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Abstract A diffusive logistic equation with mixed delayed and instantaneous density
dependence and Dirichlet boundary condition is considered. The stability of the unique pos-
itive steady state solution and the occurrence of Hopf bifurcation from this positive steady
state solution are obtained by a detailed analysis of the characteristic equation. The direction
of the Hopf bifurcation and the stability of the bifurcating periodic orbits are derived by the
center manifold theory and normal form method. In particular, the global continuation of the
Hopf bifurcation branches are investigated with a careful estimate of the bounds and periods
of the periodic orbits, and the existence of multiple periodic orbits are shown.
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1 Introduction

In a density-dependent population model, the growth rate of a population relies on the pop-
ulation size. However it is unrealistic that the newborns have an immediate impact on the
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population growth, and such impact can only be felt after the newborns become mature adults.
This effect can be achieved by introducing a time-delay in the growth rate per capita. In 1948,
renowned ecologist Hutchinson [16] proposed a time delayed logistic population model

ZJTL; = ru(®)[1 — bu(t — 1)1, (1.1)

where r is the maximum growth rate per capita, 1/b is the carrying capacity, and t is the time
delay due to the maturation. The Hutchinson model (1.1) is considered as the milestone in
population ecology which first embodied the time delay effect [25,26,34]. In general, a large
delay will destabilize a positive equilibrium in a population model like (1.1) and cause oscil-
lations (e.g. see [15,25]). Indeed it can be shown that there exists a critical value =z /(Q2r)
such that the positive equilibrium u* = 1/b of (1.1) loses the stability when t > 7°, and an
oscillatory pattern (a periodic orbit) emerges as the dominant dynamical behavior.

On the other hand, the absence of the instantaneous density dependence in (1.1) could
also make the prediction of population inaccurate. Thus a more reasonable and more realistic
time delayed model would depend on an average over past populations [24,25]. A simplified
average can be taken between the present population at time ¢ and a fixed past time ¢t — 7,
which results in a modified Hutchinson’s equation (see [13,35,38]):

%‘ =ru(t)[1 — au(t) — bu(t — 7)]. (1.2)

Here the meaning of » and 7 are same as in (1.1), and the parameters a and b represent the
portions of instantaneous and delayed dependence of the growth rate respectively, and system
(1.2) has a carrying capacity u, = 1/(a + b).

If the instantaneous dependence is dominant, i.e. @ > b, it has been shown that the unique
positive equilibrium u, is globally asymptotically stable, see [5,6,22,28,35,36,38]. On the
other hand, if the delayed dependence is more dominant, i.e. a < b, then it has been shown
that [13,35] there exists a critical value 7y > 0 given by

a+b ( a)
19 = ———arccos (—— ),
rv/b? —a? b

such that the positive equilibrium u, is locally asymptotically stable when t € [0, 79) and is
unstable when v > 9. Moreover a Hopf bifurcation occurs at the positive equilibrium when
T passes through 7.

In this paper, we consider the following logistic type reaction-diffusion population model
with mixed delayed and instantaneous density dependence:

du(x,1)  du’(x,1)

ar 9x2
u@,1) =u(w,t)=0,1>0, (1.3)

+ru(x,t)[1 —au(x,t) —bu(x,t —1)], x € (0,7), t >0,

where u(x, t) is the population density at location x and time ¢, and x € (0, ) which is the
spatial domain; Dirichlet boundary condition is imposed so that the exterior environment is
hostile; d > 0 is the diffusion coefficient, and parameters a, b, t are as in (1.2). For conve-
nience we normalize the time delay by a time-scaling u(x, t) = u(x, tt), and drop the hat
for the simplicity of notation, then (1.3) becomes

du(x, 1) ul(x, 1)
” =drt 2 +rrulx,t)[1 —au(x,t) —bu(x,t —1)], x € 0, 7), t >0,
X
u(,1) =u(r,t) =0, t >0, (1.4)
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We consider Eq. (1.4) with the following initial condition
u(x,s) =n(x,s), x€(0,m), t e[-1,0], (1.5)

where n € C := C([—1,0]; Y)and Y = Lz((O, n)).

It is well-known that (1.4) admits no positive steady state solution when r < d, and it
possesses a unique positive steady state solution u#, when » > d [17,37]. The local stability
of steady states has been studied by Green and Stech [14] and Parrot [32], while the global
stability was studied by Huang [18] and Pao [31]. In Huang [18] and Pao [31], it was proved
that when r < d, the zero solution is the global attractor of all nonnegative solutions to (1.4)
forany t > 0; and when r > d and a > b (instantaneous dominant case), the unique positive
steady state solution u, is globally attractive for all nonnegative solutions to (1.4) for any
7 > 0. Dynamical system approach was used in [18] and upper-lower solution method was
used in [31] for the proof of global stability. On the other hand, Friesecke [12] proved that
for small delay, the dynamics of (1.4)—(1.5) is the same as that of (1.4)—(1.5) without delay.

In [42], we studied the following general delayed diffusive population model:

du(x,1) dul(x, 1)
=d 4+ Aulx,t) f(u(x,t — 1)), x € (0,0, t >0,
ot ax2
u(,1) =ul,t) =0, t >0,

(1.6)

where f is a smooth decreasing function and f(0) > 0. We proved that when A > dw?/¢2,
the model has a unique positive steady state solution u;, and for a fixed A satisfying 0 <
L —dm?/0? « 1, there exists a sequence of the delay values {t, o2 o so that a forward
Hopf bifurcation occurs at each t = 7, from the positive steady state u,. For (1.6), the
stability of the bifurcating periodic solutions were studied by Yan and Li [46]. The result in
[42] generalized earlier result of Busenberg and Huang [2], in which a diffusive Hutchinson
equation with Dirichlet boundary condition was considered.

In this paper we consider the stability and associated Hopf bifurcations of system (1.4) in
the delayed dominant case of a < b, and we show that the dynamics of (1.4) whena < b
is similar to (1.6). That is, a large delay will destabilize the positive steady state and causes
oscillatory patterns. Our main results can be summarized as follows: assume that r > d and
0 <r—d <« 1,then

(i) (1.4) has a unique positive steady state solution u, (x).
(i) Ifa < b, then there exists a constant tgp = to(r) satisfying

a+b —a
li —d = — —, 1.7
r—1>r¢111+(r )T (r) T arccos ( b ) 1.7
such that for (1.4), u, is locally asymptotically stable when 7 € [0, 79), whereas it is

unstable when 7 € (1o, 00). Moreover, there exist a sequence of values {z,(r)};2.
which satisfies

b _
r£?+(r —d)t,(r) = % [arccos (7(1) + 2n71:| , (1.8)
such that for (1.4), a forward Hopf bifurcation occurs at each t = t7,(r)(n =

0,1,2,---) from u = u,, and the bifurcating periodic solutions are orbitally asymp-
totically stable on the center manifold.

(iii) Assuming the conditions in (ii), then (1.4) has at least one periodic orbit for any
T > 11, and (1.4) has at least two distinct periodic orbits when 0 < 7 — 7, < 1, for
n=2,3---
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The particular equation considered here is a canonical example for considering the com-
bined effect of delay and diffusion which has interested many authors. For the local stability
and Hopf bifurcation around the positive steady state solution of (1.4), we analyze the charac-
teristic equation using the approach in Busenberg and Huang [2], which has been utilized in
many other studies of stability of non-constant steady state solution [1,42,46]. The first part
of analysis here is conducted under a similar framework as in [2,42], but the analysis here is
more difficult with the presence of both delayed and instantaneous effect on the growth rate.
For the normal form calculation on the center manifold in Sect. 4, we adopt the framework
in [8,9] to handle the complicated computation, which is different from the ones in [2,42].
In Sect. 5 we combine the upper and lower solutions method and the global Hopf bifurcation
theorem in [44] to obtain global continuation of branch of periodic solutions bifurcating from
the local Hopf bifurcation, which has not been obtained for reaction-diffusion equation with
delay effect.

The diffusive logistic equation with mixed delayed and instantaneous density dependence
(1.4) (including the case without instantaneous effect) with Neumann boundary condition
has also been considered. The local stability and Hopf bifurcations from the constant steady
state solution were studied in [27,29,47], and global stability for this case has been proved in
[12,20,21,31]. Similar analysis for a constant steady state solution in a Dirichlet boundary
value problem has also been investigated [41]. It is recognized that the stability and bifurca-
tion analysis for a non-constant steady state solution (which is natural for Dirichlet boundary
condition) is more difficult than the one for a constant steady state solution (which is natural
for Neumann boundary condition) [2,7,18,40,42], as the spatial profile of the non-constant
steady state solution is usually not known, which makes the characteristic equation analysis
much harder. Analysis in [2,42] has also been extended to a diffusive logistic equation with
nonlocal delay effect [3].

The rest of this paper is organized as follows. In Sect. 2, the eigenvalue problem of the
associated characteristic equation is investigated. In Sect. 3, the stability of the steady state
solutions and the occurrence of the Hopf bifurcations are considered. The direction of the
Hopf bifurcations and the stability of bifurcating periodic solutions on center manifold are
established in Sect. 4. In Sect. 5, the global continuation of the branch of periodic orbits from
Hopf bifurcations is studied. Finally some numerical simulations motivated by our theoretical
studies are presented in Sect. 6.

Throughout the paper, we use standard notation L2, H¥, Hé‘ for the real-valued Sobolev
spaces based on L? spaces, and the underlying spatial domain is always the interval (0, 7).
Moreover we denote X = H? N H(} .Y = L?and, for any real-valued vector space Z, we also
denote the complexification of Z tobe Z¢ := Z®iZ = {x| +ixz| x1, x2 € Z}. For the com-
plex-valued Hilbert space Y, we use the standard inner product (u, v) = f(;T u(x)v(x)dx.
We also define by 2(L), .4 (L), and #(L), the domain, the null space and the range space
of alinear operator L, and define by Span{A} the space spanned by all the elements in A. For
a nonlinear mapping F, we denote by D, F' the Fréchet derivative with respect to variable(s)
u. In the remaining part of this paper, we will always assume that a < b unless specified
otherwise.

2 Eigenvalue Problems

In this section we first study the existence and properties of the positive steady state solutions
of (1.4), which satisfy the following boundary value problem
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d

Pu) ol = @+ B =0, x € 0, 1)
ru(x — (a ux =0V, X ,TT),
dx? (2.1)
u(0) = u(r) = 0.
It is well known that
Y =4 (dD*+d)®%dD? +d),
where
32

D’ = —,
0x2

N (dD* + d) = Span{sin(-)}
and
#(dD* + d)y=1{yeY:(sin(),y) = /ﬂ sin(x)y(x)dx = O] .
0

Now we give a result on the existence of positive steady state as follows.

Theorem 2.1 There exist r* > d and a continuously differentiable mapping r +— (&, ;)
from [d,r*]to (X N Z(dD? + d)) x RT such that (1.4) has a positive steady state solution
(solution of (2.1)) given by

uy(x) = a,(r —d)[sin(x) + (r — d)&, (x)], reld, r]. 2.2)
Moreover,
B fon sin? xdx
~ d(a+b) [] sin® xdx

od

and &5 € X is the unique solution of the equation
(dD?* + d)é + [1 — d(a + b)ag sin(-)]sin(-) =0,  (sin(-), &) = 0.

Proof Since dD? +d is bijective from X N R(dD? + d) to Z(dD?* + d) we know that &,
is well-defined. Let m : X x R x R — Y x R be defined as

m(&, a,r) =((dD2 +d)é +sin(-) + (r — d)é

—r(a + b)ay[sin() + (r — d)£]*, (sin(), s>).
Using the definition of £, we have that
m(Eq, e, d) = (dD* + d)eq + [1 — d(a + b)ag sin()]sin(), (sin(). &)) =0,
and
D.aym(Ea, aa, d)(n, €) = ((dD* +d)n — d(a + b)e sin*(), (sin(-), 1)).

From sin?(-) ¢ %(d D* + d), it follows that D oym(£4, &g, d) is bijective from X x R
to Y x R. Therefore, the implicit function theorem implies that there exist r* > d and a
continuously differentiable mapping r +— (&, ;) € X x R such that

m&,ar,r)=0, reld,r*.

An easy calculation shows that - (r — d)[sin(-) 4+ (r — d)&,] solves (2.1). ]
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In the remaining part of this paper, we will always assume r € [d, r*] unless otherwise
specified, and 0 < r* — d <« 1. But the value of r* may change from one place to another
when further perturbation arguments are used.

The linearization of (1.4)—(1.5) at u, is given by

dv(x, 1) J 3%v(x, 1)
=daT

o7 12 +rt[l — 2a + b)uylv(x,t) — rbtu,v(x,t — 1), t > 0,
X

v(0,t) =v(m, 1) =0, t >0, (2:3)
v(x, 1) =n(x, 1), (x,1) €0, 7] x [-1,0],
where n € C.
We introduce the operator A(r) : Z(A(r)) — Yc defined by
A(r) =dD* +r — rQ2a + b)uy, (2.4)

with domain
2(Ar)={yeYc: y, y€¥Xc, y(0)=y(r) =0} = Xc,

and set v(t) = v(-, t), n(t) = n(-, t). Then (2.3) can be rewritten as

dvu(t) _ _ _
I =tAr)v(t) — thru,v(t —1), t>0, 2.5)

v(t)=n(), tel[-1,0], neC,

with A(r) an infinitesimal generator of a compact Cp-semigroup [33]. From [43] (or [44]),
the semigroup induced by the solutions of (2.5) has the infinitesimal generator A, (r) given
by

Ac (¢ = @,

P(A:(r)) = {¢ € Cc NCL = $(0) € Xc, p(0) = TA(r)P(0) — brruy¢(—1)},
where C(]C = CY([—1,0]; Y¢). The spectral set o (A;(r)) = {)\.T eC: A A,y =
0, for some y € X¢ \ {0}}, where

A(r, h,T) = A(r) — bruye ™" — i,

The eigenvalues of A (r) depend continuously on t (see e.g. [4]).
Itis clear that A, (r) has a purely imaginary eigenvalue At = ivt (v # 0) forsome 7 > 0
if and only if

[A(r) — bruye™™® —iv]ly =0, y(£0) € Xc (2.6)

is solvable for some value of v > 0 and 6 € [0, 27).
One can see that if we find a pair of (v, €) such that (2.6) has a non-zero solution y, then

0+2
A(r,iv, 7,)y =0, rn=7+ m, n=0,1,2,---.
v

Next we shall show that, for r € (d, r*], there is a unique pair (v, #) which solves (2.6).
Now we give two lemmas which will be used to conclude our assertion.

Lemma 2.2 Ifz € Xc and (sin(), z) = 0, then |((dD* + d)z, z)| > 3d||z||§c.

This is exactly the Lemma 2.3 of [2] and we omit its proof here.
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Lemma 2.3 Forr € (d,r*], if (v,0,y) solves (2.6) with y(# 0) € Xc,v > 0and 6 €
[0, 277), then —

7 is uniformly bounded for r € (d, r*].
r—

Proof Noting that
([A(r) — bruye™ —iv]y, y) =0,
and also A(r) is self-adjoint, then separating the real and imaginary parts of the above equality,
we obtain
v(y,y) = (brsinfu,y, y).
Hence
v braysin6([sin(-) + (r — d)§ 1y, y)
r—d B

It follows that there is a constant M > 0 such that

M+ —Dlé ), 7 e rl.

r —

The boundedness of v/(r — d) follows from the continuity of r — (||, ||, ). ]

Now, for r € (d, r*], suppose that (v, 6, y) is a solution of (2.6) with y(# 0) € X¢. We
normalize y so it can be represented as

y=Bsin() +(r —d)z, (sin(),z)=0, B=0,
I3, = B>lsinO)15. + (- — ?llzly, = Il sin()lI7,..
Substituting (2.2), (2.7) and v = (r — d)h into (2.6), we obtain an equivalent system to (2.6):
g1(z, B.h,0,1) :=(dD* + d)z + [Bsin(-) + (r — d)z]
: (1 — [rQ2a + b)ay + braye”][sin(-) + (r — d)& ] — ih) —0,

£2(2) :=Re(sin(-), z) = 0, 2.8)

g3(2) :=Im(sin(), z) = 0,

g4(z, B,r) =8> = Dl sin() 3, + (r — )?|lzll5. = 0.

We define G : X¢ x R3 xR > Y¢ x R? by G = (g1, &2, &3, g4) and define (recall that
a < b)

b2 —a? b2 — a2 a
2y = (1 - mz)gd, Bu=1. hg="" . 6= arccos (—3), (2.9)

2.7)

with &; defined as in Theorem 2.1. An easy calculation shows that
G(z4, Bd> hd, 0q.d) = 0.
Now we are in the position to give the main theorem of this section.

Theorem 2.4 There exists a continuously differentiable mapping r — (z,, Br, hy, 6;) from
[d, r*] to X¢ x R3 such that G(z,, By, hr, 6y, 1) = 0. Moreover, if r € (d, r*], then the
solution for G = 0 is unique for given r, that is, if (z", B, h", 0", r) solves the equation
G =0withh" >0, and 6" € [0, 2n), then (7", B", h",0") = (2, Br, Iy, O)).
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Proof LetT = (T1, T», T3, Ty) : Xc x R? = Y¢ x R3 be defined by

T = D, p.10Gzd, Ba. ha,ba. d).

Thus, we have

b2 42
Ti(x, k, €, 0) =(dD? + d)y — iesin(-) + idday (—Z - iba)sinz(-)

4+l 11— ———i )sin(-)[1 +d(a+ b)agsin(-)],
a+b

Ta(x) = Re(sin(), x), T3(x) =Im(sin(), x), Ta(e) = 2| sin()ly..

It is routine to verify that T is bijective from X¢ x R3 to Y¢ x R3. It follows from the implicit
function theorem that there exists a continuously differentiable mapping r +— (z,, B, hy, 6;)
from [d, r*] (with a smaller r*) to X¢ x R3 such that G(zy, Br, hy, 6, 7) = 0. Hence the
existence is proved, and it remains to prove the uniqueness. By virtue of the uniqueness of the
implicit function theorem, now we only need to show thatif G(z", 8", h",6",r) =0,h" > 0
and 0" € [0, 27), then

"B " h",0") = (za, Ba. ha. 0a)

as 7 — d in the norm of X¢ x R3. From the definitions of (2, B, h",0"), it is easy to see
that {h"}, {8"} and {6"} are bounded. From Lemma 2.2 and the first equation of Eq. (2.8)
we have

1
IIZ’IIZY(C < gl(@(h’, 0", B sin() + (r —d)z'1,2")l,
where
o™, 607, r) =1—[rQa + b)a, + braye " |[sin(-) + (r — d)&] — ik’

The boundedness of {h"}, {«,} and {&} yield that there is M > O such that
lo(h", 0", )|l < 3dM, forr € [d, r*]. Thus we have

12715, < MIB"|- IsinO)llvellz" llve + MG — d)[I"115,..
Without loss of generality, assume M (r* — d) < 1/2, then
2" llye <2MIB"| - I sin()llye, reld, r*].
Hence {7} is bounded in Y. On the other hand, (dD? +d) : X¢c N %c(dD? +d) — Ye N
Zc(d D?* + d) has a bounded inverse, by applying (d D> +d)~ on g (", 8", h",0",r) =0

one sees that {z"} is also bounded in X, and hence {(z", B",h",0") : r € (d,r*]}is
precompact in Y¢ N R3. Therefore, there is a subsequence {(z", ", h"*, 0"™)} such that

", B 0", 0" — (24, 8% h?, 0%, r—d asn — oo,

by taking the limit of the equation G(z", ", h",0",r") = 0 as n — oo. We claim that
G(z, B, h,0,d) = 0 has a unique solution given by (z, 8, h,0) = (24, Ba, ha, 64) defined
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in (2.9), thus (z%, B9, h?,09) = (z4, Ba, ha, 04). In fact, we take the limit in equation
G, B, h", 0™, r") = 0asn — oo to obtain

dD? + d)z? + p?sin() (1 — [d(Q2a + b)ag + bdage ' Isin() — ihd) =0
(sin().z%) =0, ((BH* = 1)l sin()[}, = 0.

It follows that 8 = 1. Multiplying the first equation of (2.10) by sin(-) and integrating it
from O to 7, and separating the real and imaginary parts, we obtain that

" (2.10)

s
/ (1 — [dQa + b)ag + bday cos Od] sin x) sin xdx = 0,
0
m
/ (h? — bdag sin?) sin® xdx = 0.
0

fon sin? xdx

Noting that oy = and h¢ > 0, itfollows that 8¢ = arccos (_ﬂ) =0
B @+ b) [T sin® xdx p) =
b2 — g2
and h? = T = hg. Therefore, (2.10) yields that
a

/b2 — 42

dD?>+ )¢ +(1-
( +d)z +( >

i) [sin(-) — d(a + b)ay sin®(-)] =0, (sin(),z%) = 0.

From the uniqueness of the solution of this equation in X¢, we have ¢ = z4. Hence,

&, B h",0") — (24, Ba, ha, 64) asr — d inthe normof Yc xR3. Inaddition, (d D%+d) ™!
is a continuous linear operator from Zc (d D% +d)into Xc NZc(dD? +d), we get the con-
vergence in X¢ X R3, which follows that (z", B h",0") = (z, Br, hr, 6,). m]
Corollary 2.5 Forr € (d, r*), the eigenvalue problem

A iv,t)y=0, v>0, >0, y(0)eXc
has a nontrivial solution, or equivalently, ivt € o (A (r)) if and only if

6, + 2nm
v=v, =0 —-dh,, tT=17,=——"7—, n=0,1,2,--- (2.11)
Vr

and
y=cyr, yr=PBsin()+ r—dz,

where c is a nonzero constant, and z,, By, hy, 0, are defined as in Theorem 2.4.

Remark 2.6 Combining Theorem 2.4, Eq. (2.9) and Corollary 2.5, we can obtain the estimate
of Hopf bifurcation values given in (1.7) and (1.8).

3 Stability of Steady State Solutions
In this section we study the stability of non-constant steady state solution u, of Eq.(1.3) with

afixed r € (d, r*], and the time delay t is considered as a parameter.
We recall the following facts:

Lemma 3.1 Letr € (d, r*].
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1. If T > 0, then 0 is not an eigenvalue of A;(r);
2. If t =0, then all eigenvalues of A;(r) have negative real parts.

Part 1 can be proved by using So and Yang [40, Lemma 4.1] and it is very similar to [42,
Lemma 3.2], and part 2 is essentially same as [40, Theorem 4.2], hence we omit their proof
here.

We now show that At, = ivT, is a simple eigenvalue of A, forn =0, 1, 2, - - -. For this
purpose, we first give the following lemma.

Lemma 3.2 For fixed r € (d, r*],

T
S, (r) :=/O (1 —broge % u,)y>(x)dx #0, n=0,1,2,---.

. a .
Proof From the expressions of u,, y,, 7,, and the fact that 6, — arccos(—z) asr — d, it

is easy to obtain

T
S,(r) — |:1 + (ﬁ +i) (arccos (—%) —|—2nn)]/0 sin® xdx, asr — d3.1)

It follows that S, (r) # O for r € (d, r*] and forall 7,,,n =0, 1,2, - - -. O

Theorem 3.3 For each fixed r € (d,r*], At, = iv,1, is a simple eigenvalue of A, for
n=0,1,2,---

Proof From Corollary 2.5 we have .4 [ Ay, (r) — iv,7,] = Span{e’ ™"y, }. Suppose that for
some ¢ € Z(Aq,(r)) N Z([Aq, (r)]z), we have

[Ar, () — i1, )%¢ = 0.
This implies that
[As, (r) — iv, T4l € N[ Ay, () — iv,T,] = Spanfe™™ ™ y,}.
So there is a constant ¢ such that

[Ag, (r) —iveTylg = Ceiv,rn.yr'

Hence
$0) = iv, T, (0) +ce ™0y, 6 e[~1,0], 32)
$(0) = A(r)p(0) — brryur¢(—1). .
The first equation of (3.2) yields
0) = iV, T,0 0 v 1,0 -
¢(©) = ¢(0)e +cle y (3.3)

$(0) = iv, 749 (0) + cy,.
From (3.2) and (3.3) we have
A, iv, )¢ (0) = [A(r) — breguye ™ —iv,7,1¢(0)

=c(l— brr,,u,eiié)’)y,.
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Hence
0= /n P O)[A(, iv, Ty)yrldx
0
= /n yr[AQr, iv, 7,)¢(0)]dx
0

T
= c/ 1 - brrnure_l(”)yrzdx.
0

As a consequence of Lemma 3.2 we have ¢ = 0, which leads to that ¢ € A [ A, (r) —iv,7,].
By induction we obtain

N A, () —iv 5l = N[Ay, () —iv] j=1,23,-, n=01,2---.

Therefore, A1, = iV, 1, is a simple eigenvalue of A;, forn =0,1,2,---. ]

Since At, = iV, 1, is a simple eigenvalue of A, , by using the implicit function theorem
it is not difficult to show that there are a neighborhood O, x D, x H, C R x C x X¢ of
(Ty, vy Ty, ¥r) and a continuously differential function (%, y) : O, — D, x H, such that
for each t € O,, the only eigenvalue of A, (r) in D, is A(7), and

AMrn) = ivety,  Y(@) =y, ly@llye = I1sin() llye,
A(r, M1)/T,7) = [A(r) — brruye @ —A(Dy(r) =0, 1€ O,. (3.4)

We show that A(7) moves across the imaginary axis at T = 1, transversally.

Theorem 3.4 Forr € (d, r*], we have

dr(ty)
Re [ e

]>O, n=0,1,2,---.

Proof Differentiating (3.4) with respect to T at T = t,,, we have

dA(t
#[—1 + bruyte ™y, + A v, Ty) ( LI ivey, = 0.
Multiplying the equation by y, and integrating on (0, r), we obtain
T
dA(zy) ~ lvr/o vy dx
dr [T i
/ [1 — broguye ™% y2dx 3.5)
0
1 4 2 5
=——\i d —ib d
FIGIE (”’ /o x| ibrume / Y x/ uryrd )

Noting that

T T
/ y2(x)dx = ’ / y2(x)dx|e”
0 0

where p, = Arg(foﬂ yrz(x)dx), —1m < p, < m.Then from (3.5) it follows that

T 5 (0 b uryz
/ yrdx Re[ —iel ’“”)/ %dx].
0 o r —d
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Hence, by
2 133 (T o inl
Re —ie"(e"“”)/yr tr Yy — b”—a fO sin” xd.x >0 asr—d,
o r—d b d(a+b)
dx
we have Re[ (tn)] > Owhenr € (d, r*]. O

We summarize the stability properties of steady state solutions and associated bifurcations
of Eq. (1.4) as follows:

Theorem 3.5 Suppose thata,b,d,r > 0 and T > 0.

1. If0 <r <d, then forall a, b > 0, each solution u(x, t) with nonnegative initial value
of the problems (1.4)—(1.5) satisfies ||u(-,t)|ly = 0 ast — oo forany T > 0.

2. If r > d, then the trivial steady state u = 0 is unstable, and Eq. (1.4) has a unique
positive steady state solution u,.

3. Thereexistsr™ > d suchthatforr € (d, r*], the infinitesimal generator A (r) associated
with u, has exactly 2(n+1) eigenvalues with positive real part when t € (1, Th+1], n =
0,1,2,--- .Inparticular, forr € (d, r*], the positive steady state solution u, of Eq. (1.4)
is locally asymptotically stable when t € [0, to) and is unstable when t € (19, 00), and
a Hopf bifurcation occurs at each t = 1, and u = u,.

Proof Part 1 is similar to [42, Theorem 6.2] and we omit the proof. Part 2 is well-known, see
for example [17,37]. The eigenvalue distribution in part 3 follows directly from Lemma 3.1
and Theorem 3.4, and the stability/instability follows from Lemma 3.1, Corollary 2.5 and
the eigenvalue distribution. O

4 Hopf Bifurcation

We have shown in Theorem 3.5 the existence of Hopf bifurcations for the problem (1.4)—(1.5)
occurring around the positive steady state solution u, and at T = 7, with 7 as bifurcation
parameter. In this section, the detailed local Hopf bifurcation analysis at T = 7, is carried
out by using the normal form method described in [8].

We first transform the steady state to the origin via a translation U (¢) = u(-,t) — u,(-)
with u(x, t) satisfying (1.4), and introduce a new bifurcating parameter « = t — t,, then
(1.4) is transformed into

dU(t)
dt
where A(r) is defined in (2.4), U, € C, and for ¢ € C, F is defined as

F($,a) = aA(r)p(0) — arbuy¢(—1) — ar(t, + )¢ (0) — br(t, + a)p (0)p(—1).
For the linearized equation of (4.1):

dv(t)
dt

following [9], we introduce a formal duality ({-,-)), which is a bilinear form defined in
C(*C‘ x Cc where C* := C([0, 1]; Y¢), and it is defined by

=1, AU(t) — tarbu, Ut — 1) + F(Us, @), A.1)

=1, A(N)v(t) — Torbu,v(t — 1), 4.2)

0
(¥, 9)) = (¥(0), (0))" —/ (Y (s + 1), brrau¢(s))ds, for¢ € Ce, ¥ € Cg,

-1
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with (-, -)* the natural duality in Y¢ when it is considered as a Banach space, that is (u, v)* =
fon u(x)v(x)dx foru, v € Yc. In the following we will also use ((-, -)) and (-, -)* for vectors
or matrices, which should be understood as matrix multiplication with entry multiplication
given by these dualities.

Recall that A, (r) is the infinitesimal generator of (4.2). We denote by A = A, , the set
of pure imaginary eigenvalues of the A, (r). It is clear that

A ={iv, T, —iv Ty} .

We also introduce P as the generalized eigenspace associated with A. From Sects. 2 and 3,
it is clear that

P = Span{®}, where ®(0) = (¢1(0), ¢2(0)) = (y&' ™ Fye 1) fore e [—1,0].

From the formal duality theory in [10], the phase space Cc can be decomposedas Cc = P@ Q,
in which

O0={peCc: ((y,9)) =0, forall y € P*},

where P* is the generalized eigenspace of the adjoint equation of (4.2) associated with A.
By an easy computation we have that
1
< yré
Vi (s) S
P* = Span{¥}, where W(s) = (1/12(” =171 s | fors € [0, 1].

—_— yre
n
Here S, = S,(r) is defined in Lemma 3.2 and ((¥, ®)) = I, where I € R?*2 is the identity
matrix.
In order to obtain the normal form, one needs to consider an enlarged phase space:

—iV TS

BC ={y : [-1,0] — Yc : ¢ is continuous on[—1, 0)

with a possible jump discontinuity at0},

with the sup norm. From [8], BC can be decomposed by A as BC = P @ .4 (w), where &
is a continuous projection from BC onto P, which is defined by
(@ + Xoy) = P({(W. ¢)) + (¥(0), »)), ¢ € Cc. y € Ye,
where
Xo(e):[()’ ~1<6<0,
I, 6 =0.

We define an extension A, of A, by
Apv =0+ Xo[t, A(r)v(0) — tyrbu,v(—1) — v(0)]

forv € C(l) = {¢ € Cc| q’) € Cc, »(0) € Xc}. Then we can state the following result from
[8].

Lemma 4.1 In BC decomposed by A, (4.1) can be written as

d
df — Boz(1) + (W(0), F(®z(t) + y(1), )",

‘[‘% = A y(t) + (I — 1) XoF (®z(t) + y(1), ),

(4.3)
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VT, 0

2 1 ._ 1 _
where z(t) € C*, y(t) € Q, := OQNCy, B, = ( 0 —ivz,

A,l, : Qé — N (1), .A,l,v = Ayv forv e Qé.

) and A} is defined by

In order to give the main result, we now write F as a Taylor polynomial in form

1 1
F(U;, @) = EFZ(Ut, a) + §F3(Ut,a),

where F>, F3 are the second and third Fréchet derivatives of F at (0, 0) respectively, that is
Fo(Uy, @) = 2a[A(F)U ) — rbu,U(t — 1)] — 2art,U*(t) — 2brr, U(H)U (t — 1),
F3(U;, @) = —6araU(1) — 6bralU (1)U (1 — 1).

Then (4.3) can be rewritten as

dZ_B 1 1 1 1
o= nz+§f2(z,y,a)+§f3(z,y,a),
dy 1 I, 1,
E=Any+Efz(z,y,oc)Jrifg(z,y,a),

with f; = (f1, sz), j = 2,3, defined by
Fl@y ) = (W), Fj(@z+y.a)*. f@y.0) = -m)XoFj(®z+y.a).
Following the approach in [9], we prepare the following Lemmas 4.2 and 4.3.

Lemma 4.2 For fixed r € (d, r*], there exist A1, Ay € C such that the normal form of the
flow of Eq. (4.1) on the center manifold near a = 0 is given by

dz Ajzia A21212
g an—i-( _ )+( i , )+ 0@?z] + (e, )| 4.4)

dt Ao Ar2125

where z(t) = (z1(t), 22(t))T, and A; is the complex conjugation of A; (depending on r and
n)fori =1,2.

Proof By the procedure in [8], the normal form of (4.1) can be obtained by a recursive
process of changes of variables. At each step, using the transformation

O R
(Zvy)_(zay)+j(Uj(Z!O[)?Uj(Zva))’ .]_2!37

with U ’:(2, «), i = 1,2, are homogeneous polynomials of degree j in (2, «).
Ultimately Eq. (4.3) can be transformed to

dz 1

E = By,Z"’Zﬁgj(Z, y,Ot),
j=2

dy 1 1 »

E _Any_'—;ﬁgj(zay’a)a

with g; := (gjl., gJZ.) are homogeneous polynomials of degree j in (z, y, ), defined by
gj = fi—M,Uj,
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where fJ = (f,l, sz) are the terms of order j in (z, y, @) obtained after the (j — 1)-th

transformation and linear operators M; := (M}, sz) are defined by

(M} p)(z, &) = D p(z, @) Bz — Bup(z, ),

5 . 4.5)
(M;p)(z, ) = D:p(z, ) Bz — A, p(z, @),
where p(z, a) is a homogeneous polynomials of degree j in (z, @).
An easy calculation yields that
Mjld er) = ivyta(q1 — g2 + (DN 20dler, j=2.3.--, k=12, (46
with 79 = Z‘II‘Z;Q, g1.¢2,1 € No, 1 +q1 +¢>» = j,and {e], e2} is the canonical basis for C2.
Therefore,
1 1 0
A (M) = Span[( 0 ) ’ (220‘)] ’ 4.7)
2 0 2 0 '
Mh =5 7722 1o .
(M3) pan[( 0 ) lez , 0 3 ZzOt2
From [8],

g} (z,0,) = Projﬂ(M})fjl (z,0, ).

It follows that the normal form up to third order of the flow of Eq. (4.1) on the center manifold
near « = 0 is given by (4.4), with the coefficients can be found to be complex conjugates.
O

Using Lemma 4.2 and well-known calculations, we can state the following Lemma.

Lemma 4.3 For each fixed r € (d, r*) and each fixed n € Ny, (4.1) has a 2-dimensional
local center manifold of the origin at T = t,, on which the flow is given by an ODE written
in normal form and in polar coordinates (p, &) as

p=Ki(t—1)p+Kp®+ 0t —1)*p + (= 10, p)I*),
£ =—iv1y + O(I(r — . ),
where K1 = Re{A1}, K2 = Re{A3}.

(4.8)

Next we calculate the signs of Re{A} and Re{A,} which determine the direction of Hopf
bifurcation and the stability of bifurcating periodic orbits.

Proposition 4.4 Letr € (d,r*]andn =0, 1,2, ---, and let A| be defined as in (4.4). Then
Re{A} > 0.

Proof From the definition of f2], we have

1 1
Efz (Zv Y, Cl)
= Ol(‘I’O»A(r)(CI)oz+yo) —rbur(q)_lz—}—y_l))* 4.9
— art, (Wo, (Poz + y0) ) — bre, (Wo, (®oz + yo) (P12 + y-1)),
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where Wg = W (0), &y = ®(0) and yg = y(0), 6 = 0, —1. Note that A is the coefficient of

1 1 -
the term (xé)a) in 5 le (z,0,) = 3 f21 (z, 0, ). Then from Corollary 2.5, we obtain that
1 .
Av= (v, Ay = rbure™ yp)*
n
iv, ( e ivSy Jo yidx
= <Y =
Sﬂ " : |Sﬂ|2

From (3.1) and y, — sinx as r — d, we have

T T 2
Re [:ST,/ yrzdx} — (04 4 2n7) (/ sin’ xdx) . asr —d.
0 0

Therefore Re{A;} > 0. ]

iz

From Lemma 4.2, A is the coefficient of the term ( 0

) in % f3(z,0,0). Then follow-
ing [8], we write '
f1(2,0,0) =f1(z,0,0) + %[(szzl)(Z, 0,0)U; (z,0)
— (D,Uy)(z,0)83(z, 0, 0) + (Dy f)(z,0,00U3(z,0)],  (4.10)

3
=5 [(D. £)(z,0,00U3 (z, 0) + (Dy 3)(z, 0, 0) U (z, 0)] ,
since f}(z,0,0) = 0 and g}(z, 0, 0) = 0. Thus

3
A2=§[C1+C2],

2
where C; and C; are the coefficients of (Zloz 2) contributed from (D, le)(z, 0,0) U21 (z,0)

and (D, le )(z,0,0) U22 (z, 0) respectively. We calculate C| and C; separately in the following
lemma.

Lemma 4.5 Let y, and 0, be defined as in Theorem 2.4, and let C| and C; be defined as
above. We define a matrix

R — ((a +be ")y} (a+ be”f)|yr|2) — (Rn Rlz) .

(@+be )|y (a+bel)y? Ry Ry
Then
4r27 1 2 o
Cl=——-" (— <2 0 R (0, Rot + Ri2)™ + 5 (v, Ra2) (3. Rin)*
i s? 315,
| “.11)
+ W(yr, Ry +Ri2)* (3, Rat + Rlz)*),
n
and we have
lim (- d)*Re{C(r)} = 0. (4.12)
r—
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Proof We define H(z) = zTRz to be the quadratic norm H(z) = Ry z% + Ri2+Ro)z120 +
Rzzz%. ‘We observe that

Proj i) f2 (2,0, 0) = =2r7, (Wo, 2'R2)*,
and from (4.6),
M2l (z%, 2122, Z%)el = iv,r,l(z%, —Z2122, —3z§)e1,
le (z%, 2122, z%)ez = iv,r,1(3z%, 2122, —z%)ez.
Hence,

U3 (z. @) = (M)~ (Proj 1, f3 (2. 0, @))

Y 1
2 (=5 Rz — Ri2 + Rap)ziz2 + ~Rpz3)*

_A S : 3
y.
IVr <S:’, gRuz% + (Ri2 + Rap)z122 — Rppzd)*
n
On the other hand,
D, f3(z,0,0) = —2rt, (¥, V(z'Rz))*¥,
where

V(z'Rz) = (i(zTRz), i(ZTRZ))
071 922
= (2R11z1 + (Ri2 + Rap)zz, (Ri2 + Rap)zr + 2R222)
Hence
D. f}(z,0,0)

Yy Y
(==, 2Ry1z1 + (Ri2 + Ranz2)* (==, (Ri2 + Rap)zi, +2Rn20)*

Su Su
=—-2rt, 3 . .
(?, 2Ry1z1 + (R12 +Rap)z2) (?, (R12 + Ra1)z1, +2R»022)
n n

Then we can obtain (4.11) from the expressions of Uz1 (z, @) and D, le (z,0,0).
We rewrite C(r) as the following:

4rly, 2 i :
1 =—" = S O @+ be )y (v, (a + bRefe )]y, 1)
iy S;
2 10, \=2\%2 4 i6, 2\ %2
+ 751 @+ b )3V P + — |y, (@ + bRefe™ D1y, 7).
318, [Sn|

Then

4rt, 2 . ;
Re{C)} = Re[ -~ ! (— 57l (@ +be 0y y2)Y*(yr, (a +bRe{e’9f}>|yr|2>*].
r n

It follows that
8d%(0y + 2n)

T
. 2 _ —i6, -3 2
r1_1)r21+(r —d)"Re{C} = — Re‘ 1ha)2(5)2 (a + be ") (a + bcosed)(/o sin” xdx) ]
:O’
since a + b cos 6y = 0, here S,‘f = lim S,(). O
r—d+t
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From [8], the U3 (z, 0) can be uniquely determined by M3U3(z,0) = f3(z, 0, 0), which
is equivalent to

D.U2(z,0)Byz — AL((U3(2.0)) = (I — 1) Xo Fa(®2,0).
Define
U3(z,0) == p(2)(8) := p2(0)z3 + p11(®)z1z2 + po2(0)z3, (4.13)
here p. pi1. po2 € Q. From (4.9),
f5(z,9,0) = =2r1,(Wo, (Poz + yo) (a®oz + ayo + bP_1z + by_1))*.

Then for W € Q.

Dyle (2,7, 0W = — 2r7, (Wo, Wo(Poz + yo) (aPoz + ayo + bP_1z + by_1))*

= 2r1, (Wo, (Poz + yo) (aWo + bW_1))*,

where Wy = W(0), 6 =0, —1. Hence
Dyle (z,, O)Uzz(z, 0) = —2r7,(Wp, (2aPozp(2)(0) + bD_1zp(2)(0) + bPozp(2)(—1))*.
Now the coefficient of zsz in 2a®ozp(2)(0) + bD_1zp(2)(0) + bPozp(z)(—1) is

(2a + be™"")y, p11(0) + (2a + be ") ¥; p20(0) + by, pr11(—1) + by pao(—1),
Hence

2rt,
S}'l

+ (yr, [bp2o(—1) + 2a + be'? ) pro(0)]3,)* }

Cr =

[(yr, [bp11(—=1) + (2a + be™") p11(0)]y)*
(4.14)

Now, we need to determine p2¢(0), p2o(—1), p11(0) and py1(—1).
By using the definitions of A} and F», we have

[ P)(®) = D:p(2)(0) Byz = —2r, ®(Wo, 2 R2)*, 4.15)

P@)0) — T, A() p(2)(0) + rbTuu, p(2)(—1) = —2r1,2"Rz.
Substituting (4.13) into the first equation of (4.15) we obtain

[ P20(0) = 2iv, 7, p20(0) = Tuk} eV + T kFe O

0

i ; (4.16)
p11(0) = Tnkfe””"@ + Tnk;‘e—lvrrn ’

where
Rip)* Y, R11)*y,
ko= - Qo R o O Rl
Sn S
,R Rop)* v, R Ry )V y,
kr3=—2r<yr 12 + Ror) yr’kf=_2r<yr 12 + Ra1)™yr
Sn S,
Solving the equations in (4.16), we obtain that, for —1 <6 < 0,

)

. koo . k2i . ,
P20(9) :e2lv,r,,9p20(0) + Ll(elvrrnf) _ eZw,'r,,Q) + Ll(efw,.r,,@ _ e2lv,1:,,6’)7
vr 3vr (4.17)
i . Koo ’
Pr®) =p1i(0) = (e — 1) 4 (e — 1),

r r
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Using the second equation of (4.15) we get

P20(0) — 7, A(r) p20(0) + brryu, pao(—1) = =2rz,;Ryy, @.18)
P11(0) — 1, A(r) p11(0) + brryuy pri(=1)] = =2r7,(R12 +Ryyp). .
However, using (4.16) we have
$20(0) = 20,7, p20(0) + Tk} + Tak7, 19
P11(0) = k] + Tak;.

Combining (4.18) and (4.19) we have the following equations of py0(0) and p;1(0):

bru,i | _ig —2i6, kr2 i0, —2i6, 1 2
A0 p20) = —=—I[k (e — T + (e — e T+ ke + ki +2rRuy,
r
bruri 3. _ig 40 if) 34
An(r)pn0) = — [k (e = 1) =k (e = DI+ k' + k. +2r(Ri2 + Ray),
r
with

Axo(r) = A(r) — 2iv, — rbuye 2%,
An(r) = A(r) = bru,.

Let g20(0) = v, p20(9) and g11(6) = v, p11(0), then from (4.17),

. ‘ 4 ki ;
2iv, 1,0 1. r Tnf 2ivr7,0 — (e ' nf 2ivr 0
q20(0) =™ "7 q20(0) + k,i(e" ™7 — ™) + ; (e7!™” — 7T, (4.20)

q1(0) =q11(0) — ki ™ — 1) + kfi(e ™% —1).

We decompose ¢.(0) as g.(0) = sisin(-) + z,, where s, € C, z € Qé satisfy
foﬂ g«(x)sinxdx = 0 for x = 20, 11. Since lim+ [|[Ays(r) — (dD?* + d)|| = 0, and
r—d

lim v, p.(r) = O uniformly for x € [0,x], then lim [|z}|| = 0. Define qf(@) =
r—d+ r—d+t

. r d _ 1 r J_ 1 J _ .
rlilzl+ q,(0), s, = rlilzl+ s, and ky = rlﬁn}}+ ky forx =20, 11 and j = 1,2, 3, 4. Then,

q%(0) = 5% sin x,

A . A K2 .
‘1510(9) = sgoezmdg sinx + ktlli(e“g"e — %00y 4 %(671%9 — 0afy  (4.21)
gl (0) = s, sinx — kJi (%% — 1) + kJi(e7"%% —1).

Now from

0
(W, g:(0))) = (¥o, +(0))" — brrn/ (Wyt1, urqs(s))*ds = 0,

-1
taking limit as r — d™, and using (4.21), we obtain

bi (6 2 —ily 1— —i6y w
5510 = i + nr}rT)e. 3 |: (1 — L)/ k; sin’ xdx
pa(a +b)hy [y sin® xdx 64 0

3 2i04 _ 2 —i6g T
|
104 0

(4.22)
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where
Ha=t- %“% — e, (4.23)
By using
a + be~% a + be—it
1,2 b 7 —
(ig I]zg) = —2d sinx/0 sin® xdx 2 +incos 6 2 +~ch08 an |- (4.24)
sd 54

and noting that @ + b cosf; = 0 so that kfl = kfi = 0, hence sf'l = 0 and qf’l ©) = 0 for
0 € [—1, 0]. Using (4.14), we obtain that

2d (0 + 2 T
lim (r — d)2C2 - _ M

-3 i0, —2i04\ d
sin® xdx| (2a + be'’® + be™“"")s
r>d* Sdh3 [( 520

) o b4 3 e—iﬂd _ e—2i9d eied _ e—Zin
— 2bdi(a + be™ ") sin” xdx (
0

Sd 35711

n

4bd%i (0 + 2 be~i0ay 7
_ 164 +2nm)(a + be )(/ 6in® xdx)z
0

Sdh3a
(Bq + 2n7)(2a + be'% 4 pe~20) =10 T | a 1— e*i‘)d)
(a+b)hgpqa Sd 6,
1 3 + eZiGd _ zei(-)d] e*ied _ e—2i9d eied _ 672i9d ]
- = - + —
sd 6i6q St 354
4bd*(0q + 2n)(a + b)*v/b — a*( [y sin’ xdx)?
= I(n,a,b),
b2 _ a2
where
0 2 2 b 64 b —2i64\ ,—164 1 1— —i6g
I(n,a,b):(d+ nm)(2a + be'’ + be )e |: L .e )
(@a+b)hapa (89) 0y

(4.25)

1 3+ 200 _p—itu e—i0d _ —2i04 eibd _ p=2i0
- +
15412 6i64 } (84)? 318412

From Lemmas 4.3 and 4.5, the determination of the direction of the Hopf bifurcations
and the stability of the bifurcating periodic solutions for (1.4) is calculating the sign of the
quantity Re{/ (n, a, b)}. Without loss of generality, we can assume that a + b = 1, it follows
that b € (0.5, 1). Notice that if we introduce a transformation v(x, t) = (a 4+ b)u(x, t), then
v satisfies the following equation

dv(x, 1) davz(x,t)
=drt

- o T ) [1 - —un) - B 1)} . (4.26)

+b a+b
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0.5 055 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1 0.5 0.55 0.6 0.65 0.7 0.75 0.8 0.85 0.9 0.95 1

b b

Fig. 1 Graph of functions Re{K (n, b)}. Leftn = 0. Right0 <n <6

which is same as (1.4) ignoring a scalar factor. Note that we can rewrite I (n, a, b) = I (n, b)
as follows:

o sin? x)% [ (64 + 2n7)(2a + be'% + pe=2i0d)e~i0
[(n,b) =

|Sd14 (@a+Db)hapa
|: (E:II)Z 1— e—iGd) |S’(11|2 34 e2i94 _ ze—if)d]
Uy sin? x)2 i6y oy sin? x)2 6i6, (427)
7d . . *
57)2 _ ‘ A2 gifd _ p=2iba
(fo sin” x) (fo sin“ x)
_ s sin? x)2
ZWK(H, b),

where K (n, b) is a function of variables » € (0.5,1)andn =0,1, 2, ---.

Itis difficult to determine the sign of Re{ K (n, b)} analytically due to its complicated form,
but for b € (0.5, 1) and each fixedn = 0, 1, 2, - - -, the graph of function Re{K (n, b)} can be
plotted (see Fig. 1), and it follows that Re{C;} < O forany b € (0.5,1) andn =0,1,2,---.
This implies that the constant K» = Re{A>} < 0 from Lemma 4.5. Hence the direction of
each Hopf bifurcation at T = 7, is forward (periodic orbits exist for t € (z,, 7, +€), and the
bifurcating periodic orbits are locally orbitally stable from Lemma 4.3 and the well-known
formulas for Hopf bifurcations [44].

Summarizing above results, we obtain the following theorem about the direction of local
Hopf bifurcation and the stability of the bifurcating periodic solutions.

Theorem 4.6 For each fixedr € (d, r*), (1.4) undergoes a Hopf bifurcation at u = u, when
t=1,(n=0,1,2,.--). Moreover, all bifurcating periodic solutions are locally orbitally
asymptotically stable on the center manifold near T = t, and u = u, and the direction
of bifurcations are forward. In particular, the bifurcating periodic solutions from the first
bifurcation value T = 1o are orbitally asymptotically stable in the entire phase space.

5 Global Existence of Periodic Solutions

In this section, we study the global continuation of periodic solutions bifurcating from the
point (u,, t,), n =0, 1,2, - - - for Eq. (1.4) using global Hopf bifurcation theorem given by
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Wu [44,45]. Throughout this section, we closely follow the notations in [44]. To state the
global Hopf bifurcation theorem, we define that

(i) E = C(S'; X) is a real isometric Banach representation of the group G = §' :=
{zeC: |zl =1}
(i) LetEY :={x € E: gx = x forallg € G}. Then E® = X, and E has an isotypical
o0

direct sum decomposition E = EC @ E; where E}, = {eik’x :x € X}fork > 1.
k=1
Then from [44], Eq. (1.4) can be casted into an integral equation which is continuously
differentiable, completely continuous, and G-invariant.

We fix r € (d,r*) and n € N|J{0}. Recall that u, is the unique positive steady state
solution of (1.4). From Lemma 3.1, for any T > 0, 0 is not an eigenvalue of A, (r), hence the
assumption (H1) in [44, Sect. 6.5] is satisfied. When 7 = t,,, A, (r) has a unique pair of purely
imaginary eigenvalues +iv,t,, hence the assumption (H2) in [44, Sect. 6.5] is satisfied. We
choose sufficiently small €g, ¢o > 0, and we define the local steady state manifold

My ={(u,, 7, 0): [T — 1] < €0, l©— 7] < 60} C EC xR x Ry,

Then for (t, w) € [, — €0, Ty + €0l X [V Th — S0, VT + S0l, iw is an eigenvalue of A, (r)
if and only if T = 7, and @ = v, 7, from our results in Sect. 2. This verifies the assumption
(H3) in [44, Sect. 6.5]. From [44, Lemma 6.5.3], we conclude that («,, 7,,, v, T,) is an isolated
singular point in M, .

Let pi(uy, t, vr1y) (k = 1,2, ---) be the generalized crossing number defined in [44,
Sect. 6.5]. Then from Theorem 3.4, if A(t) = «a(r) £ iB(7) are the eigenvalues of A, (r)
satisfying A(t,) = %iv,t,, then &’(t,,) > 0. This implies that w1 (u,, T, v, 7,) = 1. Hence
one obtains the local topological Hopf bifurcation for Eq. (1.4) at T = 1.

Next we consider the global nature of the Hopf bifurcation. Let S be the closure of the set

{(z,T,w) € EXR xRy : u(-,t) = z(-, ot) is a nontrivial
27 /w periodic solution of (1.4)}.

Then from the local bifurcation theorem, (u,, t,, v, 7,) € S. We also define the complete
steady state manifold:

Mf:{(ur,t):reR}CEGx]R.

Let ¢, = &(u,, 1, v, 7,) denote the connected component of S for which (u,, t,, v, 7,)
belongs to. Then the global Hopf bifurcation theorem of (1.4) can be adapted from [44,
Theorem 6.5.5]:

Theorem 5.1 Let S, M, and €, be defined as above. Then for each n € N|J{0}, €, is
unbounded, i.e.,

sup[r}lellg zO|+ |t +o+o (2,1, 0) €€, | =o0. (5.1
€

Proof From Theorem 6.5.5 in [44], one of the following holds:

(i) €, isunbounded, i.e. (5.1) holds; or
(i) €, N (M} x Ry ) is finite and for all k > 1, one has the equality

> i ur, 7j, vp7j) =0, (52)
(r,Tj,vr ;) ECN(M S XR )
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where py is the k-th generalized crossing number. However from Theorem 3.4, if A(7) =
a(t) £ iB(t) are the eigenvalues of A, (r) satisfying A(z,) = +iv,t,, then o'(z,;) >
0. This implies that wi(uy, t,, vr7,) = 1. Hence if case (ii) occurs, then the sum
> (uy, 7;,v,7;) = p > 0, where p is the number of elements in €, N (M} x R,).
That is a contradiction to (5.2) when k = 1. Therefore the second alternative could not hap-
pen, and €, is unbounded. O

For the further structure of each €,, we prove the following properties of solutions of
Eq. (1.4):

Lemma 5.2 Suppose that r > d, and u(x, t) is the solution of (1.4)—(1.5) with n(x,t) >0
fort € [-1,0],x € (0, ), then u(-, t) exists for all t € (0, 00), and there exists T, > 0 so
that

1

O<u(x,t) <—, t>T, (5.3)
a

Moreover, fort € (0,00) and x € (0, ), u(x,t) > 0ifn(x,0) > (#)0, and u(x,t) =0 if
n(x,0)=0.

Proof From [44, Chap. 2], (1.4)—(1.5) has a local solution u(x,t). We choose K >
max{1/a, max |n(t, x)|}, and let v(x, ¢) be the unique solution of

dv(x,t v (x, t
v(x, 1) =dt vx, 1) +rrv(x, H)[1 —av(x,t)], x € (0, ), t >0,
ot ax? s4
v(0,t) =v(r, 1) =0, t >0, (5.4)
v(x,0) =K.

It is well-known that v(x, ¢) exists and v(x,¢) > 0 fort € (0,00) and x € (0, ), and
tlim v(x,t) = v,(x), which is the unique positive steady state solution of (5.4) (see [17]).
— 00

Note that we assume that » > d here so v, (x) exists. Then u(x, ) = 0and u(x, t) = v(x, t)
are a pair of upper and lower solutions of (1.4)—(1.5) as [31, Definition 2.2]. Then from the
comparison principle (see [31, Theorem 2.1]), u(x, t) exists and 0 = u(x,t) < u(x,t) <
u(x,t) = v(x,t) forall t € (0, 00). Since 0 < v,(x) < 1/a for 0 < x < m, then (5.3)
holds for ¢+ > T;,. The last assertion follows from strong maximum principle of parabolic
equations. O

Secondly we claim that Eq. (1.4) has no positive periodic orbit for small T > 0.

Lemma 5.3 Suppose that d < r < r*, then Eq. (1.4) has no positive nontrivial periodic
orbit for small T > 0.

Proof From [12] (see also [44, Sect. 10.2]), for small enough 7 > 0, the unique positive
steady state solution u, is globally asymptotically stable for all positive initial values for Eq.
(1.4). Thus the conclusion of this lemma holds. ]

Next we prove a lemma about the nonexistence of positive periodic orbits of (1.4) with
certain periods:

Lemma 5.4 Assume thatb > a > 0,r > d > 0 and v > 0. Suppose that u(x,1t) is a
nontrivial T -periodic solution of (1.4) satisfying u(x,t) > 0 fort € Rand x € (0, ), and
T >0.ThenT # 1/m form € N.
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Proof We prove that (1.4) has no nontrivial positive 1-periodic solution. Indeed a nontrivial
1-periodic solution of (1.4) is also a nontrivial periodic solution of the following diffusive
logistic equation:

dv(x, 1) 4 v (x, 1)
=datT

ot ax2
v(0,7) =v(m,t) =0, t > 0.

+rrv(x, [l — (a +b)v(x,1)], x € 0,7), t >0, (5.5)

It is well-known that (5.5) has no nonconstant periodic solution as a gradient system, and
the unique positive steady state solution is globally asymptotically stable with respect to
all non-negative initial values (£ 0) (see [17,31,37]). Therefore (1.4) has no nonconstant
1-periodic solution. Since any nontrivial 1 /m-periodic solution is also a nontrivial 1-periodic
solution, then there is no nontrivial positive 1/m-periodic solution of (1.4) as well. O

The nonexistence of nontrivial positive 1/m-periodic solution implies the following
important estimate for the periods of periodic orbits on €,:

Corollary 5.5 Suppose that (z, T, ) € €, forn € N|J{0}. Then 1/(n+ 1) <w < 1/nif
n>1l,andw > 1ifn=0.

Proof From (1.8) and (2.9), we know that
. —a
lim v, t,(r) = arccos (—) + 2nm.
r—d+t b
Hence near the bifurcation point (u,, 7,, v, 7,), the period @ of periodic orbit is close to
27 /(vrt,) which satisfies
2 2w 2w 2w 4
= < — < = .
2n +1 7+ 2nw Ty Vy /2 + 2nw n+1
When n > 1, (5.6) implies that

(5.6)

1 2 1
< < —. 6.7
n+1 Ty Uy n

From Lemma 5.4 and the continuity of won &,,, 1/(n+1) < w < 1/nforany (z, 7, ) € €,.
Similarly for n = 0, we have w > 1 for any (z, 7, ®) € €. O

Next we show that the strong maximum principle also implies that every periodic orbit
on ¢, must be strictly positive.

Lemma 5.6 Suppose that (z, 1, w) € €, forn € N|J{0}, and let u(x, t) be a w-periodic
solution of (1.4) with delay T which is a representation of z. Then u(x,t) > 0 fort € R and
x € (0, m).

Proof Since (u,,t,,v,7t,) € €&,, then near the bifurcation point (u,, Ty, V,7,), any
(z, 7, w) € €, satisfies u(x,t) > 0 forr € R and x € (0, w), where u(x, t) is an w-periodic
solution of (1.4) with delay 7 and u is a representation of z. Suppose that the assertion does
not hold for all (z, 7, w) € €,. Then there exists a (z*, T*, w*) € ¢, such that if u*(x, t) is
an w*-periodic solution of (1.4) with delay t* and u™ is a representation of z*, and either (i)
u*(x*, t*) = 0 for some x* € (0, 7) and t* € R, or (ii) u*(x,t*) > 0 for all x € (0, 7)
but u}(x*, t*) = 0 for x* = 0 or . For case (i), the strong maximum principle of parabolic
equations [30,39] implies that u*(x, ) = 0; and for case (ii), the Hopf boundary lemma of
parabolic equations [11,39] (especially Corollary 9.14 of [39]) implies that u™*(x,¢) = 0.
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From Lemma 5.3, t* > 0, and from Corollary 5.5, w* > 0. This would make t = t* a
Hopf bifurcation point for periodic orbits with period near »* from the steady state solution
u = 0. Hence the linearized Eq. (2.3) at u = 0 has a pair of purely imaginary eigenvalues
+w*i. But this is impossible since the linearization at u = 0 does not any eigenvalues with
nonzero imaginary part. That is a contradiction, and hence the assertion of the lemma holds.

O

Now we are in the position to state a structure theorem about ¢,, and the multiplicity of
periodic orbits of (1.4).

Theorem 5.7 Let €, be the connected component of S for which (u,, t,, v, t,) belongs to,
wheren =0,1,2,---.

1. Foranyn,m e NUJ{0},n #m, ¢, €y = 0;

2. For each n € N, the projection of €, to the t-component is unbounded, and indeed,
define Proj €, = {t : (z, T, w) € &,}, then Proj ¢, O (t,, 00);

3. Forany T > t1,, S; := {(z, T, ) € S} contains at least n elements (z;, T, w;), (1 <i
n), and (z;, T, w;) € S &

IA

Proof From Corollary 5.5, the ranges of period w on €,, and &, are disjoint, hence €, () €,, =

@ for any n,m € N|J{0},n # m. From Theorem 5.1, each €, is unbounded in the sense

of (5.1). For n € N|J{0}, ma]lRi( |z(t)| is uniformly bounded for all (z, 7, w) € &, from
te

Lemma 5.2. From Corollary 5.5, for n € N, w + w1 is also uniformly bounded for all
(z, T, w) € €,. Thus the projection of €, to T component must be unbounded from (5.1).
From Lemma 5.3, Proj, €, does not extend to small T > 0, hence it must extend to T = oo.
Therefore Proj, ¢, 2 (t,, 00). Since Proj, €; D (t;, 00) forany i > 1, then S; (| &; # ¥ for
1 <i <nif? > t,. Thus S; contains at least n elements for any T > t,. m]

We now has the following existence and multiplicity result for the periodic orbits of Eq.
(1.4):

Theorem 5.8 For each fixed r € (d, r*), (1.4) has at least one periodic orbit when T > 1,
and (1.4) has at least two distinct periodic orbits when t € (t,, T, + €) for n > 2 and some
e > 0.

Proof Since Proj,€; 2 (11, 00), then (1.4) has at least one periodic orbit when 7 > 1.
We denote by (z1(7), 7, w1(7)) an element of ¢; with delay value 7 > 7;. When 7 >
T, St [ €, # 0, hence we denote by (z,(1), T, , (7)) an element of ¢, with delay value
T > 1.

We call (z1, 7, w1) and (22, T, w2) € S to be geometrically identical, if there exist repre-
sentation u; (x,t) of z; (i = 1,2) such that u;(x,?) = up(x,t) fort € Rand x € (0, 7),
otherwise we call (z1, T, ®1), (22, T, w2) € S tobe geometrically distinctive. It is evident that
if (z1, 7, w1) and (22, T, wp) € § are geometrically identical, then w; = kw; orwy = kw;
for some k € N. When 7 — rj' with n > 2, (z1(7), 7, w1 (7)) and (z,(7), T, w, (7)) are
two geometrically distinctive periodic orbits since z,(t) — u, and z71(t) / ur ast — ‘c,;"
from the uniqueness of bifurcating periodic orbits near u = u, and t = 7,. Hence (1.4)
has at least two distinct periodic orbits when t € (7,, 7, + €) for n > 2 and some € > 0.

O

We remark that in general, for the global Hopf bifurcation theorem, it is hard to assert the
existence of n geometrically distinctive periodic orbits when T > t,,, although one can obtain

@ Springer



922 J Dyn Diff Equat (2012) 24:897-925

a=0.1; b=0.9; =15 a=0.1; b=0.9; =18
035 0.35
03 03
025 025 |
= 02 = 0.
Zo1s. -?.::. 0_01: .
) Aeee 01|

005 |

00 10 20 0 40

Fig. 2 Left = 15, the solution tends to a positive steady state. Right t = 18, the solution converges to a
time-periodic solution with small amplitude

a=0.1; b=09; =100 a=0.1; b=0.9; =200

Fig. 3 Left T = 100. Right T = 200. In both cases, the solution converges to a time-periodic solution with
larger amplitude

n different elements on the different connected components ¢, (1 < m < n) of the set of
periodic orbits as in Theorem 5.7. In general we cannot exclude the possibility that (z1, 7, w;)
and (z2, 7, w2) € S, but they are geometrically identical. It is an interesting question to study
the nodal properties of these bifurcating periodic orbits similar to the steady state bifurcation
case.

6 Numerical Simulations and Discussion

In this section, we present some numerical simulations to demonstrate the analytic results in
previous sections. As an example we consider (1.4)—(1.5) withd = 0.5andr = 0.6, and in the
following simulations, we always use the initial condition n(x, r) = 0.15sinx, t € [—1,0].
In Figs. 2 and 3 and 4, left we use a = 0.1, b = 0.9. For this set of parameter, o ~ 16.9
and the period of bifurcating orbits is near 7 ~ 3.74 from Corollary 2.5. We know that the
positive steady state solution u, is locally asymptotically stable when T < 7¢, which is shown
in Fig. 2-left with T = 15. One can see that the maximum of the steady state in Fig. 2-left

(r —d) [y sin®xdx
d(a+Db) [y sin® xdx
positive steady state u, loses its stability and the bifurcating periodic solutions state is stable

is close to ~ 0.23. A Hopf bifurcation occurs when t crosses o, the
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a=0.1; b=0.9; =400 a=0.6; b=0.4; =200

u(x,t)

% 3035&0
005'015t

Fig. 4 Left © = 400, the solution converges to a time-periodic solution with large amplitude which is less
than 1/a. Right a = 0.6, b = 0.4 and t = 200, the solution converges to a steady state solution

as shown in Fig. 2-right, and one can see that period of the periodic solution in Fig. 2-left is
close to 3.74.

As t increases, the solutions still converge to a time periodic solution, see Figs. 3 and
4-left, and the period of the periodic solutions increases slowly. But after r = 200, the
amplitude of periodic solutions almost does not increase anymore, and it is smaller than
1/a = 10, see Figs. 3-right and 4-left. This partly verifies the uniform boundedness of all
solutions proved in Lemma 5.2. Finally in Fig. 4-right we show that when a > b (we use
a = 0.6, b = 0.4), the steady state u, is asymptotically stable even with a large delay t.

Our analytical results prove the local Hopf bifurcation at 7, for n > 1 can be extended
to T = o0, but such an assertion cannot be made for n = 0 as the periods of periodic orbits
on ¢y is not bounded. The numerical simulations here suggest that, for any T > 1 there is
a stable periodic orbit, which provides evidence for the global continuation of local Hopf
bifurcation from 7.
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