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Abstract In this paper we study the limit as ¢ — 0 of the singularly perturbed second order
equation &2ii, + V. V(t,up(t)) = 0, where V(r,x) is a potential. We assume that uq(t) is
one of its equilibrium points such that V, V (¢, ug(¢)) = 0 and V)?V(t, uo(t)) > 0. We find
that, under suitable initial data, the solutions u, converge uniformly to ug, by imposing mild
hypotheses on V. A counterexample shows that they cannot be weakened.
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1 Introduction

A problem of interest in various areas of applied mathematics is to find stable equilibrium
points for time-dependent energies. In a simplified setting, the problem is to find an evolution
t — u(t) such that
( VeVt u(t)) =0, (1)
V2V (t, u(t)) > 0, '

where V (¢, x) is a potential, V, denotes the gradient with respect to x, and sz the corre-
sponding Hessian. This problem can be locally solved by means of the Implicit Function
Theorem, which provides a smooth solution defined in a neighborhood of ¢ = 0.

Problem (1.1) has also been studied in finite dimension as the limit case of e-gradient
flows. A first general result was given by Zanini [15], where the author studies the system

eute(t) + Vi V(t, us(t)) = 0. (1.2)
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In [15] it is proved that the solutions u, to (1.2) converge to a solution « to (1.1), obtained
by connecting smooth branches of solutions to the equilibrium equation (1.1) through suitable
heteroclinic solutions of the e-gradient flows (1.2).

In [1] V. Agostiniani analysed the second order approximation with a dissipative term:

&2 Aii(t) + eBiie (t) + Vi V(t, ug (1)) = 0, (1.3)

where A and B are positive definite and symmetric matrices. It turns out that (1., € Biig) —
(u, 0), where u is piecewise continuous and satisfies (1.1). Moreover the behaviour of the
system at jump times is described by trajectories connecting the states before and after the
jumps; such trajectories are given by a suitable autonomous second order system related to
A, B,and V, V.

We remark that studying the asymptotic behaviour of solutions, as ¢ — 0, in systems of
the form (1.3) with A # 0 and B = 0 (vanishing inertia), or A = 0 and B # 0 (vanishing
viscosity), or A, B # 0 (vanishing viscosity and inertia), may give a selection principle
for quasistatic evolutions (namely those evolutions whose loading is assumed to be so slow
that at every time the system is at equilibrium and internal oscillation can be neglected).
This approach has been successfully adopted in various situations in the case of vanishing
viscosity (cf. e.g. [3-7,10,11]) and in the case of vanishing viscosity and inertia (cf. e.g.
[2,9,12—-14]). We remark that in [2] viscosity can be neglected under suitable assumptions.

The above mentioned results [1,15] require strong smoothness assumptions on V (C 3.
regularity is required). The aim of the present paper is to weaken the assumptions under
which second order perturbed problems converge to (1.1). More precisely, we consider a
second order equation of the form (1.3) without the dissipative term Bii.. (Notice that in
general, when B > 0, it is easier to prove the convergence of solutions.) We therefore study
the asymptotic behaviour of the solutions u, of the problem

2o (t) + Vi V(t, us (1)) = 0 (1.4)

to a continuous stable equilibrium uo of (1.1). Our main result is that the convergence
ue — uyg still holds under some regularity and growth conditions on V that are weaker than
those required in [1, 15]. Furthermore we provide a counterexample to that convergence when
such assumptions do not hold.

More precisely we require continuity for V in both variables and we assume that V (¢, -) €
C2. We also suppose that there is a function V; (z, x) of class Cl-Carathéodory (.e., V;(-, x)
is measurable and V,(z, -) is of class C1) such that

n

V(tr,x) — V(t, x) :/ Vi(t, x) dt,

n

for a.e. 11, 1. With some further boundedness conditions on V (listed in Sect. 2) we prove
that u(¢) is absolutely continuous and we obtain the convergence result, see Theorem 3.3 in
Sect. 3. Specifically, we find that solutions to (1.4) satisfy

ue — uo uniformly and ¢||it, — itplg1 — O (1.5)

ase — 0.

In Sect. 4 we show that, if we weaken the assumptions on V, we are not able to get (1.5).
More precisely we provide a counterexample for a model case where the time-dependent
energy is given by

1 2
V(t, x):= §|x —ug()|”.
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We remark that, when ug € W1(0, T), then V in its turn satisfies the assumptions of
Sect. 3. In this case, solutions u, of (1.4) converge uniformly to ug. On the other hand we
show that, if uq is the Cantor—Vitali function, then (1.5) can not be satisfied (see Example
4.3). In fact we prove that no subsequences of solutions to (1.4) could converge to uy and
that the continuous functions uo with this property are infinitely many (see Proposition 4.1,
Remark 4.2).

This result thus shows a case in which the dynamic solutions do not converge to the
expected (quasistatic) equilibrium. A similar phenomenon was observed in [8] where the
authors give an example of non-convergence, in the context of a one-dimensional peeling
test without viscosity: more precisely, their dynamic solutions converge to a limit that does
not fulfill first order stability. Our non-convergence result in Sect. 4 can therefore be regarded
as an example in which, in the absence of a damping viscous term, dynamic solutions do not
converge to stable equilibria even in very simple situations.

2 Setting of the Problem

Let V: RxR" — R be a continuous function such that V (¢, -) € CZ(R"). It will play the
role of a time-dependent energy. We assume that there exists a function ug € C°([0, T']; R")
such that the following properties are satisfied:

Vi V(t,uo(t)) =0, foreveryt € [0, T], 2.1)
Ja > 0: V2V (L, up(t)€ - £ > a|&|?, forall & € R". (2.2)

Furthermore, for a.e. ¢ € [0, T] and for every x € R”, we assume that there is a constant
A > 0 such that
IV V()| V2V x)| < A. 2.3)

We also assume that there exists a C 1-Carathéodory function V;: RxR" — R, i.e., a
Carathéodory function such that V,(z, -) € C'(R"), satisfying

15}
V(na, x) — V(t1, x) =/ Vi(z, x) dt, (2.4)
n
for a.e. 11, € R and all x € R”". Moreover, for every R > 0, we require that there exists
ag € LY (R) such that
[Vi(t, )|, IVeVi(t, x)| < agr(t), (2.5)

fora.e. r € R and all x € Bg(0). We notice that, by condition (2.5), it is possible to prove
that V,. V is continuous in both variables.
We consider, for fixed ¢ > 0, the Cauchy problem

82128 + ViV, ue(2)) =0,

ue(0) = u, (2.6)
e (0) = vy,
where we assume that
u? = up(0) = 0 and e, (0) — 0. 2.7

Global existence and uniqueness of the solutions u, to (2.6) are consequences of standard
theorems on ordinary differential equations thanks to the continuity of V, V and to condition
(2.3). Our goal is to study when convergence, as ¢ — 0, of solutions u, to (2.6) satisfying
conditions (2.7) to ug is possible.
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Using (2.3) and (2.5), we now study the dependence on x of the set of Lebesgue points
for a function t — f (¢, x) which will then play the role of V; and V, V;.

Lemma 2.1 Let f: RxR" — R" be a Carathéodory function such that, for every R > 0,
there exists ag € LY (R) with f(t,x) <ag(t) forevery x € Bg(0). Fix x € R", then for a.e.
teR

1 t+h
lim lim W [f(z,y)— f(t,y)]dTr = 0.
t

y—=>X h—0

Proof Lett € R be aright Lebesgue point for t — f(z, x), i.e.,

1 t+h
}}1_%%/2 [f(z,x)— f(t,x)]dTr = 0.
Let § > 0 and define

WR(0) = sup |f(r,x) — f(z, )l (2.8)

By assumption we have that a)‘f,e (t) < 2ag(t); moreover a)‘;e is measurable because the

supremum can be taken over all rational points and along a sequence § = 1/n. Therefore
% () € L'(R).

If ¢ is also a right Lebesgue point for 7 — w% (r) foreveryé € Q,6 > Oand |x —y| <,
then

1 t+h
lim 7/ [f(z,x) — f@t,x) = (f(r,y) — f(t, y)l dT
h—0h J;

t+h

< lim 1 [0%(T) + &% ()] dT = 20} (7). (2.9)
h—0h t

Since f (¢, -) is uniformly continuous in Bg(0), the last term in (2.9) tends to zero as
8§ — Oforae.t € R. m]

Remark 2.2 Given any u € Wl’l(O, T;R"), we are now able to get a chain rule for a.e.
t € [0, T], by differentiating z(¢) := V (¢, u(¢)). Indeed, if ¢ is a Lebesgue point for 7
Vi(z, u(t)), by (2.4) we have

2t +h)—z(t) V@ +hu+h)— V(e ut+h) N V(t,ut +h)) — V@, u(t))
h - h h

t+h _
=3/ Ve, uto + iy e+ v (6 M =10
t

. (2.10)

for some point £ belonging to the segment [u(¢), u(t+h)], thanks to the Mean Value Theorem.
We now re-write the first summand of (2.10) in the following form:

1 t+h
Z/ Vi(t,u(t + h))dr
t

1

t+h
= E/ [Vi(t,u(t +h)) = Vi@, u(t + h)Ide + Vi(t, u(t + h). .11
t

In view of Lemma 2.1, the integral in (2.11) tends to zero, for a.e. t € [0, T] as h — 0:
this is done by a diagonal argument using the fact that u(t + h) — u(t), because u is an
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absolutely continuous function. Moreover, by continuity of V;(z, u(-)), the second summand
in (2.11) tends to V; (¢, u(t)). Therefore, as h — 0 in (2.10), we get

%V(r, u)) =z@) =Vit,u®)) + Vi V(t, u(t))u(t), (2.12)

fora.e.t € [0, T], because V, V (z, -) is continuous.

We now argue similarly for V, V (¢, u(z)) and get a chain rule again. Since V;(t,-) €
CL(R™) for a.e. t and condition (2.5) holds, by an application of the Dominated Convergence
Theorem, we have that

1
V.V, x) — ViV (i1, x) = / ’ V, Vi (z, x) dt. (2.13)
1
Therefore,
VeVt +h,ut +h) — Vi V(t, ut))
h
N V@ +hou(t +h) — ViV, u(t +h) N Vo V(t,ut+h) — VeV, u®))
o h h
t+h _
- %/ Ve Vi(t, u(t +h))dr + va(r’”(ﬂrh)}z va(””(”). (2.14)
t

Since V, V,(t, -) is continuous and V, V; (-, x) is measurable (indeed, it can be obtained as
the limit along a sequence of measurable difference quotients), then V, V; is a Carathéodory
function controlled by an integrable function ag (). Arguing as before and recalling that
V(t,-) € C*(R"), we have that for a.e. t € [0, T]

. VAV 4 h,u(t+h)) — Vi V(t, u(t))
m

li
h—0 h

= Vi Vi(t, u(0)) + V2V (t, u(t))i(r).

In particular, since V, V (¢, ug(t)) = 0, we have
Ve Vilt, uo(t)) + V2V (t, ug(1))iig (1) = 0. (2.15)
We are now in the position to state the following result which will enable us to restrict to
the case of absolutely continuous functions throughout the sequel.

Proposition 2.3 Let V: RxR" — R be a continuous function which satisfies V(t,-) €
C%(R") for a.e. t € R. Let V, fulfill conditions (2.4) and (2.5), and let uy: [0, T] — R" be
a continuous function such that there exists o > 0 :

VIV, uo(0))E - £ > al]?, (2.16)

for every & € R" and for a.e. t € [0, T]. Then, ug is absolutely continuous in [0, T].
Proof We want to show that, if ¢ is small enough, there exists § > 0 such that, for a.e.
t1,tr € [0, T] with |t — #2| < §, there exists M, > 0 and an integrable function g such that

n
o) — ()l < Me [ gt 2.17)
1
We know that
0=ViV(t2, uo(r2)) — Ve V(t1, uo (1))
= W V(t2, up(©2)) — Vi V(11, uo(t2)) + Vi V (11, uo(12)) — Ve V(21, uo(21))

=V, V(t2, up(12)) — Vi V (11, uo(12)) + V2V (11, ) (o (t2) — uo(t1)),
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where y is in the segment [uq(?1), uo(f2)]. Therefore we have
uo(t2) — uo(t) = —V2V(t1, ») "' [V V2, uo(t2)) — Vi V (11, uo(t2))]. (2.18)
Since V2V (11, -) is continuous and satisfies the coercivity assumption (2.16), we can find
& > O such that, if y € B, (uo(#1)) then
o
>

—lg%.

VIV )& = 5

‘We can thus invert sz V(t1, -) in a neighborhood of u(#1). Let A, be the minimum eigen-
value of sz V (t1, y). Therefore we can control the norm of sz Vi, y)’1 with 1/4y. If vy is
an eigenvector of V>V (t1, y) with eigenvalue Ay, then we have

o
Mmﬁ:%vmympwzamﬁ
from which we deduce that A, > % and therefore

2 -1 E
H%VMJ)HSd (2.19)

We can now plug (2.19) in (2.18) and, arguing as in (2.13) of the previous Remark, we
get

"ty

|wwmwmmms§/ ar(t) di

4l

10}

2
lug(t2) — uo ()| < */
o

1

and we have thus obtained (2.17). ]

3 Convergence of Solutions

This section is devoted to the study of the convergence for solutions u, of problem (2.6). We
will show that u, uniformly converges to u¢, which is the equilibrium for the potential V
introduced in the previous section, provided initial conditions (2.7) are satisfied.

We recall here the standard Gronwall lemma which will be used as a main tool in the
proof of the convergence.

Lemma 3.1 (Gronwall) Let ¢ € L®(R), ¢(t) > 0 fora.e.t € Randa € L'(R), a(t) > 0
fora.e.t € R. We assume that there exists a constant C > 0 such that

t
o(t) 5/ a(s)e(s)ds + C, fora.e.t € R.
0

Then,
t
p(t) < Cexp (/ a(s) ds), forae. t € R.
0

Remark 3.2 From now on assume that there exists ¥ : [0, +00) — R such that

lim ¥ (t) =+ooand V(¢,x) > ¥ (|x]), 3.1

t—+400

forall # € [0, T] and x € R, and there exist a(-), b(-) € L' (0, T) such that
Vi(t,x) < a@) + bV, x), (3.2)
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fora.e.t € [0, T] and for all x € R". Then it is easy to deduce uniform boundedness for the
sequence {u,}, by applying Lemma 3.1 to the following energy estimate:

T
V@, u(0) < llall o) + /0 bV (¢, ue (1)) dr.

We remark that conditions (3.1) and (3.2), which are standard in this context, are not
necessary for establishing our result if we already know that the sequence {u,} is uniformly
bounded.

We are now in the position to state the main result of this section.

Theorem 3.3 Let V be a function fulfilling the assumptions of Proposition 2.3 and let ug €
CY([0, TT; R") be such that Vi,V (t, up(t)) = 0 for every t € [0, T]. Assume also that
conditions (3.1) and (3.2) are satisfied and that VXZV(I, x) and V, Vi (t, x) are locally equi-
Lipschitz in x, uniformly in t, i.e. for every x € R" there exists § > 0 and constants
C1, Cy > 0 (which may depend on x), such that, for every |h| < §

V2V (t, x +h) — V2V (t,x)| < Cilhl,

3.3
e Vi(t, x + h) — Y Vit x)| < Calhl, (3-3)

fora.e. t € [0, T). Let ugs be a solution of the Cauchy problem

82128 + ViV, us(2)) =0,
e (0) = u?, (3.4)
i1 (0) = 2,

where the initial data ug and vg are such that
u? = up(0) = 0 and ev? — 0. 3.5)
Then, uy — uq uniformly in [0, T] and ¢||is — tgll;1 — 0, as e — O.

Proof We fix a sequence ¢; — 0 and we prove convergence for u,;: this will show con-
vergence for the whole family {u.} to ug, by the arbitrariness of ¢;. However we will keep
writing just u, for the sake of simplicity of notation.

By Proposition 2.3, we have that ug € w1, T; R"). Since C2([0, T]; R") is dense in
wbko, T; R"), for every k € N there exists a sequence {u’é} c C%([0, T]; R™) such that

1
lluwo — ublyr1 < © (3.6)

A suitable choice of k will take place in due course. However, we can already notice that,
since W10, T; R") ¢ C°([0, T]; R"), then ”/(3 uniformly converges to ug in [0, T] and
therefore they are all contained in a compact set containing {uo(¢), t € [0, T]}.

We now introduce a surrogate of energy estimate, multiplying the equation in (3.4) by
g (t) — u’(j(t). After an integration we get

g2 . Lk 2
Elue(t) — a1+ V(t, ue (1))

2 t
= %MS(O) — 5 0)* + V(0, us(0)) — /0 &2l (5) (the (s) — i (s)) ds

t
+ / [Vits ue(6) + VeV s, e w)if(s) | ds 3.7)
0
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Our aim is thus to infer some lower and upper bounds for (3.7) in order to get, by Lemma
3.1, convergence of u, — ué and then deduce convergence to ug. It is thus convenient to

consider the following “shifted” potential V defined as
V(t,x) = V(t,x) — V(t, ub (1)). (3.8)

Since u’(j is of class C2, then all regularity assumptions on V are inherited by V. We have,
in particular, that

Vi(t, x) = Vi(t, x) — Vi (t, ub (1)) — ViV (£, ul (0))i (1) (3.9)
Moreover it is easy to show that
V. V(t,up(t)) =0, Vt € [0, T]. (3.10)
We also notice that (3.7) is equivalent to
i kN2 LT
3|ug(t) — g7+ V(t, us (1))
2 5 t
= %ms(m — i (0)[* 4 V (0, us (0)) — /0 e2ii(s) (tie (5) — g () ds
t
+/ Vi(s, ue () + Vi V (s, ue(5))ih (s) ds. (3.11)
0

We set A5:=§|i¢8(0) — ti’(§(0)|2 + V(0, us(0)), which tends to 0 as ¢ — 0, by the initial
conditions (3.5) and because u](g — ug uniformly in [0, T'].

‘We now subdivide the proof into parts obtaining estimates which will then be used in the
final Gronwall argument.

Lower Estimate. We look for a lower bound for the summand \7(1, i) in the left hand side
of (3.11). We have that, by first order expansion, there exists y in the segment [0, x] such
that

V(t, x +uo(t)) = V(t, uo(t)) + Vi V(t, ug(t))x + V2V (t, y)x - x
= V(t,uo(t)) + V2V (t, y)x - x, (3.12)

because V, V (¢, uo(t)) = 0 for every t € [0, T]. We now compute twice (3.12), once for
X = ug(t) —uo(t) and once for x = ug(t) —ug(t), and then we make the difference between
the two results. Therefore, for suitable y; between ug(f) and u.(¢), and y, between ug(t) and
ué‘)(t), we have

V(t, us (1)) = V2V (1, y1) (e (1) — uo (1)) - (s (1) — uo (1))
— V2V (t, y2) (b (1) — uo(0)) - (@) — uo(r)). (3.13)

By a continuity argument and the coercivity assumption for sz V (2.16)wecanfind§ > 0
such that, if |z| < &, then

2 g2
ViVt z+uo)§ -§ = S IEI%

We apply this estimate in the first summand of the right hand side of (3.13), while for the
other one we use boundedness of sz V(t,-). We thus get

V(t, ug (1)) > %mg(t) —up()|* — club(t) — uo()[%, (3.14)
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for a suitable ¢ > 0, provided that
lug(t) — uo(t)| < 8 forevery t € [0, T] and for & small enough. (3.15)

For the moment we assume that this bound holds and postpone its proof to the end.
Since

%mg(r) —uk)? < §|u8<r> — w2 + %IMO(I) —ub,
we deduce, from (3.14), that
o o ko2 LN 2
Vit ue®) = Sl = O = (e + )b —uo ), (3.16)

where the last summand on the right hand side of (3.16) is small by the uniform convergence
of uk to ug.
0

Upper Estimate. We now switch our attention to the estimate on the right hand side of
(3.11), which we now re-write in the following way:

t t
A, —/ e2iik () i (5) — i (5)) ds +/ [\7,(5, 1o (s)) +Vx‘7(s,ug(s))1)tl(‘)(s)] ds
0 0
= A, — A+ Ap.

Estimate of Al. We first apply the Cauchy inequality and obtain

52 t 82 t
< 7/ |ii’(§|2ds+—/ liie — i) ds (3.17)
2 Jo 2 Jo

The second summand in (3.17) will enter the final estimate via the Gronwall lemma,
while for the first one we argue in the following way. We have no information about how big
||ii16 l22(0,7) 18, nevertheless we can find, for every k € N, an ¢ > 0 such that

t
|A] = ’/0 e%iil (e — il ds

.. 1
i1 720m) = 5- (3.18)

Then, we can invert the function which associates € to k and get k(¢) — oo as e — 0,
though this convergence may be very slow. This is done by recalling that ¢ = ¢; and then
defining

. . 1
k(e;) :== min ’k € N Jiig 72, > ;] - b
J

From now on we will keep writing k intending k(e ;) with this peculiar construction and
we have, combining (3.17) with (3.18),

2 t
& . .
|A1] < A + 5/0 lite — i[> ds, (3.19)

where A] — Oase — 0.
Estimate of A2. By using a variable x which will play the role of u.(r) — ué(t), we have
that, fora.e. t € [0, T],

Vit x + uf) + Vi V(2. x + ug)ig)|
< |Vi(t, x +ub) = Vit, x +uo)| + |V V(t, x + ub)id — ViV (e, x + uf)io]

+ IV V(t, x + ub)itg — ViV (2, x + uo)itg] + Vi (7, x + uo) + Vi V (2, x + ug)itg|.
(3.20)
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The first three summands on the right are easy to deal with, by using Lipschitz and
boundedness assumptions. They are estimated, independently of x, by

C (1 + litol) (Ju — uol + lie§ — diol).
As for the fourth summand, we call
F@) := Vit, x + uo) + Vi V (£, X + uo)io.

If we set g(x) := f(x) — Vf(0)x, then there exists y in the segment [0, x] such that
g(x) — g(0) = Vg(y)x. Therefore we have, for a.e. r € [0, T],

Vit x + ug) + Vi V(t, x + ug) - itg — Vi (t, ug)
— ViV (t, up) - tig — Vi Vi (t, ug) - x — V2V (t, up)ito - x
< |V Vi(t, y + uo) + V2V (2, y + uo)ito — Vi Vi (t, uo) — V2V (¢, ug)iio | x|
< c(+ [uoDlyllx|
< clx (1 + lio)), (3:21)
since V, V; and VXZV are locally equi-Lipschitz in x uniformly in ¢, by condition (3.3), and

the constant ¢ > 0 is independent of x = u, — u’{) because the functions u, are bounded in &
as we pointed out in Remark 3.2. Moreover, by (3.9),

IV, (t, uo)| = |Vi(t, uop) — Vi (t, ub) — Vi V(r, ul) - il
< |Vi(t, ug) — Vit, ul)| + |V V (2, uo) - it — Vi V (2, uf) - irf|

< Cluo — ug|(1 + lug)), (3.22)
fora.e.r € [0, T]. Asin (2.15), we have that for a.e. r € [0, T],
Vi Vi(t, uo (1)) 4+ V2V (£, ug(1))iio(r) = 0. (3.23)

Therefore, plugging (3.10), (3.21), (3.22), and (3.23) in (3.20), we get
Vit x + uf) + Vi V(2. x + ug) - i

< er(1+ oD (Juf — uol + [if — ito]) + calx*(1 + lito]) + e3lug — ub|(1 + uf)),
(3.24)

for a.e. t € [0, T], where ¢y, c2, and ¢3 > 0. We may therefore compute (3.24) with x =
ug(t) — u'é(t) and, if we integrate between 0 and ¢, we find that

t
et [+ ol = ol + i oD ds .
0
as k — oo by W !-convergence of u](g to up. Also
13
C3/ lug — up|(1 + [if]) ds — 0,
0

ask — oo using this time the uniform convergence of ué to up and the fact that ué e L0, T).
Therefore the second integral in (3.11) is estimated by

t
cz/ lue — uf|>(1 + litg]) ds + Ay, (3.25)
0

where Ay — 0as k — oc.
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Gronwall Argument. We are now able to get, by the previous estimates, the conclusion of
the proof. We set

o k
B i= Ac Af -+ Mg + (e 5) 10§ 0) — w0

which tends to zero as ¢ — 0, and we plug (3.16), (3.17), (3.18), and (3.25) into (3.11). We
therefore have, for every ¢ € [0, T1],

2
%mg(r) — O + S s — uh()?

ﬁ ST ' k2 .
< B.+ > lite —1gl” +c2 [ fug — ug|(1 + [ao]). (3.26)
0 0

With some further manipulations we are in position to apply Lemma 3.1. Therefore, there
exists C > 0 such that
e . ko2 @ ko2 ! .
3|ua(t) —upO" + Zlus(t) —up(D)]” < Beexp C/ (I +luo()Dds ). (3.27)
0

Since ug € whl (0, T), we have that the right hand side of (3.27) tends to zero as ¢ — 0,
for every ¢ € [0, T']. In particular, since |u, (1) — uo(t)| < |us(t) — ul (1) + |ub(®) — uo (1)l
we obtain that u. (t) — uo(¢) uniformly in [0, T'] as ¢ — 0. We also have

ellite — iioll 10,7y < €llite — iigll 10,7y + llig — tioll 1o, 1)
T
<7 [ i b+ el = ol 7
from which we deduce
elliee — uollz1 — 0,
as ¢ — 0, because ||1k1(‘) —uollp10,7) 1s bounded.

Proof of (3.15). In order to conclude we only need to prove that |u.(t) — uo(t)| < §, for
every t € [0, T] and for ¢ small enough. We can define, for every ¢ > 0

te = inf{r € [0, T]: |us(t) — uo(t)| > 8},

with the convention that inf ) = T'. Notice that the continuity of u.(-) — uo(-) and the initial
condition u.(0) — uo(0) as ¢ — 0, implies that 7, > 0. We thus have that (3.15) is satisfied
for every t € [0, z.). We now assume, by contradiction, that #, < T'. Then, with the previous
Gronwall argument, we can find € so small such that |u. () —uo(t)| < % forevery ¢ € (0, &)
andt € [0, t.]. However this contradicts the continuity of u, —uqint = t.. Therefore t, = T
and this concludes the proof of the theorem. O

4 Counterexample

In the previous section we proved that, under certain assumptions on V, the solutions u,
of problems (3.4) converge in W10, T) to ug, whenever ug is continuous and the initial
conditions (3.5) are satisfied. We now prove that assumptions on V can not be further relaxed
in order to get the same result.
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Let us consider the sample case

2y +ue —ug =0,
us(0) = u?, 4.1)
ug(0) = vg

where we assume that ug — up(0) =0and 81)2 — 0 as & — 0. In this case the potential V
is given by

1 2
Vit x):= Elx —ug(1)|”.

We have that V, V (¢, ug(t)) = 0 for every ¢ and VXZV(t, uo(t)) is the identity matrix. We
notice that, if we only assume continuity of ug, then a chain rule similar to (2.12) can not be
established. We can, nevertheless, find an explicit solution of (4.1) with standard methods of
ordinary differential equations:

1 [ 1 [
ug(t) = (_7 / uo(s) sin £ ds + ug) cos £ + (f / uo(s) cos £ ds + evg) sin L. (4.2)
€ Jo € Jo

If we assume that ug € WL1(0, T), then assumption of Theorem 3.3 are satisfied and
therefore u, — uo uniformly for every ¢ € [0, T] and that ez, — O for a.e. r € R. This
result can be equivalently obtained by direct computation through the explicit formula (4.2).
We may remark the fact that, in the presence of a dissipative term as in [1], the convergence
of the solutions to the approximated problems is satisfied with weaker assumptions on the
initial conditions. More precisely if the equation is

eziiE +eng +ug —ug =0,
then it is sufficient to assume only that

0

_L _L
e % —>0andsvge 2 — 0ase — 0.

u

We now show that convergence for the problem (4.1) fails if we only assume that ug is
continuous. This gives a counterexample to the convergence result of Theorem 3.3 when the
regularity assumptions on V are not satisfied. Indeed, there is at least a continuous function
that can not be approximated by solutions to second order perturbed problems, as we show
in the next proposition; we will exhibit one of these functions in Example 4.3. Furthermore
in Wh! there is a dense set of Cg functions with this property (see Remark 4.2).

Proposition 4.1 There exists ug € C8 ([0, T1) such that the functions u, defined in (4.2),
do not converge uniformly to ug as ¢ — 0.

Proof We argue by contradiction. Assume that for every ug € Cg ([0, T]) ue uniformly
converges to ug as ¢ — 0. Without loss of generality we can assume that 7 > 1 and we
show that the convergence fails at = 1. Let us fix g; — 0. Then we have, from (4.2),

1! . . .
ug (1) = —g A uo(s) [sm é cos ﬁ — cos ﬁ sin é] ds + ugk cos ﬁ + ekvgk sin é

Since ugk, ekvgk — 0 by assumption, we have convergence of u. (1) to ug(1) if and only

if the operator Fy, : Cg([O, T]) — R, defined as
1! 1 1
Fe, (up) == T /0 uo(s) [sin é cos .- — Cos é sin 5] ds,
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converges. We thus have pointwise convergence of Fy, to Fy defined by Fo(uo) = uo(1). By
the Banach—Steinhaus Theorem this implies uniform equiboundedness. On the other hand
we notice that

1
Fiy (uo) 2/0 uo(s) dpee, (s,

_1
€k

1 _
Ek

where dpg, (5) = [sin ﬁ cos cos é sin i] ds. However

1 1 0
sup |pg, 1(0, 1) = sup (—/ | sin S%Ids) = sup/ |sint|dt = 400
k © \& Jo k kJoL

€k

which contradicts the uniform equiboundedness. O
Remark 4.2 The Banach—Steinhaus Theorem also implies that the set

R = {up € CQ([0, T1): sup |Fe(up)| = +00}

is dense. Therefore there are indeed infinitely many functions for which u, can not converge
to uop.

Example 4.3 We now give an explicit example of a continuous function that is not approxi-
mated by solutions to second order perturbed problems. We consider as u( the Cantor—Vitali
function z: [0, 1] — [0, 1]. Plugging u¢ = & into (4.2) and through integration by parts, we
get

t t
ug(t) = i(t) — cos é/o cos £ du(s) — sin é/o sin £ dyu(s) + u? cos E4 gv? sin L, 43)

where u is intended to be the distributional derivative of ug. We now choose ¢ = ﬁ and
remark that

/ cos(2kms) du(s) = / e TR dp(s),

where i1 and p have been extended to R by setting z = 0 in the complement of [0, 1]. By
using the well-known expression for the Fourier Transform of the Cantor measure we can
compute (4.3) int = 1 and get

1 o0
ug, (1) = a(l) + ”(s)k —/0 cosRkms)du(s) = a(l) + ugk —(=DF Hcos 2;‘—,,”
h=1

0

Since Ug,

term

— 0 by the assumptions on the initial conditions, we focus our attention on the

oo
(=D [ ] cos ZE = (—1)* f k).
h=1
where we have defined f: [0, 4+00) — [—1, 1] by
o0
fx) = Hcos 3“‘7
h=1

We now prove that there exists a sequence &, such that (— 1)kn f 2k, ) does not converge
to 0.
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By the definition f satisfies

S(B3x) = f(x)cos(x).
In particular this implies

fom) = f@3-2m) = fQ2n).

Inductively one gets

f@3"-2m) = f(2m)

and similarly
f(@2-3".27) = f(4n).
Therefore we choose as &, the sequence
{3,2-3,3%,2.3%,...,3",2.3", ).

Along this sequence (—1)* £ (2k, ) tends to — f (27r) for the odd indeces and to f (47)
for the odd indexes and to f(4x) for the even ones. We now prove that f(27) and f(4m)
are real numbers with the same sign. This implies that (—1)* f(2k,7) does not converge
and therefore u,, (1) does not converge to i(1).

We have that (using the convention that log 0 = —o00)

o o0
2
log f(x) = Zlog’cos%h > _ZSXW’

h=1 h=1

if y € (0, 1), because in this interval

cosy — 1
log|cos y| =logcosy > yi.
cos y
Moreover
2 2
— > —x° & cosy(l+y)>1,

cosy

whichis verified in (0, 1) using the fact thatcos y > 1— Vz—z Since i—’,f and ‘;—Zf are in the interval
(0, 1) for & large enough, then f(27) and f(47) are controlled by the geometric series and
therefore f(2m), f(4m) # 0. This is enough in order to prove that along the sequences k;,

or kz,+1 convergence of ug, (1) to (1) is not satisfied. Moreover we notice that f(27) and

: 2 4 1 : 2
f(4r) have the same sign because cos 5- = cos 3~ = —5, while cos (3—,,) > 0 for every

n > 3. Therefore we have found more than we claimed, since Uey, (1) does not converge at
all.

We have thus shown an explicit example in which convergence of (4.2) to a particular
continuous function u fails.
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