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Abstract The current paper is concerned with the spectral theory, in particular, the prin-
cipal eigenvalue theory, of nonlocal dispersal operators with time periodic dependence, and
its applications. Nonlocal and random dispersal operators are widely used to model diffu-
sion systems in applied sciences and share many properties. There are also some essential
differences between nonlocal and random dispersal operators, for example, a smooth random
dispersal operator always has a principal eigenvalue, but a smooth nonlocal dispersal oper-
ator may not have a principal eigenvalue. In this paper, we first establish criteria for the
existence of principal eigenvalues of time periodic nonlocal dispersal operators with Dirich-
let type, Neumann type, or periodic type boundary conditions. It is shown that a time peri-
odic nonlocal dispersal operator possesses a principal eigenvalue provided that the nonlocal
dispersal distance is sufficiently small, or the time average of the underlying media satisfies
some vanishing condition with respect to the space variable at a maximum point or is nearly
globally homogeneous with respect to the space variable. Next we obtain lower bounds of
the principal spectrum points of time periodic nonlocal dispersal operators in terms of the
corresponding time averaged problems. Finally we discuss the applications of the established
principal eigenvalue theory to time periodic Fisher or KPP type equations with nonlocal dis-
persal and prove that such equations are of monostable feature, that is, if the trivial solution
is linearly unstable, then there is a unique time periodic positive solution which is globally
asymptotically stable.
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1 Introduction

Both random dispersal evolution equations and nonlocal dispersal evolution equations are
widely used to model diffusive systems in applied sciences. Classically, one assumes that the
internal interaction of organisms in a diffusive system is infinitesimal or the internal dispersal
is random, which leads to a diffusion operator, e.g., Au as dispersal operator. Many diffusive
systems in real world exhibit long range internal interaction or dispersal, which can be mod-
eled by nonlocal dispersal operators such as fRN Kk(y —x) (u (t,y) —ult, x))dy, here k() is
a convolution kernel supported on the ball centered at the origin with radius r, the interaction
range. As a basic technical tool for the study of nonlinear evolution equations with random
and nonlocal dispersals, it is of great importance to investigate aspects of spectral theory for
random and nonlocal dispersal operators.

The current paper is devoted to the study of principal eigenvalues of the following three
eigenvalue problems associated to nonlocal dispersal operators with time periodic depen-
dence,

[ —oru + vy [fch(y —x)u(t,y)dy —u(t,x)|+ai(t,x)u = Au, x € D (1.1

u(t+T,x) =u(t,x)

where D C RY is a smooth bounded domain and a; (¢, x) is a continuous function with
a (t+T,x)=ai(, x),

(1.2)

—oru + vg[fch(y —x)(u(t,y) —u(t,x)dy]l +ax(t,x)u = u, x € D
u(t+T,x) =u(t, x)

where D ¢ R" isasin (1.1)and a» (¢, x) is a continuous function with as (t+7T', x) = ax (¢, x),
and

[ —ou + v3[fRN k(y — x)u(t, y)dy — u(t, x)] +a3(t, x)u = ru, x € RV (13)

u(t+7T,x)=u(t,x+ p;ej) =u(t,x), x¢€ RN

where p; > 0, ¢j = (81,82, - ,8jn) withdj; = 1if j = kand §j3 = 0if j # k,
and a3(t, x) is a continuous function with a3(t + T, x) = a3(¢t,x + p;ej;) = a3(t, x), j =
1,2,--+, N.k(-)in (1.1)—(1.3) is anonnegative C! function with compact support, x (0) > 0,
and fRN k(z)dz = 1.

The eigenvalue problems (1.1), (1.2), and (1.3) can be viewed as the nonlocal dispersal
counterparts of the following eigenvalue problems associated to random dispersal operators,

—oiu +viAu+ai(t,x)u = ru, x €D
u(t+T,x) =u(t,x), x €D (1.4)
u=0, xeaD,

—oiu +vyAu+ax(t,x)u = Au, x € D

u(t+T,x)=u(t,x), xe€D (1.5)
fu=0, xedD,

and

_ _ N
[ oru + viAu +az(t,x)u = Au, x €R (1.6)

ut+T,x)=u(t,x+ pjej) =u(t,x), x¢€ RV,

respectively. It is in fact proved in [29] that the principal eigenvalues of (1.4), (1.5), and
(1.6) can be approximated by the principal spectrum points of (1.1), (1.2), and (1.3) with

@ Springer



J Dyn Diff Equat (2012) 24:927-954 929

properly rescaled kernels, respectively (see Definition 2.1 for the definition of principal
spectrum points of (1.1), (1.2), and (1.3)). The reader is referred to [6,7], and [29] about the
approximations of the initial value problems of the random dispersal operators associated to
(1.4), (1.5), and (1.6) by the initial value problems of the nonlocal dispersal operators with
properly rescaled kernels associated to (1.1), (1.2), and (1.3), respectively. We may hence
say that (1.1), (1.2), and (1.3) are of the Dirichlet type boundary condition, Neumann type
bounday condition, and periodic boundary condition, respectively.

The eigenvalue problems (1.4), (1.5), and (1.6), in particular, their associated principal
eigenvalue problems, are well understood. For example, it is known that there is g1 € R
such that A | is an isolated algebraically simple eigenvalue of (1.4) with a positive eigen-
function, and for any other eigenvalues A of (1.4), ReA < Ag 1 (Ag,1 is called the principal
eigenvalue of (1.4)) (see [17]).

The principal eigenvalue problem for time independent nonlocal dispersal operators with
Dirichlet type, or Neumann type, or periodic boundary condition has been recently studied by
many people (see [9,15,18,22,31,30], and references therein) and is quite well understood
now. For example, among others, the following criteria for the existence of principal eigen-
values for nonlocal dispersal operators are established in [30] and [31] (see Definition 2.1
for the definition of principal eigenvalues of nonlocal dispersal operators),

() Ifai(t,x) = a1 (x) (resp. ax(t, x) = a»(x), az(t, x) = a3(x)) is CN and there is some
xo € Int(D) (resp. xo € Int(D), xo € RN) satisfying that a)(xy) = max, . j ar(x)
(resp. —v3 [}, k(y—x0)dy—+az(xo) = max, j5(—v2 [k (y—x)dy+az(x)), az(xp) =
max, g~ a3(x)) and the partial derivatives of aj(x) (resp. —v; fD k(y — x)dy +
ay(x), az(x)) up to order N — 1 at xq are zero, then (1.1) (resp. (1.2), (1.3)) admits a
principal eigenvalue.

(i) Ifai(t,x) = a1(x) (resp. ax(t, x) = ax(x), a3(t, x) = az(x)) and max, . aj(x) —
min _pai(x) < vrinf _p fDK(y — x)dy (resp. max . p az(x) —min, .5 az(x) <
vainf, .5 fD k(y —x)dy, max, gy az(x) —min, gy a3(x) < v3), then (1.1) (resp.
(1.2), (1.3)) admits a principal eigenvalue.

(i) Ifai(t,x) = ay1(x) (resp. ax(t, x) = ax(x), az(t,x) = a3(x)) and k(2) = 5%/2(%)
for some § > 0 and k(-) with k(z) > 0, supp(lz) =B0,1):={zeRY||z|| <1},
fRN k(z)dz = 1, and k (-) being symmetric with respect to O (i.e. k(—z2) = k(z2)), then
(1.1) (resp. (1.2), (1.3)) admits a principal eigenvalue provided that 0 < § < 1.

It should be pointed out that [9] contains some similar result to (i) and [22] contains
some similar result to (iii) in the Dirichlet type boundary condition case. The work [31]
includes (i)—(iii) in the periodic boundary condition case and is also concerned with the spa-
tial spreading dynamics of nonlocal monostable equations in spatially periodic habitats. The
work [30] includes (i)—(iii) in the Dirichlet type and Nuemann type boundary condition cases
and also deals with the effects of spatial variations, dispersal rates, and dispersal distance on
the principal eigenvalues. The conditions in (i), (ii), and (iii) can be viewed as the spatial
inhomogeneity satisfying the vanishing condition (i.e. the partial derivatives up to order N —1
are zero) at some maximum point, the spatial inhomogeneity being nearly globally homo-
geneous, and the nonlocal dispersal distance being sufficiently small, respectively. It should
also be pointed out that a nonlocal dispersal operator may not have a principal eigenvalue
(see [31] for an example), which reveals some essential difference between nonlocal and
random dispersal operators. Methologically, due to the lack of regularity and compactness
of the solutions of nonlocal evolution equations, some difficulties, which do not arise in the
study of spectral theory of random dispersal operators, arise in the study of spectral theory
of nonlocal dispersal operators.
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Regarding nonlocal dispersal operators with time periodic dependence, in [21], the authors
studied the existence of principal eigenvalue of (1.1) in the case that N = 1. In [21] and
[28], the influence of temporal variation on the principal eigenvalue of (1.1) (if exists) is
investigated. In general, the understanding to the principal eigenvalue problems associated
to (1.1), (1.2), and (1.3) is very little.

The first objective of the current paper is to develop criteria for the existence of princi-
pal eigenvalues of (1.1), (1.2), and (1.3) and to explore fundamental properties of principal
eigenvalues of (1.1), (1.2), and (1.3). Many existing results on principal eigenvalues of time
independent and some special time periodic nonlocal dispersal operators are extended to
general time periodic nonlocal dispersal operators. To be a little more specific, let a; (x) be
the time average of a; (¢, x) (i = 1, 2, 3), that is,

T

a;(x) = %/ai(t,x)dt. 1.7)
0

Let s51(ay) (resp. s2(a2), s3(az)) be the principal spectrum point (i.e. the largest real part of
the spectrum) of the spectral problem (1.1) (resp. (1.2), (1.3)) (see Definition 2.1 for detail).
s1(ay) (resp s2(az), s3(az)) is called the principal eigenvalue of (1.1) (resp. (1.2), (1.3)) if it
is an isolated eigenvalue with a positive eigenfunction (see Definition 2.1 again for detail).
Note that s;(a;) (i = 1, 2, 3) may not be an eigenvalue of its corresponding eigenvalue prob-
lem. Among others, the following criterion is established in this paper, which extends (i) in
the above for time independent nonlocal dispersal operators to time periodic ones,

o Ifai(x) (resp. —v; fDK(y — x)dy + ar(x), a3(x)) is in CV in x and there is some
xo € Int(D) (resp. xo € Int(D), xg € RN) such that ai(xg) = max, 5 d(x) (resp.
—vy [pr(y — xo)dy + az2(x0) = max, 5 ( — [px(y — 0)dy + ax2(x)), a3(xg) =
max, gy a3(x)) and the partial derivatives of ai (x) (resp. —v2 fD k(y —x)dy + ax(x),
a3 (x)) up to order N — 1 at xo are zero, then (1.1) (resp. (1.2), (1.3)) admits a principal
eigenvalue, i.e. s1(ay) (resp. s2(az), s3(az)) is the principal eigenvalue of (1.1) (resp.
(1.2), (1.3)) (see Theorem B(2) in Sect. 2).

We obtain the following result for the lower bound of s; (a; ), which extends [21, Theorem
4.1] for the lower bound of s1(a1) in the case that sy (a;) is the principal eigenvalue of (1.1).
o Forgiven 1 < i < 3, si(a;) > s;(a;). Moreover, if s;(a;) is the principal eigenvalue

of (1.i), then s;(a;) = s;(a;) iff a; (¢, x) — a;(x) is independent of x, that is, a; (t, x) =
a; (x) + a; (t) for some time periodic function a;(t) with fOT a; (t)dt = 0 (see Theorem C
in Sect. 2).

The reader is referred to Theorems A—C in Sect. 2 for the principal eigenvalue theories
established in this paper for general time periodic nonlocal dispersal operators.

The second objective of the current paper is to consider applications of the established
principal eigenvalue theories to the following time periodic KPP type or Fisher type equations
with nonlocal dispersal,

/K(y —x)u(t,y)dy —u(t,x) | +ufi(t,x,u), x¢€ D, (1.8)
LD

o = vy /K(y —x)u(t,y) —u(t,x)dy | +ufr(t, x,u), x € D, (1.9)
LD

Btu:v
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and

(1.10)

du = v3 [ [ k(v — 0ut, y)dy —u(t,x)] + ufs(t,x,u), x € RV
u(t,x + pjej) = u(t, x), x e RV,

where fi(t,x) (i = 1,2,3) are C! functions, fi(t + T, x,u) = fi(t,x,u) (i = 1,2,3),
[, x +piej,u) = f3(t,x,u)(j = 1,2,---,N),and fi(t,x,u) < O0foru > 1 and
o, fit,x,u) <Oforu>0(@ =1,2,3).

Equations (1.8), (1.9), and (1.10) are the nonlocal counterparts of the following reaction
diffusion equations,

ou =viAu+ufi(t,x,u), x € D (1.11)
u(t,x) =0, x €D, ’
oru = mAu+ufr(t,x,u), x € D
[g;;:o, x €dD, (1.12)
and
du = v3Au+ufs(t, x,u), x € RV
N (1.13)
u(t,x + p;ej) =u(t,x), xe€RY,

respectively (see [29] for the approximations of the solutions of (1.11), (1.12), and (1.13) by
the solutions of (1.8), (1.9), and (1.10) with properly rescaled kernels, respectively).

Equations (1.8)—(1.10) and (1.11)—(1.13) are widely used to model population dynamics
of species exhibiting nonlocal internal interactions and random internal interactions, respec-
tively. Thanks to the pioneering works of Fisher [14] and Kolmogorov et al. [23] on the
following special case of (1.13),

ou = uyy +u(l —u), x eR,

(1.8)—(1.10) and (1.11)—(1.13) are referred to as Fisher type or KPP type equations.

One of the central problems for (1.8)—(1.10) and (1.11)—(1.13) is about the existence,
uniqueness, and stability of positive time periodic solutions. This problem has been exten-
sively studied and is well understood for (1.11)—(1.13). For example, it is known that (1.11)
exhibits the following monostable feature: if the trivial solution # = 0 is a linearly unstable
solution of (1.11), then (1.11) has a unique stable time periodic positive solution. Again,
some difficulties, which do not arise in the study of (1.11)—(1.13), aries in the study of (1.8)—
(1.10) due to the lack of compactness and regularities of the solutions of nonlocal dispersal
evolution equations. In [33], the authors proved that time independent KPP equations with
nonlocal dispersal also exhibit monostable feature (see also [2,9] for the study of positive
stationary solutions of time independent KPP equations with nonlocal dispersal). But it is
hardly studied whether a general time periodic KPP equation with nonlocal dispersal is of the
monostable feature. In this paper, by applying the established principal eigenvalue theories
for time periodic nonlocal dispersal operators, we prove

e A time periodic KPP equations with nonlocal dispersal is of the monostable feature, that
is, if u = 0 is a linearly unstable solution of a time periodic KPP equation with non-
local dispersal, then the equation has a unique stable time periodic positive solution (see
Theorem E in Sect. 2).

Nonlocal evolution equations have been attracting more and more attention due to the
presence of nonlocal interaction in many diffusive systems in applied sciences. The reader is
referred to [5,8,10,11,13,15,16,19,20,22,24-26,28,32], etc., for the study of various aspects
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of evolution equations with nonlocal dispersal. The reader is also referred to [1,3,34], etc.
for the study of evolution equations with nonlocal reaction.

The rest of the paper is organized as follows. In Sect. 2, we introduce standing notations
and definitions and state the main results of the paper. We present in Sect. 3 some preliminary
materials to be used in the proofs of the main results. The main results are proved in Sects. 4
and 5.

2 Notations, Definitions, and Main Results

In this section, we first introduce the standing notations to be used throughout the paper and
the definitions of principal spectrum points and principal eigenvalues of (1.1), (1.2), and
(1.3). We then state the main results of the paper.

Let

Xi=X={ueCRxD,R)|u(t+T,x)=u(x))}
with norm |Jullx; = sup,cg (p lu(t, )| (0 = 1,2),
X5 = {u € CR x RV R) [u(t + T, x) = u(t, x + pie;) = u(t,x)]
with norm [[u|| x; = sup,cg v |u(t, x)|, and
Xt ={ueX|u=0}
(i =1,2,3).Forgivena; € X;,let L;i(a;) : D(L;(ai)) C X; — A be defined as follows,

(Ly(apu)(t, x) = —ou(t, x) + vi /K(y —x)u(t, y)dy —u(t,x) | +ay(t, x)u(t, x),
LD

(La(a2)u)(t, x) = —0u(t, x) + v2 /K(y —x)(u(t,y) —u(t, x))dy | +ax(t, x)u(t, x),
LD

and

(L3(az)u)(t,x) = —osu(t,x) + v3 /K(y —x)u(t, y)dy —u(t,x) | +az(t, x)u(t, x).
_RN

Definition 2.1 Let
si(a;) = sup{ReA | A € o (L;(a;))}

fori = 1,2, 3. s;(a;) is called the principal spectrum point of L;(a;) (i = 1,2, 3). If s;(a;)
is an isolated eigenvalue of L;(a;) with a positive eigenfunction ¢ (i.e. ¢ € X;“), then s; (a;)
is called the principal eigenvalue of L; (a;) or it is said that L; (a;) has a principal eigenvalue
(i=1,273).

Remark 2.1 1f s;(a;) is the principal eigenvalue of L;(a;), then it is geometrically simple
(see Proposition 3.9).
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Forgiven 1 <i <3 anda; € A&, leta; be as in (1.7). Let

A N fori =1,3
bi) = [— 2 [pk(y — x)dy fori =2. 21
Let
D fori=1,2
D; = . ’ 2.2
[[0,171]X[O,pz]X---X[O,pN]fort=3. 22)

Our main results on the principal spectrum points and principal eigenvalues of nonlocal
dispersal operators can then be stated as follows.

Theorem A (Necessary and sufficient condition)

Let 1 < i < 3 be given. If » € R is an eigenvalue of L;(a;) with a positive eigenfunc-
tion ¢ (t, x), then A = s;(a;) > maxyep,; (b; (x) +a; (x)) and A is the principal eigenvalue of
Li(a;). Conversely, if si (a;) > maxyep, (b (x)+a;(x)), then s; (a;) is the principal eigenvalue
of Li(a;) (hence s;(a;) is the principal eigenvalue of L;(a;) iff si(a;) > max,ep, (b;(x) +
@i (x))).

Theorem B (Sufficient conditions)
Let 1 <i <3 be given.

(1) The principal eigenvalue of L;(a;) exists if bi(x) + a; () is CN, there is some xy €
Int(D;) in the case i = 1,2 and xy € Dj in the case i = 3 satisfying that b;(xo) +
a;i(xo) = maxyep, (bi(x) + a;(x)), and the partial derivatives of b;(x) + a;(x) up to
order N — 1 at xq are zero.

(2) The principal eigenvalue of L;(a;) exists if maxyep, d;(x) — minyep, 4;(x) < v;
inf e p, fDi k(y — x)dy in the case i = 1,2 and max,ep, ;(x) — minyep, 4; (x) < v;
in the case i = 3.

(3) Suppose that k(z) = ﬁﬁ(%)for some § > 0 and k(-) with k(z) > 0, supp(k) =
B(0,1) == {z € RV ||z|| < 1}, f]RN K(z)dz = 1, and k(-) being symmetric with
respect to 0. Then the principal eigenvalue of L;(a;) exists for 0 < § < 1.

Theorem C (Influence of temporal variation)

For given 1 < i < 3, s;(a;) = s;(a;) > maxyep, (b; (x) + a;(x)). Moreover, if s;(a;)
is the principal eigenvalue of Li(a;), then si(a;) = s;i(a;) if and only if a; (t, x) — a; (x) is
independent of x.

Remark 2.2 If a;(t, x) — a;(x) is independent of x, then s;(a;) = s;(a;) no matter s;(a;)
is the principal eigenvalue of L;(a;) or not, which follows from the proof of Theorem C in
Sect. 4. Conversely, if s;(a;) = s;(a;) and s;(a;) is not the principal eigenvalue of L;(a;),
then it may not be true that a; (¢, x) — a; (x) is independent of x (see Example 4.1 in Sect. 4).

Corollary D Ifs;(a;) is the principal eigenvalue of L;(a;), then s; (a;) is the principal eigen-
value of L;(a;).

Proof Assume that s; (a;) is the principal eigenvalue of L;(a;). Then by Theorem A,
5i (@) > max (b; (x) + a; (x)) .
xeD;
This together with Theorem C implies that
si(aj) > max (b; (x) + 4; (x)) .
xeD;

Then by Theorem A again, s;(a;) is the principal eigenvalue of L;(a;). O
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Observe that when g, (f, x) = a;(x) (i = 1, 2, 3), Theorems A and B recover the existing
results for time independent nonlocal dispersal operators (see [30,31], and references therein).
The conditions in Theorem B (1)—(3) can be viewed as the time average of the underlying
time periodic medium satisfying the vanishing condition with respect to the space variable
(i.e. the partial derivatives of b; (x) + a;(x) up to order N — 1 are zero) at some maximum
point of b; (x) + a; (x), the time average of the underlying time periodic medium is nearly
globally spatially homogeneous, and the nonlocal dispersal distance being sufficiently small,
respectively. Theorem B (1) extends a result in [21] for the case i = 1 and N = 1 to time
periodic nonlocal dispersal operators in higher space dimension domains. In the case i = 1
and both s;(a;) and s;(a;) are eigenvalues of L;(a;) and L;(a;), it is shown in [21] that
si(a;) > si(a;). Theorem C extends this result to general time periodic nonlocal dispersal
operators and shows that temporal variation does not reduce the principal spectrum point of
a general time periodic nonlocal dispersal operator.

Theorems A—C and Corollary D establish some fundamental principal eigenvalue theory
for general time periodic nonlocal dispersal operators and provide a basic tool for the study
of nonlinear evolution equations with nonlocal dispersal. In the following, we consider their
applications to the study of the asymptotic dynamics of (1.8)—(1.10).

Let

X1 =X, ={u € C(D,R)}
with norm [lullx; = sup,.p lu(x)| (i =1,2),
X5 = [u ecC (RN, R) lu(x + pjej) = u(x)]
with norm |lu|| x, = sup,cpn |u(x)[, and

Xf=(weXilu=0}, i=123,

gt _ [eX ) >0 VxeD)y i=12
{ue X ux)>0 Vx eRV}, i=3.

i

By general semigroup theory (see [27]), for any s € R and ug € X (resp. up €
X2, up € X3), (1.8) (resp. (1.9), (1.10)) has a unique (local) solution u (¢, x; s, ug) (resp.
us(t, x; s, up),
us(t, x; s, ug)) withuy (s, x; s, ug) = ug(x) (reps. uz(s, x; s, ug) = uo(x), uz(s, x; s, ug) =
ug(x)). Moreover, if ug € X;r, then u; (¢, x; s, ug) exists and u; (¢, -; s, ug) € X;L for all
t >s (i =1,2,3) (see Proposition 3.1).

Theorem E (Existence, uniqueness, and stability of time periodic positive solutions)

Let a;(t,x) = fi(t,x,0)( = 1,2,3). If si(a;) > O(resp. s2(az2) > 0, s3(a3) > 0),
then (1.8) (resp. (1.9), (1.10)) has a unique time periodic solution uj(t,-) € Xl+Jr (resp.
ui(t,-) € X;"", ui(t, ) € X;H'). Moreover, u} (-, -) is locally stable and is also globally
asymptotically stable in the sense that for any ugy € Xl.+ \ {0},

llui (2, 50, u0) — uj(t, )x, = 0
ast — oo (i =1,2,3).

Corollary F Let a;(t,x) = fi(t,x,0)( = 1,2,3). If si(a1) > 0 (resp. s2(az) > 0,
s3(az) > 0), then (1.8) (resp. (1.9), (1.10)) has a unique time periodic solution ui(t,-) e XIH'
(resp. u3(t,-) € X;*, ui(t,-) € X;r+). Moreover, u (-, -) is locally stable and is also glob-
ally asymptotically stable in the sense that for any ug € X l+ \ {0},
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ast > oo (i =1,2,3).

Proof Assume si(ay) > 0 (resp. s2(az) > 0, s3(a3) > 0). By Theorem C, s1(a;) > 0 (resp.
s2(az) > 0, s3(a3) > 0). The corollary then follows from Theorem E. m]

3 Preliminary

In this section, we present some basic properties for solutions of nonlocal evolution equations

and some basic properties of principal spectrum points of nonlocal dispersal operators.
Throughout this section, i denotes any integer with 1 < i < 3, unless specified otherwise

and X, Xf, and X;, Xj, X;r+ are asin Sect. 2. D; isasin (2.2). Foru;, uy € X;, we define

uy <up (uy > up) if up —uy € X (uy —uz € X75).
For uy, up € X;, we define

up <uy (uy = uz) if uy —uy € Xy —uz € X,
and

up L up (uy > up) ifup —uy € X,-++(u1 —up € X,~++)-

3.1 Basic Properties for Solutions of Nonlocal Evolution Equations

In this subsection, we present some basic properties for solutions of (1.8)—(1.10) and linear
nonlocal evolution equations,

ot = vy /K(y —x)u(t,y)dy —u(t,x) | +ai(t,x)u, xe€ D, 3.1)
LD
ot = Vo /K(y —x)(u(t,y) —u(t,x))dy | +ax(t,x)u, xe€ D, 3.2)
LD
and
o = v3 /K(y —x)u(t, y)dy —u(t,x) | +a3(t, x)u, x € RV, 3.3)
RN

wherea; € X; (i =1, 2, 3).

As in Sect. 2, uy(t, x; s, ug) (resp. ua(t, x; s, ug), uz(t, x; s, up)) denotes the solution
of (1.8) (resp. (1.9), (1.10)) with u;(s, -; s,ug) = uo(-) € Xp (resp. ua(s, ; s, up) =
up(-) € Xo, usz(s,;s,up) = up(-) € Xz). By general semigroup theory, (3.1) (resp.
(3.2), (3.3)) generates evolution families {® (¢, s; ay)} (resp. {D2(z, 53 az)}, {P3(¢, s;a3)})
on X (resp. X2, X3), that is, for any ug € X (resp. ug € X2, ug € X3), u(t, x; s, ug) :=
(P1(2, 55 a1)uo)(x) (resp. u(t, x; s, up) := (Pa(t, s; ax)uo)(x), u(t, x;s,ug) := (P3(t, s;
az)up)(x)) is the solution of (3.1) (resp. (3.2), (3.3)) with u(s, x; s, ug) = ug(x).
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Definition 3.1 A continuous functiozl u(t, x) on [0, ) x D is called a super-solution (or
sub—soluti(zn) of (1.8) if for any x € D, u(t,x) is differentiable on [0, 7) and satisfies that for
eachx € D,

%I:Z(Ori)m /K(y—X)u(l,y)dy—u(t,X) +u(t, x) f1(r, x, u)
D

fort € [0, 7).

Super-solutions and sub-solutions of (1.9), (1.10), and (3.1)—(3.3) are defined in an anal-
ogous way.
Proposition 3.1 (Comparison principle)

(1) Iful(s, x) and u*(t, x) are bounded sub- and super-solution of (3.1) (resp. (3.2), (3.3))
on [0, 1), respectively, and u'(0,) < u®0,"), thenu'(t, ) < u?(t,-) for t €0, 7).
2) Ifu1 (¢, x) and u® (¢, x) are bounded sub- and super-solutions of (1.8) (resp. (1.9), (1.10))
on [0, T), respectively, and u' (0, -) < u*(0, -), then u' (¢, -) < u?(s, ) fort € [0, 7).
(3) Givenl <i <3, foreveryug € X;r, u;i(t, x;s,up) exists forall t > s.

Proof 1t follows from the arguments in [31, Proposition 2.1]. O

Proposition 3.2 (Strong monotonicity) Let 1 < i < 3 be given.

(1) Iful,u2 e X;, u' < u?andu! * u?, then @;(t,s; a)ut < CD,'(t,s;a,')uzfor all
t>s.

2) Iful,u2 e X, u' < u? and u! #* u?, then u;(t, -;s,u]) < u;(t, ~;s,u2)f0r every
t > s at which both u;(t, -; s, u') and u; (¢, -; s, u®) exist.

Proof Tt follows from the arguments in [31, Proposition 2.2]. O
For simplicity in notation, put
®;(T;a;) = o;(T,0;a;), i=1,2,3.
Let r(®;(T; a;)) be the spectral radius of ®;(T; a;) (i =1,2,3).

Proposition 3.3 For given 1 <i <3,

Inr(®;(T;a;)) . In [|®; (1, 55 a) |
———= = limsup ————.
T t—5—00 r—s

Proof First, by (®;(T; a;))" = ®;(nT, 0; a;), it is clear that

. 1/n
Inr(®;(T; a;)) _ In {llmn—>oo (”(q)t(T, ai))””) } < lim su In ||D;(z, s; a;)|l
T T SOERT —s

Next, for any € > 0, there is K > 1 such that
[(@i(T:a)"| = 19:i(nT, 0; ap)|| < (r(Pi(T:a;)) +€)" ¥Vn=K.
Note that there is M > 0 such that

D, s;a)|| <M Vt>s,t—s5s<T.
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Forany s < ¢t witht —s > (K + 2)T,letny,ny € Zbesuchthat0 < nT —s < T and
0<t—nyT < T.Then

ny—ny > K
and
D (2,55 a)ll = [|D; (&, n2T; a;) o Pi(naT, n1T; a;) o @i (n1T, 55 a;)||
<@, naT; a)ll - |Pi (2 —n )T, 0; a)| - | @i (n1 T, 55 .ai) |l
< MP(r(®i(T; a;)) + €)™
This implies that
In||®;(t,s; a)|l - In M? + (ny — n1) In(r(®;(T; a;)) + €)

t—s - (np —np)T

and hence
I In||®;(t,s;a)ll _ In(r(P;(T; a;)) + €)
im sup < .
t—s—00 t—s T

Let € — 0, we have

5 In||®;#,s;a)l _ Inr(®;(T;a;))
1m sup < .
f—s—>00 r—s T

3.2 Basic Properties of Principal Spectrum Points

In this subsection, we present some basic properties of principal spectrum points of nonlocal
dispersal operators.
First of all, let K; : X; — X; and H;(qa;) : D(H;(a;)) C X; — A be as follows,

(Ku)(t, x) = (Kau)(t, x) = /K(y —x)u(t, y)dy,

D

(Kau)(t,x) = / (v — xult, )y,
RN
(Hi(a)u)(t, x) = —0pu(t, x) — viu(t, x) +ai(t, x)u(t, x),

(Ha(a2)u) (1, x) = —0u(r, x) — vz/K(y —x)dyu(t, x) + ax(t, X)u(t, x),
D
and
(H3(az)u)(t, x) = —o;u(t, x) — vzu(t, x) + a3(t, x)u(t, x).
Then
Li(aj))u = viK; + Hi(a;))u, i=1,2,3.

We denote 7 as an identity map from X; to A; and may write o /u as ou and ol — H;(a;)
as o — Hj(a;), etc.. If no confusion occurs, we may write L;(a;) and H;(a;) as L; and H;,
respectively.
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Observe that if @ € C is such that (@ — H;)~! exists, then
Wi K; + Hj)u = au
has nontrivial solutions in X; @ i X; is equivalent to
viK;(a — Hi)_lv =0
has nontrivial solutions in &X; @ i X;, where
Xi@iXi={u+iv|u,ve X}
Let
Li(x) = b;i(x) + a; (x), (34
where a; (-) and b; (+) are as in (1.7) and (2.1), respectively, and
Aimax = max Ai(X),  Aimin = ){2‘,9, Ai(x) (3.5)

fori =1,2,3.
Proposition 3.4 Let 1 <i < 3 be given. [A; min, i, max] C 0 (H;).

Proof 1t follows from the arguments in [21, Lemma 3.7]. For the reader’s convenience, we
provide a proof in the following.

Fix any xg € D;. By Floquet theory for time periodic ordinary differential equations, the
equation

¢ = bi(x0)¢ + ai(t, x0)p — 1i(x0)$ (3.6)
has a nontivial solution ¢*(¢) with ¢*(r + T) = ¢*(¢). Similarly, the equation
Y = —bi(x0)¥ — a; (t, x0)¥ + Ai (x0) ¥ 3.7

has a nontivial solution *(z) with v*(t + T) = ¥*(¢).
Assume that A; (xg) € p(H;). Then for any v € X; with v(¢, x) = v(¢), there is a unique
u(-, +; v) € A; such that

du(t, x;v) =by(x)u(t, x;v) +a;(t, x)u(t, x; v) — ri(xo)u(t, x;v) +v() (3.8)
This implies that
Au(t, xo; ¥*) = b (xo)u(t, xo; ¥*) + a; (t, xo)u(t, xo; ¥*) — A (xo)u(t, xo; ¥™)
+Y*(). 3.9
Put
¢ (1) = u(t, x0: ).
By (3.7) and (3.9),

T

d¢* ~ ~ ~
/W*(t)w*(t)dt = /|: ¢ t(t) — bi(x0)¢™ (1) — ai (t, x0)p™ (1) +ki(XO)¢*(t)} Y (ndt
0

T
. ;
/ [ L (’) — by (X)W (1) — ai (1, x0) Y (1) +Ai(xo>w*<t>] ¢ (ndr
0
0

’
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which is a contradiction. Therefore ;(xg) € o (H;) and the proposition follows. O

Proposition 3.5 Let 1 < i < 3 be given. For any a € C with Rea > Aj max, (o — H;)™!
exists. Moreover,

M
N1
(e — Hp) W(LX)ZCM_AAXVKM

Sforany Aj max < @ < Ajmax + 1 and any v € Xf with v(t, x) = v(x), where

s<t<s+T,s,teR X€E

I3
M = inf exp / (mig bi(x) +ai(t,x)) — Ximax — 1) dt
s

Proof First of all, by Floquet theory for periodic ordinary differential equations, for any
a € CwithRea > Ajmax, (o — H,~)_1 exists. Moreover, for any v € &; @ i A, we have

t

1
((@ — H) ') (t,x):/exp /(bl-(x)+ai(r,x)—a)v(t,x)dt ds.

—00
Hence for any v € &} with v(z, x) = v(x), we have

t

t
((a — Hi)_lv) (t,x) = / exp /(bi(x) +a;(t,x) —a)dt | ds y v(x).

—0
If ki,max <o < )\i,max + 1, then

t

t
/exp /(bi(x)—i-ai(t,x)—a)dr ds >

—0o0

a—2i(x)’

where

s<t<s+T,s,teR

t
M = inf exp / (migl (bi(x) +ai(t,x)) — Ximax — 1) dt
xeb;

N

(see the arguments of [21, Lemma 3.6]). It then follows that for any A; max < & < Aj max + 1
and v € Xﬁ' with v(t, x) = v(x),

1 M
(@=H) )0 = w0,
o
The proposition is thus proved. O
Proposition 3.6 Let 1 < i < 3 be given. H; — maXyep; 1eR (b,- (x) + a;i(t, x)) generates
a positive semigroup of contractions on X; and for any @« € C with Rea > Ajmax,

viKi (o — Hi)_1 is a compact operator on X; @ i X;.

Proof First, by the arguments in [21, Lemma 3.4], H; — maXyep; rcr (b,' (x) + a;(t, x))
generates a positive semigroup of contractions on X;. By Proposition 3.5, for any « with
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Rea > Aimax, (@ — H;)~! exists. Moreover, by the arguments of Proposition 3.5, for any «
withReo > A max and any v € &; @ i A},

(viKi(a — Hp) ") (¢, x)

t t
=i [{ko =0 [ew( [tio)+acy) - anyar | s L a.
b —00 s
where D = D inthe case i = 1,2 and D = RY in the case i = 3. It then follows that for any

bounded subset E C X; ®iX;, viKi(a — H)) 'Eisa relatively compact subset of X; @i X;
and hence v; K; (@ — H) 'isa compact operator on &; @ i A;. m]

Proposition 3.7 For given 1 < i < 3, s;(a;) > Aimax Iff there is @ > Xj max such that
r(viKi(oe— Hy)™Y) > 1, where r (v; K; (@ — H;) ") is the spectral radius of v; K; (« — H;) ™.
Proof By Propositions 3.4 and 3.5,

Aimax = sup o (H;).

By Proposition 3.6, v; K; (o — H) lisa compact operator for any « € C withRea > A; max.
It then follows from [4, Theorem 2.2] that s; (a;) > XA; max iff there is & > A; max such that
r(iKi(a — H)™ ) > 1. O
Proposition 3.8 Forgiven1 <i <3, ifthereis oo > Xi max such thatr(v; K; (oo — H)™ >
1, then s;(a;) > Xj max, ¥ (Vi K;(si(a;) — H)™YY =1, and si (a;) is an isolated eigenvalue of
v; Ki + H; of finite multiplicity with a positive eigenfunction.

Proof Suppose that there is op > A; max such that »(v; K; (oo — H)~ ') > 1. Then by Prop-
osition 3.7, s;(a;) > Ajmax. Moreover, by [4, Theorem 2.2], r(v; K; (s;(a;) — H)™hH =
1, and s;(a;) is an isolated eigenvalue of v; K; + H; of finite multiplicity with a positive
eigenfunction. O
Proposition 3.9 For given 1 < i < 3, if A € R is an eigenvalue of L;(a;) with a positive
eigenfunction, then it is geometrically simple.

Proof Suppose that ¢ (¢, x) is a positive eigenfunction of L; associated with A. By Proposi-

tion 3.2, ¢(t,x) > Ofort € Rand x € D. Assume that ¥ (¢, x) is also an eigenfunction of
L; associated with A. Then there is @ € R such that w(¢, x) = ¢ (¢, x) — a¥ (¢, x) satisfies

w(t,x) >0 VteR, x € D and w(ty, x0) =0

for some 7y € R and xo € D. By Proposition 3.2 again, w(¢, x) = 0 and then ¢ (t, x) =
avr(t, x). This implies that X is geometrically simple. O
Proposition 3.10 For1 <i <3, s;(a;) = w
Proof By the arguments in [21, Proposition 2.5 and Theorem 3.2],
. In||®;(7, s; a)l
si(a;) = lim sup ——.
t—5—>00 r—s
By Proposition 3.3,
i In || @i, s;a)ll  Inr(®i(T;a;))
im sup = .

t—5—>00 t—s T

The proposition thus follows. O
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Proposition 3.11 For 1 <i <3, ifal € X; and a]! — a; in X; as n — oo, then
si (a') — si(a;)) as n— oo.

Proof 1t follows from the arguments in [21, Proposition 2.6]. O

4 Principal Eigenvalues of Nonlocal Dispersal Operators

In this section, we investigate the existence and lower bounds of principal eigenvalues of
nonlocal dispersal operators with time periodic dependence and prove Theorems A—C.
First of all, we prove an important technical lemma, which will also be used in next section.

Lemma 4.1 For any a; € X; and any € > 0, there is a; ¢ € X; satisfying that
lai —aicllx, <e,
bi + dj.c is CN, b + a; ¢ attains its maximum at some point xo € Int(D;), and the partial

. N A T
derivatives of b; + a; ¢ up to order N — 1 at xq are zero, where a; ¢ (x) = % fo aj e(t, x)dt.

Proof We prove the case i = 1 or 2. The case i = 3 can be proved similarly.
First, let Xy € D; be such that

Ai(Xo) = )Iclgzl))? A (x).
For any € > 0, there is X € Int(D;) such that
Ai (X)) — A(Xe) < €. 4.1
Let 6 > 0 be such that
B(%c,0) CC D;,

where B(X¢, 0) denotes the open ball with center )Ee and radius g. ~
Note that there is h; € C(D;) such that 0 < h;(x) < 1, h;(X¢) = 1, and supp(h;) C
B(X¢,5). Let

Gie(t, x) = a;i(t,x) + €h; (x)
and
hie () = bi(x) + a; (x) + el (x).
Then a; . and 5\,-,6 are continuous on D;,
laie —aill <€ (4.2)

and )1, ¢ attaing its maximum in Int(D;).

Let D; C RY be such that D; CC D Note that A, e can be continuously extended to
D, . Without loss of generality, we may then assume that Aieis a continuous function on D;
and assume that xo € Int(D;) is such that )\,,G (x0) = SqueD,- i.e(x) (since )\176 attains its
maximum in Int(D;)).

Observe that there is o > 0 and )_»,-,E € C(D;) such that B(xg, 0) CC D,

0 <hie(x) —hic(x) <€ YxeDy, (4.3)
Mie(x) = Aie(x0) YV x € B(xo,0),
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and
):i,e(x) = }‘Li,e(xo) Vx € D,‘.
Let

1 .
n(x) = Cexp (r”LI) if x|l <1
0 if x|l =1,

where C > 0 is such that fRN n(x)dx = 1. For given § > 0, set

me = 50 (3)

Let

hires(x) = / 1s(y — e ()dy.

D;
By [12, Theorem 6, Appendix C], A; ¢ 5 is in C°°(l~),') and when 0 < § < 1,
[Aies(x) —Aie(x)| <€ VxeD;.

It is not difficulty to see that for 0 < § < 1,

Aies(x) = hie(x0) Vx € Blxo,0/2)
and

Aies(X) < Xie(x0) Vx € Dy
Fix 0 < 4§ « 1. Let
Aie(X) = Aie,s(x).

Then A; ¢ attains its maximum at some xo € Int(D;), and the partial derivatives of A; ¢ up to
order N — 1 at xq are zero. Let

Gie = ic + hie — M.
Then g; ¢ € &;,
lai — aiell < llai —diell + Ihie = Aiell + [Rie — Aicll < 3€
and
bi(x) + die(x) = Aie(x).

Therefore, b; + a; ¢ is C¥, attains its maximum at some point xg € Int(D), and the partial
derivatives of b; + dj ¢ up to order N — 1 at x¢ are zero. The lemma is thus proved. m]

Proof of Theorem A First of all, assume that A € Ris an eigenvalue of L; (a;) with a positive
eigenfunction ¢ (¢, x). We first prove that s; (a@;) = A. By direct computation, we have

(@i1,0:a)9(0.)) 1, x) = (1, ).
By Proposition 3.2, we have

¢(t,x) >0 VreR, x € D;.
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Then for any ug € X?‘,
uo(x) < Mo¢(0,x) Vx e D,

where My = —1%0l____ Tt then follows that

minep; $0,%)°
®; (1, 0; a)ug < Mo®;i(t,0; $(0, ) = Moe*' p(1,) V1> 0.
This together with Proposition 3.10 implies that
si(ai) = .
We now prove that s; (¢;) > maxyep, (b; (x)+a; (x)) and s; (a;) is the principal eigenvalue
of L;(a;) for the case i = 1. Other cases can be proved similarly. Observe that
¢, x) v [pk(y = x)e(t, y)dy
@1, x) @, x)
This implies that

—vi+a @t x)=s1(a) VxeD, teR.

k(y —x)o(t, y)dy
o(t, x)

dt VxeD

T
N v
si(a) = —vr +a(x) + 71/ Ip
0
and hence

Xe

si(ar) > —v; + max a; (x) (= max (by (x) + a1 (x)) = kl,max) .
D xeDy

By Propositions 3.7 and 3.8, s1(ay) is the principal eigenvalue of L{(aj).
Conversely, assume that s; (¢;) > maxyep;, (b; (x) +a; (x))(= Ai max). By Propositions 3.7
and 3.8, s;(a;) is the principal eigenvalue of L; (a;). ]

Next, we prove Theorem B(1).

Proof of Theorem B (1) We prove the case that i = 2. The other cases can be proved simi-
larly. By Proposition 3.5, there is M > 0 such that for any o > A2 max With o < A2 max + 1,

» M
(= H )00 = s

where v(f, x) = c¢(x) > 0. This implies that

mmm—wﬂwmmz!f&ﬁ@fmwy

By the arguments in [31, Theorem B (2)], for 0 < o — A2 max < 1, there is v(x) > 0 such
that

v K> (a — Hz)_lv > .
Hence there is € > 0 such that
nKa@—H) vz (1+ e
and then

(szz(oz — Hz)_l)n v>((0+e&)"v Vn>1.
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This implies that » (v2 K2 (o — H) 1) > 1. By Proposition 3.8, s, (ay) is the principal eigen-
value of Ly (a). O

Before proving Theorem B (2) and (3), we first prove Theorem C.

Proof of Theorem C We prove the case i = 2. Other cases can be proved similarly.
First, we prove

s2(a2) > 52(a2) = A2 max- 4.4

In the case that both Ly(ay) and Ly (ay) have principal eigenvalues, the first inequality in
(4.4) follows from the arguments in [21, Theorem 4.1]. Regarding the second inequality, by
Proposition 3.4, 12 max € Oess(H2(42)) (0ess(+) denotes the essential spectrum of an opera-
tor). Note that K is a compact operator on X,. Hence Ay max € 0ess(V2K2 + Hz(az)). This
implies that 52(d1) > A2 max. Hence (4.4) holds.

In general, s7(az) (resp. s2(az)) may not be the principal eigenvalue of Ly(az) (resp.
L2(ay)). By Lemma 4.1 and Theorem B (1), for any € > 0, there is az € X» such that

llaz,e — azllx, < e,

and s2(az.¢) and s2(a3,¢) are principal eigenvalues of L(az.¢) and Lo (da.¢), respectively.
By the arguments in [21, Theorem 4.1] again,

s2(a2.e) > $2(a3.¢)- 4.5)
By Proposition 3.1, for any v € X2+,
Oy(nT;a2e —€)v < Po(nT; ax)v < Pa(nT;aze + €)v.
Note that
Sy(nT;aze £€) =" Oy (nT; az).
Then by Proposition 3.3,
r(@a(Tare) - e < r(@2(T5a2) < r(®a(Tiaze) - e
By Proposition 3.10,
$2(az,e) — € < s2(a2) < s2(az,e) + €.
Similarly, we have
52(a2,6) — € < 52(a2) < $2(a3,¢) + €.
It then follows that
s2(az) = s2(az.e) — €, $2(@2) < 52(@3.¢) + €.
This together with (4.5) implies that
s2(az) > s2(az) — 2¢

for any € > 0 and hence s3(az) > s2(az), that is, the first inequality in (4.4) holds. The
second inequality in (4.4) holds by the same reason as before.

Next, we prove that if s5(ap) is the principal eigenvalue of Ly (ay), then s3(az) = s2(a2)
iff ap (¢, x) — as(x) is independent of x.
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Firstof all, assume thata; (¢, x)—a» (x) isindependent of x andleta, (1) = ax (f, x)—an(x).
Then
L (s)ds ~
D2, 0; az) = eh 2Oy (1,0; ay).
Since fOT ar(s)ds = 0, we have
O (T; ap) = ©2(T; a2).
By Proposition 3.10,
s2(az) = $2(a2).

Conversely, assume that s (a;) is the principal eigenvalue of Ly (ay) and s2(az) = s2(az).
By Theorem A, s(ay) is also the principal eigenvalue of L;(a2). By the arguments similar
to those in [21, Theorem 4.1], we can prove that a (¢, x) — d»(x) is independent of x. For
the completeness, we provide a proof in the following.

Let ¢ (¢, x) and ¥ (x) be the positive principal eigenfunctions of Ly (a;) and Ly (ap) with
SUP; g xep @ (. x) = 1 and sup 5 ¥ (x) = 1, respectively. Then

¢ (1, x) Jp ey =), y)dy
+ v
#(t, x) ¢, x)
—vz/K(y —x)dy+ax(t,x) YteR, xeD (4.6)
D

Jpk(y =) (y)dy
¥ (x)

s2(ar) = —

and

— vz/lc(y —x)dy+a(x) YxeD. (47)
D

T
%) o, y)
s2(a) = f/K(y —x) dtdy
T
J " (1, x)

$2(a2) = v

By (4.6),

—vz/lc(y —x)dy +ar(x) YxeD. (4.8)

D
Let

w(t,x) = ¢¢(,t(;:;)'

By the assumption that s2(a2) = s2(a) and (4.7), (4.8), we have

T
v L [w(,y) _ =
/K(y —x)w(x) 1-— ?/ w(t,x)dt dy=0, VxeD. 4.9)
D 0

By Jensen inequality,

7/ Wt y) 1o o i ey
w(t, x) = exp T w(t x)

exp {fo Inw(t, y)dt/T
a exp [fo Inw(t, x)dt/T

(4.10)

and the equality in (4.10) holds for some xq, yo € D iff ﬁg)yc 8; is independent of ¢.
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Let x* € D be such that
T T

/ln w(t, x*)dt = inf/ln w(t, x)dt.
0

xeD
0

By (4.10),

7/ w(t, y) exP{foTlnw(t, y)dt/T} L vyeb @11
w(t, x ) B eXP{foTlnw(f’x*)dt/T} . | |

This together with (4.9) and x(0) > O (note that «(-) > 0) implies that there is g > 0
(independent of x*) such that

T
exp Inw(t, y)dt/T _
7/ wit,y) o {fo } =1 VyeD, |y—x* <e. (4.12)

w(, x ) exp {fOT lnw(t,x*)dt/T}
This together with (4.10) implies that 22\ is independent of ¢ for any y € D with

w(t,x*)
ly —x*Il <e€.
Take any y* € D with ||y* — x*| < €o. By (4.12),

T T

/1n w(t, y)dt = inf_/ln w(t, x)dt.
0 xeDO

Repeating the above arguments, we have

= T =1 VyeD, [y—y<e (413)
w(t, y) exp {fO Inw(t, y*)dt/T}

/ w(t, y) €xXp {fOTlnw(t,y)dt/T}

w(t,y)
w(t,x*)

w(t,y)
wit.y) ¢
dent of # for any y € D with ||y — x™*|| < 2¢p.

Continuing the above process, we have that u’f((t’ ‘;*)) is independent of ¢ for any x € D. Let

and is independent of 7 for any y € D with ||y — y*|| < €. Hence

is indepen-

w(t, x)
w(t, x*)

px) =
and

q(t) = w(t, x*).
We then have

w(r, x) = p(x)q(t).
It then follows that
¢, x) = p()Y(x)q ().
This together with (4.6) implies that there are as 1 (x) and ap »(¢) such that
ar(t, x) = az,1(x) + az2(t)

and then a; (¢, x) — as(x) is independent of x. O

@ Springer



J Dyn Diff Equat (2012) 24:927-954 947

We now prove Theorem B (2) and (3).

Theorem B (2) and (3) (2) We first claim that s;(@;) is the principal eigenvalue of L;(a;).
In fact, this follows from [30, Theorem 2.1] in the case that i = 1, 2 and follows from [31,
Theorem B(1)] in the case i = 3. By Theorem A,

si(a;) > max A; (x).
xeD;
Then by Theorem C,
si(a;) > max A;(x).
xeD;

By Theorem A again, s;(a;) is the principal eigenvalue of L;(a;).

(3) First by Theorem [30, Theorem 2.3], s;(d;) (i = 1 or 2) is the principal eigenvalue
of L;(a;) for 0 < § « 1 and by [31, Theorem A (1)], s3(a3) is the principal eigenvalue of
L3 (asz) for 0 < § « 1. By Theorems A and C,

si(a;) = si(@;) > max A; (x)
xeD;

i

for1 <i <3 and 0 < § <« 1. It then follows from Theorem A that s;(a;) is the principal
eigenvalue of L;(a;) for1 <i <3and0<dé <K 1. ]

We end up this section with an example which shows that if s;(a;) is not the principal
eigenvalue of L; (a;), then s; (a;) = s;(a;) may not imply that g; (¢, x) — a; (x) is independent
of x.

Example 4.1 Leti =1, D = B(0,1), N=3,andv; = 1.Let0 <0 < % and g(x) be a
smooth function given by

llx12
q(x) = e for x|l <o
0 for o < x| <1

Let M > 1 be a constant to be determined later and
ay(t,x) = Mq(x) + (cost)q(x).
Then a; (¢, x) is periodic in ¢ with period 27 and

ar(x) = Mq(x), maxai(x) =M.
xeD
By Proposition 3.5, forany « > —14+M, («—Hj(a;))~" exists. Moreover, by the arguments
in Proposition 3.5, for v(z, x) = 1,
t t
(0 — Hy(@) ') (t,x) = /exp /(—1 +ai(t,x) —a)dr | ds
—00 N
t
= / exp((—1+ Mq(x) —a)(t —s)) -exp ((sint —sins)g(x)) ds
—00
62

<—FF.
T 1-Mgx)+a
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This implies that

1

t
(Kl(a—Hl(a]))*‘v)(t,x):/K(y—x) /exp /(—l—l—al(r,x)—a)dr ds ¢ dy
D K

—00
Sez/udy
Il =Mq(y)+a
D
Letaa = —1+ M + €. Then

K(y —x)

— - - ’ M1 —q(y) +e
(Ki(=1+M + ¢ — Hi(@) 'v) (t,x) < e J M1 —q0) +e

2

<L 4 / K@y — 326)
M+ e
Iyl<e M(1 —el>~o%) 4 ¢
2 —
< 4 K(y xz)
M+e _ Il

lyl<o M(1—e o) +e

This implies that there is M >0 (independent of M and €) such that

5 -
(Ki(=1 4 M +e — Hy(a) ') (t, x) < — + X
T M4e M
It then follows that there is 0 < 7 < 1 such that forany M > 1and0 <€ < 1,
IKi(—1+M +e— Hi(a))™"|| < 7.

By Proposition 3.7, s1(a1) < A1 max.

By Theorem C,
si(ar) = s1(a1) > A max-
Hence
si(ar) = s1(a1) = A max-
But

ai(t, x) —d(x) = (cost)q(x)

and hence a (¢, x) — a; (x) depends on x.

5 Time Periodic Positive Solutions of Nonlocal KPP Equations
In this section, we consider applications of the principal eigenvalue theory established in the

previous section to time periodic KPP equations with nonlocal dispersal.
For given uy, us € Xfr+(= X2++) orui,uy € X;r+, we define

p(ui, up) =inf ‘lna | éul(-) <ur() <aui(-), o > 1] . (CRY)
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Observe that for uy, uy € XTJ“(: X;Jr), there is @ > 1 such that
puy,u) =Ina.
For simplicity in notation, we put
ui(t, x;u0) = ui(t, x; 0, uo).

Proposition 5.1 Foranyug, vo € Xf“+(: X;r+) orug, vy € X;Jr, ug £ vo, pui(t,-; uop),
u;(t, -; vo)) strictly decreases as t increases.

Proof We prove the case i = 1. The cases i = 2 and i = 3 can be proved similarly.
For given ug, vo € X]++, there is « > 1 such that

—Vp = uUp < avg
o
and

p(uo, vo) = Ina.

We first claim that p(u1(¢, -; ug), u1(t, -; vo)) is non-increasing as t increases for r > 0
or equivalently for 0 < ¢ < T'. In fact, by Proposition 3.1, for any # > 0, we have

uy(t, -5 uo) < uy(t, -5 avg). (5.2)
Similarly, for any ¢ > 0,
1
u(t, - ;vo) <ui(t,-;up). (5.3)

Assume ug # vo. Thena > 1. Let w(t, x) = au;(t, x; vg). Then w(0, x) = wvo(x) and

dhw = /K(y —x)w(t, y)dy — w(t, x) +w(t, x) f1t, x, ur(t, x; vo))
D

= /K(y —x)w(t, y)dy —w(t, x) + wfi(, x, w(t, x))

D
Wl fi (e x, urx; v0)) — Filts x, wit, X))

> /K(y 0w, Yy — wlt, x) + whi (5, wt, ) + 8o (5.4)
D

for some §p and 0 < ¢ < T. By Proposition 3.1,

aur(t, -5 vo) = ur(t, -5 avo)
for 0 <t < T. This together with (5.2) implies that

uy(t, -5 uop) < aui(t, - vo)

for 0 <t < T. Similarly, we have

1
ui(t, -5 up) = —ui(t, -5 vo).
o
It then follows that

p(ui(t, ;s ug), ui(t, s vo)) < p(up, vo)
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for0 < ¢t < T, which implies that p (u (¢, -; ug), u1 (¢, -; vo)) is non-increasing as ¢ increases
forO <t <T.

Next, we prove that p(u1(t, -; ug), u1(t, -; vo)) is strictly decreasing as t increases for
t > 0 or equivalently for 0 < ¢ <« 1. By (5.4),

0;w(0, x) > 9,u1 (0, x; avy) + do.
Hence
)
drw(t, x) > druy(t, x; avy) + >
and then

)
w(t, x) = auy(t, x; v9) > uy(t, x; avg) + Eot

for 0 < t <« 1. This implies that for given 0 < r < 1, there is @(f) < « such that
a(Duy(t, x5 v0) = ui(t, x; avo) = ui(t, x; uo).

Similarly, we can prove that for given 0 < t < 1, there is () < o such that

1
%m(t,x; vo) < uy(t, x; ug).
Therefore,

p(ur (1, -3 ), vi (1, - v0)) < In (max{@(), @(1)}) < pluo, vo)

for 0 < ¢t « 1. This implies that p(u;(t, -; uo), u1 (¢, -; vo)) is strictly decreasing as t
increases. o

Proof of Theorem E 'We prove the theorem in the case i = 1. Other cases can be proved
similarly.

First of all, for given M > 1, u(t, x) = M is a supersolution of (1.8). This implies that
u(nT, x; M) decreases as t increases. Let

uT(x) = lim u(nT,x; M) for x € D. (5.5)
n—0o0

Next, by Lemma 4.1, there are a} € A} such that s1(a]) is the principal eigenvalue of
Li(a}),

aj(t,x) < fit,x,0)
and
ai(t,x) — fi(t,x,0) as n— oo
uniformly in # € R and x € D. By Proposition 3.11,
lim 51 (a}) = s1(fi(, - 0)
n—oo
as n — oo and then

si(af) >0 Va1 (5.6)
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Let ¢} be the positive principal eigenfunction of L;(a}) with [|¢][|x; = 1. Then for any
b >0, u(t, x) = bg! (¢, x) is a solution of

o = vy /k(y —x)u(t, y)dy —u(t,x) | +aj t, x)u — s (a’f) u.
D

Observe that

o = g /k(y —x)u(t, y)dy —u(t,x) | +af (t, x)u — s (a;’) u
LD |

< /k(y 0l Wy — ult %) | + £ x O — 51 @
LD |

=V

/k(y_x)u(t7y)dy_u(t5x) +uf1(t,x,u)+[f1(t,x,0)—fl(t,x,u)]u
LD .
—si(a})u. (5.7)

Fixn > 1. By (5.6),
[/, x,0) = fi(t,x,bp] (1, x))] = s1(a]) <0 YO <b < 1.

This together with (5.7) implies that u(t, x) = b/ (¢, x) is a subsolution of (1.8) for 0 <
b1

For fixed n > 1, fix 0 < b < 1 such that u(t, x) = b} (¢, x) is a subsolution of (1.8).
Then u(kT, x; bg]") increases as k increases. Let

u(x) = klingou (kT, x; bg}) for x € D. (5.8)
For fixedn > 1and 0 < b < 1, choose M > 1 such that
bl < M.
Then
u (x) <uT(x) VxeD.

We claim that

In fact, by Proposition 5.1, p (u1 (¢, -; M), u; (t, -; bg})) strictly decreases as ¢ increases. Let

o = p (ur kT, s M), uy (kT -; be}))

p* = lim pk.
k— 00

Observe that ut = u™ iff p* = 0. Assume that p* > 0. Let o* = ¢”". Then for any

0<e<a*,

1
a* 4+ €

uy (KT, bp}) < urkT, s M) < (o + €)uy (kT, - bo}) Vk > 1.
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Note that

inf _¢f(t,x) > 0.
teR,xeD

By the arguments in Proposition 5.1, there is §p > O such that
P < pf =8y V> L.
This implies that
p* < p* —do.

This is a contradiction. Therefore, u™ = u~.

Note that u™ is upper semi-continuous and u ™~ is lower semi-continuous. Hence u* := u
is continuous and u* := u* € X* \ {0}. By Dini’s Theorem, limj_, oo u(kT, -; b}') =
limg— oo u(kT, -; M) = u* uniformly in x € D. This implies that

+

u(T, x;u*) = klin;o u(T,x; ukT, ; M)) = klgr;o u(tk + DT, x; M) = u™(x).

Hence u(t, x; u*) is periodic in ¢. This proves the existence of time periodic positive solutions.
Now suppose that 1! (7, x) and u?(¢, x) are two time periodic positive solutions. Since
,o(u1 @, ), u%(@t, ) is strictly decreasing if ul #* u?, we must have u! = u?. This proves the
uniqueness of time periodic positive solutions.
Finally, we show the stability of u*(¢, x) := u(z, x; u™). Observe that

uy(t, x) = vy /K(y — ) u*(t, y)dy — u*(t, x) | +u*(t, x) fi(t, x, u*(t,x)), x € D.
D
5.9)

By Theorem A,
s1(fiC, - u™ () =0. (5.10)

Consider the linearization of (1.8) at u*(z, x),

ve(t, x) = vy /K(y —x)v(t, y)dy — v(t, x) —I—a’f(t,x)v(t,x), x e D,
D

where
aj(t,x) = fi(t,x,u*(t, x)) + u* (@, x)dy, f1(t, x, u™(t, x)).
By the assumption that d,, f1(¢, x, u) < 0 foru > 0,
ai(t,x) < fit,x,u*(t,x)) VteR, x eD.

This together with (5.10) implies that

Ss1 (ai‘) <0.
Then by Proposition 3.10,

r(®1(T;a})) < L.
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Therefore, u*(t, x) is locally stable. Now for any ug € X \ {0}, u(t, -; ug) € Int(X+) for
t > 0. Fix n > 1. Then

bol <u(T, s up) <M

for0 < b <« 1 and M > 1. By the above arguments,

lim (u(t, x; uo) — u(t, x; u*)) = 0
1—00

uniformly in x € D. Therefore, the unique time periodic positive solution is globally asymp-
totically stable. O
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