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Abstract Helical symmetry is invariance under a one-dimensional group of rigid motions
generated by a simultaneous rotation around a fixed axis and translation along the same axis.
The key parameter in helical symmetry is the step or pitch, the magnitude of the translation
after rotating one full turn around the symmetry axis. In this article we study the limits of three-
dimensional helical viscous and inviscid incompressible flows in an infinite circular pipe, with
respectively no-slip and no-penetration boundary conditions, as the step approaches infinity.
We show that, as the step becomes large, the three-dimensional helical flow approaches
a planar flow, which is governed by the so-called two-and-half Navier—Stokes and Euler
equations, respectively.
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1 Introduction

The helical groups are a family of one-dimensional subgroups of the rigid motions of three-
dimensional Euclidean space consisting of simultaneous rotation around an axis and trans-
lation along the same axis, for which the ratio of angular rotation to translation is kept fixed.
Each helical group is characterized by a parameter o € R\ {0}, which we call the step or pitch,
defined as the translation displacement along the symmetry axis after one full clockwise turn
around the axis. The incompressible Navier—Stokes and Euler equations are covariant under
the action of the helical group. Helically-symmetric or, simply, “helical” flows represent
a physically interesting class of fluid motions, which interpolate between two-dimensional
flows and axisymmetric flows, see for instance [2]. Indeed, the helical groups lie between
rigid translations in one direction, associated with 2D flows, and rotation around a fixed axis,
associated with axisymmetric flows. These regimes correspond to formally taking the limits
o — ooando — 0, respectively. The main goal of this work is to examine the precise nature
of the limit 0 — oo for helical flows, in the case of viscous and inviscid incompressible flows
in a circular pipe satisfying, respectively, no-slip and no-penetration boundary conditions.
The limit 0 — 0 is more technical and, in some sense, less interesting, as we expect that
helical flows will converge in the limit to axisymmetric, planar flows, a trivial special case of
axisymmetric flows. In fact, periodicity in this case implies asymptotically high-frequency
oscillations, with weak averaging in the vertical direction. The analysis of the limit o — 0
is closely related to that in some of the thin domain literature, particularly the special case
referred to as PD, or periodic Dirichlet (see [8] for more details.) We reserve to study the
limit 0 — 0 in future work.

We begin by recalling the known mathematical results concerning helical flows. As it is
the case of two-dimensional flows and axisymmetric flows in cylindrical domains bounded
away from the axis of symmetry viscous incompressible helical flows are globally well posed.
This result was proved by Mahalov et al. in [12]. In fact, for the case of a circular pipe they
established both global existence of a weak helical solution with initial data in L2, and global
existence and uniqueness of a strong solution with initial data in the Sobolev space H'.
(For a discussion about uniqueness of weak solutions, within the class of all Leray—Hopf
weak solutions of the three-dimensional Navier—Stokes with helical initial data, see [1].) The
situation is different, and rather interesting, in the case of ideal fluid governed by the Euler
equations, see [5,6]. As a matter of fact, an additional geometric condition is imposed on
inviscid flows, akin to assuming no swirl in the axisymmetric setting [13,15], which we call
no helical swirl or no helical stretching. Under this condition, Ettinger and Titi [6] showed
global existence and uniqueness of weak solutions in an appropriate vorticity-stream function
formulation. This formulation can be used, because, even for finite o, the flow is essentially
two-dimensional, in the sense that it is completely determined by the dynamics of the first
two components of the velocity field restricted to any cross section of the pipe.

The main result of this work is a convergence result of helical flows to certain flows, the
dynamics of which is two dimensional. For this reason, we will call such limits planar flows,
even though the velocity field can still have three non-zero components. More precisely, we
show that, in the limit 0 — o0, helical flows converge, respectively, to so-called 2 and 1/2
dimensional flows in the viscous case, and to 2D Euler flows in the inviscid case. These
results are established by first obtaining a set of symmetry-reduced equations equivalent
to the original fluid equations, at least for regular flows. The unknowns in these equations
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are fields on a cross section of the pipe and, hence, depend on two spatial variables only.
Convergence is then investigated via energy methods and compactness arguments. For the
Navier—Stokes equations, energy estimates are sufficient to pass to the limit and give us a
rate of convergence of order 1/4/0 in the energy norm.

One special difficulty in the viscous case is the way in which the divergence-free condition
and the symmetry reduction interact when we vary o. To be more precise, the symmetry
reduction amounts to the fact that a helical vector field is entirely determined by its trace on
a horizontal slice, say D = {xl2 + x% < 1, x3 = 0}, the trace being a three-component vector
field in the plane. For a given ¢ > 0 all three-component fields in D may be extended in
a unique way to helical vector fields in D x (0, o). However, the resulting extension will
not be divergence-free unless the original field in the slice satisfies a certain o-dependent
condition. In other words, after symmetry reduction, problems with different o reside in
different function spaces, even if their physical domain D is the same. This difficulty is
bypassed in the inviscid case with the use of a stream function, under the “no helical swirl”
condition.

The remainder of this article is divided into four sections. In Sect. 2, we fix notation and
derive an equivalent formulation of helical symmetry for functions and vector fields. In Sect.
3, we perform the symmetry reduction on the Navier—Stokes equations. In Sect. 4 we study
the limit o — oo for the viscous case, while in Sect. 5 we discuss the case of the Euler
equations.

2 Preliminaries and Symmetry Reduction

We begin by recalling some standard notation for function spaces that will appear throughout
the paper. If 2 is a domain in R?, we denote by H k (R2), k € N, the standard L2-based Sobolev
spaces:

H' Q) ={f:Q—>R; f,8°f € LX), |a| <k},

where we employed the usual multi-index notation for derivatives, which are interpreted in
the weak sense, while W%-7(Q) denotes L”-based Sobolev spaces. By abuse of notation, if
u: Q — RYis a vector field, we will often write u € H¥(2) for u € (H*())¢, and we
will drop the explicit dependence on the domain €2 when no confusion can arise. H(} (2) will
denote the subspace of H L(©) of functions with zero trace at the boundary 92. If Q is an
unbounded domain, Ll’gc(Q) is the space of functions with p-th integrable power on each
bounded open subset of 2. Lastly, we denote Holder spaces by C*(£2), « € R... Later in the
paper, we will introduce other spaces adapted to the symmetry and geometry of the problem.
Throughout, (,) will denote the standard L? inner product.

One tool that will be used repeatedly in the analysis is the following interpolation inequality
in two space dimensions, the so-called Ladyzhenskaya inequality. If D is a smooth domain
in R? and f € Hy (D), then

114y < 207120 IV £ 172y 2.1)
This inequality follows immediately from Lemma 1 on page 8 of [10].
Let Q = {x = (x1, x2, x3) € R? | x% +x§ < 1} = D x R be the infinite pipe parallel to

the x3 axis with circular cross-section D.
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We consider the initial-boundary-value problem for the incompressible Navier—Stokes
(NSE) and Euler equations (EE) in €2. We recall the notion of helically symmetric solutions
of these equations, studied in [6,12].

We first give the definition of a helical vector field and a helical (scalar) function. We
denote a point in R3 by x = (x1, x2, x3) in Cartesian coordinates. Given a non-zero number
o € R, we define the action of the helical group of transformations G, on R3 by:

X1 €COS p + x8in p
S(p)(x) = | —x1sinp+xpcosp|, peER,
X3+ 92 p

that is, a rotation around the x3 axis with simultaneous translation along the x3 axis. G is
uniquely determined by o, which we will call the step (or pitch). Invariant curves for the
action of the helical group G are helices having the x3 axis as axis of symmetry. The cylinder
2 is an invariant set for the action of G, for all o. A change of sign in ¢ corresponds to
switching the orientation of the helices preserved by the group action from right-handed to
left-handed. Without loss of generality, we will restrict our attention to the case of o > 0.

We will say that the smooth function f(x) is helically symmetric, or simply helical, if f
is invariant under the action of G4, i.e., f(S(p)x) = f(x),Vp € R. Similarly, we say that
the smooth vector field u(x) is helically symmetric, or simply helical, if it is covariant with
respect to the action of G4, i.e., M(p)u(x) =u(S(p)x) for all p € R, where

cosp sinp 0
M(p):=| —sinpcosp O |. 2.2)

0 0 1

We find it convenient to give an alternative definition of helical symmetry as follows. We
re-write a vector fieldu(x) = (u!, u?, u)(x1, x2, x3) with respect to the moving orthonormal
frame associated to standard cylindrical coordinates (r, 6, z),

e, = (cosf,sind,0), ey = (—sin6,cosb,0), e, =(0,0,1),
as:
U = urer + Ugey + U €y,

where u,, ug, u, are functions of (r, 8, 7). We introduce two new independent variables in
place of € and z:

n:i= %0 +z, &€= %9 —Z. (2.3)
As shown in [6] for instance, a (smooth) function p = p(r, 0, z) is a helical function if and
only if, when expressed in the (r, &, ) variables, it is independent of £ : p = ¢ (r, %0 +2),
for some g = ¢ (r, n). Indeed, by definition f is helical if and only if f(S(p)x) is actually
independent of p, being equal to f(x). Then, by the Chain Rule df (S(p)x)/dp = 0 is
equivalent to df (r, &, n)/d& = 0.

Similarly, a (smooth) vector field u is helical if and only if there exist v,, vg, v;, functions
of (r, n) such that u, = v, (r, 520 +2), ug = vg(r, 50 +2), uy = v (r, 5260 + 2).

We note that a vector field u is invariant under the action of G for all o # 0 if and only
if v, vg, v, are functions of r only. In particular, planar, circularly symmetric flows, that is
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flows for which v, = v, = 0 and vy is a radial function, are a (very) special case of helical
flows.

The change of variables (x1, x3, x3) — (7, &, n) introduced above has often been used to
characterize helical symmetry, and, in fact, it does provide a simple, geometrically elegant
description of invariance for both scalar functions and vector fields. However, to obtain
estimates on solutions of the fluid equations, we find that an alternative characterization
actually simplifies calculations, by avoiding moving frames. As a matter of fact, we show in
the following proposition that sufficiently smooth functions and fields with helical symmetry
are essentially two dimensional, in the sense that they are uniquely determined by their trace
on any “slice” 2 N {z = constant}, which can be canonically identified with the unit disk
D C R%.

Below we will make use of the following notation, where we employ Cartesian coordinates
and frames. Given y = (yi, y») we let y= = (—y», y1) and we set

E=y".V,. (2.4)

The operator E is scalar and will be applied component wise to vectors as well in what
follows.

‘We also use the notation Vg = (Vl, V2, 0) for the horizontal component of the vector
V= (Vl, V2, V3), and we denote the vector (—Vz, vi, 0) by VI%I.

Proposition 2.1 Letu = u(x) be a smooth helical vector field and let p = p(x) be a smooth

helical function, where x = (x1, x2, x3). Then there exist unique w = (wl, w2, w3) =
(w', w?, w)(y1, y2) and g = q(y1. y2) such that
u(x) = MQ2rxz/o)w(y(x)), p=px)=q(yx)), (2.5
with M (p) given in (2.2), and
v cos(2rx3/o) —sin(2mwx3/0) X1
y(x) = = . (2.6)
2 sin(2rx3 /o) cos(Qmx3/o) X2

Conversely, if u and p are defined through (2.5) for some w = w(y1, y2),q = g(V1, y2),
then u is a helical vector field and p is a helical scalar function.

‘We omit the proof, which is a standard application of vector calculus.
In what follows, for notational convenience we set

cos(2rx3/o) —sin(2wx3 /o)
m? (x3) = ,
sin(Qexz/o) cos(2mxz/o)

so that

y(x1, x2,x3) = Bj =m? (x3) [2]

and

(m® (x3)7T 0
MC (x3) = MQrx3/a) =
0 1
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It is clear, from Proposition 2.1 above that any smooth helical flow is periodic in x3, both
velocity and pressure, with period the step o. We can therefore state the initial-boundary-value
problem for the Navier—Stokes equations in the fundamental domain Q7 := D x (0, 0):

gu+ (u-Vyu=—-Vp+vAu+f, in(0,+400) x Q7;

divu =0, in [0, +00) x Q7;

u(t, x’, x3) =0, fort € [0, +00), |x'|=1, 0<x3 <o0;
u(t, x', x3) =u(t, x’, x3 +0) fort € [0, +00), x' € D;

pt,x',x3) =p@t,x',x3+0) fort € [0, +00), x' € D;

u(0, x) = ug, x € Q°,

2.7
where we set x’ = (x1, x2), so that x = (x', x3).

The Euler equations are formally obtained by setting v = 0 above and by replacing the
no-slip boundary condition u|3qs = 0 with the no-penetration condition u - x" = 0 on 9Q°.
We discuss Euler solutions in Sect. 5.

In what follows, for simplicity we set any body forcing f = 0, and take the viscosity
coefficient v = 1, as we do not contend ourselves with the vanishing viscosity limit in this
work. We plan to study the interplay between the limits v — 0 and 0 — 0 in future work.

We denote by C ger (R2°) the subspace of C%(R2), @ € R of functions that are o -periodic
in x3, and by Cé’f’p . (§27) the space of smooth functions which are o -periodic in x3 and com-

pactly supported in D for each fixed x3 € [0, o]. We also denote by Holq per (R29) the closure
of C®  (Q°)in H(Q),andby H p_el, (R29) its dual. We note that the closure of the subspace

c,per

of Cé’fper (R29) of divergence-free vector field is the subspace {u € H()l,per (R9) | divu = 0},
where derivatives are taken in the weak sense.

In the remainder of the paper we will consider solutions to (2.7) and the corresponding
inviscid system (5.1) with initial data uo of limited regularity. More specifically, 1o will
be taken in H(}’ per (R29) for Navier-Stokes and in H ;er (R29) with initial vorticity curl ug €
L (%) for Euler. We now briefly discuss helical symmetry in this context.

Definition 2.1 Let p € H [l,e, (279). We say that p has helical symmetry if there exists a
sequence of smooth, helical functions p, such that p = lim,,_, o, p, in H ;er (229). Similarly,
we say that a vector field u in H ,],e, (£2°)3 has helical symmetry if u is a strong limit in

H ;e, (Q°)3 of a sequence of smooth, helical vector fields u,.

‘We next show that the characterization of helical symmetry given in Proposition 2.1 carries
over to functions and vector fields in H'.

Proposition 2.2 Letu € (H’}e, Q). pe H[]w (R7) be, respectively, a helical vector field

and a helical function. Then, there exist a unique w € HY (D)3 and g € HY (D), where D is
the unit disk in R?, such that

u(x) = M7 (x3)w(m? (x3)x"),

- , a.e.x' e D, YO<x3<o. (2.8)
p(x) = q(m® (x3)x7)),

Conversely, given w € H'(D)3 and g € H' (D), if u and p are defined through (2.8), then
ue (H; ()3, pe (Hli (R2°)), and they have helical symmetry.

er er

Proof We only consider the case of a helical vector field u. The case of a helical func-
tion is similar and simpler. By definition, there exist helical vector fields u, € C*(Q?)
such that u,, — u strongly in H ;er (R29). By Proposition 2.1, for each u, there exists
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a unique, smooth w, such that w,(x") = (M°(x3)) w,((m’(x3)Tx"), for all x' =
(x1,x2) € D. Therefore, the expression on the right-hand side is independent of x3 and
Ve (M? (x3)Tu((m® (x3))Tx") = (Vew(x'), 0). If we define

w(x', x3) == (M° (x3)) u((m® (x3))" x"),

then 8x3w(x’ ,x3) = 0 in weak sense, since it is true for w, and V,u, — Vu strongly in
L*(Q2). Consequently, w is independent of x3 for almostall x’ € D (functions with vanishing
weak derivatives are constant, see e.g. [11, Theorem 6.11]) and w € H 1(D). Furthermore,

lWn = Wllg1py < CJo |u, — ul g1(qoys

by a simple change of variables, so that w, — w strongly in H' (D). The converse statement
is a direct consequence of (2.8). ]

Remark 2.1 The proof of Proposition 2.2 shows that if u € H"(Q°),m € N, then w €
H™(D) and the H™ norm of w on D is bounded by the H” norm of u on 7 with constants
that depend on o. The same result holds in L”-Sobolev spaces W;’E,p Q% for 1l < p < 0.
These spaces are defined in a manner totally analogous to H . (Q7).

We next recall the notion of weak and strong Navier—Stokes solutions. By a classical
solution of (2.7) on the time interval [0, 7], we mean a vector fieldu € C1([0, T']; C2(Q29)),
together with a function p € C 1[0, T), C'(£24)) such that the equations, and the initial and
boundary conditions are met pointwise in ¢t and x. By a weak solution on the time interval
[0, T), we mean a divergence-free vector field u : [0,T) x Q7 — R? such that u €
Cu ([0, T); L*(Q7) N L*((0, T); Hy ,,, (7)) and dyu € L' ((0, T), H,,, (7)), satisfying
the equations in the sense of distributions and the initial conditionu(0) = ug € L2%(Q%). Here,
Cw ([0, T); L?) is the space of all functions of t with values in L? that are continuous w.r.t. the
weak topology on L2. We remark that weak solutions satisfy the Dirichlet (no-slip) boundary
conditions at least in trace sense on the boundary for almost all 0 < r < T. By a strong
solution we mean a weak solution that satisfies in addition u € L*°([0, T); Hol,per Q)N
L*((0, T); H},,(R7) N Hy er (7)) and the condition wo € Hy per (7). 1t then follows
that there exists an associated pressure function p € L2((0, T); H'(Q7)). A strong helical
solution will denote a strong solution that is a helical field in the sense of Definition 2.1.
We recall that any strong solution of the Navier—Stokes equations is unique and smooth for
t > 0 (seee.g., [16, Theorem 1.8.2]). Hence, strong solutions are actually classical solutions
on any time interval [§, T'], § > 0. It was shown in [12, Theorem 3.4] that weak solutions of
(2.7) with helical symmetry are unique, global in time, and agree with a strong solution, if
the initial data belongs to H(i per (R29) and the associated pressure p is also a helical function.
(See also [1] for more elaborate discussion regarding this matter.)

er

3 Symmetry Reduction for the Navier-Stokes Equations

In this section we derive a set of symmetry-reduced equations that completely capture the
dynamics of the original system under the hypothesis of helical symmetry.

We begin by deriving the symmetry-reduced system under the hypothesis that (u, p) are
classical solutions of (2.7) and have helical symmetry. Let w = w(¢, y;, y2) be given in
terms of u by Proposition 2.1. We will derive from the Navier—Stokes system the equations
satisfied by w. Smoothness of u and w justifies all the algebraic manipulations. For ease of
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notation, in this proof we write M T for [(M?)(x3)]T. We multiply the momentum equation
in (2.7) by M7 and identify each term in the resulting expression as follows to obtain:

MTu = 8,w, (3.1a)
27 27
MT[(u-Voul = (wy - Vy)w + ( - ) w3 Ew (7) wiwi;, (3.1b)
Ty 2
M"Vip=yq)u + Eqes, (3.1¢)
T 4”2 2 1
M Ayu=A,w+ — [E°wW —2Ewy — wy], (3.1d)
: o

where E is the operator defined in (2.4). We similarly perform the symmetry reduction on
the incompressibility condition for u to obtain

2
divyu = divywy + ( ) Ew?. 3.2)
o
Therefore, we find that w and ¢ satisfy the following initial-boundary-value problem:

2 4 n
oW+ (Wy - Vy)w + - [Ew —wy]l=—(Vyq)u

— %Tqu3+Ayw+ tL;[Ezw—2Ewﬁ —wgl, (3.3a)
divywy + %”Euﬁ =0, t>0, yeD, (3.3b)
w(t,y) =0, t>0, |yl=1, (3.3¢)
w(0, y) = wo(y), ye€D, (3.3d)

where wy is related to ug via (2.5).

Before giving a weak formulation of the above initial-boundary-value problem, we note
that the operator £ = y - V, is anti-selfadjoint, i.e., E* = —E, since div, yt =0.If we
write (3.3b) as A w = 0, for some matrix operator A with w considered as a column vector,
it follows that A and its adjoint A* are given by:

A= [aylv 9y, 2: E] AT = =0y, |,

assuming natural (homogeneous Neumann) boundary conditions. It can be easily checked

that the (scalar) second-order operator A A* = —A, — ‘Z’—;E 2 is elliptic for any o # 0.

We will call a vector field w on [0,7T) x D a weak solution of (3.3) if w €
Cy([0, T); LX(D)) N L*((0, T); Hy (D)), 3w € L'((0,T); H-'(D)), w(0) = wo €
L?(D), w satisfies the constraint (3.3b) in the sense of distributions, and for all (vector-
valued) test functions ® € C2°([0, T) x D) that satisfy (3.3b),

t 2” t
//w-a,<1>dydt+—//w3(<1>~wi,+E<I>-w)dydz
0 JD o Jo JD
t 47.[2 t
+//A<I>-wdydt+—2//(E2<1>-w+2E<1>-wi,) dy di
0 JD o 0 JD

4% (1
—72/ / ® -wydydt = —/ @) -w(0)dy. 3.4
o~ Jo Jp D
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A weak solution will be called a strong solution if, in addition, w € L*°([0, T); HOI(D)) N
L?((0, T); H*(D)NH} (D)) and wo € Hj (D). By interpolation then, w e C((0, T); HJ (D))
(c.f. e.g. [18, Lemma 4.8 p. 570]). By projecting the momentum equation (3.3a) onto the
kernel of the operator A, one obtains an elliptic equation for the pressure g:

2 472
AAG = A [(wH VW — guﬁ (Ew —wh) + %(ZEwﬁ + wH)] ENCE)

using that £ and Ay (hence E and A) commute and the fact that Aw = 0. Consequently,
elliptic regularity gives that ¢ is at least in L!([0, T); H' (D)) by the regularity of strong
solutions.

In the following proposition we establish the relationship between strong solutions to the
Navier—Stokes system (2.7) and strong solutions of the symmetry-reduced system (3.3).

Proposition 3.1 Letug € HOI, per (R29) be a divergence-free, helical vector field. Let u be the
unique, strong helical solution of (2.7) on [0, T), for any T > 0, with initial condition ugy
and associated pressure function p. Then, the vector function w = (w', w2, w3) and scalar
function q, defined through (2.8) from u and p, give a strong solution of the reduced system
(3.3).

Conversely, let w be a strong solution of (3.3) and associated pressure q. Then, if u and
p are defined from w and q via (2.8), u is a strong helical solution of (2.7). In particular,
strong solutions of (3.3) are unique.

Proof By Definition 2.1, there exists a sequence of smooth, helical functions ug, on
Q° such that wp, — ug strongly in Holy » o (829). Let u, be the unique, classical heli-
cal solution of (2.7) with initial data ug ,, and pressure p,. (We recall that such solu-
tions exist globally in time by the results in [12].) The sequence {u,} is uniformly
bounded in L>([0, T); Hy, per (7)) N L*((0, T); H},,(R7) N Hy, per (7)) and {9;u,}
is uniformly bounded in L'([0, T); H ;elr (29)). Therefore, by interpolation and Rellich’s

theorem, there exists a subsequence converging strongly in H¢([0, T); H(i per(Q“)) N
L*((0, T); H),£(Q7)), for all € > 0, weakly in L2((0, T); H*(Q7)), and weakly-x in
L>([0, T); Hy ,,, (7)), such that 9;u,, converges weakly in L' ((0, T); H™"(D)). The limit
u is then a weak solution of (2.7) with initial data ug (by arguments similar to those showing
existence of Leray—Hopf weak solutions, cf. [18, Theorem 5.9, Chapter 17]. )

Since weak solutions agree with strong solutions as long as the latter exists, we must
have that u is the unique, strong helical solution of (2.7) with initial data ug. Hence, the
whole sequence {u,,} converges to u by uniqueness of the limit. A similar argument gives
convergence of p, to p in L'((0,T); H'(D)) .

Let now w, be associated to u, by (2.5). Then, w, is a classical solution of (3.3), with
associated pressure g, given by (2.5) in terms of p,, by the calculations at the begin-
ning of this section. Furthermore, the proof of Proposition 2.1 implies that all Sobolev
norms of w, and g, are bounded by the corresponding Sobolev norms of u,, with constants
depending on o. Hence, the sequence {w,} is uniformly bounded in L*°([0, T); HO1 (D)) N
L?((0, T); H*(D)N Hy (D)). From the equations, it follows that 3,w,, is uniformly bounded
in L'((0, T); H~'(D)). Hence, by interpolation and Rellich’s theorem there exists a subse-
quence converging strongly in H ([0, T); H(} (D)) N L2((0, T); H'=¢(D)), forall € > 0,
weakly in L2((0, T); H*(D)), and weakly-* in L> ([0, T); H{ (D)) to a weak solution w of
the symmetry-reduced system (3.3). Since w € L*°([0, T); Hg (D)) N L*((0, T); H*(D) N
HO1 (D)), w is a strong solution of the reduced system. Also, by refining the subsequence
if needed, we can assume that {g,} converges weakly in L'((0, T); H'(D)). Furthermore,
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the convergence of u, to u implies weak convergence of the right-hand side of (3.5) in
L! 0, 7)), H -1 (D)) and, hence, ¢ is a weak solution of the pressure equation. Lastly, since
w and ¢ in (2.8) are unique, given u and p, these must agree with the limits of u,, and p,,.
The first half of the theorem is established.

The converse follows by similar arguments, using again the uniqueness in the relation
between u, p with w, g of Proposition 2.2. Energy estimates for strong solutions of the
symmetry-reduced equations are given in Propositions 4.2 and 4.3. Uniqueness of strong
solutions to the reduced equations then follows from uniqueness of helical, strong solutions
of the Navier-Stokes equations. O

4 The Limit ¢ — oo for the Navier—Stokes System

The purpose of this section is to discuss the limit 0 — oo for helical solutions of the Navier—
Stokes equations. To emphasize the dependence of the solution on the parameter o, we will
write u’ and p? for u and p.

Next, we recall that to any helical vector field u® in H 1(©°) we can associate a three-
component vector function w’ in H'(D) by means of Proposition 2.2. The divergence-free
condition on u? is recast as (3.3b) for w?. In what follows, we will need to relate divergence-
free vector fields in D to fields satisfying the condition in (3.3b). To this end, we will exploit
the following useful lemma.

Lemma 4.1 There exists a constant C > 0O such that, for every f € L*(D) with
fD f(x)dx =0, there exists a vector field v € HO1 (D) satisfying

divyv = f and
IVVIl2py < Clfll2(py-
Proof Since D is clearly star-shaped, this is a special case of Lemma IIl.3.1 onp 116 of [7].00

We note that v is not uniquely determined. In fact, we can add to v any divergence-free
vector field in D, satisfying the H' bound above. The vector field v can be made unique by
assuming, for example, that it is curl free.

Next, we will state and prove several energy-type estimates for w?. These follow from
corresponding bounds for u’ thanks to Proposition 3.1, but we derive them here keeping
track of the precise dependence on the parameter o .

Given a helical vector field up € Holq per (R29), Proposition 3.1 gives a one-to-one corre-
spondence between strong helical solutions of (2.7) and strong solutions of (3.3) with initial
data wo € HJ (D) satisfying

2
divy [(W§) ] + ;ﬂE[(wg’3)] =0, (4.1)

where wg’3 refers to the third component of wg, and ug and wy are related via (2.8). In
particular, w € C([0, T), Hj (D)).

We remark that for any helical vector field ug for which the component along the axis of
the pipe, ug% is a radial function, the symmetry-reduced constraint on the divergence is in
fact simply the divergence-free constraint in 2D for (w{) g, since in this case £ wg 3 =0.In
this special case, the analysis is considerably simplified. We may now state our next results,
consisting of energy estimates for w”. We split these into two propositions, the first one valid
for all o > 0 and the second one valid for large o.
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Proposition 4.2 Giveno > 0, let w° be a strong solution of (3.3) on the time interval [0, T).
Then, for all t € (0, T), we have that

t
/|wg<y)|2dy=/ |w"(t,y>|2dy+2/ / IVw (s, y)|* dy ds
D D 0 D
t 4].[2
+2/ / —2[(E(w”’3))2+|Ew‘,’,—(w‘}{)L|2] dyds.
o.JpD O

Proof We simply observe that w has enough regularity to be a test function in the weak
formulation of (3.3), so we are justified in multiplying (3.3) by w° and integrating over the
domain D and, subsequently, in time. This easily yields the desired identity. O

4.2)

Remark 4.1 The following scaling relations hold:

g 1|20y = Vo IWE 1200y @3)
IVEUG [l 120y < VO IIVWE Il 120Dy
C
930 Ml 220y < %”Wg”H‘(D)’ “44)

where C is a universal constant. Indeed, a straightforward change of variables from the
relation

uf (x) = M7 (x3)wg (m? (x3)x"),
gives by the chain rule
Viug = M° (x3)[(Dwg ) (m® (x3)x")][m? (x3)],
and
o 27[ o o o I
Uy = — [0, M (x3)W§ (m® (x3)x)
+M? (x3)[(DWG) (m® (x3)x")][0,m7 (x3)]x] .

Proposition 4.3 Let 1 <o < o0, andfix T > 0. Letu® be a strong helical solution of (2.7)
on the interval [0, T). Let w° be the corresponding symmetry-reduced flow, which solves
(3.3). Then the following hold:

(1) There exists C > 0, independent of o, such that

10: W7l L20.7y: =1 (D)) < CUW I Loo0.7y:22(y) + DIVW 20,7y 12(D))-

(2) There exists C > 0, independent of o, such that

197 I 22¢0,7y: 22Dy < € (AWl oo 0, 79: 22(0y) + DIVWT Il 200, 79:22 (D)) -

Remark 4.2 As a result of Propositions 4.2 and 4.3 it follows that
IW” Ol L2(py < WGl L2(py,  foreacht € [0, T,
[Vw® ||L2((0,T);L2(D)) =< C||Wg ||L2(D),
19:W7 | 20,781 0y) < CLIWG 172y + C2IWE Il 2D
llg® lz2¢0.7): 2Dy < Ci ||W8||iz(D) + Callwg 22Dy 4.5)

with constants that are uniform in o on [1, +00).
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Proof We begin with estimate (1). We recall that u® (x) = M? (x3)w (t, m® (x3)x"), where
x" = (x1, x2). We exploit the duality between H —land HO1 to compute

(‘I’a afwg>
||atWU||H—1(D) = sup T T
W£0,¥eH] (D) I ”Hol

To this end, we test the symmetry-reduced equations (3.3) against a (vector) test function
| S HOl (D)3 and relate the weak form of the reduced equations to that of the Navier—Stokes
equations by constructing an appropriate test function @ in HO1 per (Q%)3 fromW, as follows:

1
®(x) = — M (x3)¥(m? (x3)x").
o
We recall now as well that (m® (x3)) "'y = x’ = (x1, x2) by (2.6). We then observe that

1
(M° (x3) T ®((m°) " (x3)y, x3) = —v),

by the orthogonality of M?.
We have that

/ W(y) - 9,w(t,y)dy
D
o
= / / (M° 3T @((m”)~ (x3)y, x3) - W (¢, y) dxz dy
D JO
:/ ®(x', x3) - M (x3)3,w° (t, m° (x3)x") dx :/ ®(x) - u’(t, x)dx.
Qo Qo
To bound the H! norm of u, we calculate the derivatives of ® to find
] o o I o
Vu®(x) = ;M (x3) [(DW) (m® (x3)x)]m” (x3),

27[ o o A
0 () = — (9, M (x3) W(m? (x3)x")
+ M (x3) [(D®)(m® (x3) x")] [(8,m7 ) (x3)x"]) ,

where D denotes differentiation of a function with respect to its variables and p denotes the
argument of M? and m?. A simple change of variables then gives:

1
VA )
1
IV ®li2e < €= IV¥l20,

1
1023 @l 20y < C—75 IV L2y,

532
with C a constant independent of o.
Hence, since o > 1,
1
10w ()1 = €210 @) -1 o) (4.6)

Next, we estimate the H ! norm of 9,u directly from equations (2.7):

o’ = —P[(u’ - V)u] + P[Au’],
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where P denotes the Leray projector onto divergence-free vector fields tangent to 9 D and
periodic in x3 with period o, so that

190”1, )l -1y < Crlldiv @7 @ u)(, )l -1 (gr) + C2llAU (1, )| -1
< Cillu® (¢, )1 7ago, + C2UIVU (1, )l 2 (g0

1
= CIVa W (1. )24 ) + C2 (ﬁ + %) 19w (¢, )2y

using the helical symmetry expressed by relation (2.8). It follows from (4.6) and the estimates
above that

18: W (&, Il g-1(py = CTE («/EHW (1, ')||i4(D) + («/g'i‘ %) IVw? (, ')||L2(D))

< C (W7, )2y VW (& ) 2y + IVW (2 ) 22 (y) -

where we have used the two-dimensional Ladyzhenskaya inequality (2.1). This concludes
the proof of estimate (1).

To prove estimate (2), we deal directly with the equations for w’, ¢° . Since p?, and hence
q°, is chosen up to a constant, we can assume that

/ ¢° (y)dy = 0.
D

We again use duality and interpret the L2-norm of ¢° as the dual norm in (L(D))*. Con-
sequently, we pick an arbitrary f € L?(D) such that fD fO)dy =0and ||f|l;2 =1.By
virtue of Lemma 4.1 there exists vy € HOl (D) such that

div Vg = f,
IVallgrpy < Cllflp2py = C. 4.7
We multiply (3.3) by vy and integrate over D to find:

2
/ v - (@Wi, + (WY - Vywe + —nw"'3[Ew‘,’_I - (WZ)L]) dy
D o

o o 47T2 2 0
:/ VH - —(qu )H+A)=WH+?[E Wy
D
—2E(W)E — wf,;]) dy. (4.8)
We next perform several integrations by parts, using the divergence constraint for w7 :
2
divywy + = Ew’® =0,
o
together with (4.7), to find

/VH'athy_/ w? - [(Wy - Vy)vgldy
D D i

2
= [ w5 wr Evy +wvy - (wi)t dy
o Jp

472
=/ f(y)q“(y)dy—/ VyVH-Vyw”dy——z/ Evy - Ewg dy
D D o D

872 472
+ 7/DEVH-(wg,)%zy— 7/DvH-vf;,dy. (4.9)

@ Springer



856 J Dyn Diff Equat (2014) 26:843-869

By Poincaré’s inequality for functions with zero average on D, we deduce that

‘/ fq%dy
D

for C a constant independent of f or o. Above we exploit that the operator E = y - V, is
first order and o > 1.

Hence, using that [vy | g1py < ClIfliz2py = C from (4.7) and the Ladyzhenskaya
inequality again, we find

=< ClIvall g oy U1 W Il g-1(py + ||WU||i4(D) +IVWliL2py).  (4.10)

gl z2(p) = ‘/D fa° dy‘ = CUWI =1 + Wl 2 IVW [l 2 + VW7l 2). (4.11)

Finally, squaring both sides of the inequality (4.11) and using Young’s inequality, subse-
quently integrating in time, we arrive at

o2 a2
||‘1 ”LZ((O,T);Lz(D)) 5 C (Hatw ”Lz((O,T);H—‘(D))

4.12
+ (w13 + DIVw |2 e
L®((0,T);L2(D)) L2((0,T);L2(D)) ) *

[m}

With these estimates at hand, we are now ready to discuss the limit 0 — co. We observe
that o is not a parameter appearing explicitly in the Navier—Stokes system (2.7). Therefore
it is not clear what the limit equations are even at a formal level. The dependence on o is
elucidated however in the symmetry-reduced system (3.3), which is equivalent to the original
system at the level of strong solutions thanks to Proposition 3.1.

For the reduced system (3.3), formally setting 0 = oo produces the following system of
equations for a three-component vector function w* : (0, +00) x D — R3, with associated
pressure ¢°°:

Jw !t + w1y, + w29, )w! = —a,¢™ + (35, + 05w,
w2 + (w1, + w29, ) w™? = —0,,¢™ + (37, + 07)w™?,
w3 4 (w19, +w29,,) w3 = (87 + 92w,
Ay wl + 8y, w2 =0, in [0, +00) x D;
w® =0, on [0, +00) x dD;
w0, y) = w¥(y), yeD.
(4.13)
The initial condition wi® will be taken in HO] (D) and assumed to satisfy:
3y w4 8, w? = 0. (4.14)

The first two momentum equations are independent of w3 and together with the
fourth equation give precisely the two-dimensional Navier—Stokes equations in D, where
the fluid velocity is identified with wy} := (w®!, w2 0). The third component
w3 is simply advected by the first two and diffused. For this reason, we refer to
this flow as a planar flow. Existence and regularity results for the 2D Navier—Stokes
equations immediately give existence and uniqueness of the divergence-free vector field
wZ; € C([0,T); H} (D)) N L>((0, T); H*(D) N H}(D)) and associated pressure g™ €
L?((0, T); H'(D)) N C*®((0, T) x D) for any initial condition w3y (0) € Hy (D) satisfying
(4.14), and any T > 0. In fact, w§} is smooth for r > 0. Consequently, the advection-
diffusion equation for w3 admits a unique solution, which belongs to the same class (see
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e.g. Proposition 2.7 in [14] and Theorem 3.10 in [19].) We refer to the three-component
vector function

w™® € C([0, T); H} (D)) N L*((0, T); H*(D) N HL (D)) N C*®((0, T) x D),

as the unique strong solution of problem (4.13).

The System (4.13) gives the so-called two-dimensional, three-component Navier—Stokes
equations (also known as the Z%D Navier-Stokes equations, see [14].) We can uniquely
associate to w™ a solution u® of the Navier—Stokes equations in £ with initial data ug® by:

u®(t, x) 1= w>e(, x'), xX'eD, t>0,
U () 1= W), x'eD 4.15)
p>@t,x):=q%,x',0, x'eD,t>0,

with x’ = (x1, x2). It is immediate to see that u> and p*> have at least the same regularity
as w*> and ¢°°. We will refer to u® as the Z%D solution of the Navier—Stokes system (2.7)
in © with associated pressure p*°.

To obtain a relationship with the original problem (2.7), at least at a formal level, we
observe that, if we take the limit 0 — o0 in (2.5), thanks to (2.2) and (2.6), we have the
identification:

u®(t, x) =w (@, x) = lim u’(, x). (4.16)
o —> 00

Above, we have naturally identified the cross section of the cylinder 2 at height x3 = 0
with D and x’ = (x1, x) with y. We will use the identities and estimates established in
Proposition 4.3, valid for all 1 < o < 00, to establish an estimate for the difference between
w? and w*. One difficulty in studying the limit o — oo is that w9y is divergence free, while
w9, satisfies a divergence constraint that is o dependent.

Proposition 4.4 Let w°® € H} (D) satisfy (4.14). Given o > 1, let w§ € H (D) satisfy
(4.1). Let w™ be the unique strong solution of (4.13) with initial data wg°, and let w° be the
unique regular solution of (3.3) with initial data w§ on the time interval (0, T), T > 0. Set:

0% =w’ —w™. 4.17)
Then, forall0 <t < T,

t
/|®°(r,y)|2dy+/ / VO (5. y) 2 ds dy
D 0 D

1 (4.18)

< C (1 Wl 72 Iwg 1172) (n@gniz + ;) :
Proof Since w? is a strong solution of (3.3) and w* is a strong solution of (4.13) on
the interval [0, T), there exist functions ¢® and ¢ € L'((0, T); H'(D)) enforcing the
divergence constraints. If we set r7 = ¢*®° — ¢, then ©F satisfies the following set of
equations on (0, 7) x D:

2
807 + (W, - V,)OF + (OF - V,)w™ + gw”’?’[Ew” — W)

27 o o 47[2 2.0 oL o
=—(Vyr)y — —Eq°es + A, 07 + —[E*W’ —2E(wg)" —wf], (419
g o

2
divy @9, + ~—Ew’3 =0,
o
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where E is again the differential operator y=. - V, defined in (2.4). These equations are
complemented by the initial condition

5 :=0%(0) =wj —wg® € Hol(D)

and no-slip boundary conditions on d D.

We observe that @7 has enough regularity to be a test function for the weak formulation
of (4.19). In particular, 9,07 € L2((0, T), L%(D)). The weak form, after rearranging the
terms and integrating by parts, gives:

1d
77/ |®“|2dy+/ |V®"|2dy:—/ 0° - [w - v,)@%] dy
2dt Jp D D
o o 00 2n o 7,3 o oL
— | e . [(®} - Vywe]dy- = | © ~[w’(Ew — (W) )]dy
D ’ o Jp

4 2
+% 0" - [E*w —2Ewg)t —wg | dy (4.20)
D

2
—/ o . |:(Vyrg)H + —Eq”e3:| dy=-1L—-—0L—L+ 14— Is.
D o
We estimate each of the five integrals on the right-hand side. Since w? is a strong solution

and in view of estimates (4.5) for w?, all norms appearing in the bounds to follow are finite
and all constants C are uniform in o € [1, +00). We have:

2 1

e —”/ Le7 121w | ay.
o D2

|12|s/ 1@ 2|VW™| dy,
D

2
13| < 7/ 1O [|W [(IVW? | + [w7]) dy,
o Jb
47’:2 o o o lon lon
|14|§—02 IVOT[IVW’ |dy + | |O°|(IVW’ |+ W’ ])dy |,
D D

27 2
|Is| = ‘7/&1‘” Ew’3) —¢° E(w°°’3)]dy‘ < 7/(|wa’||q°°|+|VW°°||q”|>dy.
D D

We bound further each integral I;,i = 1,...,5, using repeatedly the Ladyzhenskaya
inequality (2.1), Cauchy-Schwartz and Young’s inequalities:
I<C®U2 Vw® <C @02 VUZ V®U2
1111 = 107 174 ) VW7 20y < — (17 12, VW U2 ) + 1V I3 ).
(4.21)

1 1
2] < 1013 ) IVW 20y = 5107 72 IVWF N2 ) + 5 1VO? (4.22)

I3
LZ(D)’

C
3] < ;(H@U l22(p) ||Wo||2L4(D) + 1O L4y IVW Il L2y W [l 4 ()

C 2 2 2 1/2 172
< (107 1 32)W7 132y HIVW 125, 107 1 5, IV O7 1
3/2 1/2
X VW5 w7 I )

C
< 2(10° 2 wo 2 + VW 2 +1e° 2 ve° 2 wo 2
- (” ||L2(D) ” ||L2(D) ” ||L2(D) ” ||L2(D)|| ||L2(D) “ ||L2(D)
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2
+ ”Vwo ||L2(D))

C
= U072y W 152y + 1YW U2 )
+ (||w”||iz(D) W22 o IVO 172 ) W 172 )]s (4.23)
[14] < T(”VGGHLZHVWUHLZ(D) + 1O L2y VW I 2¢py + 1O | L2y W I £2())
o
C 2 2 2 2
< (VO Igap) + 1YW 22y + 107152 ) + W7 172 ), (4.24)
C
|Is| < ;(HQOOHLZ(D)”VWU||L2(D) + ||CIU||L2(D) VW™l 2(D))
C
= a2y + 1YW G2y + 107 2y + 1YW ) (4.25)

Inserting estimates (4.21) — (4.25) into identity (4.20) yields:

d
7”96 2

||L2(D) + ”VG)O

=ve’

||L2(D) ||L2(D)

c 1 C
( + = 2 + 7”W ||L2(D) + — ||W ”LZ(D)HW ||L2(D) + ) + ”@UHiZ(D)
C C (&
: (—HVW"niz(D) + —||VW°°||22(D) + 1wl ) + 5||Vw°°||iz(m + ;)
C C C

+ ;||q°°||izw) + ;uq"uizw)) : (4.26)
Thanks again to the regularity of w*, i.e.,
% € C((0, T); Hy (D)) N L*((0, T); H*(D) N Hy (D)),
and estimates (4.5) for w?, we can now choose o large enough such that

c 1 C c ) ) c?
7+ 2 + — ”W ||L2(D) ;”wg”LZ(D)”WOOHLZ(D)+; <
We will rewrite (4.26) as a differential inequality in order to apply Gronwall’s Lemma. To

this end, we introduce the functions

Z.

C 5 c 1 , C , C
F) =~ VW7 + (; - 5) VW7l + W75 + —
and
C C C
g(t) = —an“(z)uiz + —an“(r)uZLz + = W7 )ll3,
02
—||VW°°(r>||L2 - —||q°°<r>||Lz - —||q"(r)||iz.
We also set

2(t) = 107 (112,
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With this notation the differential inequality above becomes
d

I f®)z+g@),

so that, by Gronwall’s Lemma we conclude that

t t t
z7(t) < exp [/ f(s) ds] z(0) +/ exp [/ f(r) d‘L’] g(s)ds. 4.27)
0 0 K

Next, standard energy estimates for the 2D Navier—Stokes equations along with similar
energy estimates for advection-diffusion equations, using that w§; is divergence-free, give:

t
/0 VW) 72(py ds < IWE 172 -

We employ once again the estimates (4.5) in Remark 4.2 to deduce that

! 1
/0 f(s)ds <C (||w8°||iz + —lwg ||iz) :

! C
2 2
/ g(s)ds < — (IW°I172 + WG I72) -
0
Hence we arrive at the estimate, using that o > 1,

C
2 2 2 2 2 2
107117, < C (IW5°ll 72, WG 1172) 119G 117> + - (WGl 7> + WG 1172) -

This estimate, together with the choice of o, produces, upon integrating the differential
inequality (4.26) in time, the desired result. O

Before formulating our main results concerning the limito — oo, we note a consequence
of Proposition 4.4; namely, there may be more than one Z%D flow within a certain distance
to a given helical flow w?. This non-uniqueness will be apparent later, since a correction to
the initial data w will be needed to enforce the divergence-free condition for wg°.

We start with a simpler result, describing a way in which solutions of the two-dimensional,
three-component Navier—Stokes equations can be approximated by suitable helical solutions
of the three-dimensional Navier—Stokes equations. More precisely, suppose we are initially
given a vector function

wi® = (™!, w2, wi®?) € HY (D)
that satisfies the divergence-free constraint (4.14). Let w* be the unique strong solution
of (4.13) with pressure g°°. Recall that we can uniquely associate to w* a solution u®
of the Navier-Stokes equations in Q with initial data u§® via (4.15). We will construct a
o-dependent correction to wg°, v{, using Lemma 4.1, so that the resulting field wg, given
in (4.30) below, satisfies (4.1) and, hence, can be taken as initial data for the reduced helical
equations (3.3).
We first observe that, since wi°|3p = 0 and diVny‘ =0,

/ yJ‘ . Vyw8°’3 dy = / divy (yJ‘ w8°’3)a’y =0.
D D
Therefore, by Lemma 4.1, there exists a solution v§ = (v(()r o1 , vg ’2) € HO1 (D) to the problem

2
divy v§ = — = Ew(®?, (4.28)
. o

@ Springer



J Dyn Diff Equat (2014) 26:843-869 861

such that | c
3
Vol < C;”E ke lz2py = ;”W(C;OHHI(D), (4.29)

where we recall that E = y=+ - Vy.
Next, we introduce the three-component vector function

wi = w° + (v§,0) € Hy (D), (4.30)
which by construction satisfies (4.1), since wg’3 = wgo 3 We will take w( so constructed as

initial data for (3.3). We are now ready to state our first theorem.

Theorem 4.5 Fix o > 1. Let w® € HOI(D) satisfy (4.14). Let w™ be the unique strong
solution of (4.13) with initial data wi°. Let u*™ be the unique 2%D solution of the Navier—
Stokes equations (2.7) associated to w™ via (4.15). Let wg be given by (4.30) for a choice
of v§ solution of (4.28), and denote by w° the strong solution of (3.3) with initial data w.
Let uf be the associated strong helical solution of the Navier—Stokes equations (2.7) given
by Proposition 3.1. Then, for any fixed T > 0,

C
[w(t, -, x3 =0) —u™(, -, x3 =0 .2(p) < —=, forall 0 <t <T,

(4.31)
||VHUU|X3=0 - VHuoo|x3=0||L2(07T;L2(D)) < —

’

Jo
c
Jo

where C is independent of o € [1, 00).
Proof Since by hypothesis, both u® and u® € C([0, T); Holy per(Q“)
NL2((0, T); HI%” Q%) N H()l,per (Q)), the traces u’|y,—o(t) and u™|,,—o(¢) are well
defined as elements of LZ(D) forall 0 < ¢t < T, while the traces Vu? | x3=0 and Vu*|,—o
are well defined as elements of L2((0, T); L2(D)).
We continue by showing that

IWg — wlll 2 (py < and (4.32)

<
Jo
Iwg ll2py < C, (4.33)

with constants C uniform in o € [1, o0). To see that the first statement (4.32) holds true, we
note that

wi —wyo = (v§, 0),
where v{ is a solution of (4.28) and satisfies (4.29).
Hence,
o o o o C o
Iwog —wo llz2py = IV 22y = Vo lmipy < ;”Wo (F7 e
The second statement (4.33) follows immediately from the first.
Then, Proposition 4.4 gives that

C
Iwe(t, ) — w(t, N2y < ﬁ, for almostall 0 <t < T, (4.34)

and

||VHWU — V[-[WOOHLZ(O,T;LZ(D) (435)

C
) E )
Vo

again with constants C that do not depend on o > 1.
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Next, the proof of Proposition 3.1 shows that the helical solution u® of (2.7) with initial
condition ug related to wg via (2.8) is given by

u?(t, x', x3) = M? (x3) W (t, m? (x3)x"),
for t > 0, where x” = (x1, x2), so that in particular:
u(t,xy) =wo(t,x"), Vyu(t,xy)=Vew(t, x).
From (4.15), it also immediately follows that
u®(t, xg) = we(t, x'), V,au®(t, xg) = Vgu®(t, xpy) = Vuw’ (¢, x).

Then, estimate (4.31) is a straightforward consequence of (4.34) and (4.35). ]
Remark 4.3 1t is natural to derive bounds of traces at x3 = 0 in view of (4.16). In fact,
recalling that u® is smooth in x € Q7 for ¢+ > 0, a simple argument, using a Taylor’s

expansion for u’ in 0 < x3 Jo < 1, centered at 0 with x” € D fixed, shows that for a given
fixed ¢,

[ (, %) —u™ (@, 0)| = W (1, x) = w*(t,.x)| + O (%3') :

with bounds that depend on |[w? (x)| and |V,w (x")|. Therefore, an argument similar to that
of the proof of Theorem 4.5 above gives:

lu® (1) — u°°(t)||Lz(U) rr_—>)o(<)3 forall 0 <t < T,

oo (4.36)
VU = Vu®l 20,720y 2,9,

for any cylinder U C Q2 of the form
U={x=(',x3)|x' €D, x3€[0,68], §/c — 0}.
o—>00

On the other hand, |x3|/0 is O(1) in Q7. Hence, it seems difficult to obtain any convergence
estimate of u” to u® globally in Q% as o — 0.

The previous result is not exactly what we aimed at, as it represents a way of approximating
a general two-dimensional flow by a well-chosen helical flow. What we want, instead, is to
show that helical flows with large o are nearly two-dimensional. This adjustment is expressed
in our next result.

Theorem 4.6 Fixo > land T > 0. Letuj € H&Im(Q") be a divergence-free, helical
vector field. Let u® be the unique, strong helical solution of (2.7) on [0, T) with initial
velocity ug. There exists a (not necessarily unique) wg® € H Y(D), such that, if u® s the
unique Z%D solution of the Navier—Stokes equations (2.7) with initial data l;(\o)/o(-, x3) = wg°,
then forall0 <t < T,

lu? (. -, x3 = 0) —uX(t, -, x3 = 0)[| 12(p)

— 1
HIVEU [3=0 — VEU®|x3=0ll L2¢0.7:12(D)) < C(T)77 (4.37)

7

where C is independent of o € [1, 00).

We use the notation u® to emphasize that, while this is a solution of the limit problem, it is
still dependent on o due to the correction to the initial condition to enforce the divergence-free
condition.
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Proof As in the proof of Theorem 4.5, the traces of u? and u® are well defined at the level
of strong solutions. Furthermore, as in that theorem we will introduce a correction to the
initial data uf to enforce the divergence-free condition on the initial data u®( we take for
the limit problem. Let wg € HOl (D) be associated to the helical field uf € Hol’ per(Q") by
(2.8), satisfying (4.1). Let w? be the regular solution of (3.3) with this initial data.

Next, let vg = (vg’l, vg’z) € HO1 (D) be a solution, given by Lemma 4.1, to the problem

2
divyv§ = —— Ew3?, (4.38)
o
where again E is the differential operator defined in (2.4), such that
o 1 0,3 ¢ o
Ivo gt < C;”E wo ll2py < ;”Wo |1 (- (4.39)

Its existence is justified exactly as before.
We then set . o
ui®(x) = wep(x') := wg (x') — (v§ (x'), 0), (4.40)
which is divergence free by (4.38). Let w® be the solution of (4.E) with initi/a\l/(iata;—vsgo.
The Z%D solution of the Navier—Stokes equations is given by u® (¢, x) = w> (¢, x’). In

particular, the trace IIEE’(Z‘, - x3=0) =/u7°_5(z, 2.
By Proposition 4.4, estimate (4.37) now follows from

— C
lwg — WSO”LZ(D) = ||V8||L2(D) = ||Vg||Hl(D) = ;”Wg”Hl(D), (4.41)
— C
IWell 2y < WG llL2(py + 1¥0 I .2(py < (1 + ;) W Il 1 (py,  (4.42)
||W8||L2(D) = ”w8||H1(D) = [lug (x3 = Ol (py (4.43)
with constants uniform in o € [1, 00). O

5 The Inviscid Case

In this section we discuss symmetry reduction and the limit 0 — oo for the Euler equations
under an additional geometric assumption, considered already in [5,6]. This assumption can
be viewed as the analog of the no-swirl condition in axisymmetric flows and for this reason
we will call it the no helical swirl or no helical stretching condition. It can be shown that
the flow induced by solutions of the Euler equations preserves this condition at least when
the solution is regular enough. Furthermore, vorticity has an especially simple form, being
determined by its vertical component, which is advected by the flow. This observation allows
to prove global existence and uniqueness of weak, helical solutions in much the same spirit as
for solutions to the two-dimensional Euler equations, provided the initial velocity is bounded
(cf. [91)

We now briefly review these results, referring the reader to [5,6] for more details. We will
then discuss the limit problem as ¢ — oo and convergence of solutions. On one hand the limit
problem is simpler, being given by the 2D Euler equations. In fact, under the no-stretching
constraint the symmetry-reduced helical Euler equations become a two-dimensional systems
for two components of the velocity, which admits a vorticity-stream function formulation
(see e.g. [14].) This system is the analog of the symmetry-reduced equations (3.3) for the
Navier—Stokes. On the other hand, to circumvent the lack of smoothing in the equations for
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positive time we will use compactness arguments to pass to the limit in o, which do not
provide a rate of convergence.

For ease of notation, we temporarily suppress the explicit o -dependence of solutions and
write u for u® for example. We assume for now that u and p are smooth, so that all the
manipulations to follow are justified.

Given that smooth, helical vector fields and functions are o periodic by Proposition 2.1, we
state the initial-boundary-value problem for the Euler equations in the fundamental domain
Q0

ou+ (u-Vyu=-Vp, in(0,+00) x Q7

divu =0, in [0, +00) x Q7;
u(t,x’,x3)-x' =0, fort € [0, +00), |x'|=1, 0<x3 <o0; 5.1)
u(t,x’,0) =u(t,x',o0) fort € [0,+0c0), x’' € D; )
pt,x',0)=p,x',o0) forte[0,+0), x' € D;
u(0, x) = ug, x e Q°,
where again x = (x/, x3) and x’ = (x1, x2).
Let o o
. 1
& .= (xz, —X1, E) = —xyz + Eey 5.2)
We will consider flows satisfying the following no-helical-swirl or stretching condition:
u-£=0. (5.3)

This condition is preserved by smooth flows under the time evolution governed by the Euler
equations.

There are several consequences of this condition. Firstly, the vertical component u3 of
the velocity field u is computed from the other two components, i.e., the dynamics is planar.
Secondly, the vorticity @ = curl,u is given by

2 3
o, x) = —w(, x)E, wi=w, 5.4
o
where ? is the component of the vorticity along the axis of the cylinder €2 (see Lemma 2.11
in [6] for a proof of this fact). Furthermore, o is advected by the flow u:
dw+u-Vo =0. (5.5)

To derive the symmetry-reduced equations, we recall that w(z, y) = u(z, y, 0) from
Proposition 2.1, given that the matrices M and m becomes the identity matrix for x3 = 0.
Consequently,

w(t,y) =ow(,y0) = Vyl ~wy(t,y) =curl,wy(t, y). (5.6)

Above, to avoid introducing further notation, we have abused notation slightly and identified
(w!, w?) with wy = (w!, w2, 0), where w!, w? are the horizontal components of w with
respect to the standard Cartesian frame in R>.

While wy is not divergence free in view of (3.3b), one observes that a divergence-free 2D
flow can be constructed from w under the no-helical-swirl condition, which therefore admits
a stream function ¢ on D. This stream function satisfies:

2 2
¥ =2 [—ylyz w! + (4%2 + y%) wz] ,

o 2 5.7)
0y, ¥ = —:—2 I:(f? + y%) w! — y1iy2 w2:| .
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We define the following matrix:

2
42 (4"7+y§) —y1y2

H(y) = — ) , (5.8)
o? —y1y2 (4"? + y12)
and rewrite as
Viy = Hy) wy.
A direct calculation, as in [6], then shows that
curlwyg = divy K (y) Vyyr,  with
o’ 42 _
1 w2 TV yiy2 5.9)
K(y) = IR &2 2 .
2 T —y1y2 (472+y1)
From (5.6) and (5.9), it follows that
w = EH \//a
where the operator Ly is defined by:
Ly =div,(K(y) V,). (5.10)

It is not difficult to show that £ is a second-order, scalar, strongly elliptic operator. Conse-
quently, VZL‘;l is a singular integral (see e.g. [17] for a proof).

Next, calculus equalities show that the transport equation (5.5) for w reduces by helical
symmetry (i.e., using the correspondence in Proposition 2.1) to the following equation for
won (0,T) x D:

472 n
0w +WH~Vyw+7(y -wyg)Ew =0,

where E is again the operator given in (2.4). Using (5.9), we can rewrite this equation as
an equation for @ and v only (cf. [6, Lemma 2.17].) Furthermore, we can choose Dirichlet
boundary conditions for ¥ from the no-penetration condition for u as in Corollary 2.16 of
[6]. Therefore, under the no-helical swirl condition and for sufficiently regular solutions, the
initial-boundary-value (5.1) for the Euler equations is equivalent to the following symmetry-
reduced system:

0y + 0y, ¥ 0y, — 0y, ¥ 0y, @ =0, yeD, 0O<t<T, (5.11a)
o =Lyy, yeD,0<t<T,

v (0, y) = vo(y), y € D, (5.11b)
Ylap =0, 0<t<T. (5.11¢c)

Since (5.11a) is a transport equation by the divergence-free vector field V),lw, the L norm
of the reduced vorticity @ is preserved under the flow. By (5.4) and Proposition 2.1, the
vorticity @ = curl,u is preserved under the flow induced by u. By the Beale-Kato-Majda
criterion ( see e.g. [14]) then, smooth helical solutions of (5.1) are global in time and agree
with a weak solution with the same initial data.

We next discuss weak solutions. Given ¥ € HOl (D) N H%(D), we call a function ¢ €
L'([0, T); H} (D) N H*(D)) a weak solution of the above system on [0, 7)) with initial data
Yo if, for all test function ¢ € C2°([0, T) x D), v satisfies:
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T T
/z:Hwomowy—/ /z:Hwa,¢dydt+/ /ayzwz:wamdydr
D 0 D 0 D (512)

T
—/ /a},lﬁﬂwayzqsdydt:o.
0 D

Ettinger and Titi [6] proved that there exists a unique weak solution on [0, T), forall 7 > 0,
provided in addition Ly 9 € L% (D). In this case the solution satisfies Ly € L ((0, T') x
D).

While there is an existence theory for weak solutions of the Euler equation in three
dimensions [4,20], we will give here a definition of weak solution to (5.1) adapted to the
geometry of the problem and amenable to the analysis of the limit 0 — oo (for further
discussion of helical weak solutions, in particular non-uniqueness of weak solutions with
helical initial data and symmetry-breaking, we refer the reader to [1].) Let v be the unique
weak solution of (5.11) with initial condition ¥y € HO1 (D) N H*(D) such that Lyyg €
L®(D). Let w = (wg, w?), where wy is given in the equation above (5.9) and w3 is
obtained from wy via (5.3) as

2w
w3 = 7yJ_ *WH.
o

Let u be defined from w by (2.8). We will call u a weak, helical solution of (5.1). This
definition is justified in view of the following proposition.

Proposition 5.1 Let { ,} be a sequence of functions converging to Yo € H(; (D)NH*(D).
Let vy, be the smooth solution of (5.11a) with initial data Vg ,,. Then, v, converges uniformly
on [0, T) x D) to  the unique weak solution of (5.11).

The proof is contained in [6]. We recall it briefly.

Proof The sequence {1/, } is uniformly bounded in L' ([0, T); Hj (D) N H*(D)) and Ly
is uniformly bounded in L*°([0, T) x D). Recall that the equation for @, = Ly, is
a transport equation by V)J;wn, which is divergence free. Since 9;0 jﬁgl is a Calderon-
Zygmund singular integral, {Vﬂ- ¥, } is bounded in the space LLip of Log-Lipschitz vector
fields. Hence, the family {X,,}, where X,, is the flow generated by V11, is equicontinuous
and hence, upon possibly passing to subsequences, @, converges strongly in L' (0, T) x D)
and Vyl Y, converges uniformly to Vyl Y, In particular, v, converges uniformly to ¥. These
convergence results are enough to pass to the limit in the weak formulation (5.12) (cf. [14,
Section 8.2.2].) The limit lim,,_, o ¥, must necessarily agree with i by uniqueness of the
solution, so the whole sequence converges to . O

This result also implies that, if @ (0) € L°°(D), then w (¢, x) = @ (X~(¢, x), where X
is the flow generated by V-, is the (unique) weak solution of (5.11), hence all its L? norms
are constant in time.

We next discuss the limito — co. We reinstate the explicit dependence on o, and write for
example u? for the solution of (5.1), @ for curl, u® and so on. We denote the corresponding
quantities in the limit by u®, ©°° and so on.

Formally taking the limit ¢ — oo in (5.3) gives u®3 = 0 and, hence, u® = uf;.
Furthermore, u® becomes independent of the x3 variable, so that

u™(x) = wr) = wiy (x)
is divergence-free as a vector field on D. Also, the matrix K¢ approaches the identity matrix

in the limit, so that £ is simply the Laplace operator, 1 is the stream functions associated
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tou}y, and > (x") = 0> (x) = curlyufy (x). In particular, (5.11a) becomes the vorticity-
stream function formulation of the 2D Euler equations. We conclude that, at least formally,
helical solutions to the 3D Euler equations become planar 2D solutions of the Euler equations
as o — 00.

We explicitly state the limit problem:

Q™ + 8y, Y™y, ™ — 8, Y™ 8, @™> =0, yeD,0<t<T, (513)
woo:Ayl/foo, yeD,0<t<T,

Y0, y) =¥ (y), yeD, (5.13b)
¥ >lap =0, 0<t<T. (5.13¢c)

Below we will study convergence of the corresponding stream functions ¥ — > as
o — o0. Since the uniqueness and regularity of weak solutions depends on an L control
on the vorticity, we will prescribe the initial vorticity ] independent of o, i.e.,

oy = o = wo € L™(D).

This choice can be relaxed by taking a sequence ;] converging to @ strongly in L (D). We
then obtain an initial condition for the stream function, wg , that is o-dependent. We choose
the initial data for the stream function as the unique solution in HOI(D) of the following
problems, respectively:

AV = o,

2 4% — (5.14)
HY0 — .

By elliptic regularity, ¥§°, ¥ € W2P forall 1 < p < o0.

Next we will derive uniform bounds in o on the W2 norm of 1 and then use compactness
arguments to pass to the limit. It is well known that, under the condition that the initial
vorticity @ is bounded, solutions to the 2D Euler equations are global in time and unique
[9]. Therefore, it will be enough to establish convergence along subsequences.

Lemma 5.2 Let 1 < p < 00 be fixed. Then, there exists a constant C, > 0 such that, for
all o > 1 and forall f € W>P(D),

1Lw fllLry < Coll Fllwr - (5.15)

Moreover, there exists a oy > 1 and a constant C, > 0, independent of o € [0y, 00) such
that

Ifllw2rpy < Cp ILH fliLr(D)- (5.16)

Proof We observe that we can write the matrix K° = I, 4+ F?, where I is the 2 x 2-identity
matrix and

1 4y 4y
o _ 2 2
F°(y) = 1+ 472 |y 47702Y1y2 4”57«"%
We have: 1 |
IF L=y < Ci pp IVyFollLpy < Czp, (5.17)

for some constants C1, C, independent of o. The bound (5.15) then follows immediately.
To establish (5.16), we write

Ayf=Lyf—F(y):V2f —(divyF7(») -V, f,
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so that from elliptic regularity for the Poisson’s problem for 1 < p < oo, Holder’s inequality
and (5.17):

Iflw2r < CpILu fllLe + 1 F7 V2 flier + Idivy F7 - Vy fllLr
<C,lILufllr +Ci %HngHLp +C %”Vyf”LF,
or equivalently:
(1= (C1+C /D) fllwzr < Cp L fliLr.
So, the result follows provided we choose o¢ > 1/4/(C| + C7). |

We now state and prove our convergence result for the Euler equations. We recall that the
only difference between the equations at o finite and in the limit is the equation expressing
the relationship between the vorticity and the stream function.

Theorem 5.3 Let wg € L°°(D). Let § and y§° be given by (5.14). Let y° be the unique
weak solution of (5.11) with initial data \§ . Let ™ be the unique weak solution of (5.13) with
initial data (°. Then, ° converges to Y™ strongly in L? ([0, T); wWbhr(D)), 1 < p < 0.

Proof Since the initial vorticity wy € L (D), VEiyo e LLip(D) with a bound on the
Log-Lipschitz norm that is uniform in o for o € [1, 0o0) by (5.17). Therefore, we have a
uniform bound on @ in L*°([0, T') x D), thanks to the transport equation (5.11a). In turn
by (5.16), this bound implies a bound on the family {1/} of weak solutions of (5.11) in all
spaces L*°([0, T); WZ’P), 1 < p < oo that is uniform in o > o9 for o large enough.

Next, we recall the following a priori bound for weak solutions of (5.11) (see [6, Lemma
4.2]):

1800° | oo o, yewir oy < Col LY oo,y p) 1 s .7 Wiy

where C,, is independent of o for o large enough as in Lemma 5.2. Therefore, {1/} is
uniformly bounded in Lip([0, 7'); wlp(Dy). By the Aubin compactness theorem (see e.g. 3,
Lemma 8.4]) then, there is a sequence {1/ } that converges strongly in L4 ([0, T'); whpy 1 <
q < 00, to a function 1 °°. Upon passing to a subsequence if necessary, one can assume also
that e " converges weakly-x in L°°([0, T') x D) to a function @ *° from the uniform bound
obtained above. It remains to show that @™ = A in L2(D). This result follows from
the identity @ = Ly, valid for all o, and (5.17), by writing again K° = I, + F°.
Asin the proof of Proposition 5.8 in [6], these convergence results are sufficient to show that
¥ and w *° satisfy the weak formulation of the limit problem (5.13). But weak solutions of
the 2D Euler equations are unique if the vorticity is bounded, hence any converging sequence
of {17} must converge to 1. O
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