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Abstract We improve Delort’s method to show that solutions of linear Schrodinger equa-
tions with a time dependent Gevrey potential on the torus, have at most logarithmically
growing Sobolev norms. In particular, it contains the result of Wang (Commun Partial Differ
Equ 33:2164-2179, 2008), which deals with analytic potentials in dimension 1.
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1 Introduction and Statement of the Theorem

The main goal of this paper is to obtain logarithmic growth of Sobolev norms of solutions of
linear Schrodinger equations with a time dependent Gevrey potential on the torus, using the
method of Delort [4]. Let N* = N\ {0} and let T denote the standard torus, where d € N*.
We consider the time dependent linear Schrodinger equations:

ihu—Au+Vx,tH)u =0 (1.1)

on T¢ x R. We assume that the potential V is a real smooth function on T¢ x R. Let
i, . € [1, +00). We further assume that V is a Gevrey-u function in time ¢ and Gevrey-A
in every space variable, i.e., V (x, t) satisfies estimates

sup sup [8K0%V (x, 1)| < CHHFL k(@ (1.2)

teR xeTd

for any k € N, for any & € N? and for some constant C independent of k and a.
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We prove the following result:

Theorem 1 There exists { > 0 independent of u and A such that for any s > 0, there is a
constant Cy 5, 4 > 0 such that

@l s < Cspa[log@ + D] 1w (O) |1 s, (1.3)

where u(t) is the solution to (1.1) with the initial condition ug déf u(0) € HS(T%).

Remark 1.1 Wang [8] obtained (1.3) with the exponent ‘¢ uAs’ replaced by ‘¢s’ and Cy 5 4
replaced by C; under the assumption that the dimension d = 1 and that the potential V (x, 1)
is bounded and analytic in space and time on Q5 (0 > 0 is a constant) when V' is identified
with a periodic function on RY x R, where

Q;={x,1)eCxC: |Imx]|<p, [Imz?]| < p}.

When d = 1, the assumption we made here on the potential V is weaker than the assumption
that V is analytic both in space and time on the strip €2, since the latter implies that V' is a
function of Gevrey-1 in time and Gevrey-1 in space. Moreover, our result concerns the case
of any dimension d € N* instead of justd = 1.

Remark 1.2 One may assume that V (x, t) is a Gevrey-u function in time and Gevrey-2; in
space variable x; for 1 < i < d with u, A; € [1, +00). However, this leads to (1.2) if we
take A = max {A; : 1 <i < d}, and thus we may obtain the same result.

The problem of finding optimal bounds for ||u(¢, -)| gs has been addressed by Nenciu [7]
and Barbaroux and Joye [1], in the abstract framework of an operator P (instead of —A) and
a perturbation V (¢) acting on elements of a Hilbert space, when the spectrum of P is discrete
and has increasing gaps. This condition is satisfied by the Laplacian on the circle. It follows
from the results of [1,7], that solutions of (1.1) verify

lut, us < CeltlNu(0, )l g (1.4)

when ¢ goes to infinity, for any € > 0. Later, Bourgain [3] proved that a similar bound
holds for solutions of (1.1) on the torus T¢. The increasing gap condition of Nenciu [7]
and Barbaroux and Joye [1] is no longer satisfied, and has to be replaced by a convenient
decomposition of Z¢ in well separated clusters. Delort [4] recently published a simpler proof
of the results of Bourgain (included for other examples of compact manifolds than the torus),
which is close to the one of Nenciu and Barbaroux and Joye. If one further assumes that V
is analytic, and quasi-periodic in ¢, then it was showed by Bourgain [2] that (1.4) holds with
(1 4 |2])€ replaced by some power of logz when ¢ > 2. When the dimension d = 1, for any
real analytic potential, whose holomorphic extension to £2; is bounded, Wang [8] showed
that one may still obtain such a logarithmic bound, using the method of [3]. In this paper,
we improve the method of Delort [4] to provide a new proof of the result of Wang [8] and
extend it to any dimension d > 1 and to Gevrey regularity.

There are also some results about uniformly bounded Sobolev norms. Eliasson and
Kuksin [5] have shown that if the potential V on T¢ x R is analytic in space, quasi-periodic
in time, and small enough, then for most values of the parameter of quasi-periodicity, the
equation reduces to an autonomous one. Consequently, the Sobolev norm of the solution is
uniformly bounded. A similar result for the harmonic oscillator has been obtained by Grébert
and Thomann recently [6]. For Schrodinger equations on the circle with a small time periodic
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potential, Wang [9] showed that the solutions of the corresponding equation have bounded
Sobolev norms.

Now let us give a picture of the proof of Theorem 1. For any given N € N*, one first finds
for every fixed time ¢ an operator Q% (-, 1), which extends as a bounded linear operator from
HN (T to HN (T?) such that

(I+0YC0) M8 —A+ V)T + 0V, 1) =id — A+ V(. 0) + Ry (1) (L1.5)

with self-adjoint operator Vy, exactly commuting to the modified Laplacian A (see (2.4) for
its precise definition) and R;V a remainder operator which is essentially a bounded linear
map from L2(T4) to HY (T¢). Moreover, we also require that the adjoint of Q in the usual
L? paring (denoted by ON (-, 1)*) extends as a bounded linear operator from H N(T?) to
HY (T?). In order to obtain the estimate for the solution u of (1.1), one needs to ‘invert’ the
operator I + Q" that is, to find an operator PV, which extends as a bounded linear operator
not only from H™ (T%) to HN (T?), but also from L?(T¢) to L?(T¢), such that

I+ 0N, 0)I+PY(, 1) =1+Rn(,1) (1.6)

where Ry is a remainder operator such that [id; — A + V, Ry] sends L2(T9) to HN (T9).
Now by setting

v=(>+ Pu, 1.7
we deduce from (1.5), (1.6) and (1.1)
(iat—A+V1(,)v=(I+QN)*[i8,—A+V, Rylu — Rjyv. (1.8)
Remarking that the modified Laplacian has the property that
-N N TN N N
CIA=M2ullp2 < |0 =A)2ull2 = CTI(L = A) Zullz2

holds for any u € HV (T¢) and for some uniform constant C, then we let the operator
(1—=A) % act on both sides of (1.8) and deduce from the energy inequality

t
)l gy < Ch VO]l gy + cN/ 17+ QM) [idy — A+ V., Rylu(®)]| g
0
+IRyv(@®) | gndt,

which together with (1.7), the conservation law of the L2-norm of (1.1) and the properties
of those operators we have constructed, implies

vy < CnllvO) gy + CwlellluO)] 2. (1.9)

We then use (1.6), (1.7) and the properties of the operators to deduce

lu@llgr < CN(IIM(O)IIHN + @+ Ill)llu(O)llLZ). (1.10)

Remark that the above constants Cy may be different in different lines and they depend
on the norms of operators which appear in the above process. Since (1.10) holds for any
N e N*, if we have good estimates for C (we shall finally see that C can be controlled by
CV times a power of the factorial of N), then the theorem will follow by interpolation just
as we shall do in the last section. There are two difficulties. The first one is that we have to
carefully choose those operators QV so that the above process can go on. The second is to
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obtain proper estimates for C, which means that we have to estimate the norms of operators
and remainders for every N € N* in the above process.

The paper is organized as follows. In Sect. 2, we introduce the spaces and give their prop-
erties we shall use. Then we construct the operator in these spaces to conjugate the original
equation in Sect. 3. The last section is dedicated to the proof of the main theorem.

2 Definitions of Operator Spaces and Their Properties

Let us introduce some notation.

Notation 1 We denote by T1,, the spectral projector on L*(T¢) defined by

e elnX

_ d
Myu = (2n)d/2(u, (2n)d/2)’ nelzt. 2.1
Fora € Rand b € R?, we set
ay =max{a,0}, (b) = (1+ b} 2.2)

By A < B we mean that there is an absolute constant C > 0 such that A < CB. Fors € R,
denote by H* (T¢) the Sobolev space consisting of u € L*>(T%) with its norm

1/2

lulls = { D ) IMull3, | < +oo. (2.3)

nezd

Using the following proposition which is just Lemma 3.2 in [4], we shall give an equivalent
characterization of the Sobolev space H* (T9) when s > 0.

Proposition 2.1 (Bourgain) Let ¢ € (0, 1/10). Then there are 19 € (0,0),y > 0 and a
partition (Ay)aen of 74 such that

o Yac A Vne Ay, Vn €Ay, In—n'|+|n?— |0 <y +max(|n|, |n')7;
o Va,Be A a#p,Vne A, Vn' € Ag, |n—n'| +n* —|n'|*| > max (|n|, |n'|)™.

Notation 2 We denote fora € A
My = Y I,
neAy

For any a € A, we choose n(a) € A, and define

Au=— Z [n()|*TIyu. (2.4)
aeA
By definition we know that
[A,A]=0, [id,, A]l=0. (2.5)

Fors € R, let H* (T?) be the space consisting of those elements u € L2(T%) with its norm

12
lull s = (Zm(a»”uﬁauniz) < +oo. (2.6)

aEA
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By the first condition in ProEosition 2.1, we deduce that there is a constant Cy > 0O such that
for any s > 0, for any u € H*(T%)

Co lullgs < lullms < Collull gs- 2.7

We introduce some operator spaces which will be used in the next section. Let 1, A defined
in (1.2) be fixed throughout the paper. We also fix throughout the paper any p € (0, %],
where the constant C is the same as in (1.2).

Definition 2.1 Let M > 0,7 € (0,1],6 € {0, 1} and j € N. We denote by E;j (M, 5) the
space of smooth families in time of linear operators Q(-, t) from C®(T%) to 2'(T%) such
that there is a constant B > 0 independent of M and p, for which one has

. max (2, )
SUp [ T1,0F @, DLyl 2z2y < BMSFUH D[ (k- (46 = 1))
teR
) " . 2.8)
x e~ P In=n'l% (=t (1+max n|, |n’ ) 1 max (n].|n’
{ ) (Inl, In"]) (In—n| < s

forany k € N,any n, n’ € Z¢. The best constant B will be denoted by || Q II%’”. This defines
a seminorm of llf_j (M, §).

The notation || Q ||§.A/{S’I) will be abbreviated to || Q|| ;, s when M, t are fixed and there is
no confusion.

Remark 2.1 In comparison with the space introduced in Delort [4], we have added a cut-off
in the definition, which depends on the size of j. This ensures that the composition of two
elements in the space is essentially in the same space and the seminorm can be controlled
by an absolute constant times the product of those of the original two operators. This will be
described precisely in Proposition 2.7 and it is important to obtain the logarithmic growth of
Sobolev norms.

Remark 2.2 As we shall see in Proposition 3.2, we chose the quantity M*+(U+3=D+
[(k +(G+6— 1))+!]maX @1 to ensure that all the operators which will be used to con-
jugate the equation (1.1) are in the same type of space, i.e., L7’ (M, §).

Definition 2.2 Let M >0,7€(0,1],6 € {0,1} and j € N. We depote by Zr_j(M, §) the
subspace of £;/ (M, 8) consisting of those elements Q(-, 1) € £’ (M, §) such that (2.8)

holds with the cut-off 1 max (lnl,1"y, Teplaced by 1 max (nl, 12}y - We also denote
{I o+ ) {in S oery )

by Z;j (M, 5) the set of those Q(-,t) € Z,_j (M, 8) such that (2.8) holds with the cut-off

< max (Inl.|n’]) } replaced by
S TT00H)

n—n'|< —n’|

{ln—n’|

< max (nln') p where 719 is given by Proposition 2.1.

1
{ln—n'|< T0(24/) s””|27|”/|2|>1(|”‘+‘”/|)TO

We shall also define some other convenient subspaces of L; J (M, §) and Z;j (M, $).

Definition 2.3 LetM > 0,7 € (0, 1], € {0, 1}and j € N. We denote by E;f)(M, 3) (resp.
Z;J}VD(M, 3)) the subspace off;j (M, 5) givenby thgse opj:rators o, 1) € Z;i(M, §) such
that for any , B € A witha # B (resp. any a € A) I1, OTlg = 0 (resp. [1, OT1, = 0). We
also set

L, p(M,8) =L, (M, 8)N LM, ),

LonpM,8) =L, (M, 8 NL. (M, 5).

@ Springer



156 J Dyn Diff Equat (2012) 24:151-180

Proposition 2.2 [t follows by definition that if Q is an element Oer_jD (M, ) or Z;IJJ- (M, §),
then we have [A, Qo] =0.

Notation 3 Letr M > Q, T € (0,11,6 € {0, 1} and j € N. If Q is an element ofﬁ;'i(M, )
(resp. L7 (M, ), Z;] (M, 8)), we denote

Op=> M,0M,, Onp= D M,0M. (2.9)
aEA a, fEA
a#p

By definition we immediately have
19pllj.s < 1Qll.5. 19wl 5 < 1Qll.s

Op € £,(M. 8) (resp. £, (M. 8), L, (M. 5)). (2.10)

OnD € Ly (M. 8) (tesp. L% (M. 8), L, p(M.8)).

Proposition 2.3 Let M > 0,7 € (0, 70,6 € {0, 1} and j € N*. Here 1 is given by Propo-
sition 2.1. Assume S € ZT,_,E/EI)(M, 8). Then the equation [Q, A] = —S defines an element

0 e Er_j(M,O) with | Qllj.0 S ISNlj=1,5. If S is self-adjoint, then Q* = —Q, where Q*
denote the adjoint of Q (at fixed time, for the usual L*-pairing).

Proof The equation [Q, A] = —S may be written
(17> = [n[*)[1, O,y = T1,STI,,.. (2.11)

To define Q € E,_j (M, 0), we only need to estimate || IT,, Btk OTLy [l £¢z2) when it is non zero.

So we may assume both sides of (2.11) are non zero. Since S € Z;li,jD_l)(M, §), we then

have

max (|n|, |n'[)
10(1 4 j)

which, together with (2.11) and the fact t < tp, allows us to deduce

[n—n'|

X

1
, Anl? =112 > 2l =+ 12D,

. ) max (2, u)
sup 111,25 O Tl 2z S 1S 1-15M 0D [ (k4 (= 1)2)!]
t

. »
—p | n—n'|% o —(d+2)( ’ ) JT ,
X e (n—n") 1 + max (|n|, |n'|) 1{|n—n’|<‘“";§,i‘fk‘;’)”}'
This means Q € Llf_‘i (M, 0) and || Qllj,0 S IISIlj—1,s. If S is self-adjoint, then by (2.11)
we see that Q* = — Q. This concludes the proof. m]

We shall also need the following remainder operators which raise the order of regularity
as much as we want.

Definition 2.4 Let M > 0,7 € (0, 1] and j € N. We denote by ’R;OO(M, 7) the space of

smooth families in time of linear operators R(-, t) from C OO('JI“Z) to 9’ ('H‘d) such that there
is a constant B > 0 independent of M, for which one has

Sup [ITL,0F R(-, DL [l g2y < BMVHHE((G 4 )™ Ny
relk Ly @212)

x {n—n/) (1 + max (|n|, |n’|))
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for any k, N € N, any n,n’ € Z%. The best constant B will be denoted by |R|§M’I). This

defines a seminorm of R;OO(M ,T).

Similarly as before, the notation | R
and there is no confusion.
By definition, we immediately have the following proposition.

|(/.M’r) will be abbreviated to | R|; when M, T are fixed

Proposition 2.4 Let M > 1,7 € (0,1]and j e N*. If Q € E;j(M, 0), then

[id, Q1 =i9,Q € L/ (M, 1) and |[id;, Qlllj.1 < 1Q1l0- (2.13)

The elements defined in the above definitions may be extended as bounded linear operators
acting on Sobolev spaces.

Proposition 2.5 Let M > 0,7 € (0,1],8 € {0,1} and j € N. Let Q € llt_j (M_, 8). Then
forany k € N, 8{‘ Q extends as a bounded linear operator from H*(T?) to H**17(T?) for
any s € R. Moreover, its operator norm, denoted by ||8,1‘Q||L(H5YHS+,-T), satisfies

ax (2,

e . m: ")
10X Qll £ (pas prs+ivy S CLIQI, 5 MAHUHD 1>+((k +(G A+ 1)+)!) ,(2.14)

where C1 > 1is an absolute constant. Recall that by A < B we mean that there is a constant
C independent of any other quantities such that A < CB.

Proof Assume u € H*(T9). Since [n — n'| < %ﬂ)” implies C;'(n') < (n) < Cy(n')

for some absolute constant C, we compute using (2.8)

19f Qull sy = D () H P |IT1,0f Quil7,

nezd

< D> D0 I, Qyu| 2

nezd \n'ezd

=< z ( z (I’l)5+jT||Q||j’8Mk+(j+571)+[(k +(+6— 1)+)!]max(2, ")

nezd n'e7d

_ o —(d+2) Al , ,
=)D (1 max (D) 1Tl 2)

2| i+8— . 2 max (2,
< CTMN Q)2 s MPFUH DI (k4 (j 4 8 — Dy )13
2
< DD =) ) ) g2
nezd \n'ezd
2 85— . 2 2,
S QIR s MU DD (k4 (48 — D) ) 3,

where in the last step we used Young inequality. The conclusion follows by taking the square
root of both sides. O

Proposition 2.6 Let M > 0,7 € (0,1]and j € N. Let R € R;OO(M, T). Then operators

R(-, 1), ath and [A, R] may be extended as bounded linear operators from H~*(T¢) to
H™™ (']I‘d)for any s > 0 and any k, m € N. Moreover,
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st ]y . 1
105 Rl £t romy < |R|.,'Mm+[ " ]+/+k((j + k)G (m + [S + ])'

+ 2|+ 2, s+2
IEA, R zqgs.gomy S IRI;M™ [+#] Ty e (m+[7])'

where [-] means the integer part of a real number.

(2.15)

Proof Lets > 0,m € N,u € H=*(T%). For k € N, we have by (2.12) with N = m + [ £!]

19f Rut [13em = D (n)>™" | T1,0f Ru |17,

nezd

=< Z [ Z (n)rm|R|ij+[%]+j+k((j +k)!)max(2, n) (m i |:s + 1:|)!

T
nezd nezd

s+ 1 2
x (n —n')~ 4 (1 4+ max (|n), |n'])) =t (] ] ||n /ulle]

< |R|?M2(m+|:%]+j+k) (( —I—k)' 2max(2 m) |: _— |:S + 1:|):|

neZd | n'ezd
s+, 1 2
< |R|§M2(m+[ i) ((j +Hn)> |:(m - [SJ: D'} [

where in the last step we used Young inequality. The first inequality of (2.15) follows by
taking the square root of both sides. The second inequality follows by a similar argument
and by noting that [|n|?> — |n'|?| < (n — n')(1 + max (|, |n'|)) and taking N = m + [*+2]
in (2.12). O

x D | D (n=n)" Py, fu||Lz}

When one conjugates the original equation, one needs to compute the composition of two
elements in £;’ (M, §) and the commutator [i9;, Q] for Q € £’ (M, 0). First of all let us
introduce some notation before we give a precise description of that.

Notation 4 Recall that Q* denote thef adjoint of Q € Er_j (M, $) (8 € {0, 1}, at fixed time,
for the usual L*-pairing). If Q; € L (M, 8), ji € N, 8; € {0, 1},i = 1,2, we then denote

A(Q1,0) = D7 Ma(Qro Q) Tl s

NT10C2+j1+72) )

o ent (2.16)
R(Q1,02) = Y T,(Qi0Q)I, L. mox L))
n,n'ezd
We shall also denote
M'(Q1, Q2) = A (Q1, Q2) + (01, 02), 2.17)

Z'(Q1, Q2) = Z(Q1, 02) + Z(01, 02)".

Note that . (Q1, Q2)* = .#(Q%, 07) and the operator .#(Q1, Q2) is the main part of
the operator obtained by composing Q1 and Q. As we shall see, it essentially falls into the
same operator class as the original ones. The remainder part, i.e., Z(Q1, Q2) is aregularizing
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operator. Moreover, .’ (Q1, Q2) and Z'(Q1, Q) are obviously self-adjoint. Remark that
for p > 0,a € [1, 400), T € (0, 1], denoting

1
6o(p, a, T) = min # (log @) ’ (,or)’ P (2.18)
< 601/Qa) 100 (302 )‘/“ '

we have that

X : L (100 ) Dl (219
exp —P(m) 14+x) (g) _exp{— o(p,a, t)(x + )“} (2.19)

holds for any x > 1, any ¢t > 0. Denote
Oi(p, 1) =1+ max [0o(p.a. )] (2.20)
Proposition 2.7 Let T € (0, 1] and ji, j» € N. Let M > 01(p, T) and j = ji + jo. Assume
Q1€ L (M,0) and Q> € L7 (M, 0). Then one has
Q10 0y =.#(Q1, Q2) +%#(Q1, Q2) (2.21)
with
AM(Q1, Q2) € L7 (M,0), |l.4(Q1, 020 S 101,011 QO21,,0-

1 (2.22)
Z(Q1, 02) € R;7(M, ) 12(Q1, 02)1; S 12111011221l js.0-

Proof We only need to check (2.22). For k € N, we have by (2.8)
ITL,0f .2 (Q1, Q)T ll £ 1.2)

k k k
= % k (kl) 2 M0 Q1T ell ) 10 Q2T ll 1),y mos i
1 TK2=

tezd e
<=2 2 ( ) 101117101 Qall jy oM T I=D+HRTILL g,
k1+k2 k ¢ezd 102+))
. max (2, ) . max (2, ) (2.23)
x [(kl e —1)+)!] [(k2+(12—1)+)!]
1
% e—pln—n/\x (I’l _ e)—(d+2) <e _ n/)—(d+2)
—Jit S\ T
x (14 max (jnl, 1en) (1 +max (el |n'D)
x 1 max (|n 1 max (|n 1 71— max (In],|n’]) y s
1< TR (17— < G ) | oy
where we have used the following inequality:
In— L7 +16—n'|% > |n—n'|7 wheni> 1.
We need to estimate the following two terms:
d k . max (2, i) . max (2, i)
1Y (kl) [+ G = 4] [(2+ G2 = 14)!] ,
ki+ko=k

1 the last two lines of (2.23).
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To obtain an estimate for I, let us first estimate
k . 2 . 2
r= 3 (kl) [+ G = D) ke + G2 = D4)1]
ki +ko=k
If neither of (j; — 1)+ and (jo» — 1) is larger than 0, then
I'= > klklk! < 3(k)>.
ki+ko=k
If only one of (j; — 1)+ and (jo — 1) is larger than O, for instance, (j» — 1)+ > 0, then
k 2 . 2
r= > (kl)[kl!] [(k2 + jo —1)!]
k1+ko=k
. 2 .
<2k+ji-D)]+ D kklle+ip-l+k—D...Q+k -1
ki+ko=k
ki>1,ka>1
X(ky+jo—14+ki)...(ka+1+ky)

<3[(k+j -1,

while if both of (j; — 1)+ and (j» — 1)4 are larger than 0, then
k . 2 . 2
r= > (kl) [Cer + 0 = )] [(k2 + 2 = 1)1]
ki+ko=k
= > Kk +ji— Dk + jp — D!

k1+ky=k
xki+ji—D...ki+Dlka+jo—1...(ka+ 1)
= z Kk +j1—14+k+jp—1...00+k +j— Dk + jo — )
k1+ko=k
xki+ji—l4+k+jp—1D...ki+1+k+jp—1)
X (kp+jo—14+ky)...(ka+1+kp)
<[(k+j-1)"

Thus we always have

U <3[(k+ G - D3] (2.24)
Since
(L—2)+ (n—2) _
[0+ =D e+ Ga= 0" = [0+ G = Doy
we have by (2.24)

1< 3[(k+(— Dy) ™", (2.25)

We first assume |n’| > |n| when estimating II. From the cut-offs we deduce |n’| < 2|n|
so that

/ !
max (||, |n n n
SN S B ]

n—n = :
=102+ ) 10247) = 50 +))
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Therefore

1< (1+ Inl) ™" (14 1) "1,

In—n'|< 55}

’
A ln —n’l biks
= (1 + |n |) (1 + 1+ |n| ) 1{\11 n \gs(u/)}

i 1
f 1 + n/ JT 1 + _— JT
1+ 1) (14 575
<3(1+1)7"
We may get an analogue when || > |n’| and thus we obtain
I < 3(1 + max (|}, [n'])) /™. (2.26)

Plugging (2.25), (2.26) into (2.23) and using the fact that

Z (n — £)~@+2 (g _ py=(d+2) <(n— n/)~@+2), (2.27)

Lezd

we obtain

2,
T8 22 (01, 0Tl 22y S Q111 0l @2l jy o M* U=V [(k + (j — 1 )™

oI} N—(d+2 M)~/ 71
x Pl (n—n') ( )(1+maX(|n|,|n |)) {I /|<max(\n| I’ Dy
10Q2+))

which implies the claims in the first line of (2.22).
We are left with estimating the remainder operator. We have for k € N

IT1,8F % ( Q1. Q) T ll £ (12)

k k
< 2 Z( )|Hna,1Q1ne||£(Lz>||neat2ann/naml“n_”/l )

ki+ky=k gezd @+

k+(j1—1 jo—1
= Z( )IIQlIIj,,ollelljz,oM FODet D e,

/<1+k2 k oezd 1002+))
. max (2, i) )
X [(kl + (1 = 1)+)!] [(kz + (o — 1)+)1]

1
% e—,{)\n—i‘l/\i (n _ £>_(d+2) <€ _ n/)—(d+2)

max (2, (1) (2.28)

x (1 + max (n], |e|))_j'f(1 + max (|¢], In’I))_m

x 1 1 e 1 o
(=< B (i — e < by | > Dy

We only deal with the case |n’| > |n|. The other will be the same. Thus we assume
max (|nl, |n'|) = |n']. (2.29)

We denote by III the last two lines of (2.28). We may assume that III is non-zero when
estimating it. Thus by the cut-offs we deduce

Inl = — IEI_—InI>0
10 100
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so that

—j i _..,100,;
111 < (1 + |l’l|) Jlr(l + |I’l/|) 12.[1{%'”/'5‘”” = (1 + |I’l/|) ]T(W)'IIT.

Thus by the assumption (2.29), (2.19), (2.20) and the assumption on M, we have
100

1 1 .
ePin=nli g max (i JIL < P15 (1 /=T s y
(In—n'l= P ) = (b (81) (="l ot )

[ERY ‘ ;

< e M)t (1 4 |n’|)‘”(lsoTO)”

< ¢~ t0(p kD D (2.30)
1 N _N

< (———)"N! (1 + max (n[, |n)) ">

(90(,0,)»77)) ( )

_N
< MYN! (1 + max (|n|, |n'])) " 7.
Plugging (2.30), (2.27), (2.25) into (2.28), we obtain for k € N and for any N € N

sup [T, 2(Q1, 0yl 12y < 1Q1ljy 01l @2l jp.oMN
t
_N
(G A+ )™ PP N1 — 0y~ @HD (1 4 max (nl, n]) 7,
which gives the claims in the second line of (2.22) and concludes the proof. ]

We also have the following proposition.

Propositi(_)n 2.8 Lett € (0,1] and Ji, jo € N*. Let M > 01(p, t) and j = j1 + jo. Assume
01 € £L77° (M, 0) and O, € L7>(M, 1). Then one has

Q10 Qs =.4(0Q1, Q2) +Z(01, 02),

2.31)
Q20 Q1 = .#(Q2, Q1) +%#(Q2, Q1),
with
M(Q1. Q2), M(Q2, Q1) € L7 (M, 0),
o 1
%(le Q2)9%(Q27 Ql) € R] (M7 a)v (232)

.2 (01, Q)0+ II.#(Q2, OVl j0 S 1Q1lli,0ll Q215,15
[Z2(Q1, 0)|; +1%(Q2, QDI S 1010l Q21151

Proof The proof is the same as that of Proposition 2.7 except that instead of estimating I,
we have to estimate

I déf Z (:1) ((kl b - 1)!)max 2, M)((kg n jz)!)max(z, H)7

ki+ko=k

which is less or equals 3[(k—|— (- 1)+)!]m£lx @1 4 j1, j2 € N*. Note that M¥+(1=D++72 <
M*+G=D+ fails when j; = 0 and jo» € N*. However, we shall only need to use the result for
Jj1. jo € N*. o
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The following two corollaries are immediate consequences of Proposition 2.7 and 2.8.
Corollary 2.1 Under the hypotheses of Proposition 2.7, one has

Q1002+ (Q1002)" =.4'(Q1, Q2) + Z'(Q1, Q2). (2.33)
Moreover, #'(Q1, Q2), Z' (Q1, Q2) are self-adjoint and we have

~ . 1
M'(Q1, Q2) € LT (M, 0), Z'(Q1,02) € R;¥(M, )

I.2'(Q1. 02 llj0 < (||Ql||j1,0||Q2||j2,O + 110710l Q§||j2,o), (2.34)

1201, 02)1; 5 (1211101 Q2.0 + 10711101 Q3 0.
Corollary 2.2 Under the hypotheses of Proposition 2.8, one has

Q1002+ (010 00" =.4'(Q1, Q2) + Z'(Q1, 02),
02001+ (02000 =.4'(Q2, Q1) + % (Q2, Q1).

Moreover, .#'(Q1, Q2), Z'(Q1, Q2) are self-adjoint and (2.34) holds. .#'(Q>, O1),
Z'(Q2, Q1) respectively have the same properties as that of #'(Q1, Q2), Z' (01, 02).

(2.35)

Proposition 2.9 Ler T € (0, 11, M > 61(p,t) and j € N*. Let Q € E;j (M, 1). Then one
may decompose

0= é +R (2.36)
with

Oel (M, 1), 10li1<I0Qlj1,

~ 1 ~
—00 . )
RGRJ' (M» 2)\), |R|J§”Q”],l-

Moreover, if we further assume that Q is a self-adjoint operator (for fixed t, Q extends as a
bounded linear operator on L3(T¢) by Proposition 2.5), so are Q and R.

(2.37)

Proof Defining

ZZH anl /|<M}

02+/)

R= Z Z m,om,1, |5 DAL
we see that (2.36) holds and that the claims in the first line of (2.37) hold true. For k, N € N,
we have by (2.19) and (2.20)
ITL,8F RTL ll 212
i . 2, _
< Q1 MM (G + )™ 1 (o — 'y =(@+2

1 .
—p |n—n|% )T
X e 1+ max (|n], |n 1
( (| |s | |)) {malxo((\;\r,.l;;/l) <In—n'|< mzaxo((\rti\;;’\)}

max (Jnl.[n]) | L

< ||Q||j’1Mk+j ((k + j)!)max(z, “)(n _ n/>7(d+2)e*0( oatn )" (1 + max (|n], |n/|))_”

1
< QI M* (k + j)!)mw(l Wy — 'y~ (@+2) g=b0(p.2.T)(A+max (|n, ') 2

. p _N
< 1QIj 1 MNP ((k + )™ PPN (n — 'y~ (1 4 max (|n], [n'])) 7.
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This gives the claims in the second line of (2.37). The last claim in the proposition follows
by the construction of Q and R. This concludes the proof. O

We shall also need to compute the composition of three elements in Ly J (M, 0). To do

that, we first have to compute the composition of one element in L7 (M,0) and one in
RJT"O(M ,T).

Proposition 2.10 Let 7,7’ € (0, 11 and ji, j» € N. Let M > 1 and j = ji + jo. Assume
Q€L (M,0)and R € R;*(M, 7). Then
QoRe R;C"’(zM, 7), RoQe R;C’O(zM, 7),

(2.38)
oM, oM,
|Q0R|§~ T)+|R0Q|§~ 7 < UQlji ol Rl

Recall the notation |R|§M’T) in Definition 2.4.

Proof We need to estimate || 1'[,,8,"(Q o R)Iy |l £z2) and [|T1, 8,"(R o )yl gr2 fork € N
and for any n, n’ € Z¢. By definition, the estimate for I”, (2.27)

sup [IT1,3; (Q o R)ILy 212
t

k k k
< > Z(kl) ITL, 0 Qe £ r2) 160, RTLy [l £ 1.2

ki+ko=k ¢c74
k i . 2,
= > 2 (kl) 101 0l R MY [ (fy + Gy = 1)1 ™ 3
ki+ko=k ¢c7d (239)
x [(kz + jz)!]max (2, 1) N!efpléfnl% (n _ E)*(dJrz) (z _ n/)*(d‘i’z)

-t i\ —TN
x (1 + max (|n], |€])) (14 max (£], |n"])) 1”5_n|<mlag((l|i\j._\le)|)}

S 1QIj .0l R, @MV ((k + )™ > Ny
X (n =)~ (1 max (nl, ')~
holds forany N € N, any n, n’ € 74, where in the last step we have used

(1 + max (fel, |n'D) "1, <2V (1 + max (|n], o)) """

max (|n], |€])
[6=nI< Torr 7 )

With the same reasoning, we see that the quantity after the last sign of inequality in (2.39) is
also an upper bound of ||I1, 3[‘ (R o Q) |l £(2y- Thus (2.38) holds and this concludes the
proof. O

Combining Propositions 2.7 and 2.10 and remarking that R;OO(M ,T) C R;OO(ZM ,T),
we obtain:

Proposition 2.11 Lett € (0, 1]and M > 01(p, T) with 0\ defined by (2.20). Let ji1, j2, j3 €
Nand j = j1 + jo + j3. Assume Q; € L7717 (M,0),i =1,2,3. Then one may decompose

Q1002003=0+R (2.40)
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with

Qe L/ (M,0), 11Qllj.0 5 121110l Q21,001 Q515 0,
1 oM (2.41)
j

ReR;™(2M, 5 IRl S @il oll Q211,01 231l 3.0

. eM. ) . . . L
where the notation |R| j 2" is indicated in Definition 2.4.

By (2.40), its adjoint equation and (2.41) we have the following corollary which is an analogue
of Corollary 2.1.

Corollary 2.3 Under the hypotheses of Proposition 2.11, one may find self-adjoint operators
Q € L;/(M,0), R € R;*°(2M, 3;) such that

01002003+ (Q1002003)"=0+R (2.42)
with

3 3
10150 5 (T2l + [T10515.0)-

i=1 i=1

R R (2.43)
M, )
R < (TTHilio + [T1050)-
i=1 i=1

3 Conjugating the Equation

The goal of this section is to obtain the following: Roughly speaking, for any given N € N¥,
we want to conjugate the operator id; — A+ V into id; — A + V§, + R, with V}; exactly com-
muting with the modified Laplacian A and R}, essentially being a bounded linear operator
from L2(T¢) to H (T¢). The process is essentially an induction. Before giving the precise
description of the statement, we first present the following proposition.

Proposition 3.1 Let V (x, t) be the potential in the equation (1.1) so that it satisfies (1.2).
Let © € (0, 1]. Then one may find M > 0 such that for any M > M, the multiplica-
tion operator generated by V (x, t) may be written as Qy + Ry with self-adjoint operators
Qv € L9(M,0), Ry € Ry < (M, %). Moreover,

1Qvllo,o = h(x, d), [Rylo <h(k, d), @3.D

where h(X, d) is a constant depending only on A, d.

Proof By (1.2), we know that

/n“a,kV(x, De " dx | < Qm)d CHHEF R ()

d

holds for any n = (n1,...,nq) € 74, any o = («1,...,0q) € N9, any k € N, any r € R.
From this inequality we deduce
1 1o lnil\? naly x i ISR
aTvonV(T) (7) T8V (x, )l < €5 (kD F (3.2)
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Multiplying 2~ @+ +2a) jn both sides and then taking a sum over oy, ..., aq € N, using
the fact |n1|% 4+ 4 |nd|% > (ng]+ -+ |nd|)% > |n|% for A > 1, we obtain after some
simple calculation
1

ITL,f V (x, 1)l oo < 22 CRH (ke 0@ InI™ (3.3)

where
o) =1 2CH.

Since po(1) — L L ifx > 1and

3C = 6C

1 6CA(d + 2)\ d+2)
sup (r ryd+2 exp{—— iy < 2d+2(7) ,
r>1 6C e

we have
€2 exp—po(lnl ) < h,d)exp (=l )42,
where h(A, d) is given by (3.4). Thus by (3.3),
[IT1,05V (x, 1) || Lo < h(x,d)ck(k!)“e*%'"'%(n)*“’“).
Therefore if p € (0, 3c] by the fact

in'x

’(“’ (2871)d/2>

<atkvein’x einx >

k J—
IT1,0, V (x, OTyull 2 = Q)2 (27)d/2

ein/x
<u’ (2n)d/2>

< 1M 85V (x, )l oo lutll 2, Yu € L,

ath ei(n—n’)x
- < @n)dl2’ (2m)dl? >

we then have

1
T8 VLl 22y < 1w ¥V (2, )l 1o < h(h, d)CH Y. eI (n — /) =(@+2),

We define
QV = Z Z nnvnn/l{ln_nqg%(wy
nezd n'ezd
Ry = Z Z I, Vl'lnl (| DX -
neZd n'ezd

By the above formulas, for any M > C, we have Qy € Z?(M, 0) with |Qvllo,0 <
h(x, d). For k € {0, 1}, we know that
1
ITL03f Ry Tl 22y < bk, d)CRe3e 17=1F (g — ') =201

J ’
{ |n_n,|> mdx(lz%\.ln 1) }

=

*

< h(h, d)C*(120C) Y Nn — /)@ (1 + max (|, |n’|))
holds for any N € N, where we have used

/
max (|n], |n |)1”I17n,‘>

max (. \n’\>} > 5(1 + max (|nl, [n'])).
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M > M 120C, then Ry € Rg™(M, L) and |Rylo < h(x, d). This concludes the

proof. O

Remark 3.1 As we have already seen in the proof,

ohd+d+2 (6Ck(d +2) )’\(d”).
e

h(x,d)=C 34

But this explicit expression is not important in obtaining logarithmic growth of Sobolev
norms.

Remark 3.2 Leto € (0, 11—0) and 79 € (0, o) be given by Proposition 2.1. From now on, we
fix T = min (2, ﬁ) = 2 and fix p € (0, %]. We also fix M > max (M, 26;(p, 7)) > %
so that all the conclusions in Sect. 2 and Proposition 3.1 hold, where 0 (p, 7) is given by
(2.20). We choose those M, t because they will be used in the argument of the following
proposition. Note that M depends on A, but this dependence does not matter in the sequel.

The main result of this section is the following:

Proposition 3.2 Let m € N* and denote Py = id; — A. Let K be a large constant. There
are sequences (Q/j)lgjsm, (Q/j/)lsjsm satisfying

_1

/ —Jj % / / K/™2 J.
Qe L/ (M. 0), QF=-0% [0Q)lj0=<—5hGd): (3.5)
) j—1 .
[0}, A1e £V (M, 0), Q. Alllj-10 < —5—h(r,d); (3.6)
j+1 / / Kj+] L.
Qf € LTV, 0), OF = 0F. 1Q]lj+10 < kG T GB)
[Q]. Al e £7/(M,0), Q] Alllj.o < K h(h, d)/ ! (3.8)
jo T » V), j» j.0 = G+ 1)2 s .
such that if we set Qj = Q' + 07, Q" =31, Q;
(I+0™)"(Po+ V)(I + Q™)
2m+1 1 2m+1
=ib = A+ V" D (SP+ PoS) + 5 D (RjPo+ PoR))
j=m+1 Jj=1 3.9
2m+3 2m+3 m
+ S+ S+ZR, >R
Jj=m+1 j=1

where the terms in the right hand side of (3.9) satisfy the following conditions:

V’",SJ;, Rj,g‘j,fj,Fj,I/i\j are self-adjoint;
[v™, Al =0;
—(j+1 .
o ;e 0), (1S;lj+10 S (Huzh(x O mrl<j<2m+;

o [AS1€Z7(M,0), A, 5] hOL A, m+1<j <2m+1

”/0 ~ (j+1)2
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e RjeRIM,v), IRjlj+1 S (Hl)zh(k Ayt 1<j<2m+1;

o Sur1 € LMD, 1ISustllot S (m+l)zh(k d)";

o ;e 0), ISillj-10S K’ zh(k ), m+1<j<2m+3;

o Rj eR;%(4M, 1), |R|(4M a2 g K h(A dy, 2<j<2m+3;

o RjeR;NM. 1), IRjlj-1S l<j<m

The notation |§|§~4,A/11’f) is explained in Definition 2.4 and by A < B we mean that there is an

absolute constant C such that A < CB.

Let us first compute the left hand side of (3.9).

Lemma 3.1 Let Q’j, Q’Jf be given operators satisfying (3.5)—(3.8) for 1 < j < m. Denote

m / i
= Zj:l j’ o™

o Elements (Sj)1<j<om+1, (Rj)1<j<om+1 satisfying
(D

(@)

3
“

<K7

. rol R
18,571 € £ (04,00 118 51030 % {5

R ER 1(M T) |R |j+1 ~ (]+1)2

min (j,m +1);

h(x, d)tL,
S, Rj are self-adjoint and depend only on QZ, 1 < ¢ < min (j, m), QZ, 1<t <

=2 Q'l. Then one may find

S—(+1
S € LM, 00, 181410 S w)zhu It T j<oml;

hOudy T 1< j<2m+1;
1<j<2m+41;

o Elements (S)2<j<m+1, (5)2<j<om+3, (f')2<j<2m+3 satisfying

) S;e ;9w |5, ||, LS KL 2<j<m+1;

©) S; €LV V.0, 2<j<2m+3

7 R €R;jN(4M, 7). R, |(4M < K’ 7h(x dy, 2<j<2m+3;

@®) S, S, RJ are self-adjoint and depend only on Qe’ QZ, 1 <¢ <min(j,m+ 1),
such that

(I+0™*(Po+ V)T + Q™)

= 18; -
2m+l
¥ - Z (S Py + Py )
m—+1 2m+3 2m+3

A+V4[Q" A1+ Q"™ Py+ PyQ"™

2m+1

1
5> (RjPo + PoR))

j=l1

—l—ZS—i—ZS +ZR,

=2 j=2
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Proof of Lemma 3.1 Using that (Q")* = —Q™, (Q"™)* = Q'™ we write

I+ 0" (Po+V)U+Q™) =id, —A+V
+1Q™, Al =[Q™, i3]+ Q" Py + PyQ™ (G.1D)

1 myx m oy k m
+5 (@ emr+ Py o) (3.12)
1
+ 5 (c@mrtia. "+ 1@ iae") (3.13)
1
+5(@n a0+ —a10")  GaY)
+(QMV + VO™ +(Q™) VO™ (3.15)
Let us show how the right hand side contributes to that of (3.10). We deal with it term by

term.
We write by Corollary 2.1 and Notation 4

2m1
Q" Q" = Z > QL Q)+ A Q% Q)

J=1 jitja=j+1
1<j1,j2<m

2m
+> > Q. Q)+ Q). Q)
J=2 ji+p=j
1<j1,j2<m (316)
2m+l
SED I VIR AR/

Jj=3 j1+jp=j—1

1<j1,ja<m
2m—1 2m+1
(D) () (2 2 (3) (3)
= > (S +RS >+Z(s + R+ D8P+ RY)
Jj=1 j=2 Jj=3

for self-adjomt operators S() E (’H)(M 0), R(l) IS RH_l(M, zx) - R/+1(M T),i =
1,2,3,j=1,...,2m+ 1. We make the followmg convention: we set the terms that do not
appear fo be zero. For instance, here we set

Sﬁ.l) = R;.D =0, j=2m,2m+1,
s§2>:R;2>:0, j=12m+1
S§-3) _ R;S) =0, j=1,2.

We shall use such a convention throughout the proof of Lemma 3.1. Using (2.34), (3.5), (3.7)
and the fact that

1 1 1 1 1 1 1
D At D> it D 7'75W!(3-17)
Ji+ja=j+1 J1 2 Jitj=j 71 72 Jitja=j—1 T J2
1<j1,ja<m 1<ji1,ja<m 1<j1,ja<m

we obtain
3 . . K/ .
> (15010 + 1R 1) S kO 7 1< 2m .

i=1
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Defining
3 3
Si=> 8" 1<j<am+1; Rj=> RV, 1<j<2m+1,

we know by the construction that S;, R; satisfy (1), (3) and (4). Moreover, by expressions
(2.16) and (2.17), we get

3
(A, S 1= 1A, 5]

i=1
= > [#aa, 05,0 +.2(Q, (A, QD]
Jitja=j+1
1<ji,j2<m
+ > [a. 051 04) + (0518, 0}))
1jl{rjz.=j
=J1,j2=m

+ A (1A, Q) Q)+ (218, 0),)) ]
+ D> [#an, 05, Q) + .20 1A, 04D,

Jit+p=j-1
1<j1,2<m

so we know from (3 5) to (3.8), Proposition 2.7 and (3.17) that [A, §;] € Z_j (M, 0) and
A, Sillljo S T +1)zh(k d)I*1. Therefore, (3.12) contributes to the third line of (3.10).
By Propositions 2.4, 2.9, one may decompose
—[Q} 1.i]=S;+R;, 2<j<m+1 (3.18)
with
i3

S, e EUDML ), 1S =
j €Ly M, D, | j”j—l,l_(j

1)2h(x,d>f—‘, 2<j<m+1;

(3.19)
A, dy™', 2<j<m+1.

j*3

— ~ K
Rj e R;X(M, k)CRj_l(M,T), |Rj|j—1§W
Since —[Q/j_l, 9] is self-adjoint, so are §j and R j. Thus this determines the first term in

the fourth line of (3.10) and R j contributes to R j-
According to Proposition 2.4, Corollary 2.2 and Notation 4, we may write

2m+1
(3.13) = Z > Q%10 Q) + Z(Q Tidy, Q1))

J=3 jitjp=j-1
1<j1,j2<m

2m+2
+ >0 DL Qv Q) + 2 () lidr, Q7))

J=4 j1t+j2=j-2
1<ji1,ja<m

2m+2
+ ST (@ lid. Q1)) + % (Q . lidi. Q1))

J=4 Jitp=j-2
1<ji1,ja<m
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2m+3
+ > Z A (QFF Tidy. Q1) + #'(QfF . 1idr. Q1))
J=5 jitj=j-3
1<ji. Jz<m

2m—+2
_ Z ((1) (1) Z (S(Z) +R(2) Z ((3) (3) (3.20)

j=4

for self-adjoint operators E; e -V VM, 0, R(l) € R %M, ) C R;(M, 1), 1 <
i <3,3 <j <2m+ 3. Here we have used the Convention made on Sect. 3. By the inequal-
ities which are contained in the statement of Corollary 2.2, (2.13), (3.5), (3.7) and (3.17), we
obtain

I — ) Ki—2 i1 ,
> (157 110+ 1K} 1j1) € =5hGu ™! 3 j<om+s (21
i=1

Now we turn to the term (3.14). Using Notation 4, Corollary 2.1, (3.5)—(3.8), we write

(3.14) = Z > A0 1=A,0),)) + 2 (0] -4, 0),])
/ =2 jit+j=j

1<ji.jasm

2m+l
41 Z S Q=D Q) + (. -A. Q)
Jj=3 jitjp=j-1

1<j1,j2<m

2m+1

2D QA QL) + A (2 1A, )

J=3 jitp=j-1

1<j1,j2<m
2m+2
+ Z > (0 1-A, QL))+ (QF. [-A, 0]
j=4 ji+p=j-2
1<ji,ja<m
2m 4 4 2m+1 5 5 2m+2 6 6
:2(5()+R())+ Z (S()—i—R())—i— Z (S()+R())
j=2 j=3 j=4
for self-adjoint operators f; el ~U- 1)(M 0), R(’) l(M, 2)\) CR. (M 7),4 <

i <6,2 < j <2m+ 2, using the convention made on Sect 3. By (2.34), (3 5) (3.8) and
(3.17) we have

S (D) K/ j :

> (15710 + R o) S =hGud), 25 ) <2m+2,
‘ J

i=4
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Let us now analyze (3.15). By Proposition 3.1, Corollary 2.1 and Proposition 2.10, we
write

m+1
(@ V + V0" =3 [0%,(Qv + Rv) + (Qv + RV)Q'_]
j=2
m+2

+ Z [(Q/]/fz)*(QV + Ry) + (Qvy + RV)Q/]'/,Q]

=

7 7 s 8 —(8
(S<>+R<>) Z(S()JFR())

j=3

Il
ENE

for self-adjoint operators §5-i) e 2V Y, 0, Ey) € R;52M, ) C R;52M, 1), 7
<i <8,2 < j<m+ 2. Inthis case the convention reads that

<7 -7 <@®  =®)
Smi2 =Rpip =8, =R, =0.

Moreover, by (2.34), (3.1), (3.5), (3.7) and (3.17)

i Ki=2 :
> (157 1m0+ BN T) £ SghGua), 25 sme2 (2
i=7

Similarly, by Proposition 3.1, Proposition 2.10, Corollary 2.3, we also have

2m—+1

1
Q"'VQ" =23 > Q(Qv+RQ)+Q}(Qy+ R

Jj=3 ji+p=j-1
1<j1,jasm

2m—+2

+ > D> 0OV + RO, + Q% (Qv + RO,

j=4 j+p=j-2
1<ji,jasm

2m+3

+ - Z Z Q7 (Qv + Rv)Q, + Q7 (Qv + Rv) Q')

J=5 ji+j=j-3

l</1/z<m
] © 9 10 10) 2l a1 an
3RS (5 3 (504
j=3 j=4 Jj=5

for self-adjoint operators f;i) e ;9 DM, 0),?;0 € R;%(4M, ) C R;%(4M, 1), 9
<i<11,3<j<2m+3andby (243), (2.38), 3.5), (3.7) and (3.17)

11 -2
() ,(4M, K/
> (157 110+ B]17) <

i=9

3<j<2m+3. (3.23)

Using the convention made on Sect. 3, we set
Zf(’) R, =R, +ZR(’) 2<j<2m+3.
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Since R_OO(M ) C RJ 1(4M 7), we see from (3.19) to (3.23) that (S )2<j<2m+43s

(R )2<j<2m+3 satisfy the conditions listed in the lemma and contribute respectively to the

second and last terms in the last line of (3.10). This concludes the proof. O
Proof of Proposition 3.2 We shall recursively construct Q}, 0, ..., Q;,, Q,, with the
required estimates so that the left hand side of (3.9) may be written forr =1, ..., m + 1

A+ VT D05 AL+ D (QFP + P Q)

j=r Jj=r
2m+1 2m+1
+5 2 (SRt RS) 5 D (RiPo+ PR (3.24)
j=r j=1
m+1 2m+3 2m+3

+ZS+ZS+ZR +Z§,,

where VO = 0, (V/)* = V/and [A, V/]=0for j > 1,5 = 0,S; = Qv, Ry = Ry.
Here Qvy, Ry are defined in Proposition 3.1. Remark that without regard to all the estimates,
(3.24) with r = 1 is the conclusion of Lemma 3.1 and (3.24) with r = m + 1 is the conclusion
we want to reach. Assume that (3.24) has been obtained at rank » and we have already had the
estimates (3.5)—(3.8) for Ql, ., 004,01, ..., 0/_,. By Lemma 3.1, we have determined
Se, Re, 1 <0 <r—1, Sg, Se, Ry, 1 <€ <rand they also satlsfy the estimates listed in
Lemma 3.1. Using Notation 3, we set V' = V'~ Iy (S )p + (S,)p and denote

. _
SoNp = 20 TGN i a0y
n,n'ezd

. _
GoNp = 2. TaGONDTw Ly o 3 ars o)

n,n'ezd

(3.25)

with tp given by Proposition 2.1. We now deduce from (2.10) and Proposition 2.2 that

[A, V=0, eZ, vp" (M, 1)and 5)M, € Z, \p" (M, 0). We let Q. satisfy

[0, Al = —(SHNMp — (SHM,. (3.26)

Since 19 > t by Remark 3.2, according to Proposition 2.3 this equation defines an element
0, € L7"(M, 0) with

3 1
r—s r—5

h(r,d)" <

10710 S NGSHND 1.1+ IGINDIr—1.0 S h( ), (3.27)
if K is larger than the implicit constant and since (SV)AN’[ D (Sr)AN’I p are self-adjoint, orF =
—Q.. (3.6) with j = r follows from (3.26), (5) and (6) with j = r if K is larger than
the square of the 1mphc1t constant. Thus Q). satisfies (3 5) and (3.6). We then claim that
(S IND — (S )ND and (S,)np — (S, )ND contribute to R But

I, ((Sr)ND - (Sr)%D)Hn’ =TI, (SV)NDn"/1{||ﬂ\2—\'l/|2\S%(W-HWDTO} (3.28)

and since (S )ND € LT (K,DD(M, 1), this expression is non zero only when n and n’ belong
to Ay and Ag with @ # B, where A, and Ag are defined in Proposition 2.1. So the sec-

ond condition in Proposition 2.1, together with the cut-off in (3.28), implies that |n — n’| >
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%(1 +max (|n|, |n’]))™. Then it follows by (2.8) and the assumption M > % stated in Remark
3.2 that

ITL 88 ((Snp — SN Ll 212
SNESHND -1 a MV =k = 11max 20 iy (3.29)

0N

x (n —n')~ 2 (1 4+ max (nl, |n')
forany k, N € N,any n,n’ € 74 . With the same reasoning we can get a similar estimate for
”nn ((SV)ND - (Sr)%D)nn’ ||[,(L2)' We then set

R, = (S)np — SOMy + Sowvp — SN,

and deduce from (3.29), a similar estimate to (3.29) for |1, ((S-)np — (SN p) |l £22)-
(2.10), (5) and (6) with j = r and the fact t = %0 that ﬁ, satisfies the required properties in

Proposition 3.2.
We also have to find Q7 satisfying (3.7) and (3.8) such that

1
Oy Po+ PoQ; = =51, Po+ PoSr .
Since by Lemma 3.1, S, depends only on Qf,..., 0}, Qf,..., Q/_, which have been
already determined, we may define Q) = —%Sr. We see by Lemma 3.1 that Q) obeys (3.7)
and (3.8) if K is chosen to be much larger than the square of the implicit constant. There-

fore we obtain (3.24) at rank » 4 1 with terms satisfying the corresponding estimates. This
concludes the proof. O

4 Proof of the Main Theorem

For any given N € N*, once one has conjugated the operatorid, — A+ V intoid;, — A+ V,/\, +
R, with V}; exactly commuting with the modified Laplacian A and R, essentially being a
bounded linear operator from L2(T?) to HN (T4), which has already been done in the previ-
ous section when m is taken to be so large that mt > N, we need to invert the transformation
in order to get an estimate for the solution of the original Cauchy problem. Moreover, we
have to compute the norms of the operators in order to obtain logarithmic growth of Sobolev
norms from the energy inequality. To realize this, we begin with the following lemma.

Lemmad4.1 Let m € N* and assume aj € ﬁ;j(M, 0),j = 1,2,...,m. Then there are
sequences P; € L7(M,0),1 < j < m, T; € LM, 0),m+1<j < 2m,R} €
R7C(M, 55),2 < j < 2m such that

2m 2m
T+0 1+ +0)U+Pi+-+P)=1+ > T+ > R, @.1)
j=m+1 j=2

with

J
=1y ) .
1Pilio<>, D C5UNQ4li0---1Q 0 1<j<m,

=1 ji+-+je=j
1<j1,e0njes<m
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J
1A — .
ITillio <>, Do Q4o 1Q o, m+1<j<2m,

=2 jitetje=J
1<j1,eesje<m

J
R <> D0 Q010510 2<j<2m, 4.2)

€=2 i+t je=]
1<j1,eenje<m

where Cy is an absolute constant.

Proof Let Qy, ..., O, be given. We set P = —(Q and by Proposition 2.7 we may recur-
sively determine P; € youl (M, 0) and R;. € R;OO(M, ﬁ) for j =2, ..., m such that

-0;— > 0QiPc=P;+R, 4.3)
i+k=j
1<i, k<m

with
1Pillio S1Q5l0+ D 1QilliolPelko. 2<j<m,

i+k=j
1<i, k<m

IR} <1010+ D 1QilliolPelko, 2<j<m.
ith=j
1<i, k<m

(4.4)

Consequently, we have

I+0,+ -+ 0,)I+P +---+Py)

m 2m
=I+Pl+§1+Z(Pj+§j+ > @ipk)-i- > > ok

j=2 i+k=j j=m+1 i+k=j
1<i, k<m 1<i, k<m 4.5)
’
=1+ Z 2. QLPHZR
j=m+1 it+k=j
1<i, k<m

Moreover by induction we obtain from (4.4) the required inequalities for P;,1 < j < m
and the third inequality in (4.2) holds when 2 < j < m, if C; is chosen to be larger than the
implicit constant. Since Py, ..., Py have already been determined, by Proposition 2.7, we
may also find 7; € L7/ (M, 0), R} € R7™(M, 5),m + 1 < j < 2m, such that

> OiP=T;+R;, m+1<j=<2m, (4.6)
i+k=j
1<i, k<m

with

ITil0 < D, IQiliollPllco. m+1<j<2m,
i+k=j
1<i, k<m

IRij S D 1QilliollPelo. m+1<j<2m.
i+k=j
1<i, k<m

4.7)
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Thus (4.1) follows by (4.5) and (4.6). The required estimates for T, R;, m+1<j<2m,
follow by (4.7) and the estimates of P;, 1 < j < m, which we have already obtained. This
concludes the proof. O
Proof of the main theorem Recall that T = %" < ﬁ, where 1 is given by Proposition 2.1
and A given by (1.2). For any N € N*, let m be an integer such that

N+3<@m+2)t <N +4, (4.8)
which implies
3
m>—, mt > N. 4.9)
T

Let the operators Q/ Q” 1 < j < m be given by Proposition 3.2. Applying Lemma 4.1 to
01=0,, 0;=0,+07 ,2<j=m, Quy1 = Oy, wemay find

PieL;/(M,0), 1<j<m+]1,
Tje L7/(M,0), m+2<j<2m+2,

1
/ —00 .

such that if we set P! = Zm+l P;, 0" = Zmﬂ 0;

2m—+2 2m—+2
T+0"MU+P"™=1+ > Tj+ > R} (4.10)
Jj=m+2 j=2

Moreover, (4.2) with m replaced by m + 1 are satisfied by those operators. Since by (3.5),
3.7

2 .
h(,d)Y, 1<j<m+1, (4.11)

— 2K
10110 < ==

we get by (4.2)

J i1 i1
1 2K)172 2KJt32 .
1Pjllj0 < D > T k(L d)
O=1 i+t je=) J1 Ji

<Cly 1=j<m+1, (4.12)
17510 < C{d, m+2<j<2m+2,
|R , <C M, 2<j<2m+42
if K > (2C3)? and it is large enough so that Proposition 3.2 holds, where Cj 4 is some
constant depending only on X, d. Keep in mind that from now on the meaning of constant

C)..a depending only on A and d may change from line to line. For the solution u of (1.1),
we set

v=(+ P" . (4.13)
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Then by Proposition 2.5, (4.12), for any o € R,

m-+1

w@lae < (147 3008 1007 [G = D™ ) ) le win
Jj=1 '

2 P
< CPler 2 am) ™ 2 u o) | o

Similarly, by Proposition 2.5, (4.12), for any o € R,

130 ()| 1o
m+1 m+1

< 1@ llae + D W3k, Pilu@llge + D I1Pidru(@)ll e (4.15)
j=1 j=1

ax (2,
< C‘lglcff;,rz((m—l— ])!)de( M)||M(t)||ya +C}U‘C;fzz(m!)max(z’M)”atu(l‘)”H",

and by (4.10), (4.13), (4.9), Proposition 2.5, Proposition 2.6, (4.11), (4.12)

lu @)l g~
2m+2 2m+2
I+ QWO gy + X 1T u@l sz + D IR u®lgme (@16)
Jj=m+2 j=2

5 C;n}-l( |)mdx 2, ) ||U(t)||HN + C4m+3[(2m + 2)!]max(2, m+1 ||M(t)||L2

By (3.9), (4.10) and (1.1)

(i —A+V™"v=f+g, (4.17)
where
1 2m+1 2m+1
f=-\3 > (SiPo+ PoSj)v + 5 > (RjPo+ PoR;)v
j=m+1 j=1
2m+3 2m+3 m
| Swri+ D Si+ DR+ R | v, 4.18)
j=m+1 j=2 j=1
2m+2 2m+2
g=(I+Q™* i, —A+V, > T+ZR u. (4.19)
Jj=m+2

Therefore by (2.5) and the property of V', we have

=

(i —A+V")(1-A)2v=w,
where by Lemma 4.2 below

]2 max (2, i)

w2 < C7H0[@m + 3)! luoll 2,
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if Cy 4 is in addition larger than the implicit constants of (4.24) and (4.25). Since V' is
self-adjoint, this implies the energy inequality

t
lo@ligy < 0O gv + / Crol@m +3)!]
0
2 2,
< @ v + 111C"FO[@m + D g .

2 2,
M o | 2di

(4.20)

Now using (4.16), (2.7), (4.20), (4.14), the conservation law of the L2-norm of (1.1) and
(4.9), we deduce for some constant Cj, 4 independent of m and N

3 2
@l gv < €Y g[@m + 312" P Q4 ] fluo | ., .21)
if we use
(m!)max (2, [.L) 5 [(Zm)!]% max (2, ,U,).

Since by (4.8),2m + 3 < ([lt—o] + 1)N, we deduce from (4.21)
N 10 3 max 2, )
lull gy < Ck,d[(([?] + DN)!] @+ 1D lluoll gv- (4.22)

By Stirling’s approximation N! ~ /27 N (%)N forany N € N, there is a constant p; which

depends on 7 and thus on A such that (([%] + DN)! < p/’\V(N!)[%“, which, together
with the fact that T = T}L—O, allows us to rewrite (4.22) for some constant C; 4 independent of
m, N, ;v and for some constant ¢ independent of m, N, i and A as

lu@ gy < CY G(NDE*2 + [t [luoll g (4.23)

Since (4.23) holds for any N € N*, we deduce, for any s > 0, from the conservation law of
the L2-norm and interpolation

lu@ s < CENNDE @+ 1) fluol s

where 6 satisfies s = ON, 6 € [0, 1]. Assuming |jug||gs # 0, we obtain for any N € N and
for some other constant Cy ; 4 independent of N

( 1 (Ilu(t)IIHs

i\ N L
) ) < N2+ 1)) 7.
Csa,d N lluoll as

This gives immediately for some other constant Cy » 4

A o
lu@ s < Cooallog@+ 1eD]" lluoll s
thus concludes the proof of the main theorem. O
Lemma 4.2 Let f, g be the quantities defined respectively by (4.18) and (4.19). Then

2 2,

1f v S s [@m + )™ g 2, (4.24)
2 2,

gl v S €M [@m + 3PS g 2. 4.25)
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Proof We have by (2.7), (4.8), the properties of S; listed in Proposition 3.2, Proposition 2.4,
Proposition 2.5, (4.15), (4.14), (1.1) and the conservation law of the L2-norm of (1.1)

2m+1

D (S P+ Po§)o@lign
j=m+1
2m+1
< > (||§- ()|l g-2vomsve + 1§ AV | r-2smsoe
j=m+l1
1, ST grore + A, S0 o )

2m—+1

j
N L g (gymax 2. )
<c) j}m“ Gy T (j!) (||8,v(t)||H—2 + ||Av(t)||H_2)

2m+1 j
. . . 2,
A 2L Gt MG+ D™ ol
j=m+1

< e @m + D@ m

x (a2 (Om 4+ D)™ )2 + CLFEon)™ ) -2
+ Oy eI [@m 4+ 2" B IR gy 0y 1)) 2

< G @m 4+ 2™ g 2.

Using, in addition, (4.9) and Proposition 2.6, we similarly have
2m+1 5 5
1> (RjPo+ PoR) vl S €5 [@m + 3™ g 2.
j=1
By Proposition 2.5, Proposition 2.6 and Proposition 3.2, we easily deduce that the other terms
in the expression of f can be controlled by the right hand side of (4.24). What is important
here is that C) 4 does not depend on m, N.
Next we want to show (4.25). First notice that by Proposition 2.5, (4.11), (4.9)

m+1

N
I+ Q™) ll v mvy S CY D
j=1

;1

2K’/~2 o .
) Zh()\‘7 d)]M]*l[(j_ ])‘] ax (2, )

! (4.26)

+1 2,
SOl mym G,

On the other hand, by (2.7), (4.9), Proposition 2.5, Proposition 2.6, (4.12), the conservation
law of the L%-norm of (1.1),

2m—+2 2m—+2
IGd, D Ti+ D RjJu)l v
Jj=m+2 j=2
2m+2 2m+2
<G D0 Mo, Ty lu@lame + €3 > idy, R1u(@) | e
Jj=m+2 j=2
2m+2 )
SCY D> L GY @)
j=m+2
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2m—+2
+c Z NG+ Y™ ) u () 2

< C4m+4[(2m + )] 2, (4.27)
and
2m—+2 2m—+2 @, )+
=a, > T+ > Rilu®lge < CmP@m+ 20" S ug) 2. 4.28)
j=m+2 j=2
Since the quantity ||[V, Zznl;iz T;+ szﬂ R’ u(t)| g~ is also less than a constant times
the last line of (4.27), by (4 26)-(4. 28) we see that (4.25) holds true. ]
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