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Abstract Chencinerin 2001 asked: Is the regular n-gon with equal masses the unique central
configuration such that all the bodies lie on a circle, and the center of mass coincides with
the center of the circle? This question has a positive answer for n = 3. Hampton in 2003
proved that also this question has a positive answer for n = 4. Here we provide a positive
answer forn = 5.
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1 Introduction

The main problem of the classical celestial mechanics is the n-body problem; i.e. the descrip-
tion of the motion of n particles of positive masses under their mutual Newtonian gravitational
forces. This problem is completely solved only when n = 2, and for n > 2 there are only
few partial results.

Consider the Newtonian n-body problem in the plane R?, i.e.

" mi(r; —r;)
. —r; .
r = E ¥, for i=1,...,n.
=t j#i i
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Here m; are the masses of the bodies, r; € R? are their positions, and r;; = |r; — r;| are
their mutual distances. The vectorr = (ry,...,I,;) € R?" is called the configuration of the
system. The differential equations are well-defined if the configuration is of non-collision
type,ie. rij #0wheni # j.

The total mass and the center of mass of the n bodies are

1
M=m+...+m,, C:M(mll'l‘i"'"i‘mnrn),

respectively. A configuration r is a central configuration if the acceleration vectors of the
bodies satisfy

n
> P i~ =0, for i=1,....n, §))
=1, i Tij

Central configurations started to be studied in the second part of the 18th century, there
is an extensive literature concerning these solutions. For a classical background, see the
sections on central configurations in the books of Wintner [22] and Hagihara [9]. For a
modern background see, for instance, the papers of Albouy and Chenciner [2], Albouy and
Kaloshin [3], Hampton and Moeckel [11], Moeckel [14], Palmore [17], Saari [18], Schmidt
[19], Xia [23]. One of the reasons why central configurations are important is that they allow
to obtain the unique explicit solutions in function of the time of the n-body problem known
until now, the homographic solutions for which the ratios of the mutual distances between
the bodies remain constant. They are also important because the total collision or the total
parabolic escape at infinity in the n-body problem is asymptotic to central configurations,
see for more details Saari [18]. Also if we fix the total energy 4 and the angular momentum
c of the n-body problem, then some of the bifurcation points (4, ¢) for the topology of the
level sets with energy /# and angular momentum c are related with the central configurations,
see Meyer [15] and Smale [20] for a full background on these topics.

Moulton [16] proved that for a fixed mass vectorm = (m, ..., m,) and a fixed ordering of
the bodies along the line, there exists a unique collinear central configuration, up to translation
and scaling.

For an arbitrary given set of masses the number of classes of planar non-collinear central
configurations of the n-body problem has been only solved for n = 3. In this case they are
the three collinear and the two equilateral triangle central configurations, due to Euler [7]
and Lagrange [13] respectively. Recently, Hampton and Moeckel [11] proved that for any
choice of four masses there exist a finite number of classes of central configurations. For five
or more masses this result is unproved, but recently an important contribution to the case of
five masses has been made by Albouy and Kaloshin [3].

A periodic solution (r(), ..., r,(?)) of the planar n-body problem of period T and
masses mi, ..., m, is a choreography if (ri(t),ra(t),...,r,(t)) = (@@ + T/n), r(t +
2T/n),...,r,(t + T) = r(1)), i.e. all n bodies follow the same curve r(t) with equal
time spacing. In 2001 Chenciner [5] trying to answer the question: Do there exist planar
choreographies whose masses are not all equal? stated another question: Is the regular n-
gon with equal masses the unique central configuration such that all the bodies lie on a circle,
and the center of mass coincides with the center of the circle?

It is not difficult to show that this last question has a positive answer for n = 3. In 2003
Hampton [10] proved that also this question has a positive answer for n = 4. Up to now this
question remained unsolved for n > 4. The goal of this paper is to provide a positive answer
forn =5.
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Our proof is analytic and in one step is a computer assisted proof. More precisely, at some
moment of the proof we need to compute the real roots of two polynomials of degrees 70 and
172 in the interval (0, 2). First we detect the exact number of real roots of those polynomials
in such interval using the Sturm method (see [12] or [21]). This method is implemented in
mathematica and Mapple. After we compute such roots as many precision as we want using
these mentioned algebraic manipulators. Only one pair of these roots satisfy the equations
of the co-circular central configurations. Moreover, this pair has the exact expression given
in (14). On the other hand, there are other ways to justify that the computation of these real
roots do not offer any problem, because our polynomials have integer coefficients, and they
can be evaluated exactly on rational numbers, for more details see page 2641 of [1].

On the other hand, recently some authors studied in [4,6] studied the central configurations
of the 4- and 5-body problem with all the bodies on a circle.

2 Co-circular central configurations

In this work a central configuration of the n-body problem satisfying that all the masses are
on a circle centered at the origin of coordinates and such that its center of mass is located at
the origin will be called simply co-circular.

It is well known that the set of all central configurations is invariant by rotations and
homothecies centered at the center of mass. So we can restricted our study on the co-circular
central configurations to the ones which are on the circle of radius one centered at the origin
of coordinates. Thus the position of the mass my is given by

(ck, sx) = (cos O, sinO),

with6; € [0, 27) and 6; # 0; if i # j. The angles of a such co-circular central configuration
will be denoted by

{917 ceey 9n}7
and without loss of generality we can assume that
0<6; <6 <...<0, <2m.

These angles 6 are measured in counterclockwise sense with origin at the positive x-axis.
The equations for the central configurations (1) restricted to the co-circular ones become

n
mi(ci —cj)
e = Z %-}—)\,Cizo,

7.
1 i i
J "J#lm'(s__s') )
Citn = Z = J3 ! + As; =0,
j=tj# i

fori =1,...,n wherer;; = \/(ci —¢j)? + (s; — 5;)?, and additionally

n

emt1 = ijcj =0,

j=1
n

emt2 = ijsj =0,
i=1
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Proposition 1 Let cc = {01, ..., 0,} be a co-circular central configuration. Then the fol-
lowing statements hold.

(a) The configuration ccy symmetric with respect to the x-axis of the configuration cc is also
a co-circular central configuration. Moreover ccy = {2m — 6y, ...,2mw — 61}.

(b) The configuration ccy, symmetric with respect to the y-axis of the configuration cc is also
a co-circular central configuration. Moreover ccy = {m —0s, m —05_1, ..., m—06,3m —
0p,3m —6p—1,...,3m — 0,41} iIf0<01 <...< b < <bs41 <...<6, <2m.

Proof If the configuration cc is (c1, s1, €2, 52, - ., Cn, Sn), then the configuration cc, is
(c1, —S1,€2, —$2, ..., Cn, —Sp). Since cc satisfies the Eq. (2), then also cc, satisfies the
Eq. (2). Therefore, cc, is a co-circular central configuration. It is easy to check that
ccy ={2m —6,, ..., 2w — 601}. Hence statement (a) is proved.

Now the configuration ccy is (—c1, S1, —¢2, 52, ..., —Cy, 8y). Since cc satisfies the Eq.
(2), then also cc), satisfies the Eq. (2). Therefore, ccy is a co-circular central configuration. It
follows easily that ccy = {m —0s, 1 — 051, ..., — 01,370 —0,, 30 =0y 1, ..., 37T — 0511}
if0<60) <...<b; <m <0541 <...<06, <2m. This completes the proof of statement
(b). ]

3 Co-circular central configurations for n = 5

In all this section n = 5.

Theorem 2 For the 5-body problem the unique co-circular central configuration is the reg-
ular 5-gon with equal masses.

Proof Since the co-circular central configurations are invariant for rotations with respect to
the origin of coordinates, and for symmetries with respect to the x-axis and to the y-axis,
we can assume without loss of generality that we have a co-circular central configuration
cc = {0y, 6h, 03, b4, 05} such that

cs=cp, S5=-—52<0, ¢ >0 and my > ms.

More precisely, first we localize the biggest mass and we call it m;. After we rename the
masses in counterclockwise starting with m . We rotate the co-circular central configuration
and we put it so that ss = —sp with so > 0. If my < ms we do a symmetry with respect
to the x-axis, and the new co-circular central configuration is renamed in counterclockwise
starting again with m1. So we obtain my > ms.

Note that if the co-circular central configuration is invariant with respect to the x-axis,
then §) = 0 and 63 = —64. Thus s1 = 0,¢1 = 1, 53 = —s4 and c3 = ¢4. This will be used
later on.

Using that the center of mass is at the origin of the circle we get

mici + (ma + ms)ca + m3c3

cq4 = and s4 =
my mq

miysy + (my — ms)sy + m3s3

3

The scheme of the proof is the following. We shall divide the proof in two cases, and
each one of these cases in some subcases. We shall see that the subcase 1.2 will provide
the co-circular central configuration formed by the regular 5-gon with equal masses at the
vertices, and that all the other subcases do not provide co-circular central configurations.
Case 1: mysy + (mp — ms)s, = 0. We consider two subcases.
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Subcase 1.1: my > ms. Hence
ms — my
§S] = ——m98). (4)
mi

Since s > 0 and my > ms we get that s; < 0. Moreover we have that

Therefore, again s3 > 0 and consequently s4 < 0. Hence (my — ms)sy + m3s3 # 0. Now
we solve the system
c?-l—sjz =1 for j=1,4,
with respect to the variables s; and cj. It has two different solutions R/ = {c1,j,51,j} for
j =1,2 with
mj
S1,1=— ((m%D%-‘rD%(Dlz-‘rD%—mZ) —Dle),
D D3

mi
c1 = —E(Dz(m% + D% + D% — mi) +51),

m
S12 = —D11D3 (m3D? + D}(D? + D3 — m3) + D12S)),

c1,2 = —%;(Dz(m% + D% + D% — mi) - S])»

being
D1 = (my —ms)sy +m3s3, Dy =c3m3+co(my +ms), D3 = Zm%(Df + D%)

and

S = \/Df(szu)% + D3 +m3) — (m} + D} + D3 —m})).

It follows from Proposition 1(a) that the configuration cc, symmetric with respect to the
x-axis of the co-circular central configuration cc is also a co-circular central configuration.
Then either the solution cc is invariant with respect to the x-axis, or

(&)

In the first case as it was before mentioned this implies in particular that s; = 0, in
contradiction with the fact that we are under the assumptions of Subcase 1.1. Hence (5)
holds. Then we get the conditions S1 = 0 and D;S; = 0, respectively. So S; = 0. Since
D1 > 0 we get that

1,1 = 61*2‘3‘2*)7‘\‘2, $3—>—53 and 51,1 = _Sl’z‘-vzﬁfsz, §3—>—s3"

2m3(D} 4 D3 +m?3) — (m} + D? + D} —m3) =0.

Solving with respect to m; we get four possible solutions that we call them m; ; for
j=1,2,34

mij = (=1)/ms —/D?+ D} and my j42 = (=1))ms+,/D}+ D3, j=1,2.

Since m is positive, solution m1 1 is never satisfied. So, we consider only m 2, m 3 and
mi 4.
If my = m; > we have that

_ (mp —ms)sy +m3s3

S1 = —84 =
J D3+ D3
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Note that due to (4) we have that s; < 0. Then s4 > 0 in contradiction with the fact that in
subcase 1.1 we have that s4 < 0. So the solution m| = m 3 is not possible.
If my = m; 3 we obtain that

(my — ms)sy +m3s3 _c3m3 + (my + ms)cy

5] =154=— , Cl=cC4=
D} + D} JDi+ D3

This implies that there is a collision between the masses m and m4, a contradiction. Hence
the solution m| = m 3 is not possible.
If my = mj 4 we get that

_ (ma —ms)sy + m3s3

Therefore the solutionm| = m 4 is not possible following the same arguments of the solution
m1 = my 7. This completes the proof of subcase 1.1 showing that under the assumptions of
this subcase there are no co-circular central configurations.

Subcase 1.2: my = ms. Then, since ms; + (mp — ms)so = 0 we have that s; = 0. Then
c1 = 1. Then r;5 = ri2. Moreover, we have that

S| = —8§4 =

m1 + 2macy + m3c3 ms3
— and 54 = ——s3. (6)
my my

cq =

This last equality implies that s3 > 0 and s4 < 0.
Now equation eg = 0 of (2) reduces to

(1 1) 0
ns3s3 3 T 3 = U.
i3 T

Therefore ri4 = r13. Consequently ¢4 = ¢3 and s4 = —s3. So, from (6) we get that m4 = m3
and m| = —2(cymy + cam3). Note that ¢3 < 0 due to the fact that the center of mass is at
the center of the circle, i.e. at the origin of coordinates.

Clearly we have

r45 =123, T35 =124, 125 =282, r34=2s3.

Now from the ten Eq. (2) only equations ¢; = 0 for k = 1, 3, 7, 8 remain independent,
because e; = 0 can be obtained from the linear combination me| +2ms3e3 +2mpey =

0,e4 =e3,e5 =e3,¢6 =0,e9 = —eg and e19p = —e7. From ¢; = 0 we obtain
2(c2 — Dmy  2(c3 — 1)ms
o 22— Dmy 23— bmy
T2 13

Substituting A in e = 0 for k = 3, 7, 8 we obtain the equations
233 233 3 3 3 3 2.3 .2 3
J1 = —riarygray — rizraaraz — rarisragras + 2rsrs + rariariy + riprisras
2.3, 2 3
+ 12T 3Ty T F2l13094,

1
T 202 -2 Driar3yrs
(r12 — 2)ri, (ri2 + 2)r13ry3rs,

3.3
(2m2r13r23r24

—m3(ri2 — 2)r122(r12 + 2)r123 4 — r123(r23 —r24) (r223 + ro4r3 + r224)
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2 3.3.3 3.3.3
— (rip —2)(r12 + 2)4/4 — rlz( — M3F 4153 + M3r{3r54r>3

3 3 3 3 3
_2m2r13r24r23 2m3r13r24r23 + m3r12r13r23 + m3r12r13r24)>

1
3.3
f3 = (2m3r12r23r24"13
2r12(r13 — 2riy(r13 + 213y,

2 2 2 24,3
—maripy/4 — rip(r13 — 2)(r13 + 2) (r23 — 124) (ry3 + 124123 + 1313
3.3 3.3.3 3.3.3
—(r3 —=2)(r;z3 +2),/4 — r123 (m2r12r13r23 + Morisryary3 — M2ri3risrss

3.3 3.3 3.3
— 2mar12ri,Tsy — 2M3r12154753 + m2r12r13r24)r13),
respectively; where we have used that
1 2 1 2

c2:§(2—r12), 0325(2—r13).

In what follows we shall omit the denominators from f, and f3 because they cannot be zero
in a co-circular central configuration of the 5-body problem. For instance, 13 cannot be 2,
otherwise rj4 would be also equal to 2, and we will have a collision between the masses 73

and my4.

The system formed by the two equations f, = 0 and f3 = 0 is a homogeneous linear
system in the variables m» and ms3. Since we are interested in positive solutions for m, and
m3, the determinant of this homogeneous linear system must be zero, obtaining the equation

2 2 2 (4 6 8
Ja=4rip(riz = 2riz(ris +2) rl3r23’24 +r12r13(713r2z712 4r13r23r12
4 6 3.6 6 8 3.6.3.8
r13r24712 + ”13r23r24V12 4r13rz3r24712 + 4r1%r24V12 T'13723724712
+4 ; 8 +32 +8 0y — risr3rSyrs
r1372%’”24r12 ’”13r23r12 r13’22r12 rl%r24r12 1372314712
+16 6 327 + ; 16 6
r13’23r24’12 r13r24r12 r13r23’24r12 r13’23rz4r12
6 3 6 6 6 6 3.5
V13r23’24r12 + 6’13’23’24”12 8’13r23r24’12 + r13r23r24r12
4
— 639313410y + BriyrSarayriy + riarSarty — 8rirSyrty + 32risrSyrl
—64rZ St — 180 —|—8r ot — 305t 0t +6r 3.8t
13723712 13724712 13724712 13724712 13723724712
3.3.6 4 3.6 4 2 6 4 5. 6.3 4
— 32ri3ra3ra4ry + 32r13r53rp41 1y + 64rizroury — 6ris3rysrasri;
+32 3 32 + 0 32 o
r13r23r24r12 r13r23r24r12 Vl3r23rz4r12 713723’24712
2.3 6.3 8 6 3 3.3
+64r{3r33r47 1 — r13’23724712+32r1%r23724712 64r13r23r24r12
8 6 2 6 6 2 4.6 2 8 6 2 6 6 2
—A4ri3ry3rin + 32r3rp3riy — 04r 3ry3ry + Arisrgariy — 32ri3ryris
+ 64 8 + 64 0 128 o r?
r1%r24r12 713V23r24r12 r1%’23724r12 713r23r24712

3 6
83531ty — 64riyrSira ety + 12811385313,y — Arisrayriyri
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6.3 .6 4 .3 6 2. 3.6 8§ 6 3
+ 1673153194712 + 32r 3153154112 — 128131537547 12 + 4113153754712

6 6 3 4 6 3 2.6 .3 6 6
— 1613153154112 — 3213793154712 + 128r315375,712 + 4r23r24)

+ M(4(r12 = iy (2 + Drisrars,

2 6 6 6
—(ri2 = Dria(ria + 2)(r13 — 2r13(r13 + 2)1/4 — riy (= riarorss
6 +2r +2rf +2 6 2 6,70
V13r24r22 r12r24r23 V13r24r2% r12r13r24r23 r12r1%r24r23
6 3 6 3.4 3 3 .6
2r12r13r24rz3 + 2r12r13r23 +r12r3r4193 — r12V13r24r23 2r12r13r24r23
4 + ) + 34 6.3
V12’13’24r23 r12r13rz4r23 V12r13rz4r23 r12r13V24r23 F12713724723

4 6 3 4 3 6 3 6 6 3 4 6 3 4 4 6
— 2r12r\3r04 53 = 1ol (370453 + F1ar13704r53 — 2T 13154753 + 2r12r13rz4))~

Note that no mass appears in the equations f; = 0 and f4 = 0 since they only depend on
the distances rq2, 713, 23 and r24. Now we shall compute the distances r»3 and 24 in function
of the distances r1> and ri3 using the Ptolemy’s Theorem, which says that if four masses
m1, my, m3 and my lie on a circle and are ordered sequentially then

r12r34 + riar23 — rizrag = 0.

rog = rigy/4 —rk + 3. @)

Applying Ptolemy’s Theorem to the masses m1, mo, m3 and ms we get

So we obtain that

r12r35 +risra3 — ri3rzs = 0.

Therefore

1
3 =,/4 — r122r13 — \/r123 + Er]z (\/4 — r122r13\/4 — r123 — 72 (}’123 — 2)) (8)

Now we substitute 3 and o4 in the equations f; = 0 and f4 = 0. Elevating these two
equations three times to the square we can eliminate all the squareroots, obtaining two new
equations g; = 0 and g4 = 0 having the solutions of f; = 0 and f4 = 0 and some additional
solutions which are not solution of f; = 0 and f4 = 0. Thus, we have

1 = —(ri2 +713)%¢%, 812
where
g1 = r12 4r13r12 4r 2r13r12 + 4r13r + 6r13r12 + 16r13r12 + 4r
+8r13r12 12r13r12 8r13r12 + r13r12 9’13r12 19r13’12 - 12r13’12
- 12r13r12 + 8;"1,)1’12 + 32;’Hr12 9rnr12 + 621’13;"12 28r13r12
87y + 830y — 481737, + 6r{9ry — 19rfyry — 16501,
= 2r{3riy — 1205y + 32r(3rdy — 4r{3ri, + 16907, — 165,

+4r13r12 - 8rl3r12 + r13 — 4rll32 + 4r13
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The expression of the polynomial g;> is more than ten times longer than the polynomial g11,
and since it will not provide any solution of the system f; = 0 and f4 = 0, we do not write
it. Moreover

8 12.8 12
84 = —rpp(rio —r3) “riz(ri2 +r13) 841842,

where the expression of the polynomial g4 is approximately two hundred times longer than
the expression of g11, and the expression of g4 is approximately six hundred times longer
than the expression of g11. We do not provide these expressions here. They are easy to obtain
with the help of an algebraic manipulator as mathematica or mapple.

Looking at the expressions of g and g4, for computing the co-circular central configura-
tions we are only interested in the solutions of the system

811812 =0 g41842 =0,

or equivalently in the solutions of the four systems

g1 =0, g4 =0; )
g11 =0, gp=0; (10)
g12=0, g4 =0; (11)
gr2=0, gon=0. (12)

For solving each one of these system we do the following. Every g;; is a polynomial in the
variables 71> and rq3.

We restrict now our attention to solving the system (9). We define the polynomials in one
variable

p(ri2) = Resultant[gy1, g41, r13],
q(r13) = Resultant[g11, g41, r12],

where Resultant[g;y, g41, r13] denotes the resultant of the polynomials g1 and g4; with
respect to the variable ry3. This resultant is a polynomial in the variable r1,. By the properties
of the resultant we have that if (r},, r};) is a solution of system (9), then r}, is a root of
the polynomial p(r12), and r{; is a root of the polynomial ¢(r13). For more details on the
resultant see for instance the book [8]. We have

p(ri2) = a(ria — 2118 + )%, — 23}, — 57, + 5) prao(ri2) paoa (ri2).
q(r13) = b(ri3 — 2)%r110(r13 + 2 (rfy — 28y — 5185 + 5)q140(r13)g304(r13),

where a and b are some positive integers, pi(r12) denotes a polynomial with integer coef-
ficients in the variable riy of degree k, and ¢;(r13) denotes a polynomial with integer
coefficients in the variable r13 of degree /. We note that p140(r12) # q140(r12) and that
P304(r12) 7 q304(r12), but the polynomials p1ao(x), p304(x), q140(x), q304(x) depend on x
through x2, i.e. are polynomials in the variable x> of degrees 70 and 152.

Our co-circular central configurations satisfy that

O<rp<riz<?. (13)

So we only are interested in the real roots 7}, and r{5 of the polynomials p(ri2) and g (r3)
which are in the interval (0, 2). Then we take all the pairs (r,, r3) with r{;, < r{; and we
check if they are solutions of the system f; = 0 and f;4 = 0. Only one of such pairs is
solution of the mentioned system, namely the pair

(rikz,rﬁ):(\/; (S—ﬁ),\/% (5+«6)). (14)
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In short, this is the unique solution of system (9) which is solution of the system f; = 0 and
fa=0.

Now we study the solutions of systems (10), (11) and (12) in the same way that we
have studied the solutions of the system (9), but these systems do not provide any solution
satisfying f; = 0, f4 = 0 and (13). Hence the unique solution of the system f; = 0 and
fa = 0 satisfying (13) is the solution (14).

Finally we substitute the solution (14) in the equations f>» = 0 and f3 = 0, where
previously we have substituted 74 and 3 by their expressions (7) and (8), and we obtain

50 (1 + fs) (m>—m3) =0 and 50 (—3 + fs) (m> —m3) =0,

respectively. So m, = m3, and it follows that the five masses are all equal. This completes
the proof of subcase 1.2 showing that under the assumptions of this subcase there is a unique
co-circular central configuration given by the regular 5-gon with equal masses.

Case 2: m1s1 + (my — ms)sy # 0. Now we shall solve the system

2 2 _ P
cj-l-sj—l for j =3,4,

with respect to the variables s3 and c3. It has two different solutions T/ = {c3,j, s3,;} for
j =1,2 with

m
1=~ (D303 4+ D) D)
1 = _ﬂz(os(ug +m3 —m} + D}) + %)
32 = — Dm3 (D3(D% 4+ m3 — m} + D}) + Ds$»)
4 Dg
32 = _"LZ(DS(Dg +m3 —m}+ D) — %)

being
Dy = mysy + (my —ms)sy, Ds = cimy + ca(ma +ms), D¢ =2m3(D3 + D32)

and

§2 = \/=DHD2 — (my — ma)? + DI(D? — (m3 +ma)? + D).

It follows from Proposition 1(a) that the configuration cc, symmetric with respect to the
x-axis of the co-circular central configuration cc is also a co-circular central configuration.
Then, either the cc is invariant with respect to the x-axis, or

3,1 = C3,2|s1—>—s1, $2—>—82 and s3,1 = _s3’2‘51—>—S1, == (5)
In the first case as it was before mentioned this implies that s; = 0, ¢y = 1, s4 = —s3 and
¢4 = —c3. Then s3 > 0 and 54 < 0. Moreover, since we are under the assumptions of Case

2 and my > ms, we must have my > ms. Using (3) we get that

mq — ms
—

Sy = 3.

mp — ms

Since s > 0 we must have m4 > m3. Note that now r14 = r13 and r15 = r1>. Now equation

e = 0 of (2) reduces to
1 1
(m3 —my)s3\ = —— |=0.
a2 Tz
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Therefore r13 = ry2, which is not possible because we would have a collision between the
two masses my and m3.

In short (15) must hold. Then we get the conditions S; = 0 and DsS, = 0, respectively.
So S> = 0. Since in this case D4 # 0 we get that

(D3 — (m3 —m4)* + D7)(D5 — (m3 + m4)* + D3) =0.

Solving Dg — (m3 +ma)? + Di = 0 with respect to m| we get two possible solutions that
we call them M, ; for j =1,2:

My j = —((m2 + ms)cica + (ma — ms)sysz + (= 1)/ TN,
for j = 1,2 where

N = ((m3 +ma)? — (ma +ms)*c3)st + 2(m3 — m)cicasisy + ((m3 + ma)?

22,2
— (my —ms)°sy)cy.

Solving Dg — (m3 — mg)* + D? = 0 with respect to m| we get two possible solutions that
we call them M ; for j =3, 4:

My j+2 = —((ma +ms)cicr + (ma — ms)sisz + (=)L Ny,
for j = 1, 2 where

Ni = ((m3 —ma)* — (ma +ms)°c3)st + 2(m3 — m3)cicasisr + ((m3 — ma)’
— (my — ms)?s3)ct.
Note that m3 # m4 otherwise Dg + Dﬁ cannot be zero, because Dy # 0.

We consider the four possible solutions M 1, M1 2, M3 and M 4.
If m; = M, we have that

1
53 =54 = —————((ma +ms)cicasy + (ms — mo)cisy + s1v/N),
(m3 + my)
1
3 =c4 = —————(— (ma +ms)casi + ((ma — ms)sis2 + v/'N)ci).
T P )er)

This implies that there is a collision between the masses m3 and m4, a contradiction. Hence
this solution is not possible.
If my = M; > we obtain that

53 =54 ((m2 + ms)cicasy + (ms — ma)ctsy — s1v/N),

- (m3 4 my)

c3=c4 = ((ma +ms)cast + ((ms — mo)sisz +~/'N)ecy).

(3 +my)
As before this solution is not possible.
If mi = M, 3 we get that

1
53 = —s4 = ———— ((ma + ms)cicasy + (ms — ma)cisy + s1v/Ni),
(m3 — my)

1

= oy (2 Fms)easi + e ((m2 = m3psis + VM),

c3=—c4
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If mo — ms)sy» + m3s3 = 0 then my > ms, otherwise s3 = 0 because my > ms. So

s4 = 0and c3 = —1 and ¢4 = 1 in contradiction with the fact that 64 < 65. So
mp —ms
53 = ——"5).
m3

Since my > ms and so > 0 we get that s3 < 0. Then s4 > 0, in contradiction with the
fact that 64 > 65. Hence (my — ms)s2 + m3s3 # 0. Now, using the same arguments than in
subcase 1.1 it follows that m| must be one of the three solutions m ; for j =2, 3, 4. Note
that m| = m 3 is not possible because it implies collision between m and m4. When m
is equal to either m 2 or m 4 we have that s = —s4 and ¢; = —c4. Then, since 53 = —s4
and c3 = —c4 we have a collision between the masses m and m3, a contradiction. Hence
the solution m; = M 3 is not possible.

If my = Mj 4 we have that

1
53 = —s4 = ——— ((ma + ms)cicasi + (ms — mz)Cfsz — 51V N1,
(m3 —my)
1
3= —C4 = m(— (my 4+ ms)cas? + i ((m2 — ms)sis2 — v/ N1)).

Now the same arguments used in the solution m; = Mj 3 can be applied for the solution
m1 = M 4, obtaining that this last solution is not possible. This completes the proof of the
theorem. =

Acknowledgments The first author is partially supported by a MINECO/FEDER grant MTM2008-03437
and MTM2013-40998-P, an AGAUR grant number 2014SGR-568, an ICREA Academia, the grants FP7-
PEOPLE-2012-IRSES 318999 and 316338, grant UNAB13-4E-1604. The second author is supported by
Portuguese national funds through FCT - Fundacdo para a Ciéncia e a Tecnologia: project PEst-OE/EEI/
LA0009/2013 (CAMGSD).

References

Albouy, A.: Relative equilibria of four identical satellites. Proc. R. Soc. A 465, 2633-2645 (2009)
. Albouy, A., Chenciner, A.: Le probléme des n corps et les distances mutuelles. Invent. Math. 131, 151-184
(1998)

3. Albouy, A., Kaloshin, V.: Finiteness of central configurations of five bodies in the plane. Ann. Math. 176,
535-588 (2012)

4. Alvarez-Ramirez, M., Santos, A.A., Vidal, C.: On co-circular central configurations in the four and five
body-problems for homogeneous force law. J. Dyn. Differ. Equ. 25, 269-290 (2013)

5. Chenciner, A.: Are there perverse choreographies? In: New advances in celestial mechanics and Hamil-
tonian systems, Proceedings of the Fourth International Symposium in Hamiltonian Systems and Celestial
Mechanics, HAMSYS-2001, pp. 63—-76. Guanajuato, Kluwer/Plenum, New York (2004)

6. Cors, J.M., Roberts, G.E.: Four-body co-circular central configurations. Nonlinearity 25, 343-370 (2012)

7. Euler, L.: De moto rectilineo trium corporum se mutuo attahentium. Novi Comm. Acad. Sci. Imp. Petropol-
itanae 11, 144-151 (1767)

8. Gelfand, .M., Kapranov, M.M., Zelevinsky, A.V.: Discriminants, Resultants, and Multidimensional Deter-
minants. Birkhéduser, Boston (1994)

9. Hagihara, Y.: Celestial Mechanics, vol. 1, chap. 3. The MIT Press, Cambridge (1970)

10. Hampton, M.: Co-circular central configurations in the four-body problem. In: EQUADIFF 2003, pp.
993-998. World Sci. Publ., Hackensack (2005)

11. Hampton, H., Moeckel, R.: Finiteness of relative equilibria of the four-body problem. Invent. Math. 163,
289-312 (2006)

12. Isaacson, E., Keller, H.B.: Analysis of Numerical Methods. Wiley, New York (1966)

13. Lagrange, J.L.: Essai sur le probleme des trois corps, recueil des pieéces qui ont remporté le prix de

I’Académie Royale des Sciences de Paris, tome IX, 1772, reprinted in Ouvres, Vol. 6 , pp 229-324.

Gauthier-Villars, Paris (1873)

o —

@ Springer



J Dyn Diff Equat (2015) 27:55-67 67

14.
15.
16.
17.
18.
19.
20.
21.

22.

23.

Moeckel, R.: On central configurations. Math. Z. 205, 499-517 (1990)

Meyer, K.R.: Bifurcation of a central configuration. Celest. Mech. 40, 273-282 (1987)

Moulton, FR.: The straight line solutions of n bodies. Ann. Math. 12, 1-17 (1910)

Palmore, J.I.: Classifying relative equilibria II. Bull. Am. Math. Soc. 81, 71-73 (1975)

Saari, D.: On the role and properties of central configurations. Celest. Mech. 21, 9-20 (1980)

Schmidt, D.S.: Central configurations in R2 and R3. Contemp. Math. 81, 59-76 (1980)

Smale, S.: Topology and mechanics II: The planar n-body problem. Invent. Math. 11, 45-64 (1970)
Stoer, J., Bulirsch, R.: Introduction to Numerical Analysis. Texts in Applied Mathematics, vol. 12, 2nd
edn. Springer, New York (1993)

Wintner, A.: The Analytical Foundations of Celestial Mechanics. Princeton University Press, Princeton
(1941)

Xia, Z.: Central configurations with many small masses. J. Differ. Equ. 91, 168—179 (1991)

@ Springer



	The Co-circular Central Configurations of the 5-Body Problem
	Abstract
	1 Introduction
	2 Co-circular central configurations
	3 Co-circular central configurations for n=5
	Acknowledgments
	References


