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Abstract We consider a reaction—diffusion equation in one space dimension whose initial
condition is approximately a sequence of widely separated traveling waves with increasing
velocity, each of which is individually asymptotically stable. We show that the sequence of
traveling waves is itself asymptotically stable: as ¢t — oo, the solution approaches the con-
catenated wave pattern, with different shifts of each wave allowed. Essentially the same result
was previously proved by Wright (J Dyn Differ Equ 21:315-328, 2009) and Selle (Decom-
position and stability of multifronts and multipulses, 2009), who regarded the concatenated
wave pattern as a sum of traveling waves. In contrast to their work, we regard the pattern as
a sequence of traveling waves restricted to subintervals of R and separated at any finite time
by small jump discontinuities. Our proof uses spatial dynamics and Laplace transform.

Keywords Interaction of waves - Reaction—diffusion equation - Spatial dynamics -
Laplace transform - Exponential dichotomy in trace space

1 Introduction

Consider the system of reaction—diffusion equations in one space dimension

U = xx + f ), (1.1)

where f € C?(R"). Throughout this paper we assume that the solutions of (1.1) are in
HE! (R x R*) and both sides of (1.1) are in L}, (R x R*) . Notice that H! (R x R*) is
continuously imbedded in Cj,e(R x RY) therefore f(u) leoc (R x RT). We choose the
diffusion terms uy, to simplify the illustration of our method. More general systems, such

as u; = Auyyx + f(u) in [24,26], where A is positive definite, can be treated by our method.
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We assume that (1.1) has m traveling wave solutions, with widely separated centers,
that connect m + 1 spatially constant, time-independent solutions. These spatially constant
solutions correspond to m + 1 equilibria ey, ..., ¢, of the ordinary differential equation
u; = f(u). The jth traveling wave, which has speed c;, is g;(§;), §; = x —y; —c;t. It
connects g (—00) = e;j_1 to gj(00) = e;.

We write & instead of &; if it is clear which y; and c; are used. In the coordinates (§, t),
q (&) is a stationary solution of

up =uge +cjug + f(w), §=%§& =x—y; —cjt. (1.2)
The traveling wave g (&) satisfies the ODE
q7 +ciqi+ flgp) =0, 1<j<m.

The function (u(§), v(§)) = (¢;(§), q} (&)) is a heteroclinic orbit of the associated first-order
system

ug =v, vg=—cjv— f(q;) (1.3)
that connects the equilibria (e;_1, 0) and (e}, 0).

After a phase shift, we may assume for definiteness that Iq;. )] = max{lq} &) : & eR}.
Then ¢;(0), which we regard as the center of the wave ¢, travels on the characteristic line
& = 0, which corresponds to x = y; + c¢;t. We assume the waves are widely separated, i.e.,
VI << Y2 << -+ << yp,and weassume c; < 3 < --- < Cpp.

We define a concatenated wave pattern by dividing the domain (x, r) € R x RT into m
sectors and placing one traveling wave in each sector. More precisely, for 1 < j <m —1, let
¢j = (cj+cj+1)/2bethe average speed of the waves gj and g1, andletx; = (y;+yj+1)/2,
. For convenience let xo = —o0 and x,,;, = 00. Define

M;={(x,t):x=yj+cjt, t =0},
Fj={(x,0):x=x;+¢cjt, t >0},
Qj={(x,0)xj_1+¢j_1t <x <xj+cjt, t =0},

so that M is inside €2, and I'; separates €2; and €2 1. Define the concatenated wave pattern
to be

u®(x, 1) =qj(x —y; —cjt)for (x,1) € 2j, 1 < j <m.

The center of the wave ¢; in ©2; moves on the line M}, and the lines My, ..., M,, spread
apart as t — o0. The concatenated pattern satisfies (1.1) in each €2; but is not continuous
across the I'; (Fig. 1).

Forn > 0 and /2 < 6 < m, define the sector

X(=n,0) ={s € C: |arg(s + n)| < 6}.

X (—n, 0) has vertex at s = —n and opens to the right with opening angle 26. It contains the
half plane R().) > —n.
For 1 < j < m, the linearization of (1.2) at the traveling wave g (&) is

u = ugg +cjug + Df(q;ENu, §=§& =x—y; —c;t. (1.4)
Define the linear operator L j on L%(R) with domain H%(R) by
Lju = uge + cjug + Df(q;(E)u.

Throughout this paper we make the following standard assumptions.
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Fig. 1 For the case m = 3, the concatenated pattern consists three waves separated by two lines I'y and 'y

H1 For0 < j <m,No(Df(e;)) <O0.
H2 Forl < j < m,theoperator L ; on LZ(R), with domain H Z(R), has the simple eigenvalue
\ = 0, with one-dimensional eigenspace spanned by q;..

From HI, for 0 < j < m, the linear first-order system uz = v, vg = —cv — Df(ej)u
has, counting multiplicity, n eigenvalues with negative real part and n eigenvalues with
positive real part. Together with H2, we can show that there are numbers n > 0 and 6, with
/2 < 0 < m, such that

(Al) for 0 < j < m, the spectrum of the operator u — ugg + cjue + Df(ej)u on L?is
contained in the complement of X(—n, 6);

(A2) for 1 < j < m, the spectrum of the operator L ; on L2, is contained in the complement
of ¥ (—n, 0) (essential spectrum), plus the simple eigenvalue 0.

Let L’ be the adjoint operator for L on L?(R), with domain H2(R):

Lz =zee — cjze + Df(q;(8))"z. (1.5)

Hypothesis (H2) implies that the adjoint equation L;‘.z = 0 has a unique (up to constant

multiples) bounded solution z ;. Moreover, since g ; isnotintherange of L;, |’ fooo < zj, q} >
d&¢ # 0. Assume that

o0
/ <zj,q}>d“;‘=1, 1<j<m. (1.6)

—00
Let HZ’I(Q_,-, ¥), ¥ < 0, be the space of functions u on Q; such that e”""u(x,t) €
H2'1(Qj). Let I; be the interval (x;_, x;).
Foru € leo’cl (R x RT), the function t — u(-, t) is continuous in Hlloc (R). So it is natural
to consider the initial condition u(x, 0) = ug(x) € HIL - (R). We assume further that on the
first and last intervals, ug(-) — q(- — y;) € H'(I}), j = L,m. If v € H>Y(Q;), and if

I" is a line in the closure of €2;, then by the trace theory, (v, vy) has well-defined limit in

HOTS() x HO25(1) Y H075%025(T) | denoted by (v(T"), vy (T)). In particular, let

Wj = (qj.4}), Jjo=W;(T;) = Wi1(T)), then Jjo € H*7>O3(T ).
Consider
qj(Tj) =qj(xj —y;+ (¢; —cj)),

q;(Tj—1) =qj(xj—1 —yj +(Cj—1 —cj)t).
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Fromx; —y; = y; — xj—1 > inf{y;+1 — y;}/2, there exist C > 0, u < 0, —y < O such
that forall 1 < j <m,

19;(T) — el + |qje (Tj)| < Ce MUisi=3}/2 =4 =0,
19j+1(C) = ejl +Igj41.6 (] < CeMML1=I2 -y =
lgj(Tj) —ejl +19:q; (T < Ce™, >0,
gj+1(T'j) — ejl +19iqj11(T )| < Ce™, 1>0,

1.7)

Definition 1.1 The concatenated wave pattern u°" (x, t) is exponentially stable with the rate
e’!, provided there exist y < 0 and 8y > 0 for which the following is true.

(1) The set S;,ir := {ug € HIIOC(R) smax;{lug(x) —q;j(x — yj)l,_,l(,j) < 8o} is nonempty.

(2) For any ug € S;nir, there exist a unique solution u(x,t) € Hli’cl R x RT) to (1.1)
and a sequence of numbers ry,...,r, such that u(x,0) = ug(x). Moreover, if
p = max;{lupg(x) — gj(x — yj)|H1(1/,), and if in each Qj, u(x,t) = gq;(x — y;
—cjt+rj) +u;(x,t), then

duj € L*(Qj, ) and |uj (-, D1y < Cpe?', 1> 0.

Intuitively, on each 2, u(x, t) exponentially approaches a shifted concatenated wave
as t — oo. Different shifts are allowed in different ;. Note if max{[ug(x) — ¢q;(x —
yiD g (Ij)} = p, then max{|J;o|} < Cp. Given a concatenated patter #“*", if &g is too small,
then Sjp;; is an empty set.

We now state the main result of this paper.

Theorem 1.1 Assume that the conditions (H1) and (H2) hold. Let —n and 1 be the constants
in(Al), (A2) and (1.7) and let y satisfiesmax{—n, u} < y < 0. Then there exists a sufficiently
large € > 0, a small 69 > 0 and a constant C1 > 0 such that if

inf{y; 11 — y;} > €, and Ce "M 0ix173/2 < 5,

then the concatenated wave u®" (x, t) is stable with the rate e”'. Moreover, ug € Hli;c R) is
in Sinir if

C_‘e*"linf{yj-%—lfyj}/z < maX{|u0(x) _ q/(x _ y/)|H1(]J)} < 80.

Remark 1.1 First, £ must be sufficiently large so that the existence of exponential dichotomies
and related contraction rates conditions, as will be introduced later, are satisfied. We may
need to choose inf{y; 1 — y;} even greater so the set S;p;; is nonempty.

The “spatial dynamics” used in this paper were developed by Kirchgassner [7], Renardy
[20], Mielke [18], Sandstede, Scheel, and collaborators [1,19], and others. This approach
treats the space variable as “time”, and evolve functions of ¢ which is natural to handle the
concatenated waves that are placed side by side with jumps along common boundaries. In
[11,12], the interaction of stable, standing waves for a boundary value problem of parabolic
systems in finite domain was considered by the method similar to that used in this paper.
However, ). = 0 was not an eigenvalue and wave speed was not an issue in those papers.
The new contribution of this paper is to treat the eigenvalue \ = 0 and the variation of
wave speeds and shifts related to ). = 0. To simplify the notation, the equation considered
in this paper is similar to that of [11]. Using the ideas of this paper, but changing the trace
spaces to the more general ones used in [12], we should be able to handle interactions of
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traveling waves of general higher order parabolic systems as in [12]: u; 4+ (—1)" D%’”u
= f@u,ux, ..., (D)™ ), ueR".

To illustrate our method, consider the simple case of two traveling waves g;(x — c;t),
j = 1,2 of (1.1) moving in opposite direction: c; < 0 < c¢,. Define the concatenated wave
u"(x,t) separated by I' = {x = 0, r > 0} as follows

umx,t)y=qi(x + N —cit)if x <0, u“"(x,t) =qgr(x — N —ct)ifx > 0. (1.8)

con

Assume N > 0 is a large constant so that the jumps along T, [u
decay to zero as functions of time .

Consider the perturbation of the initial data around u“°" (x, 0). Notice that u°" is not a
solution of (1.1). Let the exact solution be

, u$P"(T), are small and

u(x,t) =u" +uy(x,t) forx <0, u(x,t)=u""4+uy(x,t)forx > 0. (1.9)

The corrections u;(x, t) and u>(x, t) will be solved as initial-boundary value problems of
PDEsinx < 0andx > O respectively, cf. (2.3). The boundary values are determined by two
conditions: (1) The boundary values for u1, us at I' must compensate the jumps of u“°" at T’
as follows

MZ(Os t) - ul(()? t) = _(ucon(o—"_? t) - ucon(0_7 t))7
w2 (0,1) —uix (0, 1) = =" (04, 1) — us™" (0—, 1)).

(2) The boundary conditions for u; at x = 0— (or for us at x = 0+) must belong to the
unstable subspace (or stable subspace) of the dichotomies of the “spatial dynamics” of the
system (such dichotomies exist at least near each equilibirum point). So with the help of the
variations of wave speeds as parameters, the solution u (x, t) (or ua(x, t)) can pass the center
of g1 (or g2) where the left half and right half of exponential dichotomies do not match, and
still decay to zero as x — —oo (or x — 00). The condition (2) may sound complicated but
it is based on how Lions and Magenes treated the boundary values of PDEs in the popular
text book [15].

Now consider the concatenation of m traveling waves. After linearization, the correction
term u; defined in ;, j = 1,..., m, should satisfy the initial-boundary value problems
with prescribed jump J;(I") along I';, as in (2.6):

wjr = ujxx + Df(gpuj+hjCx, 0, wujx,0)=ujo(x),
(H{u 3], w3 ) = J;(T)).

If the linear system can be solved then the exact {u;}' is obtained by the contraction mapping
argument. Compared to the “inverse systems” used in other papers to treat wave interactions,
this system is simpler, and highly localized such that the coefficient of the jth equation only
depends on ¢;. It can easily be adapted to many nonstandard cases where ¢ is not a saddle
to saddle connection, or some e; is non-hyperbolic and ¢g; connects to its center manifold,
or weighted norm must be used to ensure the stability of each individual wave, etc. See
discussions of the generalized Fisher/KPP equation in Sect. 6.

Essentially the same result was proved by Wright [26] and Selle [24], who regarded the
concatenated wave pattern as a sum of traveling waves. Besides being easier to treat some less
standard systems as mentioned above, the other advantage of our approach is that it directly
links the wave speeds and phase shifts to the perturbations of initial conditions and the jumps
between adjacent waves, cf. (4.6), (4.22) and (5.4) where S; (t)q;- (&) is in the eigenspace
associated to ). = 0. This information can be useful in some practical applications where we
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are not only interested in the existence of the the concatenated traveling wave, but also in
how each wave component is changed by the interaction with other waves.

Here is a brief outline of the paper. In Sect. 2 we outline the proof. The structure of the
proof is based on the approach of Sattinger [23], in which the linear variational system is
obtained around the original traveling wave, not around an undetermined shift of the wave
(here shifts of the waves). When linear variational systems are considered, the unknown shifts
appear as multiples of q}. The nonlinear system is considered in the last section where we
solve for the entire solution and asymptotic shift (here shifts) simultaneously by a contraction
mapping principle. We remark that Rottmann-Matthes has developed a method parallel to
Sattinger’s approach [21,22].

In Sect. 3 we give some background about exponential dichotomies and Laplace transform.
In Sect. 3.1, we discuss exponential dichotomies in frequency domain where the equation can
be treated pointwise in s. In Sect. 3.2, we discuss exponential dichotomies where the equation
in frequency domain cannot be treated pointwise in s. In Sect. 3.3, we discuss the roughness
of exponential dichotomies for general abstract equations in Banach spaces. In Sect. 3.4 we
discuss exponential dichotomies for linear variational system near the equilibrium e;. In
Sect. 3.5 we discuss exponential dichotomies for linear variational system near the traveling
wave solution g;. In Sect. 4 we study the linear non-homogeneous system obtained by
linearizing (1.1) at the discontinuous concatenated wave solution u“°"(x, t). A solution to
the non-homogeneous system, ignoring jump discontinuities along the I';, is obtained in
Sect. 4.1, and a solution to the homogeneous system with prescribed jumps is obtained in
Sect.4.2. In Sect. 5 we complete the proof of Theorem 1.1 by solving the nonlinear initial value
problem using our solution of the linearized problem and a contraction mapping argument.
In Sect. 6, we discuss the wave interaction of the generalized Fisher/KPP equation where an
important proposition used in [26] is not satisfied, but may still be treated by our method.

2 Outline of Proof

Let @ = I x R or an open subset of R x R, always thought of as xt-space. Define the
following Banach spaces:

H*RT) = Wh2(@®RY, R"), k > 0, the usual Sobolev space.
HAY>k(rty = HAY(RY) x HR®RT), k1 >0, ko > 0.
H>'Y(Q)={u:Q — R" | u, uy, and u, € L*(Q; R"}.

lul g1 (@) = lulp2 + luxx|z2 + lurl 2.

As usual, H° = L? and Hé‘ (RT) € H¥(R™T) consists of functions that are 0 at r = 0. We
say u(x,t) € H>! (Q) if it is in H%! when restricted to a bounded subset of 2.

loc
For a constant y < 0, define:

HY®RY ., y) ={u:RY > R" | e "'ue H*RY: |ulgrgr ) = le "l grgs).
HR®RY ) = HR®RY, y) x HR®RT, ).
LQy)={u:Q—R" | e ue L Q) lulpq.y =le " ulpg).
H N Q.y)={u:Q—>R"|eue H*' Q) luly2iq., =le " ulgigq)-

@ Springer



J Dyn Diff Equat (2016) 28:867-896 873

Let X'(R*, y), or X!(y) for short, be the space of functions B(r) such that § €
LZ(V), y < 0. Define the norm in Xl(y) as

1Blxi() = IBO) +1Bl12(,)-

For B € X!(y), the limit 8(00) exists. By the Cauchy-Schwarz inequality, have
00 . .
1B(1) = p(00)| = I/ (e B()de| < CeV! Bl 2 2.1
t

The change of coordinates £ = x — y — ct converts €2 to a subset Q of R x RT, with
coogdinates (&, 1), and converts a function u(x, t) on 2 to a functionut (&, t) = u(§+y—+ct, t)
on 2.

Lemma 2.1 The map u — ii is a linear isomorphism of H>'(Q2, y) to H>\(Q, v). The
map u — u and its inverse u — u both have norm at most 1 + |c|.

Proof Letu € HOZ’I(Q, v). Theniig = uy, g = uxx, Uy = us + cjuy. Thus
] + liag| + lige| + litr] < u] 4+ lux| + lwxx| + lue] + lc]ux].

Here all the norms are in L>($2, y). The lemma follows easily. O
LetI'(xg,c) = {(x,t) : x =x9 —ct, t > 0}.

Lemma 2.2 If I'(xo,c) C K2, then the mapping u — ulr(x,.c) is bounded linear from
H>Y(Q, y) to HOT3XO2(RT ). Moreover, there is a number K > 0, independent of xq
and c, such the norm of the linear map is at most K (1 + |c|).

Proof For ¢ =0, see [15,25]. For ¢ # 0, use Lemma 2.1 followed by letting ¢ = 0. O

Now assume that v € H]%’Cl (R x RT), and I (xg, ¢) is the line as in Lemma 2.2. It follows

from a localization process and Lemmas 2.1 and 2.2, the restriction of v to I, as a function
of 1, belongs to HY:.7*0 (R+).
Lemma 2.3 Let x = 0 be the line that divides {x € R,t > 0} into two regions: Q~
={(x,1) :x <0,t>0and Q@ = {(x,1) : x > 0, > 0}. Let v— € H>'(Q™) and
vt e H21(Q1). Assume the traces v™|y—o = v |x=0 in the space HO3*02(RY). Then
the function v that equals v~ on Q= and vt on Q% is in the space H*'(R x RY).

Proof The proof is a simple excise of the trace theory, and is outlined below. Let w be defined
on {x € R,t > 0}, and equals to D,v™ (or D,v™) on Q™ (or QT). Using integration by
parts, it is easy to show that Dyv = w in R x R*. Thus v, € L2(R x RT). Same proof shows
that vy,, v, € L2(R x RT). Therefore v € H-!(R x RT). O

Remark 2.1 Suppose v € L12Oc (R x R™), and its restrictions to the left and right of T, v~
and v, are locally H%! functions. Using the cut-off functions and change of coordinates as
in Lemma 2.1, it is easy to see that v € Hli’cl (R x RT) if and only if the traces of v~ and v
on I" are equal.
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2.1 Deriving the Linear Variational System

Write the exact solution of (1.1), with the initial condition u®* (x, 0) = u§* (x),as u®* (x,1) =
u® (x,t) +u’ (x,1), (x,t) € Rx RY, withu®’ (x,t) = qj(x —yj—cjt+r;)inQ;. For
the rest of the paper, denote u“”" (x, t) by u(x, t), and its restriction to €; by u ;.

Let{r; };7’:1 = (r1, ..., 'm),often with the range of j omitted, same notation for a sequence
of functions {u;}. The {r;} are parameters to be determined so that u ;(x, t) will lie in the
appropriate space. The equation for u ;, the perturbation to g;(x — y; — ¢t +r;), s

ur =uyx +Df(qj(x —yj —cjt +rj)u —|—(9(u2), (x,1) € Qj
The initial value for u ; (x, t) in Q; is
wjo(x) =uj(x,0) = ug"(x) —qj(x —yj+rj), x€lj=(xj_1,x)).

Recall that I'; = {(x, 1) : x = x; + ¢;t, t > 0} separates €2, ;. The traces u;(I";)
and u 1 (I";) exist. Define the jump of {u;} across I';, a function of #, by

{u}1(T) = ujr1(Tj) —u;i(I;).

We will use this notation for any sequence of functions defined on {2}, such as {g;(§ +
y;j + ¢;t)}, and even after the change of variables to &; in €2 ;. With this notation, the jump
conditions along I'; are

(), ) )(T)) = =[u®, ui”WT)), 1<j<m—1 (2.2)

The jump conditions depend on the parameters {r;} since u“? does.
Notice the compatibility between the jump conditions at # = 0 and the jumps of the initial
condition at x = x;:

[uj ) {uj I ) li=0 = [{u;0}, {zjo}l(xj), 1<j<m-—1

The unknown {r;} appears in the argument of u“? (x, t). To avoid having an undetermined
rj in Df (u“), we shall follow the idea of Sattinger [23] to linearize around g ; (x —y; —c;t).
With the moving coordinate §; = x — y; — c;t, denoted by & when there should be no
ambiguity, the exact solution in &; becomes u#“*(§,1) = u®*(§ + y; + c;t, t). However,
both the approximate solution and the perturbation depend on the parameter r ;. To show this
dependence, in 2; we write

utE D =qE+rptal iy, a@ tir) =uTE+y;+cit.t) —qiE +rj).
We find that (&, t; r;) is a solution of the following differential equation:
ur =uge +ciug + Df(q;ENu+ Bj(rj)u+ Rj(u,rj), (&,1) €, (2.3)
where B(rj)u + Rj(u,r;) = f(q;(€ +rj) +u) — f(q;(& +rj)) — Df(q;(§))u, and

1
Bj(rj) = Df(é]j(~‘§+rj))—Df(¢]j($))=Vj/0 sz(qj(f—i-srj))é]}@+srj)dsZO(rj),

Rj(u,rj) = f(q;&+r))+u) = f(g;&+r)) — Df(g;E+r)u=0(ul).

Since B(rj)u = O(rjlul), so the terms B(r;)u, R(u, r;) are of second order in (u, r;).
When r;j = 0, the initial condition for the perturbation u is

(€, 0;0) = u (& +y;.0) — q;&) < it jo(6).
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For general r;, the initial condition for the perturbation is
BE 0 r) =u”(E+y;,00—q;jE+r)=u0&)+q;&) —q;E+r)).

Letgj(6.rj) = q;j(€) —q;( +71)) +rjq;¢) = O(rjz.). We have the initial conditions for
the correction term '

uj§,0) =ijo§) —rjq;(¢) + g rj), xelj. (2.4)

Let W; = (q;, q}), {rj} = (r1, ..., rm). We rewrite the jump conditions (2.2) to empha-
size the dependence on {r;}

—[u®, ugp](rj) = Ji@Cj, {rih) =W;@j+rj)) =W (Tj +rjy1)
=W;([Tj) = Wi (T'j) + G;{r;}),
where
Gi(r) =W @) = Wi (@ +rj41)
+ W +rj) = Wil)).

Recall that Jjo = W;(I";) — W, (I';), which is the jump condition when {r;} = 0. Now
(2.2) can be written as

{ujb, (w3 I(Cj) = J; (T, {rih) = JjoT ) +G;(r;}), 1<j<m-—1 (2.5)
As shown in Lemma 2.3 and the remark that follows, to have u“" € Hli’; (R x RY), the
jumps across each I'; must satisfy
i1 (T)) —uj(C) = q;(Cj +rj) —qj1(Tj +rj1) € HOP(T)),
wjr1x(T) —ujx(Cj) = qjx(TCj +7r)) = qjs1.0(Tj +rj11) € HOB(T)).

In order to solve the nonlinear system (2.3), (2.4), (2.5), we shall first consider the following
nonhomogeneous linear system:

ujr=ujxx+Df(gjuj+hj(x, 1), ujlx,0)=uj(x), (2.6a)
(Ko}, Rujx D) = J;(T5), (2.6b)
[{ujo}, {ujo}](x;) = J;(Tj)li=0- (2.6¢)

In these equations, for j = 1,...m, h; € Lz(Qj, Y,y <0,u;(x,0) € Hl(lj); and for
j=1..m—=1,J;Tj) e HO75%0.25 )y, Temporarily they do not depend on ({r;}, {u;}).
The last one is the compatibility between the initial conditions and the jump conditions. We
look foru; € H>1(R, y) +span{B()q; (), B(1) € X1 ()}, as will be specified in Sect. 4.

For the nonlinear systems (2.3-2.5), the forcing terms, initial and jump conditions depend
on the parameters {r;}, since u“” does. In Sect. 5, the correction term u(x, t), together with
shifts {r;} will be solved by letting

/’lj = Bj(rj)u + Rj(l”j, Mj),
wjo = itjo(§) — rjq}(x —yj)+gj&, rj)forx eI}, 2.7)
Ji(Tj) = Jjo;) + Gi({r;}.
We look for ({uj}, {r;}) withu; € H2*1(Qj, y) by using a contraction mapping argument

adapted from [23].
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3 Function Spaces and Exponential Dichotomies

The following definitions come from [11]. A function f(s) is in the Hardy-Lebesgue class
H(y). vy e R, if

(1) f(s) is analytic in R(s) > y;
@) (8Upyay ([ £ (0 + iw)Pdw)' ) < .

‘H(y) is a Banach space with norm defined by the left side of (2).
According to the Paley—Wiener Theorem [28], u(¢) € L>(R*, y) if and only if its Laplace
transform i (s) € H(y), and the mapping u — # is a Banach space isomorphism.
For k, k1,k> > 0and y € R, let

H (y) = {u(s) | u(s) and (s — y)*u(s) € H(y)},
[l iy = lulpgrqy + 10 — V)ku|7-¢k(y),
H R () = 1A () x HR2 (p).

An equivalent norm on H¥(y) is
o 1/2
lutl e (yy = (Sup/ lu(o +iw)*(1 +|o +iw|2k)dw) .
o>y J—oc0

It can be shown that u(¢) € Hé‘ (RT, y) if and only if &i(s) € H¥ (y), and the mapping u —
is a Banach space isomorphism. Clearly (u, v) € H(I)(I xk (RT, y), ki, ko > 0, if and only if
(@, D) € H*1>*2(y), and the mapping (u, v) — (i1, D) is a Banach space isomorphism.

To treat Laplace transformed linear systems that depend on the parameter s, following
[11,12], we introduce the following family of norms on u € C" and C" x C":

Definition 3.1 For Re(s) > y and k| > 0, let £ ki (s) denote C" with the weighted norm
lul gy ) = (1 + [s[*D) ul,
and let EX1*k2(s) denote C* x C" with the weighted norm
|G 0) 7 gty = (1 s DLl + (1 15[,
where |u| and |v| are the usual norms on C".

Using E*i(s) and E¥**2(s), we define some equivalent norms for u € H*!(y) and
(u, v)" € H'R (p):

00 1/2 o 1/2
2 72
(ﬁ‘ili/oo'”'wuoﬂmdw) ’ (i‘i‘i/oo'(”’”) |Ek‘”2("+"‘”)dw) '

Consider the second order linear equation and its Laplace transform
ur = uge +cug + A, Nu, u,0) =0, 3.1
fige = sii — ciig — A, 5) % ii. (3.2)

Here A(£,1) is C' in t € RY for each fixed £, and is piecewise continuous in £ in the
CY(R") norm. Examples are A(§,1) = Df(ej), A, t) = Df(q;(§)), and A(§,t) =
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Df(q;j(&+kt)),t > 0,& € R.The convolution represents the operator L(A (&, NnLela &,9))
and is performed along the vertical axis in C where both b and /i are defined:

o+ioco

~

~ S A 1 A
A, s)xu(g,s) = — A, pu(§, s — p)dp.

270 Jo—ico
Convert (3.1), (3.2) to the equivalent first order system and its Laplace transform
ug =v, ve=u; —cv—AE, Hu, u¢,0) =0, 3.3)
e =10, 0r=si—ch— A&, s)*a. (3.4)
3.1 Exponential Dichotomies if A(&) is Independent of ¢

If A&, t) = A(§) is independent of time ¢, then (3.4) becomes
g =10, V¢ =su—cd— A)i. (3.5)

This equation is defined point-wise in s and can be solved one s at a time.
Let T (&, ¢; s) be the principal matrix solution for (3.5), s be a parameterinS € C,I C R
be an interval, and /d be an identity matrix.

Definition 3.2 We say that (3.5) has an s-dependent exponential dichotomy for s € S and
£ € I if there exist projections Py (£, s)+ P, (&, s) = Id on C*", analytic in s and continuous
in &, such that, with the s-dependent constants K (s), (s) > 0, the following properties hold:
T(S? C;S)PS({,S):PS(-‘;:,S)T(E,{;S), S =g,
IT(E ¢ 9)P(E, ) g < K(9)e PORTL £ = ¢, (3.6)
T C ) PuE,9)|gon < K(s)e PO 8 < ¢
We say that (3.5) has a uniform exponential dichotomy on the spaces E*T0-9>k(5) &k > 0

for s € S and £ € [ if it has an s-dependent exponential dichotomy, and in addition there
are constants K, o > 0, independent of s and &, such that

(1) |Ps(&,s)] < K and |P,(&€,s)] < K foralls e Sand & € I,
(2) each K(s) < K, and
(3) B(s) = a(l +|s]).

Here | Ps (€, s)| and | Ps (€, s)| are calculated using the norms on E (k+0.5)xk(5) The s depen-
dent stable and unstable subspaces for the dichotomy shall be denoted by

Es(§,5) = RPy(§,5), Eu(§,5)=RP,(§,s).

Given & € R, if I = (—o00, &], then the unstable subspace E, (&, s), & € [ is unique,
although the exponential dichotomy in / is not unique. Similarly, If I = [&p, 00), then
E (&, s) is unique, although the exponential dichotomy in / is not unique.

3.2 Exponential Dichotomies if A (&, t) Depends on ¢

In general (3.4) involves a global operator (&, s) — A&, s) ¥ (&, s) so the exponential
dichotomy cannot be considered by fixing one s at a time. We find the following lemma
useful.
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Lemma 3.1 Let B(£, t) be a C' bounded function in t for each & and is piecewise continuous
in§ in the norm of |B|c1y. Then

B(éj, l)u(f, t)|H(()J»75(R+) =< |B($» t)|C1(z)|u|H(()J»75(R+)~

Moreover; after the Laplace transform, we have

|é(s, S) i I/At(g, S)|H0.75(0) < |B(€, t)|C1(t)|l2(s, S)|H0.75(0).

Proof 1t is straightforward to show that u(&,t) — B(&, t)u(&, t) is bounded in the spaces
HE®RT), fork =0, 1:

|B& DU, Dl sy = 1Bl lul sy k=0, 1.

Expressed as the interpolation of two spaces H8'75 =[L?, Hol]o_75, the first estimate of the
lemma can be obtained by the theory of interpolations [15,16]. The second estimate can be
obtained by applying the Laplace transform to Bu. O

Consider the abstract differential equation Us = L(§)U, & < I in the Banach space
E. Here I is a bounded or unbounded interval in R, L(¢) : E — E is a linear (possibly
unbounded) operator for each & € I.

Definition 3.3 We say Us = L(§)U has an exponential dichotomy on E defined for§ € 1, if
there exist projections Ps(§)+ P,(§) = Id in E, continuous in £ € I, and a solution operator
T (&, ¢) that is defined and invariant on subspaces of E as in (3.7a), (3.7b). Moreover there
exist constants K, & > 0 such that the last inequalities (3.7c¢), (3.7d) are satisfied.

T(E,2): RPs(Z) = RP(§) is defined and continuous for & > ¢; (3.7a)
TE,¢): RP,(Z) — RP,(§) is defined and continuous for & < ¢; (3.7b)
ITE OP@O|e < Ke B8 £ >¢ (3.7¢)
ITE OP)E < Ke B~ £ <. (3.7d)

We assume that T'(§, {)u is a solution of the differential equation ug = L(§)u if

(1) u € RP,(¢) and § = ¢, or
(2) u € RP,(§)and & <.

For each initial data (&, 0) € H*73%923(y) at ¢ € I, there may not exist a solution of

(3.4) in HOT5%025(3)) for & < ¢ or & > ¢. Assume that A&, s) — A(E,s) ¥ 4(&, s) is a
bounded operator in HO25(y), (3.4) can be written as Us = L(§)U in the Banach space
E = H%75%025()) where U = (i, D).

Definition 3.4 We say that (3.4) has an exponential dichotomy in E = HO-T ><0'25()/) for
& e I if there exist projections Ps(§) + P,(§) = Id, partially defined solution operator
T (&, ¢) and constants K, o > 0 as in Definition 3.3.

Suppose that u € H02 ’I(R x RT) is a solution of (3.1). Then for any & € R the trace
(u, ug)(&0) can be defined and is a continuous function R — H8'75X0'25 (RT), cf. [15].
However, to each (ug, vg) € H(g)‘75 x0.25 (RT), there may not exist a solution for (3.1) in
Hg‘l(l x R*1) such that the trace at & is (0, vo).

To be more specific, consider (3.3) as a first order system with the independent variable &,
we look for (u, v) € Hé) '75X0'25(y) in the space of functions in ¢. The function A (&, t) should
be smooth enough such that the mapping u — A(&, t)u is continuous from H(g)'75(y) —
Hy P (p).
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Definition 3.5 We say that (3.3) has an exponential dichotomy in E = Hé”s X0'25()/) for

¢ € I if if there exist projections Py(§) + P,(¢) = 1d, partially defined solution operator
T (&, ¢) and constants K, @ > 0 as in Definition 3.3.

Lemma 3.2 (1) Assume that (3.4) or (3.5) has an exponential dichotomy in H0'75X0'25(y)
for & € R. Then (3.3) has an exponential dichotomy in H(g).75x0.25(y) with the projec-
tions 15j &) = E_le (&)L where j = s, u and the partially defined solution operator
T(.¢) =L7'TE OLforg ¢ el

(2) Assume that (3.5) has an exponential dichotomy in E*+0.5)xk ¢y fork > 0, Re(s) >
y.& € R. Then (3.5) has an exponential dichotomy in H*+9xk() with the same
projections derived from those in E®t0%k () and the same constants K , .

Proof (1) Observe that (ug, vo) — L(ug,vo), HY ¥ (y) — HOT*0B(y) is a
Banach spaces isomorphism.
(2) The proof of part (2) follows from that of Lemma 3.1 in [11].

3.3 Roughness of Exponential Dichotomies

Consider the abstract differential equation ug = A(§)u, & € I in the Banach space E. The
following result gives the basic facts about persistence of exponential dichotomies under
perturbation in a Banach space E.

Theorem 3.3 (Roughness of Exponential Dichotomies) Assume that I is a bounded or
unbounded interval in R, A(§) : E — E is a bounded operator for each & € I and is
in L°°(1) in the norm of bounded operators in E, and the linear differential equation in E,
ug = A(§)u, has an exponential dichotomy on I with projections PO(S) + Qo(é) = Id and
constants Kg, g > 0. Assume that B(§) : E — E is another bounded linear operator in
L°°(I) with § = sup{|B(&)|, & € I} < oo.

Consider the perturbed linear equation

uz = (A€) + B(§))u. (3.8)
Let 0 < & < g, and assume that § is sufficiently small so that
2Ko 2K3

Ci18 < land Cy8 < 1, where C1 =

(3.9)

, Cr = — .
w—a > (w—a)l-Co)

Then (3.8) also has an exponential dichotomy on I with projections };(S) + Q(“g‘) =1d
and the exponent &. The multiplicative constant is K = Ko(1 = C18)~ 11 = C28)~ ! and
the following inequalities hold for &, ¢ € I: There exists a partially defined and invariant
solution operator Tp(&, ¢) for the linear system (3.8) that satisfies (3.7a), (3.7b) with T
replaced by Tg. And

ITs(E.0)P(0)] < Ke 670 ¢ <&,
ITs(. )0 < Ke 79 £ <¢;
- Cr8
PE) — P < ———.
[P (&) &) = 11— Cp
If E is finite dimensional, then the proof of Theorem 3.3 is well known, [3]. If E is an
infinite dimensional Banach space, we cannot write the solution operator backwards in time,
the proof is quite different, [5, 10]. For a shorter proof with almost identical notations, see [13]
(simply replace the rate function a(x) by e* and the decay rate (a(x)/a(y)) ™% be e *&=)),
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3.4 Exponential Dichotomies for Linear Variational Systems Around e;

We study the linear variational system around e; and a small perturbation that depends on
time ¢. Consider the linear variational system around e; and its Laplace transform:

ug =v, ve=u; —cjv— Df(ej)u, u(,0) =0, (3.10)
g =10, Vg =(sI—Df(ej)i—c;0. 3.11)

Let b(£, t) be piecewise continuous in & and is C' in r € R*. Consider the following
perturbed system and its Laplace transform:

ug =v, ve=u; —cjv—Df(ej)u—>b&,Hu, u(,0) =0, (3.12)
g =0, 0= (s] — Df(ej)it —bxi— ;. (3.13)

Lemma 3.4 (1) If (HI) is satisfied, then system (3.11) has an exponential dichotomy in the
function space E*T0-9%k(s) fork > 0, Re(s) >y, £ € R.

(2) Assume that the linear operator u(§,s) — b % i is piecewise continuous in £ € R,
uniformly bounded from H% (y) — H"?>(y), and satisfies
AS A R
b % iilygoasyy < B1AGE. o5y & €R.
Then if § > 0 is sufficiently small, the first order system (3.13) also has an exponential
dichotomy in H*7>*023(y) for & € R.

Proof (1) Simply use the spectral projections of (3.11) as the projections of the dichotomy.
(2) Result from part (1) implies that (3.11) has an exponential dichotomy in H0-75x0.25 y).
If § is small, we can treat (3.13) as a small perturbation of (3.11), then apply Theorem 3.3.

[m]

Lemma 3.5 Assume the conditions of Lemma 3.4 are satisfied. Let Es(€), E, (§) be the
stable and unstable subspaces of the dichotomy for (3.13) in HO73%0-25(y).

(1) Let ¢ € Eg(a). For & > a, define (u,v)*(€,1) = L’I(T(é,a)Ps(a)qb). Then u €
HOZ’1 ([a, 00) x RT, y) and is a solution to (3.1). Moreover

|”|H2«'(y) < C|¢|H0A75xo,25(y). (3.14)

(2) Let ¢ € E,(a). For & < a, define (u, vV)*(£,t) = L™Y(T (&, a)Py(a)p). Then u €
HOZ’1 ((—o0, a] x RT, y) and is a solution to (3.1). Estimate (3.14) is also satisfied.

Proof We shall prove (1) only. By the definition of (u, v), we have & € H%7>(y).

From Lemma 3.1, b%ii € HOP(y) € HO(y). Thus g = (0, l;iﬁ)f € H%5%0(y). Rewrite
(3.13) as a first order system

(ﬁ)s - (sl — Df(e;) —5,») (U) + 8. (3.15)

Let the projections of the dichotomy for (3.10), in E073%0-25(s) be Py (£, s) and P, (£, s).
Using the solution mapping 7' (£, ¢; s), the solution of (3.15) in & > a can be expressed as

&
(@, 9) = T (5. a: )Py (a. ) (s) +/ T(E. ¢:5) Py (¢ $)g(0)de

a

&
+ / T, 03 $)Pu(Z. $)g(0)ds.
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Therefore, (1, v)7) = £71(i1, D)T can be expressed as (uV, vM)™ + @, v®)T, where
@D, v and (u(z), v(z))f are the inverse L-transform of the first term and the two inte-
gral terms respectively. From Lemma 3.1 in [11], ") € HOZ’I(S > a, y) and is bounded
by |¢l3075x025(,,). From Lemma 3.8 in [11], u® e HOZ’](S > a, y) and is bounded by
181705%0(1) < Cl@lp075x025(,,y. The proof of part (1) has been completed. O

3.5 Exponential Dichotomies for Linear Variational Systems Around ¢;
We remark that if b(€, t) = b(§) is independent of ¢, then

b(E) x (€. 5)) = bEE. 5).

This is the case considered in this subsection where b(§) = Df (q;(§)) — Df (ex),k = j — 1
or j. The principle matrix solution 7' (&, n, s) with a parameter s of the linear system

Us =V, Vi=(sI—Df(qg;E))U—c;V, EcR. (3.16)

can be viewed as a linear flow in the Banach space E075%x025(5) 'We now consider the
existence of exponential dichotomies for the linear system (3.16).

Lemma 3.6 Let (q;(§), q; (§)) be the heteroclinic solution connecting (u,v) = (e;_1,0)

to (e, 0). Assume that (H1) and (H2) are satisfied. Then in the space EOT5x0.25 ¢y, system
(3.16), with s € X(—n, 0)\{0}, has an exponential dichotomy on R. The projections of the
dichotomy are analytic in s. For any € > 0, if |s| > € then the Projections Ps(§,s) and
P, (&, s) are uniformly bounded by K (€) > 0. The exponent is a:(1 + |s|°) for some o > 0.

Moreover, let Ps(ej_1,s) and P,(ej, s) be the spectral projections at the two limiting
points (ej—1,0) or (e}, 0). There is a large constant M > 0 such that depending on |s| > M
or|s| < M, we have

|1 S‘(é’s) ls(e/—lvs)|<_ ] ( )05 ’ — N?
“u(gvs) lu(e 7S)|<_ 1]K (E)Ok ’ >_ N’

where the constant 8y are as follows. If |s| > M thenk = 1 and ife < |s| < M then k = 2,
with 81 = supg |Df (q;(§))| and &2 as in (3.20).

Proof The proof is adapted from that of [11], see also [14].

Step 1: Exponential dichotomy for |s| > M. Let M > 0 be a sufficiently large constant.
In the region {|s| > M} N X(—n, 6), we treat (3.16) as perturbations to the system

Us =V, Ve=sUH+c¢c;V. (3.18)

From [11], the system above has an exponential dichotomy in E%73%9-25(s) with the constant
Ko and the exponent op = (1 + |s|0'5).

Although 61 = supg |Df (q;(&))]is not small, but the conditions C16; < 1 and C28; < 1
in Theorem 3.3 can be satisfied if we choose @ = (1 + |s|0'5)/2. Then from g = (1 +
15199), a9 — & = (1 + |s|0'5)/2 can be large from the condition |s| > M for a large
constant M. If M is sufficiently large then (3.9) in Theorem 3.3 is satisfied and system (3.16)
has exponential dichotomies in E%79%0-23(s) with the constant K independent of s. The
exponent of the dichotomy is @ = 7(1 + |51%-3). The projections satisfy (3.17) with k = 1.
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Observe that the stable and unstable subspaces of (3.18) are analytic in s. Since the
perturbed equaion is analytic in s, and the contraction mapping principle is used to find the
stable and unstalbe subspace of (3.16), Thus the projections P (&, s) and P, (£, s) are analitic
in s for {|s| > M} N X(—n,0).

Step 2: Exponential dichotomies on R for 0 < |s| < M. After M > 0has been determined,
for any 0 < € < M, we consider the spectral equation in the compact set {¢ < |s| <
M}NX(—n,0).

Assume that N > 0 is a sufficiently large constant so that on /I = (—oo, —N] or
I, =[N, 00),q;(&)is close to ej_| or e; respectively. Consider the following system with
constant coefficient, where s as a parameter:

Us =V, Ve=(G6I—-Df(ex)U —c;V, k=j—1,j. (3.19)

From (H1), the eigenvalues for the constant system has n eigenvalues with positive real parts
and n eigenvalues with negative real parts. Thus, (3.19) has exponential dichotomies with
the common exponent «g(s) > 0, and the projections depend analytically on s. Also in
3 (—n, 6), the constant K is uniformly valid with respect to s.

For such N > 0, let

82 =max{sup(|Df (¢;(§))— Df (ej—1)| : § <—NJ. supl| Df (q;(§)) — Df(e)] : & = N}).
(3.20)
If 5, as in (3.20) is sufficiently small, then system (3.16) has nonunique exponential
dichotomies in /_ and /. The unstable subspace E, (€, s), £ < —N and the stable subspace
E(&,s),& > N are unique. Since they are constructed by contraction mapping principle,
both spaces depend analytically on s € X (—n, 6). We shall use them to construct the unified
dichotomy on R. The stable subspace E (&, s), & < —N and unstable subspace E, (&, s), § >
N are not unique, and shall be modified as follows.
Using the unique subspaces E,(—N, s), Es(N, s), we extend them by

Ey&,s)=T(&, —N,s)E,(=N,s), for —N <§ < oo,
Es&,5) =TE,N,s)Eg(N,s) for —oco <& <N.

From (H1) and (H2), if s # 0, T(N,—N, s)E,(—N, s) intersects with Es (N, s) trans-
versely, or equivalently 7(—N, N, s)Es(N, s) intersects with E,, (—N, s) transversely. The
dichotomy has been extended to £ € R, and is analytic for s € ¥(—n, 6)\{0} and |s| < M.
The exponent of the dichotomy is o1 (1 + [ 19-5) where «; is independent of s.

In the compact set {¢ < |s|] < M} N X(—n, ), the angle between E,(£N,s) and
E;(£N, s) are bounded below by a constant that depends on €. Thus, the constant K (€)
depends on €.

Final Step: If we combine the two cases and select any 0 < « < min{a/2, o1}, then
(3.16) has an exponential dichotomy in E%73%0-2(s) for € € Rand s € =(—n, #)\{0}. The
exponent is a(1 + |s|°>). This completes the proof of the lemma O

In the next lemma we discuss exponential dichotomies of (3.16) for s &~ 0 which is treated
as a perturbation of s = 0.

Lemma 3.7 Leta = —N or N where N > 0 is the constant as in (3.20).

(1) For a small ¢ > 0 and |s| < €, let E,(§,s), & < a be the unstable subspace and
Es(&,5), &€ > a be the stable subspace for (3.16). Then the angle between E,(a_, s)
and Eg(ay, s) are bounded below by C|s|, C > 0.
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(2) Forasmalle > 0, if|s| < €, then (3.16) has two separate dichotomies on & € (—o00, a]
and [a, 00) respectively. The two separate dichotomies are not unique. However they
can be constructed such that the projections, denoted by

PrE. )+ P (¢.s)=1d, §<a; P& s)+Pf(Es)=1d &>a,
are analytic in s and satisfy the property

|PEE, 5)| + |PEE, s)| < K, forall|s| <e.

Proof We prove part (1) first. For each vector ¢ € E (€, s = 0) there exists a unique
(j; € E4(&,s)suchthat —¢ € E, (£, s = 0) and |¢p — | = O([s]). Similarly for each vector
¢ € Eg(&,s = 0) there exists a unique ¢ € E, (&, s) such that ¢ — ¢ € Es(£,s = 0) and
|é — ¢ = O(s]). The perturbation argument used in the proof also shows that the spaces
Eg(&,s) and E, (&, s) are analytic in s. When s = 0, the intersection of E, (a—, s = 0) and
Eg(as,s = 0) is one dimensional, spanned by (q} (a), q}’ (a)). Melnikov’s method can be
used to show that the 1D intersection breaks if s % 0 and small. And the angle is of O(|s]).
See Lemma 3.9 of [9].

To prove part (2), letus considera = — N only forthecasea = N is similar. In (—oo, —N],
define E;(—N, s) to be a subspace that is orthogonal to E,,(—N, s = 0). Then use the flow
T, —N,s) to define Es(&,s) for § < —N. In [—N, 00), let the stable subspace be the
extension of Es(N, s) by the flow. Define E, (—N, s) to be the subspace that is orthogonal
to Eg(—N, s = 0), then extend it to £ > —N by the flow. Once the subspaces E;(&, s) and
E, (&, s) are defined for§ < —N and & > — N respectively , the exponential dichotomies on
the two separate intervals are determined.

The validity of extension of dichotomies used above has been proved in Lemmas 2.3 and
2.4 in [8]. O

The definition of angles between two subspaces and its relation to the norms of P,, P
can be found in Lemma 3.9 of [9]. In Lemma 3.10 of that paper, perturbation of a linear
system from € = 0 to € # 0 but small is discussed, see also [4]. The result can apply to our
case by changing € to s. The perturbation argument used in the proof also shows that the
dichotomies near s = 0 are analytic in s. In particular, based on part (1) of Lemma 3.7, we
have the following corollary.

Corollary 3.8 For the unified dichotomy as in Lemma 3.6, the projections satisfy the property
[P5(0, )] + [Py (0, 5)] < C/lsl.

4 Solution of the Nonhomogeneous Linear System (2.6)

In Sect. 4.1, we solve the initial value problem (2.6a), ignoring the jump condition (2.6b).
Then in Sect. 4.2, we solve the full linear system (2.6) with 4; = 0 and u ;o = 0. These
results can be combined to solve (2.6).

4.1 Solve the Nonhomogeneous System with Initial Conditions

In this subsection we look for a solution u; of the nonhomogenous system with the initial
conditionin each Q;,1 < j < m.

ujr =ujxx +Df(guj+hj, uj(x,0)=uj(x), 4.1)
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where u jo(x) is the restriction of ug(x) to (x;_p, x;). We will ignore the jump conditions
and leave them for the next subsection.

Assume that u ;o € Hl(xj_l, xj)and h; € LZ(QJ-, y),y < 0. We extend the initial
data and the forcing term to the whole space u jo(x) — it jo(x), hj(x,t) — ﬁj(x, t) so the
fundamental solution can be used to solve (4.1). In particular, we make the zero extension of
hjtoh; outside ;. Weextendu jo € H'(x;_1,x;) toii jo € H'(R) by a bounded extension
operator H L(x i—1,Xxj) —> H L(R). Then consider the initial value problem in R x R,

iji =iijex + Df(qitj +hj(x, 1), iij(x,0) = iijo(x).
In the moving coordinates § = x — y; — c;t, we have

iijr = iljee +cjiije + Df(q))i;+hjE 1), i 0)=ijo). 4.2)

Recall that ). = 0 is always an eigenvalue for the associated homogeneous equation to
(4.2). We want to show that the solution u; will have a term g; (t)q} in the eigenspace
associated to ). = 0, and the remaining part approaches zero exponentially.

Consider the general linear equation

U, = Ugg +CjU§ +Df(qj)U, 1<j<m.

Recall that q}(é) € ker(L¢j), zj € ker(L’ij) and ffooo <2zj,qj >dx =1, 1< j<m.The
spectral projection to the eigenspace corresponding to » = 0 is

PiU(x) = (/ < zj(x), U(x)>dx)q}(x).

—0o0

The complementary projection is Q j := Id — P;. Define

oo
&)= {Y:/ <zj,Y >dx =0} 4.3)
—00

Then RQ; = X, which is an invariant subspace with all the spectrum points in the comple-
ment of X (—n, #). See the condition (A2) following H1 and H2.

By the spectral decomposition, u; (§,1) = Y; (§, )+p; (t)q} where Y; € X;. The operator
L;Y =Yyy+c;Yx+Df(q;)Y defined on X is sectorial and generates an analytic semigroup
el Foriijo € H'(R)and h; € L?(y), we have

t
Y; =M Qjijo +/0 70 k(). @.4)

From Lemma 3.11 of [11], it is easy to show if — < y < 0, then ¥; € H>!(R x R*, y)
and satisfies

IYjlp210) < C(lujol + |ﬁj|) < Clujolgrmy + 1hjlrz))- 4.5)
We then consider the equation in R P;:
. o0 - oo
ﬁj(t)Z/ <zj), hj&, 1) > d§, ,Bj(o):/ <zj(§),ujo§) >ds.  (4.6)
—0 —00

Since i1; € L?(y), we have $; € L*(y),y < 0. By solving this ODE we obtain the
solution B; (t)q} (x) in the space R P;. Using also (2.1), we have

1BiO)| < Clitjol < Clujolpimy: 1Bjlr2y) < Clhjlizg.

4.7
1Bj(00) = Bi (D] < Ce"' |hjl 2. 1Bilxicy) < Cllujol ey + hjlr2)-
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By restricting Y; to 2;, we have the following theorem.

Theorem 4.1 In each 2,1 < j < m, the initial value problem (4.1) has a solution
uj6,1) = Yj(€ 1) + Bj()q; where Y; € H*Y(Q;, y) satisfies (4.5) and B; € X'(y)
satisfies (4.7). The solution is the restriction of the solution of (4.2) in R x Rt to Q j» and is
unique once the extension operators are fixed.

4.2 System of Equations with Jumps Along I';

Let {u(l.l)(x, t)} be the solution of (4.1) obtained in Sect. 4.1 and

Ty = = +uDy @+ ul) @) = 1, — @) Wl ma)).

In this subsection, we consider the linear system for #; defined on £2; with nonzero jump
conditions along I';:

wjr = ujxx + Df(gjuj, (6,0 € Q) uj(x,0) =0, (Huj}uj)DT;)) = J;(T),
(4.8)
The main results of this subsection are summarized in the following theorem:

Theorem 4.2 Given (J;(T;)} € [I7" HY?*O®(y), under (HI)~(H2), if yj+1 — y; is
sufficiently large, then the linear system (4.8) has a unique solution {u j(x, t)} that can be
expressed as uj = p;(t)q}; + Yj, where Y; € Hy'' (R, 7). Bj(0) =0, Bj(t) € LA(y). The
solution mapping, expressed as {ij (Fj)};”= — ({(¥;, Bj) } ", is a bounded operator

m—1

H Hgﬂsxo.zs(y) N H(H()Z’I(Qj’ Y) X Xl(y)).
) 1

Proof Let N be the fixed large constant defined in Lemma 3.6 and let

y; =y =N, Mj ={(x,t):x=y; +cjt, t 20}, “9)
YE=yi+ N, M ={0,0:x=y] +cji, 1 20}, '

See Fig. 2. The proof of the theorem is based on an iteration process by repeating Part A and
Part B described below. First, we use Pat A to achieve the prescribed j Jumps along I';, 1 <
Jj < m —1.In doing so we introduced some Jump error along the line M ,1 < j <m.Then

we use Pat B to eliminate the jumps along M which in turn mtroduces some jump errors
back to I' j. However the jump errors along I'; are exponentially smaller than the prescribed
jumps along I'j. We can repeat procedures in Part A and Part B to treat the jump errors
along I'j, each time reduce the errors by an exponentially small factor. The iteration process
converges to the exact solution with the prescribed jump conditions along I';.

Due to the lack of a unified exponential dichotomy when looking for a solution with the
prescribed jump along MjﬂF, we introduce a term (t)q} in the solution of the linear system.
This is done each time the iteration is performed so the term g, (t)q;. is the sum of an infinite
series that converges at the rate of a geometric series. Details will be given at the end of this
section. O
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j M1 Mji

jt+l

Yi Yj Yj+ Xi Yir1 Yjr inl

Fig. 2 Tllustration of the lines Mji defined in (4.9)

Part A: We look for a piecewise smooth u(x, ¢) that is defined between M;r and M,
with the jump §; along I'j, and satisfies the equations:

u; = uxx +Df(gj)u, if (x,t) is between MJJT and I';, (4.10)
uy =uyx +Df(qjy1)u, if (x,1)is between I'; and M;+1' 4.11)
w(x,0) =0 [(u,un)](T;) =3;. (4.12)

We are interested in solutions that decay exponentially as (x, ) moves away from I';. The

solution between M;' and Mj_ | is non-unique, depends on the modification of the vector

+

fields to the left of M;T and the right of M |, as will be specified in the proof.

Lemma 4.3 For each §; € H(? 75%0.25 (y) defined on ', there exists a piecewise smooth
solution u defined on R x R* that satisfies equations (4.10), (4.11) and jump condition (4.12).
The support of u is between Mj and M;+ |- Moreover the solutions satisfy the following
estimates

lu(x, t)|M;’| + Ju(x, t)|Mj‘+1| < C(e™*imi=N) 4 emaWim1=xi =Ny 5., (4.13)
where all the norms are in H(())'75X0'25(y).

Proof Using the moving coordinate § = x —x; —c;t, the line I'; becomes £ = 0. Equations
(4.10), (4.11) become

ur = uge + cjug + Df(gu, k=j,j+1
respectively.
From the definitions of yij and ij.t in (4.9) and § = x — x; — ¢;t, we have
M} ={¢0:E=y;j—xj+N+(c;—cpt, 1 =0},
Mi =& 0:§=yj41—xj =N+ (cjy1 —cjt, 1 =0}

To the left and right of I'j, let u®” (x, 1) = qr(x — yx —cxt), k = j, j+1.1f (£, 1) is between
M;.L and ijrl, let A¢,t) = Df(u?(§ + x; + c;t, t)). Ussing a smooth cut-off function,
we can extend A(&, t) to all R x RT, so that to the left of M]?L,

A, 1) =Df(qj(N), §=y;j—xj+N+(cj—cji,

A, 1) =Df(ej), §<yj—xj+N—1+(c;—cjt.
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j+1
A, 1) = Df(qj+1(=N)), &=yjr1—xj — N +(cj+1 — ),
AE,t) =Df(ej), &€=yjy1—xj—N+1+(cjr1 —cjt.
Also B(§,1) := A(§,1) — Df(ej) = O(e”") is piecewise continuous in & and Clint. It
is uniformly small for all § € R if N is sufficiently large. Since the system ugz = v, vs =

u; —cjv—Df (ej)u has an exponential dichotomy for & € R, by the roughness of exponential
dichotomies, the linear system

Similarly to the right of M

Ug =0, Vg = U —Ejv —AE, Hu

has an exponential dichotomy for all £ € R in H(()] X025y Applying the exponential

weight function to Bu and u, from Lemma 3.1, we have IBungJs(y) < |B]c1 IungJs(y).

Since § = |1§(§-‘, s)|c1 can be arbitrarily small if NV is sufficiently large, the existence of the
exponential dichotomy follows from Theorem 3.3.

Let the projections of this dichotomy be denoted 15u 0-) + 15S (0+) = Id at £ = 0. For
the given §; € Hé).75x0.25 (), let

ul () = =T (£, 0)P,(0-)8;, ul(¢) =T (&, 0)Py(04)8;.
Then

LDl < Cem @M sl (v, I < Cem @it =M,
To the left of £ = y;r, or to the right of £ = yjjrl , we have

< Cem Mg, < Cem @04 =Ng;,

1 1
lu_ 2.1y |t 21y

Therefore, the traces of u! and u _L on M;r and M, are exponentially small. This proves

(4.13). Finally we truncate u ;. so that to the left of Mj+ and to the right of M~

1 _
j+1,ui—0|:|

For the truncated u,, the jump condition (4.12) along I'; is satisfied, but the function u,

has jump discontinuities along M;r and M. Notice that

xXj—=yji—N=yjy1—xj=N=0j41-y)/2—-N, 1<j=m-1
From (4.13), the jumps are exponentially small in Hg 75025
are sufficiently large.

Wifyjri—yj, 1<j<m-1

Part B: We consider a linear variational PDE around ¢ (§;) in the domain R x RT with
the zero initial condition and two prescribed jumps along Mf:

= e+ Df(gpu, u(x,0) =0, [, u)(M7) = 7.

We can treat one jump at a time. To combine the two cases, let a = —N or N, where
N > 0Ois the fixed large constantin Lemma 3.6 andlet M, := {§ = a} = {x = a+y;+c;t}.
In the moving coordinates, the equations before and after the Laplace transform are:

ur = uge + cjug + Df(q;j(ENu, u(E,0) =0, [(u,uz)l(Ma) =a, (4.14)

0 = fige + cjiig — sit + Df (q; ()i, (i, 4g)1(My) = a. (4.15)
Converting to the first order system
g = 0, g = (s — Df (¢ — ¢;0, [, D))(Ma) = a- (4.16)
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The specified jump ¢, (¢) is a function in H8'75X0‘25 (y), and q@a (s) is in HO75%0-25(y),
We look for solutions that decay to zero as £ moves away from M,.

Lemma 4.4 Fors € X(—n, 0)\{0}, system (4.15) has a unique solution that decays expo-
nentially as &€ — +o00. If 0 < € < |s|, then the solution satisfies

IS A C(e) »

i (-, S)|L2(§§a) —+ |u(, S)|L2(§za) < m|¢a|5075x0.25(x), “4.17)

|(a, ) (&, $)| po72x025 5y < C(e)e_als_a‘|<ZA5a|E0A72xo.25(s). (4.18)
The constant C(e) = O(1/€) as € — 0.

Proof Using the unified exponential dichotomy which is analytic in s € X (—n, 8)\{0}, we
can express the solution of (4.15) as follows:

(@(E,5), (&, 5))" = =T (&, a,5)Pyla, s)ga(s), & <a,
(@&, 5), D(E, )" = T(E, a,s)Py(a, s)a(s), &=>a.

The analytic functions (i1, 9) may have a simple pole at s = 0.
The proof of (4.17), (4.18) follows from the existence of an exponential dichotomy for
(4.15) and part (2) of Lemma 3.1 in [11]. ]

Our next step is to treat (4.15) at s =~ 0. To this end, we write u (&, 1) = Y (&, 1)+ B(t)q ' (§)
where Y (-, t) € X is defined in (4.3). The initial conditions are Y (§, 0) = 0 and B(0) = 0.
Then before and after the Laplace transform, we have

Y, = Yee +cjYe + Df(q)Y — B)g'©), [V, YO)(My) = da,
Yer +cj¥e + Df(g))Y — sV =35B(s)g'€), [(Y.Y)(@) =da.  (4.20)
Multiplying by z; and integrating by parts, we obtain a necessary condition for (4.20) to be
solvable in the domain ¥ € Xj, s € Z(—n,0):

(4.19)

/ <zj(§),sB(s)q (&) > dé+ < (cjzj — zlj, Zj)(a),qga >=0. 4.21)
From (4.21) and f < zj(“;‘),q}(é) > d& =1, we have:

sB(s) = — < (cjzj —z'j,zj)(a),qga > . (4.22)

From ¢, € HOTPOB(y), sB(s) € HOP(y). Thus, for 1 = 0, () = L (sB(s)) is
determined and |:3(t)|L2(y) =Clp@li2). v < 0. This together with 8(0) = 0 determines
B(t) for all + > 0. We also find that |8(t) — B(0c0)| < CeV’|¢(a)|Lz(y). From (4.22), the
ﬁunction sB(s) is analytic for s € E(T”’ 0), B(s) has an isolated pole at s = 0. Denote
hA: (0, sB(s)q")*. Clearly for each &, h(£, ) € H9-75%0-25(3/) and hence as a function of s,
|h|L2(]R) c HO'75X0'25()/).
Express (4.20) as a first order system:
(Y, 2); = (Z.(sI = Df @)Y —c; )" + hiE.5), [(Y.Y)l@) =¢a.  (4.23)
In Lemma 4.4, we have obtained (u, ug) for s € X (—n, 6)\{0}. Converting the results to
(1?, 2), we find that (1?, 2) are analytic for s € X(—n, 6)\{0} and satisfy
7 (o)l 2z + VG 5)] <O 15
5 8)|g2 5 8)|72 < — 0.75%0.25 (¢ »
L*(§=<a) L*(§>a) 1+ |s| alE () (4.24)
|()?, 2)(5, $)| go72x025 5y < C(G)efalsfa‘ |([3a|Eo.72x0.25(s).
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Lemma 4.5 If for the dichotomies to the left and right of € = a,
Ey(as,s =0) N Ey(a, s = 0) = span{(q} (@), /@),

and if,é(s) satisfies (4.22), then in a neighborhood of s = 0, the functions (?, 2) are
holomorphically extendable over s = 0. Moreover, if |s| < €,

|)>(, S)|L2($§a) + |?(, S)lLZ(EZa) < C|$a|EO.75><0.25(S), (425)
|(l?, 2)(5, $)| gor2x02s () < Ce el |<1A5,1|E0.72x0.25(s). (4.26)

Proof Foreach |s| < €, there exist two separate dichotomies for (4.23), one for £ € (—o00, a]
the other for £ € [a, 0o). The projections are denoted by P~ + P, = Id for £ < a and
Ps+ + P:' = Id for £ > a. Observe that unlike the unified dichotomy defined for all £ € R,
The two separate dichotomies satisfy the property

|PEE )| + 1P (E 5)| < K, forall|s| < e.
We can express the solution of (4.23) as follows:

(Y(&,5), Z(E,s)" =T, a,s)P, (a,s)(Y(a,s), Z(a,s))

& R 3 .
+/ T(s,§,s>P;(;,s><h(;,s)>d;+/ T ¢ 5)P] () (hc. s)de. foré <a,

—0o0 a

(Y(€,5), Z(E,$)" =T (&, a,s)P, (a,s)(Y(a,s), Z(a,s))

£ R 3 A
+/ T(€, ¢, 9)PF(EC, 9)(h(E,9))dE + / T(§ ¢ 9) P (¢, 9)(h(C, 9))dg, fora <&.

- 4.27)
The solution is determined by a pair of vectors:

Uyla—,s) = PM_(a,s)(?(a,s), Z(a,s)), ns(ag, s) == Pj(a, s)()?(a,s), Z(a,s)).
To satisfy the jump condition at £ = a, we need
us(ay,s) — pyla—,s) =
at / " T 5P @i snde+ / " T 6. 9P G g 9)e.
- ’ (4.28)
Let the right hand side of (4.28) be d(a, s) which is analytic for |s| < € and satisfies

|d(a, S)|E0.75><0.25(S) < Clgal gorsxoas -

We wish to solve the equation g (ay, s) — uy(a—, s) = d(a,s) in E075%0.25 ¢y guch that
us(at,s) € RPF(as, s) and w,(a—, s) € RP; (a_,s). Notice that

RPY(ay,s) = Es(at,s), RP, (a—,s) = Eu(a_,s),
Ef(ay.s) ® E, (a_,s) =R*, ifs e X(—n,0)\(0}.

For such s, the unique pair of solutions (s (a4, ), iy (a—, s)) can be expressed by the unified
dichotomy that is defined on all R:

us(ay,s) = Py(a,s)d(a,s), pnyla—,s)=—P,(a,s)d(a,s). (4.29)
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The analytic functions (us (a4, s), ny(a—, s)) may have a simple pole at s = 0. We now
show that the pole is removable, that is, in EO0-75x0.25 (),

s (@, )+ liu(a—, )| < Cldal, if0 < |s| <. (4.30)

In the above, as well as in the rest of this section, any unmarked norms are E0:75x0.25 (s)

norms.
The idea of the proof follows from that of Lemma 3.10 of [11], which also shows that the
dichotomy has a pole at s = 0. Recall that z; satisfies the adjoint equation

2} —cjzj + Df(g))*zj = 0.

Converting this second order equation into a first order system, we can show that the adjoint
equation of (4.16) has a bounded solution ¥ = (1, ¥2) := (cjzj —z ¢, 2j), Which satisfies

V(a) L Ey(a,s =0)+ Eg(a,s =0).

From (4.21), we have < W(a),d(a,s = 0) >= 0. Therefore | < V(a),d(a,s) > | <
C|s|. Apply the orthogonal projections to d(a, s) so that d(a,s) = dT(a,s) + d*+(a,s)
where d” (a,s) € Es(ay,s = 0) + E,(a_,s = 0) and d*(a, s) € span{¥(a)}. From <
W(a),d(a,s = 0) >= 0, we have d*(a, 0) = 0, thus |[d*(a, s)| < C|s|. From Lemma 3.7,
the unified projections satisfy | Ps(a, s)| + | Py (a, s)| < C/|s|. Therefore

|Ps(a, $)d*(a, s)| + | Pu(a, s)d*(a, s)| < Clgal, if0<|s| <e. (4.31)
We now prove that if 0 < |s| < € for a small € > 0, then
|Ps(a, )d" (a, )| + |Pu(a, 5)d" (a, s)| < Cldal. (4.32)

We can write d” (a,s) = di(a,s) + da(a,s) where d\(a,s) € Es(ay,s = 0) and
dr(a,s) € E,(a_,s = 0). We further require that dy(a, s) L span{(q;(a), q}’(a))} so the
decomposition is unique and satisfies: '

|d(a, 5)| + |da(a, s)| < CldT (a, s)|.

We now consider the perturbations of di (a, s) and da(a, s). First, a perturbation theorem
to the stable subspace, see Lemma 3.5 of [10], shows that for 0 < |s| < €, there exists
a unique dj(a, s) such that di(a,s) € Es(ay,s) and d(a,s) — di(a,s) € E.(as,s =
0). Moreover di(a, s) — di(a,s) = O(s). A simpler proof for finite dimensional spaces
can be find in Lemma 2.3 of [13] (simply change the algebraic decay rate to exponential
decay rate). Similarly, there exists a unique dz (a, s) such that d2 (a,s) € E,(a—,s) and
dr(a,s) — dz(a, s) € E,(a_,s = 0). Moreover d>(a, s) — dz(a, s) = O(s).

We can easily check the following:

P 9)d" @.5) = Py, 9)(di +dy) = di + Py (i —dn) + (2 = ).
|Ps(a, )d" (a,s)| < |di(a,s)| + |Ps|(|di — di| + |d2 — da).

Using |d1 (a, )| < Cldi(a, $)| < Cld" (a,5)], |Ps| = O(1/s) and |d;(a, ) —d;(a, s)| =
O(s), j = 1.2, we have | Ps(a, s)d” (a, s)| < C|dT (a, s)| for 0 < |s| < e.

Similarly we can prove that | P, (a, s)d” (a, s)| < C|d” (a, )| for0 < |s| < €. Combining
(4.29), (4.31) and (4.32), we have shown that (us(a4, s), uy(a—, s)) are holomorphically
extendable over s = 0, and satisfies (4.30).

If s = 0 were not singular for the projections Py, P,, then from (4.27) we could prove
that ¥ € Hy''(6 <a)and ¥ € Hy'' (€ > a) just like [11]. The idea of the proof still works
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under the restriction |s| < € for a small € > 0. In particular, part (2) of Lemma 3.1 in [11]
implies that

T, a,9)P,; (a,$)(Y(a,s), Z(@a, )| 12¢<q) < Cldal gorsxoss)-
The proof of Lemma 3.8 in [11] implies that the Lz(é < a) norms of the two terms
H . § N
/ T(,¢, )P (&, s)(h(g,5))d¢ and / T, ¢,5)P, (&, 8)(h(g, 5))dg

are also bounded by C |$a | F0.75%0.25 5. Therefore

|Y|L2(E§a) < C|¢g|E0.75X0.25(S), |S| <e.

Similar estimates can be obtained for & > a from the second half of (4.27). This proves
(4.25).
Now consider the three terms in (4.27) for £ < a, |s| < € again. By (4.30), we have
(Y (@, 5), Z(a. 5))| gorx025 () < Clbal poraxoas(y),
IT(&,a,s)P, (a, S)(I?(a,, s), z(a,, )| gomaxoas (y) < Ce 6l |(]A5a|E0,72x0.25 (y).

Using the fact 0 < @ < «f, it is easy to check that for |s| < e,

|fl({, $)| gor2x02s gy < Ce_alM_a‘|q£a|E0.72x0.25(S),
& . § "

‘/ TE, ¢, )P (&, 5)(h(g,5))d +/ TE, ¢, )P, (&, 5)(h(,s))d¢
00 a EO,72><0,25(S)

< Ce 64l |¢a|Eo.72xo.25(S).

This proves (4.26) for & < a. The proof for £ > a is similar. O

Proof (The proof of Theorem 4.2 continued.) For |s| = €, the functions ()A’ , 2) have been
constructed two times — converted from (iz, 0) obtained in Lemma 4.4, and directly from
Lemma 4.5. However, the solution (?, 2) is unique for any given s € X(—n, 8). This proves
that (1?, 2) is analytic in the entire region s € X(—n, 0).

Combining (4.24) and (4.25), we have for £ < a,

_c
(1+ s

(e ¢] [ ¢]
[ a0 do = € [ 1duiursasydo < Cléu B
—0o0 —0o0

|?|L2(E§a) < |¢A>a|EoA75x0A25(s), ifs € X(—n,0).

IA

Similar results can be obtained for £ > a. The inverse Laplace transform shows that both for
E>aand& <a,Y € H()Z’l(y) for some —n < y <0.
By combining (4.24) and (4.26), and using the inverse Laplace transform, we have

|(?, 2)|E0.75><0,25(S) < Ce_alg_a‘|(£a|Eo.75xo,25(S), s € X(—n,0),
[(Y, Z)|H(<))A75x025(y) < Ceialéia‘|¢a|Hg.75on25 y).
The distance of I'; to M]jF is greater than x; — y; — N. So (Y, Y¢) at I'; is bounded

by Ce *i=Yi=Nl|g,|. Recall that (u;,u;s) = (Y,Z) + (B(1)q}, B(1)g])), which is also
bounded by Ce=1%i=Yi=Nl|g,| at r;.
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Using the result of Part B, we can eliminate the jump errors along th, 1 <j<m
The process will induce exponentially small errors along I'; again. Repeating the process,
the jump error along I'; and M * can be eliminated. We introduce a function B;j(t) in each
iteration, which is added up to form the final 8; () for each u ;. ]

5 Solution of the Nonlinear System

In Sect. 4, we solved the nonhomogeneous linear system (2.6), rewritten here for the reader’s
convenience:

jr =ujxy +Df(gj)uj+hj, ujx,0) =uj;o(x), for (x,1) € Qj,
[(uj,ujx)I(Tj) = J;(T;), (5.1
[ujo0, ujox] = J;(T;)i=o0.

whereh; € LZ(Fj, Y),ujo(x) € Hl(xj_l,xj),and Ji(T)) € H0'75X0'25(y)aretemporarily
given functions, independent of ({u;}, {r;}).

We obtained the solution in the form u(x,1) = u§l)(x, 1)+ u;z) (x, t) where u?l) is the
solution of a nonhomogeneous initial value problem (4.1) without jump conditions, and u;z)
is the solution of (4.8) with nonzero jump conditions along I';.

We now prove the main result of the paper — Theorem 1.1. To obtain the solution to
the nonlinear problem, as in (2.7), we set h; = B(rj)uj + R(rj, uj), ujo(x) = ujo(x) —
rjq}(é) +gj&,rj)and J;(I'j) = J;(T'j, {r;}) = Jjo + G;({r;}) in (5.1). In the resulting
nonlinear system, we look for {r;}, so that (5.1) has a solution u; € Hz’l(Qj, y),1<j<m.

The solution ui,l)(x, 1) in ©; can be expressed as U = ﬂj(-l)(l)q}(‘;'j) + Y;l)(é, t). To
simplify the notation, the inner product for L? functions f < a(§),b(&) > d& will be
denoted by < a, b >. Before restricting to €2, the equations for ﬂ;l) and Y ;1) are

v =Ly + 0k,
BV @) = (2. ),
B (0) = (2, itj0) — 7 + (2, 8 (. 7))
Let /C; be the integral operator as in (4.4) and (-)Q/ be the restriction of a function to €2;.
Then in 2,
t ~

B0 = " (00) + / (2, hj)dt,

ee}

Y;l) — (’Cj Qj(_iij) + etLj Qj (l/_th + gj é, rj)))Qj’

rj=(zj,itjo) + (), ;¢ r)) = B (0.

We have 4 € L2(y), ] € X' ().

The solution u® (x,1t) = (u§2) e, u,(,% )) can be expressed by operators

Fj (J;(C ) = L @y - P 1< j <m.
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In process in Sect. 4.2 yields the solution of the jump problem in the form u(l.z) = ﬂj(-z) (t)q} +
Y (x, 1). Define F;({J;}) 1= B (1)q, and F({J;}) := Y (x. ). Then

WP = Fi(J) = FIALD + FAD, Ty =105 ) = P, P ner))

We look for a solution of (5.1): u; = ﬁj(t)q} +7Y;,1 < j<m,with Bj(c0) = 0. Notice
that B”(0) = 0. From 8;(1) = " (1) + B (1), we obtain " (c0) = —*(c0) and
Y (©0) = =B (00) + [5(zj. hj)dt. Thus

t ~
Bj(®) =/ (zj, hjdt — B2 (00) + B (1),

o
It is easy to check that 8 = (z;, FZ({J;}) € X'(y) with J; = Jjo + G;({r;})
— ([uW7, [u,((l)])(l"j). Together, we consider a system for r; and u; = ﬂj(t)q;. +7Y;:

t ~
B;(0) =/ (2, hjdt + B (1) — B} (00).

o0

¥y = (K Qb+ 0+ 8,6 1)) +F (), 5:2)

[e.¢]
rj = (2. dijo) + (2. 8 C.r) +/0 (2j. hj)dt + B (00).
System (5.2) can be expressed as

{Bj. Yj.rj} = ®({ujo}, {Jjo}, (B}, {¥;}, {r;}), 1=j=<m. (5.3)

We shall solve this as a fixed point problem by the contraction mapping principle on the
unknown variables (8;, Y;, r;). Let B(¢) be an e-ball in

m m
[[x'o) < []E>" ©@).v) xR™
1 1

B(e) = {(BL Vb {rih) D (BjI+ 1Yl +1rjh) <€

I=j=m
To ensure that @ is a contraction mapping on B(¢), it suffices to have

(1) [®{ujo}, {Jjo},0,0,0)] <e€/2,and
(2) the Lipschitz numbers of 4, g; and J;(r;) with respect to (8;, Y, r;) are sufficiently
small on B(¢) so that
[D{ajo} {Jjo} {81 Y} {rih) — @{ujo}, {Jj0},0,0,0)] < €/2.

Condition (1) is satisfied if min{|y;+1 — y;| : 1 < j < m — 1} is sufficiently large and if for
1 <j<m, lujol <p,{Jjo}| < Cp are sufficiently small, that is, if min{|y; 1 —y;[: 1 <
Jj < m — 1} and p satisfies conditions specified in Theorem 1.1.

To ensure that (2) is satisfied, and @ is a contraction mapping on (8, Y;, r;), recall

hj=B@rjuj+Rrj.uj, g =q;¢)—q;E +rj)+rjq;E),
Gi(rjh) = Wi () = Wi (T +rjr) + Wi+ 1) — W;(T)).

It is straightforward to check that /2 ;, g; are all small terms in the sense that:
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() 1hjl+1gjl < Cuj* +1rjl),
(2) the derivatives of 4 ; and g; with respect to r;, u; are small.

It remains to verify that under the conditions of Theorem 1.1, the the jumps G ; and dG j /dry
aresmall forall 1 < j <m—1,1 <k <m.
Along the line T';, G j({r;}) = O({W;,}I|{r;}|). Therefore,

1Gj({r;D] < Cmax{e ™7l 1< j <m—1}{rj}l <<e
Fork # j, j+1,dJj/dry =0, while fork = jor j + 1,
|[dG/dri] < Cmax{e_'”’(/_y-f| l<j<m-1}<<1.

Therefore the Lipschitz number of {G ;({r;})} with respect to {r¢} is exponentially small if
min{|y;+1 — yjl : 1 < j <m — 1} > £ is sufficiently large. The constant £ is independent
of §p as in Theorem 1.1 and Remark 1.1.

We have proved that system (5.2) can be solved by the contraction mapping principle
on {r;},{Y;} and {B;}, and u; € H2'1(Qj, y). The solution u; is a continuous function
teRt - HY(Q 7). To check estimates (2) of Definition (1.1), let the solution of the linear
problem be

(B} Y} Ari D@ = @(ijo}, {70}, 0,0,0). (5.4)

From Sect. 4, [({Y}, {B;}, {r_,})(o)l < Cp. If the rate of the contraction map ® is0 < k < 1,
from (5.3) and (5.4), we have

1Y), 8% {rh — AY;), (8% i H @1 < kUYL 4B5), (DI,
Y1, 8% bl < (L=~ AY;), (83, irih @) < Cp.

Thus, |Yj|Hz,1(ngy) +1Bjlx1(y) = Cp. Souj is a continuous function 7 € Rt — Hl(Qj)
and |e_yl”j|H1(S2,~) < C(|Y;]1 +1Bj1) < Cp. This proves estimate (2) of Definition (1.1).

6 Generalized Fisher/KPP Equations and Final Remarks

In this section we briefly consider the concatenation of two traveling waves of the general-
ized Fisher/KPP equation where our assumptions H1 and H2 are not satisfied. We hope to
show that concatenation of waves and spatial dynamics can be useful in dealing with such
nonstandard case.

The Fisher-KPP equation u; = uy, + 2u(1 — u) has a traveling wave solution u(x — 3t)
connecting u = 1 to u = 0. The change of variable u — 1 —u yields u; = uyx, —2u(l —u),
which has has a traveling wave u(x — 3¢) connecting # = 0 to u = 1. We now consider
the generalized Fisher-KPP equation and the associated first order system satisfied by the
traveling wave u(§) = u(x — 31):

Uy =y, —2u"(1 —u), neN,

6.1
W =v, vV=-=3v+2u"1—u. @1

Denote the traveling wave u(x — 3¢) by g2(x — cat). Let g1 (x — c1t) be a traveling wave
that moves to the left with the speed ¢; < 0. (One such example is to flip the axis x — —x
so that g1 (x — c1t) = g2(—x — c»2t) and ¢; = —c3.) For each fixed ¢, as x increases from
—00 to 00, q1(x —c1t) (or g2(x — cat)) connectsu = 1tou =0 (oru =0tou = 1).

Define the concatenated wave u(x, t)°°" separated by I' = {x = 0,7 > 0} as in (1.8).
Letu(é,t) = qj(&) +uj(, 1) be the exact solution near u“”"*, where j = 1 for x < 0 and
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\£

(a)

Fig.3 The spectrum for the wave go whenn = 1. a Without the weight function the spectrum is bounded to the
right by a parabola with the vertex at B = Df(1) > 0. b With the weight function the spectrum is bounded to
the right by a parabola with the vertex at A = Df(0), plus the line segment AC, where C = Df (1) — c% /4 <0

j =2forx > 0. Forn € N, each single wave g; (or ¢2) is stable only under some weighted
norms applied to large & and/or large —&. Let w;(§) > 1 be a suitable weight function. The
weighted norms are designed to limit the allowed perturbations to ¢ and g2 by requiring that
luj Mg 2= llw el e < o0,

For n = 1, the traveling wave ¢ is a node to saddle connection and ¢ is a saddle to node
connection. As in [23], we can choose wy (&) = ¢“18/2 for € < 0 and wy(¢) = 1 for & > 0;
and choose w () similarly. See Fig. 3 for the spectrum before and after adding the weighted
norms. Observe that wi(§) — oo as & — —o0, and wy(§) — o0 as & — oo, those are the
left end and right end of the concatenated wave. Therefore the same weights can be applied
tou;(x,t), j = 1,2, to putrestriction on perturbations of the initial data of the concatenated
wave to ensure its stability.

Forn > 2, (u,v) = (0,0) is non-hyperbolic with eigenvalues \; = 0, A2 # 0. The
traveling wave g1 connects (1, 0) to the center manifold of (0, 0) and g, connects the center
manifold of (0, 0) to (1, 0). The system looks similar to that studied by Wu, Xing and Ye
[27], but is not the same. For the initial data of u(x,7),x < 0 (or us(x,t),x > 0), we
can use the same exponential weight functions w;(§) as when n = 1. However, if n > 2,
it is known that the linear variational system around ¢ (£),& > 0 (or g2(£),& < 0) has
an algebraic dichotomy (rather than an exponential dichotomy), see [27]. To restrict the
perturbations of each traveling wave, for u1(x, ), x > 0 (or uz(x, ), x < 0), we may use
w;i)=c;(A+&)Y, y >0foré >0, j=1(oré <0, j=2),asin[13,27]. However,
for the concatenated wave, since u exists only for x < 0 and uy exists only for x > 0 so
the boundedness of the weighted norms does not put any restriction on the initial values of
u for large x (or initial values of u, for large —x).

In comparison, our method of eliminating jumps between the waves does not depend
on evolution operators in time. It depends on evolution operators in space x, so it is more
flexible to deal with weights or jumps in x direction. As in [14], we might be able to replace
the weighted norms by some boundary conditions to the left and right of I", which also helps
to restrict the allowed perturbations of g1 and ¢».

To summarize, the main ideas of our method, as outlined in Sect. 1, should work both
for bistable, and generalized Fisher/KPP type traveling waves. In our future work, we hope
to find suitable function spaces so that the linear variational system may have exponential
dichotomies and the stability of the concatenated wave may be proved by method similar to
that used in this paper.
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