such that whenever maxj<;<,{d;} < 8, A1 > 0 for any positive
steady state w of (1.11). m]
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Proof of Theorem 1.5 By Lemma 5.1, (1.11) has at least one positive steady state. By
Proposition 5.9, any positive steady state of (1.11) is linearly stable. Since (1.11) is an
order-preserving system, it follows that (by Theorem 1.1) (1.11) has a unique positive steady
state w, and w is globally asymptotically stable. Moreover, by Proposition 5.2, this unique
positive steady state w converges to « uniformly in € as maxj<j<,{d;} — 0. O
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