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Abstract This paper deals with the entire solutions to a nonlocal dispersal bistable equa-
tion with spatio-temporal delay. Assuming that the equation has a traveling wave front with
non-zero wave speed, we establish the existence of entire solutions with annihilating-fronts
by using the comparison principle combined with explicit constructions of sub- and super-
solutions. These entire solutions constitute a two-dimensional manifold and the traveling
wave fronts belong to the boundary of the manifold. We also prove the uniqueness, Liapunov
stability and continuous dependence on the shift parameters of the entire solutions.
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1 Introduction

In recent years, in order to investigate the interaction effects of spatial diffusion and time
delay on the evolutionary behavior of biological systems, the study of reaction-diffusion
equations with spatio-temporal delay (or nonlocal delay) has drawn great attention. We refer
the readers to the survey papers of Gourley et al. [10] and Ruan [23] for more results and
references. For example, the following equation is a typical and important model describing
the evolution of matured population of a single species (see [1,2,24]):
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ou 8214 T 400
— =D— —du(x,t) +/ / Gx —y,9)bu(y, t —s))dyds, (1.1)
ot 9x2 0 J-oo

where u(x, t) denotes the density of the adult population at location x € R and time ¢ > 0;
D > 0 and d > 0 are the diffusion rate and death rate of the adult population, respectively;
b(-) is related to the birth function. The kernel function G (x — y, s) represents the probability
of the population which have been born at location y and time 7 — s, and become mature at
location x and time ¢.

The basic assumption for the model (1.1) is that the internal interaction of the species is
random and local, i.e. any individual moves randomly between the adjacent spatial locations.
However, in realistic world, the movements and interactions of many species in ecology and
biology can occur between the non-adjacent spatial locations, see e.g. Lee et al. [14] and
Murray [22]. Taking this fact into account, the authors of [34] recently introduced a nonlocal
dispersal equation for a structured population with spatio-temporal delay. The governing
equation is

T +oo
du _ D[(J xu)(x,1) —u(x,1)] —du +/ / Gx—y, )by, t —s))dyds, (1.2)
0 —00

ar
where (J xu)(x, t) — u(x, t) means the “nonlocal dispersal operator” and (J * u)(x, t) is a
“spatial convolution operator” defined by

+o0

(J xu)(x,t) = / J(x — y)u(y, t)dy. (1.3)

—00

In biological and epidemiological models, the existence of traveling wave solutions is
an important issue due to their significant applications. Many mathematical results related
to traveling wave solutions have been established in the past decades. For example, the
traveling wave solutions of reaction-diffusion equations with spatial-temporal delay and
nonlocal dispersal equations have been widely studied in the literature [4,5,7,9,24,26]. On
the other hand, from the viewpoint of dynamical systems, it is significant to understand the
dynamical structure of the global attractor (or the maximal invariant set) which consists of
entire solutions, i.e. solutions defined for all time variable ¢ € R. It is clear that the traveling
wave solution is a special type of entire solutions.

Although the traveling wave solutions constitute important parts of the global attractor, the
structure of global attractor could be quite complicated. Recently, many types of front-like
entire solutions have been observed for various evolution equations by mixing the traveling
wave solutions and some spatially independent solutions, see [11-13,15-17,20,21,25,27—
33]. For examples, Hamel and Nadirashvili [ 12] established three-, four- and five-dimensional
manifolds of entire solutions for the Fisher-KPP equation. In [13], Hamel and Nadirashvili
further obtained an infinite-dimensional manifold of entire solutions for the Fisher-KPP
equation in high-dimensional spaces. Different from those entire solutions obtained in [12,
13], Morita and Ninomiya [21] further constructed other types of entire solutions for some
bistable reaction-diffusion equations. As mentioned in [21], we see that such entire solutions
also play important roles in some other areas, such as, transient dynamics and distinct history
of two solutions, etc..

For Eq. (1.2), Wu and Ruan [34] recently established the existence and qualitative prop-
erties of entire solutions under the monostable assumption of birth functions. However, for
the case of bistable birth functions, the study for entire solutions of (1.2) other than travel-
ing wave solutions still remains open. Therefore, the purpose of this paper is to study the
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entire solutions of (1.2) with bistable birth functions. To this end, we make the following
assumptions for the kernel functions J(-), G(-) and the birth function b(-).

G J(==x)=Jx)>0,Gx,t) =G(—x,t)>0,Vx e R, ¢ € [0, 7],

+o0 T pr+oo
/ J(y)dy = / / G(y, s)dyds = 1 (normalization),
0 J—oo

—00

and for any ¢, A > 0,

+o00 T +o0

/ e M J(y)dy < 400 and / / e MO G(y, s)dyds < +oo.

—00 0 J—oo

(B1) There exists some K > 0 such that b(-) € C2([0, K], R), d > max{b'(0), b'(K)},
b(0) =dK — b(K) =0, and b'(u) > O foru € [0, K].

It is well-known that a solution u (x, t) of (1.2) is called a traveling wave solution connect-
ing 0 and K with speed c, if u(x, t) = ¢(x +ct), x, t € R, for some function ¢ (-) € Cl(®R)
(called wave profile) such that ¢ (—oo) = 0 and ¢ (4+00) = K. Following the above defini-
tion, we see that (c, ¢) satisfies the following equation

T “+o00
e/ (€) = D[(J +$)(&) — p(&)] — dp (&) + /0 / Gy, $)b(¢ (& —y —cs))dyds, (1.4)

where
—+00

eo© = [0 - )a.
—00

Under the basic assumptions (G) and (B1), the following condition ensures the existence of

traveling wave fronts of (1.2) connecting 0 and K

(B2) There exists an a € (0, K) such that d < b'(a), b(u) < du for u € (0,a) and
b(u) > du foru € (a, K).

In fact, under the assumptions (G), (B1)—(B2) and applying the abstract theory established by
Chen [4] and Fang and Zhao [8], one can show that (1.4) has a monotone solution U (x + ct)
(called a traveling wave front of (1.2)) connecting 0 and K with wave speed c. Clearly,
U (—x +ct) is also a traveling wave front of (1.2) connecting 0 and K. Moreover, it could be
verified that b(1) = pue~** with p > 0 and o > O satisfies the assumptions (B1)—(B2) for
a wide range of the parameters p and «. Such specific birth function has been widely used
in mathematical biology literature, see e.g. Ma and Zou [18] and Wang et al. [29].

Throughout this paper, we always assume that (G) and (B1) hold and (1.2) has a traveling
wave front U (x + ct) connecting 0 and K with speed ¢ # 0. Using the traveling wave fronts
U(x+ct+01) and U (—x+ct +6,), where 01, 6, are the shift parameters, we first construct a
pair of sub- and supersolutions of (1.2) (see Definition 2.1). Then we establish the existence
of entire solutions of (1.2) by using the comparison principle combining with the sub- and
supersolutions. According to our constructions, one can see that entire solutions behave as
two traveling wave fronts approaching each other from both sides of the x-axis as t — —o0
and annihilating as time increases. We call such entire solutions as “annihilating-front” entire
solutions. In addition, based on the construction of different pairs of sub- and supersolutions
via the derived entire solutions (see Lemmas 4.2 and 4.3), we prove the uniqueness, Liapunov
stability and continuous dependence on the shift parameters 6, 6, of the entire solutions.
Here we point out that the assumption (B2) will not be needed in studying the problems on
the entire solutions.
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For convenience, hereinafter we denote <I>9i(x, t) :=U(xx +ct +0) forany 8 € R. Our
main results are stated as follows.

Theorem 1.1 Assume that (G) and (B1) hold and (1.2) has a traveling wave front U (x + ct)
connecting 0 and K with speed ¢ > 0. Then for any 61, 6, € R, there exists a unique entire
solution @y, g, (x, t) of (1.2) which satisfies

lim {sup |Poy.0,(x, 1) — Py (x, )| 4 sup | Do, g, (x, 1) — D (x, t)|} =0. (L5
t——00 L, < x>0
Furthermore, the following statements hold:

(1) 0;Pg, 0,(x,2) >0and 0 < Py, g,(x,1) < K forall (x,t) € R2,
(2) lim sup |Dg,.0,(x,8) — K| =0, lim sup Py, g9, (x,1) =0 forany Ny € Ry, and

—>+OO 1—— OO‘X|<N()
lim sup | Do, .0, (x,1) — K| =0 for any to € R.
[x|—>+00 >

<I>9_1 (x,t) as 6y —> —o0,

(3) Forany (x,t) € R%, Dy, 9, (x, 1) converges to
CIJZ2 (x,t) as 61 — —oo0.

(4) For any 6f,65 € R, there exists (xo, tp) € R? depending on 6y, 6>, 0y, 65 such that
P 5 (-, ) = Doy 6, (- + x0, - + 10) on 2.

(5) Forany (x,t) € R2, Dy, 6, (x, t) is increasing with respect to (61, 6>) € R2.

(6) Py, 0,(x,t) depends continuously on (01, 62) € R2.

(7) The entire solution g, ¢, (x, t) is Liapunov stable in the following sense:
Ve > 0,35 > 0 such that Yo € Cpo, k] (see (2.2) for the definition) satisfying

sup [[@(x, ) — g, 9, (x + X0, - +t0)HLoo o) < s,

xeR

the solution u(x, t; @) of (1.2) with initial value ¢ satisfies
|u(x, 13 9) — Do, 6, (x + X0, 7 +10)| < €

forany x € Randt > 0, where xg, ty € R are two constants.

Following the same discussions in Hamel and Nadirashvili [12], we see that the entire
functions ®g, g, (x, t) established by Theorem 1.1 constitute a two-dimensional manifold
M. In addition, (1.2) possesses two one-dimensional manifolds M and MT of entire
solutions of traveling wave type, namely @, (x, ) and <I>;’2 (x, t) respectively. Then, from
(3) of Theorem 1.1, we know that M (or MT) belongs to the boundary of M, by taking
the limit ) — —oo (or ; — —o0).

Similar to Theorem 1.1, when ¢ < 0, we can obtain the following results.

Theorem 1.2 Assume that (G) and (B1) hold and (1.2) has a traveling wave front U (x + ct)
connecting 0 and K with speed ¢ < 0. Then for any 61, 0 € R, there exists a unique entire
solution ®g, g, (x, t) of (1.2) which satisfies

lim {sup}cbgl 0, (x, 1) — g‘l(x,t)|—|—sup|<i>gl,92(x,t)—®9_2(x,t)|] =0. (1.6)
x>0

t——00
Moreover, the assertions (4)—(7) in Theorem 1.1 and the following statements hold:

(1) 8;®g, 9, (x,1) < 0and 0 < By, 9,(x, 1) < K forall (x,1) € R
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(2) lim sup &991,92()6, 1) =0, . lim sup |d~>9],92 (x,t) — K| =0forany N1 € Ry and
R

1—>+400 v TN
lim sup ®g, 6,(x,1) =0foranyt; € R
[x]=>+00 >4
<I>;'l (x,t) as 6 —> 400,

’ 2 &
(3)" Forany (x,t) € R, ®g, o, (x, ) converges to [¢02 (x.1) as 6; — +oo.

Remark 1.3 (1) Here we note that Theorem 1.2 is a consequence of Theorem 1.1. In fact, let
usdenote & := —c > 0and U (x +¢1) := K — U(—(x 4+ &) = K — U(—x +ct). Then,
U (—00) =0, U (+00) = K, and U (x + ¢t) is an increasing traveling wave solution of
the following equation

T “+o00
a—v = D[(J*v)(x,t)—v(x,t)]—dv+/ / G(x—y,s)l;(v(y,t—s))dyds, (1.7)
0 —o0

at
where b(v) := b(K) — b(K — v). Clearly, b(-) satisfies the condition (B1). Then it
follows from Theorem 1.1 that there exists an entire solution W (x, t) of (1.7) such that
lim {sup |W(x, ) —U(—x 4 —6))|+sup |W(x, 1) —U(x+é —62)|]} =0. (1.8)
I==00 y<( x>0
Denote &Dgl,gz(x, t) .= K — W(x,1t). Since @;L] (x,t) = K — U(—x + ¢t — 61) and
d>9_2 (x,1) = K —U(x + &t — 6), according to (1.8), we see that égl,gz (x, t) is an entire
solution of (1.2) which satisfies the statement of Theorem 1.2. Therefore, in the following
of this work, we only prove Theorem 1.1.

(2) We prove the main results under the assumption that (1.2) has a bistable traveling wave
front with non-zero wave speed. Due to the non-zero wave speed, we can establish the
entire solutions by constructing an appropriate pair of sub- and supersolution of (1.2)
(see Lemmas 3.2 and 3.3). However, when the wave speed is zero, there occurs the
propagation failure or pinning phenomenon for the wave front of (1.2). This fact causes
the construction of sub- and supersolutions becoming very difficult. We will consider
this problem in future research. Moreover, it is also an interesting and important problem
to consider the sign of wave speed of the bistable traveling wave front of (1.2).

The rest of the paper is organized as follows. In Sect. 2, we first establish the existence and
comparison principle for solutions of the Cauchy problem of (1.2). Then we investigate the
asymptotic behavior of the traveling wave fronts at +00. Sect. 3 is devoted to the construction
of a pair of sub- and supersolution of (1.2). Using the sub- and supersolutions and comparison
principle, we first prove the existence and qualitative properties of entire solutions in Sect.
4. Based on the construction of different pairs of sub- and supersolutions via the derived
entire solutions, the uniqueness, Liapunov stability and continuous dependence on the shift
parameters of the entire solutions are then proved.

2 Preliminaries

We first establish the existence and comparison principle for solutions of the Cauchy problem
of (1.2). Then we investigate the asymptotic behavior of the traveling wave fronts at +-co. It
could be seen that the asymptotic decay rates of the traveling wave fronts play an important
role in the constructions of sub- and supersolutions of (1.2) (see Lemma 3.2).

b(u), u € [0, K],

Let us define b(-) : [0, 2K] — R by b(u) := [b(K) LB —K), ue[K.2K].
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Obviously, 5(u) is an extension of b(u), 13/(14) > 0 and

| (u1) = b'(up)| = max_|b"(w)|luy — ual, foruy,us € [0, 2K].
uel0,K]

For the sake of convenience, we still denote l;(u) by b(u) in the remainder of this paper.

2.1 Cauchy problem and comparison principle

Let X be the Banach space of all bounded and uniformly continuous functions from R into R
with the supremum norm || - ||x and C = C([—7, 0], X) be the Banach space of continuous
functions from [—t, 0] into X with the supremum norm. Then we denote the following
spaces:

Xp0.51 :={p € X 1 (x) €[0, K], x € R}, @2.1)
Co.k1:={p € C:p(x,s) €[0,K],x €R,s € [, 0]} (2.2)

As usual, we identify an element ¢ € C as a function from R x [—7, 0] into R defined by
¢(x,s) = @(s)(x). For any continuous function u(-) : [—7,¢) — X, £ > 0, we define
u' € C,t €[0,£)byu’(s) =u(t+s),s € [—1,0]. Thent — u’(-) is a continuous function
from [0, £) to C. Define F[-] : Cjo,x] — X by

T +0o0o
Flol(x) := (J * (p)(x, 0) —l—/o / Gx—y, s)b(tp(y, —s))dyds.

Itis easy tosee that F[-] : Cjo,x] — X is globally Lipschitz continuous and 7' (¢) := e~ (D)

is a linear semigroup on X. Then the definitions of super- and subsolutions of (1.2) are given
as follows.

Definition 2.1 A continuous function u(-) : [—7, £) — Xjo,x], £ > 0, is called a superso-
lution (or a subsolution) of (1.2) on [0, ¢) if

t
u() > (or <) T(t — s)u(s) —|—/ T —r)Fu"ldr

forany 0 <s <t < ¢.

Applying the theory of abstract functional differential equations [19, Corollary5], we have
the following result (see also [34]).

Lemma 2.2 Assume that (G) and (B1) hold and ¢(-) is the Cauchy data of Eq. (1.2). We
have the following results.

(1) For any ¢ € Cjo,k), (1.2) has a classical and unique solution u(x, t; ¢) satisfying 0 <
u(x,t; ) < K for (x,t) € R x (0, 00).

(2) Letu=(x,t) and u™*(x, t) be a pair of sub- and supersolutions of (1.2) on R x [—1, 00)
such thatu=(x,s) <ut(x,s)for (x,s) e Rx[—1,0], then0 < u~(x,t) <ut(x,t) <
K for (x,t) € R x [0, 00).

2.2 Asymptotic behavior of traveling wave fronts

By elementary computations, the characteristic functions of the profile equation (1.4) with
respect to the equilibria 0, K can be represented by

A1) = ch— D[T () — 1] +d — b 0)G(),
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M) == ch = D[TG) — 1] +d — b (K)G(),

respectively, where

+o00 T +00
T = / e ™ J(y)dy and G(L) := / / G(y, $)e "0 dyds.
0 —00

—00
Since d > max{b’(0), b'(K)}, one can easily obtain the following result.

Lemma 2.3 Assume (G) and (B1). The equation A j(A) = 0 (j = 1, 2) has two real roots
Aj1 = Aj1(c) < Oand Ajp := Aja(c) > O such that Aj(A) > 0 if A € (Aj1,Aj2), and
Aj()\.) <0 if)\ (S R\ [)‘jlv )sz].

To establish the asymptotic behavior of traveling wave fronts at 00, we first recall the
following Ikehara’s Theorem, see e.g. [3,6].

Theorem 2.4 Let u(&) be a positive decreasing function and F(A) = 0+O° e_Agu(é‘)dS.
If F(A) can be written as F(A) = H(A)(A + Ag)~*tD where k > —1, Ag > 0 are two
constants and H (A) is analytic in the strip —Ay < ReA < 0, then

Jim u(£)e™ /g8 = H(—Ao)/T(Ag + 1).

Here ' (-) means the gamma-function.

For convenience, we denote
(G ) () == /OI /_:O G(y, )¢ —y —cs)dyds, V¢ € C(R,[0,2K]).  (2.3)
Since G(x,t) = G(—x,t) > 0,Vx € R, t € [0, t], it is clear that
oo =[ [ :o Gy, (& + v — cs)dyds. .4

By Lemma 2.3 and Theorem 2.4, we have the following results.

Lemma 2.5 Assume (G) and (B1). Let U (x + ct) be a traveling wave front of (1.2) con-
necting 0 and K with ¢ € R. Then,

lim UE)e 25 =a;, lim U'(E)e ™% =ajip, (2.5)
E——00 £E——00
1

Jim (G2 U™ @) = a G (mhia), m=1,2, 2.6)
——00

lim (K —U@E)e ™5 =by, lim U'(E)e™5 = —biaay, (2.7)
E—+4o00 §—>+00
Jim [K ~ G+ U™y (€)]e ¢ = byGin (maar), m = 1,2, 2.8)
— 400

where ay and by are positive constants.

Proof The proof is similar to those of [27, Theorem 3.5] and [3, Theorem 1]. For the sake of
completeness and reader’s convenience, we sketch the outline for assertions (2.5) and (2.6)
in the following three steps. Note that the other assertions can be considered by the same
way.

Step 1. We show that U (&) is integrable on (—o0, '] for some &’ € R.
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Step 2. We show that U (§) = O(e?$)as& — —oo for some y > 0. We obtain this assertion
by showing that there exists a y > 0 such that V (§) = 0(e¥é) as & — —o0, where

V() =[5, Uls)ds.
Step 3. For 0 < ReA < y, let us define a two-sided Laplace transformation of U by

+o00
F(\) := / U€)e M de.

—00

The first part of assertion (2.5) follows from Lemma 2.3, Theorem 2.4 and a property of
Laplace transformation. In addition, it follows that (2.6) and the second part of (2.5) hold.
The proof is complete. O

3 Construction of sub- and supersolutions

According to Remark 1.3, we may assume ¢ > 0 in the following of this work. By Lemma
2.5, we know that there exist positive constants k, L, 1, i such that

ket < UE) < LM, pUE) <U'(§), £ <0, 3.
k2 < (G2 UMY (§) < LeMeE, u(G+UM) P () S UG, £ <0, m=1.2, (32)
pne < p(K —U®). p[K —G+U@]<U'€). §20. m=12.  (33)

In order to construct appropriate sub- and superolutions of (1.2), we give the following
definitions and then introduce two important functions py(¢) and p2(z).

Definition 3.1 (1) Let k, L, n and u be the constants stated in (3.1)—(3.3), we denote
Li:= max b'(u), Ly := max |b"W)|,
uel0,2K] uel0,K]

N :=max{u "k 'LoL?, uw 'y LyLK).

(2) For any p; € (—o00, 0], we denote the function
1 N _
w(py) :=p1 — I In{1+ —e*2”! and @ :=w(0) <O0. 3.4
12 c

Since w(py) is increasing in p; € (—oo, 0], we may denote its inverse function by p; =
p1(w) : (=00, w] = (—00, 0]. Then, for any (@, @) € (—oo, )2, we further define

1 N
0w, &) =d+ —In (1 + fempl(w)) ,
A2 c

1 N
Pt 0) = pi(@) + et = s—1n [1 + —etep@ g eC)‘m)] , fort <0,
12 c

1 N
D2(t; 0, @) = pa(w, @) + ct — )L—ln ll + —ernre@) edm)] , forr <0.
12 c

Elementary computations show that p; (z; @) and p;(¢; w, @) satisfy the problems:

[15/1 (t: w) = ¢ + Ner2h1 (o) . [ﬁé(t; w,®) = ¢+ Nern o), (3.5)
an :
5100; ©) = p1 (@), P20 0, 5) = p2(, ®).
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Obviously, we have @ — 0 = pa(w, @) — p1(w),
Pt 0, @) — pi(t; ®) = p2(w, @) — p1(w) =& — o, 3.6)

~ ~ ~ ~ 1 I et
pit;w)—ct—w=pt;0,0) —ct —w=——In{1 - ——*2" ), (3.7
A2 14+r

fort < 0, where r := Ne—lerzoi(@)
Moreover, given any (w;, @) € (—00, @]2’ we set

p1(t) = p1(t; w1, w2) = p1(t; w1), p2(t) = pa(t; w1, w2)
LT pa(t; w1, ), if wy < wr;
p1(t) = p1(t; w1, w2) 1= pa(t; w2, w1), p2(t) = p2(t; w1, w2)
= p1(t; ), if o) < wp.

Then, p>(t) < p1(t) < 0 when wy < wy; and p1(¢) < pa(t) < 0 when w1 < w>. By (3.7),
there exists a positive constant Ry, independent of w; and w3, such that

0 < p1(t) —ct —wy = pa(t) —ct —wy < Roe?',  fort < 0.

Using pi(¢) and p(t), we are ready to establish the supersolution of (1.2). For simplicity,
we denote

T +o00
(G *v)(x,t) = / / G(y,s)v(x —y, t —s)dyds, Yv e C(]Rz, [0, 2K]).
0 -0

Lemma 3.2 For any (w1, w2) € (—o00, @)%, there exists a T < 0 such that the function
u(x, t) defined by

u(x,t) =Ux + p1(1) + U(=x + p2(2))

is a supersolution of (1.2) on R x (—oo, T).

Proof We only consider the case w; < wy, since the other case can be discussed in the same
way. In this case, p (1) < pa(r) and p/(f) = ¢ + Ne*r2r2® i = 1,2 fort < 0. By direct
computations, we have
F@)(x, 1) =1, — D[(J xw)(x, 1) —u(x,1)] +du — (G b)) (x,1)
=pi(OU' (x + p1) + p5(OU' (=x + p2)
—D[(J xU)(x +p)+ (T *U)(—x + p2) —U(x + p1) — U(—x + p2)]
+d[U(x + p1) + U(=x + p2)] — (G xb@))(x, 1)
= (P () = )U'(x + pD) + (p3(1) = )U'(=x + p2) — H(x, 1)
=[U'(x + p1) + U'(=x + pp)|[Ne" 220 — R(x, 1)],

where

R(x,1) :=H(x,0)/[U'(x + p1) + U'(—x + p2)]

and ) = (G xb@))(x,1) — (G *b(U))(x + p1(1)) — (G % b)) (—x + p2(1)).

Clearly, p;(t — s) < p;(t) —cs fors € [0,7],i = 1,2. Note that |6’ (u;) — b'(u2)| <
Loluy — up| for uy, us € [0, 2K]. For any vy, v2 € [0, K], we have

@ Springer



418 J Dyn Diff Equat (2017) 29:409-430

1
|b(vi +v2) — b(vy) — b(v2)| = ‘/0 v [b' (v +9v2)—b’(9v2)]d9’ < Lovjvs.

Then, using Cauchy—Schwarz inequality and (2.3) and (2.4), we obtain

H(x,1) =/0r /;OO Gy, )[b(Ux —y+ pi(t =) + U(=x+y + p2(t — 5)))
—bU(x + p1(t) —y — ¢s)) = b(U(—x + p2()+y — cs)) |dyds
< /0 /_:o G )[B(UG + pi(t) —y — c5) + U(=x + pa(t)+y — cs))
—b(U(x + p1(1) = y — ¢5)) = b(U(=x + pa(t)+y — ¢s5))|dyds
st/OT /:O G, U + pr() — ¥ — e)U(—x + pa(t)+y — c)dyds
<L,(G * Uz)%(x + p1(0))(G * U2)%(—x + pa(0)). (3.8)
Now we estimate R(x, 7) by dividing R into the following 3 regions:
(D p2@) =x <==p1®) @Dx=-—pi1(@®), B)x = p2(d).
(1) By (3.1), (3.2) and (3.8), we have H (x, ) < L,L2?e*12(P1+P2) and

U'tx+ p1) + U'(=x + p2) = p[Ux + p1) + U(=x + p2)]
> Mk[emz(xﬂn) +ek12(—x+pz)] > 2Mke)»12p1.

Hence, it follows that
R(x, 1) <27 ' kL, L2t 3.9)
(2) In this case, we further consider two sub-cases:
(2-1)b’(0) < b'(K) and (2-2)b'(K) < b'(0).
(2-1) Let us denote
230 = La(=2) = —ch = D[T () — 1] +d = b'(K)G(=M).
It is clear that A3(A) has exactly one positive zero —A;. Moreover,
A1(V) — Az(h) =2 + b (K)G(—A) — b (0)G(A) > 0, VA > 0.

By the properties of Aj(X) and A3z(X), we see that A2 > —X>;. Then it follows from (3.2),
(3.3) and (3.8) that

1
R(x.1) < LoaK (G * U?)2 (=x + p2)/U'(x + p1) < '~ ' LyLK e*12(7¥HP2) g hanlatpn)
— ’u—ln—lLZLKeklzpze—()nlz+)»21)xe—)»21pl < /,L_ln_leLKeszz. (3.10)

(2-2) A direct computation shows that

T +0oo
H(x,t)f/o/ G(y.9)[b(Ux+ p1(t) —y —cs) + U(—x + pa(t) + y — cs))

—b(Ux + p1(1) =y = ¢8)) = b(U(=x + pa(t)+y — ¢s))]dyds

@ Springer



J Dyn Diff Equat (2017) 29:409-430 419

T +0o0
:/0 / Gy, [V (Ux + p1(t) —y —cs) + 01U (—x + pa(t)+y — c5))
— b (O:U(=x + p2(D)+y — es)|U(=x + pa(t)+y — cs)dyds,  (3.11)

where 01,6, € (0,1). Let € := b'(0) — b'(K) > 0. Noting that b'(u) = b'(K) for u €
[K,2K], there exists a § > 0 such that

b'(u) <b'(0) —e€/2, forallu c[K —§/2,2K]. (3.12)
By Lemma 2.5, we have
glirfooU/(S)/U(g) =A1x and EEr}rlooU’(%)/U(S) =0.

Then, we can choose > 0 such that

d _ - U'é)
el BE | — o= B8 Z 57
dg[U(é)e ]—e U(E)[U(%_) ﬂ}SO, VE € R,

that is, U (&§)e#¢ is decreasing in R. Noting that

EEI{IOOU(S)/(G*U)(E) =1/G(12) and pi(—00) = —o0, i =1,2,

then there exists a T < 0 such that

U(=x+ p2(1)) =< (G*U)(=x + pa(1)), forx = —pi(t)andt < T.

G(A12)

By assumption (G), we can choose B > ¢t such that

2L1 [/I/B /T/+OO B¢ 7)} €
+ PV G(y, s)dyds < —.
G2 [Jo J-o o Ja Y Y 2

Thus, for x > —p(t) andt < T, we have

T —B T +o00
[/0/ +/O/B ]G(y,s>b’(U(x+p1(t>—y—cs)+elv<—x+pz(t>+y—cs))

X U(—x + pa(t) +y — cs)dyds

T —B T +o00
<L {/ / +/ / ]G(y,s>U(—x+p2(t)+y—cs)dyds
0 —00 0 B
T —B T +00
<L [ / / + / / emfc‘”] G(y. $)dydsU(—x + pa(0))
0 —00 0 B

T —B T +o0
. 2Ly (/ / +/ / eﬁ<>~cs>]G(y,s)dyds(G*U)(—x+pz(t))
G12) [Jo J-oo 0o JB

< %(G*U)(—x—i—pz(t)). (3.13)

Since U (4+00) = K, we may assume U (§) > K — §/2 for § > —B — ct by translations if
necessary. If x > —pj(¢) and ¢t < T, then it follows from (3.12) and (3.13) that

T “+o00
/0 / Gy, W (UG + p1(t) — y — )

+ 01U (=x + pa(t) + y — c$))U(=x + pa(t) + y — cs)dyds
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T -8B T 400 t /B
:[// +// +// ]G(y’s)b/(U(x"‘Pl(l)—y—cs)
0 J-oo 0 JB 0 _B

+ 01U (=x + pa(t) + y — cs))U(—x + pa(t) + y — cs)dyds
= (G #U) x4 p2) + (V') = 5) (G + U)(=x + p2(0)
=b'(0)(G * U)(—x + p2(1)). (3.14)

Using (3.11) and (3.14), for x > —p(¢) and t < T, we conclude that

H 1) < /0 ‘ /_ :O Gy 9[H'©0) — B 6U(—x + pa) + y — cs)]
X U(=x + p2(t) + y — cs)dyds
< LQ/OT /+oo G(y, $)U*(—x + pa(t) + y — cs)dyds
=Ly(Gx U(;;(—x + p2(1)). (3.15)
Therefore, by (3.1), (3.2) and (3.15), we have

Lo(G* U?)(—x + pa(1))  LpL2e?12(-x+p2)

—17—1 2 \2p2
R(x,t) < U'—x + p2) S T ke x T <u "k 'LrL“e .
(3.16)
(3) Similar to the discussion of case (2), we can also derive
R(x,0) <max {u 'k 'LoL?, p~ 'y LoLK Jet2r2, (3.17)

Thus, combining (3.9), (3.10), (3.16) and (3.17), we have F(u)(x, t) > 0, thatis u(x, ) isa
supersolution of (1.2) on R x (—oo, T'). This completes the proof. ]

Moreover, we have the following subsolution of (1.2).
Lemma 3.3 For any (w1, w2) € (—00, &%, the function u(x, t) defined by
u(x,t) ;= max {QDII (x,1), @;2 (x, t)}

is a subsolution of (1.2) on R x (—00, 400).

Proof The proof is obvious. We omit it here. O

4 Proof of the main result

Based on the construction of sub- and supersolutions of (1.2), we first prove the assertions
of Theorem 1.1 for the case (01, 6b) = (w1, w2) € (—o0, ®]%. Then, we improve the results
to any (61, 62) € R%.

4.1 Entire solutions for (6, 6;) = (w1, @2) € (—o00, @]?

As mentioned in the Introduction, we always assume that (G) and (B1) hold and (1.2) has a
traveling wave front U (x 4 ct) with speed ¢ > 0.
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4.1.1 Existence of entire solutions

Theorem 4.1 For any (w1, w) € (—o0, ®)2, there exists an entire solution Dy (X, 1) Of
(1.2) satisfying the following statements.

(1) 0; Py, (x,1) > 0and 0 < Py, o, (x,1) < K forall (x,1) € R2.

(2) Forany (x,t) € R2, D, .w, (X, 1) is increasing with respect to (w1, @y).

() Hm_{sup [®g 0w, (x, 1) = Py (x, )] +5Up [Py 0 (x, 1) — @F (x, )]} =0,
—>—00 x<0 0

x>

lim_sup [®u;0,(¥, 1) — K| =0, lim  sup ®uy0(x,1) =0, V No € R,

[=>+400 ycR T x|<No

lim sup [Py ,m(x,.1) — K| =0, Vg eR.

[x[—=+00 >t
(4) For any o}, w; € (—00, @], there exists (xo, ty) € R? depending on w1, o, o}, o3
such that ® g oz (-, -) = Pyy oy (- + X0, - + 10) on R2.

Proof For any (w1, @) € (—o0, @]* and n € (=T, +00) NN, let ®"(x, t) be the unique
solution of the following initial value problem:

P =DI[J % ®"—P"|-dP"+ (G » b(P"))(x,1), forx eR, t>—n; @
D" (x,s)=u(x,s), forx eR, s € [-n—1, —0]. ’
By Lemmas 2.2, 3.2 and 3.3, we have
n n+1 - _
and ulx,t) < dJn(x,t) <" (x,t) <u(x,t), forxeR, —n<t<T, 42)
u(x,t) <d"(x,1) <K, forx eR, t > —n.

Then, there exists a function ®(x, #) such that lim ®"(x,7) = ®(x,¢) forany (x, 1) € RZ,
n—o0

Moreover, for any given fy € R, there exists some n € N such that fp > —n and ®"(x, t)
satisfies

t
Q1) (x) = T(t — t0) D" (t0) (x) +/ Tt —r)F[(®")|(x)dr,
0]
where 7' (t) and F[-] are defined as in Sect. 2.1. By Lebesgue’s dominated convergence
theorem, we obtain

t
SO =Tt = 10)P(10)(x) + / Tt = F[@) ] )dr.
fo
This implies that @ (x, ¢) is continuous and differentiable with respect to 7. In addition, one
can show that
O =D[J x® — D] —dD(x,1) + (G * b(P))(x, 1).

Therefore, @, o, (x, 1) := P (x, t) is an entire solution of (1.2). Now we prove the assertions
of (1)-(4) in the sequel.
(1) By (4.2), it’s obvious that

u(x, 1) < @y, 0, (x,1) <u(x,r), forallx eR, r<T,

and ux,t) < Oy mx, 1) <K, for all (x, 1) € R2.

(4.3)

Clearly, @), o, (x,?) > Oforall (x,?) R2. Since

Q" (x, 1) = u(x,t) > u(x,s) = d"(x, )
for (x,t) € R x [—n, +00) and s € [-n — 7, —n], by Lemma 2.2, we have 9,®" (x,1) > 0
for (x, 1) € R x (—n, +00). This yields to 9; @, w, (x, 1) > 0 for all (x,¢) € R2.
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Moreover, from (4.1), we have

att w1, —D J * at wl,wy T atq)a)] wz] dal w1,

/ /+OO Gx —y,s)b ( w0 (Yot — s))a,del,wz(y, t —s)dyds
> — (D +d)d; Py, for (x,1) € R?,
which implies
O Doy (X, 1) = 0 Py gy (x, )~ LTI g 4, (4.4)

Suppose that the first part of (1) is false, then there exists a (xg,fy) € R? such that
0t Py, (x0, f0) = 0 and it follows from (4.4) that 9; P, «,(x0,?) = 0 for all ¢+ < 1.
Hence @, o, (X0, 1) = Py w, (X0, fo) for all t < fy, which implies that

hm wal ) ()C(), t) - wl,a)z (.X(), t())-

t——

On the other hand, from (4.3), we have

_1>1m Dyy.wn (X0, 1) =0 and Dy, o, (x0, 1p) > 0.
This contradiction yields that 9; @, o, (x, ) > Oforall (x, 1) € R2. Moreover, we can show
that @, ., (x,1) < K forall (x, ) € R%.
(2) Noting that U’(z) > 0 and 0 < U(z) < 1 for z € R, then it follows that
D), .0, (x, 1) is increasing with respect to (w1, @7).
(3) & (4) Using (4.3), the proofs of these parts are straightforward and thus omitted. The
proof is complete. o

4.1.2 Uniqueness and stability of entire solutions

In order to prove the uniqueness, stability and continuous dependence on the shift parameters
w1, @ of the entire solution @, 4, (x, 1), we construct different sub-supersolution pairs of
(1.2) to trap the entire solution.

Lemma 4.2 There exist 59 € (0, K), po > 0and og > 0 suchthatforanyy € R, § € (0, &o]
and o > oy, the functions ui(x, t) defined by

uE(, 1) = Py (¥, +y £08(1 — ') £ 8¢
constitute a pair of super- and subsolution of (1.2) on [0, +00).

Proof We only prove that u™ (x, t) is a supersolution of (1.2) on [0, +o00). Following the
same arguments, we can also show that u ™ (x, ) is a subsolution. Since

[-p+d—e"@] =d—b(0) >0,

lim
(0,0)—(0,6'(0))
i [-p+d—e"d] =d—b(K) >0,

and
lim
(p,@0)—(0,b'(K))

we can fix pp > 0 and 0 < §; < K such that

—po+d—e"® >0, forwe|b(0)—35;,b0) +61],

and e =0, ford e [b(K) — 81,6/ (K) + 81].

4.5)
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Now we choose 8y € (0, 81) and v € (0, K) such that §pe™* Ly < §1/4,

and

b (u) e [b’(O) —81/2,b'(0) +681/2], foru [0, v], 6)

b'(u) € [b'(K) —81/2,b'(K) +81/2], foru e[K —v, K +v].

By assumption (G), there exists an M > 0 such that
T =M T rtoo
Ly [ [ o+ ] G(y. s)dyds € (0.51/4). @7
0 J-o0 0 JM
T M 3 1
/ / G(y,s)dyds > (b’(K) — 781)/(19/(1() — 781), ifb'(K) >0, (4.8
0o J-m 4 2

T M
/ / G(y, s)dyds > (b’(O) - §51)/(1/(0) - 151), if b (0) > 0. (4.9)
0o J_m 4 2

Take X > O such that

U(x) € (0,v/4), forx < —-X+M
and Ux)e(K—-v/4,K+v/4), forx>X—-—M—crt. (4.10)
Since
T —+00
lim sup / / Gy, )V Py p (x — y, 1 — 5))dyds — b (K)| =0,
1=+04cr [Jo J-o0

there exists a 77 > 1 such that

T +0o0
/ / G(y, )b (Poy,p(x — y, 1 —5))dyds € [b'(K) —81/2,b'(K) + 81/2], (4.11)
0 —00
for any t > 77 and x € R. In view sz lim [p;i(t) —ct —w;] =0,i = 1,2, we can take
— —00
T, < T,where T < 0 is defined in Lemma 3.2, such that

2 max |p;(t) — ct — w;|max U'(x) € (0,v/4), fort <Tp, — . (4.12)
i=1.2 x€eR
Letting x| := minjyj<x U'(x) > 0, then there exists a o7 > 0 such that

1
Elqcnpo —po+d—e™L; > 0. (4.13)

Set W(x,1t) := 432;1 (x,1)+ QD;Z (x, ). One can easily show that

lim sup [ @100 () = W, )| o017y = O-

—— OO
Since 0 < @, 0, (x, 1) < K,V(x,1) € R2, one can verify that
0 < 0Py mn(x,1) <Lz :=(D+d)K and |0;; Py, 0, (X, 1)| < Lg :=[2D +d + L{]L3,

for (x,1) € R2. Similarly, we have |W (x, )| < 2L4/c? for (x,1) € R2. Then, by the

interpolation | - o1 < 2/ ol - | c2. e obtain

lim Sup ||C1>a)1 o (%, ) — W(x, ')”C‘((—oo,t]) =0

[4)00
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Thus, there exists a 73 < T3 such that
sup H Dy (X, ) —W(x, ) HCI((—oo < k1/2, foranyt < T3. (4.14)
xeR ’

Since

lim max
|x|—+4o0te€[T3,T1]

T +o00
/ / G(y, )b (Poy,wp(x — y, 1 —$))dyds — b'(K)| =0,
0 —00

we can take X; > 0 such that (4.11) holds for any |x| > X and ¢t € [T3, T1]. In addition, let
Ky 1= min 0; Py w, (x, 1) > 0 and take op > o7 such that
[x|<X1,1€lT3,T1]
k20000 — po +d — e Ly > 0. (4.15)

Then, fory € R, 8 € (0, 8o] and o > oy, we denote £(¢) := ¢+ y +o8(1 — e "), Clearly,
E(t—s5) <&@)—sfort >0ands € [0, t]. Since 9; Py 0, (x, 1) > 0 for (x,¢) € R2 and
|6 () — b’ (v)| < Lalu — v| for u, v € [0, 2K], direct computations show that

Fu)(x, 1)
=u —D[(J xuN)(x, 1) —ut(x, )] +dut — (G b)) (x, 1)
= 0; Doy (x, E(1)) (1 + 08poe™ ") — pode ™"
= D[(J 5 P 05) (3, £1)) = By (5, £ |
+d Py 0 (x, 1)) +dde™™" — G b(u™)(x, 1)
=8¢ M o pod Pusya (x, (1)) — po +d] + (G % b(Puy,0,)) (x, § (1))

T 400
- / / G (32 )b (P (x — . E(1 — 5) + 8¢~ ME)dyds
0 —00
= 8¢ [ 0000 Dy (5, £(0) = po + |
T +00
+ /0 / G(y, $)b(Pisy oy (x — ¥, E(t) — 5))dyds
—00
T “+00
- / / G(y, )b(Piyy oy (x — ¥, E(t) — 5) + Se~ ™) dyds
0 —00
> Se Pt [ngB, q)a)l,u)z (x,&@) — po+ d
T +00
— POt / / Gy, ) (Pisy n (x — ¥, E(1) —5) + else*m“*”)dyds] (4.16)
0 —00
= 8¢ {000, Py (v, £(1) = po +d — €M7 [ 8677 L

T prtoo
[T 60 (@0 ns = 50 = 9)avas]

51 T +00
> §e P! ’_po +d— epof[— +/ / G(y, )b (P, (x — ¥, E(1) — S))ddeH ,
4 0 —00
4.17)
where 0; € (0, 1). Moreover, for £(¢) < T3, Lemmas 3.2 and 3.3 imply that

max{U(x —y+c&t)—cs+w), U(—x +y+c&() —cs+w2)}
=Py (X =y, 6@) =) U@ —y+pi1§(0) —5) + U(=x +y + p2(§(@) — 5))
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< 2max |pi(E(1) — 5) — c(6(t) — 5) — ;| max U’ (x)
i=1,2 xeR
+Ux—y+ck(t)—cs+w)+U(—x+y+c&(t) —cs + wy). (4.18)
Now, we consider the following seven cases.

(1) &(t) > T;. Following (4.5), (4.11) and (4.17), we have F(u™)(x, ) > 0.
(2) £&(t) < Tz and x + c&(t) + w1 > X. Then —x < —X. It follows from (4.7) and (4.17)
that

Fh)(x, 1) Z(Se""”{ —po+d — ™[5 /2+

T M
/0 /M G(y, )b (P, (x — y, E(t) — s))dyds]}. (4.19)
Moreover, from (4.10), (4.12) and (4.18), we have
Dy (x —y,6(0)—5s)e(K—v,K+v), forye[-M,M]ands € [0, 7].

If b’ (K) > 0, it then follows from (4.6) and (4.8) that

T M
/0 /M G(y, )b (Pwy,wp (x — y, E() — 5))dyds € [b'(K) — 381 /4,b'(K) + 81/2].

Moreover, if b'(K) = 0, then

T M
/O / GO (B0, 0nx = 3. £0) =) dyds € [B/(K).B'(K) +01/2].

By (4.5) and (4.19), we conclude that F(u™*)(x, ) > 0.

(3) &(t) < T3 and —x+c&(t)+wy > X. Similarto case (2), we can prove that F(u™) (x, t) >
0.

“4) E() < Tz, x +c&()+w < —X and —x + c&(t) + wy < —X. Using (4.10), (4.12)
and (4.18), we have

Dy, (X — ¥, E() —5) € (0,v), forye[—M,M]ands € [0, ].

Similar to case (2), we can show that F(u™)(x, t) > 0 by using (4.5), (4.6), (4.9) and
4.19).

(5) E(t) < Tzand x + c&(t) + w1 € [-X, X] or —x + c&(t) + w2 € [—X, X]. According
to (4.14), we have

0 Pory,wp (x,6(1)) = 3, W(x,8(1)) — %

K1
> —

=U'(x +c&(t) + o)) + U'(—x 4+ c&(t) + w2) — 5

K1

2
Then, by (4.13) and (4.16), we obtain F(u™)(x, t) > 0.

(6) T3 < &(t) < Ty and |x| > X;. Noting that (4.11) holds for any |x| > X; and ¢ €
[T3, T1], it follows from (4.5), (4.11) and (4.17) that F(u™)(x, t) > 0.

(7) T5 < &(t) < Ty and |x| < X;.Following (4.15) and (4.16), it must be F(u™)(x, t) > 0.

Summing up the above seven cases, we see that F(u™)(x, t) > 0 for (x, 1) € R x [0, +00),
i.e. ut(x, 1) is a supersolution of (1.2) on [0, 4+-00). The proof is complete. O
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Lemma 4.3 There exist §, > 0, px > 0 and o, > 0 such that for any y € R, § € (0, §,]
and o > oy, the functions VE(x, t) defined by

VEQ, D) = U( —x+ct+y+od(l— e*f’*’)) + 8=
constitute a pair of super- and subsolutions of (1.2) on [0, 4-00).
Proof The proof is similar to that of Lemma 4.2, we omit it. O

Let 09, po, 0 and oy, p«, 6« be the positive constants given in Lemmas 4.2 and 4.3,
respectively. We have the following results.

Theorem 4.4 Let ®,, «,(x,t) be the entire solution of (1.2) decided in Theorem 4.1, then
the following statements hold.

M If ®(x, 1) is an entire solution of (1.2) satisfying the first property of (3) of Theorem
4.1, then ®(x, 1) = Dy 0y (X, 1).

<b$2(x, 1) as w; — —o0;

D, (x,1) as wy - —o0.

(3) @y, ,w, (x, 1) depends continuously on (w1, w2) € (—00, »)>

(4) Dy w,(x, 1) is Liapunov stable in the sense of part (7) of Theorem 1.1.

(2) Forany (x,t) € R?, D0, (X, 1) converges to {

Proof (1) Suppose that 5(x, t) is an entire solution of (1.2) satisfying the first property of
(3) of Theorem 4.1. Given any #; < 0, we define

1= sup [P, -+ 11) — Py oy (X, - + || poop_z.0-

xeR

It suffices to show tllat n = 0. By our assumptions, forany § € (0, §p], thereexistar, < t;—t
such that sup, g |P(x, - +12) — Py, (X, - + 1)l Lo[—7,0] < 6. Hence,

Dy, (x, s+t — 0o (epor - e_pos) ) — §ePoS
<P(x,s+1h) < Doy (x, s+t +09d (e”of - efpo‘v)) + 8e P08
forx € R, s € [, 0]. In addition, by Lemmas 2.2 and 4.2, we have
Doy (x, t+1t — oo (epor — e_pot) ) — §e P!
<P(x,t4+1n) < Dy, (x, t+1t + 008 (ep‘” — e_p‘)t) ) + Se—Po!
for x € Rand ¢t > 0. Noting that s 4+ #; — t, > 0, then we obtain
Doy (x5 + 11 — 008 (7 — ePols 7’2))) )
< 5(x, s+11) < Doy (x, s+ t1 + 008 (e™ — epO(H”_tZ))) + 6.
Therefore, for all x € R, it follows that
Dy (x, s+ — aoéepor) —5<Dx,s+1) < Dy (x, s+t + aoéepor) + 6.
(4.20)

On the other hand, since 0 < 9P, 0, (x, 1) < M3 := (D 4 d)K for any (x,1) € R2,
then (4.20) implies that

Sup [ (x5 +11) = Py (8. 5+ 1) | g oy = (1 + M3ope™) 6.

xeR

Thus we have n < (1 + M300e”°7)3. By the arbitrariness of §, we see that n = 0.
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(2) Let {(a)l,w’z()}keN be a sequence satisfying (wi, w’z‘) € (=00, @]?, wé“ < w§ < w]

and a)’zC — —o00 as k - —oo. According to Theorem 4.1, for each k € N, there exist an
entire solution ® w10k (x, 1) of (1.2) such that for any x € Rand t < T, there holds

@, (x, 1) < max [(D;l (x,1), @Zé (x, t)] < d>w17w12<+1(x, 1) < ‘le,w';(x’ 1)
<U (—x +pi(t; w1, w’ﬁ)) +U (x + pa(t; @1, w'z‘))
= U (=x + pr o) + U (x + pa(ts o1, o) ). @21)

By the monotonicity of Cl>wl, ok (x,t) on k, there exists a function W(x, ) such that
lim @ - «(x,1)=W¥(x,1). It then follows from (4.21) that
k—+00 1wy
d>a_)] (x,1) <W(x,t) < U( —x+ pi(s; a)l)), forany x e Randt < T. (4.22)

Moreover, given any 3 < T, we define

ne=sup|Wx,3+)—U(—x+c@t3+)+ w1)||LDo[_T,O].

xeR

For any § € (0, §.], since p;(t; w1) — ct — w1 — 0 ast — —oo, it follows from (4.22) that
there exists 74 < t3 — 7 such that for any x € R and s € [—t, 0], there holds

O, (x,s+1) <Wx,s+14) <U (—x +c(s +t4) + w1 + US(ep*T - efp*s)) + e PS5,
By comparison principle and Lemma 4.3, we have
O, (x,1) <V(x,0) <U (—x +ct+w +08 (e”*’ — e_”*(t_"‘))) + S Pet—1a)
for any x € R and ¢ > t4. Then it follows that
O, (x,13+5) <W(x,13+5)
U (—x +olts+5)+ o+ 08 (ep*r _ efp*(taﬂfm))) 1 §epultrts—1a)
<U (—x +c(tz3 +5)+w + mSep*’) +38, forx eR,
which implies that

sup | W(x, (13 + ) — Dy (6, 13 + )| ooy o < 8 + 08" max U'(z).

xeR

According to the arbitrariness of §, we obtain 7 = 0. Thus, W(x, 1) = <I>a_)1 (x, t) for any
(x,1) € R2. Since D, .w, (x, 1) is increasing with respect to w,, we obtain

lim @y 0, (x.1) = (x,1), forany (x,1) € R%.
o0

wr—>—

Similarly, we can show the other assertion of this part.
(3) Given any (w?,wg) € (=00, ®]?, we choose two sequences {(wil, w’i’z)} with
(a)’i’l, w'j_Lﬁz) € R? such that L lim (w’j‘:’l, w’i’z) — (w(l), a)g) and
—+00
k k k+1 k+1 0 0 k+1 k+1 k k
(@2 102 5) = (o], 0Th) < (0. o)) < (0} 01) < (0} .00 5), VkeN.
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From Theorem 4.1, there exist entire solutions & .0 (x,t) and CDw;;
k € N which satisfy '

(x, 1) of (1.2) for

k
1P+ 2

< < < <
0< d>w11+117wkj21 <d i & D o g < o

< <
ot ot , = Tolo k D et wkﬂ =K

k =
+ 1% 2 A )

for (x, 1) € R2. Then, there exist ®. (x, 1) such that limy_, oo quft Lok z(x, t) = diL(x,1)

and @4 (x,t) are entire solutions of (1.2). Since 0 < U’'(z) < 'M3/c forz € R, 0 <
pi(t; w’i’l, a’i,z) —cit — wil < Rpe*2! for t < 0 and

max { @~ HE D, L (%, H} <max{<1>_ (), q>+ @ D} <@y o, 06 0)
<U(—x "‘Pl(t ol 17“’+2)) +U(x+ a0 g 0 )
foranyr < T, x € Rand k € N, we can easily show that
,lifl‘oo{ii% 9405 0) = @ (6 )]+ 5p |4 (5,1) ~ @y} =0,
By the uniqueness of entire solutions, we have @ (x,t) = & .0 (x, t). Similarly, one can

prove that ®_(x,t) = <bw(1>7w(2) (x, t). Hence, we can easily show that ®,, ., (x, ) depends
continuously on (w;, @y). ; _ ;
(4) Given any € > 0, let us define § := §(¢) = €/(2M3) > 0. Then, for all |z| < §, it
follows that
SUP [Py 0y (¥, 1) = Py (¥, 1+ 2)| < 5Up [ Py, (5, D)[[2] < M36 < €/2.
x,teR x,teR
(4.23)
Let § := min{e/2, §/(00e7), 8}. For any ¢ € Clo, k] satisfying

sup ||§0(x» )= cba)],wQ (x + xo, - + 0) ”LOO[—I,O] < 37

xeR

we have

Deyy on (X + X0, 5 + 19 — 008 (™7 — e F%) ) — §e~ 08

< (x,5) < Py (X + X0, 5 + 10 + 008 (€707 — e ™%) ) 4 Se”
for x € Rand s € [—7, 0]. By comparison principle and Lemma 4.2, we obtain

Doy (X + X0, 1+ 10 — 008 (€77 — ™)) — se™ P!

Sux, 1;39) < Py (x +x0, 1+ 10 + 008 (epof —e M) + Se P (4.24)
for x € Rand ¢t > 0. It then follows form (4.23) and (4.24) that
lu(x, 1;90) — Py 0y (X + X0, 1 + 10)| < M3008e™7 +§ <'e, (4.25)

for all x € R and ¢ > 0. The proof is complete. O

Based on the results of the previous subsection, we are ready to prove Theorem 1.1.
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4.2 Proof of Theorem 1.1

For any 61, 6, € R, there exists a Ty < 0 such that cTy 4+ 01 < @ and c¢Tp + 6> < w. Take

wi = cTy + 01 and wy = cTy + 6;.

Clearly, (w1, w2) € (—o0, ®]?. Therefore, there exists an entire solution Dy w, (X, 1) satis-
fying the assertions of Theorems 4.1 and 4.4. Let

@9]792()(, t) = q)wl,wz(xs [ T0)7

then @y, 4, (x, 1) is also an entire solution of (1.2) which satisfies the assertions of Theorem

1.1.
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