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Abstract This paper considers the initial value problem for a class of fifth order dispersive
models containing the fifth order KdV equation

du — 3du — 30udcu + 209, ud’u + 10ud’u = 0.

The main results show that regularity or polynomial decay of the data on the positive half-line
yields regularity in the solution for positive times.
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1 Introduction

In this work we study propagation of regularity and persistence of decay results for a class of
fifth order dispersive models. For concreteness, the main theorems are stated for initial value
problems of the form

(1.1)

Blu—8314+clu28xu+c23xu8§u+C3u83u =0, x,t €R,
u(x,0) = up(x),
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where c¢; are real constants, # : R x R — R is an unknown function and up : R — Ris a
given function. Eq. (1.1) contains the specific equation

du — 9u — 30udyu + 200,ud>u + 10udiu =0 (1.2)
which is the third equation in the sequence of nonlinear dispersive equations
dou+ 02w+ 0 (u ot ..., aﬁf’lu) —0, jez*, (13)

known as the KdV hierarchy. Here the polynomials Q ; are chosen so that Eq. (1.3) has the
Lax pair formulation

O;u = [Bj; Llu

for L = dd—; — u(x) the Schrodinger operator [16]. The first two equations in the hierarchy
are

o — oyu=0 (1.4)
and the KdV equation
du 4 3u + udyu = 0. (1.5)

With only slight modifications concerning the hypothesis on the initial data, the techniques
in this paper apply to a large class of fifth order equations including the following models
arising from mathematical physics:

ot + Oxu + crudyu + czaiu + C38xu8§u + C4I/l3;l/l + csafu =0 (1.6)

modelling the water wave problem for long, small amplitude waves over shallow bottom
[22], a model describing short and long wave interaction [1]

du —20,ud’u — uddu 4 ou =0, (1.7)
and Lisher’s model for motion of a lattice of anharmonic oscillators [18]
du + (w4 u?)dyu + (1 + ) (dyud?u + uddu) + 93u = 0. (1.8)

See also [24] and references therein.

Following Kato’s definition [9], the initial value problem (IVP) (1.1) is said to be locally
well-posed in the Banach space X if for every ug € X there exists 7 > 0 and a unique
solution u () satisfying

ueC(0,T; X)NYr, (1.9)

where Y7 is an auxillary function space. Moreover, the solution map u( +— u is continuous
from X into the class (1.9). If T can be taken arbitrarily large, the IVP (1.1) is said to be
globally well-posed. The persistence condition (1.9) states that the solution curve describes
a dynamical system.
It is natural to study the IVP (1.1) in the Sobolev spaces
H'®R) = (1-9) " L2®), seR,

X

having norm

1A as = 17 fll2 ~ I fll2 + I1D* fll2.
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The homogeneous derivative D and its inhomogeneous counterpart J are defined via the
Fourier multipliers

D fE) = E°f&) and  TF(E) = (£)fE). seR,
where (x) = (1 + x2)!/2. The weighted spaces
Xom=H R NL*(|x|" dx) s €R,m e ZT U{0}

also appear in our analysis. Additionally, we use the notation x; = max{0,x},x_ =
min{0, x} and write A < B to denote A < ¢B when the value of the fixed constant c is
immaterial. The floor and ceiling functions are denoted by | x| and [x7], respectively.

The persistence property (1.9) doesn’t preclude all smoothing effects. For step-data,
Murray [21] proved the existence of solutions to the initial value problem for the KdV
Equation (1.5) in the class C*°({x, ¢ : x € R, t > 0)}) which weakly recover the initial data.
Kato [9] described this quasiparabolic smoothing effect as stemming from the unidirectional
dispersion inherent in the equation. He obtained a similar result for data having exponential
decay on the positive half-line. The Kato estimates occur in the asymmetric spaces

H'R)NLF[R), 5>0, >0,
where
L3(R) = L*(eP* dx),

in which the operator 9; + 8; is formally equivalent to ; + (3, — 8)>. The use of asymmetric
spaces leads to a result which is irreversible in time. Isaza et al. [8] extended the quasiparabolic
smoothing effect to a large class of fifth order equations.

Theorem A (Isaza et al. [8]) Ler u € C([0, T1; H®(R)) be a solution of the IVP associated
to the equation

du — 3u+ Qo (u, deu, 32u) d3u + Q1 (u, dyu, 32u) =0 (1.10)
corresponding to initial data uy € HO(R) N L2(eP* dx), B >0, with
Qo= > aud @) (02), Nez'. N=1 ajeR (L1
1<i+j+k<N
and
01 = Z by jxu' (dxu)’ (aﬁu)" MeZt,M>2,b;reR (112
2<itj+k<M
Then
e’u € C([0, T1; L*(R)) N C((0, T); HX(R)),
and

leP*u(e)2 < cllef uoll, €0, T1.

Kato [9] demonstrated the existence of weak global solutions u to the KdV Equation (1.5)
corresponding to initial data in LZ(R). A key step in his proof is the a priori estimate of
llull g1~ g, gy interms of [|uo ||2. In addition, his approach shows the following local smoothing
effect.
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Theorem B (Kato [9]) Let s > 3/2and 0 < T < oo. Ifu € C([0,T]; H*(R)) is the
solution to (1.5), then

ue L*(0,T); H*' (=R, R)) forany 0 < R < oo,
with the associated norm depending only on ||uo||gs, R and T.

Roughly, the proof follows by observing that a smooth solution u to the IVP associated to
the KdV Equation (1.5) satisfies the identity

% (8§u)21//dx+3/(8§+1u)21ﬁ’ dx

:/(8fu)21ﬁw dx—i—/ax(l//u) (afu)z dx+/a§u [ajj;u] deur dx. (1.13)

for k € ZT. Selecting ¥ = ¥ (x) to be a sufficiently smooth, nonnegative, nondecreasing
cutoff function, integration of the above identity in time yields local estimates of 3**!u as
each term on right-hand side can be controlled by ||u|| LS HE-

Isaza et al. applied Kato’s argument to study the propagation of regularity and persistence
of decay of solutions to the k-generalized KdV and Benjamin—Ono equations in Refs. [7]
and [6], respectively. Also working in asymmetric spaces, they observed that for a solution
u to the KdV equation corresponding to data ug € H*(R) with s > 3/4, if X" 2uq I22(0,00)
for some n € Z7T, then for every xo € R, u(-,t) € H"(xp, oo) for positive times. More
succinctly, one-sided decay on the initial data yields regularity in the solution. In this paper
we extend their work to fifth order dispersive models. Before stating our results we review
the local well-posedness theory for (1.1) and related models.

Utilizing the Lax pair formulation, initial value problems associated to equations in the
KdV hierarchy (1.3) can be solved in a space of rapidly decaying functions using the inverse
scattering method [4]. This method does not apply to dispersive equations of a more general
form.

While studying the models (1.1), (1.6), (1.7) and (1.8), Ponce [24] remarked that the use of
dispersive estimates appears essential to attain local well-posedness in Sobolev spaces. Using
the energy method, sharp linear estimates and parabolic regularization, in Ref. [24] Ponce
proved local well-posedness for the initial value problems associated to these equations in
H*(R), s > 4.

Kenig et al. investigated the class

2t 2j
[% +o M u+p (u’ax”s---*axj”) =0 xrek (1.14)

u(x,0) = up(x),

with j € Z* and P : R¥*! — R (or C**! — C)a polynomial having no constant or linear
terms. Using the contraction principle, they established in Refs. [12] and [11] that for a given
equation in the class (1.14) there exists a positive real number sy and nonnegative integer m
depending only on the form of the polynomial P such that the corresponding IVP is locally
well-posed in the weighted space X ,, forallm € Z*,m > mg and s > max{sg, jm}. Thus
equations of the form (1.14) preserve the Schwarz class. The use of weighted spaces stems
from the observation that [L; I"] = O for the vector fields

L=+ and I'=x—2j+ Doy’
Given that each term of P has “enough” factors, it may be that the corresponding IVP is

globally well-posed, that no weight is necessary or both. For further comments, see [17].
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Following [19] and [20], Pilod [23] showed that certain initial value problems in the class
(1.14) are in some sense ill-posed. In particular, if P contains the term ua)]gu for k > j, then
the solution map H*(R) 3 ug — u € C([0, T]; H*(R)) is not C? at the origin for any
s € R. For equations of the form (1.1), Kwon demonstrated that the solution map is not even
uniformly continuous by using the arguments of [13] and [14]. All of these facts result from
uncontrollable interactions when both high and low frequencies are present in the initial data.
Thus, in contrast to the KdV (1.5), equations of the form (1.1) cannot be solved using the
contraction principle in H*(R).

Differences between (1.1) and (1.5) also arise when applying the energy estimate method.
Note that after integrating by parts, smooth solutions u to (1.1) satisfy

d 2 )
E/ (3)’?“) ¥ (x) dx + 2/ (a§+2u) ¥’ dx
2 2
< Jotul [ () v ot | [ (3710) " v o
for k € Z7T. After integrating in time, the right-hand side cannot be estimated in terms

of ||ull LS HE- Kwon [15] introduced a corrected energy and refined Strichartz estimate to
overcome this loss of derivatives and obtained the following result.

+ - (1.15)

Theorem C (Kwon [15]) Let s > 5/2. For any ug € H®(R) there exists a time T 2,

luo ||;\-0/3 and a unique real-valued solution u for the IVP (1.1) satisfying

ueC(0,T]; H*(R)) and d’u € L'([0,T]; L (R)). (1.16)

Remark 1 A loss of derivatives can occur for equations for which LWP can be obtained in
H’ (R) using the contraction principle (see Sect. 7).

Using an auxillary Bourgain space introduced in Refs. [2,3], the local well-posedness of
the IVP (1.1) in the energy space H2(R) was established simultaneously by Kenig and Pilod
[10] and Guoet al. [5]. Thus global well-posedness follows in the Hamiltonian case, i.e.,
when ¢y = 2c¢3.

Our main contribution is the incorporation of Kwon’s corrected energy and refined
Strichartz estimate into the iterative argument used in Refs. [7] and [6]. We first describe
the propagation of one-sided regularity exhibited by solutions to the IVP (1.1) provided by
Theorem C.

Theorem 1 Lets > 5/2. Suppose ug € H*(R) and for somel € Z+, xg € R

1P ()
Bxuo‘ - / (o) (o) dx < oc. (1.17)
L2(x0,00) X0
Then the solution u of IVP (1.1) provided by Theorem C satisfies
o 2
sup / (07'u)” (x, 1) dx < c (1.18)
0<t<T Jxo+e—vt
foranyv >0,e > 0and eachm =0, 1, ...,1 with

c=c(l;v;s;T; lutoll s o) ) (1.19)

L%(x9,00)

where T is given in Theorem C. In particular, for all t € (0, T], the restriction of u(-,t) to
any interval (x1, 00) belongs to H! (x1, 00).

@ Springer



706 J Dyn Diff Equat (2017) 29:701-736

Moreover, foranyv > 0,e > 0and R > ¢

xo+R—vt 2
/ / a’+2u) (x.1) dxdt <€ (1.20)
X

0+e—vt

with

c=c¢ (l; vi&; Ry T luollas;

. 1.21
’ Lz(xo,oo)) ( )

Remark 2 Observe that (1.20) is a generalization of Kato’s local smoothing effect since we
do not require ug € H I(R).

Remark 3 The constants appearing in Theorem 1 have the form of a polynomial in v. For
| > 6, the degree of this dependence is d = 8(I — 5).

For fixed ! € Z™*, Theorem 1 is the base case for the situation where the derivatives of the
initial data possess polynomial decay when restricted to the positive half-line. Our second
result states that this decay persists.

Theorem 2 Let s > 5/2 and let n,l € Z . Suppose uy € H*(R) and for each m =
0,1,...,1

2 o0 2
Hxn/ZaTMOHLZ(O,oo) :/0 x" (chnuo) (x) dx < 0. (1.22)
Then the solution u of IVP (1.1) provided by Theorem C satisfies
© 2
sup / x" (Bjcnu) (x,t)dx <c (1.23)
0<t<T Je
forany e > 0and eachm =0, 1, ..., with
e o T . 2qk
c=c (n, Lie; T luollgs: |[x™ axuo‘ LZ(O,oo)) (1.24)
fork =0,1,...,m, where T is given in Theorem C. By local well-posedness, we may take

e=0form <s.
Moreover, for any ¢ > (0

2
/ / al+2 ) (x.1) dxdt < ¢ (1.25)
with ¢ as in (1.24).

The hypothesis of Theorem 2 may seem unneccessarily strong, but a bootstrapping argu-
ment yields regularity of the solution for positive times by imposing decay on only the
initial data and not its derivatives. Thus the next theorem can be seen as a weakening of the
hypothesis of Theorem A in as much as exponential decay implies polynomial decay.

Theorem 3 Lets > 5/2. Suppose uy € H*(R) and for some n € 7+
o0
||x"/2u0||’iz(0m) =/0 x"ud(x) dx < oo. (1.26)

Then for every § > 0 and any pair m, k € Z+ U {0} satisfying
n==k+ |m/2] (1.27)
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the solution u of IVP (1.1) provided by Theorem C satisfies, for k > 0

00 T 00
sup / (8)’6"14)2 (x, ) (xy ) dx —l—/ / (8;"+2u)2 (x, ) x )V dxdr < ¢
§<t<T Je—vt ) e—vt

(1.28)
foreveryv >0, e > 0, with

c=c(n:8;v; e Ts lluollas: 1" uoll 120.00)) - (1.29)

where T is given in Theorem C. For k = 0 and any R > ¢,

00 5 T pR—vt 5
sup / (92"u)” (x,1) dx + / / (02" 2u)” (x, 1) dxdt <& (1.30)
e 8 e—vt

§<t<T —vt

with ¢ additionally depending on R.

The time reversible nature of Eq. (1.1) yields a number of consequences. Combining with
the contrapositive of Theorems 1 and 3, we have the following.

Corollary 1 Assume that s > 5/2. Let u € C([—T, T]; H*(R)) be a solution of (1.1)
provided by Theorem C such that

aMu(-, 1) ¢ L*(a, 00) for somef € [—T,Tlanda € R.
Then for any t € [T, ) and any B € R
Mu(-, 1) ¢ L*(B,00) and x"™/?V2u(., 1) ¢ L*(0, 0).

Suppose now that the initial data has regularity to the right but also contains a singularity,
for instance ug € H*(R), ug ¢ H'(R) and

Biuo S Lz(b, 00) forsomel € ZT,1 > 2.

The persistence property (1.9) prohibits the solution from lying in H!(R). However, as a
consequence of Remark 3, we deduce that for positive times 8iu(~, t) has only polynomial

growth to the left and thus lies in leoc (R). That is, any singularities in a)lcu(-, t) vanish for

positive times. This is made precise by the next corollary to Theorem 1.

Corollary 2 Assume that s > 5/2. Let u € C([—T, T]; H*(R)) be a solution of (1.1)
provided by Theorem C. Suppose there exists |,m € Z+ with m < [ such that for some

a,beRwitha <b

0 2

/ (aiuo) (x) dx < o0 but 3"ug ¢ L(a, o). (1.31)

b

(i) Foranyt € (0,T] and any ¢ > 0

/m PR (9hu) c.ndx e 126 (132)

with ¢ depending on t and ¢.
(ii) Foranyt € [-T,0) and any x € R

/00 (8;”u)2 (x,1) dx = o0.
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Remark 4 The conclusion (1.32) holds for / = 3, 4, 5 with the appropriate modification to
the weight.

As a consequence of Corollary 2 we see that, in general, regularity to the left does not
propagate forward in time. Suppose in addition to (1.31) that

/:l (aiuo)z (x) dx < o0.

If this regularity persisted we could conclude from (1.32) that u(-,#) € H I(R) for positive
times, contradicting the persistence property (1.9).
Beginning with Theorem 3 yields a similar corollary.

Corollary 3 Assume that s > 5/2. Let u € C([—T, T]; H*(R)) be a solution of (1.1)
provided by Theorem C. If form,n € Z%, m < n,

xi”/ﬂ/zuo € L*(0,00) and 3'ug ¢ L*(B,00) for somep € R,
then for any t € (0, T
PV 1) € 120, 00) and 3'u(, 1) € L (@, 00) foranya € R,
and for any t € [T, 0)
"2V 1) ¢ L20.00) and 8u(.1) ¢ L3 (e, 00) foranya € R.

Our proof technique does not rely on the particular values of the coefficients in (1.1),
hence Theorems 1, 2 and 3 can be applied backwards in time. For instance, if u(x, t) is a
solution of (1.1) with regularity to the right which propagates leftward, then u(—x, —t) has
regularity to the left which propagates rightward. Therefore we can consider the situation
when u(-, 7o) has decay or regularity to the right and u(-, #1) has decay or regularity to the
left, where ty < 1.

Corollary 4 Assume that s > 5/2. Let u € C([—T,T]; H*(R)) be a solution of (1.1)
provided by Theorem C. If there existnj € Zt U0}, j =1,2,3,4, 10,11 € [—T, T] with
to <ty and a, b € R such that

o0 o0
/ x| u(x, 0)|? dx < oo and / |072u(x, 10)|* dx < o0
0

a

and
0 b )
/ lx ™ ux, 1)]> dx < oo and / |8)'Z4u(x,t1)| dx < o0
—00 —0Q
then
ueC(-T,T]; H*(R) N L2(|x|r dx))
where

s = min {max{2ny, n}, max{2n3, n4}} and r = min{ny, ns}.

In Sect. 2 we construct cutoff functions which are needed to prove Theorems 1, 2 and 3.
Theorems 1 and 2 are proved in Sects. 3 and 4, respectively. In Sect. 5 we prove Theorem 3.
The proof of Corollary 2 is found in Sect. 6. We conclude in Sect. 7 with an extension to a
more general class of fifth order models.
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2 Construction of Cutoff Function

In this section we construct cutoff functions which are needed to prove Theorems 1, 2 and 3.
Define the polynomial

X
px) = 2772/ Y-y dy
0
which satisfies
p(0) =0, p)=1,
0'0) = p"0)=--=p®(0) =0,
p(y=p"1)==p(1)=0

with 0 < p, p’ for 0 < x < 1. Much of the complexity of our construction airses when
handling the ratio which appears in (3.2), see Sect. 3 below. Thus we note that the expression

I 2
OO 2772000 (x — 1) (2 — 9x + 94%) @1
p'(x)

is continuous for x € [0, 1] and vanishes at the endpoints. For ¢, b > 0, define x € C 5 (R)
by

0 x <eg,
x(x;e,b)=1p((x —e)/b) ¢ <x <b+e,
1 b+e <x.

By construction y is positive for x € (g, co) and all derivatives are supported in [&, b + ¢].
A scaling argument and (2.1) provides

(X" (x; &, b))?

xe[sal,ll?+£] x'(x; &, b) =@ @2
andfor j =1,2,3,4,5
X (x;8.b)| < c(jib). (2.3)
A computation produces
(x"(x; &, b)) 1 (x—&)(b+e—x)
= qo(x)

X'(x;e,b)  x'(x;€/3,b+¢)
andfor j =1,2,3,4,5

(Bx —&)5(3b — 3x + 4¢)°

¥ (x; &, b) (x—e)b+e—x)

coienbte Y Gy — 635G = ax + 4oy

where qo, . . ., g5 are polynomials. In each of the previous two cases, the right-hand side is
continuous on the interval x € [e, b + ¢], hence bounded. These computations lead to the
following estimates, which will be used in a later inductive argument:

(x"(x; &, b))

x'(x;8,b) sclEbx(xe/3.b+e) 24)

sup
x€le,b+e]
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andfor j =1,2,3,4,5

sup | xY(x;e, b)‘ <c(j;e;b)x'(x;e/3,b+¢). (2.5)

x€le,b+te]
Additionally, we define x, € C 5(R) via the formula
Xn(x;8,b) = x"x(x;e,Db).
It is helpful to make the auxillary definition
p(y) = 462 — 1980y + 3465y% — 3080y> + 1386y* — 252y°,
whose only real root occurs at y &~ 1.29727. Note that for n € Z*
X (X5 8,b) = nx"" x (ks 6, b) + X"} (x5 &, b) (2.6)
which is positive for ¢ < x < b + ¢. Hence the expression
(x (x; &, b))
Xn(x; € D)

is continuous in this interval. To prove that it is bounded in [¢, b + €], we must only analyze
the limit x — &™. First observe

‘(e b) = x—e\° Exﬂfl(x_g) X —¢ +@x" l_x_g 5
XnlX5 820 =\ 7 b P\ b b

so that

lim
x—et  x,(x;€,Db)

(x) (x: b)) bs (e b))’
= lim _—
2772e" ] x—et (x — 8)5

"

3 . . . . .
. has a factor of (x — ¢)” implying the above limit vanishes. Hence

Each term of yx

" b 2
sup (X",(xi)) <c(n;b) 2.7)
xele,btel|  Xn(x5 €, b)
and so
"(x;e,b 2
(Xn/(i)) <c(n; b)Y + xu(x; &, b)). (2.8)
X (X5 €, b)

Each term of (2.6) is nonnegative and x’ is supported in [&, b + ¢], hence
Xn(x;8,b) < c(n; bY)(1 + xu(x; &, b)).

Using the Leibniz rule, it similarly follows for j = 1, 2, 3,4, 5 that

X (s e, b)‘ < c(n; j; b)(1 + xu(x; &, b)). 2.9)

Assuming n > 3, notice that (2.7) and

(X (x; &, b))

_ _ _ n—>5
(e, b) =mn-1)n-—-2)x b+e<x)
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imply

<c(n;e;b)xn-1(x;€/3,b +¢). (2.10)
X5 (x5 e, b)

( ///(x e, b)) ‘

A similar argument holds for n = 1, 2. Next we prove for j = 1,2, 3,4, 5

18 (e, b)| = e s &3 b)xar (53 8/3, b + o). @11
This follows by definition when b + ¢ < x; thus it suffices to prove

X (x; e, b)

sup
Xn—1(x;€/3,b+¢€)

x€le,b+e]

<c(n, j, & b).

We demonstrate the details for j = 1, the remaining cases being similar. In this case

x (x; e, b) _ nx(x;e,b) xx'(x;e,b)
Xn—1(x3€/3,b+e)  x(x;e/3,b+e)  x(xie/3,b+e)

Assuming ¢ < x < b + ¢,

ny(x;e,b) (b+s)6 (x —&)°p (59)
x(x;e/3,b+¢) b (x — £)6p (b+§).

_£
Note that ng < 1 so that p does not vanish in [¢, b + €]. Hence this above expression is
continuous and bounded on this interval. Similarly for the second term

xx'(xie,b)  2772(b+&)°(x —£)°(b — x + £)°x
x(x;e/3,b+¢e) bl (x — )p(bH)

This proves (2.11) in the case j = 1.

3 Proof of Theorem 1

In this section, we prove Theorem 1. We show several lemmas which are needed to prove
Theorems 1, 2 and 3. The first lemma is an analogue of (1.13) to implement Kato’s energy
estimate argument which is proved by Isaza et al. [8].

Lemma 1 Let u € C*°([0, T]; H*°(R)) be a solution to IVP

_ a5, _
[Blu Ru=F x,teR G.1)
u(x,0) = up(x)
and let Y € C°(R?) satisfy dc > 0. Then we have
%/uzw dx+/(a§u)zaxw dx
< 0 E(@%ﬁ) d 2 Fiy d (3.2)
_/ zI//—i- W+163w x—i—/uwx. .
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By interpolation we have the following lemma, which is required to apply the inductive
hypothesis.

Lemma 2 Suppose ug € L2(R) and for somel € Zt,1 > 2, xg € R

3)lcu0

? ” a! ? d 3.3
L2(x0.50) —/xo xuol X < 00. 3.3)

Foranyk=1,2,...,1—1andé >0

2 oo
T
L*(xp+8,00) X0+8

We reproduce for convenience a lemma of Isaza et al. [7].

k
U

p 12
Bxu()’ dx < o0. 34

Lemma 3 Let ji, jo, 3 € Z1 and e,b > 0. Suppose r(x; &, b) has support in [&, 00),
Y > 0and ¥ (x; ,b) > 1 whenever x > b + €. Then

< (/ (3;—”]1,{)21//()6) dx-l—/(&{'u)zl/f(x) dx—}-/(a){'u)zh//’(x)l dx]

x/(a){zu)zl/f(x;e/SAa/S) dx+/(a{3u)2¢(x) dx. (3.5)

AP udPudlu

Y(x) dx

In particular, we may choose yr = x, x', xn or x,).

Proof Using Cauchy—Schwarz and Young’s inequality, followed by the Sobolev embedding,
we have

/ v dx

<5 [ (o) (o) wan 5 [ (0u) v ax

<Ll o], [ e ) v

Lo, ((aﬁ‘u)zw) ]/(a,{zu)zw(x;s/s,4a/5) dx-i—%/(a){}u)zl/fdx

< —
=3 .
since ¥ (x; €, b) is nonnegative, supported on [¢, 00) and ¥ (x; &,b) > 1 when x > b + ¢.
Furthermore, Young’s inequality yields

3y ((8){‘u)2w) < 2/
L}
5/(ax‘”lu)zwdwr/(a){lu)zwder/(a,{‘u)le/f’ldx.

This completes the proof of Lemma 3. O

' udludlu

. . . 2
a){‘ua,}+f'u‘wdx+/(a){‘u) /| dx

We now turn to the proof of Theorem 1. As the argument is translation invariant, we
consider only xo = 0. Additionally, the estimates are performed for nonlinearity uagu; alater
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remark explains how to control other terms. We invoke constants cg, ci, ¢2, . . ., depending
only on the parameters

Ck = Ck (l, T, e, b, |lugllps;

0 WA [ Py (36)

whose value may change from line to line. We explicitly record dependence on the parame-
ter v using the notation c¢(v; d), which indicates a constant taking the form of a degree-d
polynomial in v:

c(v;d):cdvd—l—---—l—clv—{—co.

We first describe the formal calculations and later provide justification using a limiting
argument. Let u be a smooth solution of IVP (1.1), differentiate the equation /-times and
apply (3.2) with ¢(x, 1) = x(x + vt; ¢, b). Using properties (2.4) and (2.5) to expand the
region of integration in the first term, we arrive at

%/(8,lyu)2X(X+vt) dx+/(3i+2u)2x’(x+w) i

2 3 25 ///X-i-l)t 2
=/ () {”"/(””’”zx(s“”w”mw} ”

+2/a§ua§ (udiu) x (x + vt) dx
<A+B, 3.7
where
1 2 1 2
A= v/ (8xu> x'(x 4+ vt) dx + c(e; b)/ (8xu> x' (x +vt;e/3,b+¢) dx,
B = 2/ Biua)l( (uaiu) x(x 4+ vt) dx.

We have used the convention that when ¢ and b are suppressed, x(x) = x(x; e, b). The
argument proceeds via induction on / where, for fixed /, we integrate (3.7) in time, integrate
B by parts and apply a correction to account for the loss of derivatives.

Casel = I Integrating in the time interval [0, 7] and applying (2.3), we obtain

t
/Adr
0

where 0 < ¢ < T. After integrating by parts, we find

t
< co(l + v)/ /(ax»o2 dxdt < co(l+ )T lul} s (3.8)
O X

B = /Bxu (afu)2 X (x 4+ vt) dx + 3/u (8)%14)2 x'(x +vt) dx
+§ /(Bxu)3x”(x +vi) dx — / u(@cu)?x" (x + ve) dx. (3.9)

The inequality (2.3) and the Sobolev embedding imply

t
/Bd'r
0

IA

t
2
cr(lloxullsere + ||M||L¢;°L;>0)/ /(axu)2 + (05u)” dxdr
0

1Tl o (3.10)

IA
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Integrating the inequality (3.7) and combining (3.8) and (3.10), we obtain
t
/(8Xu)2x(x +v1) dx +/ / (93u)” X (x + v7) dxdr
0

t
f/(axuo)zx(x) dx+‘/ A+ Bdr
0

< cov + 1.

As the right-hand side is independent of ¢, the result follows.
Casel = 2 Similar to the previous case, integrating in the time interval [0, ], we find

t
/Ad‘c
0

where 0 < ¢ < T. After integrating by parts, we see

t
2
<co(l+ v)/ /(afu) dxdt < co(1 + v)T||u||i?oH2 (3.11)
O X

B = —/axu (83u)2x(x+vt) dx+3/u(8§u)2)(’(x+vt) dx

_ / deu (8%u)” X" (x + vi) dx — / w(02u)’ 5" (x + vty dx. (3.12)
This expression exhibits a loss of derivatives in that the term
/Bxu (03u)” % (x + v) dx (3.13)
can be controlled neither by the well-posedness theory nor by the [ = 1 case (without the
technique introduced in Sect. 7). In [15], Kwon introduced a modified energy to overcome
a similar issue. In particular, a smooth solution u to the IVP (1.1) satisfies the following
identity:
d
E/u(axu)Qx dx
342 3N2 28 203
=5 0yu (8Xu) xdx —5 u((')xu) x dx + 3 (8xu) x dx
2.\2 n 2.\2 10 3@
+21 [ oyu (8Xu) x" dx+5 u(axu) x dx — 3 (Oxu)” x*" dx
_/u(axu)zx(5) dx + 4/ Uoxu (8314)2 X dx + 3/142 (8)%14)2 x' dx
9
-1 /(axu)4x’ dx —/uafu(axu)zx’ dx — 4/ u(@eu) x” dx
—/uz(axu)zx”’ dx—i—v/u(axu)zx’dx (3.14)

where x /) denotes x /) (x4 vt). We use this identity to eliminate (3.13) from (3.12), yieldin
y y g

_1d
T 5dr

4
— g/uaxu (8?u)2 X(x +vt)dx — g/u(axu)z)(/(x + vt) dx

u(@cu)x (x + v) dx + 4/ u (agu)z x'(x 4+ vt) dx

- . . 2 3
DL Chvis / o ualu (ofu) 0@+ de  G19)
0<j1,/2,j3<2
1<ja<5
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—

where the notation 8){ 'u indicates this factor may be omitted. That is, since 0 < ji, jo <2,

—

j1 2 2
' udfu = lullegemy + Nl zoe ps-

LFLE

Integrating in the time interval [0, ¢], applying (2.3) and the Sobolev embedding, we obtain

t — ) 2 '
/ /&{luafu (3;{3M) x U (x 4+ v7) dxdrt
0

T N2
/ / (8§3u) dxdt
LeLe Jo

< 1T ull o prs (1 Null e ) (3.16)

<y |0 udlu

since max{ji, j2, j3} < 2. The fundamental theorem of calculus and Sobolev embedding

yield
t
/ B drt
0

=

/ uo(dyuo)? x (x) dx

+ ‘/u(axu)zx(x +vt) dx
T 2
+4||M||L;°H;/ /(aﬁu) x'(x +v1) dxdt
0
4 T
+§||u||L<;on/ /(axu) ((x + v7) dadz
*Jo

v T
g [ [ @Gt oo dade
0

+61T||ull*z;cH;(1+ lleell oo mr)- (3.17)

The first term on the right-hand side is controlled by the Sobolev embedding, the hypothesis
on the initial data and Lemma 2. The second and third term illustrate the iterative nature of
the argument, as they can be bounded by the [ = 1 result. The two remaining integrals are
finite by property (2.3). Therefore
t
/ B dr
0

Integrating inequality (3.7), using (3.11), (3.18) and the hypothesis on the initial data, we
have

<cov +cy. (3.18)

t
/ (8)%14)2 x(x +vt) dx +/ / (Bju)z x' (x +v1) dxdt
0

t
5/(a§u0)2x(x)dx+‘/0 A+ Bdr

< cov +cy.

As the right-hand side is independent of ¢, the result follows.
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Case/ = 3 Integrating in the time interval [0, 7] and applying the / = 1 result, we obtain

T
< v/ / (8314)2 x'(x +v1) dxdt
0

T
+Co/ /(agu)zx’(x—l—vt;s/&b—i-s) dxdt
0

t
/Adr
0

< c2v2 +c1v +co

where 0 < ¢ < T'. After integrating by parts, we find
B = —3/8xu (3;‘14)2 x(x +vt) dx + 3/u (aﬁu)z x'(x +vt) dx
+/ (Bfu)S x(x 4+ vt)dx — / u (83 ) X" (x + vt) dx.
This expression exhibits a loss of derivatives in the term

/axu (aﬁu)z x(x 4+ vt) dx.

A smooth solution u to the IVP (1.1) satisfies the following identity:

4
dr

:—5/8xu(8u de—S/ u X/dx
—1—5/(83 de+25/8 u 83 X/dx—|—15/8xu (8;?14)2)(” dx
—I—S/ (83 XW dx +2 [ udcu ( 8 u) X dx—|—3/u2 (8§u)2x’dx

25
3

u (3314)2 X dx

(8fu x" dx — 5/8xu x@® dx — /u (Bfu)2x(5) dx
2 2 2
—/Bxu(8u de—3/u8 x dx —2 /(Bu) u)de

(3.19)

(3.20)

(3.21)

—4/u8xu (8§u02x” dx—/u (82u ) x" dx—f—v/u(a)%u)zx’dx (3.22)

where x (/) denotes x /) (x+vt), which we use to eliminate (3.21) from (3.20). Thus, ignoring

coefficients, we may write

= %/u (afu)z x(x +vt) dx +/u (aﬁu)z x'(x 4+ vt) dx

18t

— 5
+ 2 c,l,,-z,,-3/a,{1ua,{2u(agu) x99 (x 4 vt) dx

0<j1,/2=2
1=j3=3
— 5,
+ > le,jz,jg/ajﬁluafu (82u)” x99 (x 4 vr) dx
0<j1,j2=2
1<j3<5
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—

where the notation 8/{' u indicates this factor may be omitted. Integrating in the time interval
[0, t], applying (2.5), the Sobolev embedding and the [ = 1 result yields

t - . X
/ /a,{‘ua){zu (3?14)2 x99 (x + vr) dxdt
0

- T
<cp |8 udfu / /(8fu)2)(’(x+vr;s/3,b+£) dxdt
Lere Jo
< (Il agms + 1l ) Ccov + 1), (3.24)

Similarly, integrating in the time interval [0, ¢], applying (2.3) and the Sobolev embedding,
we find

t —_ . )
/ /39143){214 (aﬁu)z x93 (x + vr) dxdr
0

— T
<y [0{'udPu / /(3?14)2 dxdt
LPLY JO
< 1T ull o gy (1 + Null o1y (3.25)

Hence the fundamental theorem of calculus and Sobolev embedding yield

t
/Bdt
0

+ ‘/u (8§u)2 x(x 4+ vt) dx

< ‘/uo (831/10)2 x(x) dx

T
2
+||u||L;cH}/ /(a;‘u) x'(x + v1) dxdt
0
! 2 3 2
+/ (1+||u||L?oH2+||3)‘(u(t)||L;o)/(8gu) X (x +v7) dxdt
0 X

o+ (ll e + el s ) (cov + 1)

+erT lul oo e (1 + el Lo ry)- (3.26)

Similar to the [ = 2 case, the first term on the right-hand side is controlled by the hypothesis
on the initial data. The second and third terms are finite by the [ = 2 case. Therefore

1
/Bdt
0

Integrating inequality (3.7), using (3.19), (3.27) and the hypothesis on the initial data,

t
< c(v; 1)+/ (co—i-cl Haiu(r)”mo)/(Biu)3x(x+vr) dxdr.  (3.27)
0 X

2 ! 2
y(t) = / (33”) x(x 4+ vt) dx +/ /(aiu) x'(x +v71) dxdr
0
t
/ (83u0)” x () dx + / A+Bdr
0

t
c(v;2) +/ (co +c ||8$u(r)||Lm) / (aiu)z x(x +v1) dxdt
0 X

IA

IA

IA

t
c(v;2) +/ (co+cr [3u®)] ) (o) dxdr.
0 X
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Table 1 Summary of degree d
of v-dependence of constants for
I=1,2,..., 6

Case [ Degree d

(=2 B S O R S
[o e L " SR

Applying Gronwall’s inequality produces

4.2 ! 5\
sup /(Bxu) x(x +vt) dx—i—/o /(axu) x'(x +v1) dxdt

0<t<T
= e exp (0T + e [l 1 o) -

This proves the desired result with [ = 3.

Casesl = 4,5, 6 Due to the structure of the IVP, the cases [ = 4, 5, 6 must be handled
individually. The analysis is omitted as it is similar to the cases [ = 3 and [ > 7. It can be
proved that

1 2 g 1+2 2
sup / (8xu) x (x +vr) dx +/ / (8x+ u) X' (x +v1) dxdt < c(v;d)
0<t<T 0

where the values of d are summarized in Table 1.

Casel > 7 In the course of this case, we will prove that for [ > 7, the final constant
obtained after integrating both sides of (3.7) takes the form of a polynomial in v with degree
8( —5).

Integrating in the time interval [0, ¢] and applying the / — 2 result (assuming / > 7) we

have
t T 2
1 /
/ Adrt| < v/ /(axu) X (x +vt) dxdrt
0 0

T 2
+co/ /(8iu) X' (x +v1;e/3,b+¢)dxdr
0
<cw;1+8U—=17) (3.28)

where 0 <t < T.Forl =7, this expression has degree 5 in v. We write

B=B1+ B (3.29)

l l
B = 2/ 3 u ‘ua;”u + (l)axuaszu + (z)afuafflu
l 34l
+{1+ 3 dyud,up x(x+vt) dx

[/21-2

B, = Z clyk/ai'kkuai_kuaiux(x+vt) dx
k=1

where
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and3+k <l —k <lforl <k < T[l/2] — 2. Integrating by parts, we have
By = B11 + B2, (3.30)

where

2
By = (3—21)/8xu (a§+1u) X (x + v1) dx,
+1.\? 3 %
B> :/u({);r u) x'(x + vt) dx—l—/axu(axu) x(x +vt) dx
2 1 2 1 1 2 "
—l—/axu (Bxu) x (x 4+ vt) dx—i—/axu (Bxu) X (x +vt) dx

2
+ /u (3iu) x" (x 4+ vt) dx

and, in Bya, we have omitted coefficients depending only on / using the expression (3.30).
Then integrating in the time interval [0, 7], where 0 < ¢t < T, we obtain

t
‘/ Blzd‘(
0

T
< ||u||L?oH;/O /(a;+1u)zx/(x+vr) dxdt
1
+/0 Haiu(‘r)”L;o/(Biu)z)((x-i-vr) dxdr

! 2
+C0||M||L‘;CH;/ /(3)1614) x'(x +v1) dxdt
0

by the Sobolev embedding and (2.5). Applying the result for cases/ — 1 and [ — 2,

t
/ BlZ dt
0

Observe that term B, only occurs when/ > 5. For/ > 5, note that 4 + k < [. The inequality
(3.5) produces

t
5c(v;8(l—6))+/ Haju(r)”mo/(aiu)zx(x—i—v‘r) dxdr.  (3.31)
0 X

[1/21-2

Bl < D] Cl,k/
k=1

2
< / (Biu) x(x 4+ vt) dx
[1/21-2

4k, \? / 3k, )\
S st ) s

+/ (aﬁ*ku)z X' (x +vr) dx] / (af;ku)2 X (x + vtz £/5, 4/5) dx,(3.32)

34k, al—k,  ql
0y "udy “udu

x(x 4+ vt) dx
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after suppressing constants depending on /. Integrating in the time interval [0, 7],

13 t 2
/Bzdr 5/ /(a)l(u) x(x +vrt)dx
0 0
f/21-2 5
+T Z (sup /(3i_ku) X (x +vt; e/5,4¢/5) dx)

=1 0<t<T

2
x( sup / (B;Hku) X (x 4+ vr) dx)
0<r<T
[1/21-2 5
+T Z ( sup /(Bi_ku) x(x +vt;e/5,4¢/5) dx)

k=1 0=<t<T

2
x| sup /(8?”%) X (x 4+ vt) dx
0<t<T

[1/21-2 )
+T ( sup / (Bffku) x(x +vt;e/5,4¢/5) dx)
k

- 0<t<T

2
x| sup /(a;“m) ¥ (x +vt) dx |.
0<t<T

The strongest v-dependence for B, arises from analyzing terms of the form:

sup / (Bffku)z x(x +vt;e/5,4e/5) dx sup / (B;Hku)z x(x+vt)dx .
0<t<T

0<t<T
(3.33)

Each factor in (3.33) is finite by the result for cases [ — k and 4 + k. The inductive hypothesis
further implies that the v-dependence has the form of a polynomial in v having degree

v8(1—k—5) . v8(4+k—5) — v8(l—6).
Hence

t
< c(v; 81— 6)) + co/ / (ai,u)z X (x + v7) dxdr. (3.34)
0

t
/ By dt
0

Integrating the inequality (3.7) in the time interval [0, ], where 0 < ¢ < T, we have

/ (aiu)z x(x 4+ vt) dx + /Ot/ (8i+2u)2 x' (x +v1) dxdr

2 t
5/(a;u0) X(x)dx—i—‘/ A+ Bii + By + By dt
0
<c(v; 8( —6))
t t 3 / 2
/O By dt +/0 (co+er ||8;Cu(‘r)”L;,o)/(3xu) X(x +v7) dxdr  (3.35)

using the hypothesis on the initial data, (3.28), (3.31) and (3.34). Thus it only remains to
estimate the integral involving

+

2
B =(3—21)/3xu (a§+‘u) x(x + vr) dx,
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which exhibits a loss of derivatives. Assuming that u satisfies the IVP (1.1), we rewrite this
term by considering the correction factor

d
dt

2 2
:/afu (Bfflu) X (x +vt) dx—}-/ua;’u (8;7114) x(x +vt) dx
—I—Z/ uai_luai“ux(x +vt) dx + Z/MBJIC_IMBJIC_] (uafu) x(x +vt)dx

2
+v/u (ai_lu) x'(x + vt) dx

=:C1 4+ Cy+ C3 + C4+Cs. (3.36)

u (8)15_1u)2 x(x +vt) dx

Observe that integrating C3 by parts reveals

—~ 5
C3=|\——1)B Cs, 3.37
3 (21_3) 1n+C3 (3.37)

C3 = —S/M (8i+1u)2)(’ dx +5/8;’u (aiu)zx dx

(Biu)z x' dx + 15/8xu (8i ) x” dx +/u (3 u)zx’” dx
—5/83u (Bi_luyx dx—S/a;‘u (8;;1 x dx —9 /8 u 81 lu X” dx
—10/8fu (Biflu) x" dx — 5/8xu (a)lflu) x@ dx—/u(afflu) x® dx.

(3.38)
Here X(j ) denotes X(j )(x + vt; &, b). The fundamental theorem of calculus leads to

()

¢
B dt
0

+ ‘/u (8fc_lu)2x(x + vt) dx

< ‘ / wo (81 u0)” () dx

+ (3.39)

t
/C1+C2+C3+C4+C5d‘c .
0

We now concern ourselves with estimating the right-hand side of this expression. By the
Sobolev embedding, hypothesis on the initial data, Lemma 2 and the result for case [ — 1,
we have

’/uo (Bffluo)z x(x) dx|+ ‘/ u (8;7114)2 x(x +vt) dx

2 2
il Lz(<000))+”””L‘fH;'/(afc_l“) X (x +v1) dx, (3.40)

< lluoll as ug
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which is uniformly bounded by the inductive hypothesis. Applying (3.5), we obtain

ICy| < /a;"u (aj;lu)z X (x 4 vt) dx
< / (af;lu)z X (x + v1) dx
+ [/ (95u)° % (x + v1) dx—i—/ (agu)2 x(x + vt)dx—i—/ (3314)2 X' (x +vt) dx]
></ (af;‘u)z X (x 4+ vi: £/5,4¢/5) dx.

Integrating in the time interval [0, ¢] and following the argument applied to term B, we see
that the strongest v-dependence for C; arises from analyzing the term

2
( sup /(8}1(—1u) x(x +vt: e/5, 4 /5) dx)( sup /(agu)zx(x+vt) dx).
0<t<T 0<t<T

(3.41)

Each factor in (3.41) is finite by the result for cases 6 and / — 1. Hence for the base case
| =7, the right-hand side is bounded by c¢(v; 16). For/ > 7, the inductive hypothesis further
yields that the v-dependence has the form of a polynomial in v with degree determined by

,8U=6) 8(-5)

'VSZU

Thus

< c(v; 8(1 - 5)). (3.42)

t
/C]dt
0

It will be clear from the remainder of the argument that (3.41) produces the overall strongest
v-dependence, hence justifying this inductive calculation.
Integrating in time, using the Sobolev embedding and inductive hypothesis, we find

'
'/ Cydt
0

T 2
< ||u||L;cH;/0 /ya§u|(a§—1u) X (x + v7) dxdt

T 2
< Nl my / 8fu) Lm( sup / (917w x40 dx)dr
0 * \0<t<T

03u 1 poc - (3.43)

< c; 8 = 6)llullLze s

Integrating in time and using (2.5), (3.5), the Sobolev embedding and the inductive hypothesis,
we have

!
/C3d‘L’
0
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Expanding but ignoring binomial coeffiecients, we write C4 = C41 + C4 with
% 2 (a0 )2
Cy = /uaxu (Bxu) x(x 4+ vt) dx +/u (Bxu) x(x 4+ vt) dx
3 -1.\? 2 -1.\?
+ | udju (ax— u) x(x +vt) dx +/8xu8xu (8; u) x(x +vt) dx

+/u3§u (8)1;114)2 x' (x +vt) dx + / Oxudyu (ai*1u>2 x'(x +vt) dx
v

2 2
+ [ udu aj;lu) X" (x + v1) dx—/u2 (aj;lu) X" (x +vt) dx  (3.45)
and
La-1/2)-2
Cypp = Z Clk / uailfl)fkuafrkuai*lux(x + vt) dx. (3.46)
k=1

Similar to C; and C3,

!
/ Cy1 dt
0

Similar to Bj, ignoring constants we have
t

‘ / Cyp dt
0

after applying (3.5). Finally, assuming / > 7, we obtain
t T 2
/ Csdt| < v|ul 5/2+/ / (8)1;114) x'(x +v1) dxdr
0 LFHS Jo

<c;14+8(1—-17))
(or ¢(v; 3) when [ = 7) using the Sobolev embedding and inductive case [ — 3.
Inserting the above into (3.39) and (3.35), then using nonnegativity of x, x’, we find

t
y(t) == / (Biu)z x (x +vt) dx +/ / (8i+2u>2 x'(x +v1) dxdt
0

! 2
< c(v;8(—5 +/ +cp|d} . / dL +v7) dxd
c(v; 8( ) A (co 1 || u(r)HLx) ( u) x(&x +v1) dxdr

t
<c; 81 —6)) + co/ / (8)lcu)2 x(x +vt) dxdr. (3.47)
0

L=1/2]=-2

T
< Z / /‘uagfl)*kuai’*kuai*lu‘x dxdrt
0
k=1

< c(v; 8( —6)) (3.43)

IA

t
c(v; 8( — 5)) +/0 (co+er |o3u] ) ¥ dr. (3.49)

Hence Gronwall’s inequality yields

2 T 2
sup / (8iu) X (x 4+ vt) dx +/ / (Bi”u) x'(x +v1) dxdt
0<t<T 0

= ;8 = SN exp (cof +er [ 1)

This concludes the proof for the case of smooth data.
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Now we use a limiting argument to justify the previous computations for arbitrary ug €
H*(R) withs > 5/2. Fix p € Cj°(R) with supp p € (-1, 1), p > 0, f,o(x) dx =1and

1 b
pux)=—p{—]), wu>0.
woo\p
The solution u* of IVP (1.1) corresponding to smoothed data ug = pu*up, 1 > 0, satisfies
ut* € C*([0, T]: H*(R)).
Hence we may conclude
1 2 r 1+2 2 ’
sup /(8xu“) x(x +vt) dx +/ /(BX u“) x'(x +vr) dxdt < c.
0<t<T 0

where

1w
Bxu()’

c =c(l,v, &R, T, HugHHS;

. 2 . 3.
),”’/l ||LC;°H§, Oyu ”LlrLio)

L2(0,00
To see that this bound is independent of & > 0, first note
|t ]| s < WBRlloolluol s < Nwoll s

As x = 0for x < g, restricting 0 < u < ¢ it follows

2 2
(1) s .0y = (p o+ o lpo.oey ) (x5 ..

Thus by Young’s inequality

> L. 2 OO ! 2
/ (axug) (x) dx :/ (pu # duolio,00)) (6) dx
&€ &€

00 2
< ot} [ (#han)” ax
&

! 2

< axu()’

L2((0,00))

From Kwon’s local well-posedness result [15] we have
I gy + 030 1y oo = € (e o) = cCluollas)

and so we may replace the bound ¢ = ¢(u) with ¢ as in (1.19).

As the solution depends continuously on the initial data,

sup lut (1) — u(t)||H5/2+ 40 as plO.
0<t<T

Combining this fact with the p-uniform bound ¢, weak compactness and Fatou’s lemma, the
theorem holds for all ug € H*(R) with s > 5/2. This completes the proof of Theorem 1 for
nonlinearity u Biu.

Including nonlinearity 8xu33u, term B in (3.7) will contain a term

2/a§ua§ (9,ud?u) x (x + v1) dx.

As this nonlinearity has a total of three derivatives, integrating by parts produces a form
very similar to (3.29). The nonlinearity u”d,u, containing only a single derivative, shows no
loss of derivatives (see Sect. 7 for a more thorough treatment). This completes the proof of
Theorem 1.
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4 Proof of Theorem 2

In this section we prove Theorem 2. Let u be a smooth solution of IVP (1.1), differentiate
the equation /-times and apply (3.2) with ¢ (x, t) = x,(x + vt; €, b) to arrive at

d 1 2 142 2 /
Z/(axu) (X + V1) dx—i—/(ax u)" oy x + v) dx
<A+ B, 4.1

where

2
: 2 3 25 (x)(x +v1))

1 ’ )] R
A_/(axu) [vxn(x—i-vt)—i-zxn (x+vt)+16 LG+ VD) dx,

B = 2/ Bi,uai (uagu) Xn(x +vt) dx.

The proof proceeds by induction on /, however, for fixed / we induct on n. The base case
n = 0 coincides with the propagation of regularity result. We invoke constants cg, c1, ¢2, . . .,
depending only on the parameters

k= ck (n,l; ol s [|83u |y o 3 v 3 b3 T) 4.2)

as well as the decay assumptions on the initial data (1.22).
Casel = 0 Using properties (2.8) and (2.9), we see

|A] < Co/u2(1 + Xn(x 4+ v0)) dx.

and so integrating in the time interval [0, ¢], we have

t
/Ad‘L’
0

where 0 < ¢ < T'. Additionally,

t
‘/Bdr
0

Integrating (4.1) in the time interval [0, 7], combining (4.3) and (4.4), we have

t
<c¢p [T||u||i%oL2 +/ /uzxn(x +v7) dxdt (4.3)
X 0

t
= 2/ ||83M(T)HL°0/”2Xn(x + v7) dxdr. (4.4)
0 X

t
y() == /uzxn(x + vt) dx +/ / (8fu)2 Xn(x +v7) dxdt
0

IA

'
/u(z)(x))(,,(x) dx + ’/ A+ Bdrt
0

IA

t
co +/ (61 +e ||3§u(r)||Loo)/u2xn(x +v7) dxdt
0 X

IA

t
ot [ (1 ex o] ) v

using the hypothesis on the initial data. Gronwall’s inequality yields

T
sup /uzxn(x + vt) dx +/ / (3?14)2 Xn(x +v7) dxdrt
0

0<t<T

< coexp (clT +c ”83“HL'TL§°) ‘
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Note that induction in n was not required in this case.
Casel = 1 Using properties (2.8) and (2.9), we have

A| < Co/ (@x10)* (1 + xa(x + v1)) dx.
and so integrating in the time interval [0, 7], we find

t
/Adr
0

where 0 < ¢ < T'. After integrating by parts, we find

t
<o [T||u||i?cH)g +/0 /(BXM)zxn(x +v7) dxdr] (4.5)

B = /8xu (afu)Z s (x + v1) dx + 3/u (3)%“)2 X, (x +vt) dx
ﬂ 3 2. m
+ 3 (0xu)” x, (x +vt) dx — [ u(0xu)x, (x +vt) dx. 4.6)

This expression exhibits a loss of derivatives requiring a correction. A smooth solution u to
the IVP (1.1) satisfies the following identity

d
o Wy dx = —15/8xu (8§u)2 Xn dx — 9/u (afu)z %, dx

+10/(axu)3x,;’ dx + 12/u(axu)2x,g” dx —/u3x,55> dx
27 3
+9/u(8xu)3xn dx + E/uz(axu)%(; dx — Z/M4X'/‘// dx

v / WPy dx @.7)

after integrating by parts, where X,Ef ) denotes x,gj )(x + vt). Substituting (4.7), we can write
(4.6) as a linear combination of the following terms

d
B = 7 e dx+/u(8§u)2x,/1 dx

+/(8xu)3x,’l’ dx +/u(8xu)2x,’l” dx +/u3x,25) dx
+/u(3xu)3xn dx—i—/uz(axu)zx,’l dx+/u4x,’l” dx
—|—v/u3xr’, dx

—: By + -+ Bo. (4.8)

The fundamental theorem of calculus and the Sobolev embedding yield

t
‘/ Bld‘L’
0

where O < ¢ < T. This term is finite by hypothesis (1.22) and the case [ = 0. Next,

t
’/ Bzdf
0

< lluol g / g (¥) X (x) dox + ull Lo / WCxn(x +v1)dx  (49)

T
< ||u||L%cH3/ /(aﬁu)zx,;(xﬂr) dxdr, (4.10)
- Jo
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which is finite by case [ = 0. Using (2.11) and the Sobolev embedding, we obtain

t
/ B3 + B4+ Bs dt
0

T
< lluell oo 2 / / (@xw)” | (2 +vD)| + @) [, O + vo)| dxdr
“Jo

T
2
+||u||L;cH;/O /u

T
< collull e 2 / /(axu)2X11—l(x +vt;e/3,b+¢) dxdt
0

X,ES)(X + vr)’ dxdt

T
+cl||u||L799H1/ /uzx,,,l(x+vr;e/3,b+e) dxdr. 4.11)
*Jo

The first term is finite by induction on 7 in the current case / = 1, whereas the second term
is finite by the case [ = 0. The Sobolev embedding implies

13
‘/ Bg dt
0

Finally the inequality (2.11) and the Sobolev embedding yield

t
< ”“”Z”H%/O /(Bxu)zxn(x +v7) dxdr. (4.12)

T
§C2”””i;°yx2/0 /uzxn—l(X+vt;8/3,b+8) dxdr,
(4.13)

t
/ B7 + Bg + By dt
0

which is finite by case [ = 0. Integrating (4.1) in the time interval [0, ] and combining the
above, we have

t
y(t) = /(8xu)2xn(x + vt) dx +/ / (agu)z X,;(x +v71) dxdt
0

IA

t
/ (B 240)* (x) xn (x) dx + ‘ / A+ Bdrt
0

IA

t
co+ ¢y / /(axu)zxn(x +vt) dxdt
0

IA

t
co + ¢ / y(t) dr.
0

The result follows by Gronwall’s inequality.
Casesl =2,3,4,5 Due to the structure of the IVP, the cases I = 2, 3,4,5 must be
handled individually. The analysis is omitted, however, as it is similar to the cases presented.
Casel > 6 Integrating in the time interval [0, 7] and using properties (2.10) and (2.11),

we have
t
/ Adrt
0

which is finite by induction on n. Recall (3.29) and (3.30), wherein we wrote

t 2
sco/ /(aiu) Xn—1(x +vt;¢e/3,b+ ¢) dxdr, 4.14)
0

B = By1 + B2 + By,
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with the term By exhibiting a loss of derivatives. Integrating in the time interval [0, ¢], we

see
t
‘/ By dt
0

T
=< ||M||L%0H;/() /(3i+1u)2xr/l(x +v1) dxdt
! 2
+/ ||aju(r)||Lw/(a;u) Xn(x +v7) dxdz
0 X

T 2
+co||u||L%oH§/ /(aiu) Y1 (x 4 v7) dxdT (4.15)
0

where we have used (2.11). The first term is finite by the case / — 1 and the third is finite by
induction on n, hence

t 1 2
/ By dt| <cop+ cl/ Haﬁu(r)nm / (Biu) Xn(x +v7) dxdt
0 0 x

Observe that term B, only occurs when /[ > 5. For [ > 5, note that 4 + k < [. The
inequality (3.5) yields

f1/21-2
Bl < > Cl,k/‘3;+kuai_ku8iu
k=1

2
< / (Biu) Xn(x +vt) dx
[1/21-2

4k )2 . / 3k )\ .
CE G ne e

+ / (83“%4)2 X (x + vi) dx] / (affku)z xn(x +vt; e/5,4¢/5) dx,
(4.16)

Xn(x 4+ vt) dx

where we have suppressed constants depending on /. Integrating in the time interval [0, 7],

Wwe see
t
/ 32 dt
0

as factors in the summation are estimated via (2.11) and the inductive hypothesis.
Assuming that u satisfies the IVP (1.1), we rewrite this term by considering the correction
factor

t 2
<co+ cl/ / (8)lcu) X(x + v7) dxdr, @.17)
0

d

2 —
= (a)’;‘u) Y (X 4+ V1) dx = C1 + Ca + C3 + Ca,

where

2
C = /aﬁu (Bi_lu) Xn(x +vt) dx + 2/u8i_1u8i+4uxn(x + vt) dx,
3 -1 2
C = /uaxu (8{ u) Xn(x + vt) dx,
C3 = 2/u8i71u3)lfl (uagu) Xn(x 4+ vt) dx,

2
Cy = v/u (Bi_]u) X (X + vt) dx.
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Integrating a by parts, we have

—~ 5
Ci={——)8B Cy, 4.18
1 (2[ — 3) 11+ Ci (4.18)
where
1.\ 3 1\
C, = —S/M(ax u) Xn dx—l—S/axu(axu) Xn dX
2 2
+ 15/8?14 (Biu) X dx + 15/ O (aiu) X dx
2 2
+5/u (3)ch) X dx — 5/8fu (8i_1u) X dx
2 2
— 10/ 3lu (a};lu) Xy dx — 10/ 32u (a};lu) X dx

2 2
—5/8xu (af;lu) x@ dx —/u (aj;lu) xS dx. 4.19)

Here x,ﬁj ) denotes X,,(j )(x + vt; €, b). The fundamental theorem of calculus yields

5 t
— / B“d‘L'
20-3) 1 /o

< ‘/uo (Bffluo)z Xn(x) dx| + ‘/u (Bfflu)2 Xn(x +vt) dx

t
/ Ci+Cr+C3+Cydr
0

+

We now concern ourselves with estimating the right-hand side of this expression. First note

‘/ 1o (a;*1u0)2 Xn(x) dx| + ‘/ u (E)iflu)z Xn(x +vt) dx

20-1 |2 -1.\?
< d, up )—i— ||“||L;°HX‘ / (8; u) Xn(x + vt) dx, (4.20)

L2(g,00

< lluoll g ’

is bounded by the hypothesis (1.22) and the case [ — 1. Similarly to By and By, integrating
in the time interval [0, 7], using (3.5) and property (2.11), we obtain

t
/Cldl’
0

where the term containing (B)ZC'*‘lu)2 X, is controlled using the induction case [ — 1, as in
(4.15).

Using (3.5) and the inductive hypothesis, we see

t
/Czd‘[
0

similar to B;. The same technique applies to C3 and Cjy.

t 2
<o+ +or |03, / olu) xu(x +v7) drdr (421
co /0 (c1 (653 || u(t)”LX ) ( u) Xn(x +v71) dxdt ( )

= co, (4.22)
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Integrating (4.1) in the time interval [0, ] and combining the above, we find that there
exists constants as in (4.2) such that

t
y(t) == / (Biu)2 Xn(x + vt) dx +/0 / (3)[c+2”)2 X (x +v7) dxdt

t
_/(aiuo)z(x);(n(x)dx+’/ A+ Bdrt
0
t 2
+ +o ||} N / u) xu(x +v71) dxd
co /O(C] (o) || u(r)”Lx) ( u) Xn(x +v71) dxdrt

1
+ +o |33 . dr.
o /0 (1 + ez |o3uo] o) v(o) a7

A

IA

IA

The result follows by Gronwall’s inequality. To handle the case of arbitrary data ug € H*(R)
with s > 5/2, a limiting argument similar to the proof of Theorem 1 is used. This completes
the proof of Theorem 2.

S Proof of Theorem 3
In this section we prove Theorem 3. Integration by parts yields the next lemma.

Lemma 4 Suppose for somel € 7+

1 2 r 1+2 2 l
sup /(axu) Xn (x4 1) dx+/0 /(ax u) X.(x +v7) dxdt < oo, (5.1)

0<t<T

Then for every 0 < 8 < T, there exists f € (0, 8) such that
N R
/(aﬁ*fu) Xno1 (x+vis et b) dx <00 (j=0,1,2). (5.2)

To prove Theorem 3, it suffices to consider an example; fix n = 9 in the hypothesis of the
theorem. Then we may apply Theorem 2 with (I, n) = (0, 9). Thus, after applying Lemma 4,
there exists 7y € (0, §/2) such that

2
/ (u2 + ((')xu)2 + (8?14) ) xs(x + vig: €T, b) dx < 0.
Hence we may apply Theorem 2 with (I, n) = (2, 8) and find #; € (#y, §/2) such that
/ (u2 4+ + (8§u)2) x7(x + v e, b) dx < 0.

Continuing in this manner, applying Theorem 2 with (/,n) = (4,7),(6,6),...,(18,0)
provides the existince of f € (8/2, §) such that

/ (uz + -+ (Bigu)z) X (x + vf; T, b) dx < oo.
Finally, we can apply Theorem 1 with / = 19, completing the proof.
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6 Proof of Corollary 2

The proof of Corollary 2 relies on the following lemma, which follows by considering a
dyadic decomposition of the interval [0, 0o0). Observe that the lemma also applies when
integrating a nonnegative function on the interval [—(a + ¢), —¢], implying decay on the left
half-line.

Lemmas$ Let f : [0, 00) — [0, 00) be continuous. If for a > 0

/a f(x)dx < ca®
0

then for every ¢ > 0

* 1
/0 Wf(x) dx < c(a, &).
Now we prove Corollary 2.

Proof Recall that for [ > 6, Theorem 1 with xo = O states

sup /oo (a){u)z(x,r) dx < c(v;8(1 = 5)).

0<t<T Je—vt

For fixed r € (0, T)

o 2 R ~ s
/g_w () (x.0) dx = (/HIJF/S ) (9hu) .0y de =14 11.

Theorem 1 with v = 0 yields control of 71, so we focus on /. For v* large enough, v > v*
implies

€ 2
1 :/ (3iu> (x,t)dx < ctig(lfs)(vt)g(lfs).
e—vt
Applying Lemma 5 with a = vt and o = 8(I — 5), we find

& 1 l 5
/m G () (e dx < o0

for ¢ > 0. This completes the proof of Corollary 2. O

7 Extensions to Other Models

In this section we prove the following extension of Theorem 1, which applies to those equa-
tions described by Theorem A.

Theorem 4 Consider the class of initial value problems

(7.1)

atu—afu—l—Q(u,Bxu,agu,agu) =0, x,t € R,
u(x,0) = uo(x),

where Q : R* — R is a polynomial having no constant or linear terms. Let u be a solution
to IVP (7.1) satisfying

ueC(-7T,T); Xsm), meZ,seR,
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such that m > mq and s > max{so, 2m} for a nonnegative integer mo and positive real
number so determined by the form of the nonlinearity Q. If ug € X, additionally satisfies

1 2 * 1 2
luo| - / (hu0) " () dx < o0, (7.2)
L2 (x0,00) o
for some | € ZF, xog € R, then u satisfies
o] 2
sup / (8)];14) (x,t)dx <c (7.3)
0<t<T J xo+e—vt

foranyv >0,e > 0andeachk =0, 1, ...,1 with

=c|lv;e; T; RS EX ‘ . 7.4
c c( vies T uolx,,,: [o4uo L2(W)) (7.4)
Moreover, foranyv > 0,e > 0and R > ¢
T x0+R—vt 2
/ / (8l+2u) (x,1) dxdt <& (15)
X ’ - .
0 xo+e—vt
with
525(1; vie; Ry T luollx,,: afcuo‘ ) (7.6)
o L2 (x9,00)

Remark 5 Due to the similarities in the proof technique, the comments in this section can be
modified to prove extensions of Theorems 2 and 3 to the class (7.1).

Remark 6 Establishing local well-posedness of the IVP (7.1) in the weighted Sobolev spaces
X.m imposes minimum values onm and s, see for instance the contraction principle technique
used by Kenig et al. in [12] and [11]. Thus the values of mqo and so are determined by
considering both the local well-posedness as well as our proof of the propagation of regularity.
As we see below, these considerations may differ.

Remark 7 A slight modification to the energy inequality (3.2) allows one to loosen the
restriction that Q not contain any linear terms. In particular, the theorem applies to the model
(1.6) when coupled with an appropriate local well-posedness theorem. Provided suitable
cutoff functions exist, modifications to (3.2) also extend the technique to a class of higher
order equations containing the KdV heirarchy.

Proof Though not strictly necessary, we break the proof into cases based on the form of
the nonlinearity Q(u). We treat the case xo = 0 as the argument is translation invariant.
Following the proof of Theorem 1, let u be a smooth solution of the IVP (7.1). Differentiating
the equation /-times, applying (3.2) and using properties of x, we arrive at

%/ (Exlcu)z X (x +vr) dx +/ (3)[c+2“)2 x'(x +vt) dx

2
! ) 1 al
< / (01u) X G+ vise/3, b+ dx + / 8Ludl Q(u)x (x + vi) dx
= A+B (1.7)
The proof proceeds by induction on I € Z*. For a given nonlinearity Q(u), there exists

lo € Z* such that the cases [ = 0, 1, ..., [y can be proved by choosing sg large enough. Thus

@ Springer



J Dyn Diff Equat (2017) 29:701-736 733

it suffices to prove only the inductive step. We describe the formal calculations, omitting the
limiting argument.
Integrating in the time interval [0, ¢] and applying the / — 2 result we have

t
/Adr
0

where 0 <t < T and cg as in (7.4). We now turn to term B.
Case 1 Suppose Q is independent of both 8fu and 8314. Then there exists N € ZT such
that, after integrating by parts, B is a linear combination of terms of the form

T 2
<c(v;e; b)/ / (f)iu) x'(x +v7) dxdt < cp (7.8)
0

. . ; 2
/ ui @ (02u)” (0lu) x (e + vy dx. oo jr 2 < N,
and
. . : 2 .
/ u @0 (02u)” (oku) 1P+ dx, oo ji 2 <N

where 1 < jz <5and3 <k <[+ 1. Hence no loss of derivatives occurs. Integrating in the
time interval [0, ¢], applying the induction hypothesis and the Sobolev embedding

t t 2
/ B dt §c0+c1/ /(Siu) x(x 4+ vt)dxdrt
0 0

provided so > 7/2, with ¢ and c; as in (7.4). Combining with (7.8), after integrating (7.7)
in time and using the hypothesis on the initial data we have

t
y(t) := / (8)1614)2 x(x +vt) dx +/ / (8i+2u)2 x' (x +v1) dxdt
0

t 2
co+01/ /(3)lcu) x(x +v7) dxdrt
0

t
co + ¢y / y(tr) dr. (7.9)
0

IA

IA

The result follows by an application of Gronwall’s inequality. The value of m is determined
by the LWP theory.

Case 2 Suppose Q is a linear combination of quadratic terms (with the exception of uaﬁu).
After integrating by parts B is a linear combination of terms of the form

. 2
/a,{u (a§+1u) x(x+v)dx, l<j<é
as well as lower order terms. The correction technique of Theorem 1 can be modified to

account for this loss of derivatives. For example, if Q(u) = 83u8§u, then integrating by
parts and supressing coefficients

2 2 ~
B:/afu (a)l{“u) x(x +vr) dx—}-/a;lu (aiu) x(x +vt)dx + B

where B is controlled by induction. For the second term, we impose s9 > 9/2 to control
I 8;‘14 [| oo For the first term, consider the correction

d B 2
I Ol (8)16 1u) x(x 4+ vt) dx.

@ Springer



734 J Dyn Diff Equat (2017) 29:701-736

In general, more than one correction may be necessary. The remainder of the proof is similar to
Theorem 1, thus the value of m is determined by the LWP theory. Note that if O additionally
contained higher degree terms independent of Bfu and 8314, the above argument applies.
Equations in the class (1.1) are of this form.

Case 3 The remaining nonlinearities in the class (7.1) exhibit a loss of derivatives which,
in general, cannot be controlled by the correction technique. We illustrate the argument in
this case by focusing on the example equation

du — u = udu. (7.10)

The IVP associated to this equation is locally well-posed in H* (R), s > 2, using the contrac-
tion mapping principle. However, our modification to the proof of Theorem 1 will require
the use of weighted Sobolev spaces.

After integrating by parts and supressing coefficients

2 2 ~
B:/u(ajf‘u) X (x + vt) dx+/a§u (9hu) xx+vax+B @1

where B is controlled by induction. Combining with (7.8), after integrating (7.7) in time and
using the hypothesis on the initial data we have

2 t 2
y(t) == / (aiu) x (x +vt) dx —I—/ /(8i+2u) x'(x +v1) dxdt
0
! 2 t 2
< ¢ +/ /Bfu (8iu) x(x +vt) dxdr + / /u (Bi“u) x(x +v1) dxdr
0 0

1 t 2
co + c1/ y(r)dt + ’/ /u (ai“u> X (x +vt)dxdr
0 0

Focusing on the last term in the above line,

ot
/ /u (B)lflu)2 x(x +vrt) dxdr
0
T j+1
Z sup  |u(x, 1) (sup/ /] (Bi"'lM)ZX(x"'VT) dxdr). (7.13)
0 Jj

N 0<t<T j€Z
J€L j<x<jt !

IA

. (7.12)

IA

We check three cases to show the inductive case / — 1 bounds the second factor. First, the
integral vanishes for j + 1 < ¢ — vT. For ¢ < j we apply the inductive hypothesis with
v = (. Otherwise we utilize a pointwise bound on x

T rj+l 2 T 2
/ / (8i+1u) x(x +v1) dxdt 5/ /(8i.+lu) X' (x +vt;e/5,vT + &) dxdr.
o Jj 0

The technique for bounding the first factor is described in the next theorem. In general,
there exists a nonnegative integer n depending on the form of the polynomial Q such that
the following quantities must be estimated:

sup 8§u(x,t)', k=0,1,....n.

0<t<T
J<x<j+1

assuming u is a Schwarz solution of IVP (7.1). With such an estimate in hand, the result
follows by an application of Gronwall’s inequality. O
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Theorem 5 Let k € Z U {0} and u be a Schwartz solution of the IVP (7.1) corresponding
to initial data uy € .7 (R). Then there exists a nonnegative integer mg (depending on Q and
k) and positive real number sy > 2mq such that

sup
0<t<T
J=x<j+1

ux, t)‘ =c (T; Iluollxxo,mo) .

The idea is to apply a Sobolev type inequality in the ¢-variable and show that the resulting
summation converges by imposing enough spatial decay on the solution. Acheiving this goal
requires the following lemma.

Lemma 6 If f € C>(R?), then

T L 1 T L
sup If(x,t)ls/ / |axtf(y,s>|dyds+—/ / £ (. 9)] dyds
0<t<T 0o Jo TL Jo Jo
1 T L 1 T L
7/ / |8zf(y,S)|dyds+*/ / [0x f (. 5)| dyds
LJo Jo T Jo Jo

0<x<L
forany L, T > 0.
We now turn to the proof of Theorem 5.

Proof For concreteness, we show details for k = 0. Applying Lemma 6,

su u(x, )| <t ||0yru Oyl Oru .
> S e D57 el 1y + 10ctly gy W0y + el
I8 j<x<ih

Focusing on the worst term ||dy,u|| LhL! and applying
X

IF1le < I fll2 + lxf 12

we arrive at
”axt””LlTL)l( Sr ||3xz“||L;°L§ + ||xaxtu||Lf;°L§-
Looking at the second term and using the differential equation we have
Ixdgully < [1xa0u@)llz + x0, @diu)|l2 =: A + B.

Then

:/uaf (x28)?u) dx
= /x2u8;2udx+ 12/xu8;1udx+30/u3;oudx
< Ix2ullz |92, + lxalz 0w, + llull2 |[82]),

and so we impose so > 12, mg > 4 (compared to the H 2(R) local well-posedness). The
estimates for the remaining terms are similar, completing the case k = 0. O
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