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Abstract This paper deals with entire solutions of a nonlocal dispersal epidemic model.
Unlike local (random) dispersal problems, a nonlocal dispersal operator is not compact and
the solutions of nonlocal dispersal system studied here lack regularity in suitable spaces,
which affects the uniform convergence of the solution sequences and the technique details in
constructing the entire solutions. In the monostable case, some new types of entire solutions
are constructed by combining leftward and rightward traveling fronts with different speeds
and a spatially independent solution. In the bistable case, the existence of many different
entire solutions with merging fronts are proved by constructing different sub- and super-
solutions. Various qualitative features of the entire solutions are also investigated. A key idea
is to characterize the asymptotic behaviors of the traveling wave solutions at infinite in terms
of appropriate sub- and super-solutions. Finally, we also obtain the smoothness of the entire
solutions in space, i.e., the solutions established in our paper are global Lipschitz continuous
in space.
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1 Introduction and Main Results

The spatial spread of epidemics is an important subject in mathematical epidemiology. In
order to model the cholera epidemic which spread in the European Mediterranean regions in
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1973, Capasso and Paveri-Fontana [9] proposed a system of two ordinary differential equa-
tions. Furthermore, Capasso and Maddalena [7] considered the spatial mobile and assumed
that the bacteria disperse randomly while the small mobility of the infective human population
is neglected, they obtained the following reaction-diffusion system

(1.1)

p 2
?TI;(X’ 1= d§7‘5(x, 1) —anu(x, r) +appv(x, 1),
B(x, 1) = —anv(x, 1) + gu(x, 1)),

where x € R, ¢ € R, d, ay1, ajz and app are all positive constants. The variables u(x, ¢) and
v(x, t) respectively stand for the spatial densities of the infectious agent and the infective
human population at location x and time ¢, the parameter d denotes the diffusion coefficient
of the agent, 1/ay; is the mean lifetime of the agent in the environment, 1/ay; is the infectious
period of the infective human, a;; is the multiplicative factor of the infectious agent due to
the human populations, and g(u) is the infection rate of human under the assumption that
total susceptible human population is constant during the evolution of the epidemic.

Traveling wave solutions of the system (1.1) have been widely studied. For example, Zhao
and Wang [51] established the existence of monotone traveling waves and the minimal wave
speed of (1.1) with monostable nonlinearity. Xu and Zhao [47] proved the existence, unique-
ness and global exponential stability of traveling waves of (1.1) with bistable nonlinearity.
For more related works, we refer to [5-8].

It is well known that traveling wave solutions are only special examples of the so-called
entire solutions which are defined in the whole space and for all time # € R. The study
on entire solutions is crucial and significant in the following sense: (i) From the dynamical
system point of view, entire solutions can help us for the mathematical understanding of
transient dynamics, and has the implication that dynamics of two solutions can have distinct
histories in the configuration, though their asymptotic profiles as t — +o00 coincide [32].
Moreover, it can help us fully understand the structures of the global attractors which consist
of entire solutions. (ii) From the viewpoint of biology, the entire solutions provide some new
spread and invasion ways of the epidemic and species, see [29,32]. In the recent years, there
are many works devoted to the entire solutions of scalar reaction-diffusion equations with
and without delays [11,13,14,18,20,22,23,27,32,40,48], lattice differential equations [41],
nonlocal dispersal equations [26,38], reaction-advection-diffusion equations in cylinders
[28,30], and reaction-diffusion systems [21,29,33,39,44-46]. More recently, Wu [44] and
Wu et al [46] studied the entire solutions of system (1.1) with bistable and monostable
nonlinearity, respectively.

Note that the Laplacian operator which is used to describe the diffusion of the infectious
agent in (1.1) only depicts a local and short range diffusion process. However, in reality, the
migration or diffusion of the individuals are not just limited in a local or short range, see
e.g. Lee et al. [25] and Murray [34]. So it is not enough or very accurate to formulate the
diffusion of individuals in a long range by Laplacian operator. One method in overcoming
the shortcoming of the Laplacian operator is to describe these models concerning with the
spatial migration by the following nonlocal operator

Du)(x,t) = (J xu)(x,t) —u(x,t) = / Jx —y)u(u,t) —ulx,t)ldy.
JR

Taking this fact into account,we propose the following nonlocal dispersal epidemic system:

(1.2)

u(x,t) =d(J xu(x,t) —u(x,t)) —ajulx,t)+apvx,t),
v (x, 1) = —anv(x, 1) + g(u(x, 1)),
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The meaning of parameters here are same as in system (1.1), and (J * u — u) is nonlocal
dispersal operator which is used to describe the diffusion of the infectious agent.

In view of the great significance of the entire solutions, it is a very interesting and impor-
tant problem to model the spread process of the epidemic. The dynamics of the process in
mathematically characterized by traveling wave solutions or entire solutions. So the first
purpose of this paper is to provide many different spread ways of the epidemic. That is to
say, we shall establish some different types of entire solutions of (1.2) with monostable and
bistable nonlinearity, respectively. The second purpose is to obtain a smooth property of the
entire solutions since a lack of regularizing effect occurs in nonlocal dispersal system (1.2).

Mathematically, it suffices to study the following rescaled system

{u,(x, t)=d(J xu(x,t) —u(x,t)) —u(x,t)+av(x,t), (1.3)

vi(x,1) = —Bvx, 1) + glu(x, 1)),

where o = alz/alzl and 8 = ax/ay;.
We first list some assumptions on the functions J and g which are needed throughout this
paper.
Jn J e C'R), Jx) = J(—x) =
+o00, VA > 0.
(J2) J is compactly supported and M :=sup{ | y |: y € supp(J)} > 0.

(GM) g € C%(R, R) and there exists a constant K] > 0 such that g(0) = ag(K1)—BK; =
0.Moreover, g'(0) > £ > ¢'(K1), g'(u) > Oforu > 0, 2u < g(u) foru € (0, K1),
and g’ (u) < g'(0) for u € [0, +00) (Monostable).

(GB) g € C2(R,R), g(0) = 0, g'(0) > 0, g’(u) > 0 foru > 0, METoog(u) =1, and

0, [pJ(x)dx = 1, and [, J(x)e ™ dx <

there is a ug > 0 such that g”(u) > 0 for u € (0, ug) and g”’(u) < 0 for u > uyp.
Furthermore, g’(0) < g < y, where y is a positive constant such that the equation
g(u) = yu has one and only one positive root (Bistable).

If g satisfies (GM), we obtain a monostable case, then the diffusion-free system of (1.3)
admits only an unstable equilibrium £~ = 0 = (0, 0) and a stable equilibrium E* = K =
(K1, K»2), where K1 = a K. If g satisfies (GB), we obtain a bistable case, and the diffusion-
free system of (1.3) has three equilibria Eg = (0,0), E; = (u}, v}) and Ez = (u3, v3),
where g(u}) = (B/a)u; and u} = av},i =1, 2. Ey is a saddle point, Eg and E> are stable
nodes.

Hereafter, a solution w(x, t) := (u(x, t), v(x, t)) of (1.3) is called a traveling wave solu-
tion connecting E; and E;(i # j) with speed c, if (u(x, 1), v(x, 1)) = (¢c(§), Ve (§)), & =
x + ct for some function (¢, V) € C'(R, R2) which satisfies

ch (&) =d(J * Ppe(&) — pc(8)) — b (8) + vy (§), (1.4)
Y (&) = —BYe ) + g(¢c(5)), '
and
EEIIIOO(%(S), VYe(§) = Ei, EETOO(¢C(€), Ye(§) = Ej. (1.5)

Moreover, we say (¢, ¥) is a traveling (wave) front if (¢, ¥.) is monotone.
Since system (1.4) can be decoupled by solving the second equation and transformed into
the following scalar integro-differential equation

&
cpL(E) = d(J * ¢e(E) — ¢ (§)) — dpe(E) + % / e HE g (o(5))ds. (1.6)

—0o0
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In order to consider the traveling fronts of (1.3) satisfies (1.5), it suffices to consider the
monotone solutions of (1.6) subject to (1.5).

In the recent years, there are many works devoted to the traveling wave solutions for
variaties of nonlocal dispersal equations with monostable and bistable nonlinearity. For
monostable case, our Eq. (1.6) satisfies the conditions of Pan [35] under the assumptions
(J1) and (GM), so it is easy to prove that there exists a number ¢* > 0 such that (1.3) has
a traveling front ®.(-) = (¢¢(-), ¥¢(-)) connecting E~ and E™ for any ¢ > c*, also see
[49,50]. For bistable case, from the abstract theory established by Bates et al [3] and Chen
[12], see also Fang and Zhao [16], we know that under the assumptions (J1)-(J2) and (GB),
there exists a unique constant ¢ € R such that (1.3) has a traveling front ®(-) = (¢ (-), ¥ (-))
connecting Eg and E, with speed c. Moreover, if we restrict g(u) in the interval [0, u}] or
[u7, u3], then system (1.3) can be regarded as a monostable system in [0, 7] x [0, v]] or
[u}, u3] x [v], v5]. Assume further the following

(GBS) g(u) < g(u])+g () (w—uf)foru € [uf,uj)and g(u) > g +g W) (u—uy)
for u € [0, uj].

Thus there exists ¢ < 0 and ¢5 > 0 such that (1.3) has two families of travel-
ing fronts ®1(-) = (¢1(-), ¥1(-)) connecting (0, 0) with (u7, vy) for any c; < ¢} and
®2(-) = (¢2(-), ¥2()) connecting (17, vi) and (u3, vy) for any cx > ¢3, respectively.

Inthe monostable case, since (1.3) allows a continuous family of traveling fronts ® . (x+ct)
with different speeds, we construct a family of entire solutions of (1.3) by a combination
of traveling fronts with different speeds and spatially independent solutions. In the bistable
case, we explore some new types of entire solutions to (1.3). The first type is characterized by
two monostable fronts @1 (x + c1¢) and ®; (x 4 c»1) emerge from the left axis and right axis
respectively. The second type is constructed from a monostable front ®(—x + c¢;¢) merging
with a bistable front ® (x + ct) under the assumption ¢ > —c;. The last type behaves like
two traveling fronts ®(—x + ct) and ®(x + ct) propagating from both sides of the x-axis
and annihilating at a finite time.

The basic idea is to use traveling fronts to build different sub and supersolutions of (1.3)
and then deduce the existence of entire solutions trapped between these sub and supersoutions.
Although the basic idea is similar to the works [21,29,30,32,33,44,46], the technique details
are different. For example, in our system (1.3), since a lack of regularizing effect occurs in u-
equation due to the nonlocal dispersal and in v-equation due to the zero diffusion coefficient,
the solution sequences {wy, (x, t)} of the Cauchy problem for (1.3) are not smooth enough with
respect to x, hence its uniform convergence is not ensured. In order to obtain the continuous
entire solutions with respect to ¢ and x, we have to make {w;, (x, t)} possess a property which
is similar to a global Lipschitz condition with respect to x (see Lemma 6.1). A similar method
was successfully applied in the work [46] to partially degenerate reaction-diffusion systems.

Now we state our main results as follows.

Theorem 1.1 Assume that (J1) and (GM) hold. Let ®., = (¢, , V¢;) be the traveling fronts
of (1.3) connecting 0 and K with ¢; > c¢*, i = 1, 2. Then for any 61,0, € R, system (1.3)
possesses an entire solution W, ¢,.0,.0,(x, 1) = (u(x, 1), v(x, 1)) : R? — [0, K1] x [0, K»]
such that

() 2 Wey,c.00,6,(x. 1) > O for any (x, 1) € R%.
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(i)

LHim sup || W, ey.01,0,(x, 1) — @ (x + 12 +61) [|=0,

t_)_OOXZO

lim sup || We,.cp.0,.0, (X, 1) — @, (—x + cat + 62) ||= 0.

1——00 <

iii) lim supl||W, x,t) — K| =0.
( )t*)+00x€§” C],C2,91,92( ) ”

(iv) For any x; < x3, lim  sup [[W¢j cy.0,,0,(x, )| = 0.
1= =elx1,x]
(v) Forany tp € R, lim sup  [|Wey,e0,61,6,(x, 1) — K] =0.
[X|=+00s¢[1, +00)

We have construct some new entire solutions connecting two traveling fronts in Theorem
1.1. Next, we consider any combination of traveling fronts and the spatially independent
solutions to construct some new entire solutions. The existence of the spatially independent
solution of (1.3) follows from Wu [46, Theorem 2].

Proposition 1.2 Assume (GM) holds. Then system (1.3) has a spatially independent solution
() = (I'1(t), Ta(t)) which satisfies

['(—o0) =0, I'(+o0)=K, I'(t) > 0, Jim T()e ™" =(1,b%, T() <(,b"e",
——00
forallt € R, where b* = g'(0)/(B + A*) and \* is the positive real root of the equation
M+ B+ Dr+B—ag (0)=0.
For convenience, we define
max{wy, wa} = (max{uy, uz}, max{vy, v2}), min{wy, wy} = (minfu;, u2}, min{vy, v2}),

for w; = (uy, v1) and wa = (up, V7).

Theorem 1.3 Assume (J1) and (GM) hold. Let ®., = (¢, Yc,;) be the traveling fronts of
(1.3) connecting 0 and K with ¢; > ¢*,i = 1,2, and T'(t) = (I'1(¢t), T[2(¢)) be the spatially
independent solution of (1.3) described as in Proposition 1.2. Then for any given cy, c2 > c*,
01,602,603 € Rand x1, x2 € {0, 1} with x1+ x2 > 1, system (1.3) possesses an entire solution
Wr(x, 1) = (u(x, 1), v(x, 1) : RZ — [0, K] x [0, K2] such that

max{y) P, (x +c1t +61), xoPe, (—x + 2t +62), T'(t + 63)}

=W, 1) = min {1, (6 + pr(0) + X2 (=3 + p20) + (1, 56X ), K|

for (x,1) € R x (=00, 0], where p;(t)(i = 1,2) with 0 < p;(t) — cit — 6; < Rpe" are
monotone increasing functions on (—oo, T], T <0, Ry > 0, v > 0 are constants. Moreover,
the assertions (i) and (iii)—(v) in Theorem 1.1 still hold for Wr(x, t) as for W, ¢, 6,.6,(x, ).

Remark 1 Notice that the entire solutions established in Theorem 1.1 are completely different
from those of Theorem 1.3 since W, ¢,.6,.6,(x, 1) and Wr(x, t) have different decay rate

when 1 — —oo due to A* < cAq(c) for any ¢ > ¢* (see Lemma 3.2).

For bistable case, we obtain the following several different types of entire solutions by
considering a combination of the traveling fronts ®, ®; and ;.
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Theorem 1.4 Assume that (J1)-(J2) and (GB)—(GBS) hold. Let ®1(-) be the traveling front
connecting Eg and Ey with speed ¢\ < c}, ®2(-) be the traveling front connecting E| and E»
with speed c3 > c5, and ®(-) be the traveling front connecting Eo and E, with speed ¢ > 0.
Then (1.3) has an entire solution Wi (x,t) = (U (x, 1), Vi(x, 1)) : RZ — [0, u3] x [0, v3]
such that

lim l sup || Wilx, 1) = @1(x +cir) [+ sup || Wilx, 1) — P2(x + c2f) III =0.

1——00 . e
PRIGEL )L NGRS

Theorem 1.5 Let all the assumptions of Theorem 1.4 be satisfied. Then (1.3) possesses an
entire solution Wa(x, 1) = (Ua(x, 1), Va(x, 1)) : R? — [0, u3] x [0, v3] such that

lim [ sup || Wa(x, 1) = Pa(=x+ ) |+ sup || Walx, 1) = ®i(=x +cif) ||] =0,

1—>—00 Xs(l:lgcz)z XZ((:IJEQV

Remark 2 Note that for this nonlocal dispersal system (1.3), there is no related results like
Theorem 3.1 of [17] and Theorem 3.5 of [36] which is similar to a stability property of the
traveling fronts. So we can not obtain the convergence of the entire solutions established in
Theorems 1.4 and 1.5 to the bistable front & (x + ct) as t — +0o0.

Theorem 1.6 Let all the assumptions of Theorem 1.4 be satisfied. If ¢ > —c}, then (1.3)
admits an entire solution Wa(x, t) = (Us(x, 1), V3(x, 1)) : R — [0, u3] x [0, v3] satisfying

lim
1——

sup || W3(x, 1) = @1(=x+cit) |+ sup || W3(x, 1) — P(x +ct) ||] =0.

o L< (c‘l2+c)t Xz(q;rm
Moreover, for any given a > 0,

lim inf [W3(x,0) = El| =0 and lim  sup |Ws(x,1) = Eaf = 0.
xe

t—+00 —+X xe[—a,+00)
Theorem 1.7 Assume that (J1)-(J2) and (GB) hold. Let ®(-) be the traveling front of

(1.3) connecting Ey and E, with ¢ > 0. Then (1.3) admits an entire solution Wy(x,t) =
(Us(x, 1), Va(x, 1)) : R2 > [0, us] x [0, v3] satisfying

lim {Sup | Walx,t) — ®(—x +ct) || +sup || Walx,t) — P(x +ct) ||} =0.

== | x<0 x>0
Moreover, the following properties hold:

(i) 2 (x, 1) > 0 forall (x, 1) € R2.
(1) lim;— o || Wa(x,t) ||= 0 locally in x € R.

(iii) limy— 400 | Wa(x, 1) — Ea|l = O for all (x, 1) € R

We would like to point out that when the speed of the traveling fronts @ (x 4 ct) connecting
Ey and E; is negative, i.e. ¢ < 0, we can obtain similar results on entire solutions as in
Theorems 1.4—1.7. We leave the details to the readers. However, we can not deal with the
case ¢ = 0 in this paper.

Remark 3 From the viewpoint of diseases transmission, the entire solutions established in
Theorems 1.1-1.7 represent some different spread ways of the epidemic. For example, the
entire solution in Theorem 1.1 can be viewed as the infectious agent spread from the both
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sides of the living areas of human population as t — —o0, and then tends to the positive
stable state as t — 4-o00. That is to say, the disease spread from the both sides of the living
areas successfully. In addition, the entire solution established in Theorem 1.6 indicates that
the infectious agent and the infective human spread from the both sides of the x-axis in the
same directions and finally the faster one might catch the slower one.

Note that the entire solutions of (1.3) established in Theorems 1.1-1.7 are differentiable
with respect to ¢, but it is not smooth enough with respect to x since a lack of regularizing
effect occurs in nonlocal dispersal system (1.3). Thus we further prove a smooth property
of the entire solutions w(x, t) = (u(x, t), v(x, t)) established in Theorems 1.1-1.7 which is
similar to global Lipschitz continuous with respect to x under the following assumption.

(H) sup g'(u) < g(1+d) if (GM) holds, and sup g'(u) < §(1+d) if (GB) holds.
uel0,K1] uel0,u3]

Theorem 1.8 Assume that (J1)-(J2) and (H) hold. Let w(x,t) = (u(x,t), v(x,1t)) be the
entire solutions of (1.3) established in Theorems 1.1-1.7. Then there exist positive constants
D1 and Dy such that for any (x,t) € R? and n >0,

ow Jw
lwx+n,t) —wlx, )l < Dy and E(x +n,t) — ﬁ(x, Bl < Dan. (L.7)

We remark that a similar result is firstly established by Li et al. [26] for scalar nonlocal
dispersal equations with monostable nonlinearity. See also [38] for the bistable nonlinearity.
We extend this result to nonlocal dispersal systems successfully.

The remainder of this paper is organized as follows. In Sect. 2, we make some preparations
which are important and necessary in what follows. In Sect. 3, we study the asymptotic
behaviors of traveling fronts at infinity since they are essential in the proofs of the main
Theorems. Sections 4 and 5 focus on the existence of the desired entire solutions of system
(1.3) in monostable and bistable cases respectively by constructing appropriate super and
subsolutions. In Sect. 6, we prove Theorem 1.8 with the help of an ordinary differential
equation. At last, we finish this article by providing some interesting discussions.

2 Preliminaries

In this section, we will make some preparations for getting our main results latter.

In what follows, we use the usual notations for the standard ordering in RZ2. That is, for
wy = (uy,vy) and wy = (uy, vp), we denote w| < wo ifu; < wupr and vy < vy, W < Wy
if wi < wyand w; # wy, and w; K wr if u; < up and v; < vo. If w; < woy, we
denote (wy, wp) = {w € R2:w <w < wa}, (wy, wp] = {w € R2:w <w< wal,
[wy, wp) ={w € R2:w; <w< wy}, and [wy, wo] = {w € R2:w <w< wa}. Let || - ||
denotes the Euclidean norm in R2.

Let X = BUC(R, R?) be the Banach space of all bounded and uniformly continuous
functions from R to R? with the supermum norm || - ||x. Let XT = {w = (u,v) € X :
u(x) > 0,v(x) > 0,x € R}. It is easy to see that X is a closed cone of X. For any
wi, wy € X, we write w; <y wp if wp —w; € X+, w; <x wy if wp — w; € X™\{0},
and w; Ky ws if wo — wy € Int(XT). For wi, w, € X with w; <y wy, we denote
[wi, waolx = {w € X 1wy <x w <x wa}.
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Now, we consider the following Cauchy problem of (1.3):

ur(x,t)y =d(J xu(x,t) —u(x,t)) —ulx,t) +av(x,t), (x,t) € R x (0,+00),
ve(x,t) = —Bu(x, 1) + glu(x, 1)), (x,1) € R x (0, +00),
u(x,0) =ug(x), v(x,0) =vy(x), x e R.
(2.1)
For w = (u,v) € X, we define Ty ()u = e~ @Dy Th(t)v = e Pv. Clearly, T (1) =
(T1(2), To(2)) is a linear semigroup on X. Moreover, it is clear that (2.1) is equivalent to the
following integral equation

t
w(t) = T(Dywo + / T(t — 5)B(w(s))ds,
0
(u) (1) 0 e
wo= () o= (" ) = (00

Bl(w)) (d(J*u)—l—av)

B(w) = = 3

() (Bz(w) g(w)

Definition 2.1 A continuous function w = (u,v) : [t,T) — X, 1t < T, is called a
supersolution (subsolution) of (1.3) on [z, T) if

where

and

t
w(t) = ()T = s)w(s) +/ T(t —r)B(w(r)dr

foranyt <s <t < T.Afunctionw : (—oo, T) — X iscalled a supersolution (subsolution)
of (1.3) on (—o0, T), if forany t < T, w is a supersolution (subsolution) of (1.3) on [z, T).

Fortunately, the function B(w) here satisfies the quasi-monotonicity in [31], so by [31,
Corollary 5] (taking delay as zero) and [31, Theorem 1], we obtain the following lemma. For
convenience, we denote 0 := (0, 0) and

K= (K1, K>») if (GM) holds,
(u3, v5) if (GB) holds.

Lemma 2.2 Assume (J1) and (GM) or (GB).

(1) For any wo € [0, K]X, (1.3) has a unique classical solution w(x, t; wg) on (x,t) €
R x [0, 00) with w(x, 0; wg) = wo(x) and 0 < w(x, t; wy) < Kforx eR,t>0.

(ii) For any pair of supersolution w™ (x, t) and subsolution w= (x, t) of (1.3) on [0, 00) with
wh(x,0) > w (x,0)and 0 < w(x, 1), wH(x, 1) < K for (x,1) € R x [0, 00), there
holds 0 < w™(x,t) <wh(x,1) < Kfor all (x,t) € R x [0, 00).

3 Asymptotic Behavior of Traveling Fronts
In this section, we will use the method developed by Carr and Chamj [4] and Ikahara’s

Theorem to obtain the asymptotic behavior of traveling fronts of (1.3). We always assume
that J satisfies (J1).
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3.1 Monostable Case

In this subsection, we assume that g satisfies (GM). For ¢ > 0 and A € C\{—p/c}, we define
two characteristic functions:

+00 / 0
Ai(r, ) =d/ J(y)e Mdy —ch—(d+1) + og( ),
o0 B+ ch

+o00 , K
Az(A,c)=d/ J(y)e_’\ydy—c)\—(d+1)+ag( 1).
—00 B+ ch

By some simple computations, we obtain the following lemma.
Lemma 3.1 (i) There existc*, A, > 0suchthat Aj(hy, c*) = 0and %Al()\, ¢)lr=xr, =0.

Moreover; the equation A1(A, c) = 0 has only two distinct positive real roots A1 < *o
for ¢ > ¢* and has no real root for ¢ < c*.

(ii) Foranyc > 0, Ax(A, ¢) = 0 has two distinct real roots A3 € (—E, O) and ryq € (0, +00).

c

Lemma 3.2 For any ¢ > c*, there holds cii(c) > A*, where c*, L1(c) and A* are defined
as in Lemma 3.1 and Proposition 1.2.

Proof Note that

* —A1y ocg’(O) *
chi(c) — A :d(/RJ(y)e ‘«dy—l)—l—l—m— > —1
ag'()
B+ cri(c)
If there exists co > ¢* such that coii(cg) < A*, then
05 com(eo) i > 14 28O o @O
B + cori(co) g+ 21
which is a contradiction. The proof is complete. O

Next, we provide a technical lemma which is important to obtain the asymptotic behavior
of traveling fronts.

Lemma 3.3 (Ikehara [4]) Let u(&) be a positive decreasing function in R and F(A) =
f0+oo e M u(g)de, if F can be written as F(.) = H(A)/(A + ho)ktHl for some constants
k > —1, Ao > 0, and some analytic function H in the strip —iy < ReA < O, then

pu® _ H(h)
g—>+oo Eke=0E T (Ao + 1)’
Theorem 3.4 Assume that (J1) and (GM) hold. Let ®.(§) = (¢ (&), ¥ (§)) be a monotone

increasing traveling wave solution of (1.3) connecting 0 and K with speed ¢ > c*, then the
Sfollowing statements hold:

(i) For ¢ > c*,

lim ®.(§)e ™% = (1, Ag)ag, _lim ®L(§)e ™5 = (1, Ag)aghy.
E—>—00 §—>—00

For ¢ = c*,

lim ®.(6)E"e™ = —(1, Ag)ag, lim ®L(E)E e ™5 = —(1, Ag)aphs.
E—>—00 §—>—00
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(ii) For ¢ > ¢¥,

lim (K—®.(&)e ™" = (1, Apar, _lim @LE)e ™ = —(1, ADais,
£—+4o00 £—+4o00
where ag, a1 are positive constants which determined by ¢, Ay = ﬂg_;(c(,)}?l forc > c*, Ay =

g0 _ &(Kp
Btchs B+crz”

Proof We only prove the assertion (i), since the assertion (ii) can be shown similarly. The
proof is divided into three steps.
Step 1. We prove that there exists £’ € R such that ¢, (£) is integrable on (—oo, &', that

is [, pe(€)dE < +o00.

For convenience, we define f(¢c(§)) = —¢c(&) + ¢ [ Eoo e_g(é_s)g(qﬁc(s))ds, then it
follows from (1.6) that ¢ (&) satisfies

cpo(&) = d(J % (&) — pe(§)) + [(¢c(8)). (3.1
Note that f/(0) = —1 + %ffoo e EE= §'(O)ds = §g'(0) — 1 > Oand hm ¢>L(s) =0,

forc=c* and A =

then there exists & < 0 small enough such that for any £ < &, 1 > f (O)qbc(é) > Koqﬁc &),
where K := %d) max ]|f "(¢)|. Then according to Taylor’s expansion, for any & < &/,
s8]

LG )</> &) = ['(0)p:(§) — Kogr (§) = f (0)9c(8),

f@c®) = f(0)¢e(§) +

for some s € [0, K1]. Then for & < &', we conclude from (3.1) that

1
g (&) = d(J * ¢c(§) — e () + Ef’(O)qbc(E)- (3.2)

Integrating (3.2) from 7 to & withn < & < &', we get

§ 1 §
c(@c(§) — () = d/ (J * @e(s) = pe(s))ds + Ef/(O)/ be(s)ds.  (3.3)
n n

Note ¢.(—o0) = 0, then by Fubini’s theorem and Lebesgue’s dominated convergence theo-
rem, we obtain

£
lim / (J * Pc(s) — pe(s))ds

n——00

+00 "+00
~ lim / / IOy / 9L(s — 6y)dOdyds = — / IOy / be(& — 0y)dody.

n——00

Letting n — —oo in (3.3), we have
+o00

1 1 &
coo () +d / IOy /0 Bel& —Odody = 2 1'(0) / be()ds, (3.4

—00
which shows that ¢, (£) is integrable on (—oo, &’].

Step 2. Next we will show that there exists a constant y > 0 such that ¢.(£) = O (e?%)
as & — —oo. Define U(§) = ffoo ¢c(s)ds, it is easy to see that U (§) is a well-defined
non-decreasing smooth function with U(—o0) = 0. First we prove U (§) is integrable on
(—00, &’]. Integrating (3.2) from —oo to &, we get

1
cpe(§) Zd(J*U(é)—U(E))—FEf’(O)U(S). (3.5)

@ Springer



J Dyn Diff Equat (2016) 28:189-224 199

Then integrating (3.5) from —oo to & again, there is

g g
cU () > d/ (J % U(s) — U(s))ds + %f’(O)/ U (s)ds.

Since U (&) is increasing and U (—o0) = 0, for & < &’ we get
& 3

[ wever-venas=[ [ sonwe - -vendas
—00 —o0 JR

3 400
=/ /o JMIUGs+y)—Us)) —(Us) —U(s — y))ldyds
—00
+o0 §+y §
=/ J(y) |:/ U(s)ds —/ U(s)dsj| dy > 0.
0 & E—y

£
cUE) > %f/(O)/ U(s)ds for & <& (3.6)

So

Thus, U (&) is integrable on (—oo, £']. In view of U is non-negative and increasing, then for
anyr > 0and & <&/,

§
Us)ds = %f/(O)FU@ —=r).

&
CUE = L 10 / Uls)ds = > £0)
2 . 2 -

Choose rg > 0 sufficiently large such that 6y := m € (0, 1), then U (& — rg) < 6pU (&),
§ <& Define U(§) = U(§)e 7%, where y = - In 5, then for any & < &',

U —ro)=U(E —ro)e 770 = eiU@ —r)e " U@ = U ).
0
Therefore,
0= 0@ =K =max [0)ls e [€' — o, &1] fore <¢

which implies that U (§) = O (e"%) as § — —oo.
In view of g(¢.) < g’ (0)¢. for ¢, € (0, K1) and ¢, (-) is nondecreasing, we get

chpo(§) <d(J % Ppe(§) — ¢c(§)) — ¢ (§) + %8/(0)%@)- 3.7
Integrating (3.7) from —oco to &, & < &/, one has
cpc(§) <d(J*xUE) -UE)-UE) + %8/(0)U(‘§), (3.3)

According to (J1) and U (§) = O(e’$) as & — —o0, we have
12U@) = [ 1)U = pdy = 0@) as & - —ox.
R
Thus (3.8) implies that ¢.(§) = O(e’$) as & - —o0.

Step 3. In the following, we prove the main results of this theorem. Based on the discussions
above, for A € C with 0 < ReA < y, we can define a two-sided Laplace transform of ¢, by

+0o0
Loy = / be(E)e de.

—0o0
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Rewrite equation (1.6) as

"0) [¢ )
4 % 9e®) — e6) — 9l &) — o) + £ / e ECg (9)ds

o

3
=— / e CE) [g/(0)pe(s) — g(ge(s))] ds. (3.9)

c
Note that

[0 nouends = [ 0 [ gute = e azay =209 [ ey,
R R R R

and

ag/(0) [+ —0E & —B—s) _ ag'(0)
. [w e [me Gc(s)dsdE = B +C}\E()»).

Multiply both sides of (3.9) by e=*¢ and integrating along & on R, we get

_® —1E ¢ —Le—s)
C(k)Al(k,c)—c/Re (/ e ¢ [g(0)¢c(s)—g(¢c(s))]ds)dé. (3.10)

Let V(§) = ¢.(—&) and A = —X in (3.10), then V (+00) = 0 and V (-) is decreasing and

+00
LI(A)A(=A, ¢) = %/ A (g)de, G.11)

—00

where

+00 +o0
Li(A) = / e MV (€)dE and h(E) = / eCEIF OV (s) — g(V()]ds.
—00 £
From g € CX(R), g(0) =0,V(¢) = O(e_V—é) as & — +oo, and Taylor’s expansion, one
has

gOV(s) —g(V(s) = O(V3(s)) = O(e ") as s — +00.

Therefore, the right side of (3.11) is well defined for —2y < ReA < 0. We now use a
property of Laplace transform (Widder [43]). According to V (§) > 0, there exists a constant
/0 such that £1(A) is analytic for w < ReA < 0 and £1(A) has a singularity at A = pu.
Hence £1(A) is well defined until A is a zero of Aj(—A, ¢) = 0, it follows from Lemma
3.1 that £1(A) is well defined for —A; < ReA < Osince 0 < A1 < Ap.

From (3.11), we can define

&[0 AR (g)dE

+00 0
— —A§ g _ )= —AE
F(A) ._/0 V(&)e 7o dE = A—ALO) - V(&)e ™o dE.

In order to apply Lemma 3.3, we define

&[0 AR (E)dE
AL(=A, ) /(A + hp)kHT

0

(A / V(E)e Mg,

—0o0

H(A) =

where k = 0 for ¢ > ¢* and k = 1 for ¢ = ¢™* since Aj(—A, ¢) has a simple root A; when
¢ > ¢* and a double root A; when ¢ = ¢*. Note that if ¢ = ¢*, then A; = A,. Clearly,
F(A) = H(A)/(A 4+ A)FFL
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Now we claim that H (A) is analytic in the strip § := {A € C|—A; < ReA < 0}. Clearly,
it suffices to show that the function

& [ e AE () dE
AL(—A, ) /(A + apkF]

is analytic in S. Since J(A) = Li(A)(A + 2% and £1(A) is well defined for —A; <
ReA < 0, we know that J(A) is analytic for —A; < ReA < 0. Next we just show J(A) is
analytic for ReA = —X;. we claim that Aj(—A, ¢) = 0 does not have any zeros with Re A =
—Aj other than A = —\ . Actually, let A = —A| + wi, then follows from A{(—A,¢) =0
and Aj(L1, c) = 0, we have

J(A) =

iy 2 (@Y og' Ot =
d/RJ(y)e sin ( 2 )dy+ [(B + cr)? + w?](B + chr) "

and
ag' (0)cw
(B + chp)? + 2w?

which implies that @ = 0. Thus J(A) is analytic for ReA = —A1, and H (A) is analytic in
S. Then by Lemma 3.3 we get that lim ¢.(&)e 1 = lim V(£)eM? exists for ¢ > c*,
E——00 E—>—+o00

d / J(y)e ™Y sin(wy)dy + +cw =0,
R

and

lim ¢c(§) e ™% = — lim V(£)e '™ exists for ¢ = ¢*.
£——00 §—>+o00

Take ag = ap(c) ;= lim ¢c(§)e ™% and ag = ag(c*) := — lim ¢ (E)E e M8,
E——o0 E——00

Moreover, by using Lebesgue’s dominated convergence theorem, it is easy to show that
limg_, oo e_)‘léqﬁé(&) = api1. Similarly, we can prove for ¢ = c*, : lim ¢é($)§_1e_)”15
£E——00

= —ag)y. Noting that Yo (8) = L [5__ e #E=9)g(¢,(5))ds, we have limg_, oo e 1€ (£)

— 8 Oag
B+chi

. The other conclusions can be obtained similarly. The proof is complete. m}

Remark 4 From Lemma 3.1, we know that for any ¢ > ¢*, A2 (A, ¢) = 0 has only one simple
root A3 < 0, so in the proof of (ii) of Theorem 3.4, we just choose k = 0 for ¢ > c*.

3.2 Bistable Case

In this subsection, we assume that g satisfies (GB). Define the following characteristic func-
tions:

+oo ag'(0)
As(h, ¢) = “Mdy —ch — 1
3 0) d/_oo I Py e =@+ 1) + 5

, otg/(u*)
Ag(A = Mdy —ch—d+ 1)+ 2
4(A, ) d/_ J(y)e "dy —c¢ (d ) Bt on’

where A € C\{—p/c}. Then by a similar argument as Lemma 3.1, we obtain

Lemma 3.5 For any ¢ > 0, A3(A,c) = 0 has two real roots A5 € (—f/c,0) and rg €
(0, 400), and A4(X, ¢) = 0 also has two real roots A7 € (—f/c,0) and Ag € (0, +00).

Theorem 3.6 Assume (J1) and (GB) hold. Let (&) = (¢ (&), ¥ (§)) be an increasing trav-
eling wave solution of (1.3) satisfying ®(—o00) = Eg and ®(+00) = E; with speed ¢ # 0.
Then the following statements hold:
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(i) limgos oo P(E)e™65 = (1, Bo)bo, limg_s oo ®'(§)e™65 = (1, Bo)bohe,
(i) limgsyoo(E2 — ®(§))e 75 = (1, By)by, limg_s yoo @' (§)e 7 = —(1, B1)b1 A7,

’ s
where by and by are some positive constants, By = ﬁﬂ(&)ﬁ > 0and B = 5 _S:i: > 0.

Proof This lemma can be proved by making a modification of Theorem 2.5 of Wu [46], so
we omit the details. O

Remark 5 The readers must notice that A (A, ¢) and A3(X, ¢) are different functions since
£'(0) in them are different.

4 Entire Solutions in Monostable Case

In this section, we will establish the existence of entire solutions of (1.3) by using super-sub-
solutions method and comparison principle.

Before the proof of Theorem 1.1 we first give some useful lemmas. According to Theorem
3.4, we obtain the following estimates directly.

Lemma 4.1 Let ©.(-) = (¢c(-), ¥e(-)) be an increasing traveling wave front of (1.3)
connecting (0,0) and (K1, Ky) with speed ¢ > c*. Then there exist positive constants
k(c), K(c),m(c), M(c) and §(c) such that for ¢ > c* and x > 0,

k(@O < Ki — ¢e(x) < K ()%,
8()k(@)eM T < 8(e)(K1 — ¢e(x)) < L),
m(c)(Ky — ¢e(x)) = Ko — pe(x) = M(c)(K1 — ¢e(x)),
m(@)3 (k) < §(e)(Ka — () < Y ().
Forc > c* x <0,
k()M < go(x) < K ()" OF, 8(0)¢e(x) < ¢L(x),
m(C)¢e(x) < Ye(x) < M(O)¢pe(x),  8(@Pe(x) < Pu(x),
and for c = c¢*, x <0, let ¢ € (0, Ay), there exists K. > 0 such that
per () < Kee™ ™% 8(cF)per (x) < e (x), 8(cF)Wer (x) < Ylu(x),  (41)
m(c*)ger (x) < Yer (x) < M(c)pex (x).
Next we consider the following coupled system of ordinary differential equations:
pi(t) =ci+ Netrt® <0,
Ph(t) = cr+ NetP1®O |t <0, 4.2)
r1(0) =0, p2(0) <0.
where ¢y, ¢z, N and p are positive constants and ¢ > ¢ > c*. Solving (4.2) explicitly, we

obtain

1 N :
pi(t) = pi(0) +cit — —ln[l + =t O — e‘””)] ci=1,2. (4.3)
w 1

Obviously, p;(t) is increasing, i = 1, 2. Let

1 N 1 N
w1 =p1(0) — —In [1 + —e"m(o)] , wr=pa0)— —1n [1 + —e"”l(o)] .44
" cq 12 Cl
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Then according to the identity p;(t) — cit — w; = —/lL In{l —re'™/(1+nr)}, i =12,
where r = NeMP! (O)/cl, we have
0 < p1(t) —cit —wy = pa(t) — cat — wy < Roe'™, fort <0, 4.5)
where Ry is some positive constant. Since pé — p’1 = ¢ —c1 > 0, we obtain p(t) <
p1(1) 0@ <0)if p2(0) < p1(0) <0.
Itis clear that if (1, (x, 1), v;(x, 1)) and (u,(x, 1), v, (x, t)) are two subsolutions of (1.3)
ont € (Ty, T»), then the pairing of (u, v) := (maﬂg{gl, Us}, maﬁ{yl, v,}) is a subsolution of
xXe xXe

(1.3)on ¢t € (T1, T»). Similarly, if (z1(x, t), v1(x, t)) and (u2(x, t), v2(x, t)) are supersolu-
tions of (1.3) on ¢ € (71, T»), then the pairing of (i, v) := (miﬂrg{ﬁ], us}, miﬂr{}{ﬁh v} isa
xXe xXe

supersolution of (1.3) on ¢t € (71, T>). Thus we have the following lemma.
Lemma 4.2 The function w(x,t) = (u(x, t), v(x, t)) defined by
w(x, 1) = max{®P., (x + c1t + w1), P, (—x + c2f + W)}
is a subsolution of (1.3) on (—o0, +00), where w; is defined in (4.4).
Lemma 4.3 Assume (J1) and (GM) hold. Given ¢ and ¢y such that co > c¢1 > c*, let
L= max |g"(u)|, N and n of (4.2) satisfy
uel0,K1]

D ifco=ci=c"letiu =iy —eand N > m.for some € € (0, Ay).

(i) ifca > ¢ = ¢*, let u = L1 (cp) and

LK, LK (c2) LK, LK (c2)
8(c)m(ca)” 8(c*)m(c*)” 8(c*)m(c*)’ 8(crym(ca) |’
for some & € (0, Ly — A1(c2)).
(iii) if ¢z > ¢1 > ™, let © = A (c2) and

LK (c1) LK(c2) LK (cy) LK (c2) ]

8(cx)m(cy)” 8(cym(cr)’ 8(cym(cr)’ 8(ca)m(ca) |

Then for the solution (p1(t), p2(t)) of (4.2) with p>(0) < p1(0) < 0, the function w(x,t) =
(@t (x, 1), 0(x, 1)) defined by

NZmaX[

szax[

w(x, 1) = P¢ (x + p1(1) + P, (—x + p2(1)),
is a supersolution of (1.3)ont € (—o0, 0].
Proof For convenience, we denote E[w](x, t) = (Ei[w](x, t), E2[w](x, t)), where
Ei[w]:=u; —d(J *u—u)+u—av,
Exw] : = v, + v — g(u).

Then we justneed to prove E{[w](x, t) > 0and Ez[w](x, t) > Oforall (x, t) € Rx(—o0, 0].
Direct computations show that

E\[w] = (p] — c))¢,, + (py — c2)o,, = NetP (¢, +¢.,) = 0.
Next, we show that E>[w](x, ) > 0 for (x,t) € R x (—o0, 0]. Similarly we get

Ea[w] = v, (p) — c1) + ¥, (ph — 2) + 8(¢e)) + 8(bey) — 8(¢e; + Hey)
= (., +v.,) [Ne' — H(x,1)]. (4.6)
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where
G(x,t)

&4 pr(0) + ¥l (=x + pa()’

H(x,t) = 4.7

and

G(x,1) = g(de, (x + p1(1)) + ¢y (—x + p2(2))) — g(@e; (x + p1(1))) — g(Pe, (—x + p2(2))).
4.8)
For uy, uy € [0, K1], recalling that g(0) = 0 and g’(u) < g’(0) for u € [0, 2K ], we obtain

glur +uz) — g(uy) — g(uz) < Lu?, i =1,2.

Thus we get G(x,t) < L(i)gi((—l)i_lx + pi(®)), i = 1,2. Similar to the proof of [46,
Lemma 18], we can show that w(x, ¢) is a supersolution of (1.3) on (—o0, 0]. This completes
the proof. O

Proof of Theorem 1.1 For n € N, we denote
@" (x) == (p] (x), 95 (x)) = max{P,, (x — c1n + 01), P, (=X —c2n +w2)}, x €R.
Consider the following initial value problem of (1.3):

(up)t(x,t) =d(J xup(x,t) —uy(x,t)) —uy(x,t) +av,(x, 1), x €eR, t > —n,
()i (x, 1) = =Bup(x, 1) + gun(x, 1)), x €R, t > —n,
(y (x, —n), vy (x, —n)) = (Uy,0(x), Vy,0(x)) = @" (x), x eR.
4.9
From Lemma 2.2, we know that system (4.9) has a unique solution wy,(x, t; ¢") =
(up(x, t; 9"), vy (x, t; ¢™)) which satisfies 0 < w,(x,t) < Kfor (x,7) € R x [—n, +00)
and wy, (x, —n) = w(x, —n) < w,41(x, —n) < K, then by comparison principle, we get
0 <wx, 1) <w,(x,1) < wyp1(x, 1) < min{K, w(x, t)}. That is to say, {w,(x, )} is
bounded and non-decreasing about n for any (x,t) € R x (—n, +00). Then there exists a
function w(x, 1) = (u(x, 1), v(x, t)) satisfying 0 < (u(x, t), v(x, 1)) < K such that for any
(x,1) € R2, there is

nlggo(un(x, 1), vp(x, 1)) = (u(x, 1), v(x, 1)).

For any given 79 € R, there exists n € N such that ) > —n and w, = (u,, v,) satisfies

t

w,(x,t) =T — ty)w,(x, ty) +/ T(t —s)B(wy(x,s))ds,

fo

where T (t) and B are defined as in Sect. 2. Then by Lebesgue dominated convergence
theorem, we get

t

wx, 1) =T — ty)w(x, ty) +/ T(t —s)B(w(x,s))ds.

0]
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It is easy to see that w(x, t) is continuous and differentiable about 7. Thus we obtain that

t
ur(x, 1) = —(d + De~ D=0y (x 10y — (d + 1)/ e~ WDU=) B u(x, 5), v(x, 5))ds
fo

+ Bi(u(x, 1), v(x, 1))
=—(d+ Du(x,t) + Bi(u(x, 1), v(x, 1))
=d(J xu(x,t) —u(x,t)) —u(x,t) +av(x,1t).

t
v (x, 1) = —Be PUTy(x, 1) — B / e PO By (u(x, ), v(x, 5))ds
19

+ By(u(x,t), v(x, t))
= —Bu(x,t) + By(u(x,t),v(x, 1))
= —Bu(x,1) + gu(x, 1)).

Therefore, w(x, t) = (u(x, t), v(x, t)) is an entire solution of (1.3) and satisfies
w(x, 1) <wx, 1) <wx, 1), on(x, 1) € R x (—o0,0],

w(x, ) <wx, 1) <K, on(x,1) € R% (4.10)

Furthermore, since lim;—, _oo sup,cp | w(x, t) —w(x, t) ||= 0, we get the entire solution
w(x, t) of (1.3) satisfying the following asymptotic behaviors:
lim sup || w(x, 1) — ¢ (x + c17 +w1) =0,
t _OOXZO
lim sup || w(x, 1) — @, (—x + 2t +wy) ||= 0.
t—>—oox§0
Moreover, by (4.10), it is easy to see that lim;_, {0 SUp, g | w(x, ) — K ||[=0.

Now we prove the assertion (i). Since w,(x, 1) > w(x,t) > w(x, —n) = wy(x, —n)
for (x,1) € R x (—n, +00). Let ¢ > 0, following w,(x, & — n) > w,(x, —n) we have
wp(x,t +¢€) > wy(x,t) forany t > —n and x € R. This implies that %wn(x, t) > 0 for
(x,1) € R x (—n, 400) which yields %w(x, 1) > 0 for all (x, t) € R2. Next, we show that
%w(x, ) > 0 for all (x, r) € RZ. Note that

uy =d(J xup —uy) —up +ov; > —(d + Duy,
then for any x € Rand t < ¢, we have
ur(x, 1) > up(x, v)e” T >

Suppose for the contrary that there exists a point (xg, fp) € R2 such that u;(xo, t9) = 0,
then u;(xg, T) = O for all T < #y. Hence, lim;_, _ o u(xg, 1) = u(xg, ty). But (4.10) shows
that lim;_, _ u(x0,¢) = 0 and u(xg, fo) > 0. This contradiction yields that u,(x,) > 0
for all (x, 1) € R2. Similarly, we can show that v,(x,t) > O for all (x,¢) € RZ2. The proofs
of (iii)—(v) are straightforward, so we omit them. Take W, ¢, w;.w, (X, 1) = w(x, 1), then
Theorem 1.1 holds for 6; = w;, i =1, 2.

For any 01, 6, € R, define W¢, ¢,.6,.6, (-, ) = We, e2.01,00 ¢ + &, - + 1) with

(6 —wy1) —c1(62 — w2)
and n
c1t+ e 1+

IR e e e )

é-':

Thus, We, ¢,.6,.6,(x, t) is also an entire solution of (1.3). The proof is complete. ]
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Proof of Theorem 1.3 We just constructing a pair of super and subsolutions of (1.3) since
the other discussions are similar to that of Theorem 1.1, and we omit them. O

Let I'(¢) be an increasing solution of (1.3) described as in Proposition 1.2.

Lemma 4.4 Suppose that (J1) and (GM) hold. Then
w(x, 1) = max {1, (x + c1t + 1), x2Pe, (—x + 2t + @), T'(t + w3)}

is a subsolution of (1.3) on R x (—00, 400), where w1 and w; are defined by (4.4), w3 € R
and x1, x2 € {0, 1} with x1 + x2 > 1.

Proof The proof is similar to that of Lemma 4.2, see also [27, Lemma 3.6]. So we omit it
here. O

Lemma 4.5 Assume that (J1) and (GM) hold. Then there exists T < 0 such that
(. 1) = min {110, (5 + p1(0) + x2®er (—x + p2(0) + (1,69 ) K}

is a supersolution of (1.3) on R x (—o0, T'), where x1, x2 € {0, 1} with x1+x2 > 1,03 € R,
and N and j in (4.2) are defined as in Lemma 4.3.

Proof We only consider the case x; = x2 = 1 since the other cases can be proved similarly.
Denote p(t) = (p1(1), p2(t)) = (1, b*)ek*(”@, then p(¢) satisfies

p1(t) = —p1(t) +apa(t),
p5(1) = —Bp2(t) + &' (0) p1 (1).
Define
S1={(x,1) € R x (=00, 0]|¢p¢, (x + p1(2)) + e, (—x + p2(1)) + p1 (1) > K1},
S = {(x,1) € R x (=00, 0]|¢p¢, (x + p1(2)) + e, (—x + p2(1)) + p1(1) < K1},

83 ={(x,1) € R x (=00, 0l[¢; (x + p1(1)) + Ve, (—x + p2(1)) + p2(1) > K2},
S4 = {(x,1) € R x (=00, 0]|¢; (x + p1(1)) + Ve, (=x + p2(1)) + p2(1) < K2}

We divide the reminder of the proof into three steps.
Step 1. We first verify that Ey[w](x, t) > 0 for (x, ) € S; U $,.

(i) If (x,1) € Sy, thenit(x, 1) = K1, 0(x, 1) < K», and Eq[w](x, 1) > K| —aKy =0.
(i) If (x, 1) € $2, then u(x, 1) = ¢¢; (x + p1(1)) + ¢e; (=x + p2(1)) + p1(7) and v(x, 1)
< Yo, (x + p1(0) + Yy (=x + pa(t) + p2(1). Thus,

E[w](x, 1)
= ¢, Py + b, Py + 01— d(J 5 ey — o)) —d(J % ey — bey) + e + ey + p1 — D
= ¢, (P} —c1) + o, (P — c2) + p| + p1 — @b + avye, + v,
= (¢, + ¢, )N —a[b — (Yo, + Ve, + p2)] = 0.
Step 2. Now we prove that Ex[w](x, t) > 0 for (x, 1) € S3 U S4.

(i) For (x,1) € S3,v(x,t) = Ko, u(x,t) < Ky, and Ex[w](x,t) > BKy — g(K1) =0.
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(ii) For (x,1) € S, 0(x, 1) = Yo, (¥ + p1(1) + Yer (—x + pa(1)) + pa(¢) and ii(x, 1) <
i (x + p1(1)) + Ges (—x + p2()) + p1(1). In view of ¢'(u) < g'(0) for u € [0, +o00),
we have

Ex[](x, 1) = ¥/, (P} — c1) + ¥, (Ph — €2) + 8(bey) + 8(bey) — (@) + &' (0)pi
> N O W + 90 + 8(be) + 8(bey) — 8(de; + i)
+8'0)p1 = [8(e; + ey + 1) — 8(ey + Pe)]
> (W + ¥ [Ne 1O — H(x, 1),

where H (x,t) is given by (4.7). Then by using a similar argument as in the proof of
Lemma 4.3, we get E>[w](x, t) > 0 for (x,t) € Sa4.

Step 3. Finally, we prove that there exists 7 < 0 such that w(x, t) is a supersolution of
(1.3) on (—o0, T). This proof is completely similar to that of Lemma 18 of [46], so we omit
it. Thus the proof is complete. O

5 Entire Solutions in Bistable Case

In the bistable case, our main results are Theorems 1.4—1.7. Since the proofs of Theorems
1.4 and 1.5 are similar, we only prove Theorems 1.4, 1.6 and 1.7. Before to prove the main
Theorems, we first give some preliminaries.

5.1 Preliminaries

In this subsection, we give some main estimates which are essential in our proofs by using
the results about the asymptotic behaviors of traveling fronts given in Sect. 3.

Proposition 5.1 There exist some positive numbers Co, C1, Ca, n1, 12 and p such that for
E§<M,

16" @E)1. [¥' ). 191 ). Y] ). 193], W5 (E)] < Coe™E, (5.1)
C1e" < [p@E)] [V E). [$1E), [Y1E)], 92(8) — ufl, [¥2(6) — v}| < Cre™E, (5.2)
|¢’(s)|’|1/r’(s)|’|¢1<s>|’|x/f;(§)|’ |5 (&) ’ FAG] - 53
lp@E" [WEI 1p1E] [W1EN 192(€) — uil” [¥2(§) — vf|
and for& > —M,
16 E 1Y E 11 E. 1w E 195, [W5E)] < Coe™ ™5, (5.4)
Cre ™8 < |ul — ¢(@)N. [v5 — W), u} — p1 ). v — Y1 ©)]. 1 — (6],
v} — Y2 (8)] < Cpe™ ™5, (5.5)
(LG AGI FAG] ’ [y ) ’ FAG] ’ VAG] -
6E&) — w3l [y &) — vl 1¢1G) —ufl’ (1) — vl |¢2(6) —ujl’ [¥2(6) — v3] —(56)

where M is defined in (J2).
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Now we consider the following two ordinary differential equations [32]:

pi(t) =c—NeP'W <0, (5.7

ph(t) =c+ Ne?”V, 1 <0, (5.8)

where ¢, N, o are positive constants, the initial value p;(0) < p>(0) < 0. In particular, if
we assume ¢ — Ne??1©) > 0, then p;(0) < min{. In £, 0}. We notice that (5.7) and (5.8)
plays an elementary role in constructing of the sub and supersolutions. We can solve (5.7)
and (5.8) explicitly as

1 N
p1(t) = p1(0) +ct — —In {1 — =" O] — e“”)],
o C
1 N ap2(0) cot
p2() = p2(0) +ct — —Inj1 4+ —eP2V (1 — ).
o Cc
If we define
1 N 1 N
w1 = p1(0) — —1In [1 - —e”P‘(O)’, wr = pr(0) — —1In ’1 + —e"m(O)],
g C o C

then

1 3 N
pl(t)—Ct—a)lz—fh’l’(l_ r )ecat]7 F1=—*€Upl(0),
o L+r c

1 : N
Pz(t)—Ct—wzz——ln[(l - )e“”], ry = — P20
o

14+nr c

Thus we have
0 < pa(t) — p1(t) < Roe®’, 1 <0, (5.9

for some finite positive constant Ry.

5.2 Proof of Theorem 1.4

In this subsection, we prove Theorem 1.4 by constructing appropriate sub- and supersolutions.
Firstly, we transform system (1.3) into the following system by a transformation
(u(x, 1), v(x, 1)) = (U(z, 1), V(z,1)), 2 = x + ct, where ¢ is an any given constant.

) (5.10)
VI(Z’ t) = _CVZ(Z’ t) + fZ(U(Z! t)’ V(Za [))’

(U,(z, H=d(J U —U)z.t) —cU(z.0) + iUz 1), V(2. 1),
where (z,1) € R2, filU, V)= —=U+aV and fo(U,V) = —BV + g(U). Itis easy to see
that (u(x, t), v(x, t)) is a solution of (1.3) if and only if (U(z,t), V(z,t)) is a solution of
(5.10). Thus we just consider the entire solutions of (5.10).

The definition of supersolution and subsolution of system (5.10) is similar to that of (1.3),
see Definition 2.1.

Let (¢1(x + c11), ¥1(x + c1t)) and (¢d2(x + cat), Y2 (x + c2t)) be the traveling fronts of
(1.3), then (¢1(z — cot), ¥1(z — cot)) and (P2 (z + cot), Y2 (z + cot)) are two traveling fronts
of (5.10) with ¢ = (c¢1 + ¢2)/2, and ¢9 = (c2 — ¢1)/2. Motivated by Morita [32], we define
the following auxiliary functions:
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(w5 —ui)xy

, — , , D = 0’ *k >i<7 * 0’ k ,
Q1(x,y) SO =) FulE =) (x, y) € Dy :={[0, ut] x [uy, u3]} \ {(0, u3)}
(5.11)
i —vHx
02(x.7) = Lo u§)+;;*<vy; —5y @ € D= 1001 x L vE O, v
(5.12)
Denote
900, 00, 3*Q; 320; 970,
ix — iy — ixx — ) ixy = ) [ = ) _172
Q dx Qi dy Q dx2 Qixy Axdy Qiyy dy2 '
Since the functions Q1 and Q> satisfy
Q1(x,y) = x +x(y —ul) o ]
e Vxo—up +ujas —y)
* * -y
— _ _ f D;.
y+ G —up)(y "2)[x(y—u’f)+u’{(u;—y)]’ or (x,y) € D
Q2(x,y) = x +x(y — v}) Vo ]
2 Plro=vh + s -y

-y
x(y —vp) + i3 —y)

=y+&x—=-v)y—1v3) [ ], for (x,y) € Ds.

It follows from Morita and Ninomiya [32] that Q; (i = 1, 2) possess the following prop-

erties.
Lemma 5.2 The functions Q;(i = 1, 2) defined by (5.11) and (5.12) satisfy

OQic(x,uf) = Qiy(ui, y) =1, Qux(x,u3) = Q1y(0,y) =0, (x,y) € Dy.

O (x, v7) = Qoy (v}, ¥) = 1, Q2x(x,v3) = 02y(0,y) =0, (x,y) € D.
and

Oixx(x, MT) = Qxx(x, M;) = Qlyy(Os y) = Qlyy(uTa y) =0, (x,y) € Dy.

Ooxx(x, UT) = Ooxx(x, U;) = Q2yy(o» y) = QZyy(UTv y) =0, (x,y) € Ds.

Moreover, there exist functions élllj, élZZj e cY(Dy) and ézllj, Q222j e Cl(D»),
j = 1,2 satisfying

Q1 (x,y) = (v —uD) 01 (x,y) = (y — u3) Qriia(x, y),

O1yy(x, ¥) = xQ1221(x, y) = (x — u}) Q1222(x, ¥), (x,y) € Dy,
02ex(x,y) = (v — v O2111(x, ) = (y — v3) Q2112(x, ¥),
O2yy(x,y) = x 02201 (x, ¥) = (x — v]) Q2022(x, ¥), (x,y) € Ds.

In what follows, we construct a pair of super and subsolutions to prove Theorem 1.4.

Lemma 5.3 Let all the assumptions of Theorem 1.4 be satisfied. Set ¢ = (c1 + ¢2)/2 and cy
= (c2 —c1)/2. Let (p1(t), co) and (p2(t), co) be the solutions of (5.7) and (5.8) respectively.
Then the functions defined by

g(z, 1) = Q1(91(z — p1(1)), p2(z + p2(1))),
V(z,t) := Q2(¥1(z — p1(1)), Y2(z + p2(2))),
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and

Ulz, 1) := Q1(¢1(z = p2(1)), $2(z + p1(1))),
Vi(z.1) := Q2(¥1(z — p2(0)), ¥2(z + p1(1))),

are a pair of super and subsolutions of (5.10) for t < 0. Moreover, there are

U(z,t) <U(z,t), sup(U(z,t) —U(z,1) < Ce®", 1t <0, (5.13)
zeR

V(z,t) <V(z,1), sup(V(z,1) — V(z,1) < Ce", 1t <0, (5.14)
zeR

for some positive constant C, and o as in (5.7).

Proof From c1 < 0 < ¢, we have ¢g > 0. For convinence, we denote
FU,V)Y=U —d(J xU—-U)+cU, — fi(U,V),
FoU, V)=V, +cV, — (U, V). (5.15)
To prove this lemma, it suffices to show that
F(U,V)y>0and /U, V) <0, i =1,2
for (z,t) € R x (—o0, 0]. By using the above prepared results, direct calculations give that
Fi1(U,V)
= Q1@ (=p| +0) + Q1y95(p5 + &) — f1(Q1. Q2) —d[J * Q1 — Q1]
= Qued|(—=p) +C—c1) + Qiyds(ph + ¢ —c2) + Qux f1(P1, Y1) + Qiy f1(d2, ¥2)
= f1(Q1, Q2) +d[Q1x(J xp1 — ¢1) + Qiy(J x ¢ — ) — (J x Q1 — Q)]
= Q1IN + 01,¢ N — Fi(¢1, ¢, Y1, ¥2) — Hi(¢1, $2), (5.16)
where Q1 = Q1(¢1, ¢2), Q2 = Q2(¥1, ¥2) and
Fi(¢1, 92, V1, ¥2) = f1(Q1, Q2) — O1x f1(¢1, Y1) — Q1y f1(92, ¥2),
Hy(p1,¢2) =d[(J * Q1 — Q1) — Q1x(J x 1 — ¢1) — O1y(J * 2 — ¢2)].

By virtue of (5.9), we know that eoP2() > o1 for ¢ < 0, then it follows from (5.16) that

FIT.V) 2 A1, ¢2) [NeT' O = G1(@1, 62,91, ¥2) . (5.17)
where

A1(¢1, $2) := Q1] + Q1yh),
Fi(é1, 92, Y1, y2) + Hi(é1, ¢2)
G , 2, U1, = .
1(@1, 2. Y1, ¥2) A1 60
Indeed, following from (5.11) and (5.12), we have

wi(uy — u)x (s — x)
[x(y — u}) +uiui — )
vy (V3 — vy (V3 — y) Vi (v; —vPx(v; —x)
[x(y —v]) + vj (03 — »]?’ [x(y —v]) + vf (3 — 91>
By virtue of the facts 0 < ¢1 < u}, 0 < Y1 < v, uj < ¢2 < uj, vi < ¢ < v3, and
¢lf >0 (i =1,2) forall (z, ) € R2, we have A (¢1, ¢») > 0 forall (z, 1) € R x (—o0, O].

ui(uy —up)y(us —y)

Ol = L0 2 Tt — )

R Qiy(x,y) =

Qo (x,y) =

sz(xﬂ y) =
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Now we verify that 71 (U(z, 1), V(z, 1)) = 0 for (z,1) € R x (—00, 0]. The remainder
of the proof is divided into three steps.

Step 1. We give some estimates on the functions Q(¢1(z — p1(t)), ¢p2(z + p2(t))) and
O2(Y1(z — p1(1)), Yva(z + p2(2))). If p2(0) <« —1, then p> () can small enough, it follows
from (5.1) and (5.3) of Proposition 5.1 that

*
iy

* p—
0 < gz + pa(0) —uf = Lenterry < Lm0 2
o P

Thus, there exists a positive constant (1 > 0 such that

Uil — g2y — ¢o) @5 — w5 — ¢)

, forz <0, + <0. (5.18)

Qix(¢1, ¢2) = > > 1 (5.19)
! [p1(d2 — u}) + uf(u} — ¢2)2 [2u} (ul — u})]?
for z <0, ¢ <0. By a similar argument, if p;(0) <« —1, we have
C C *
0<ul —1(z— pi(t)) < 7%*"2(2*1’1(’)) < 7(’@"21’1(’) < ”2—1 forz =0, 1 < 0. (5.20)

Therefore, there exists wo > 0 such that

Wiy —uDgIWs — ¢ wjl —up)’e

(D1, = > > u, 5.21
QL) = G D + w6l — o0 iy —wpP =P 2D
for z > 0, t+ < 0. Moreover, we have the following estimates about Q1.
* * ZMT(MZ B MT)(Z)Z
XX 5 = - - s 5.22
Quxx (@1, $2) = (P2 — up) (P2 “2)[¢1(¢2 “uh) + i — )T (5.22)
oo Qut —u3)p1do + utus (Ui — ¢1 — ¢2)
oy (D1, = — , 5.23
Olxy (@1, ¢2) = uj(u5 — uy) 61 (92 — D) + 1066 — o) (5.23)
2 k(% % %
01y (@1, 92) = 1 (1 — uf)—— 12 MO 7 103) (5.24)

[¢1(p2 — uf) +ui(ul —P2)?
From (5.20) we have ¢1(z — p1(¢)) = u}/2 for z > 0 and t < 0, then

* %ok MT * k. %
d1(P2 — uy) +uj(us —¢o) > ?[qﬁz(z + p2(0)) — uil + uiluz — ¢2(z + p2(1))]
w* u* wr — u*
= w5 — i — g+ pa(o) = 12T
for z > 0, ¢t < 0. Similarly, from (5.18) we get
uy(us —uy)

, forz <0, t <0.
2

¢1(¢p2 — up) +ujus — ¢2) >
Thus, there exists a constant C’ such that
101xx (@12 — p1(1). p2(z + P2, |Qay(@1(z — p1(1)). d2(z + p2(1)))
’Qly_y(¢l(z —p1@®), p2(z + pz(t)))| < C', uniformly in (z,1) € R x (—o0,0]. (5.25)
Step 2. We now estimate

Fi(@1, 2. Y1, ¥2) _ Lie"7® 2 <0and Fi(@1, ¢2. Y1, ¥2) _ Lemn®
Ar(dr, ¢2) T T Ar(d,¢2) T ’

’

z>0.

(5.26)
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for some constant L; > 0. Let x = ¢1(z — p1(t)), ¥y = ¢2(z + p2(t)) in Q1 and x =
Yi(z — p1(®)), y = Ya(z + p2(t)) in O, then F} satisfies

Fi(d1, 2, V1, ¥2) = f1(Q1, Q2) — Qix f1(d1, Y1) — Q1y f1(d2, ¥2)
=—-01+a02 — Q1x(=¢1 +ay) — O1y(—¢2 + ayr).

Then by Lemma 5.2, we obtain

Fi(¢r,ui, ¥1,v]) = =1 +ayi — (=¢1 +ayn) — Qiy(¢1, up)(—uj + avy) = 0.

Similarly, we have

Fi(¢1, ut, ¥1,v)) = Fi(¢r, u5, 1, v5) = Fi1(0, ¢2, 0, y2) = Fi(uj, ¢2, v, ) = 0.

Thus, there exist functions F1y, Fi2, F13 € C(D1 x Djy) such that for z < p1(¢), we have
the expression

Fi(¢1, ¢2, Y1, ¥2) = (1 + VD@2 — ul) + (W2 — vDIF11(D1, 2, Y1, ¥2).

Similarly, we have

Fi(¢1, ¢2, Y1, ¥2) = [(@1 — u}) + (W1 — D@2 — u3) + (Y2 — v Fi2(o1, ¢2, Y1, ¥2)

for z > —po(t), and
Fi(¢1, 92, Y1, ¥2) = [(¢1 — u}) + (Y1 — v)I(P2 — ul) + (Y2 — vD1F13(d1, 2, Y1, ¥2)

for p1(t) < z < —pa(t), where ¢1 = ¢1(z — p1(1), P2 = d2(z + p2(1)), V1 = Y1(z —
p1()), Y2 = ¥a(z+ p2(t)). Itis easy to see that there exists a positive constant C3 such that

[(F11, Fi2, F13)(@1, ¢2, V1, ¥2)| < C3.

Next we consider two cases z € (—o0, p1(t)] U [—p2(t), +00) and z € [p1(t), —p2(t)],
respectively.

Case I. 7 € (—o0, p1(t)] U [—p2(t), +00), then by using Proposition 5.1, (5.19) and the
above prepared results, for z < p;(¢) and t < 0 we have

Fi(#1, 02, Y1, ¥2)  (d1 + Y)(d2 —u}) + (o —vDIF11(1, d2, Y1, ¥2)
Al(pr, ) Q1:¢] + 01,0
~ A+ v/o)(¢2 — uil + v — viDIF11(¢1, ¢2, Y1, ¥2)|
- Q191 /1
_ L+ G/CN b/ p + Wrl/p)Cs
1P

< G4 o) <m0, 5.27)
w1p?

for some constant L, > 0. Similarly, there exists some constant L3 > 0 such that

Fi(¢1, 92, Y1, ¥2) (@1 —u))+ Wi —v)I(d2 — u3) + (Y2 — v3)F12(1, 2, Y1, Y2)
Ar(é1, $2) B Q1:9] + Q1,95
_ ) = 92)/ 5 = ¢2)1(¢1 — ujl + Y1 — viDIF12]
B Q1y¢5/(u3 — ¢2)

< L3e™" O for 7 > —pa(1), t <0. (5.28)
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CaseIlL. z € [p1(t), —p2(2)]. Firstly, for p;(t) <z <0and ¢ <0, there is
Fi(p1. ¢, ¥1.¥2) (o1 —u]) + (U1 —vDI(@2 — u}) + W2 — vDIF13(d1. d2. Y1, ¥2)
A1(¢1. 92) 01x¢] + Q1y9)
_ [+ OF — )/ @] — ¢1)12C3Cpe @720
B 18} /] — ¢1)
For0 <z < —py(t) and ¢ < 0, we also have
Fi(pr, ¢2. 1. 92) (@1 —u]) + W1 —vDIl(d2 — u]) + (b2 — v]DIF13(1, $2, Y1, ¥2)
A1(91. 92) 01x¢] + Q1y9)
_ I+ W2 —v])/(dg —u])]2C3Cpe R 110D
- Q1y95/ (b2 — u}

< LgeMP2® (529)

< Lsenzpl(t)_

(5.30)

Then take L1 = max{L;,i = 2, 3,4, 5} and combing (5.27)—(5.30), we conclude that (5.26)

hold.
Step 3. Next we estimate the following inequalities:

M < L/le"“m(t), 7z <0and M < L’le"”"(t), z2>0, (5.31)
Ai(ér1, ¢2) — - A(é1, ¢2) — -

for some constant L} > 0. For simplicity, let’s denote
$1(0) = ¢1(z — p1(t) — Or) and $2(0) = o (z + pa(t) — 0r). 6 € [0, 1], 7 € R.
Note that
Hy (1, ¢2)
= d/R T()[Q1(1(1). $2(1)) — Q1(41(0), $2(0)) dr

~dQu [ SO = 1 OMr ~ 01, [ T0IE2(1) = Ga(O1ar
= d/RJmQu(equI(n + (1= 01)¢10), go(1))[d1 (1) — 1 (0)]dr

+d /R T(r) 1y (61(0), 0262(1) + (1 = 62)2(0)) [ b2 (1) — p2(0) |dr

—d /]R J(r) Q1 (61(0), $2(0))[$1(1) — b1 (0)]dr

—d /R J(r)Q1y ($1(0), $2(0))[$2(1) — $2(0)]dr
:d/RJ(r){[Qu(91q31<1>+(1—91)¢31(0),aﬁz(l))—Qu(qf%m),432(0))][431(1) ~410)]

+[015($10), 622(1) + (1 = 022(0) = 01, (#1(0), $20)][B2(1) = h2 O]}
=d /R JO{ Qs (361 (1) + (1 = 661 0), 21)01[A1 (1) = 1 O

+ Oy (@100, 6462(1) + (1 = 62)62(0))[$1(1) = 1 (0)][2(1) = $2(0)]
+ 01 (310, 658210 + (1 = 6)8:0)2($:(1) ~ 20 Jar
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where6; € (0, )(i = 1,---,5).Note that from (5.22)—(5.25), there exists a positive constant
C’ such that

|01 @31 (1) + (1 = 661 0), d2(1)| = E'lda(1) — ],
013,10, 0582(1) + (1 = 6582000 = E'61(0),
|01 (@1(0), 6321 + (1 = 0)d2(0))| = €

Therefore, we have

Hi@1.62) _ / J(r)[ [$1(1) = 1 OPId2(1) —u}]

A(é1, ) — Q1x#(z — p1) + Q1y95(z + p2)

[¢1(1) — $1(0)1[$2(1) — g2(0)] + [p2(1) — $2(0)1>1(0) P
Q1:91(z — p1) + Q1,95 (z + p2)

Let
Bi (1, $2) = r’[¢)(z — p1 — 661 [$2(z + p2 — 1) — ufl,
C1($1, 2) = r’¢i(z — p1 — 670)P5(z + p2 — bs7),
Di(¢1, $2) = r*[@5(z + p2 — 0or)*$1(z — p1),

where 6; € (0,1)(i =6,---,9)andr € [-M, M], M is defined in (J2).
Forz < p1(t) < 0,wehave z — p1(t) —60sr < M and z + py(t) —r < M, then by (5.1),
(5.3), (5.19) and (5.2) we get

Bi($1.¢2) _ 1’191 — p1 —O6r)Plda(z+ pa — 1) — ]
A1(¢1, ¢2) — Q1:¢1(z — p1)
MZCge2m(z—pl—06r)

[p2(z+ p2 — 1) — ujl

H1091(z — p1)
MZCgeZm(Z*pﬁ@sr)

wipCremG=r1) CoeM &t < L/zempz(t)’

for some constant L’2 > 0. Similarly, for p;(t) < z <0, there also exists a constant L/3 >0
such that

M < Lie mp2(t)
A1(¢1,¢2) —

By a similar argument as above, we obtain

Bi(¢1. ¢2) < Ljemn® Ci(¢1. ¢2) < Ljemn® Di(¢1. $2) < LjemPO for 7 > 0,

’ ’

A1(¢1, ) — A1(¢1,92) — A(d1,¢2) —
Ci(¢1,¢2) < LLemm®), Di(¢1, ¢2) < LLemP® for 2 < 0,
A1(g1, 92) — A(d1,¢2) —

for some constants L, > 0, (i =4, -- -, 8). Then taking L| = dC’ZfzzL;, we get

Hi(¢1, ¢2) <d5//J(r)[Bl(¢l7¢2) +C1(¢>1,¢2) +D1(¢1,¢2)]
A1(p1, ) — A1(P1,92)  A1(d1,¢2) A1(P1, $2)

< LhemP?® forz <0,1 <0,
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and

Hi(¢1,
M < L/leﬂzm(l), forz > 0,1 <0.
A1(1, #2)

Choose 0 < n3 < min {ny, (p2(0)n1)/p1(0)}.Itis easy to show that n; p2(t) < n3p1(t) <
0. Finally, applying (5.26) and (5.31), letting N > L + L} and o < min{n», 73}, we have

fl(ﬁ, V) > Ai(¢1, $) [Neapl(t) — (L, + L/l)empz(z):l
> A1(@1,¢) [NePO — (L) + e ] > o,
uniformly in (z, t) € (—oo, 0] x (—o0, 0]. And
FiU. V) = A(¢1. $2) [Ne""l(’) — (L + L’l)eﬂzpl(l)] >0,

uniformly in (z, t) € [0, +00) x (00, 0]. Thus, F; (U, V) >0forall (z,1) € Rx (—o0, 0].
Next, we show that 7> (U, V) > 0 for (z,7) € R x (—o0, 0].

Fo(U, V) =—=0Qox¥p] + Qoy¥sps + 00y ¥ + Q2 ¥ + BQ2 — g(01)
= Qo Y| (=p) +E—c1)+ 02y ¥y (phy + ¢ —c2) — [BQ2x¥1 + BQ2y¥2 — BO2]
—[8(Q1) — Q2:8(¢1) — Q2y8(¢2)]
= 00 YN D + 0y i NP D — Hy (g1, 62, 1, ¥2),

where

Hy(p1, 2, Y1, ¥2) = [8(01) — Q2:8(P1) — Q2y8(2)] + [BQ2:Y1 + BO2y Y2 — BO2].

By virtue of (5.9), we have

Fa(U, V) = Ar(¥1, ¥2) [Ne””l(’) _ B o v, llfz)] ,

Ax (Y1, ¥2)

where Ay (Y1, ¥2) = Qax Wi + Qoy Wé~ Similar to those argument about A{(¢1, ¢2), we get
Ay(Yr1,¥n) > 0forall (z,1) € R x (—o0, 0]. Now we show that

Hy (@1, ¢2. Y1, ¥2) _ Nyl P20

2<0, (5.32)
Ar(Y1, ¥2)

B (@1, ¢2, Y1, ) NP O 250 (5.33)
AW Y) I

for some constant Ny > 0. With the aid of Lemma 5.2 we obtain that

Hy(p1. ui, Y1, v]) = g(Q1(d1, u})) — g(p1) — Q2y8u)) — BQ2(Y1, v)) + 1 + BQ2y v}
= g(p1) — g(P1) — Q2y8W) — BY1 + BY1 + BQ2yv] = 0.

Similarly,
Ho(p1, ul, i, vi) = Ho(or, u3, Y1, v3) = Ha(0, ¢2, 0, ¥2) = Ho(u7, ¢, v, ¥2) = 0.
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Thus we have the following expressions

Hy (1, 2. Y1, ¥2) = (91 + YD (2 — u)) + (Y2 — v 1Ho1 (1, 2, Y1, ¥2), forz < p1(p),
Hy (1, 2. Y1, ¥2) = [(91 — u]) + (Y1 — vDI(g2 — u3) + (Y2 — v3)1Hxn (91, ¢2, V1, ¥2),
forz = —pa (1),

Hy(¢1, ¢2, Y1, ¥2) = [(@1 — u) + (1 — v]DI[(d2 — u]) + (Y2 — v 1H3 (b1, d2, V1, ¥2),
for p1(t) <z < —pa(t).

Then by a similar argument as F; (U, V), we can prove that
F(U,V) >0, forall (z,1) € R x (—o0, 0].

The proofs of F;(U, V) < 0,i = 1,2 are similar to that of]-'i(U, V)>0,i=1,2,s0we
omit the details.

Finally, we show (5.13) and (5.14), we only prove (5.13) since (5.14) can be proved
similarly. In fact, it is easy to show that Q;, > O and Q;y > O0on D;,i =1, 2, and

U(z,t) — Uz, 1)
= Q01x(6191(0) + (1 — 611 (z — p2), $2(0)[1(0) — ¢1(z — p2)]
+ Q1y(91(z = p2), 202(0) + (1 — 62)a(z + p1)[$2(0) — $a(z + p1)].

From (5.9) and ¢} > 0(i = 1, 2), we know that ¢ (0) — ¢1(z — p2) > 0 and $2(0) — ¢ (z +
p1) > 0. Consequently, we have U(z,t) = U(z, t) and

sup (Uz, 1) = Uz, D) < |1Q1:1l11(p2(1) — p1(1)) + [Q1yl1d31(p2(2) — p1 (1)) < Ce?".
Xe
This complete the proof. O

From the equivalent of system (1.3) and (5.10), it is easy to verify that

u(x, 1) == Qi(p1(x +cr — p1(1)), $2(x + ¢t + p2(1))),
v(x, 1) := Qa(Y1(x + ¢t — p1(1)), Y2 (x + ¢t + p2(1))),

and
u(x,t) == Q1(p1(x + ¢t — pa(1)), p2(x + ¢t + p1(1))),
v(x, 1) = Qa(Y1(x +ct — pa(1), Y2 (x + ct + p1(2))),

is a pair of super and subsolutions of (1.3) forx € Rand ¢ < 0.

Proof of Theorem 1.4 ire solutions of (1.3) described as Theorem 1.4. Consider the following
Cauchy problem

Up)(x,t) =d(J xup —up)(x,t) —u,(x,t) + v, (x,1), x eR, t > —n,

W) (x, 1) = =Bop(x, 1) + gun(x, 1)), x €R,t > —n,

un(x, —n) :=u(x, —n) = Q1(¢1(x — cn — pa(—n)), p2(x —cn + pi(—n))), x €R,
vp(x, —n) = v(x, —n) = Qo (Y1 (x — cn — pa(—n)), Yo(x — cn + pi(—n))), x €R.

Then the remainder of the proof is almost same as that of Theorem 1.1, so we omitit. O
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5.3 Proofs of Theorems 1.6 and 1.7

We first define the following auxiliary functions:

uiuz(x +y) — (uf + u3)xy

Qf(x,y) = — . (x,y) e Df, (5.34)
Uy, — Xy
VIV + ) — Wf +vxy
Q3(x,y) = 12 U*v*_xly 2=, (x,y) € D3, (5.35)
172

where D} = {[0, u7] % [0, w31} \ {(u], u3)} and D3 := {[0, vi] x [0, v} \ {(v], v)}. Then
the functions Q7 (x, y) satisfies

_ *

X —u y —uf
T, y)=x x—uHl—2 - x(y —ub)  ——-—1— 1,

uiuz(uy — y)(uz —y)
(ufus — xy)?

wiuy(uy — x)(ul — x)

0 (e y) = . Ohty) =

(uiul — xy)?

—ujus {u3 (e — u)(y —up) +ujx —u3)(y —u3)}
(ufui — xy)3 ’

2uiuy(y — ui)

Cr

2uiuz(x — uy)

(uius —xy)? ’

01y (x,y) =

QT (x,y) = y(y —u3) [
0%, (x. ) = x(x —u) [
for (x, y) € D¥, Q%(x, 1) also has the similar properties as Q* (x, y). We define
[U:(’" 0 = Q(@1(=z = p2(1)). B+ pa(1)),
Vi) = QWi (=2 = pa(). Y+ pa(0)),

and
U*(x,t) := Q1 (d1(—z — p1(1)), p(z + p1())),
V*(x, 1) := Q5(¥1(=z — p1(1), ¥ (z + p1(t))),

for (z,1) € R x (—o00, 0], where Q7 and Q3 are defined by (5.34) and (5.35) respectively.
Then by a similar argument as Lemma 5.3, we can obtain the following lemmas.

Lemma 5.4 Let all the assumptions of Theorem 1.4 be satisfied. Let ¢ = (¢ — ¢1)/2, co =
(c+c1)/2, and (pi(t), co)(i = 1, 2) be the solutions of (5.7) and (5.8). If ¢ > —c1, then the
functions defined by

w*(x, 1) == Q1(p1(—x — ¢t — pa(1)), p(x + ¢t + p2(1)),
v, 1) == Q3 (Y1 (—x — ¢t — pa(1), Y (x + ¢t + pa(1))),

and

u*(x,1) == Qf(d1(—=x — ¢t — p1(1), p(x + ¢t + p1(1))),
v(x1) = Q5 (Y (—x — ¢t — pi(), ¥ (x + ¢t + pi(1))),

are a pair of super and subsolutions of (1.3) for (x,t) € R x (—o0, 0]. Moreover, (5.13) and
(5.14) hold for (w*(x, t), v*(x, t)) and (u*(x, t), v*(x, 1)).
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Lemma 5.5 Assume (J1)-(J2) and (GB) hold. Let ®(-) be the traveling front of (1.3) con-
necting Eg and E> with ¢ > 0 and (p;(t), ¢)(i = 1, 2) be the solutions of (5.7) and (5.8).
Then the functions defined by

i(x, 1) = Q7(¢p(x — pa(1)), p(—x + p2(1))),
v(x, 1) == Q5(¥ (x — p2(1)), ¥ (—x + pa2(1))),

and
u(x,t) = Q7 (p(x — p1(1), p(—x + p1(t))),
v(x, 1) == Q5(Y(x — p1 (1), Y (—=x + p1(1))),

are a pair of super and subsolutions of (1.3) for (x,t) € R x (—o0, 0]. Moreover; (5.13) and
(5.14) hold for (u(x,t), v(x,t)) and (u(x,t), v(x,1t)).

The proofs of Theorems 1.6 and 1.7 are completely similar to that of Theorem 1.4, so we
omit them.

6 Smooth Properties of Entire Solutions

In this section, we prove Theorem 1.8. We only prove that the entire solutions w(x, t) =
(u(x, 1), v(x,t))established in Theorem 1.1 satisfy (1.7) since the entire solutions established
in Theorems 1.3-1.7 can be proved similarly. We first give a continuous lemma for our
nonlocal problem (2.1) which plays an important role in the proof.

Lemma 6.1 Assume (J1)-(J2) and (GM) and (H) hold. Let w(x,t) = (u(x,t), v(x,t)) be
a solution of (2.1) with initial value wo(x, 0) = (uo(x), vo(x)) € [0, K]x, then there exists
a positive constant M' > 0, independent of wy, such that for any x € R and t > 0,

s (x, D), Juge (e, D, e (e, D], vy (e, 1) < M.
In addition, if there exists Lo > 0 such that for any n > 0,

sup |ug(x + 1) —uo(x)| < Lon, suplvo(x + 1) —vo(x)| < Lon,

xeR xeR

then for any n > 0, x € Randt > 0, we have

w w
lwx+n,1) —wx, 0l <Mn, HE(X 00 = o) < M"n, (6.1)

where M" > 0 is some constant which is independent of wo and .

Proof From lemma 2.2, we see that (0,0) < (u(x,1),v(x,t)) < (K1, K») for (x,t) €
R x [0, +00). By (2.1), we obtain that for x € R, r > 0,
lus| <d|J *u|l+ (d+ Du| +alv] < 2d+ 1)K +aKy := M,
[ve| < Blvl + 1gW)| < BK2 + (K1) := My,
|| = 1d(J *ug) — (d + Duy +av| < 2d + )My + aMy := M3,
il = | — Buy + &' (Wus| < BMy + My max g'(u) := My.
uel0,K1]
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Take M’ = max{M;,i =1, 2, 3, 4}, then the first statement of this lemma follows. Now we
prove (6.1). Note that

'
v(x, 1) = e Pug(x) +/ e PO eu(x, s))ds, Vx eR, 1> 0.
0
Then
t
ur(x,t) =d(J xu(x,t) —u(x,t)) —ulx,t)+a« (e_ﬂ’vo(x)—l—/ e_ﬁ(t_s)g(u(x, s))ds).
0

For any n > 0, let (6u)(x, ) = u(x + n, t) — u(x, t), without loss of generality, we assume
that (Su)(x,t) > 0. Then

Guy <d [ 1J(x+n—y) = J(x = Yu(y, dy — (d + 1)(u) +ae™P Lon
+oa [l e P g(ux 41, 5) — gulx, $)1ds,
(u)(x, 0) = up(x + 1) — uo(x) < Lon.

Since J' € L'(R) by (J1) and (J2), there exists L’ > 0 such that
1
[aan-n-se-yidy=n [ [ 1=y +omidody < L. vn =0,
R R Jo
and

t t
a / e PO gu(x + 1, 5) — gu(x, ))lds < am / e P9 (Su) (x, 5)ds,
0 0

where m := sup g'(u) > g Thus we get
uel0,K1]

t
(Su); <dKiL'n— (d+ 1)(5u) + aLon + am/ e PU=) (Su)(x, s)ds.
0

Now we consider the following ordinary equation
Z(t) = ain — axz(t) + as /0 l e PU2(5)ds, (6.2)
where a; = dK L' +aLg, ap =d + 1, a3 = am. Differential (6.2) about ¢, we obtain
') = —axZ (1) + a3z(1) — Bas /0 t e P9 2(5)ds. (6.3)
Combing (6.2) with (6.3), we have

[Z”(t) + (a2 + B)Z (1) + (@B — a3)z(t) — Barn =0, 64

z2(0) = Lon, Z/(0) = (a1 —az2Lo)n.

By the linear ordinary differential equations theory, we set z(t) = ¢ (t)e*! + ca(r)e*?! is
the solution of (6.4), where A1 < A, < 0 are the eigenvalues of the following characteristic
equation

A2+ (a2 + B+ (af —az) =0,
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since (H) implies that a8 — a3 = (d + 1) — am > 0. Then z(t) satisfies

[ewcg (t) + ™'ch (1) =0, (6.5)

MeMIcl (t) 4+ retch (1) = Bain.

By (6.5) we get

o(t) = BN Rl k.

{%) = e
A2 (A1 —22)

Recalling that z(0) = Lon and z'(0) = (a; — azLg)n, we further have

c1(0) +¢2(0) = Lon,
c1(0) + c1(0)A1 + ¢5(0) + c2(0)A2 = (a1 — azLo)n.

Then
ki +ky = Lon — £,
kidi + kady = (a1 — azLo)n,
that is
ki = airin + pain —axLoiin — LoAiAan
A(A1 —A2) ’
ky — arian + Bain —azLoran — Loiian
Aa(do — A1) '

Therefore, z(¢) = kje*! + kpe*2! + f]—g Note that A; < A» < 0 and

|Bai + ajry —axLory — LoiiAz|

k1] < n < Msn,
A(A —A2)
|Bar +aidy —azLoly — LoAiAz|
lka| < n < Men.
A2(A1 —A2)

Thus z(1) < Msn + Men + £5-n < Man.
Note that du satisfies

Bu) < ain — ax(du) + a3 [ e P (Su)(x, 5)ds,
(Su)(x,0) < Lon.

Then by the comparison of the ordinary differential equation, we get that for any x € R and
t >0,
|(Su)(x, )] < z(t) = M7,

and

t
(Bv)(x, 1) = e P (vo(x 4+ 1) — vo(x)) + / e P (gu(x + 1, 9)) — glulx, 5)))ds.
0

Therefore,

t
M-
|8v] < Lon +m / e PU |su(x, 5)|ds < Lon + ——L1 /37”@ — e Py < Mgn.
0
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Moreover, for any x € R and ¢ > 0, we have

814( D) Bu( 0
— 1) — —(x,
or o1

= ‘d/R(J(X +n—=y) = Jx =y)uly,Ndy — (d + D(@Gu)(x, 1) + a(dv)(x, 1)

<dKi|L'n+ (d+ 1)M7n + aMgn < Mo,

and
ov v
— 1) — —(x,t
‘at(x'i‘ﬂ ) Bt(x )
< Bl@v)(x, )| + lgu(x +n,1) — glu(x, 1))|
< BMsn +mM7n < Mion.
Then take M” = max{M;,i = 7,8, 9, 10}, we obtain (6.1). The proof is complete. O

Proof of Theorem 1.8 Now we consider the initial value problem (4.9). Since ®; (-) and @’ (-)
are uniformly bounded on R, it is easy to show that there exists Lo > 0, such that for any
x € Rand n > 0,

sup [|wy,0(x + 1) — wy0(x) || < Lon. (6.6)

xeR

Then the conclusions of Lemma 6.1 are valid for the solution (u, (x, t), v, (x, t) of (4.9).
Consequently, by Arzela-Ascoli Theorem and a diagonal extraction process, there exists a
function (u«(x, 1), v«(x, 1)) and a subsequence (u,; (x, 1), vy, (x, 1)) of (u,(x, 1), va(x,1)),
such that

3 9
Up; (x,1), vy (x,1), guni(x,t), avn,-(x,t),

converge uniformly in any compact set § C R? to

0 0
up(x, 1), vi(x,1), 5”*()@0, EU*(X’I).

Then combining the proof of Theorem 1.1 with the uniqueness of the limit, we have
(ux(x, 1), ve(x, 1)) = (u(x, 1), v(x,1)). Let S C R? be a compact subset with (x, 1), (x +
n,t) € S, then there exists Iy € N such that for any i > I,

[u(y, 1) —up; (y, 1)l <n forany (y,1)€S.
Let D1 =2+ M”, where M” is defined in Lemma 6.1. Therefore, we have
lu(x +n,t) —u(x,t)|

S fux+n,8) —up, (x + 0, D)+ |up, (X +1,0) — up, (X, D]+ Jup, (x, 1) —ulx, 1)
< D]ﬂ.

The other inequalities in Theorem 1.8 can be proved similarly. Thus we have proved that
Theorem 1.8 is valid for the entire solutions obtained in Theorem 1.1. The proof is complete.
O

@ Springer



222 J Dyn Diff Equat (2016) 28:189-224

7 Discussions

We would like to point out that our main results can be extended to the following partially
degenerate nonlocal dispersal system

%(x, t)y=d(J xu(x,t) —u(x,t)) + fulx, 1), v(x, 1)),

ot (7.1)
W(xv t) - _azzv(xa [) + g(u(x7 t))

About the local diffusion, we can see [44,46]. An important example is
fu,v) = fi(w) —aru+appv and g(u) = ku.

‘We note that in the bistable case, we need the condition (J2) which is used to construct the
sub- and supersolutions (see Lemma 5.3). We guess that it is possible to weaken the condition
(J2) by changing sub- and supersolutions in bistable case, while it seems very difficult in
mathematics. We leave it as a further investigation.

In addition, the condition (J2) is also needed to prove the Lipschitz continuous of the entire
solutions established in the current arguments. Though we hope that the results of Theorem
1.8 can be extended to a general kernel function J € L!, it is difficult to mathematically
prove it. We also leave it as a further investigation.
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