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Abstract The comparison theorem is proved for stochastic functional differential equations
whose drift term satisfies the quasimonotone condition and diffusion term is independent of
delay. Application is given to stochastic neutral networks with delays.
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1 Introduction

The study of comparison results for stochastic differential equations started with Skorohod
[20]. After that, comparison theorems for solutions of two one-dimensional Ito’s stochastic
ordinary differential equations with the same diffusion coefficients were intensively studied,
and many applications, including stochastic optimal control and test for explosions were
presented, see [9-11,19,22,23] and references therein. It is worth to mention that Peng and
Zhu [18] have given a necessary and sufficient condition of the comparison theorem in this
case. Yan [24] gave some conclusion about equations driven by general continuous local
martingale, continuous increasing process and general increasing process but still based on
the same diffusion coefficients. The first comparison theorem for two multi-dimensional Ito’s
stochastic ordinary differential equations with the same diffusion coefficients was proved by
Geip and Manthey [8]. An additional condition called quasimonotone must be imposed
on. It is mainly based on this comparison theorem that Cheushov [5] established stochastic
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monotone dynamical systems and investigated the structure of random attractor and long-term
behavior for some special quasimonotone stochastic ordinary differential equations.

In contrast to the theory of stochastic ordinary differential equations, the theory of sto-
chastic partial differential equations lacks an important tool, namely, we do not have a well-
applicable Ito’s formula. One technique to handle the difficulties arising from the missing
Ito’s formula is comparison technique. Pardoux and his collaborators [3,7] began with the
study of comparison theorem for parabolic stochastic partial differential equations. Kote-
lenez [14] was the first one to consider comparison theorem for a wide class of parabolic
stochastic partial differential equations with Lipschitz drift and diffusion coefficient. Man-
they and Zausinger [15] extended Kotelenez’s result to the case that drift coefficient allows
to be polynomial growth using a different method. Applying the method in [15], Assing
[2] generalized Manthey and Zausinger’s result to systems of parabolic stochastic partial
differential equations by a method of approximation.

As far as we know, there is very few comparison theorem for stochastic functional dif-
ferential equations. The only one we have found was presented in [25] for scalar stochastic
functional differential equation. They also claimed that “‘so far, there is no result for compari-
son theorem on stochastic differential delay equation” in the introduction of their work. If one
tries to investigate monotone random dynamical systems generated by stochastic functional
differential equations, he has to prove a comparison theorem as in the paper [8]. Besides,
such a comparison theorem has its own independent interest. Motivated by these, we will
prove a comparison theorem for stochastic functional differential equations under quasi-
monotone condition and other regular conditions. To achieve this, we need to prove a global
existence and uniqueness theorem under weaker conditions. This comparison theorem lays
the foundation to investigate deep long-term dynamical behavior of quasimonotone stochas-
tic functional differential equations, which has been thoroughly exploded in deterministic
functional differential equations in [21].

2 Preliminaries

Let (82, §, {S:}:>0. P) be a complete filtered probability space satisfying the usual conditions.
Fix an arbitrary ¢ > 0 and two positive integers d and r.

Consider the following two systems of stochastic functional differential equations(SFDEs)
in the sense of Ito:

dxi(t) = fi(t, x(0), x)di + 3 o3 (L x@)AWS i =1.2,....d. on
j=1 :

x(0) =¢(@), 0 €J 2[-1,0], p € C(J,RY),

and

dxi()7 = f;(t,X(t), T)dit + z a,-j(t,f(z))dwf', i=1,2,....,d,
j=1
XO) =), 0, e CWU, RY

(2.2)

where x() = (x1(2), ..., x; (1), ..., xq(®), x(1t) = &1(t), ..., % @), ..., x2(t)), x:(0) =
x(t +0), 0 = xt +0),0 €¢ J = [-71,0], Wy(w) = (W,](a)),...,W[(w)) is
an r—dimensional {g;},>0-adapted Wiener process with values in R",C £ C(J, RY) is
the Banach space of all continuous functions ¢ : J — R with the sup-norm ||¢| =
sup{|¢(s)|, s € J} and | - | denotes the Euclidean norm.
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We make the following hypotheses:

(H1) The drift terms f = (f1, ..., fa), f: (f],...,fd) ‘Ry xR x ¢ — R are
continuous and the inequality f; (¢, ¢ (0), ¢) < ﬁ(t, ¥ (0), ¥) is fulfilled whenever ¢ <¢
and ¢;(0) = ¥;(0) holds for some i and r > 0, ¢, ¥ € C, the notation <¢ is given in the
next section.

(H2) The drift term satisfies global Lipschitz condition, that is, there exists a constant
L > O such that foreachi =1,2,...,d,

|fit,x, @) — filt,x', )P < L(Ix — "1 + 6 — v 1%

forallt > 0,x,x’ e R?and ¢, ¥ € C

(H3) The diffusion term o (t, x) = (0;(t,x)) : Ry x RS — R’ i =1,2,....d,j =
1,2, ..., r is continuous and there exists a nondecreasing continuous concave function p :
Ry — Ry with p(0) = 0, p(x) > 0 for x > 0, and f0+ = oo such that for each
i=1,2,...,d,

dx_
p(x)

r
> loij(t.x) — 03 (2. x)* < p(lxi — x[I7).

j=1

forallz > 0, x,x € RY.

If p(Jx; — xl./ 12) is replaced by p(|x — x'|%), then we use (H3*) to denote the corresponding
hypothesis.

(H4) The drift and diffusion terms have linear growth, that is, there is a constant y > 0
such that f = (f1,..., fa) : Ry X R xC— RY and o (1, x) = (0ij(t,x)) : Ry x RY —
RO i =1,2,....d,j=1,2,...,r satisfy

Ift,x, o> <y(1+Ix* + ¢]?) and
lo(t, 0> < y (1 +[x?)

forallt > 0, x eRd,quC.

Theorem 1 Assume that (H2), (H3*) and (H4) hold for system (2.1). Then the system (2.1)
has a strong solution x(t, ¢) for all t > 0, and the strong uniqueness holds. Furthermore
x: (@) is a C-valued process adapted to {§;}:>0 with continuous sample paths.

This proof is presented in appendix and extends Mao’s technique ([16]) for backward
stochastic differential equations to stochastic functional differential equations.

Now we review the general Gronwall inequality in [1], which is useful in the subsequent
sections. Consider the following inequality

t
u(t) < a(r) +/ A, s)n(u(s)ds, 0=t =<m, (2.3)
0

which satisfies the following properties:

(S1) 7 is continuous and nondecreasing function on [0, co) and is positive on (0, c0),

(S2) a(t) is continuously differentiable in ¢ and nonnegative on [0, #1], where ¢t > 0 is a
constant,

(S3) A(z, s) is continuous and nonnegative function on [0, 7] x [0, #].
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Theorem 2 Suppose that (S1)—(S3) hold and u(t) is a continuous and nonnegative function
on [0, t1] satisfying (2.3). Then

t
u(t) < W_l[W(r(t))—i-/O Orll)?ztk(x,s)ds], 0<i1<t, (2.4)

where W (u) £ ﬁ” %, u > 0 is constant and r (t) is determined by

t
r(t) £ a(0) +/ la’(s)lds,
0

t. <ty is the largest number such that
fe ® dz
Wr(t.)) + max A(x,s)ds 5/ —_—
0 O=x=t w 1@

The proof can be found in [1].
We apply Theorem 2 to study such an inequality :

t

t
u(t) 5/ )»m(u(s))ds—l—/ lou(s)ds, t > 0. 2.5)
0 0

Corollary 3 If p satisfies the hypothesis (H3), L1 and A are two positive constants and u(t)
is a continuous and nonnegative function on [0, 00) satisfying (2.5), then u(t) = 0,t > 0.

Proof Lett; > 0 be arbitrary and consider the following inequality:

t

1
u(t) 5/ Ap(u(s))ds +/ Mou(s)ds, 0<t<t.
0 0
Let A = max{A;, A} and o(u) = u + p(u). Then we have
12
u(r) S/ ro(u(s)ds, 0=<t=<mn.
0

By Theorem 2, it is easy to see that W(u) = fg %, r(t) =0,

t
u(t) < W_I[W(r(t)) +/ Ads], 0<rt<t, (2.6)
0
where 7. is the largest number such that
Ie [ee] dZ
W(r(t.)) +/ Ads < / —. 2.7)
0 7 0@

Since p is a concave function with p(0) = 0, we have

p(x)>p)z, for 0<z<1.

So
d d 1 d
/i:/ O /—Z:oo, 2.8)
ot 02 Jor z+p@ T p(D)+1 Jor p(2)
which implies that (2.7) is true for 7, = #;. Therefore, u(t) = 0 for 0 < ¢ < ¢t; by (2.6). Since
11 is arbitrarily chosen, we have u(¢) = 0, t+ > 0. The proof is complete. O

Before finishing this section, we provide a criterion for stopping times.
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Proposition 4 Suppose that ¢ is an §;—stopping time and Q is progressively measurable.
Then

Do(w) £ inffs | s > 5(w), (5, ») € Q)
is an §;—stopping time.
Proof Let
02 ((5,00) 2 {(s,0) € Ry x 2| g() < s5}.

Then we will prove that é is a predictable set. It suffices to show that / ) is an §;—adapted
left-continuous process. It is easy to check that the sample path / ) (t, w) is left-continuous
for a fixed w. Since I3 (t, w) = I{c <) (w) and the filtration {§,},>¢ is right-continuous, I is
adapted to the filtration {3 };>0.

By the definition of é, it is easy to see that

Do (w) = inf{s | (s,®) € QN O}
The direct proof shows that for a fixed ¢,
{we 2| Dgw) <ty=m(QN 0N (0,1) x 2)) 2.9)
where
TRy x 2 — 2

is the projection mapping. _ _
Since Q is progressively measurable and Q is predictable, Q N Q is progressively mea-
surable, which implies that O N Q N ([0, ¢] x £2) € B([0, ¢]) x §;. Thus,

0N ON0,1)x2)=(2NQONI0, 1] x 2)) [ (0, 1) x 2) € B(O, t]) x ;.

It follows from (2.9) and projection theorem that {w € £2 | Dg(w) < t} € §;. This completes
the proof. o

Corollary 5 Suppose that F(t, w) : Ry x 2 — R? is a progressively measurable process
and ¢ is an §,—stopping time. If E € B(RY), then

Dg(w) £ inf{s | s > ¢c(w), F(s,w) € E}
is an §;—stopping time.

Proof Let Q = F~!(E). Then Q is progressively measurable. The conclusion follows
immediately from Proposition 4. O

3 Comparison Theorems for SFDEs

To obtain the comparison results of SFDEs, we need the partial orders in R? and C. The

positive cone in R, denoted by RZdJH is the set of all d tuples with nonnegative coordinates.

It gives rise to a partial order on R? in the following way:

x<y<=x; <y, for i=1,...,d,
x<y<=x<y andx; <y, forsomei e {l,..., d},
XLyE=xi <y, fori=1,...,d.
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Let
Cr={peC:¢(s)>0, selJ}

Then C is a positive cone of the Banach space C. Hence the partial order on C is given as
follows

$<c¥y < P(s)<yY(s), sel,
¢ <c¥ &= ¢ =cy, and ¢ # Y,
¢ LoV <= P(s) LK Y(s), sel.
Now we present our first comparison result.
Theorem 6 Suppose that the drift terms f, fand the diffusion term o (t, x) satisfy the

hypotheses (H1)—(H4). If ¢,y € C satisfying ¢ <c¢ ¥, then P({x(t, ) < X(t,¥),t >
0}) = 1 and hence P({x;(¢) <c % ({),1 > 0}) = 1.

Proof Let 52([) =Xx(t,¥) and X (t) = x(t, ¢). Then we have

dX;(t) = fi (1. X(0). X, ) dt + > 0y (1. X(0) dW] . i=1.2,....d.
j=1
X(t) =y @), te[-1,0]

and
r .
dXi(t) = fi(t. X (1), X)dt + D oij(t, X()dW/, i=1,2,....d,

j=1
X(@)=¢@), te[—r,0]

By Theorem 1, X (¢) and X (1) are §;—adapted continuous processes.
SetY;(t) = X;(t) — X;(t), i =1,2,...,d. Then we have

aY; = [fit, R0, X = it X0, X0 |de

+ D (01t X(0) — 03 (e, X(O)dW/, i=1,2,....d.
j=1

Now we introduce the following function which was first presented in [4]:

y2, . y =<0,
@e(y) = yz—z—e, 0 <y <2e,
26))—%62, y > 2e.

It is easy to see that ¢ (y) € C*(R), ¢.(y) — 2y~ uniformly with respect to y, ¢/ (y) —
21(y<0) and ¢ (y) — |y~ |? provided that € — 0, where y~ = y A 0.
Define the stopping times
Iy 2 inf {z > 0:1X(0)| > N, 1X(0)| > N} AN, forevery N >0,

Aiéinf{z>0:xi(t)>)?i(t)}, i=1,2,....d, 3.1)
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and
A=A AN~ NAy.
Obviously I'y 1 oo as N 1 oo, and either A; = +o00 or
X;(A;) = Xi(A;) and X; (1) < X; (1), for 0<t<A;, i=1,...,d. (3.2)
In order to verify the conclusion, we have to prove that
P{A < oo}) =0,

it suffices to show that P({A < I'y}) = 0 for every N > 0.

Fori=1,2,...,d, let
O 2inf{r > Ai: Zit,w) 2 [0, X0, X)) — [, X1 (0, Xim1 (0, Xi (1) = Y] (1),
SORTORINS IO (NN RV (PR vib (IEFINNS P | § (3.3)
where Y, (t) = Y; () A0 and )7;1(9) = Zf(t +0) =Y, (), -t <6 <0.1Itis easy to see
that the sample path for Z; (¢, @) is continuous for a fixed . By monotone class theorem,
one can verify that Z; (f, ») is §;—adapted. Then applying Corollary 5, we get that 9; is an
§:—stopping time.

We claim that

Al‘ <l9i on{A,- =A <OO}, i = 1,2,...,d.

By the definition of ¥;, A; < ¥; holds for every i=1,2,...,d. Again by the definition of
¥, together with the continuity of f; and f;,i =1, 2, ..., d and the pathwise continuity of
Xand X we have

Fi@i, X0, Xo) = fi@, X @), -, Xia 90, Xi @) = Y7 @00, Xia 9),

LX), X195 -4 Xi—l,z?,»Xz 0 — Y s Xz+1 Bis -+ Xd,9;) = 0. (3.4)

In order to prove tf this claim, let us assume the contrary. Then 9; = A; on {4; = A < oo}.
Since X;(A;) _X (Ai), we have Y, (%) =0, Y ﬁ(é) =0,—1 <6 <0.In view of (3.2)
and the hypothesis (H1), it is easy to see that

[i@i X0, X)) — [0, X1, ..., Xim1 (90, Xi(9) — Y7~ (99),

Xit1(0i), .- Xa@i), Xvywys oo Xicvws Xiwy — Yy Xivrs - Xaw) <0

i
on {A; = A < oo}, which contradicts (3.4). Hence this claim holds.
By (3.3) and the above claim, it can be seen that for all s € [A;, ;]
fils, X (), Xy) = fi(s, X1(8), ... Xio1(s), Xi(5) = Y7 (), Xig1(s),
Xd(s) X157~-~5Xl I,A’Xl Y Xz+1,s--~7Xd,s)§O (35)

i,s°

on{A; = A < o0}.
Now our purpose is to prove that for every N > 0, P({A < I'y}) = 0. To this end, we
assume that
P{A < ITn}) >0

for some N. It follows that there exists an i € {1, 2, ..., d} such that
P(A) >0
where A = {A; = A < I'y}.
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Since Y;(1), i = 1,2,...,d is a continuous semimartingale ([17]), applying the Ito
formula, we have

Y (Yi(A+1) A ATN))
=@ (Yi(AND; ATN))

(A+)NOi NN . R .
+/ P (Yi(s)Ifi (s, X(5), X5) — fi(s, X (5), X;)1ds
AN ATy

(A+)NH ATy r . )
4 / L) D (015, X(s) — 03 (5. X)) WS

AN ATy j=l

(A+)AN9 AT 1 r N 5
+/ Eﬁﬂg(Yi(S))Z(Uij(S’X(S)) —0ij(s, X(s)))"ds
AANG; Ty j=1

2 A+ Ay + Az + Ay 3.6)
Note that /4 is 74— measurable (see Lemma 1.2.16 in [13]). Hence
E[A314] = E[E[A314|Fall = E[IAE[A3|F 4]l = 0. 3.7

In fact, let

X r . .
My (w) £ /0 @ (Y (s)) Z(O'ij(S» X(s)) — 0ij(s, X(5))d W .

j=1

Then M, (w) is a continuous martingale. Thus

E[A3|F Al = EIMA+iynoinly — Mang ary | Fal
= E[MA+ono;nrw | Fal — Mangiary
= E[Matvonoinrn | Fanoiaryl — Mang;ary = 0.

We have used the optional sampling theorem (see [13]) in the last equality and (ii) of Problem
1.2.17 in [13] in the second equality. This proves (3.7).

Multiplied by the indicator function /4 to the two sides of (3.6), and then taking expectation
and setting € — 0, we obtain that

E(1Y7((A+ 0 A9 A T4

—El, /MHMAFN 2(Y;(s)) [f,-(s, X(s), Xy) — fi(s, X(s), Xs)]ds

AN ATy

(A+DN AT r . 2
+E1L | =0y X (63105, X)) — 03565, X(5))) ds
AN ATy

j=1
2 EIzX) 4+ EI 3. (3.8)

@ Springer



J Dyn Diff Equat (2017) 29:1-24 9

Relation (3.5) and y~ < 0 imply that

(A+DN ATy - - - - - -
1722 = IA/ 2007 () [fiCs, X (s), Xs) = fi(s, X1(9), -, Xi1(s),
AN ATy

i,8°

Xi(s) — Y, (s), Xis1()s ooy Xa(s), Xigo ooy Xict5s Xis — ¥ oo Xilss - - )?d,s)] ds
(A+NO AT - R — ~ -~
+1A/ 2077 () [fi (s, X1(5), -, Xim1(8), Xi(s) = Y7 (), Xig1(s),
ANO NN

s Ra) R i R = T R o Ra) = fils, X (), X0) | ds

1,8°

(A+DA0 ATy PN e . ~ ~
< IA/ 207 () [Fi(s, X(s), Xy) = Fils, Xi(s), -, Xim1(s), Xi(s)
AN ATy

=Y, (s), Xig1(5), ooy Xa(8), Xigy oo Xt s, Xig — Vi Xitts, oo, ??d,s)] ds.

By the global Lipschitz condition for the drift f, there exists a constant L* > 0 such that
(A+DA AN ~
I3 <1a / 2077 @)1 x L* (1Y )] + 17511 )ds. (3.9)
AN ATy

Since Z}(G) =7Y; (s),—7t <60 <0, by (3.9) we have

(A+DAY ATy
Iy 2 < IA/ 4L*|Y] (s)|*ds. (3.10)
A

AU AN

From (H3) it follows that

(A+D)N9; ATy r - 2
IA 52 = Iy / Iyir=0 2 (015G, R(6) = 01 (s, X () ds
AN ATy j:l

(A+)AN9 AT
< IA/ Ly, (s)<0y X p(|Y,~(s)|2)ds
AN ATy

(A+t)NU AT
< IA/ P (1Y @P)ds, 3.11)
A

ANy
By (3.8), (3.10) and (3.11), we have

(A+NO AT
E(1Y7 ((A+0 A9 ATWIPA) < EIA/ 4L*|Y] (s)|*ds
ANOi ATy

(A+)N0 ATy
+EIA/ p(|Y;(s)|2)ds
ANO AN

t
< E/ ALY, ((s A A A FN)|21Ads
0
t
-I—E/ p(|Y;((s T A A A rN)|2)1Ads
0
t
< / 4L*E(|Yi_((s LA A A I"N)|21A)ds
0

t
+/ p(E(|Y;((s F A A A FN)|21A))ds
0
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where the last inequality has applied the Jensen inequality because of the concavity of p.
Note thatt — E|Y; (A+) A% ATN) |2 is continuous (see Remark 14) and using Corollary
3, we have

E(1Y7 (A + 0 A9 A Ty )P L) =0,
which implies that
X,-((A FOADATN) < Xi((A+1) A0 A FN) as. P
forevery t > Oon {A; = A < I'y}. It follows from the continuity of X;(¢), X\i (t) that
X,-((A—l—t)/\ﬁi ATN) < Xi((A+1) A /\FN), 0<t<ooas. P

on {A; = A < ['y}. This contradicts (3.1), which shows that P({A < I'y}) = 0 for every
N > 0. Hence we have P({A = oo}) = 1. Therefore

P((X(0) = X012 0)) =1,

P((x(t.¢) <F.y).1 2 0}) =1,
which shows that
P(xi (@) =c Ti(w). 1 2 0)) = 1.
The proof is complete. O

Now we give a condition which makes it possible to replace < in (H1) by <. For this
purpose we review the following definition given in [21].

Definition 7 A mapping g : R4 x R? x ¢ — R? is called quasi-monotonously increasing,
ifforeveryi =1,2,...,d

gi(1.60).9) =1 v, v),
wherever ¢ <¢ ¥ with ¢; (0) = ¥;(0) and ¢ > 0.

Theorem 8 [f either drift term f to system (2.1) or fto system (2.2) is quasi-monotonously
increasing, then the condition (H1) of Theorem 6 can be replaced by

(H1*) The function f; 1Ry xRIxC — Rand f; 1Ry xRIxC—>R,i=1,2,....d
are continuous and satisfy the following condition: fi(t, $(0), ¢) < f;(t, ¢(0), @) for every
¢peC,t>0.

Proof Assume that the drift coefficient f to system (2.1) is quasi-monotonously increasing,
a similar argument holds if the drift coefficient f to system (2.2) is quasi-monotonously
increasing. Let £ > 0 be arbitrarily chosen and define

fFefi—¢ i=12,...,d.
Consider the following auxiliary system
r .
dxi(t) = f{ (6, x(0), x)dt + X o3 (1, x(@)dW/, i =1,2,....d,
j=1 (3.12)
x(0) =¢@©), 6 €J, ¢ € C(J,RY).
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By the hypotheses (H2)-(H4) and Theorem 1, system (3.12) has a unique strong solu-
tion X%(z),t > 0. From (H1*) and the quasi-monotonicity of f it follows that the pair
(ff, ]/‘;), i=1,2,...,d, satisfies (H1). Hence, applying Theorem 6, we get that

Xf(t) < )?,-(t) forallr >0, as.P

fori =1,2,...,d. Choose a strictly decreasing sequence ¢,,n > 1 with lim,_« ¢, = 0.
By the same arguments as above we have

Xf‘ 1) < sz(t) <...<X;(t) forallt >0, as.P
as well as

X;'(1) < X?(t) < --- < X;(t) forallt >0, as. P
fori =1,2,...,d. Define

Xi(1) 2 lim X[ (1), (3.13)
n—oo
fort >0,i =1,2,...,d. Then
Xi(t) < ?i (t) forallt >0, as. P

fori =1,2,...,d. To complete the proof, we shall show that X(¢) is a modification of the
solution X (¢). By the strong solution uniqueness it suffices to check that X(¢) satisfies (2.1)
a.s. Pforevery t > 0.

First we prove that X% (t) converges to X(¢) uniformly on ¢ € [0, T'] almost surely as
n — oo. In terms of the Holder inequality and (3.12) we have

sup | X+ () = X7 (0P = sup

O=<x=t O=<x=t

X (Cn — §n+l)_e)

+/X (f (s, X541 (s), Xg"™) — f(s, X (s), X5n))dss
0

2

+/X (o(s, X1 (5)) — o (s, X" (5)))d Wi
0
< 3d(Gy — L)’ T?

t
+3(/0 | (s, Xo+1(s), Xy — f(s,an(s),xgn)us)2

2
+3 sup

0<x=t

< 3d(Gn — L)’ T?

'
+3T/
0

X
+3 sup ‘/ (0 (5, X5r+1(5)) — 0 (5, X5 (5)))d W,
o<x=t'Jo

/X (o (s, X1 (5)) — o (s, X (5)))d W
0

Fs, X5 (s), XY — f(s, X5 (s5), Xo) “ds

2
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where @ = (1,1,...,1)" is a d dimensional vector. According to (H2) and (H3) and the
Burkholder—Davis—Gundy inequality, for ¢ € [0, T'], we have

E sup X5+ (0) =X (G017 < 3d(Cn — Gui1)?T?
0<x=t

t
—|—3TE(/ | £ (s, Xon+1(s), X5ty — (s, Xon (5‘),X§")|2ds)
0
X 2
+3E sup ’/ (o (s, X+ (5)) — o (s, X5 ()))d W
0<x=t'JO
< 3d(Gn — tnt1)°T?

t
+37dLE( /O (X5 (5) = X5 () + X = X |P)ds )

t 2
n 12E/ ‘a(s,xfwl(s)) — o, Xé“n(s))‘ ds
0
< 3d(¢n — Euy1)?T?

t
+6TdL/ (E sup |x<n+1(x)—x¢n(x)|2)ds
0

0<x=<s

t
+12d/ p(E sup |X§"+'(x)—X§"(X)I2)dS
0

0<x=<s
< 3d(Ly — Lny 1) T?

t
+(6TdL+12d)/ Q(E sup |x¢n+1(x)—x¢n(x)|2)ds.
0

0<x=<s

Note thatt — E SUPp<y < | X%n+1(x) — X5 (x)|? is continuous (see Remark 14) and hence
by Theorem 2, we have

2
X§n+1(x) — x%n (X)’ < W*I[W(r(t)) + (6TdL + 12d)t], 0<rt<t,

E sup
0=x=t

where W(u) = fﬁ" %,ﬁ is any given positive constant, () = 3d(¢, — ;“,,H)ZTZ, and
t. < T is the largest number such that

W(r(t:)) + (6TdL + 12d)t. < / dz.
7 0@

By (2.8) it is easy to see that (3.14) holds if n is sufficiently large, i.e., there exists N1 > 0
such that if n > Ny, then (3.14) holds. Hence, asn > Ny, t. = T. Then

: (3.14)

2
E sup ‘anﬂ(z) _ X6 (t)‘ < W_I[W(r(T)) £ 6dLT? + 12dT]. (3.15)
0<t<T
Furthermore, since f0+ ﬁdz = 00, there exist u,, n > 1 such that for every n, u, < SL"
1
and [ 5" ﬁdz = 6dLT? + 12dT. Let r(T) = i, then ¢, — {1 = \/ 347> and hence

On = Do /%, n > 1. Moreover by (3.15) we have that for n > Ny,

2 1
E sup (X9 (1) —X"(1)| < —.
0<t<T 8"

@ Springer



J Dyn Diff Equat (2017) 29:1-24 13

By Chebyshev’s inequality we have

00 o |
E I[D( sup |X§n+1(t) _ XCn (t)| = 27(n+1)) < Z 4— < 0.
_ 0<t<T “~ 2n

n=Nj =N,

Then Borel-Cantelli Lemma implies that there exists an event 2* € § with P(£2*) = 1 such
that for every w € £2* there is an integer N> (w) > N satisfying that

sup ’XW(;) — X5 (r)‘ <270 > Nry(w).

0<t<T
Consequently

sup | X (1) — X ()| <27, p=1, n = Na(w),

0<t<T

that is, X% (s) converges to X(s) uniformly on [0, 7] almost surely. The continuity of X(s)
follows.
Now define

Ty 2 inf{r > 0:[| X, [|> N or |X;'| > N} AN, forevery N > 0.

In terms of (3.13) and Lebesgue’s Theorem on dominated convergence, we have

tATN tATN
/ £ (5, X5 (), X&) ds — / fi(s,X(s), X, )ds, as. P,
s 0
and
ATy
E / |ovj (s, X (s)) — Uij(S7X(S))’2dS — 0,
0
asn — 0o.

Thus, by Proposition 3.2.10 in [13], we have

ATy ATy

. L2 .
/O’ij(&X;"(S))dWsj—) /Uij(SaX(s))dWsj
0 0

as n — oo. Then taking a subsequence if necessary, we obtain that

tATN

tATN r .
lim X" (r A Ty) = ¢:(0) +/ fi(s, X(s), Xy)ds + Z/ 0ij (s, X(s)d Wy,
that is,
tATN

AT, r .
HAT) =40+ [ fisxTds+ Y [ oy xenawd,
0 = Jo

Note that as N 1 oo, Ty 1 oo. Setting N 1 oo, from the path continuity of X(¢) we
conclude that
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t Tt )
Xi(0) = 4(0) + / fi(s, X(s), X)ds + 3 / 01 (5, X(5))dW{.
0 =Jo

The proof is complete. O

4 Application

As an application of our comparison theorem, we will show that the solutions of a class of
stochastic neutral networks with delays possess monotonicity and sublinearity. Consider the
following stochastic neutral networks described by Stratonovich type of stochastic differential
equations with delay:

d r
dxi(t) = [ —aixi(t) + 3 bijhj(x;(t — tj)]dt + X owxi (t) o dWf,
j=1 k=1
xi(0) =¢i(0),0 € J £ [-7,0l, 7= max 7;,¢ €C= C(J,R‘i), i=1,2,...,d,
1<i,j<d
4.1
where the activation functions satisfy the following:

(Al) hj e CY(®), hi(0)=0,i=1,2,...,d,
(A2) lim %0 =0, i=1,2,...,d,
§—> 00

(A3) 0 <hi(s) <1, i=1,2,....d,
(A4) bij >0 forall i,j=1,2,...,d.

Theorem 9 Besides (A1)—(A4), we further assume that the system (4.1) satisfies
(AS5) each h;(s) is a sublinear function from R into R in the sense that

Mi(s) < h;j(As) forall0 <A < 1lands > 0.

Then the system (4.1) has a unique strong solution @ (t, ¢) fort > 0, wherep = (¢1, - .., a)-
Moreover, it generates a monotone random dynamical system, which means that

$=<cy = P, ¢) <c P, ¥), >0
and @ (t, ¢) is sublinear in the sense that for every ¢ > 0,

AD(t, p) <c D(t, p), forallt >0and0 <A <1.

Proof First, we shall illustrate the strong solutions for (4.1) generate a random dynamical
system by the conjugacy technique (see Imkeller and Schmalfuss [12]).
Denote by z(w) the random variable in R” such that

2(t, w) = z(6i0) = (211, ®), 22(1, @), ..., 2, (1, ®))
is Stationary Ornstein-Uhlenbeck Process in R” which solves the equations
dzg = —pzrdt +dWF, p>0k=1,....r.
Let us first introduce a conjugate transformation:

T(w,y) = (yi-€] (@), ..., ys-e5(w))
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where
-
ef (0) = exp{zf (@)}, 27 (@) =D 0ijz(w).
j=1
Applying Ito formula to the function y; (¢, w) = x;(z, w)exp{—z{ (6;w)}, we transform the
system (4.1) into
DD — gy (1) + pyi (027 @) + exp{—zf (Grw)} x
d
Zl bijhj(yj(t — tij)exp{—2% (Or—r,; ®)}) 4.2)
j:
yO)=9¢®),0cJE2[-1,0], i=1,...,d.
For each i, define
Fi(o, ¢) == —a;$i(0) + nzi (@)¢; (0) + exp{—z] (w)} x
d 4.3
> bijhj(¢;(—Tij)exp{—z] (0—r;®)}). (4.3)
j=1
Then it follows from (A1) and (A3) that

(C1) Fi(w,0) =0;
(C2) F; satisfies the global Lipschitz condition in the sense that for any ¢, ¥ € C,

|Fi(w, ¢) = Fi(w, ¥)| < Li(w) | ¢ =¥ |

d
where L; (w) = a; + p|z{ ()| +exp{—z (w)} x 3 bijexp{—z? (0—z;; )}. The system (4.2)

j=1
can be written as a type of Random Functional Differential Equations:
dy® _
[ o =F@o,y) @.4)
Yo =¢ecC.

One can shows that the solutions for (4.4) satisfying (C1) and (C2) generate a random dynam-
ical system by the fundamental theory of deterministic functional differential equations, we
omit the detail.

Stratonovich stochastic differential equation (4.1) can be rewritten in the Ito form

dxi (1) = Ty (a0 110 — Ti1)s oo xalt — )i + S s (AW,
1

K= 4.5)
xi(0) =¢i0), i=1,2,....d,

. r
where f; = fi(x; (1), x1(t — 1), ..., xa(t — Tig)) + % > oizkx,'(t) with
k=1

d

SiCxi (), x1(t — 1), .o X4 (E — Tig)) = —a;xi (1) + Zbijhj(xj(t = Tij))-
=1

Then we only need to prove that the results in Theorem 9 hold for system (4.5). It is obvious
that under (A1)-(A4), the global existence and uniqueness strong solution @ (¢, ¢) of the
system (4.5) can be obtained by Theorem 1. In addition, observe that the drift terms of
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equation (4.5) is quasi-monotonously increasing. Then monotonicity of the solutions of the
system (4.5) is obtained by applying Theorem 8.

The idea to prove sublinearity of the solution of the equations (4.1) follows from [5]. Let
x}(t) = A®;(t, ¢). Then

r

dx}(t) = fr(x}), x}t — 1), ... x5t — wa))dt + 3 ojx} (1) o dWE,
k=1
x;\(e) =A¢;(6;), i=1,2,...,d,

where
d
S @ =) xj (= i) = —aix] () + D Mbijh (7 ) = 1)),
j=1

Using (AS), it is easy to see that for every ¢ = (¢1,...,¢4) >0, i =1,...,d,
(#10), p1(=7i1), ... da(=Tia)) = fi($1(0), p1(=Ti1), - ... da(—Tia)),

which implies that (H1*) in Theorem 8 holds. The last paragraph shows that the comparison
theorem s still valid for Stratonovich type of stochastic functional differential equation. Again
by the quasi-monotonicity of the drift terms of the system (4.1), we can apply Theorem 8§ to
deduce the sublinearity for @ (¢, ¢). The proof is complete. O

Remark 10 Chueshov and Scheutzow [6] obtained comparison principle under the assump-
tions that the drift terms are decomposed into a non-delay part and a delay part and the
non-delay drift terms are at least continuously differentiable and diffusion terms are at least
twice continuously differentiable. When the drift terms are replaced by this non-delay drift
part, the SDEs generate a stochastic flow of diffeomorphisms in R¥, which helps them to
represent the SFDEs as a random FDEs. Our comparison result can apply to the case that the
diffusion terms are even not non-Lipschitz (see Example 11). Thus the corresponding SDEs
only generate a stochastic flow of hemeomorphisms, rather than diffeomorphisms in R<.
However, the comparison principle in Chueshov and Scheutzow [6] is valid for more general
noise, exactly, they considered SFDEs driven by a Kunita-type martingale field. Their idea
is to represent the SFDEs as a random FDE, while our technique is to combine the method
of [4] and stopping times with the nonlinear Gronwall inequality.

Example 11 Let d = r = 1 and consider the following two stochastic delay differential
equations.

dx(t) = 3x(t — v)dt + o (x(1))dW;, “6)
x(0) =¢0), 0eJ2[-1,0], ¢ € C(J,R), '
and
dx(1) = [3X(t — ©) + 1dt + o (X(1))dW,, @
XO) =v@®). 0eJ, ¥y eCU.R), '

Ly, 4fin 1 1
slx| Y In =, x| <=,
where o (x) = [ 21| | lx el = ¢

5 .
First it is ObViOilS that the assumptions (H1), (H2) and (H4) hold for systems (4.6) and
(4.7), and then it is easy to see that for every x, x’ € R,

lo(x) —a (> < p(lx —x'1%).
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1y /Ind x<l1 d
where p : Ry — R4 and p(x) = 21 x? - ﬁ’ Note that p(0) = 0, f0+ p(—);) =
2¢° x>

o0, and p(x) is a nondecreasing continuous concave function, hence (H3) holds. Then Theo-
rem 6 can apply to the equations (4.6) and (4.7). However, since o is not differentiable at the
origin and comparison principle in Chueshov and Scheutzow [6] needs the diffusion term o
to be at least twice continuously differentiable, their comparison principle cannot applied to
the systems (4.6) and (4.7).
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National Natural Science Foundation of China (NSFC) under Grant No. 11371252, Research and Innovation
Project of Shanghai Education Committee under Grant No. 14zz120, and the Program of Shanghai Normal
University (DZL121).

Appendix: The Proof of Theorem 1

The idea for the proof is partially borrowed from [16].
Since p is concave with p(0) = 0, there are two positive constants a1, ap such that

p(x) <ayx +apforx > 0. 5.1)
As before, o(x) £ x + p(x) for x > 0.

Lemma 12 Forany T > land & € L*(2, C(I, RY)), where I is an interval, let

C1(§) £ 3[A+yTHE || § > +yT? + 4y T T+,
C1 2 3yT(T + 4TI+,
Cr 2 4d(TL +2),
Cs & C20(4C1(5)).
Then T & m, depending only on T and p rather than on &, satisfies that
C20(C3T) < Cs. (5.2)
Proof T) 2 4C1(5) .Then T; < T; < 1. Since o is increasing on [0, 00), it

C2(4C1(E)+4C1 (§)ar +az)
suffices to show that

C20(C3T1) < C3 = C20(4C1(8)).
Equivalently, (C3 f’l) < 461(5), ie.,
C20(4C\())T1 < 4C1(&).
By 5.1),
C20(4C1(8))T1 < CrT1(4C1(§) +4C1(E)ar + az) = 4C1(&).
This proves (5.2). O
From now on, fix T > 1 and let k be an integer with % < T1. Denote by
J & [E—r, i] and I; £ [E,M] fori =0,1,...,k—1.
k k k k
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Consider the stochastic functional differential equations

x(0) =§(F) +

i

x(0) =£&@0), 0¢clJ.

£ (s, x(s), xj)a’s—i—f,r o(s, x(s))dWs, tel

N~

(5.3)

~

Proposition 13 Let £ € L?(2, C(J;, RY)) be {F}rey; adapted. Then (5.3) has a solution
x € L¥(£2, C([% -, W], RY)) adapted to {§+}ies,ur; and with initial process §.

Proof To prove the existence of solution to (5.3), let us construct the following sequence of
successive approximations by setting

t
"(r) = £ (I ), 2 ds + [l o (s, " ) d Wy, 1 e T
x"(t) = (k) 7{ ( (s), x; ) K fTT O'(S X (s)) t € (5.4)

x"(0) =§©), 6¢€li,

forn > 1, and

N =¢(), rel
x00) =£©), 6e€J.

For every ¢ € I;, by (5.4) and the Holder inequality we have

X
sup Ix"(x)1* < sup (3|§( )12 +3/ (s, x""1(s), x" Hyds|?
TT

<X<t 'T<X<t

X
+3] /T o (s, x" " 1(s))d W, |2)

k

<3’$( )‘ +3( —ikT)/t|f(s "), Xy~ 1)’ ds

i

=I5

x
+3 sup ‘/T o(s, x" !
T

T<x=t

By the Burkholder—-Davis—Gundy inequality we have

. t
£ s woor < sefe () [ 3( - ) E( [ 160 hpas)

© SX<t
t

+12E/

%

=

i

~

2
a(s,x"fl(s))} ds.
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It follows from (H4) and t — 5L < T for t € I; that

2 . !
T
13y (t—l?) /(1+E|x”*1(s)|2+E||x;’*1 12)ds
iT

—<x<
13 =X=f i

" ) iT
E sup [x"(x)|"<3E 5(7)

=&

I3
+12y /T (1+ Elx"""(s)1?) ds

k

<3[A+yTHE|E|* +yT* +4yT)]

t
+6y(T+2)/T E sup |x"'GoP | ds,
3

T<xss
which shows

sup E sup [x/(0)1? <3[4+ yTHEE? +yT? +4yT)]

O=j=n fL<yst
t .
+6y(T+2)/ sup E sup |x/(0)* ) ds.
L TR S
Using the classical Gronwall inequality we get that for ¢ € [;

sup E sup [/ GO? < 3[(0+yTHENE + yT? + dyT)] e T+

Osjsn Lyt
<3 [(1 +yTHE|E|? + yT? +4yT)] VT (T+2)
In particular,

Esup|x"(0)* <3[(1+yTHEIEI* + yT? +4yT)| T2 = C1(¢), n > 1.

tel;

(5.5)

From (5.4) it follows that {x"(¢),n > 1,¢ € I;} are adapted to (§;);c;, With continuous
sample paths. Again by (5.4) and the Holder inequality we get that foranyn > 1, m > 1 and
tel;

X
sup " () =" (0P < sup (2] / (f (™7 s) oY) — fs "),
L<x=t Fx=t ™ 1

k

xx""1y)ds|?

+2] / X (@ (s, ¥ @) =0 (5. 1" (5))d W )
3

t
<or / £ G5, =1 (s, 1) (s, (s), 2 Pds

3

+2 sup |/:(U(s,x"+m_](s))—a(s,x"_l(s)))dWS|2.

Tyt 7%

@ Springer



20 J Dyn Diff Equat (2017) 29:1-24

By (H2), (H3*), the concavity of p and the Burkholder-Davis—Gundy inequality, we have

t
E sup |x""(x) —x"(0) <2TdLE / (7=t ) =2 ) Pyt == ) s

T<xxt
t
+8E/
%

t
§4TdL/ <E sup Ix”+m_1(x)—x"_l(x)|2) ds
iT

TEX=S

S

o (s, x" " 1(5)) — o (s, x"! (s))‘2 ds

iT
13

+8d

—-

p <E sup  [x" "1 (x) x"l(x)|2) ds

ir
ir T=X=S
k

t
<G / Q(EASUP |x"+'"—1(x>—x"—‘(x>|2> ds,  (5.6)

iT .
iT FT=X=S
k

where C» = 4TdL + 8d. The above inequality and (5.5) show that

E sup |0 —x"(0) < C3(t - %) (5.7)

T<y=t

where C3 £ Co0(4C(£)).
Define two sequences of functions {¢, (¢)} and {@, n (t)} on I; as follows:

[T
o1(1) =C3 (z - ’7)

1

Onr1(t) = Cz/T o(gu(s))ds, n=>1,

i

k

um@®) =E sup X" —x"COP, n=1,m> 1
Tyt

We claim that forevery n > 1 and m > 1,
0=<@nm®) <@n(t) S@n1(t) <--- <@1(t), tel. (5.8)

First of all, By (5.2), the assumption % < T and the monotonicity for g, we have for any
tel;,

iT
Cro (C3(f - 7)) < Cs. (5.9)
In view of (5.7) and (5.6), we have

_ T

Gin@) =E sup |00 —x' (0]’ < G (t - %) =p1(1).
T<y=t

Grm(®) =E sup [0 - 2200

T<y=t
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t

502/.9 E sup 00 —x'GOP | ds
i T<xss

k

t

< Cz/.Q (p1(s))ds = 2(2).

i

~T

But by (5.9) we also have

t
() = Co ﬁr o(p1(s))ds < @1(1).

k

Now we have already shown that for ¢ € [;,

P2m(@) < 2(1) < 91(0).
Next we assume that (5.8) holds for some n > 2, then by (5.6)

t

Ony1m(@) < Cz/Q E sup [x"™(0) —x"(GO* | ds
i T<x=s
k

< C [ o(gu(s))ds = @ui1(2)

< C [ o(gu—1(8))ds = @, (1),

*“:i\_‘ ”‘:i\_‘

that is, (5.8) holds for n + 1 as well. Consequently by induction (5.8) must hold for n > 1.
Now our purpose is to prove

E sup |x' (1) — x" (1) 20 (5.10)

tel;
as I,n — oo. Note that for every n > 1, ¢,(¢) is increasing on I; and for each ¢, ¢, ()
is monotonically nonincreasing as n — oo. Hence we can define the function ¢(f) by

on(t) | @(t). It is easy to see that ¢(¢) is continuous and increasing on /;. By the definition
of ¢, (t) and ¢(r) we have

t
¢() = C2 / o(p(s)ds, 1€ 1.

k

The proof of Corollary 2.3 shows that ¢ () = 0, t € I;. Clearly (pn(W) J Oasn — oo.

Hence for any € > 0, there exists an integer N > 1 such that go,,(#) < € whenever
n > N.Foranym > 1 and n > N, the above claim deduces that

|+ DT i+ DT
Esup |7 (1) — "0 = G ((EERT) <, (DT <
tel; k k
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So (5.10) holds. It follows that

2
lim E sup [x"(t)—x'(t)| =0. (5.11)
n,l—o00 T€J,'UI,‘

For each x(1) € L2(22, C(J; U Ii, RY)), define x|, £ (Esup,cy, 1x(1)[%)2. Then the
space L2(2, C(J; Uiz, RY)) is a Banach space. Consequently by (5.11) there exists x(t) €
L2(£2, C(J; U I;, RY)) such that

lim E sup |x"(t) —x(1)|> = 0.

=00 teld; UI,'

For any § > 0, by Chebyshev’s inequality we have

lim ]P( sup |x"(®) —x()| > 8) =0.

=00 IEJ,'UI,'

By the definition of limit, there is a subsequence {ny}2 | satisfying that

1 1
]P’( sup |x”"(t)—x(t)|zk)< k>1.

= 5k’
tEJ[UI,' 2

The Borel-Cantelli Lemma shows that x" (¢) converges to x (¢) uniformly on J; |J I; almost
surely. It follows that x(¢), ¢ € I; has continuous sample paths and is adapted to {§;};cy; -
Moreover, simply computation shows that

E sup
tel;

t t
ﬁT (f(S, x”*I(S)7 x;’fl) — f(s, x(s),xs)) ds +/T (O(S,x"*l(s))

i

k

2

—0

—o (s, x(s))) dW (s)

as n — oo. Letting n — oo, we conclude that x(¢), t € I; satisfies system (5.3). This
completes the proof. O

Proof of Theorem 2.1 Forany ¢ € Cand T > 1, applying Proposition 13 withi =0, & = ¢,
we get the solution x = x(¢) for (2.1) on Iy, which is adapted to {§;};cz,. Then again using
Proposition 13 withi =1, £ = Xr,we have a solution for (5.3) on /; adapted to {§;}scs,. In
this way, we have extended the solution for (2.1) to the interval Iy | J ;. Repeatedly applying
Proposition 13 with & = xir fori =2, ...,k — 1 in order, we obtain that the existence for
the strong solution for (2.1) on the interval [0, T'], which is adapted to {§;};¢[0,7]. Since T
is arbitrary, the global strong solution exists. Lemma I1.2.1 in [17] guarantees that x;(¢) is a
C-valued process adapted to {§;},>0 with continuous sample paths.

Finally we finish the proof of the uniqueness of solution to system (2.1). To this end, we
assume that {x(¢),t > 0} and {x*(r), r > 0} are solutions to system (2.1). Using the above
similar arguments, we have

E sup |x(t) —x*®))* =0.
0<t<T
This shows that {x(¢), 7 > 0} and {x*(¢), ¢t > 0} are modifications of one another, and thus
are indistinguishable. This completes the proof. O
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Remark 14 Using Fatou Lemma and (5.5) one has

E sup |x(t)> < Ci(9).
0<t<T

Hence by the pathwise continuity of x (¢) and Lebesgue’s Theorem on dominated convergence
one concludes that 7 — E supy<, < |x(x)|? is continuous.

Note We independently obtain the comparison theorem for SFDEs. This result was first pre-
sented in the Second International Conference on Recent Advances in Random Dynamical
Systems, which held in Nanjing Normal University on June 20-23, 2011, and then in sev-
eral international conferences. We submitted it to Stochastic Analysis and Applications on
October 24, 2011 and withdrew the submission on August 18, 2014.
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