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Abstract In this paper, the spatiotemporal patterns of a reaction—diffusion substrate—
inhibition chemical Seelig model are considered. We first prove that this parabolic Seelig
model has an invariant rectangle in the phase plane which attracts all the solutions of the
model regardless of the initial values. Then, we consider the long time behaviors of the
solutions in the invariant rectangle. In particular, we prove that, under suitable “lumped para-
meter assumption” conditions, these solutions either converge exponentially to the unique
positive constant steady states or to the spatially homogeneous periodic solutions. Finally,
we study the existence and non-existence of Turing patterns. To find parameter ranges where
system does not exhibit Turing patterns, we use the properties of non-constant steady states,
including obtaining several useful estimates. To seek the parameter ranges where system
possesses Turing patterns, we use the techniques of global bifurcation theory. These two
different parameter ranges are distinguished in a delicate bifurcation diagram. Moreover,
numerical experiments are also presented to support and strengthen our analytical analysis.

Keywords Seelig reaction—diffusion chemical model - Invariant rectangle - Lumped
parameter assumption - Global bifurcation analysis - Turing patterns

1 Introduction

A fundamental problem in theoretical biology is to understand how patterns and shapes
are formed. In his seminal paper, Turing [20] proposed a striking idea of “diffusion-driven
instability,” which states that diffusion could destabilize an otherwise stable steady state of
a reaction—diffusion system and generate new stable time-independent nonuniform spatial
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Fig. 1 Schematic chemical reaction of Seelig model (1.1)

patterns. Over the years, Turing’s idea has attracted the attention of many researchers and
has been successfully developed on the theoretical backgrounds. Not only has it been studied
in biological and chemical fields, but also some investigations range as far as economics,
semiconductor physics, and star formation [5].

The existence of Turing patterns in biology is still controversial, but it had been observed
in chemistry. The first experimental evidence of Turing patterns was reported in 1990 by D.
Kepper and her associates on the chlorite-iodide-malonic acid and starch reaction (CIMA
reaction) in an open unstirred gel reactor [2,4], nearly forty years after the publication of
[20]. This CIMA reaction can be modeled by the famous Lengyel-Epstein system [12,13]
which has been extensively studied experimentally, numerically and theoretically (see [1,7—
11,15,22-24] and the references therein).

In this paper, we consider a reaction—diffusion model which has a very similar mathemat-
ical form to the Lengyel-Epstein CIMA reaction system, even though they describe different
chemical reactions. Our model was first proposed by Seelig in [18] to explain the observed
oscillatory behavior in substrate—inhibition chemical reaction: X + Y — P + Q effected
by a catalyst M such as an enzyme. The chemical reaction scheme is (see also Fig. 1): The
substrates X and Y are supplied at constant rates j; and j, respectively. The substrate X flows
out at rate ko. The substrate X reacts with catalyst M to form the inert complex M X at rate
kq. This reaction is reversible in the sense that M X can form X and M at rate k_;. Whenever
there is M X, then X will react with M X, and form M X, at a rate k». This reaction is also
reversible, M X, can form X and M X atrate k_,. The substrate Y reacts with M X, forming
P, Q and M atrate k3. This reaction is irreversiable. In the whole substrate—inhibition chem-
ical reactions, all the reversible reactions are taken to be fast and all the irreversible ones are
slow.

Let [-] denote the concentrations of the chemical substances at time 7, then by the law of
mass action, we obtain the following kinetic equations for the reaction mechanism:
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X

% = Jj1 = ko[ X1 = ki [X1IM] + k-1 [MX] = ko [X]IM X] + k_2[M X>],

d

ary _ 2 — k3[YIIMX],

dt

diM

% = —ki[X]IM] + k1 [MX] + k3[Y][M X], (1.1)
dmjfﬂ = lo[X]IMX] — k_2[MXa],

MX
d[df VXM — K M) = Kol X)MX] = K )M X) 4 KoM X )

Itis assumed that the sum of the various forms of the catalyst M, M X, M X is constant and
is represented by the adjustable parameter [ M Jiora := [M]+[M X1+ [M X, ]. We also assume
a quasi steady state for the concentrations of M, M X, and M X, since their concentrations
are normally small compared to [X] and [Y] so that they can follow virtually inertness the
movements of [X] and [Y]. Namely., letting d[M]/dt, d[M X]/dt and d[M X>]/dt equal
to zero. Thus,

dix] .
. T ko[ X] — k3[Y][M X],
arr] .
— = jo — ka[Y][MX],
dt (1.2)
0=~k [X][M] +k_1[MX]+ ks[Y][MX],
0 =k[X]IMX] —k_2[MX>],
0=kKk[X]IIM] = k_1IMX] = ko[ X]IM X] — k3[Y][M X] + k—2[M X>].
From the last three equations of (1.2), we obtain
kX1 ks[Y]
k3[YIMX] = k_i[Miotal - ket ke (1.3)
: S kX kkXP | kT '
k_1 k_1k_o k_1
Introducing the following dimensionless quantities,
ki[X k3[Y kok_ kij k3 j
"y 1l ]7 v — 3l ]’ { = kot, K = k-1 B = 1J1 By = 3]27
k_q k_q k_7k; kok_1 kok_1 (1.4)
[M]totalkl [M]totalkS '
M=——"HWm=—7"7
ko ko

one can reduce the first two equations of (1.2) to the following system of ordinary differential
equations (ODEs):

du y1uv dv YauUv

-y 0 _pg 1.5
dt pr—u l4+u+v+ Ku? dt P2 14+u+v+ Ku? (1.5)
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Since the chemical reaction obeys the diffusion process, it is natural to add diffusion to
the model (1.5), which leads to the following reaction—diffusion system

ou Y1uv

M dAu=pB—u——T i cQ =0,

ot 1+u+v+ Ku?

8 bdv=pp—— L Q>0

ar T TP T I it vt Ku? ’ ’ (1.6)
dyu =9d,v =0, x €0, t >0,

u(x,0) =ugx) >0,v(x,0) =vo(x) >0, x e,

where u = u(x,t) and v = v(x,t) stand for the rescaled concentrations of the chemical
substances at time ¢ and position x € 2. Here €2 is an open bounded domain in RV, N > 1,
with smooth boundary 9$2; d; and d» are diffusion coefficients of # and v respectively.
ug, vo € C2() N C%(Q) and the Neumann boundary conditions indicate that there are no
flux of the chemical substances of u and v on the boundary.

The Seelig model (1.6) has been studied extensively by several authors, but most of
the research focuses either on the corresponding ODE system (1.5) or on the R—D system
(1.6) in the one-dimensional spatial domain. Seelig [18] considered the boundedness of the
solutions of ODE system (1.5) by proving the existence of invariant rectangles. He also
proved the existence of stable time-periodic limit cycle by applying Poincare-Bendixson
theorem. However, the authors did not prove whether the PDE system (1.6) has the invariant
rectangles or not. Mimura and Murray [14] studied the steady state patterns of system (1.6)
subject to homogeneous Neumann boundary conditions. However, the spatial dimension
is only restricted to one dimension. Nishiura [16] considered the global structure of the
bifurcating steady state solutions of some reaction—diffusion equations whose reaction terms
share with common properties. Seelig model is one of these reaction—diffusion models. In
his work, to gain detailed information of global bifurcation branches, it is crucial to assume
the uniform boundedness of the solutions (especially bounded regardless of the diffusion
coefficients). To the best of our knowledge, for the Seelig model, the uniform boundedness
of the solutions are still completely open so far.

In this paper, we first answer the open questions in [16] and [18]. We show that the R-D
system (1.6) have an invariant rectangle which attracts all its solutions regardless of the initial
values uq and vg.

The second question arises naturally. Once the solutions of system (1.6) are attracted by the
attraction region (rectangle), where do they go eventually? And what are the global attractors?
We prove that, under suitable conditions, these solutions either converge exponentially to the
unique positive constant equilibrium or to the spatially homogeneous periodic solutions. Our
results thus verify the striking idea of “lumped parameter assumption”, stating that, under
suitable conditions, the dynamics of the PDEs (1.6) can be completely determined by the
dynamics of the ODEs (1.5) (see [3] for lumped parameter assumption).

Finally, we prove the existence and nonexistence of Turing patterns of system (1.6).
Mathematically, Ni and Tang [15], and Peng et al. [17] have already reported the critical role
of the system parameters in leading to Turing patterns of the Lengyel-Epstein system and
Degn—Harrison system respectively. We show that, although these three chemical reaction
models have similar mathematical forms, system parameters leading to Turing patterns are
quite different.

This paper is organized as follows. In Sect. 2, we study the boundedness and uniqueness of
global-in-time solutions of the system (1.6). In particular, we show that an invariant rectangle
exists which attracts all the solutions of system (1.6) regardless of the initial values. Then,
we consider the long time behaviors of the solutions of system (1.6), and derive precise
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conditions so that the solutions of R-D (1.6) converge exponentially either to its unique
constant steady state solution, or to its spatially homogeneous orbitally periodic solutions. In
Sect. 3, we derive conditions so that system (1.6) does not have non-constant positive steady
states, including Turing patterns. In Sect. 4, we use global bifurcation theory to prove the
existence of Turing patterns. In Sect. 5, we included the numerical simulations to support
our analytical analysis. In appendix, we include the results on dynamics of ODEs system.
Throughout this paper, we use Ny to stand for the set of nonnegative integers, and use |2| to
represent the Lebesgue measure of 2.

2 Attraction Region and Large Time Behaviors of the Solutions

For convenience of our discussions, we copy (1.6) here:

0

M hAu=p—u—— T ie@is>0,

ot l+u+v+ Ku?

0 hAv=p rauy €Q,t>0

— = v=p - — X , ,

ot 2 2 Tl ¥uto+Ku? 2.1
opu = d,v =0, x€d, t>0,

u(x,0) =upx) >0, v(x,0) = vo(x) > 0, x € Q.
System (2.1) has (u, vs) as the unique constant equilibrium solution, with

Bl +uy + Kud)

1
uei=pr— Do, v , 22)
Y2 Vaus — B2
which are positive if and only if b > b2 holds.
Y1 V2

We first show that (2.1) has a unique solution (u(x, 1), v(x, t)) defined for all # > 0 and
is bounded by some positive constants depending on 1, B2, ¥1, 2, K, and the maximum
and minimum of the initial conditions, uy(x) and vg(x).
hi > @ Then, for

L+ 9 12)
any dy,d» > 0, the initial boundary value problem (2.1) admits a unique solution

(u(x,t),v(x,t)), defined for all x € Q and t > 0. Moreover, there exist two positive
constants M1 and My, depending on B1, B2, v1, y2, K, ug(x) and vo(x), such that

Proposition 1 Suppose that Bi, B2, y1,12, K > 0, with

M <u(x,1),v(x,t) < My, x€Q, t>0. 2.3)

Proof The existence and uniqueness of local-in-time solutions to the initial-boundary value
problem (2.1) is classical [6].

For the global existence and the boundedness of the solutions, we partially use the tech-
niques of invariant region [15,21]. Recall from [15,21] that a region (rectangle) R :=
[Uy, Ua] x [V, Vo] in the (u, v) phase plane is called a positively invariant region of system
(2.1) if the vector field

yiuv Y2uv
—u— . By — 2.4
(ﬂl Tl T utvrKa? p 1+u—|—v+Ku2) 4

points inward on the boundary of R for all # > 0. Thus, if one can find such a positively
invariant rectangle R, then the solution (u(x, t), v(x, t)) of (2.1) exists for all x € © and
t > 0, and stays in R.
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We consider two cases:
Case 1 Suppose that min, g {uo(x)} > B2/y2 holds. We construct the invariant rectangle
R :=[Uy, U] x [V, V2] in the following way:
Uj : = min ’L, min{uo(x)}}, U, := max ’,Bl,max{uo(x)}},
14 Y1 xeQ xeQ (2 5)

2
Vi i =min (@,mig{vo(x)}], Vo = max"BZ(1 +U>+ KUj)

e ’ma}{vo(X)}]-

U — B2 xeQ
Clearly, ug(x) and vo(x) are closed by the rectangle R. We now prove that the vector field
(2.4) points inward on the boundary of R. In fact,
On the left side u = Uj, Vi < v < V>, by the definition of Uj, we have,
yiuv —B—U— iU
1+u+v+ Ku? 1+ Ui +v+KU?

On the right side u = U, V| < v < V>, by the definition of U;, we have

Bi1—u— > p1—=Ur—nUi = 0. (2.6)

yiuv y1Urv
-y - = —U _
g itz 1+ U+ v+ KU?

14+u+v+ Ku? <p1—-U=<0. (2.7)

On the bottom side v = Vi, U; < u < U,, by the definition of V|, we have

Y2uv ya2uVi
= ;
l4+u+v+ Ku l1+u+Vi+ Ku

On the top side v = V3, U1 < u < Us, by the definition of V,, we have

B2 —

> B — V1 =20. (2.8)

y2uv 1232% nU1V,
14+u+v+ Ku? =h- 1+u+Vy+ Ku? <P l+Uy+Vo+KUZ ~
2 2 2
2.9)

So far, we have proved that R := [Uy, Us] x [V1, V>] is the invariant rectangle for the
vector field (2.4). Thus, we can choose M| = min{Uy, V;} and M» = max{U;, V»}.

Case 2 Suppose that 0 < ming{uo(x)} < B2/y2 holds. In this case, the aforementioned
‘R is not the invariant rectangle anymore, since the last inequality in (2.9) fails. (In fact, we
have Uy < B2/y». Thus, the term y,U; — B> in the definition of V) is negative or zero.) But,
the inequalities in (2.6), (2.7) and (2.8) still hold.

We divide [U, U,] into two parts: [Uy, B2/y2] and [B2/y2, Uz].

We now show that if (u#(x), vo(x)) € [U1, B2/y2] X [V1, 00) holds, then solutions initiat-
ing from (uo(x), vo(x)) will be bounded in [Uy, B2/y2] x [V, 00). Moreover, these solutions
will go through the “line” u = B,/y» and enter into [B2/y2, Uz] x [Vi, 00). Suppose not.
Then, by (2.6) and (2.8), for any fixed x* € €, there exist positive constants 17(5 B2/v2),
T5(0 < Ty < 400), and a subsequence of solutions (u(x*, #;), v(x*, #)) of system (2.1),
such that as 1, — T, We have

B —

u(x*, 1) = U, v(x*, tx) > +oo. (2.10)
Substituting u(x™*, f;) and v(x*, #;) into (2.1), we have

du(x*, tr) yiu(x*, ) v(x™, )
— —d1A *,l‘ = — *,l‘ — .
o1 PARGE ) = P = ) = e oG, 1) + KaGe, )2
o @1y
Setting k — oo (or equiv. #y — T) in (2.11), one has 0 = 1 — U — y1U. Thus,
U= B1/(1 + y1). However, this is impossible, since U< Ba/ya < ,81/(1 + y1). We then

reach a contradiction.
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Since the solutions will eventually enter into [82/y2, U2] x (V1, 00), one can construct a
new invariant rectangle as we did in Case 1. This leads to another suitable positive constants
M and M. Thus, we have prove the global existence and boundedness of the solutions. O

Our next result shows that system (2.1) has an attraction region defined by
A_( Bi ﬂox(mma+m+KﬁxM+n)
S \l+n v Birn—=B>0+n)

in the phase plane which actually attracts all solutions of this system, regardless of the initial
values uq and vg.

(2.12)

Theorem 2 Suppose that 7 A > @ holds and let (u(x, t), v(x, t)) be the unique solution
4! V2
of system (2.1). Then, for any x € Q, we have,
hi < lim inf u <lim sup u < Bi,
14y 1—00 1—00
1 KB} 1

2. b < lim inf v <lim sup v < P +5+ K + 1)

Y2 t—00 1—00 Biya—B2(yi + 1)
Proof 1) We first prove that lim tinf u > b . By Proposition 1, there exists a sufficiently

— 00 J/l

yiuv Yiuv

_ < —— = y1u holds.
L+u+v+ Ku? v
Let u,, be the unique solution of the following ODE:

du (1)

small p > O such that forall x € Qand ¢ > 0,

=B1+p— A+ y)uy(t), up(0) = (1 — p) minup(x). (2.13)
dt xeQ
Setting w (x, 1) = u(x, t) — u,(t), and by (2.1) and (2.13), we have
dwi(x,1) Yiuv

+diAwi(x,t) = wi(x, 1) — yrup(t) + +p

ot 14+u+v+ Ku? -
< w0 =y + = A+ ypwi ey, FP
wi(x,0) > 0.
Thus,
dwy (x. t
_OwilR D A1) — (14 0w (1) < 0, wi (., 0) > 0. (2.15)

ot
Then by the maximum principle for parabolic equations, we have wi(x,t) > 0, which
implies thatu(x, 1) > u,(t) forallx € Qandt > 0.From (2.13), it follows that tlim uy(t) =
—00
(B1 + p)/(1 + y1). Thus, we have lim[inf u> B1/(1+yp).
— 00

2) We then prove that lim sup u < f. By Proposition 1, there exists a sufficiently small
1—00

0 <8 < Bysuchthatforallx € Qandt > 0,8 < yjuv/(1 +u+v + Ku?) holds. Let
us = us(t) be the unique solution of the following ODE:

dus(t)
=B1— 8 —us), us(0) = (1+ ) maxup(x). (2.16)
dt xeQ

Setting wy(x, 1) = u(x,t) — us(t), and by (2.1) and (2.16), we have

0 1
—Mﬂllsz(x, H—wa(x,1) = niy
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Then by the maximum principle for parabolic equations, we have wa(x,#) < 0, which
implies that u(x, t) < ugs(¢) forall x € Qand ¢ > 0. From (2.16), it follows that tlim us(t) =
—00

B1 — §. Thus, we have lim sup u < Bi.
—00

3) We now prove that lim linf v > & By Proposition 1, there exists a sufficiently small
— 00 )/2

S Yauv Ya2uv
T > Osuchthatforallx € Qand ¢ > 0, +1 < = v holds. Let
) ] T l4u+v+ Ku? u
vr be the unique solution of the following ODE:
dv (¢ .
DOt~ yave(d), v (0) = (1 — ) minwo(). (2.18)
dt xeQ

Setting p1(x,t) = v(x,t) — v (¢), and by (2.1) and (2.18), we have

_Opi(x, 1)

Y2uv
+717—pv <0,
9 V2

14+u+v+ Ku? (2.19)
p1(x,0) > 0.

+drApi(x,t) — yapi(x,t) =

Then by the maximum principle for parabolic equations, we have pj(x, ) > 0, which
implies that v(x, t) > v(¢) for all x € Q. From (2.18), it follows that tlim v (t) = (B2 +
—00

7)/y2. Thus, we have lim inf v > By /y».
1—00

: . 1+ B+ KB (1 + 1
4) Finally, we prove that lim sup v < pr(l+ B BD ).

1—00 Biya — Ba2(y1 + 1)
lim inf u > , lim sup u < By, (2.20)
=00 14+ t—00

there exists a finite number #(, depending on u( and vy, such that for any ¢ > fg and all x € Q,

Bi
14+

<u(x,t) < By, t > 1. (2.21)

By Proposition 1 and (2.21), there exists a sufficiently small y > 0, such that forall x € Q
and ¢ > tg, one has

y2B1 You
0< 5 < .
(I+pr+v+KBr— )+ 14+u+v+Ku
This can be done by choosing x > O sufficiently small, since when x = 0, (2.22) holds

automatically.
Let v, be the unique solution of the following ODE:

(2.22)

dv, (1) v2B1vy
= ﬂz — ) , 1> 1o,
dt (A+B1+vy+KBi— )1 + 1) (2.23)
vy (f0) = (1 + x) maxv(x, fo).
xe
Setting pa(x, 1) = v(x,1) — vy (#), and by (2.1) and (2.23), we have
apa(x,t uv v
_9pa( )+d2Ap2(x’t)= 2 . v2B1 X ’
FY, l+u+v+Ku (1+p14+v+KBi— )1+ 1)

t > 19, pa(x,19) < 0.
(2.24)
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The maximum principle for parabolic equations cannot be directly applicable to this case.
Motivated by [15], we now use an elementary argument of Hopf’s boundary lemma for elliptic
equations to prove that for all x € Q and ¢t > 19, pa(x, 1) < 0, and thus v(x, 1) < vy (7).

Suppose not. Then, there exists a T* > 1y, such that py(x,7) < 0 for all (x,t) €

Q x (tg, T*), and py(x, T*) = 0 for some x € Q. Thus, max p,(x, T*) = 0.
xe

If for some x,. € £, such that py(x,, T*) = 0. Then, we have dps (x., T*)/dt > 0 and
Apa (x4, T*) < 0. Thus,

_0pa(xy, T)

5 + Apa(xs, T*) < 0. (2.25)

At (x,1) = (x4, T*), we have v = v,. And u < B;. Then, we have,

Y2810y _ y2B1v
I+ Pt + KB =00+ D (U+Prtv+ KB =00+ (550
ya2uv '

< —5.

14+u+v+ Ku?

Then, (2.26) and (2.24) reveals that —dpy (x4, T*)/0t + da Apa(xs, T*) > 0, which
contradicts with (2.25). Thus, one can not find such point x, € €2, such that ps (x,, T*) = 0.

If for some x* € 92, such that p>(x*, T*) = 0. The right-hand side of (2.24) is positive
at (x*, T*), and by continuity it remains positive in Q¢ x {T*}, where Q2 is a sub-domain
of Q and x* € 9Qp. Then, on Qp x {T*}, we have —dp>(x,1)/9t + do Ap>(x,t) > 0.
Treating (2.24) as an elliptic equation in Q¢ x {7*} and by Hopf’s boundary lemma, we have
dypr(x*, T*) = d,v(x*, T*) > 0, which contradicts the Neumann boundary condition.
Thus, for any x € Qandt > o, we have v(x, 1) < vy ().

From (2.23), it follows that

Bo(1+ B1+ KB — )1 + 1) _BU+p+ KB (1 + 1)
Biya — Ba(y1 + 1) Biya —B(y1 + 1)

1 Kp? 1
Thus, we have proved that lim sup v < P+ + KA + 1)
t—00 By — B2+ 1)

lim v, (t) = (2.27)
—>00

Our final result in this section is that under certain conditions (“lumped parameter
assumption” [3]), the dynamics of system (2.1) can be determined by the dynamics of the
corresponding ODE:s (1.5).

Following [3], we define o := dX|; — Q, where X is the principal eigenvalue of —A on
2 subject to homogeneous Neumann boundary conditions, d := min{d, d»}, and

Q:= sup {|[J(u,v)ll}, (2.28)
(u,v)eA

where the Jacobin matrix J(u, v) is given by
=1l =yip1(u,v), =y1p2(u, v))
J(u,v) = , 2.29
(&, v) ( 201w, v), —y202(u,v) (2.29)
where

v(1 +v— Ku?) u(l+u+ Ku?)

p1(u, v) = A+utotKud) p2(u, v) := OtutotKad)?

(2.30)
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Obviously, for u, v > 0, the following inequalities hold

1+u+ Ku? 1+ u+ Ku?
, P , _—. 2.31
1@ < e )| < e (23D)
For any (u, v) € A, defined precisely in (2.12), we have
1 Ku? L+ y)2(1 + B1 + KB?
+u-+Ku ) v2(1+y) 1+ B BY) (2.32)

—_— = < = .
I+u+v+Ku? 0 +yD2+ B2+ ) + (1l + )2 + Kyap?
Thus,

Q=mw[sw(ﬂ+mmWwﬂ+mmmw» wpdwm@wﬂ+nm@w»]
(u,v)eA (u,v)eA
< D :=max{l + 2y&, 2y &}.
(2.33)
We conclude that, when d; and d; fall into certain ranges, the solutions of system (1.6)
either converge exponentially to the unique positive constant steady states or to the spatially
homogeneous periodic solutions.

Theorem 3 Suppose that B1/(1+y1) > B2/y»2, andthat (dy, d») € [D/A1, 00) X[D /A1, 00),
where D is defined in (2.33). If (6.8) holds, then every solution (u(x,t), v(x,t)) of sys-
tem (2.1) converges exponentially to (ux, vy);, While if (6.7) holds, then every solution
(u(x, 1), v(x,t)) of system (2.1) converges exponentially to the spatially homogeneous peri-
odic solutions.

Proof By Theorem 2, there emes T > 0, such that for any + > T, the solution
(u(x,t),v(x, 1)) € Aforall x € Q. Without loss of generality, we can assume that 7 = 0.
Clearly, from (2.33), if (d1, d2) € [D/A1, 00) X [D/A1, 00), then o > 0. Define

yiuv
1+u+v+ Ku?’ §

Y2uv

fluv) = pr—u~ Trutot K2

(u,v) := P — (2.34)

Then by [3,24], there exist constants N; > 0,i = 1,2, 3, such that, for any solution
(u(t, x), v(t, x)) of system (2.1)

Ve @, 1), 0C, D) < N 1w, 1), v(, 1) — @@, 5Ol 2q) < Nae™ ',

(2.35)
where u, v are the average of u and v over 2 respectively satisfying
du _ _ 1 ot
— = f@v)+o1(1), u0) == [ uo(x)dx,lor(®)] < Nze ",
dt 12| Jo
dv 1 (2.36)
— =g, v) + o), v(0)= 7/ v (x)dx, |02 (1)] < Nze™"".
dt 12 /o

Moreover, the w—limit set of (2.36) is the subset of the w—limit set of the following ODEs

du_ 0) — 1 d
E—f(u,v), u(0) = |/Quo(X) X,

dv |§2 2.37)
=g, w0 = = [ v

Finally, combining the results of Lemmas 9 and 10 in Appendix, we complete the proof
of the Theorem 3. O
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3 Non-existence of Turing Patterns: Some Estimates

In this section, we show the non-existence of the non-constant positive steady state solutions
of the system:

Y1uv
—diAu=81—u— —————, € Q,
1Au =B —u 15/’_2%1)_’_”_’_[(”2 X
N S - LI cQ, (3.1)
28v =P 14+u+v+ Ku? *
dyu = dyv =0, x € 0Q2.
Lemma 4 (A priori estimates) Suppose that 7 f] > @ holds, and let (u(x), v(x)) be
4! V2

any given positive steady state solution of system (1.6). Then, for any x € Q, the following
conclusions hold:
Bi B Bl + B+ KD + 1)

2
Ty sy N oy

Remark 5 Lemma 4 is the direct consequence of Theorem 2.

(3.2)

For a steady state solution pair (u(x), v(x)) of system (3.1), we define

u= é/ﬂu(x)dx, V= Flz'/gv(x)d% (3.3)

Multiplying the first equation of (3.1) by y», the second equation of (3.1) by —y1, and
adding them, we can obtain that

A(yadiu — y1dav) + y281 — Y182 — you = 0. 3.4

Integrating (3.4) over 2, we obtain

<|

:i/udx:m—ﬂﬁgzupo. (3.5)
12 Jo V2
Define

¢ (x) :=ulx)—u, yx):=vx)—". (3.6)
We are now stating the following useful estimates on the steady state solutions:

Lemma 6 Suppose that (u(x), v(x)) is the solution pair of (3.1), and let ¢(x), ¥ (x) be
defined in (3.6). Then,

27242 292

y2d2 yid.
ik /|w|2dx5/ Vo dx < 123/ vy dx,  (3.7)
Vs (2diAT +2dii1 + 1) Jo Q vsdi Ja

where A1 is the principle eigenvalue of —A on 2 subject to the homogeneous Neumann
boundary conditions.

Proof Rewrite (3.4) as

A(y2diu — y1dav) = ya(u — 1) = y2¢. (3.8)
Multiplying (3.8) by y2diu — y1dsrv, integrating over 2 by parts, and noticing that
¢dx = [ Ydx =0, we can yield
Q Q

- / IVidiyau — do)|Pdx = y2dy / $2dx — yiyads / pydx. (39
Q Q Q
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Thus, we have

Yiyads / pvdx = v3d, / $dx + / Vdiyau — doyv)|Pdx 0. (3.10)
Q Q Q

If we multiplify (3.8) by ¢ and integrate over €2 by parts, we have

n [ #dx=—dips [ 196Pdx +dan [ Vovwdx, G.11)
Q Q Q
which implies that
dm/ VoVirdx = yz/ >dx + dlyg/ V| >dx. (3.12)
Q Q Q
On the other hand, the left side of (3.9) also equals

2
—/Q |V (d1yau — dyy1v)|*dx = —/Q (d12y22|Vu|2 —2d1d2y1y2vm+d§yf|Vu|2)dx

_ /Q (d%y22|V¢|2 2y dyy1 2V VY + d2y 21V Y )dx,
(3.13)

Then, from (3.9), (3.12) and (3.13), we have

By / VY Pdx = d?y2 / Voldx + diy? / 62 + 71 yads / pydx,  (3.14)

which together with (3.10) implies that

diy; / IVgI*dx < &3yt / IV |*dx. (3.15)
Thus,
az
/ V| 2dx < sri / IV Pdx. (3.16)
d1 Vz Q
On the other hand, by the Poincare inequality, it follows that
2 1 2
¢o“dx < — [ |Vo|-dx. 3.17)
Q Ao

The Cauchy inequality says that, for any given real number x and y, and € > 0, the

1
inequality xy < 4—x + ey? always holds. It then follows that

2 vid 2
dYrdx ¢ dx + vodx. 3.18
/ 2)»1)/1d2/ 2 ( )

Then,
sz 2 1 20 2
J/1)/2d2/ vrdx < —/ Fdx+ v dz/ Y dx
@ (3.19)
2 2
< 2x2/ V| dx+ 37 d2/ IV |?dx.
Thus, from (3.14) (3.17) and (3.19), we have
dz/ |V |2dx < 3 (d2 )/ V| 2dx, (3.20)
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which implies
ridri
y3(2d333 +2dih +

/ |V |2dx < / |V |2dx. (3.21)
D) Ja Q
This completes the proof. O

For the convenience of our later discussions, we define

hiu,v) ;=1 +u+v+ Ku?>)""(Kuu — (1 +U))1

hz(u,v):z(l—i—u—i-v—i—Kuz)_l( e )
1+u+v+ Ku (3.22)
sy l4u+uv '
h3(u,v) ==l +u+v+Ku) ————,
1+u+v+ Ku
uv _
ha(u,v) ' = —— — U,

1 +u+7v+ Ku?
where u and v are defined precisely in (3.3).

From Lemma 4, it follows that, any positive solutions (u, v) of system (3.1) satisfies
(u,v) € A, where A is defined in (2.12). Define

Hi = sup |hi(u,v)|, i=1,2,3,4, (3.23)
(u,v)eA
and
[7y2,2
Hoyrx Hayry/201x% + 20 1x + 1
xX(x) = —————, xo(x) == . (3.24)
rx — Hiy A(A1x — H3zyr)

Clearly, the functions x(x) and x2(x) are decreasing functions defined on (H2y; /A1, 00)
and (H3y1/A1, 00) respectively, satisfying

H
lim x1(x) = +o0, lim x;(x) = 212
x> (Han /2t e A a25)
. . V2H4ys '
lim x2(x) = 400, Iim x(x) = ————.
x——+00 A

x> (Hay /2T

We are now in the position to state the following theorem regarding the non-existence of
non-constant positive solutions of the system (3.1):

Theorem 7 Let h;(u,v), H;, i =1,2,3,4, and x;(x), j = 1,2, be defined in (3.22), (3.23)
and (3.25) respectively. Then, for any (d1, d») € Z, system (3.1) does not have non-constant
positive solutions, where

H
Y = [(dl,dz) eR?:d, > ;7]’1 dr > Xl(dl)] U {(dl,dz) cR?: d,
1

Hiyi }

> T17d2 > x2(dy) (3.26)

H
Proof We first prove that if (dy, d») € {(d1,d>) € R?:d; > Aliyl, dy > xi1(dy)}, then
1

system (3.1) does not have non-constant positive solutions.
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Multiplying the second equation of (3.1) by i and integrating over €2, we have

uvyr
— Yy AYdx = dx — —d
/szwx ﬁz/glﬁx V2/91+u+v+1<u2"

uvyr
=— ———————dx. 3.27
yz/gl—i—u—f—v—f—KuZx (3.27)

Thus,

uvy
d Vi 2dx = — — dx. 3.28
2/9|1/f|x V2/91+u+v+1(u2" (3.28)

Direct calculations show that the right hand side of (3.28) is

/( u(v —v) N uv uv )Wd
— - X
o\ Ttutor k2 " Tvut+v+ K2 1+iu+v+ K2
uy? Y (¢ + vu — uv — Kuug)
=—" —de—yz — — — dx
ol+u+v+Ku oA +ut+v+Ku>)(1+u+v+ Ku?)

uwz 12U (d)—l—vu—uv—Kuuqﬁ)w
=—m Fdx — — = 5 dx
Ql+u+v+Ku l+u+v+Ku Il+u+v+Ku

u 2 y2u(l +v) / 1
=— —— —Y"dx — dx
y2/Ql+u+U+Ku2w l+u+7+ Ku? Ql—f—u—}-v—l—Kuz(bw

N Vi (/ Ku . +/ 1 iy )
X —_— X
l+u+v+Kut\Jo l+u+v+ Ku? ol+u+v+Ku?

—, /Q B, v$ydx + /Q hau, vy dx,

<» / Hilgpyldx + y» / Hoy2dx.
Q Q
(3.29)
Then,

@/ IV |2dx sm/ I¢W|dx+Hz/1ﬁ2dx sm/ |¢w|dx+@/|w|2dx.
V2 Ja Q Q A 3.30)

1 5 I/ 5 3
(7/ 'V"”d) (E/Q'V"" "x)
L 2 ) 2 )é
% (/Q|V¢| dx) (/Q|Vw| dx

On the other hand, we have

[ 1oviar < (/Q |¢|2dx)é (/Qwﬁdx);

IA

(3.31)
Then, combining (3.7) and (3.31), we have
/ vl < - Z”‘ / |V 2dx. (3.32)
So far, (3.30) is reduced to
d Hid
i/ |V Pdx < (—2 ! 2’/‘)/ |V Pdx. (3.33)
V2 Ja A Mdiys
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H
For any (d1, d2) € {(d1,d) € R?:d, > )\1—)/1, dy > x1(dy)}, we have
1

d Hy  Hid
b Ta  Tdn

v o A hdiy

Thus, we have Vi = 0. This together with (3.7), reveals that V¢ = 0. Then system (3.1)
does not have non-constant positive solutions.

H
We then prove that if (d1, d>) € {(d1, d>) € R?:d| > ;—yl, dy > x2(dp)}, then system
1

(3.1) does not have non-constant positive solutions.
Multiplying the first equation of system by ¢ and integrating over €2, we have

2 . . _ yiuv
d1/QIV¢| dx—/QCb(,Bl u)dx /—l+u+v+Ku2¢ x. (3.35)

A direct calculation shows that

d / Vo 2dx =1 / ( )wdx
Q 1+u+v+Ku

(3.34)

2dx

— 1
/Q( Pl rutor K2 1+u-|—v-|—Ku2

4 T4+TD
—i—yl/(l—I—u—i—v—i—Kuzfl +u+uv72¢2dx
Q

I+u+v+Ku

_uwv 3.36
fyl/(lﬂlﬂﬂrz u)¢1//dx (3.36)

_ l+u+uv
+V1/(1+M+U+KM2) lﬁ‘fﬁdx
Q l1+u+v+ Ku
=y / ha(u, v)$*dx + yi / ha(u, v)pydx,
Q Q
<n / Hsd?dx + 71 / Halpwldx.
Q Q

By (3.21) and (3.31), we have

24222 4 2d1 a4+ 1)2
/|¢w|dx§ PQdid + 24 + 1 /|V¢>|2dx. (3.37)
Q Y1daAg Q
Thus,
Hayr2d222 +2d 101 + 1)2
d]/ Vo 2dx < (Hm 4 Tara2di 1+2 1A+ 1) )/ IVoPPdx.  (3.38)
Q Al drAq Q

H
For any (d1, d2) € {(d1,d) € R?:d, > ;—yl,dz > x2(dy)}, we have
1

Hayi N Hayr(2d3A2 4 2d 0y + 1)2
A )3

4 > (3.39)

This together with (3.16), reveals that V¢ = 0. Then system (3.1) does not have non-constant
positive solutions. O
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4 Existence of Turing Patterns: Global Steady State Bifurcations

In this section, we use the global bifurcation theory to prove the existence of positive non-
constant of steady state system (3.1). In particular, we are concerned with the existence of
Turing patterns.

1
Let jo and ko be defined precisely in (6.4) in Appendix. Then, if jo < —— holds, system

1
(2.1) is a substrate—inhibition system, that is the Jacobian matrix of the corresponding ODEs
evaluated at (uy, v4) takes in the form of

+7 —
(+, _). 4.1)

1k
b 1 _ph o 4.2)

I+ " » »n
holds, then (uy, v4) is positive and stable in the ODEs (1.5).
Thus, in the rest of the paper, we always assume that the conditions

1k 1
A B Y N . N NP L (4.3)

I+yv1 » 71 VI 2!

And if

are satisfied.
The linearized operator of system (3.1) evaluated at (u,, v,) is given by (choosing d; as
the bifurcation parameter)

(1A —=1—y1jo, —yiko
L@y = ( —y2Jo dyA —y2ko ) 44)

Let A; and &; (x), i € Ny, be the eigenvalues and the corresponding eigenfunctions of —A
in Q subject to Neumann boundary conditions. Then, by [15,25], the eigenvalues of L(d)
are given by those of the following operator L; (d}):

o f —didi — 1L —yijo, —71ko
Lit) = ( —¥2Jo —dadi —yako )’ (45)

whose characteristic equation is
W = uTi(d) + Di(d) =0, i €N,
where

: 4.6)
Di(dy) : = d1daA? + (yakody + (1 + y1jo)da)ri + yako.

[ Ti(d) : = —(di + d)hi — (1 +y1jo + y2ko),
According to [19,25], if there exist i € Ng and df > 0, such that
Di(d) =0, Tid})#0, T;d})#0, D;d})#0 forall j#i, (47)
d
and the derivative dr D;(d}) # 0, then a global steady state bifurcation occurs at the critical
1

point df.
By (4.3), we have Tp(d1) < 0. Thus, for all i € Np, we have T;(d;) < 0. Solving
D;(d1) = 0, we have the set of critical values of (d1, d2), given by the hyperbolic curves C;,
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with i € N := Np\{0} (see also page 561 of [16]):

vivakojo/ _ v2ko

C,’ Zdi: .
€z di+ (L +yijo)/ ki ki

,ieN (4.8)

Suppose that A;, i € N, is the simple eigenvalue of —A. Following [16], we call B :=
U;’il C; the bifurcation set with respect to (i, v«), and denote by By be the countable set
of intersection points of two curves of {C;}{°,, and B = B\By.

Clearly, for any fixed d, > 0, there exists a unique di such that (d!, d») € BncC i, and at

. d .
d = dj, both (4.7) and — D; (d}) # 0 are satisfied.

dd,
Then, from [16,25], we have the following results regarding the existence of Turing

patterns:

Theorem 8 Suppose that (4.3) holds and that C; is defined in (4.8), where A;, i € N, is the
simple eigenvalue of —A. Then for any (d', d>) € BN C; with da fixed, there is a smooth
curve I'; of positive solutions of (3.1) bifurcating from (dy, u,v) = (d{, Uy, Vy), With T
contained in a global branch C; of the positive solutions of (3.1). Moreover

1. Near (dy,u,v) = (di, Uy, Vi), Ti = {(d1(s), u(s), v(s)) : s € (—e, €)}, where u(s) =
Uy + 5a;E (x) + 501(5), v(s) = vy + 5b;& (x) + s02(5) for s € (—¢, €) for some C™
smooth functions dy(s), 01(s), 02(s) such that d;(0) = di and 01(0) = 02(0) = 0. Here
a; and b; satisfy Li(d1)(a;, b))T = (0,0)7, and &; () is the corresponding eigenfunction
of the eigenvalue \; of —A.

2. Moreover, the projection of C; onto d{ -axis contains the interval (0, di).

Proof From discussions above, at dj = d{, we can apply Theorem 3.2 in [25] to assert the
existence of local and global steady state bifurcations. By Theorem 2.3 of [16], we can rule
out the possibility that C; contains another (df , Uy, Uy) With i # j. We thus complete the
proof of this theorem (Fig. 2). O

5 Numerical Experiments

In this section we perform two numerical experiments to show that for some sets of para-
meters chosen accordingly the system (2.1) produces Turing patterns, that is., the solutions
converge to spatially non-homogenous steady state. On the other hand, for some parameters
the solutions of the system (2.1) either converge exponentially to uniform steady state or
spatially homogenous periodic solution.

Experiment 1: Turing patterns
In this experiment, we show that the model (2.1) produces Turing patterns in a two-
dimensional domain. The model (2.1) is defined in the square domain 2 = [0, 7] x [0, 7]
in R? and the final time of interest is T = 100. Parameters are chosen according to the
bifurcation analysis presented in Sect. 4 and by the eigenvalues of the Laplacian opera-
tor, —A in domain 2 which are A; ; = i 2 4+ j2. The parameters for this experiment are
B1 =247,8 =1,y = 1508,y = 72.07, K = 25.5,d; = 0.09, d» = 2. The parame-
ters B1, B2, ¥1, ¥2, and K are fixed so that the inequality (4.3) holds. Thus in the absence
of diffusion the uniform steady state u, = 0.38 and v, = 0.19 is locally asymptotically
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_ Yeko(1 = mdo + 2v/=710)
dy = d

(14 7150)?
dy
G Ci X2 X1
I 1 I
] 1 ]
] I ] .
: : | Non-existence
; f non-constant
dl d ] dl d ] I O b
Fix d, (di, do) : (di,d2) g \ positive steady
: : : states
I I I
I I I
I 1 1
I I I 1
] [} I I
\/2H411 | [ |
A1 ] [} I
1 } I
I I
[} } I
I I I
’HTT& | iy S e [ S RS
I I I
I ] I
I I I
I ] |
I I I
—(v2ko) ! ! !
(I+y150) M1 : : :
I 1 I
I I I
} I I
I I I
—(y2ko ! ! !
(I4+ro) s : : :
I I I
L 1 1
—(14+mJo) —(+mdo) Ham Hin d;
" x by} AL

Fig. 2 Bifurcation diagram: For any i € N, C;, defined precisely in (4.8), is the hyperbolic curve where the
steady state bifurcation point (di , dp) locates (for fixed d» > 0). The area on the left side of the vertical line
dy = —(1 + y1jo)/ 1, Turing patterns are possible; While in the shaded area on the right side of vertical
line d1 = H3zy1 /A1, system (2.1) does not possess any non-constant positive steady states, including Turing
patterns. Here H;, i = 1, 2, 3, 4, are defined in (3.23)

stable. For do = 2, we find the diffusion constant d; such that the conditions in (4.7) sat-
isfied. We take A = A; ; = 22 + 32 = 13, in which the corresponding eigenfunctions are
cos(2mx) cos(3my). Hence,

_ =vako — (1 + y1jo)da2

d| = =0.09 ford, =2 and A = 13.
! drA? + yakoh ora an

We use finite element method for spatial discretization and implicit finite difference for the
time derivative to approximate the solutions of the model (2.1). The mesh size 7 = 0.0982
which is achieved by 7938 elements (triangles), and the time step size is Ar = 0.1. Initial
conditions are small random perturbations around the uniform steady state in the absence of
diffusion. The chemical concentrations # and v at times t = 0, 10, 50, 100 are shown in the
Fig. 5.

Experiment 2: Asymptotic behavior of the solutions
In this example we simulate the results of the Theorem 3. We show that for diffusion constants
sufficiently large, namely for (d1, d2) € [D/A1, 00) X [D/)1, 00), the solutions of the system
(2.1) either converges to the constant steady state if (6.6) holds, or to the spatially homogenous
periodic solutions if (6.7) holds. For the first case, we choose parameters as 81 = 5, > =
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.28
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x-coordinate x-coordinate
(g) u,t =100 (h) v,t =100

Fig. 3 Experiment 1: Turing patterns arising from the system (2.1) in a square domain 2. The figures in the
first column correspond to the chemical concentration u and the figures in the second column correspond to
the chemical concentration v at specific time levels
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v(x,t)
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Fig.4 Experiment?2: The solutions of the system (2.1) converging to constant steady state solutions uy = 2.95
(a) and vy = 1.03 (b)

u(x,t)

v(x,t)

n\\\\m‘l\\\‘ \1\\{:\5\\\{\‘!
qn‘mu\\ i

time X time © 0 X

Fig. 5 Experiment 2: The solutions of the system (2.1) converging to the spatially homogenous temporally
periodic steady state

1, y1 = 150, y» = 73, and take the diffusion constants tobe dj = 2 x 10°, d» = 3 x 10°. As
shown in Fig. 5, the solutions converge to the constant steady states u, = 2.95 and v, = 1.03
(Figs. 3, 4).

For the latter case, we choose the parameters as 81 = 5, o = 2,y = 146,y = 71,
and take the diffusion constants to be d; = 2 x 10, d) =3 x 10°. As shown in Fig. 5, the
solutions converge to the spatially homogenous periodic solutions in time.
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Appendix: The Dynamics of ODEs

In this section, we consider the local/global asymptotic stability of (., v«), as well as the
occurrence of stable periodic solutions of the following Ordinary Differential Equations
(ODEs):

du y1uv dv Y2UV

E:fh—u——::.f(u,v), E:ﬂz_m

14+u+v+ Ku? = 8, v).

6.1)
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System (6.1) has a positive equilibrium (u, vy), with

14 Bo(1 + uy + Ku3)
Uy =Pl — =Py, vy = ¥ 6.2)
Y2 V2us — B2
if and only if _p > b2 holds.
I+ »
The linearized operator of system (6.1) evaluated at (i, v,) is given by
—1=yijo —Vlko)
J Uy, Vy) 1= i , 6.3
(te: 22) ( —w2jo, —v2ko ©3)
where
. v*(l—l—v*—KuZ) u*(1+u*+Ku§)
Jo = 75 ko= IV (6.4)
(1 + uy + ve + Kuz) (1 4+ us + v + Kug)
Then, the characteristic equation of (6.3) is given by
12+ (1+ 1o + vako)u + yako = 0. (6.5)
Bi B . . . . .
Lemma 9 Suppose that N > — is satisfied so that (u, vy) is the unique positive
V2
equilibrium of (6.1). If
. 1 + y2ko
jo > —— 120 (6.6)
4!
holds, then (uy, vy) is locally asymptotically stable in system (6.1). However, if
. 1 + y2ko
jo<——— (6.7)
Y1

holds, then (u, vy) is unstable in system (6.1), and the system (6.1) has a locally orbitally
stable periodic orbit, denoted by (p(t), q(1)).

Proof Suppose that (6.6) holds. Then, all the eigenvalues of (6.5) has strictly negative real
parts, thus (u4, v) is locally asymptotically stable; While if (6.7) holds, then (6.5) has one
eigenvalue with positive real parts, thus (uy, v4) is unstable. According to Theorem 2, the
solutions is bounded, then from Poincare-Bendixson theorem, we conclude the existence of
a locally orbitally stable periodic orbit, denoted by (p(t), ¢ (¢)). m}

The next result is on the global asymptotic stability of the positive equilibrium (i, vy)
in (6.1):

Bi B

n > — is satisfied so that (u,, vy) is the unique positive
4! V2
equilibrium of (6.1). Assume also that 0 < By + P2 < 1 holds. Then, (u, vy) is globally

asymptotically stable in system (6.1), if

2 2 _ 2
Ke(O,y2+ }u[”* = nt +%}, (6.8)
21 21 287 2B 287

Lemma 10 Suppose that

where

€4 1= \/9(1 =B = B2+ 6B (12 +2)(1 = i = Po) £3(1L = B1 — o) > 0. (6.9)
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Proof We first use the Dulac criteria to exclude the existence of periodic orbits in the first
quadrant. Define b(u,v) = 1 +u +v + Ku?, then, we have
a(fb)  9(gb)

+—— =W — (1 + Dv, (6.10)
ou ov

where W(u) := —3Ku? — (y2 +2 — 281 K)u + p1 + p2 — 1.
Let uyy be the symmetry axis of the function W(u). Then, uyy = %/311( - %(2 + ).

2
1K e (0. 25

a(fb)/ou + d(gb)/dv < 0 in the first quadrant.
On the other hand, let Ayy be the discriminant of the function W(u). Then,

] holds, we have uyy < 0. Thus, W(u) < 0, which indicates that under

Ay = QBIK —2—12)* + 12K (1 + p2 — D). (6.11)

vw+2 e y2+2+ €4

260 2877 281 2B
conclude that W(u) < 0, which indicates that under d(fb)/du + 9(gb)/dv < 0 in the first
quadrant.

So far, under (6.8) and 0 < 1 + B2 < 1, by Dulac criteria, system (6.1) does not have
closed orbits in the first quadrant. By Theorem 2, it follows that the solution is bounded. Thus,
by Poincare—Bendixson theorem, we know that (u., v,) is globally asymptotically stable in
ODEs. O

Suppose that K € [ ] holds. Then Ayy < 0. Again, we can
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