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Abstract We introduce a model of dynamic visco-elasto-plastic evolution in the linearly
elastic regime and prove an existence and uniqueness result. Then we study the limit of (a
rescaled version of) the solutions when the data vary slowly. We prove that they converge,
up to a subsequence, to a quasistatic evolution in perfect plasticity.
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1 Introduction

The quasistatic evolution of rate independent systems has been often obtained as the limit case
of a viscosity driven evolution (see [7-10,14,15,17,18,20-23,26,27,30]). In this paper we
present a case study on the approximation of a quasistatic evolution by dynamic evolutions,
in a mechanical problem governed by partial differential equations. For a similar problem in
finite dimension we refer to [1].

More precisely, we approximate the solutions of the quasistatic evolution in linearly elas-
tic perfect plasticity (see [6,27]) by the solutions of suitable dynamic visco-elasto-plastic
problems, when a parameter connected with the speed of the process tends to 0.

In the first part of the paper we consider a model of dynamic visco-elasto-plastic evolu-
tion in the linearly elastic regime. In a sense it couples dynamic visco-elasticity with Perzyna
visco-plasticity. In [27] the quasistatic evolution for perfect plasticity is obtained as a van-
ishing viscosity limit of Perzyna visco-plasticity. This is the main reason for our choice of
this particular dynamic model.
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We now describe the model in more detail. The reference configuration is a bounded open
set £2 C R" with sufficiently smooth boundary. The linearized strain Eu, defined as the
symmetric part of the gradient of the displacement u, is decomposed as Eu = e + p, where e
is the elastic part and p is the plastic part. The stress 0 = Age + Ajé is the sum of an elastic
part Age and a viscous part Ajé, where Ay is the elasticity tensor, A is the viscosity tensor,
and ¢ is the derivative of e with respect to time. As usual we assume that Ag is symmetric and
positive definite, while we only assume that A; is symmetric and positive semidefinite, so
that we are allowed to consider also A1 = 0, which corresponds to the purely visco-plastic
case.

The balance of momentum gives the equation

i — divo = f,

where f is the volume force, and we have supposed, for simplicity, that the mass density
is identically equal to 1. As in Perzyna visco-plasticity, the evolution of the plastic part is
governed by the flow rule

p =0p —TTKOD,

where op is the deviatoric part of o and 7k is the projection onto a prescribed convex set
K in the space of deviatoric symmetric matrices, which can be interpreted as the domain of
visco-elasticity. Indeed, if op belongs to K during the evolution, then there is no production
of plastic strain, so that, if p = 0 at the initial time, then p = 0 for every time and the solution
is purely visco-elastic.

The complete system of equations is then

Eu=c¢e+ p, (1.1a)
o = Ape + Aréq,, (1.1b)
ii —dive = f, (1.1c)
p=0p—Tkop, (1.1d)

where e4, denotes the projection of e into the image of A;. This system is supplemented
by initial and boundary conditions. Other dynamic models of elasto-plasticity with viscosity
have been considered in [2] and [3]. The main difference with respect to our model is that
they couple visco-elasticity with perfect plasticity, while we couple visco-elasticity with
visco-plasticity.

Under natural assumptions on Ag, A1, f, and K we prove existence and uniqueness
of a solution to (1.1) with initial and boundary conditions (Theorem 1). In analogy with
the energy method for rate independent processes developed by Mielke (see [20] and the
references therein), we first prove that system (1.1) has a weak formulation expressed in
terms of an energy balance together with a stability condition (Theorem 2). The proof of
the existence of a solution to this weak formulation is obtained by time discretization. In the
discrete formulation we solve suitable incremental minimum problems and then we pass to
the limit as the time step tends to 0.

In the second part of the work we analyze the behavior of the solution to system (1.1) as
the data of the problem become slower and slower. After rescaling time, as described at the
beginning of Sect. 6, we are led to study the solutions to the system
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Eu€ = e + p°, (1.2a)
o€ = Age€ + eAléih, (1.2b)
€2ii€ — dive® = f, (1.2¢)
€p¢ =0 — KO, (1.2d)

as € tends to 0.

Under suitable assumptions we show (Theorem 6) that these solutions converge, up to
a subsequence, to a weak solution of the quasistatic evolution problem in perfect plasticity
(see [27] and [6]), whose strong formulation is given by

Eu=e+p, (1.3a)
o = Ape, (1.3b)
—dive = f, (1.3¢)
op € K and p € Ngop, (1.3d)

where Ngop denotes the normal cone to K at op.

The proof of this convergence result is obtained using the weak formulation of (1.1)
expressed by energy balance and stability condition (see Theorem 2). We show that we can
pass to the limit obtaining the energy formulation of (1.3) developed in [6]. A remarkable
difficulty in this proof is due to the fact that problems (1.1) and (1.3) are formulated in
completely different function spaces (see Theorem 1 and Definition 1).

2 Visco-Elasto-Plastic Evolution
2.1 Notation

Vectors and Matrices If a, b € R", their scalar product is defined by a - b := >, a;b;, and
la| := (a - @)"/? is the norm of a. If n = (n;j) and & = (&;;) belong to the space M"*"
of n x n matrices with real entries, their scalar product is defined by n - & := >, i Mi i&ij

172

Similarly [n| := (1 - 7)"/< is the norm of 7. M is the subspace of M"*" composed of

symmetric matrices. Moreover M denotes the subspace of symmetric matrices with null

trace, i.e., n € M, if n is symmetric and try = >, n;; = 0. The space M can be split
as

Ml‘an — M}’IDXH @ RI,

sym

where [ is the identity matrix, so that every n € MZ X" can be written as = np + my,

sym n
where 7p, called the deviatoric part of 7, is the projection of n into M';".

Duality and Norms If X is a Banach space and u € X, we usually denote the norm of u by
lullx. If X is LP(£2), LP($2; R"), LP (825 M), or LP(82; M';*") the norm is denoted by
lle|| L. In general, if X is a Banach space, X’ is its dual space and (u, v) x denotes the duality
product between u € X’ and v € X. The subscript X is sometimes omitted, if it is clear from

the context.
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2.2 Kinematic Setting

The Reference Configuration The reference configuration is a bounded connected open set
£2 inR", n > 2, with Lipschitz boundary. We suppose that 9§2 = I'y U I'1 Ud I, where I,
I, and 9T are pairwise disjoint, I and I are relatively open in 952, and 91" is the relative
boundary in 952 both of Iy and I'1. We assume that I # ¢ and that H"= YOI = 0, where
H"~! denotes the n — 1 dimensional Hausdorff measure. On Iy we will prescribe a Dirichlet
condition on the displacement u, while on I'; we will impose a Neumann condition on the
stress 0.

Elastic and Plastic Strain If u is the displacement, the linearized strain Eu is its symmetrized
gradient, defined as the ijyﬁ -valued distribution with components E;ju = % (Diuj+Dju;).
The linearized strain is decomposed as the sum of the elastic strain e and the plastic strain
p. Given w € H'(£2, R"), we say that a triple (u, e, p) is kinematically admissible for the
visco-elasto-plastic problem with boundary datum w if u € H L2, R"), e € L2($2; M"X"

sym />
p € L*(£2; M), and

Eu=e+p ons2, (2.1a)
ulry, =w onlp. (2.1b)

We denote the set of these triples by A(w). It is convenient to introduce the subspace of
H'(£2; R") defined by

HJ (82;R") :=={u € H'(2;R") : u|, = 0}

and its dual space, denoted by HITOI(.Q; R™). It is clear that (u, e, p) € A(w) if and only if
u—we HILO(.Q; R") and Eu = e + p, with e € L*(£2; Mgym) and p € L2(82; M7,
Stress and External Forces In the visco-elasto-plastic model the stress o depends linearly on
the elastic part e of the strain Eu and on its time derivative é¢. To express this dependence we
introduce the elastic tensor Ag and the visco-elastic tensor A, which are symmetric linear
operators of M’S’y’;r’l’ into itself. We assume that there exist positive constants oo, fo, and S
such that

|A;&] < Bil§], fori=1,2, (2.2a)
Aok - & > aplé* and Ay £ >0, (2.2b)

nxn
sym

for every & € MU". Note that A} = 0 is allowed. Inequalities (2.2) imply

|A;E)> < BiAE - &, (2.2¢)

for every § € M and fori =1, 2.
nxn

For every § € M let 4, be the orthogonal projection of & onto the image of A;. Then
there exists a constant a; > 0 such that

ArE € > ayEa, (2.3)

for every & € M.

The stress satisfies the constitutive relation

o= Ape+ Ajé. 2.4)
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The term A1é in the equation above is the component of the stress due to internal frictions.
To express the energy balance it is useful to introduce the quadratic forms

1
Qo(§) = 7Ao§ & and 01(5) = Ai§ -§.

For every e € L?(§2; M) we define

sym

Qo(e)z/ Qo(e)dx and Ql(e)z/ Q1(e)dx.
2 2

These function turn out to be lower semicontinuous with respect to the weak topology of
L2(£2; M), Qo(e) represents the stored elastic energy associated to e € L2(£2; Mg
while Q| (é) represents the rate of visco-elastic dissipation.

We assume that the time dependent body force f(¢) belongs to L>(£2; R") and that the
time dependent surface force g(¢) belongs to L2(I'}, H*~1; R™). Tt is convenient to introduce

the total load L(1) € Hp, 1(2; R") of external forces acting on the body, defined by

(L(0), u) := (f (), u) + (8(1), u)ry, 2.5)

where (-, ) denotes the duality pairing between HF()l(.Q; R") and HILO(.Q; R"), (-, ) e
denotes the scalar product in L2(£2; R"), while (-, ) r, denotes the scalar product in
L2(Iy, H™ L R,

When dealing with the visco-elasto-plastic problem, we will only suppose that the total
load L£(¢) belongs to HI?OI (£2; R™), without assuming the particular form (2.5). The hypothe-
ses on the functions ¢ +— L(¢) and ¢t — w(#) and the regularity of ¢ > (u(t), e(t), p())
will be made precise in the statement of Theorems 1 and 2 below.

The law which expresses the second law of dynamic is

ii(t) — divo (1) = f(t) ins2, 2.6)

where we assume that the mass density of the elasto-plastic body is 1. Equation (2.6) is
supplemented with the boundary conditions

u(t) = w() only, (2.7a)
o(t)v=g() onl7. (2.7b)

To deal with (2.6) and (2.7), it is convenient to introduce the continuous linear operator
divr, : L2(2: MI) — Hp'(82: R") defined by

sym
(divpyo, @) == —(o, E¢) 2.8)
for every o € L2(£2; MX"y and every ¢ € H}O(.Q; R™).

sym
If £(¢), g(t), o(t), u(t), Iy, and Iy are sufficiently regular and £(¢) is the total external
load defined by (2.5), then we can prove, using integration by parts, that (2.6) and (2.7b) are

equivalent to
ii(t) —divpo(t) = L(1), (2.9)

interpreted as equality between elements of H 1?0 ! (£2; R™). In other words (2.9) is satisfied if
and only if

(ii(t), @) + (0 (1), E@) = (L(1), 9) (2.10)

forevery p € H Il“o (£2; R™). In the irregular case, Eq. (2.10) represents the weak formulation
of problem (2.6) with boundary condition (2.7b).
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Plastic Dissipation The elastic domain K is a convex and compact set in M';*". We will
suppose that there exist two positive real numbers r; < Rj such that

B(0,r) € K C B(0, R)). 2.11)
It is convenient to introduce the set
K(R) = (€ € L>(2; M'5") 1 £(x) € K forae. x € 2}. (2.12)

If mx denotes the minimal distance projection of M'[’,X” into K, and mx () denotes the
projection of L2(£2; M';,") into KC($2), then it is easy to check that

(m@)8)(x) =nké(x) forae.x € £2, (2.13)

for every & € L?(2; M/;™).

The evolution of the plastic strain p(¢, x) will be expressed by the Maximum Dissipation
Principle (Hill’s Principle of Maximum Work, see, e.g., [12,19,27]): if o is the stress, then
p will satisfy the following

(op(t,x) —&) - p(t,x) >0 forevery& € K and a.e. x in 2

op(t,x) — p(t,x) € K, fora.e.xins2,
where we assume for simplicity that the viscosity coefficient is 1. Thanks to the character-
ization of the projection onto convex sets (see, e.g., [13]), this condition is satisfied if and

only if op(t, x) — p(t, x) coincides with mgop(t, x), for a.e. x € £2. By (2.13), this can be
written as

p(t) =op(t) — m2yop(t). (2.14)
We define the support function H : M;"" — [0, +o0o[ of K by
H()=sup¢-§. (2.15)
tek

It turns out that H is convex and positively homogeneous of degree one. In particular it
satisfies the triangle inequality

HE+¢) = HE) + H(©)
and the following inequality, due to (2.11):
rl§l < H(§) < Ry[§]. (2.16)
We define H : L2(£2; M) — R by

H(p) Z/QH(p(X))dX~ 2.17)

If p € H'([0, T]; L?(£2; M) and p(t) is its time derivative, then () represents the
rate of plastic dissipation, so that,

T
/ H(p)dt (2.18)
0

is the total plastic dissipation in the time interval [0, T'].
We notice that, by the definition of H, the subdifferential of H satisfies (see e.g. [25,
Theorem 13.1])
JH(0) =K. (2.19)
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From (2.19), it easily follows
oH(0) = K(£2), (2.20)

where dH (&) denotes the subdifferential of H at &.

2.3 Existence Results for Elasto-Visco-Plastic Evolutions

Given an elasto-visco-plastic body satisfying all the properties described in the previous
section, we fix an external load £ and a Dirichlet boundary datum w, and look for a solution
of the dynamic Eq. (2.9) and of the flow rule (2.14), with stress o defined by (2.4) and strain
satisfying Eq. (2.1). Our existence result for an elasto-visco-plastic evolution is given by the
following theorem.

Theorem 1 Let T > 0, let L € AC([0, T]; H;OI (£2; R™")), and let w be a function such that

w e L¥([0, T, H'($2; R"), (2.21a)
w e CO[0, T1; L*(£2: RM) N L*([0, T]; H'(£2; R™Y)), (2.21b)
W e L*([0, T1; L*(£2; R")). (2.21¢)

Then for every (ug, e, po) € A(w(0)) and vy € L?(£2; R") there exists a unique quadruple
(u, e, p, o) of functions, with

u e L([0,T]; H'(2: R"), (2.22a)
i e L0, T]; L*(2; R"Y)), (2.22b)
i € L*([0, T; H' (2: R")), (2.22¢)
e € L™([0, T]: L*(2; M), (2.22d)
p € L™([0, T]; L*(£2; M), (2.22¢)
éar € L2([0, TT; L*(2; M), (2.22f)
p e L*([0, TT; L2(2; M), (2.22¢)
o € LX([0, T1; L*(£2; M), (2.22h)

such that for a.e. t € [0, T] we have

Eu(1) = e(t) + p(1), (2.23a)

a(t) = Age(t) + Aréa, (1), (2.23b)

ii(t) — divryo () = L(1), (2.23¢)

p(t) =op(t) — w@)op(t), (2.23d)

and

u(t) =w() on Iy, (2.24)

u(0) =uo, p(0) = po, (2.252)

Lt R
Jim o [Chew —eoliaar =0, tim 2 [T —wiar 0. 2sb)

In (2.22f) and in the rest of the paper the symbol é 5, denotes the time derivative (in the sense
of distributions) of the function e, defined before (2.3).
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Moreover (u, e, p, o) satisfies the equilibrium condition

—H(g) = (0@, n) +(p®), q) + (ii(t), p) — (L), ¢) = H(=q), (2.26)

fora.e. t € [0, T] and for every (¢, n,q) € A(0), where (-, -) denotes the duality pairing
between HITO] (£2; R") and H}O (82; R") in the terms containing ii and L, while it denotes the

scalar product in L? in all other terms.

Remark 1 In view of (2.21) and (2.22) we see that u, w, i, W, e4,, and p are absolutely
continuous in time, more precisely,

we AC([0, T]; H'($2; R")), (2.27a)
u, e AC([0, T1; L*(2; R™)), (2.27b)
i€ AC([0, T); Hy' (2: R™), (2.27¢)
ea; € AC([0, T]; L*(2: ML), (2.27d)
p € AC([0, T1; L*(2; M5™)) (2.27¢)

(see, e.g., [5], Proposition A.3 and following Corollary). Properties (2.27b) and (2.27¢) give
a precise meaning to the initial conditions (2.25a).

Moreover since u is bounded in H'(£2; R") by (2.22a), we deduce from (2.27b) that
t — u(t) is weakly continuous into HY(£2;RM). Similarly, thanks to (2.27¢) and since
e L0, T1; L3(£2; RM)) by (2.22b), it follows that t +— u(¢) is weakly continu-
ous into L2(£2; R™). Moreover, ¢ = Eu — p € H'(0,T]: H_l(.Q; M?YXII’I’)) by (2.22a),
(2.22b), (2.22¢), and (2.22g), thus e € AC([0, T]; H~'(£2; M’S’yxn’f)). Since we have also
e € L0, T]; L3(£2; Mg’yﬁ')) by (2.22d), we conclude that r — e(¢) is weakly contin-
uous into L2(£2; ngfg). In particular for every ¢t € [0, T'] the functions u(z), e(t), p(¢),

11(¢) are univocally defined as elements of H!(£2; R"), L2(£2; Mgy, L2(£2; M'5"), and
L?(£2; R"), respectively.

Remark 2 From (2.22), (2.23a), and (2.25) it follows that
lim_ / ") = ol dr = 0 (2.28)
m — u —Uu = U. .
=0t h Jo Olm

Indeed, by (2.27b) we have % foh [|u(t) — uollith — 0, and (2.22g), (2.23a), while (2.25b)
give + o' |Eu(t) — Eug|2,dt — 0.

Before proving Theorem 1 we will first state the following result, which characterizes the
solutions of Egs. (2.23c) and (2.23d).

Theorem 2 Under the hypotheses of Theorem 1, we assume that (u, e, p, o) satisfies (2.22),
(2.23a), (2.23b), (2.24), and (2.25). Then (u, e, p, o) satisfies (2.23c) and (2.23d) for a.e.
t € [0, T]if and only if both the following conditions hold:
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(a) Energy balance: for a.et € [0, T] we have
1 t t t
Qe + 3 I —b O3 + /0 Q1 (ea)ds + /O 15122ds + /0 H(p)ds
1 1 t
= Qole) + 3l ~ B + [ (o Ewyds — [ (i~ iyas
0 0

t
+ (L), u(t) —w@)) — (£0), uo — w(0)) —/ (L, u —w)ds, (2.29)
0

(b) Fora.e. t € [0, T] the equilibrium condition (2.26) holds for every (¢, 1, q) € A(0).
Moreover; if the two previous conditions are satisfied, then
(op(®) — p(1), p(1)) = H(p(t)) foraet €0, T]. (2.30)

Remark 3 1f A is positive definite, then (2.27d), (2.27¢), and the Korn inequality, imply that
u € AC([0, TT; H'(£2; R™)). If moreover the data w and £ are sufficiently regular, £ has the
form (2.5), then we can integrate by parts the terms fot (w, i)ds and f(; (W, w)ds obtaining
that we can rewrite the energy balance as follows:

1 t t t
Qu(e() + I} + /0 Qi(&)ds + /0 112, ds + /0 H(p)ds
t t t
:/ (o, Elb)ds—l—/ (fyu — w)ds—i-/ (g, u —w)nds
0 0 0

t
. 1
+/ (ii, w)ds + Qo(ep) + Envoniz,
0

which becomes, using ii = divp,o + L:
L . ! . re ! .
Qe + i) + / 01 (é)ds + / 15122ds + / H(p)ds
0 0 0

t t t
. . . 1
= [ovainds+ [ (faivds + [ {g.idrds + Quteo) + ol
0 0 0

where we have used # = w on I}. This is the usual formulation of the energy balance.
Indeed Qq(e(?)) is the stored elastic energy, %Ilzl(t) IIi2 is the kinetic energy, fot Q1 (e(t))ds
is the visco-elastic dissipation, fot ||1'9||izds is the visco-plastic dissipation, and f(; H(p)ds
is the plastic dissipation. On the right-hand side the terms fot (ov, tt)ryds, fol (g, u)r,ds,and
fot (f, )ds represent the work done by the external forces on the Dirichlet boundary, on the
Neumann boundary, and on the body itself, while the two terms Qp(eg) and %H ) I|i2 are the
stored elastic energy and the kinetic energy at the initial time.

Lemmal Let T > 0, let L € AC([0, T]; HI?OI (82; R")), let w satisfy (2.21), and let
(u, e, p, o) be a quadruple satisfying (2.22), (2.23a), (2.23b), (2.23c), (2.24), and (2.25).
Then

t

t t
Qu(e()) — Qoleo) + / Q1 (é,)ds / (0. Ei)ds + / (op. p)ds
0 0 0
1 it D12 1 D)2, = t. d
+ 510 — DO — Sl i )||L2——/0 (i, & — w)ds

t
+ (L), ut) —w(t)) = (£(0), uo — w(0)) —/ (L, u —w)ds, (2.31)
0
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forae. t €[0,T].

Proof Given a function ¥ from [0, T'] into a Banach space X, for all # > 0 we define the
difference quotient sy [0, T—h] —> Xass"o@) := %(ﬁ(l +h)—1v(1)). By (2.21),(2.22),
and (2.24) for a.e. t € [0, T the function ¢ := s"u(r) — s"w(r) belongs to HILO (£2;R™"). We
use this function in (2.10) first at time ¢ and then at time ¢ 4 /. Summing the two expressions
we get

(ii (t+h) — i (t+h)+ii (1) — (1), s"u(r) —s"w(@)) + (hs"o (1), s"p(1) —s"Ew (1))
+ (Age(t +h) + Aréa, (t + h) + Age(t) + A1éa, (1), s"e(r))
= — (@@t +h) + @), s"ut) — s"w@)) + (L& + h) + L), s"u@) — s"w@)). (2.32)

We now integrate in time on the interval [0, ¢]. An integration by parts in time gives that the
first term is equal to

(i(t + h) — it + h), s"u(t) — s"w)) + (@) — @), s"u@) — s"w))
— (i(h) — w(h), s"u©) — s"w(0)) — (1 (0) — w(0), s"u©) — s"w(0))

1 t+h 5 1 h 5
- ﬁ/ li(r) — w(r)llydr + 7 lie(r) — w(r)ll;dr. (2.33)
t 0
As for the third term we find that it is equal to
2 t+h 2 h t i N
7 coewndr = [ onewnar+ [ haiten . shea i @34
t

while the last one is equal to

2 t+h 2 h
2 / (L), u(r) — w(r)dr — = / (L), u(r) — w(r)dr
h h Jo

t
— / (shﬁ(r), u(r +h) —wr—+h)+ul@)—wr))dr. (2.35)
0

Now (2.21), (2.25b), (2.27b), the weak continuity of # on [0, T] into L2(2;R") (see
Remark 1), and the Lebesgue mean value Theorem, allow us to pass to the limit as 4 — 0
in (2.33) for a.e. t € [0, T]. By similar arguments, using (2.21), (2.22), (2.25b), (2.28), and
the weak continuity of « on [0, T] into H L(2; R") (see Remark 1), we pass to the limit in
(2.34), (2.35), and in the other terms of (2.32), so that we obtain (2.31) fora.e. r € [0, T].

Proof (Theorem 2) Let us suppose that the quadruple (u, e, p, o) satisfies (2.26) and (2.29);
let us prove (2.23c). Let ¢ € H}O (£2; R™); since (¢, E¢@, 0) € A(0), we can choose n = E¢
and ¢ = 0in (2.26) and for a.e. t € [0, T'] we get

(Aoe(r) + Areéa, (1), E@) + (ii(1), 9) — (L(1), ¢) =0, (2.36)

which is equivalent to (2.23c¢), thanks to (2.10) and (2.23b).
It remains to prove (2.23d). Choosing (0,q, —g) € A(0) in (2.26) for some g €
L3(£2, M), for a.e. t € [0, T] we get

—H(—q) < (Aoe(t) + Aréa, (1), q) — (p®), q) < H(q), (2.37)
which, by (2.23b), says that
op(t) — p(t) € IH(0) = K(£2) (2.38)
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thanks to the arbitrariness of g.

Now we observe that (u, e, p, o) satisfies the hypotheses of Lemma 1, so (2.31) holds for
a.e. t € [0, T]. This, together with the energy balance (2.29), implies that (2.30) holds for
a.e.t € [0, T]. As a consequence, by the definition of H, we deduce that for a.e. t € [0, T']
and for every £ € K(£2) we have

(op(t) — p), p(1)) = (§, p(1)),

which is equivalent to
(op(t) — (op(1) — p(1)),§ — (op(1) — p(1))) = 0.

Thanks to (2.38), op(t) — p(t) belongs to K(§2); therefore the arbitrariness of & and the
well-known characterization of the projection onto convex sets (see, e.g., [13], Chap. 1.2)
give that op(t) — p(t) = nxc@yop(t) forae. t € [0, T].

Conversely, suppose (u, e, p, o) to be a solution of the system of Eq. (2.23). Then (2.23d)
implies (2.38), which in turn gives (2.37). On the other hand (2.23b) and (2.23c) give (2.36).
Subtracting (2.37) from (2.36) term by term and taking into account (2.1a), we get (2.26).

In order to obtain the energy balance we first prove that, if a function (u, e, p, o) satisfies
(2.23), then (2.30) holds. Indeed, if & € K(£2), then from the properties of convex sets it
follows that for a.e. r € [0, T']

(op — p)-p=mgop - (op —TKgop)

> mgop - (op —ngop) + (§ —nmgop) - (op —mgop) =& - (op — wxop)

almost everywhere in £2, that is (op — p) - p > H(op — mxop) = H(p) thanks to the
definition of H. Since op — p € K a.e.in §2 and for a.e. ¢ € [0, T'] by (2.23d), the definition
of H gives also the opposite inequality. So integrating on £2 we get (2.30).

Now since (u, e, p, o) satisfies the hypotheses of Lemma 1, we obtain (2.31), which
together with (2.30) gives the energy balance (2.29) for a.e. ¢ € [0, T].

Proof (Theorem 1)

The proof is reminiscent of that of [3, Theorem 3.1], with some important differences.
In [3, Theorem 3.1] only Dirichlet conditions are considered and the data of the problem
are more regular than ours: the external load f belongs to AC([0, T']; L?(£2; R™)) and the
boundary datum w belongs to H2([0, T1; H! (£2;R"))N H3([0, T, L2(.Q; R")). Moreover,
the model discussed in [3] is slightly different from ours: in [3] the plastic component of the
strain plays a role in the viscous part of the stress, while we assume that the component p
of the strain rate does not affect the viscous stress, which only depends on ¢. This leads to a
different flow rule, whose strong form cannot be proved directly from the approximate flow
rules as in [3]; for this reason we prefer to prove first the energy balance and then to derive
the flow rule from it.

As in [3] we will obtain the solution by time discretization, considering the limit of
approximate solutions constructed by solving incremental minimum problems. Given an
integer N > 0 we define t = T/N and subdivide the interval [0, T') into N subintervals
[ti,t+1),i =0,..., N — 1 of length 7, with ; = it. Let us set

u_1 =uyg—tvy, w_;=wy— tw(0),

1 fitl
w; =w(), L= 7/ L(s)ds.
Ty
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We construct a sequence (u;, ¢;, p;) withi =0, 1, ..., N by induction. First (ug, eg, po)
coincides with the initial data in (2.25). Let us fix i and let us suppose (u;, e;, p;j) € A(w;)
to have been defined for j = O, ...,i. Then (u;+1, ej+1, pi+1) is defined as the unique
minimizer on A(w;41) of the functional

1 1 1
Vi, e, p) =2 (Age, €) + S—(Ai(e —en), e —ei) + —lIp = pillZs
1 u—u; uj—uj_q
+H(p = p) + 5 -
T

12, = (Liu), (2.39)

which turns out to be coercive and strictly convex on A(wj41).

To obtain the Euler conditions we observe that (#;+1, ¢j+1, pi+1) + (@, 1, ¢) belongs
to A(w;41) for every (¢, 1, q) € A(0), and for every A € R. Evaluating V; in this point and
differentiating with respect to A at 0F we get

1 1
—H(g) <(Aoei+1,n) + ;(Al(ei+1 —ei),n) + ;(Pi+1 = Pi>q)
1
+ ;(vm —vi, ¢) — (L, ) < H(—q), (2.40)
where we have set 1
Vj :;(uj—uj_l). (2.41)

We now define the piecewise affine interpolation u,, e, p;, w; on [0, T] by

Uj+1 — Ui

uc(t) = u; + @t —t) iftelt, tiv1) (2.42a)
e; — € .
o) = e+ T — g ifr € [n,ti41) (2.42b)
Pi+1 — Pi .
pe) = pi+ S =) i€l tig) (2.42¢)
Wi+l — Wi .
w () =w + ——( — ;) ift € [t;, ti+1) (2.424d)
To simplify the notation we also set w; = %(w,' —wi_1) = %ftf’_l w(s)ds and define, for
tel0, 7],
r—1 .
w (1) = w; + (w41 — a)i)T ift € [t, tiy1), (2.43a)
t—t
ve (1) = vi + (Vg1 — ”")Tl ift € [fi. tit1). (2.43b)

The proof now is divided into five steps: in the first one we prove that a subsequence
of (ur, e;, pr) has a limit (u, e, p) as t — 0, and we show that this limit satisfies the
regularity conditions (2.22). In the second step we pass to the limit in (2.40), obtaining
the equilibrium condition (2.26). In the third step we obtain the energy balance (2.29) for
(u, e, p). In the fourth step we prove that (u, e, p) satisfies the initial conditions (2.25). From
this and Theorem 2 it will follow that (u, e, p) satisfies the required Eq. (2.23). In the last
step we prove the uniqueness.
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Step 1 Since w0 € L%([0, T1; L?(2; R")) and w € L2([0, T]; H'(£2; R")), we see that

w; — wstrongly in L>([0, T); H'(2; R™)), (2.44a)
W, — wstrongly in L2([0, T); H'(2; R™)), (2.44b)
w; — wstrongly in L2([0, T]; H'(2; R™)), (2.44¢)
@, — strongly in L2([0, T]; L*>(£2; R™)). (2.44d)

The proof of the first three properties is straightforward. To prove (2.44d) we first put w, (¢) :=
% tj"“ii)(s)ds € L*(2;R") fort € [t;, t;41). Since W, tends to w0, it suffices to show that

Wy — @y tends to O strongly in L2([0, T1; L2(£2; R™)). So we write

2
L2

. - R A I . .
”a)l' — We ||L2(L2) = Z TH*/ (7\/‘ w(r)dr - U)(S))ds
i=0 T 1 T 5S—T

1 NZL et ps 5

S5 [ i) — i) Badrds

T i=0 t S—T
N—-1 . .

1 Livl flitl . .

-2 / / i (r) — i (s) |17 drds,
i=0 Yti-1 Jli-1

IA

IA

2

72> We see that the

where we set w(s) = 0 for s < 0. Defining W(r, s) = [|[W(r) — w(s)||
integral in the last line is bounded by

2 2t T
7/ dh/ W(r, r + h)dr,
T J-2r 0

that turns out to goto 0 as t — 0, because i +— fOT W (r, r +h)dr is continuous and vanishes
ath =0.

Therefore we can argue as in [3, Proposition 3.4], using (2.44) for the boundary conditions
w, and the duality between HILO (£2; R™) and HITO] (£2; R™) for the load £. We obtain that

ur € L([0, T1; H'(£2: R")), (2.45a)
ii; € L®([0, T]; L(2; R™), (2.45b)
er € L=(0, T1T; L*(£2; M), (2.45¢)
(é0)a, € L2([0, T]; L(82; M), (2.45d)
pr € L¥([0, T1; L*(2; M™)), (2.45¢)
pr € L*([0, T1; L*(2; M), (2.45f)

and these functions are bounded in these spaces uniformly with respect to 7. Moreover from
the same estimate we find that

126, € L2([0, T]; L2(82: M), (2.46)

sym
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uniformly with respect to . With the same arguments of [3, Proposition 3.4] we pass to the
limit as 7 tends to 0 in a subsequence, not relabeled, and prove that

uy — u weakly*in e L®([0, T]; H'(£2; R")), (2.47a)
iy — i weakly* in L%°([0, T]; L(£22; R")), (2.47Db)
er — e weakly* in L([0, T1; L*(82; MI)), (2.47¢)
(éx)a, = éa, weakly in L*([0, T1; L*(£2; M), (2.47d)
pr — p weakly* in L%°([0, T1; L*(£2; M5, (2.47¢)
pr — p weakly in L2([0, T1; L*(£2; M5™)). (2.471)

Moreover we can prove that
Eu(t) =e(t) + p(t) (2.48)

fora.e.r € [0, T].
Letg € HILO (£2; R™). Putting n = E¢ and ¢ = 0 in (2.40) we get

. . €i+1 — € Vi+1 — Ui
—divp, (Agei+1) — divp, (A1 - ) + - =L,

which allows us to deduce from (2.45¢) and (2.45d) that v, = M is bounded in

L3([0, T1; H}, I (.Q R™)) uniformly with respect to 7, thanks to the Contlnu1ty of the operator
divpy,.
So, using the Holder inequality, we estimate

1/2
loe () = ve i DIl o1 = ©/°M fort € [, tit1),
0
for some positive constant M independent of 7, ¢, and i. Since 1t (f) = v (tj+1) fort €
[#, t;i+1) we have
loe () — iz (Dl -1 < 7'/2M,
To

so that v; —it; tends to O strongly in L°°([0, T, HITO1 (£2; R™)). From this it easily follows that

the two sequences v, and it must have the same weak* limit in L*°([0, T']; H 1?0 ! (£2; R™M),
S0

vy = i weakly* in L>([0, T'; HITOI(.Q; R")). (2.49)

The boundness condition proved above implies that v; tends, up to a subsequence, to a
function ¢ weakly in L2([0, T']; Hp (.Q R™)), and it easily follows that ¢ = ii. Therefore

vy — il weakly in Lz([O, T]; HI?O (£2; R™)). (2.50)
We now define o' (¢) := Age(t)+A1éa, (¢). Theresults proved so farimply that (u, e, p, o)
satisfies (2.22).
Step 2 In order to show that the functions above satisfy (2.23) we need to pass to the limit in
(2.40). We consider the piecewise constant interpolation e, defined by
er(t) =eiy1 if 1€t tiy1).
We want to prove that

e — e weakly* in L%°([0, T1; L?(£2; M"X")). (2.51)

sym
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Since &; is bounded in L ([0, T1; L%($2; M'S’yﬁl)) it is not restrictive to assume that e; — e

weakly* in L>°([0, T1; L2(£2; Mg'yxr;‘)). Since e; = Eu; — pr, by (2.45) we have that
(er)r=0is bounded H' ([0, T1; H™'(£2; M"X")). (2.52)

sym
Therefore, using the Holder inequality, we obtain
lez (@) = ex (i)l g1 < '/2M fort € [t 1i11),

for some constant M > 0 independent of 7, 7, and i. Since e, (t) = e, (t;4+1) fort € [t;, ti11),
we have

lec(t) — & (D) y-1 < t'/>M forallr € [0, T].

This implies e = € and concludes the proof of (2.51).
We also define the piecewise affine interpolation £, by

t—t .
Lo() = Li+ (Livt = L— i 1 € [t tiv),
where £; := L(t;). By standard properties of L? functions and of their approximation by
averaging on subintervals, we have that
L;— £ stronglyin L*([0, T]; H'(2: R")), (2.53a)
L. — £  strongly in L%([0, TT; HITOI (£2; R™)). (2.53b)

For fixed t (2.40) says that for a.e. r € [0, T] we have
—H(g) < (Aver, n) + (A1(ér)ay, m) + (Pr. q) + (U, ) — (L1, ) < H(—q)

for every (¢, n,q) € A(0). All terms in the formula above converge weakly in LY([0,T)) as
T — 0, thanks to (2.47d), (2.47e), (2.50), (2.51), and (2.53). So for every (¢, ,q) € A(0)
we can pass to the limit obtaining

—H(g) = (Aoe,n) + (Aréa,, ) + (P, q) + (i, ¢) — (L, ¢) < H(—q) (2.54)

for a.e. t € [0, T]. Since the space A(0) is separable, we can construct a set of full measure
in [0, T'] such that (2.54) holds in this set for every (¢, 1, g) € A(0), which gives (2.26).

Step 3 We will now prove the energy balance (2.29). We shall use the three following iden-
tities:
li+1 . T [li+ L
(Aoeit1, eip1 —ei) = / (Aoer, ér)ds + / (Aoér, ér)ds, (2.55)
ti t
(Ageiy1, Ewiy1 — Ew;)

it T [li+l
=/ (Ager, Evg)ds + 5/ (Aoér, Ey)ds, (2.56)
ti 1

(i1 — Vi) — (@1 — @), Viy1 — wit1)
T

fivl L
2/ “Ur - a)r”deS. (257)
1

1 2 1 2
= §||Ui+1 —witill2 — 5””1’ — il +

LetA € (0,1) andput ¢ = ujr1 —A(uit1 —u;) + A (wip) —w;), n = eji+1 — rlei+1 —ei) +
MEwi+1 — Ew;),and g = pi+1 — A(pi+1 — pi), so by the minimality of (u; 1, €j+1, Pi+1)
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for the functional V; defined by (2.39) we have V;(u;+1, €i+1, pi+1) < Vi(p, n, ). This
implies
1 1 2
S(Aoeiv1, eix1) + - (A1(eit1 — &), eiv1 — €i) + = lIpit1 — pill}2
2 2T 2t

1
+Hpiv1 —pi) + §||Ui+l —vill3, = (Livuis1)
_ 2 2
_-n )

= (Aoeit1, eir1) + A1 — 1) {Ageit1, e) + E(Aoei,ei)
2
+ 7<A0(Ewi+l — Ew;), Ew;iy1 — Ew;) + A{Ageit1, Ew;y1 — Ew;)
) (1 —1)?
— A (Ap(eit1 —ei), Ewiy1 — Ew;) + ?(Al(eﬂrl —ej), el —é€;)
52
+ E(Al(Ewi+l — Ew;), Ewj41 — Ew;)
Al =)
+ f(Al(eiH —e;), Ewit) — Ew;)
(1 =272 5 1 )
+ THP:’H = pillj2 + A = VDH(piy1 — pi) + §||Ui+1 —villy2
2

2
+ 7||Ui+l —oit1ll72 = AMuip1 — Vi —(Wit1— ©), Vip1 —wit1)

Wiy — W
—(Li, ujt1) + At (L — — Vit — Wi+1)-

Dividing by A we get
2—A

T(Aoeiﬂ, eir1) — (1 — A)(Apeit1, €;)

—({Aoeit1, Ewiy1 — Ew;) + A{Ao(eir1 — €), Ewit1 — Ew;)

A 2—A
- §<AO(Ewi+l — Ew;), Ewiy1 — Ew;) + 7(A1(€i+1 —e€i), ei+1 — €)
2-1 ) Iy
+ 7|lpi+1 = pillj2 + H(piv1 — pi) — >
1—

A
- T(Al(eH—l =€), Ewit1 — Ew;) + (vig1 — Vi — (041 — i), Vit1 —®@i41)

(A1 (Ew;y1—Ew;), Ewiy1—Ew;)

Wiyl — w; A A 2
—T(Li — ———, Vi1 —@i+1) < E(Aoei,ei) + 5||Ui+1 — wit1ll}2-

Since (Apei+1, ei+1) = 0and X € (0, 1) it follows that

2—A eyl —e eiy]—e
T(A] , )
2 T T
ei+1 —e FEwiy) — Ewi>
T T

A Ewiy1 — Ew; Ewijy — Ew;
_ ‘52*<A0 i+1 i i i+1 l)
2 T T

(I =M (Aoeir1, eiv1 —ei) +

— (Ageir1, Ewiy1 — Ew;) + At (Ag

eir1—ei Ewip — Ew; 2—A it1 — Pi
— (1= N7(A; t+1t l’ l+IT 1)+ 5 _L_”lerl Pi ”iz

+ tH(pi+1 — PDi
T

) + (Vi1 — vi) — (@ig1 — W), Vi1 — Wi41)
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wit] — W,
=L — % Vitl — Wit1)
A A AT EFwiy1 — Ew; Ewiy1 — Ew;
+ (Ao ei) + 2 Ivis1 — @ig1 |72 + = (A1 — N -).
2 2 2 T T

Now, thanks to (2.55)—(2.57), from the last inequality we get

lit1 . 2 — ) [li+ L.
(1—A)/ (Aoer, ér)ds + 252 [ (Arer, eryds
t; t;
2 — A [l 2 lit+1 .
+ 220 [ e + / H(po)ds
ti ti

T [li+1 s 1 ) 1
+3 Ve — @cllads + Slvigr — @il = Sllvi — @
2 ), 2 2

fivl . tit1
=< _/ (W, 1t — We)ds _/ (L, ur —we)ds
ti 4

6—"Th Lyl L
(L), i1 — wist) — (LG, i — ) — . / (Agér, é0)ds
ti

2
l”LZ

12

lit1 . o A [li+l . . .
+2—_L_/ ||u,—w,||L2ds+§/ (tAgEw; + A1 Ew,, Ew)ds
ti ti

tit1 lit+1
+/ (Ager + A1y, Etve)ds +/ <(% — A7) Aoér — AAjér, Etbg)ds
t; ti

A fit+1 A [li+l .
+ 7/ (Aoer, er)ds — */ (Aoer, ér)ds,
2t J, 2/,

where we have used that

A A iyl
E(Aoen ej) = E/z, (Ager, er)ds

A [l AT i+l L
— 5/ (Ager, ér)ds + E (Agér, ér)ds.
ti
We now sumoveri =0, ..., j and we obtain
1—A 1—A
T(Aoef(t]+l) er(tjy1)) — 7(14060, eq)

2 — ) [li+l Tjy1 Lj+1

+ - (A1(er) Ay (er)ay)ds + 7/ ||Pr||deY + H(p-)ds
0

T 2 2

+ 5/0 vz — @ lly2ds + 5||Uj+l —wjtill]2 — §||v0 —wolly2
it . Ljt+1,

=< / (W, — we)ds _/ (L, ur — we)ds + (‘Cf(tj"rl)! Ujt+1 — wj+1>

0 0

7
— (£(0), uo — w(0)) +/ ; (Aoer + A1(ér)a,, Ewe)ds
0

" Lj+1 A Tjt1 ) .
+ o [ toer ectas + E/o e — i 2,
6—"7Th Tj+1 A [l
- o 7:/ (Agér, ér)ds + E/ (tAgEw; + A1 Ewy, Ew;)ds
0 0
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het T . e
+/ ((5 —AT)Aper — AA1(er)a,, Ewe)ds — E/ (Aper, er)ds.
0 0

We now take A = o(7) and then pass to the limit as T — 0. To this aim we fix ¢ € [0, T']
and, forevery T > 0, we define fr = tj+1,where jisthe unique index such thatz; <t <t;44.
For the third, fourth, and fifth term in the left-hand side of the previous inequality we just
use the lower semicontinuity with respect to the convergences in (2.47); the sixth term is
nonnegative; to deal with the first and the seventh term we apply Lemma 2 below taking into
account (2.44c), (2.444), (2.47¢c), (2.49), (2.50), and (2.52), obtaining

er(tjs1) = er(fr) — e(r) weakly in H ™' (2; M0

sym /»

Vi1 — @j41 = Ve (f) — wr (f) = i(t) —(t) weakly in H ' (2: R").

Since the L? norm is lower semicontinuous with respect to weak convergence in H~! and
Hp ! (this can be proved by a duality argument), we obtain a lower semicontinuity inequality
also for these terms.

As for the right-hand side of the previous inequality, we can pass to the limit in the first two
terms thanks to (2.44), (2.47a), (2.47b), and (2.53), which implies also that u, — u weakly
in H'([0, T1; L?(£2; R™)). This implies by Lemma 2 that u j+1 = u(7;) — u(t) weakly in
L?(£2; R™). Since uj1 is bounded in H'!(£2; R") by (2.47a) we deduce that u ;1 — u(r)
weakly in H'(£2; R"). We can now pass to the limit in the third term of the right-hand side
thanks to (2.44) and (2.52), and in the fifth term thanks to (2.44b), (2.47¢), and (2.47d). The
eighth has a negative coefficient, while all other terms tend to 0 by (2.44), (2.45), and (2.46).
Thus we obtain

1 1 !
Qo(e(1) = Qo(e(0) + 5 li(®) = b (@) I72 = S llvo = w(O)I72 + /O Q1 (éa,)ds
t t t t
+/ 1512 ds +/H(p)ds —/ (Age + Aréa,, Ew)ds +/ (0, it — )ds
0 0 0 0
t
+/ ([Z, u—wyds — (L), ut) —w()) + (L£0), up — w()) <O0. (2.58)
0

To prove the energy balance (2.29) we need to show that also the opposite inequality
holds. We use the notation of the proof of Lemma 1. For a.e. t € [0, T], we consider the
first inequality of (2.26) with ¢ = shu@) — s"w(), n = ste(t) — s"Ew(r), q = shp(t),
and we sum this expression to the one obtained from (2.26) at time ¢ + /& with the same test
functions. Then, using an argument similar to the one employed in (2.31), we get the opposite
inequality in (2.58) for a.e. r € [0, T'].

Step 4 Equalities (2.25a) follow easily from (2.47) and from the initial conditions satisfied
by the approximate solutions (i, e;, p;). Moreover by (2.52) the functions e; converge to
e weakly in H'(0,T1; H~'($2; Mg’yﬁ‘)) as t — 0. Since e, (0) = ¢q for all t, we conclude
that e(0) = eg. Since t — e(¢) is weakly continuous into L3($2; M;’;;If) by Remark 1, we
deduce that
e(t) — ep weakly in LZ(Q; Mg'yf;') ast — 0. (2.59)
Similarly, using (2.49) and (2.50), we obtain that v; — 1 weakly in H([0,T1; HI?O1 (£2;
R™)). Since v (0) = vg for every t, we conclude that t(0) = vg. Since t — u(¢) is weakly
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continuous into L2(£2; R") by Remark 1, we deduce that
i(r) = vy weakly in L>(£2; R") as t — 0. (2.60)

In order to deduce from (2.59) and (2.60) the stronger conditions (2.25b) we use the energy
equality (2.29). Let #; be a sequence in [0, T'] converging to O such that (2.29) holds for
t = ty. Then

1 1
St =@ 172 + Qoew) = v = w(O)I72 + Qoceo)- (2.61)

Since w € CO([0, T']; L%(£2; R™)), the weak convergence (2.59) and (2.60) together with
(2.61) imply that e(tx) — eo strongly in L2(£2; Mg’yﬁ‘) and u(fy) — wvp strongly in
L?(£2; R"). Equalities (2.25b) follow now from the arbitrariness of the sequence f.

We are now in a position to apply Theorem 2: since the quadruple (u, e, p, o) satisfies

(2.26) and (2.29), it satisfies also Egs. (2.23c) and (2.23d) .

Step 5 Tt only remains to prove that the solution is unique. Let us suppose that (u1, e1, p1, o1)
and (u2, e2, p2, 02) are solutions. We set u := uy — uy, e := ex — ey, p := p2 — pi,
o := 03 —01, and observe that the quadruple (u, e, p, o) satisfies the hypotheses of Lemma 1,
implying that (2.31) holds for a.e. t € [0, T']. Since the map & — & — wx& is a monotone
operator from M’})X" into itself (see, e.g., [5, Chap. 2]), it follows from (2.23d) that

(op(1), p(1))ds = 0
for a.e. t € [0, T']. Using this inequality in (2.31) we obtain that

! 1
Qo (e(t)) + /0 Qi(éads + 3 IO =0

fora.e.t € [0, T'], taking into account the initial and boundary conditions satisfied by u. This
implies by standard arguments that u(¢) = 0 for all ¢ € [0, T'], concluding the proof.

Here we prove the lemma we have used in the previous proof.

Lemma 2 Let X be a Banach space. Assume that g, tends to qo weakly in H 1[0, T1: X) as
T tends to zero. Then
q.(tz) = qo(to) weakly in X (2.62)

forevery t;, to € [0, T] witht; — toas t — O.
Proof Since HY([0,T]; X) is continuously embedded in CO%1/2([0, T1; X), we have qr —
go weakly in C%1/2([0, T']; X). This implies in particular that

q- (1) = qo(t) weakly in X (2.63)

forall t € [0, T']. If t; — t9 we have

I

e () — qe (o) < / ldelldt < Mtz —10)2,

0]
where || - || is the norm in X and M is an upper bound for the norm of ¢, in H'([0, T1; X).
Now (2.62) follows from the previous inequality and (2.63).

Theorem 3 Let (u, e, p, o) be the solution of the problem considered in Theorem 1. Then
u e CO[0, TT; H'(2: B"), e € CO([0. TT; L2(2: M), i € CO([0, T1: L2(82; ™)),
and the energy balance (2.29) holds for all t € [0, T].
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Proof We may assume that w and £ are defined on [0, T + 1] and satisfy the hypotheses of
Theorem 1 with T replaced by T +1. As for w, itis enough toset w(t) := w(T)+({—T)w(T)
fort € (T, T + 1], noticing that w(7') can be univocally defined as an element of H L2 r"
arguing as in Remark 1. By Theorem 1 the solution on [0, 7] can be extended to a solution
on [0, T + 1] still denoted by (u, e, p, o).

Letus fix t* € [0, T]. Thanks to Remark 1, the functions u(t*), e(t*), p(t*), it (¢t*) are uni-
vocally defined as elements of H'(§2; R"), L%(£2; Mg'yxnf), L2(82; M'bxn), and L2(2; RY),
respectively. Therefore we can consider the solution (u*, e*, p*, o*) of the problem of The-
orem 1, with [0, T] replaced by [t*, T + 1] and initial data u(¢t*), e(t*), p(¢*), and u(t*)
in the sense of (2.25), with 0 replaced by ¢*. It is easy to see that the function defined by
(u, e, p,o) on [0,t*) and by (u*, e*, p*, o) on [t*, T + 1] is a solution of the problem
considered in Theorem 1 on [0, T + 1], with initial data ug, eg, po, and vo. By uniqueness
w*, e*, p*,0%) = (u,e, p,o)on [t*, T + 1].

In view of Theorem 2, we can fix 7 € (t*, T + 1] such that the energy balance (2.29)
between 0 and 7 holds for (u, e, p, o) and the energy balance between ¢t* and f holds for
(u*, e*, p*, 0*). Since (u*, e*, p*,0*) = (u, e, p, o) on [t*, {], by difference we obtain the
energy balance for (u, e, p, o) between [0, t*]. Since ¢* is arbitrary, this implies that the
energy balance holds for all # € [0, T'].

Now the energy balance, together with the continuity of £ and the weak continuity of
u — w, implies that the term Qqg(e) + ||u — u'1||i2 is a continuous function on [0, T']. Then
forall t € [0, T] and any sequence tx — ¢ € [0, T] we have

Qo(e(®)) + lie) — ()7, = lim Qo(e(te)) + llt(te) — w (1) 72

This and the weak continuity of e and & — w, thanks to the fact that Qg is equivalent
to the norm on L2($2; Mg‘yxn’f), imply that e(ty) — e(t) strongly in L% (£2; Mg’yxn’f), and
u(ty) — w(ty) — u() — w(t) strongly in L?(£2; R™). Thanks to (2.21b), this implies
that e € CO([0, T]; L?(2; M) and &t € CO([0, T]; L*>(£2; R")). We conclude that

sym

u e CO[0, T1; H (2; R") by (2.27¢).

3 Perfect Plasticity

In this and in the next sections we study the behavior of the solutions of (2.23) when the
data of the problem, i.e., the external load and the boundary conditions, vary very slowly. We
are going to prove that the inertial and viscosity terms become negligible in the limit, and
that the solutions of the dynamic problems actually approach the quasistatic evolution for
perfect plasticity. To this aim we provide in this section the mathematical setting and tools
to formulate and solve the perfect plasticity problem.

3.1 Preliminary Tools

Space BD In perfect plasticity the displacement u belongs to the space of functions with
bounded deformation on §2, defined as

BD(2) = {u € L'(2; R") : Eu € Mp(2; M'"X™")}.

sym

Here and henceforth, if V is a finite dimensional vector space and A is a locally compact
subset of R”, the symbol My, (A; V) denotes the space of V-valued bounded Radon measures
on A, endowed with the norm ||A|| o4, := |A|(A), where |A| is the variation of A.
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The space BD(£2) is endowed with the norm

lullap = llullpr + 1 Eullrm,-

Besides the strong convergence, we shall also consider a notion of weak* convergence in
BD(£2) . We say that a sequence uj converges to u weakly* in BD(£2) if and only if uy
converges to u weakly in LY(£2; R") and Euy, converges to Eu weakly* in My, (£2; ngg’ .
Every function u# in BD(§2) has a trace in Ll(B.Q; R™), that we will still denote by u, or
sometimes by u|y. By [28, Proposition 2.4 and Remark 2.5] there exists a constant C

depending only on £2 such that

lullLrv@y = CllullLrry) + 1Eull my2))- @3.D

For technical reasons related to the stress-strain duality, in addition to the assumption already
introduced in Sect. 2.1, we now suppose that

92 and 9T are of class C2. (3.2)

Elastic and Plastic Strain In perfect plasticity the plastic strain p belongs to My (§£2 U
Io; M), The singular part of this measure describes plastic slips. Given w € H!(£2; R"),
we say that a triple (u, e, p) is kinematically admissible for the perfectly plastic problem
with boundary datum w if u € BD(2; R"), e € L*(£2; M’S’yxrﬁ'), p € Mp(2 U I, M’}’)X"),
and

Eu=e+p ons2, (3.3a)
p=w—u)OvH"" only, (3.3b)

where v denotes the outer unit normal to d£2 and © denotes the symmetrized tensor product.
The set of these triples will be denoted by A g p (w). Note that in this definition of kinematic
admissibility, the Dirichlet boundary condition (2.1b) is replaced by the relaxed condition
(3.3b), which represents a plastic slip occurring at I. It is also easily seen that the inclusion
A(w) C App(w) holds, so that every admissible triple for the visco-elasto-plastic problem
is also admissible for the perfectly plastic problem.
The following closure property is proved in [6, Lemma 2.1].

Lemma 3 Let wy be a sequence in H'($2: R") and (uy, ex, pr) € App(wy). Let us suppose
that wy — weo weakly in HY (2, RY), uy — uso weakly* in BD(£2), e — e~ weakly
in L2(£2; Mg’yxn’,’), and pr — poo weakly* in My(§2 U I; M"DX"). Then (oo, €cos Poo) €
App (W)

Stress In addition to the assumptions of Sect. 2.1, we now suppose that the elastic tensor
Ao maps the orthogonal spaces M’;*" and R/ into themselves. This is equivalent to require
that there exist a positive definite symmetric operator Agp : My — M';" and a positive
constant x” such that

Aok = Aopép + K (tré) 1. (3.4)

In the perfectly plastic model the stress o is related to the strain by the equation
o = Agpe 3.5)

where e is the elastic component of the strain Eu. Therefore if (u, e, p) is kinematically
admissible, then o belongs to L2(.Q; M xn

sym /*
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In perfect plasticity the stress satisfies the constraint
op € K(£2), (3.6)
where K(£2) is defined in (2.12). In particular

op € L*°(2; M;™). 3.7

Convex Functions of Measures In perfect plasticity we need to define the functional (2.17) for
p € My(82U I'y; M;*™). This is done by using the theory of convex functions of measures
(see [11,24,30]): for every p € Mp(2 U I; M’Z)X" ) we consider the nonnegative Radon
measure H(p) on £2 U Iy defined by

H(p)(B) iz/BH(P/|P|)d|P| (3.8

for every Borel set B C £2 U Iy, where p/|p| is the Radon-Nikodym derivative of p with
respect to its variation | p|. We also define

H(p) == H(p)(2 U Ty) = /S2 H(p/Ipdlpl.

uly

The function p +— H(p) turns out to be lower semicontinuous with respect to the weak*
topology of M (£2 U I'; M/)*"), and satisfies the triangle inequality. Moreover if py — p
weakly* and | p|(£2 U Ip) — |p|(§2 U Iy), then H(pr) — H(p).

Stress-Strain Duality 1f o € L*(2; M&h), with dive € L*(82; R"), we define the distrib-
ution [ov] on 52 by setting

(lov], 9)ag = (divo, @) + (0, E¢), (3.9)

foreach ¢ € H'(£2; R"). It turns out that [ov] € H_% (0£2; R") (see e.g. [28, Theorem 1.2,
Chap. I]). We define the normal and tangential part of [ov] by

[ov]y == ([ov]-v)v, [av]ﬂ‘ = [ov] — [oV]y, (3.10)

and we have that [ov], and [av]f; belong to H ’%(89; R") thanks to the regularity
assumption (3.2) on 382. If op € L°(£2; M';)X”), by [16, Lemma 2.4] we also have that
[ov]i € L>®(3£2; R") and

1
Ilov]Elloo.a0 < 72||aa||m (3.11)

The set of admissible stresses for the perfectly plastic problem is defined by

() :={o € L*($2; Mg’yﬁ’) sdive € L"(2;R") andop € L™(2; My™")).
The set of admissible plastic strains ITr;(§2) is the set of all p € M, (2 U Iy; M)
such that there exist u € BD(£2), e € L%(£2; M’S’),Xn{') and w € HY(£2; R") satisfying
(u,e,p) € App(w).

If o € X(£2) it turns out that o € L"(£2; ngy) for all » < +o0 (see [29, Proposition

2.5]). For every u € BD(S2) with divu € L2(.Q) we define the distribution [op - Epu] by

(lop - Epul, ¢) = —(divo, ¢u) — %(tro, odivu) — (o, u © Vo) (3.12)
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for every ¢ € C2°(82). As proved in [29, Theorem 3.2] the distribution [op - Epu] is a
bounded Radon measure in £2.

Asin[6],if o € X (£2) and p € ITp(§2), we define the bounded Radon measure [op - p]
on 2 U Iy by setting

l[op - pl:=l[op-Epul—op-ep on £2,

[op - pl:=[ov]} - (w —uw)H"™'  on I,

where u € BD(2), e € L?(2; M"*") and w € H'(22; R") satisfy (u, e, p) € App(w),

sym
and we notice that this definition does not depend on the particular choice of u, e, w (see [6,
page 250]). We also define the duality pairing between o € X' (£2) and p € [T (§2) by

(op, p) = lop - pl(£2 U D). (3.13)
The following inequalities between measures hold (see [6, (2.33) and Proposition 2.4]):

llop - pll < llopllL=|pl on$2 U Iy, (3.14)
[op-pl < H(p) on2U Iy, (3.15)

where H (p) is the measure introduced in (3.8). The following integration by parts formula
is proved in [6, Proposition 2.2] when ¢ € C'(£2). The extension to Lipschitz functions is
straightforward.

Proposition 1 Leto € X(£2), f € L"(2;R"), g € L*®(I"; R") and suppose (u, e, p) €
Agp(w) withw € HY(£2; R"). If —dive = f on §2 and [ov] = g on I, then it holds

(op, p) + (o, e — Ew) = (f,u —w) + (g, u —w)pn. (3.16)
Moreover

(lop - pli¢) + (0 - (e = Ew), 9) + {0, Vo © (u — w))

=(fiow —w)) + (g, ¢u—w)n. (3.17)

for every ¢ € C¥1(£2).
As a consequence of the formula above we obtain the following lemma.

Lemmad Let op,0 € X(2), wp,w € HY(2;R"), (ug, ex, pr) € App(wg), and
(u, e, p) € App(w) be such that

ox — o strongly in L3(2; Mg’;;f ,

divoy — divo strongly in L" (2; R"),

(ox) p are uniformly bounded in L* (§2; M'y"),
ur — uweakly in Lnnfl(Q; R™),

wy — w weakly in Hl(.Q; R™),

ex — eweakly in L*(§2; M"X"),

sym

then ([(o1)p - pil, @) — ([0 - pl, @) for every g € C>' (2 U Iy).

nxn
sym

Proof Our hypotheses imply that o — o strongly in L"(£2; M
2.5]. The conclusion follows now from (3.17).

) by [29, Proposition
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3.2 Hypotheses on the Data

We discuss here the hypotheses on the data for the quasistatic evolution problem in perfect
plasticity.

External Load In contrast to the dynamic case, in perfect plasticity it is not enough to assume
that the total load £(#) belongs to H 1?0 ! (£2; R™). Instead, we assume that £(¢) takes the form
(2.5), with f(¢) € L"(£2; R") and g(¢r) € L°°(I7; R"), so that now the duality (£(¢), u) is
well defined by (2.5) for every u € BD(£2).

The balance equations for the forces are

—dive(t) = f(t) in$2, (3.18)
[o(t)v] =g(t) onlT, (3.19)

where [0 (t)v] denotes the normal component of o (¢), which can be defined as a distribution
according to (3.9), since divo (¢) € L2(2; RY) by (3.18). As for the time dependence, we
assume that

f € AC([0, T]; L"(2:R")), (3.20a)
g € AC([0, T]; L™ (I'1; R™)). (3.20b)

This implies that for a.e. ¢t € [0, T'] there exists an element of the dual of BD(S2), denoted

by E'(t), such that
. L(s) — L(t
(L(t),u) = lim(M, u) 3.21)
s—>1 s —1
for every u € BD(£2) (see [6, Remark 4.1]).
As usual in perfect plasticity problems, we assume a uniform safe-load condition: there
exist a function o : [0, T] — L%(£2, Mg’yxnf) and a positive constant § such that for every
t € [0, T'] we have

—divo(t) = f(t) onS$2, (3.22a)
lo(t)v] = g(r) onI7, (3.22b)
and
op(t) +& € K(2) forevery& € My with €] < 8. (3.23)
Moreover we require that
t+— o(t) and t+> pp(t) are absolutely continuous (3.24)

from [0, 7] to L2(£2; M">") and L™ (£2; M'5,") respectively, so that the function ¢ — (1)

sym

belongs to L' ([0, T'1; L*(£2; M) and
t —
M — op(s) weakly* in L®(2; M'5™) ast — s, (3.25)
— S
fora.e.s € [0, T], and
t > |6(t)]| L belongs to L' ([0, T]) (3.26)

(see [6, Theorem 7.1]).
Using (3.14) and (3.24) we see that for every p € ITp;(§2) the function

t — (op(t), p) belongsto AC([0, T]). (3.27)

@ Springer



J Dyn Diff Equat (2014) 26:915-954 939

Moreover, by (3.20a), (3.22a), (3.23), and (3.24), we obtain

Liop (), p) = (op(t), p) forae.t €0, T], (3.28)
thanks to [6, formula (2.38)].

Boundary Conditions The boundary condition on I is given in the relaxed form considered
in (3.3b) with a time dependent function t — w(¢). We assume that

w e AC([0, T]; H'(§2; RY)). (3.29)

Plastic Dissipation In the energy formulation for the quasistatic evolution problem for perfect
plasticity, it is not convenient to use formulas like (2.18), because they require the existence
of the time derivative of p(¢). Instead, for an arbitrary function p : [0,T] — Mp(2 U
To; M) we define the plastic dissipation in [a, b] C [0, T'] as
N—1
Dp(a, b p) :=sup D H(p(ti+1) — p(i), (3.30)
i=0
where the supremum is taken over all the possible choices of the integer N > 0 and of the
real numbers a = fg < t; < ... < ty—1 < ty = b. One can prove (see [6, Chap. 7]) that, if
p [0, T] — My(82 U I'y; My") is absolutely continuous, then

b
Du(a, b; p) = / H(p(n)dt, (3.31)
a
where p is the derivative of p defined by

p(t) = w*- lim ps) = p®. (3.32)

1 s —1
As a consequence of the safe-load condition (3.23) we can easily prove that for every
tel0,T]
H(g) = (e, q) = vlglim, (3.33)

forevery g € L'(2, M';"), where the positive constant y is independent of ¢ and  (see [6,
Lemma 3.2]). Moreover we have that

H(q) —o(t)-q > Oae. in £2, (3.34)
for every g € L'(£2, M),

4 Quasistatic Evolution in Perfect Plasticity

We recall here the energy formulation of a perfectly plastic quasistatic evolution.

Definition 1 Suppose that f, g, £, o, and w satisfy (2.5), (3.21), (3.23), (3.23), (3.24), and
(3.29). Letug € BD(82), eg € L*(£2; Mg, and po € My, (£2 U Ip; M'5"). A quasistatic
evolution in perfect plasticity with initial conditions uq, ep, po, and boundary condition w
on [y is a function (u, e, p, o) from [0, T] into BD($2, R") x L2(£2, MY x My (§2 U

sym
o, MI™) x L2(2, M2y, with

sym

u0) =uo, e(0) =eo, p(0)= po, 4.1)
o(t) = Ape(t) foreveryt € [0, T], 4.2)
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such that # — p(¢) has bounded variation and the following two conditions are satisfied for
every t € [0, T]:

(@) (u(2), e(t), p(r)) € App(w(r)) and
Qo(e(r)) — (L(1), u(t)) < Qo(n) — (L(1), ¢) + H(g — p(1)) (4.3)

for every (¢, 1, q) € App(w(t));
(b) Qo(e(r)) — Qoleo) + Dy (p; 0,1) = [y (o, E)ds — [y (L, b)ds

'
+ (L), u(®)) — (£(0), uo) —/0 (L, u)ds, 4.4)
where Dy (p; 0, t) is defined by (3.30).

The integrals in the right-hand side of (4.4) are well defined thanks to [6, Theorem 3.8 and
Remark 4.3].
If (1o, eo, po) € App(w(0)) satisfies the following stability condition

Qo(eo) — (£(0), uo) = Qo(n) — (£(0), ¢) +H(g — po) (4.5)

forevery (¢, n, q) € App(w(0)), then there exists a quasistatic evolution in perfect plasticity
with initial conditions ug, g, po, and boundary condition w on I (see [6, Theorem 4.5]).
Moreover the function ¢ +— (u(t), e(t), p(¢)) is absolutely continuous from [0, 7] into
BD(2;R") x L%(£2; Mgym) x Mp(£2 U Io; M'5") ([6, Theorem 5.1]).

In our analysis of the behavior of the solution (u€, €€, p¢, 0¢) of (1.2) as € — 0 we find
that (u€, e, p¢, o) converges to a function (u, e, p, o) which satisfies conditions (4.3) and
(4.4) only for a.e. t € [0, T]. The following theorem shows that this is enough to guarantee

that (u, e, p, o) is a quasistatic evolution, according to Definition 1.

Theorem S Let ug, ey, po, f, & L, w, and o be as in Definition 1. Let S be a subset of
[0, T] of full L' measure containing 0 and let (u, e, o) : S — BD(§2) x L*(£2; M’S’me”) X
L2(£2; Mg'yxm") be a bounded and measurable function satisfying (4.1) and (4.2) forallt € S.
Supposethat p : [0, T] — My (£2UIy; M'y") has bounded variation and that conditions (a)
and (b) of Definition 1 are satisfied for everyt € S. Then there exists an absolutely continuous
function (u,e,o) : [0,T] — BD(§2) x L%(82; Mg’yxm”) x L2(82; Mg’yxr;') which extends
(u, e, 0). Moreover p is absolutely continuous and (u, e, p, o) is a quasistatic evolution in

perfect plasticity with initial conditions uo, eo, po, and boundary condition w on IY.

Remark 4 Lett € S, (u(t), e(t), p(t)) € App(w(t)) and o (¢) := Ape(t). As shown in [6,
Theorem 3.6] the following conditions are equivalent:

(a) Inequality (4.3) is satisfied for every (¢, n,q) € Agpp(w(t));
(b) —H(g) < (Age(t), n) — (L(1), v) < H(—q) for every (v, 1, q) € Agp(0);
() o(t)e X (£2),0p(t) eK(£2), —divo (t)= f(¢) in §2, and [0 (t)v]=g(t) on I7.

The following lemma gives an elementary but useful tool for the proof of Theorem 5.

Lemma 5 Let p : [0, T] — Mp(82 U I'y; My™") be a function with bounded variation and
let Y (t) ;== Dy(p;0,t) fort € [0, T). Assume that there exists a set S C [0, T] of full
L' measure such that p|s and V|s are absolutely continuous on S. Then p is absolutely
continuous on [0, T].
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Proof The absolute continuity on S implies that

lim ¢ (s) = lim ¥(s)
s—>1" s—tT
seS SES

for every ¢ € [0, T']. Since ¥ is non-decreasing, we deduce that the common value of the

limit coincides with 1 (¢). This shows that i is continuous on [0, T']. Since

Ip(t1) = p2)llm, = Du(ps i, 12) = Y1) — ¥ (1)

forevery 0 < t; <1, < T, we conclude that also p is continuous on [0, T']. Moreover the fact
that the restriction of p to S is absolutely continuous implies that it is absolutely continuous
on [0, T'] as well.

Proof (Proof of Theorem 5) We first prove that the functions e, p and u are absolutely
continuous on S. We argue as in the proof of [6, Theorem 5.2] using only times #1, f; and s
in the set S, and we obtain that for any 71, 1, € S with #; < f, we have that

t n 2
le(t) — eI < / ||e(s>—e(n>||Lz¢>(s>ds+(/ ¢<s>ds) ,
I3l n

where ¢ is a suitable nonnegative integrable function. As a consequence of [6, Lemma 5.3]
we get that [le(r2) — e(t1)llz2 < 3 [;> ¢(s)ds so that t > e(r) is absolutely continuous

from S into L2 (£2; ngxnf). Continuing as in the proof of [6, Theorem 5.2] we obtain also that
p and u are absolutely continuous on S. From Eq. (4.4) it follows that t +— Dy (p; 0, 1) is
absolutely continuous on S, so that, applying Lemma 5, we get that p is absolutely continuous
on [0, T']. Now (u, e) admits an absolutely continuous extension to [0, 7] that we still denote
by (u, e). By continuity this extension satisfies (4.3) and (4.4) for every t € [0, T]. This

completes the proof.

Remark 5 Under the hypotheses of Definition 1, for every ¢ € [0, T'] condition (b) of Defi-
nition 1 is equivalent to the following condition:

(b") The function p : [0, T] — M;,(82 U Iy; M';*") has bounded variation and
Qo(e®) + Du(p;0,1) — (o(t), e(t) — Ew(?)) — {op (1), p(?))

t
= Qo(eo) — (0(0), e(0) = Ew(0)) — (2p(0). p(0)) +/O (0, Ew)ds

—/0 (0,e — Ew)ds —/0 (oD, p)ds. (4.6)

This is proved in [6, Theorem 4.4] using the integration by parts formula (3.16). Note
that the duality product (0p(t), p(t)) is well defined for a.e. r € [0, T] by (3.20a), (3.22a),
(3.24), and (3.25).

5 Limit of Dynamic Solutions

Here we formulate in a precise way the asymptotic analysis of the dynamic problem as the
data become slower and slower. This will be done by a suitable change of variables. We
start from an external load £(#), a boundary datum w(¢) defined on the interval [0, T'], and
initial conditions ug, g, po, and vg. We then consider the rescaled problem with external
load L¢(t) = L(et), boundary condition w¢(t) = w(et) on the interval [0, T /€], and initial
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conditions u.(0) = ug, e.(0) = eg, pe(0) = po, and it (0) = €vg. The dynamic solutions
of the corresponding systems (2.23) are denoted by (u¢ (1), ec (1), pe(t), oc(1)).

To study the limit behavior of (u¢(?), ec(t), pe(t), 0c(t)) on the whole interval [0, T /€]
it is convenient to consider the rescaled functions

(ué([)7 66(1)7 Pe(t)7 O-G(t)) = (ME(I/E), 85([/6), pf([/f)! O’g([/é)),

defined on [0, T'], and to study their limit as € | 0. A straightforward change of variables
shows that (u€, €€, p€, o€) will satisfy the following system of equations on [0, T']

Eu® = e + p°, (5.1a)
o€ = Age€ + eAléZI, (5.1b)
€2ii€ — divp, (0€) = L, (5.1c)
ep¢ =0 —mgo€, (5.1d)

with boundary and initial conditions

u¢(t) =w() on Iy foreveryt €[0,T], (5.2)
u(0) = ug, e (0)=-ep, p0)=po, u0)=nvop. (5.3)

We shall prove (Theorem 6) that, under suitable assumptions, the solutions (u€, €€, p€, o¢)

of (5.1) tend to a solution of the quasistatic evolution problem in perfect plasticity, according
to Definition 1.
Hypotheses on the Data The regularity assumptions on the data considered in the dynamical
problem are not sufficient to study the limit of the solutions of (5.1). Therefore we introduce
a new set of hypotheses, which includes also the case of data depending on € and converging
in a suitable way as € tends to 0.

Let M > 0 be a constant. For € € (0, 1) we consider the following assumptions.

(i) Hypotheses on w€ and w:

w® € L™(0,T]; H' (2: R")), (5.4)
W€ e €0, T1; L?(£2; R™) N L2([0, T]; H' ($2; R")), (5.4b)
W€ e L2([0, T]; L*(2; R™)), (5.4¢)
w e AC([0, T]; H'(2; R")), (5.4d)
w® — w strongly in wblqo, T1; H (2; R")), (5.4¢)
elw(0)|l2 — 0, (5.4f)
el (t))|2 < M forallt € [0, T, (5.49)
e/OT 1€ 12,1 dt — 0, (5.4h)
EQ/OT 1€ 12 ,dt — 0. (5.4i)

(i) Hypotheseson f€, g€, f, and g: we assume that there exist o€ and g satisfying (3.23) and
(3.23) with f€, g€ and f, g respectively, and with § independent of €. We also suppose
that
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f€ e AC(0, TT; L"(2; R™), (5.52)
g° € AC([0. T}; H™3 (I R"), (5.5b)
0 € AC([0, T1; L"(£2; Miy)), (5.5¢)
f € AC([0, TT; L"(£2; R")), (5.5d)
g € AC([0, TT; L*=(I'; R™)), (5.5¢)
0 € AC([0, TT; L" (£2; M), (5.5F)
op € AC([0, T]; L™(82; My™)), (5.5g)
f€ — [ strongly in Wh1([0, T1; L"(2; R")), (5.5h)
0¢ — o strongly in W"1([0, T; L" (25 M) (5.51)

The functionals £€(¢) and L(¢) are defined by (2.5) with f€(¢), g€(¢) and f(¢), g(¢)

respectively.

(iii) Hypotheses on the initial data (ug, eg, p(), (1o, €o, po), and vg.

(ug, €5, py) € A(we(0)), (5.62)
(10, €0, po) € App(w(0)), (5.6b)
(uo, eo, po) satisfies the stability condition (45), (5.6¢)
ug — ug strongly in LT (£2; R"), (5.6d)
e — eo strongly in L%(82: Mgy )s (5.6¢e)
PG — po weakly* in My,(£2 U Ip; My"), (5.6f)
v5 € L*(2; R") and €|[v§ ;2 — O. (5.62)

Remark 6 1f we assume that

0p € AC([0, T]; L™(£2; M), (5.7a)
/OT 6 — opllLedt — 0, (5.7b)
then we can replace (5.5¢), (5.5f), and (5.51) by the weaker conditions
0c, 0 € AC([0, T]; L*(£2; M), (5.7¢)
¢ — o strongly in W' ([0, T]; L*(2: MI)). (5.7d)

Indeed using [29, Proposition 2.5] (see also [28, Chap. 2, Proposition 7.1]) from (3.26),
(5.5h), and (5.7) we deduce that o€, 0 € AC([0, T]; L™ (§2; M) and that (5.51) holds.

sym
‘We now state the main result.

Theorem 6 Assume hypotheses (i)—(iii) above. Let (u€, e, p¢, 0€) be the solution of (5.1),
with L replaced by L€, satisfying the boundary condition w on Iy for every t € [0, T'], and
the initial data

u®(0) = ug, e“(0) = ey, p(0) = py u(0) = vy.

Then there exist a quasistatic evolution in perfect plasticity (u, e, p, o), with initial conditions
(ug, eq, po) and boundary condition w on Iy, and a subsequence of (u€, e¢, p¢, o), not
relabeled, such that
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u€(t) — u(t) weakly* in BD(£2), (5.8)
(1) — e(t) strongly in L*(£2; ML), (5.9)

fora.e. t €[0,T], and
pe) — p(t) weakly* in Mp(§2 U Iy; M), (5.10)

forallt € [0, T). Moreover there exists M > 0 such that
Ol + e Ol 2 + 1 O llam, < M (5.11)
foreverye € (0,1) and everyt € [0, T].

Proof From Theorem 2 we get the energy balance formula
62 1 t t
Qu(ef (1) + = [li () —w (D172 + € Qu(e§,)ds + e[ p€1172ds + [ H(p)ds
2 L 0 ' 0 L 0
t
= / (0, Ew)ds + (f(1), u (1) — w (1) — (f(0), u*(0) — w(0))
0

—/0 (f€,us —wds + (g°(), u (1) — w D)y — (g°(0), u(0) — w(0)) py

t t 2
—/ <gf,uf—w€>nds—e2/ (i, i€~ )ds + Qofe) + 510§ — O,
0 0

(5.12)
where 0¢ = Age€ +€A 1é21 . Using the safe-load condition (3.23) and (3.23) and integrating
by parts in space, we get

2 t t t
Qo(e (1) + 1 ()= ()1 + ¢ /0 0165, )ds + ¢ /0 1512 ds + /0 H(5)ds

=/ (0, Ew)ds + (o (1), Eu (1) — Ew (1)) — (0(0), Eu®(0) — Ew*(0))
0

r L e e :
—/0 (0¢, Eu® — Ew)ds — 62/0 (W€, u€ — w)ds + Qole) + ?Ilvg - w€(0)||iz.

(5.13)

By (2.2), (5.4e), (5.42), (5.41), (5.51), (5.6¢), and (5.6g), using the Cauchy inequality, we get
a positive constant Dy such that

2 t t t
o0 € . . . . .
S e N2+ — la () = D)2+ € Ogl(e;,)ds +ef 15117 2ds + OH(pf)ds

t t
sﬁo/ ||ef||Lz||Ew€||des+e/ 1AL, 2 N E | 2ds + (0€(0), (1)
0 0
t t 62 t
- <g€(0>,e€<0>>—/ <@2e€>ds+/<g53,p€>ds+5/ i€ — i [12ds + Do,
0 0 0
(5.14)

for every € € (0, 1), where we have integrated by parts in time the term f(; (0¢, p€). Using

again the Cauchy inequality and the inequality ||e€||;> < 1+ |e€ ||i2 , we obtain that for every
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A > 0 the right-hand side of (5.14) can be estimated from above by
' 2 ! 2 2 ! 2
ﬁo/o el 2| Ev |l 2ds + 6/\/0 [A1€5, II72ds +Alle (D72 + A 10N 2 lle€II52ds
t

2 t
. € . .
+/0 (0%, pS)ds + E/o |l — w6||izds + D;, (5.15)
for a suitable constant D, independent of € that can be obtained using (5.4e), (5.4h), (5.51),

and (5.6e). Recalling that || A1¢5 ||i2 < B1Qi1(€},) by (2.2¢), and taking A = min{ %, ﬁ},
from (3.33), (5.14), and (5.15) we get

2 t t
@0 2 € .€ . € 2 € ‘€ €2
e O 5+ = lli€ () —we (@) +—/Ql<e )ds + €[ 11 p€112 1 dt
4 L2ty L2 5 0 A ) L2
t t 62 t
+y ||pf||L1dss/ x/ffnefnizdw?/ i€ — |1, ds + Dy, (5.16)
0 0 0

where € = Bol|| Ew|| 2 + |0l ;2. Since ¥ € is bounded in L'([0, T]) by (5.4e) and (5.51),

using the Gronwall Lemma we obtain that ||e€ ()| ;2 and % li2€ () — we(¢) ||i2 are bounded
by some constant independent of ¢ and €. Together with (5.4g) and (5.16), this gives

le€ (1))l ;2 < M forall 7 € [0, T], (5.17a)
el (1) 2 < Mforallz € [0, T], (5.17b)
t
e/ Qi1(&4)ds < M, (5.17¢)
0
T
6/0 15117 2ds < M, (5.17d)
T
/ 1Pl ds < M, (5.17e)
0

for all € € (0, 1) and some constant M > 0 independent of ¢ and €.

Since L(£2; M'5") is naturally embedded into M, (£2 U I'y; M), the functions p€ are
actually continuous from [0, T'] into M (£2 U Ip; M"DX"), and inequality (5.17e) says that
the total variation of p€ is bounded uniformly with respect to €. Taking into account (5.6f),
we can employ a generalization of Helly Theorem (see [6, Lemma 7.2] and [4, Theorem 3.5,
Chap. 1]), which implies that there exist a subsequence, still denoted by p€, and a function
p [0, T] > Mp(2 U Ip; M’Z)X"), with bounded variation, such that, as € — 0,

pe(t) = p(t) weakly* in My,(£2 U I'p; M) foreveryt € [0, T (5.18)

It then follows that p(¢) is bounded in M (£2 U I'y; M) uniformly with respect to .
From (5.17a) we also get, possibly passing to another subsequence, that there exists
e € L>®([0, T]; L*(£2; M{X")) such that

sym

e€ — e weakly* in L*®([0, TT; L>(£2; M), (5.19)

sym

ase — 0.
Writing E(u€ — w€) = e + p¢ — Ew*, by (5.4e), (5.6f), (5.17a), and (5.17e), we see
that E(u€ — w€) is bounded in L% ([0, T']; L'(£2; ngxm")) uniformly with respect to €, so

that, thanks to (3.1), u€ — w€ is bounded in L°° ([0, T]; BD($2, R"™)) uniformly with respect
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to €. Then, as a consequence of the embedding BD(£2) — Ln"Tl(_Q; R"), there exists
u € L®([0, TT; L7 (£2; R")) such that

u€ — u weakly* in L*([0, T1; Lﬁ(.Q; R"™)), (5.20)

again for a suitable subsequence, as € — 0. Using the equality Eu€ = ¢€ 4 p€, from (5.18)
and (5.19) we obtain that u € L°°([0, T]; BD(£2)) and Eu = e + p.
By (2.26) we see that the function (u€, €€, p¢) satisfies the equilibrium condition

—H(gq) = (Aoe® (1), n) + (€A1, (1), n) + (€p(1). q)
+ (€20 (1), ) — (F(0), 9) — (8°(0), 9}y < H(—q), (5:21)

for every (¢, n,q) € A(0) and a.e. t € [0, T].
Let us fix a smooth and nonnegative real function v on [0, T']. Multiplying the previous
formula by i and integrating on [0, T'] we get

T

T T

- /0 g (s)ds < /0 (Aoe (5), ¥ (s)ds + /0 (€A1ES, (5), ¥ (s)ds
T T T

4 /0 (€55 (), @) (5)ds + /0 (i€ (s), o) (s)ds — /O (FE(s). )P (s)ds

T T
—/0 (8°(s), @)y ¥ (s)ds S/O H(=q) ¥ (s)ds, (5.22)

for every (¢, 1, ¢) € A(0). Itis easily seen that, if ¢ has compact support, thanks to (5.17b)
the term

T T
| @icoronoas =-e [ o). oo
0 0
vanishes as ¢ — 0, and the same is true for the term
T
/ (ep°(s), @)Y (s)ds
0

thanks to (5.17d).
By (2.2c) we have

T T
eZ/ A6, 117 2ds < 62,31/ Q1(64)ds.
0 0
By (5.17c) this shows that

€A165, — 0 strongly in L*([0, T1; L*(82; ML), (5.23)

sym

as € — 0. This implies that the term

T
/0 (eA1E, (5), MY (s)ds

vanishes as € — 0.
Since (¢, n, q) € A(0), by (3.23) we can write

T T
/o (5D, @) + (8°(9), @)Y (s)ds :/o (@ (), n+ )Y (s)ds,
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and, thanks to (5.51), we obtain that the last expression tends to

T T
/0 (@(s). n+q)¥(s)ds =/0 (f (), @) + (8(s). @)Y (s)ds.

So from (5.19) and (5.22) we get
T T T
_/o H(@)y (s)ds = /0 (Aoe(s), m)y (s)ds —/0 (f(s), @) (s)ds

T T
- [ o onvds < [ Heovoas
and thanks to the arbitrariness of ¥y we conclude that

— H(q) = (Aoe®), n) = (f (1), ) = (&(D). o)y = H(=4), (5.24)

for a fixed (¢, 1, ¢) € A(0) and for a.e. r € [0, T]. The fact that A(0) is separable allows us
to prove that for a.e. t € [0, T'] inequalities (5.24) hold for every (¢, 1, g) € A(0).
Let us define o (r) := Age(t). For each g € L>(£2; M5y, since (0, ¢, —q) € A(0), we
see that
—H(=q) < (0(1), q) < H(q), (5.25)

which says that op(r) € dH(0) = K(£2) (see (2.20)). Moreover, since for each ¢ €
HILO (£2; R") we have (¢, E¢,0) € A(0), from (5.24) we obtain

(o), Ep) — (1), 9) = (g(1), )1, forallg € HE, (2;R"), (5.26)

From this we get divo(t) = f(¢t) a.e. in £, and [o(¢t)v] = g(t) on I7. Therefore,
(u(1), e(t), p(t)) satisfies condition (c) of Remark 4. This implies that for a.e. t € [0, T],
(u(t), e(t), p(t)) satisfies the minimality condition (4.3) for all (¢, n, q) € App(w(zt)). We
now set S := {0} U {r € (0, T'] : (4.3) is satisfied} and we define u(0) := ug and e(0) := ep.
Since p(0) = po by (5.6f) and (5.18), we deduce from (5.6¢) that condition (4.3) is also
satisfied for t = 0.

Since ¢ > p(¢) has bounded variation from [0, T'] into M, (£2 U Ip; M'l')x”), itis globally
bounded and there exists a countable set N C [0, T'] such that for every ¢t € [0, T]\ N

p(s) = p(r) strongly in M (22 U Iy; M) ass — 1. (5.27a)

By the minimality property of (u(s), e(s), p(s)) for s € S we can apply [6, Theorem 3.8]
and for every r € S\ N we obtain

e(s) — e(r) strongly in L?(£2; M';yﬁ) ass — f, (5.27b)
u(s) — u(t) stronglyin BD(§2) ass — t. (5.27¢)

By the continuity of the embedding BD(§2) — Lt (£2; R™) we also get
u(s) — u(t) strongly in L%(.Q; R") ass — t. (5.27d)

In order to prove the energy balance (4.4) we fix t € S\ (N U {0}). For every k let
0= t(')‘ < tf <. < t,f =t be elements of (S \ N) U {0} such that max,-(tl.k — tl.kfl) — O as
k — oo. Then, since (u(t}) — (w(tX) — w(tk ), e(t*) — (Ew(th) — Ew(tk ), p(th) €
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App(w(tF ))) by (4.3), we have

Qole(tf_)) — (f(H_ D u(tf_ D) — (gt ). u(t_ D)y < Qole(r))
— (Ape(t}), Ew(t}) — Ew(tf_ ) + Qo(Ew(t})) — Ew(t’ )

— (). uh) — ) —w )

— (@, uth) — w) —wE ) + HpE) — p_)).

Employing the integration by parts formula (3.16) and then summing up overi =1, ..., k,
we obtain

k k
Qo(e()—Qoleo) + D H(p)—ptf ) + D Qo(Ew(t)—Ew(tf_)

i=1 i=1
k
> D (Ave(tf), Ew(t})— Ew(tf_))+(0(1), e(t) — Ew (1)) — (0(0), e(0)— Ew(0))
i=1

k
+{op(®), p() — (e (0), p(0)) — D (o(tf) — ot ), e(t))

i=1
k k
+ D () — o)), Ew(r)) = D {en ) — on (), p)). (5.28)
i=1 i=1
By (3.27), (3.28), (5.4d), (5.5%), (5.5g), and (5.27) we can apply Lemmas 6 and 7, with §

replaced by S\ (N U {0}), and we obtain that the four Riemann sums in the right-hand side
of (5.28) converge to

t t t t
/ (o, Ew)ds, / (0,e)ds, / (0, Ew)ds, / (op, p)ds.
0 0 0 0

Moreover we see that Zle Qo(E w(tl.k )—E w(t{i 1)) tends to 0 as k — oo, thanks to the
absolute continuity of # — Ew(t). Therefore, passing to the limit in (5.28) we obtain

Qo(e(1)) + D (p; 0.1) — (e(1), e(r) — Ew(t)) — (op (1), p(1))

t
> Qo(eo) — (0(0), ¢(0) — Ew(0)) — {ep(0), p(0)) +/0 (0, Ew)ds

t t
—/ (é,e—Ew>ds—/ (op. p)ds, (5.29)
0 0

fora.e.t € [0, T], where 0 = Age.

We want to show that actually equality holds. In order to prove the opposite inequality we
consider Eq. (5.13).

Thanks to the semicontinuity of Qy(-), by (5.19) we have

b b
/ Qo(e(r))dt §limi(1)1f/ Qo (e (1))dt (5.30)
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forall 0 < a < b < T. We claim that

t

b
/ (Pa(p: 0.1 = tep(®), p()) + (en(0), po) + /0 (0p. p)ds)di

b t t
§liminf/ (/ H(pf)ds—/ (gg,pf>ds)dz, (5.31)
e—>0 a 0 0

forall 0 < a < b < T. This, together with (5.30), implies

t

b

/ (0@ +Du(p: 0.0~ @p (). 1)) + (05(0). po) + /0 (©p. p)ds)d1
.. b e? . . 2 d .

< limint / (Qo(econ + S0 = i Ol +e /0 0165, )ds

t t t
e [ 15 ds + [ 1Gds — [ e 5ds)a
0 0 0

b t
= lim inf/ (/ (0€, EwS)ds + {(0°(1), e (t) — Ew® (1))
a 0

e—>0

t
— (0°(0), °(0) — Ew®(0)) —/0 (0, €€ — Ew®)ds
2 ! € o€ . € € 62 € . € 2
—¢ /0 (i€, i€ —ir)ds + Qo(ef) + - llvg — b (0)||L2)dt =1, (5.32)

where the first equality follows from (5.13) after an integration by parts in time.
Using (5.41), (5.4g), (5.41), (5.6g), and (5.17b) it is easily seen that

b t
52/ (/ (i€, i€ — u';e)ds)dt -0, (5.33a)
a 0
*[lv — b (O)[|7, — 0, (5.33b)
while
b t b t
/ (/ (¢, Ezzf)ds)dz = / (/ (o, Eu'))ds)dt, (5.33¢)
a 0 a 0
Qo(ef) — Qolen), (5.33d)
b b
/ (0°(1), e (t) — Ew*(1))dt —>/ (o(1), e(t) — Ew(1))dt, (5.33¢)
(0°(0), ¢(0) — Ew®(0)) — (0(0), e(0) — Ew(0)), (5.33f)

/b (/ot@é’ e — Eufyds)ds - /b (/Ot@?» e — Ew)ds)ds. (5.33g)

thanks to (5.4e), (5.4h), (5.51), (5.6e), (5.19), and (5.23). This implies that
b t
/ (Qo(e(t)) +Du(p;0,1) — {op(®), p(t)) + (ep(0), po) +/0 <éo,p)dS)dt
b t
<L =/ (/0 (o, Ew)ds 4+ Qo(eo) + (0(1), e(t) — Ew(t))

t
— (0(0), e(0) — Ew(0)) —/ (o, e— Ew)ds)dt. (5.34)
0
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From the arbitrariness of a and b and from (5.29) for a.e. t € [0, T'] we obtain (4.6), which
is equivalent to (4.4).

It remains to prove claim (5.31). This will be done by adapting the proof of [6, Theorem
4.5]. Let ¢ : [0, +00) — R be a nonnegative C* function such that ¢(s) = 0 for s < 1 and
¢(s) = 1fors > 2. For § > 0 we define ¥5(x) := (/)(%dist(x, In)) forx € 2.

Since H is positively 1-homogeneous and satisfies (3.34) we have that

[ cwsirs = [t ius < [ ras = [ g s 639
Integrating by parts with respect to time and using then (3.17), this is equivalent to
[ rcviras = [ 6 e = muyparas + [ v = s
- /Ot(és, W —w) © Vis)ds — (lop @) - p O], ¥5) + ([0p (0) - pS(O)], ¥5)
</ s - / (g5 #1ds. (536)
The lower semicontinuity of the variation, together with (3.31) and (5.18), implies
Dy (Ysp; 0,1) < li?_jgf/otH(Waﬁe(S))d& (5.37)
By (3.23), (5.4e), (5.5h), (5.51),(5.6d), and (5.6¢), using Lemma 4 we obtain

([ep(0) - PO, ¥5) — ([ep(0) - p(O)], ¥s). (5.38)

For what concerns the term ([0}, (1) - p€(#)], ¥s), we fix 0 < a < b < T and integrate on
[a, b] with respect to time. Using (3.17) we write

b b
/ (lep - Pl Ys)ds = —/ (0 - (¢f — Ew®), ys)ds

b b
+/ (f9 s —wS))ds —/ (0%, (€ —w) © Viy)ds,

where we have used the fact that 5 is zero in a neighborhood of I'1. The last three terms pass
to the limit thanks to (5.4e), (5.5h), (5.51), (5.19), and (5.20). Therefore, using again (3.17)
we obtain

b b
/ ([0 - pF1. ws)ds — / Lon - p1. Ys)ds. (5.39)

We now integrate in (5.36) with respect to time. By (5.4e), (5.5h), (5.51), (5.19), (5.20),
and (5.37)-(5.39) we get

b t t
| atispio.0 = [ o= usids+ [ . vsu—wias
t
= [ o =) 0 Ts)ds = llop® - pO1. 43} + llep(© - POV ) )

b t t
§liminf/ (/ H(ﬁ‘)ds—/ <Q;,,pf>ds)dr. (5.40)
e—0 a 0 0
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Using (3.17) we get

b t
| (Pawsp: 0.0~ (tep@pw). ws)+ 1)) )+ [ iep-pl. valds)as

b t t
gliminf/ (/ H(pf)ds—/ (g;,ﬁ)ds)dt.
e—0 a 0 0

Letting § — 0 and using the semicontinuity of Dy we then obtain (5.31). This concludes
the proof of (4.4) for a.e. t € [0, T].

Since (4.3) and (4.4) are satisfied for a.e. + € [0, T], and in particular for r = 0, we
can apply Theorem 5. We obtain that p : [0, T] — M (82 U I'p; M) is absolutely
continuous and we can redefine u(¢) and e(¢) on a set of times with measure zero so that
u:[0,T] — BD(2) and e : [0, T] — L%(£2, Mg‘yxnf) are absolutely continuous and the
function (u, e, p, o), with o (t) = Ape(t), is a quasistatic evolution in perfect plasticity with
initial conditions ug, eg, po, and boundary condition w on 1.

From (5.34) and from the energy balance (4.4) it follows that the inequality in (5.32) is
actually an equality and that the liminf is a limit. So, since

bre? . . ro. L.
/ (?IIMG(I)—we(I)IlszJrf/ Ql(ei,l)ds+e/ ||pf||22ds)drzo,
a 0 0

it follows that equality holds also in (5.30) and (5.31), and that the liminf is a limit also in
these formulas. In particular

T T
/ Qo(e (1))dt — / Qo(e(t))dt, (5.41)
0 0
Since e€ — e weakly by (5.19), from (5.41) it follows that
e€ — e strongly in L*([0, T]; L*(£2; M), (5.42)

which gives (5.9) for a suitable subsequence. From this and (5.18) we conclude that

Eu(t) — Eu(t) weakly* in My (2 U Ip; M’;yxn:’), (5.43)
forae.t € [0, T].

Let us fix ¢ for which (5.9) and (5.43) hold. Since u€(¢t) € A(w€(t)), it follows from (3.1)
that u€(¢) is bounded in B D($2) uniformly with respect to €. Up to a subsequence we may
assume that u€ (¢) converges weakly* in B D(S2) to a function v. By Lemma 3 it follows that
(v, e(t), p(t)) € App(w(t)). Since we have also (u(t), e(t), p(t)) € App(w(t)), we deduce
that Ev = Eu(t) in £2 and (w(t) —v) O v = (w(t) — u(t)) © v K"~ '-almost everywhere
on Iy. This implies that v = u(r) H"~! almost everywhere on Iy, and applying inequality
(3.1) to v — u(t) we obtain that v = u(z) almost everywhere in §2. This concludes the proof
of (5.8).
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6 Appendix

This section contains the proof of two technical results concerning the convergence of suitable
Riemann sums for functions with values in Banach spaces.

Lemma 6 Let X be a Banach space, let ¢ € wLL(0, T1; X), let S C (0, T] be a set of full
measure containing T and let  : S — X' be a bounded weakly* continuous function. For
every k > 0 let {tik}oi,-fk be a subset of S U {0} such that 0 = t{; < t{‘ << t,f =T and
ik 1l = 0ask — +oo. Then

k k
max;_ [t — f;_

k T
Jim S0 0~ sty = [ . s,
i=1

where (-, -) denotes the duality product between X' and X.

Proof Let ¥ : [0, T] — X’ be the piecewise constant function defined by v (r) = W(tik)
for tl.’il <t < tl.k. Then

k

T
D), ¢h) — o ef ) = /0 (Y@, ().

i=1
Since ¥y (1) — ¥ (r) weakly* for every t € S we have (Y (1), d(1)) — (¥ (1), ¢(¢)) for a.e.
t € [0, T]. The conclusion follows from the Dominated Convergence Theorem.

The next lemma extends the previous result to the case of the duality product introduced
in (3.13).

Lemma 7 Let ¢ be the function introduced in the safe-load condition (3.23)—(3.24) and let
p [0, T] - Mp(£2 U Iy; M'bX") be a bounded function. Assume that there exists a set
S C (0, T of full measure containing T such that for everyt € S the function p is continuous
at t with respect to the strong topology of Mp(82 U I, M'l')x") and p(t) € I, ($2). For
everyk > 0 let {tik}OEiEk be a subset of S U {0} such that 0 = t(])‘ < t{c << t,f =T and
maxf":1 |tik - tik_1| — 0ask — +o0. Then

k T
Jim > o) —op(ip), p(tf) = /0 (©p(®), p)dr,
i=1

where (-, -) denotes the duality product introduced in (3.13).

Proof Let py : [0, T] — I, (§2) be the piecewise constant function defined by pi(f) =
p(tik) for t{‘_l <t < tik. Using (3.27) and (3.28) we obtain that
k T
D len) —epf ). pth)) = / (0p(1), pr())dt =
i=1 0

T

T
— /0 (D), pi(t) — p(e)dt + /O on(1). p()d. 6.1)

By (3.14) we have
T

T
/0 [{op (@), pr(t) — p(n))ldt 5/0 lop L=l pr(@) — p()llm,dt
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Since || px (1) — p(t) || pm, — Ofora.e.t € S by our continuity assumptionand ¢ — [|0(t) ||z
belongs to L' ([0, T) (see [6, Theorem 7.1]), we obtain

T
lim A l(ep (1), pr(t) — p())|dt =0 (6.2)

k—00

by the Dominated Convergence Theorem. The conclusion follows from (6.1) and (6.2).
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