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Abstract We follow a functional analytic approach to study the problem of chaotic behav-
iour in time-perturbed discontinuous systems whose unperturbed part has a piecewise C!
homoclinic solution that crosses transversally the discontinuity manifold. We show that if a
certain Melnikov function has a simple zero at some point, then the system has solutions that
behave chaotically. Application of this result to quasi periodic systems are also given.
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1 Introduction

One of fascinating phenomenon which may occur in nonlinear dynamical systems (NDSs) is
the existence of chaotic orbits with the consequent sensitive dependence of orbits on initial
conditions. Then of course it is rather difficult to predict asymptotic behaviour of orbits in the
future for such NDSs. Such a chaotic behaviour of solutions can be explained mathematically
by showing the existence of transversal homoclinic point of the time map of NDS with the
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corresponding invariant Smale horseshoe set. This chaos theory is well known [12,26] for
smooth NDSs. In general, however, it is not easy to show the existence of a transversal homo-
clinic point for a general NDSs. To this end the perturbation approach is a powerful method,
which is by now known as the Melnikov method for the persistence/bifurcation of either
periodics or homoclinics/heteroclinics [5,11,12,22,26]. Thus, bifurcation from homoclinic
orbits in perturbed smooth differential equations is well developed for hyperbolic equilibria.

On the other hand, non-smooth/discontinuous differential equations, i.e. equations where
the vector field is only piecewise smooth, occur in various situations as, for example, in
mechanical systems with dry frictions or with impacts. They also appear in control the-
ory, electronics, economics, medicine and biology (see [6,7,15—17] for more references).
Recently several papers appeared to extend the theory of chaos to differential equations with
piecewise smooth right-hand sides. To handle this kind of problem one has to face with the
new problem that stable and unstable manifolds may only be Lipschitz in the state variable
(even if they are possibly smooth with respect to parameters). So it is not clear what the
notion of transverse intersection of invariant manifolds would be.

Planar discontinuous differential equations are investigated in [1, 14—16] using geometric,
analytic and numeric approaches. Piecewise linear three dimensional discontinuous differ-
ential equations are investigated in [4,20] where the reader can find more details. Weakly
discontinuous systems are studied in [10]. In [4] bifurcations of bounded solutions from
homoclinic orbits is investigated for time perturbed discontinuous differential equations in
any finite dimensional space. We anticipated that under the conditions of [4] not only the
existence of bounded solutions on R, but also chaotic solutions could occur. The purpose of
this paper is to justify this conjecture about the existence of chaotic solutions.

The plan of our paper is as follows. In Sect. 2, we introduce the problem together with
basic assumptions and state our main result (Theorem 2.2). The preparatory Sects. 3 and 4
deal with local analysis of dynamics close to homoclinic solutions of the unperturbed dis-
continuous differential equations. Basically Propositions 3.6, 3.8, 4.1 state that the piecewise
C'-smooth homoclinic orbit of the unperturbed equation is approximated/shadowed by a
family {z,,(t)}, m € Z, of piecewise C'-smooth solutions of the perturbed equation with
small jumps at the discontinuity surface. A bifurcation function is then derived in the Sect. 5
by solving, essentially with the help of the Lyapunov—Schmidt method, the system obtained
by equating to zero all these jumps and those of two consecutive functions near the fixed
point to which the homoclinic solution is asymptotic. To apply Lyapunov—Schmidt method
we need to show few smoothness properties of the functions defining this system. However,
since the proof of these properties is quite technical, we decided to postpone it in Appendix A.

We obtain then the result that if the perturbed system satisfies some kind of recurrence
condition (cf. (2.6)), the existence of a simple zero of a certain Melnikov-like function guar-
antees existence of a continuous, piecewise C!-smooth solutions of the perturbed system
shadowed by the homoclinic orbit (see Theorem 2.2). Using the results of Sect. 5, chaos is
derived in Sect. 6 for general perturbations with applications to almost periodic, quasiperiodic
and periodic cases. Piecewise linear three dimensional discontinuous differential equations
motivated by [4,20] with quasiperiodic perturbations are finally studied in Sect. 7.

2 Setting of the Problem
Let @ C R” be a bounded open set in R" and G(z) be a C”-function on Q, with r > 2. We

set @y = {z € Q| £G(z) > 0}, Qo 1= {z € Q| G(z) = 0}. Let fu(z) € Cg(ﬁi) and
g € C)(R x Q@ xR),ie. fi and g have uniformly bounded derivatives up to the rth order
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)

Fig. 1 The homoclinic cycle y (f) of ¥ = f4(x) to equilibrium x = 0

on Q4 and R x Q x R, respectively. We also assume that the rth order derivatives of fi
and g are uniformly continuous. Let &g € (0, 1). Throughout this paper ¢ will denote a real
parameter such that |¢| < g¢. In particular ¢ is bounded.

Remark 2.1 For technical purposes, we C; -smoothly extend f1 onR", g on R"*2 and Y+, Y0
on R in such a way that

sup{l f+ ()| | z € R"} < 2sup{| fa(2)| | z € Qu},
sup{lg(t, 2, &)l | (t,2,8) € R"*?} < 2sup{lg(t, z,8)| | 1 € R,z € Q, |e] < &0}

We also assume that up to the rth order all the derivatives of the extended fi and g are
uniformly continuous and continue to keep the same notations for extended mappings and
functions.

We say that a function z(¢) is a solution of the equation
= fr(2) +eg(t,z.8), z€Qu, 2.1

if itis continuous, piecewise C 1 satisfies Eqg. (2.1) on Q4+ and, moreover, the following holds:
if for some 7y we have z(fp) € 2o, then there exists 7 > O such that forany ¢ € (to —r, to+7r)
with ¢t # tg, we have z(¢) € Q_UQ . Moreover, if, for example z(t) € Q_ forany t € (tp —
r, o), then the left derivative of z(¢) at t = g satisfies: z(t, ) = f—(z(t0)) + eg(to, z(t0), &);
similarly, if z(¢) € Q_ for any ¢ € (¢o, to + r), then Z(t0+) = f_(z(t0)) + eg(ty, z(tp), ). A
similar meaning is assumed when z(#) € Q24 foreithert € (1o —r, to) ort € (to, to+r). Note
that, since z(t) ¢ Qo fort € (top — r,to + r) \ {to} we have either z(r) € Q_ or z(t) € Q4
whent € (tg — r, tg) ort € (tg, tg + r).
We assume (see Fig. 1)

(H1) for ¢ = 0 Eq. (2.1) has the hyperbolic equilibrium x = 0 € Q_ and a continuous
(not necessarily C 1) solution y () which is homoclinic to x = 0 and consists of three
branches

y_(t) ifr<-T
y@) =1y if —T<t<T
ye(t) ift =T

where y4 (t) € Q_ for |t| > T, (1) € Q4 for |t] < T and
Y- (=T) = yo(=T) € Qo, y4(T) = n(T) € Qo;
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(H2) it results

G'(y(=T) fe(y(=T)) >0, and G'(y(T)) fx(y(I)) <0.

According to (H1) and because of roughness of exponential dichotomies (see [8,22]) the
linear systems X = f'_(y—(t))x and X = f’'_(y4+(t))x have exponential dichotomies on
(=00, —=T]and [T, 00) respectively, that is projections Py : R” — R" and positive numbers
k > 1and § > 0 exist such that the following hold:

IX_()P_X""(s)|| < ke 00— ifs<t<-T
IX_()(T - POYXZ ()| < ked™9) ifr <5 < T 2.2)
X+ P X ) <ke®09 T <5 <1 '

X4 ()@= POXT ()| < kedC=) G T <1 <5

where X_(¢) and X, (¢f) are the fundamental matrices of the linear systems x =
f_(y—®)x, % = f_(y4@))x, respectively, such that X_(—T) = X, (T) = L Later
in this paper we will need to extend the validity of (2 2) to a larger set of values of s, ¢. So,
let us take, for example, u(t) = X4 (#)(I — P+)X+ (s), with T <s <t <s+2 Then:

t
u(r) =u(S)+/f/_(y+(r))u(r) dt

and hence (using also |u(s)| < k, see (2.2))
t
lu(t)| <k + K_/|u(t)| dt
S

where K_ = sup{f’_(y4(t)) | t = T}. From Gronwall Lemma we obtain:
X4 (DT = POXT ()] <keK-079 <fefl=9) if T <s<t<s542

where, for example k= k max{1, e*K-9} By similar arguments we prove that, possibly
replacing k with a larger value:

IX_()P_X="(s)| < ke 3C=9 ifs—2<s,t<—
X_ ()T — POHX" )|l <ked=9 ifr—2 <s,t<—
I X—(£)( )

X (OPL X7 )| < ke8G9 T <s,t<t+2
X+ @) P X ()] < <s,t<
IX4 (@~ POXT ) < kb i T <51 <5 +2.

~N o~

2.3)

‘We now state our third assumption. Itis akind of nondegeneracy condition of the homoclin-
ic orbit y (¢) with respect to X = f(x), that reduces to the known notion of nondegeneracy
in the smooth case [5,22]. This is discussed in more de_:tails in [4, Sect. 3]. B

Let Ry : R” — R”" be the projection onto N'G’(y (T)) along the direction of y,(T), i.e.

GyTHw . -
G'(y(T)yo(T)
and X(t) be the_fundamental solution of the linear system z = f'_ () (¢))z, —T<t<T,
satisfying Xo(—7) = L.
Then let

=NP_NNG (=T)) and 8" =RPLNNG (y()).

@ Springer



J Dyn Diff Equat (2011) 23:495-540 499

Since y_(=T) ¢ NG'(y(=T)), dimNG'(y(—=T)) =n— 1l and y_(—T) € N P_, we have
dim[N P_ + NG'(y(—=T))] = n and hence:

dim S’ = dim[NP_ N"NG'(y(=T))]
=dimNP_ +dimNG' (y(~T)) —n =dim N P_ — 1.

Similarly, from y, (T) ¢ NG'(y(T)), y+(T) € RPy and dim NG’ (y(T)) = n — 1, we see
that

dim §” = dim[RPL NNG' (y(T))]
= dimRP; +dim NG (y(T)) —n = dimRP; — 1.
We assume the following condition holds:
(H3) S” 4+ Ro[Xo(T)S'] has codimension 1 in R Ry.

According to [4, Lemma 2.11] the linear subspaces S” and 8" = Ro[Xo(T)S'] intersect
transversally in R Ry. Moreover, we have dim & = dim &’ and a unitary vector ¥ € RRo
exists such that

R" = span{¢} BN Ry B S" © S” 2.4
and
($,v) =0, foranyveS @S". (2.5)
The main result of this paper is the following:

Theorem 2.2 Assume that f1(z) and g(t, z, €) are C 2—ﬁmctions with bounded derivatives
and that their second order derivatives are uniformly continuous. Let conditions (H1), (H2)
and (H3) hold. Then there exists a C2-function M(«) of the real variable o such that if
M(@®) = 0 and M'(@°) # 0 for some «® € R, then the following holds: there exists
¢1 > 0,p > 0and > 0 such that for any 0 # ¢ € (—¢, ¢), there exists ve € (0, |¢]) (cf.
(5.41)) such that for any increasing sequence T = {T,,}mez that satisfies

Ton+1 — Ty > T +1 —28711n|8| foranym e Z
along with the following recurrence condition
|§(t + Tom. 2.0) — g(1,2,0)| < ve forany (t,z,m) € R"*! x Z, (2.6)

there exist unique sequences & = {Qy }mez, ,é = {,3,"},”62 € L*°(R) (depending on T and
g Le. & = ar(e), B = Br(e)) such that sup |&, —a®| < C1le|, sup |Bn — | < E1le| and

meZ mez
a unique solution z(t, T, €) of Eq. (2.1) satisfying
sup |z(t) — y—(t — Tom — am)l < p
1€[Tom—1+Bm—1, Tom—T +hata,]
sup [z(t) — ot — Tom — Q)| < p 2.7
IE[TZIn_T+&)nsT2m+T+}§m]
sup |2(t) = y4(t = Tom — Bu)| < p.

1€[Tom +T+:ém Tom+1 +/§m]

We conclude this section with a remark on the projections of the dichotomies of the
systems x = f/(y+(t))x on [T, 00) and (—oo, —T]. Let us set

Pi(t) = X+ (£ PLXZ' (£0) (2.8)
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and let Py be the projection of the dichotomy of the linear system x = f’(0)x on R. We have
(see [22])

lim |[P+(1) — Poll = 0.
—>00

Thus 7 > T exists such that:
NP t)®RP_(t")=R" foranyt, t" >T. (2.9)
We prove that a positive constant ¢ exists such that
max {|x4|, [x_|} < Clxp +x_| Y(xy,x_) e NPL(t') x RP_("). (2.10)

Sinceitis clear that | x4+ +x_| < 2max {|x4|, |[x_|} we get, then, that the two norms |x +x_|
and max{|x4|, |[x_|} are equivalent.

To prove the statement (2.10) take 0 < v < 1/2 and fix T > T such that for any
t',t" > T > T we have

I1Po— Pr() = v, [P0 —P-(t")] < v.
Next consider a linear mapping A,, : R" — R" given by
Ayz = I — Py(t)z+ P_(1")z.
Note
Az =27 —[(P+(t") = Py) + (Py — P_(1")] z.
Since ||(P4(t") — Py) + (Py — P_(t")|| < 2v < 1, A, is invertible and
Al < 1420, A < 1/(1 = 2v).
So for any x € R” there is a unique z € R” such that

X =Apz=x4+x_

where
Xy = (=P (") e NPo() and x_ = P_(t")z € RP_(1").
Then
el L= Po@)llel = 1= Py @A el = BT
el 1P el = 1P A el = RV g

This proves (2.10) with, for example,

max {|[L = Poll +v, [Poll +vll} _ T+ [Pl +v

<2(1 P
— < oo =20+ 1Rl

E:

1+ Pol 1

< — - U0 4
forv < 3R < 2
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3 Orbits Close to the Branches y. (¢)

Let p > 0 be a positive, sufficiently small number, o, 8 € R two real numbers such that
|8 — a| < min{l, 2T}, and £ (R) be the space of doubly infinity sequences {7}, }nez such
that 7;,+1 — T,, = T + 1 where T is chosen so that (2.9) holds. Note that 7,,, — Tp > mT if
m is positive and T;, — To < mT if m is negative.

In this section we show how to construct solutions z,, () and z;,t (t) of (2.1) in the intervals
(Tom—1 +a—1, Ty — T + o] and [Toy, + T + B, Tom+1 + B + 1] respectively, in such a
way that

sup Nzt o) =y =Tl < p
te€lTom—1—1,Tom—T] (31)
sup lzh(t 4+ B) =yt = o) < p
te[Tom~+T,Top41+1]
Note Tom_1 +o—1 < Do =T +a < Do +T+/3 < Tom+1 + B + 1. We show how
to construct z,,(¢) for t € [Topm—1 + o — 1, Topy — T + «], the construction of zz (t) for
t € [Tom +T + B, Toms1 + B + 1] being similar.
Let

In; L= [T2m—1 -1, Tom — T]s [nt = [T2m + Tv T2m+] + 1]7

Iyt = [Tom—1 +a—1,Tom — T +al, (3.2)

I,jl_,lg s = [Tom + T + B, Tam+1 + B+ 1]
and set, fort € I,;]

x(t) =z,(t +a) —y—( — Tom)
and
(@t x 0 8) = fo(x +y-(t — Tam)) — f-(y-( — Tom)) (3.3)
—f' (=t = Tom))x + eg(t + o, x + y—(t — Tom). &).

Then z,, (¢) satisfies Eq. (2.1) fort €
in 1,,;, of the equation

together with (3.1) if and only if x (¢) is a solution,

Im ,a

X = f'_(y—(t = Tam))x = h,, (1, x, @, 8), (3.4
such that Sup, ¢/~ [x(@®)| < p.

Remark 3.1 According to Remark 2.1, we see that up to the rth order all derivatives of
h,,(t, x, a, &) withrespectto (x, «, &) are bounded and uniformly continuous in (x, ¢, &) uni-
formly with respecttot € I, and m € Z. This statement easily follows from the fact that, for
t < —=T,onehash,,(t+Tom, x, 0, 8) = fo(x+y-()— f-(y— () — f/_(y—(®))x+egt+
Tom+a, x+y—_(t), ) and the conclusion holds as faras f(x) and g(t + To; +a, x +y— (1), €)
are concerned.

We will need the following Lemma (see [2,19])

Lemma 3.2 Let the linear system x = A(t)x have an exponential dichotomy on (—oo, —T']
with projection P, and let X (t) be its fundamental matrix such that X(=T) =L Set P(t) :=
X (t)PX~\(t). Then for any continuous function h(t) € C°(—T,—T1),é- € NP and
¢_ € RP(—T) the linear non homogeneous system

%= AM)x +h(t)
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has a unique solution x(t) such that

(I—-P)x(-T) =&

P(-T)x(~T) = ¢ G
and this solution satisfies
t
x(t) = X(OE— + XOPX N (=T)p_ + / X PX (s)h(s)ds
-T
7
—/X(t)(]l— PYX " (s)h(s)ds. (3.6)

t

Remark 3.3 From (2.2) and (3.6) we immediately obtain the following estimate for |x ()|

sup |x(t)|§k|:|.§|+|<p|+28_l sup |h(t)|] (3.7)
—T<t<-T —T<t<-T

We apply Lemma 3.2 and Remark 3.3 with A(1) = f'_(y_(t — Ta,)) in the interval 1,;
(instead of [—T, —T]). Note that the fundamental matrix X (¢) and the projection P of the
dichotomy on (—o0, T3, — T of the linear system X = f'_(y—(t — Tom))x are X_(t — Top)
and P_, respectively. Thus, in the notation of (2.8) and Lemma 3.2 we have

Pyyi=P(Toyp—1 —1) = X_ (Tt — Tom — DP_XZ"(Tap—1 — Toy — 1)
= P—(TZm - T2m—l + 1)-

Set:

lxll;- = sup |x(®)].
m
tel,

Then a trivial application of Lemma 3.2 and (3.7) gives the following

Corollary 3.4 Let h(t) € CO(Im‘), & € NP_ and ¢_ € RP_ . Then the linear non
homogeneous system

X = f'_(y-(t = Tom))x + h(1)
has a unique solution x(t) € c! (1,,) such that

(L= P)x(Top — T) =&-

3.8
P—,mx(TZm—l -D=9¢_. 38

Moreover this solution satisfies (see (3.7))
@)l < k(1621 +lo-1 + 257 18O, (3.9)
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and

x(t) = X_(t — Tom)é— + X—(t — Do) P-X_"(Tom—1 — 1 — o) o

t
+ / X_(t — To) P_X""(s — Tom)h(s)ds
Tom—1—1
To—T
- / X_(t = Tom)(A — P_)XZ"(s — Top)h(s)ds. (3.10)

t

Using Corollary 3.4 we define a map from CO(I,;) X NP_ X RP_,, X R? into CO(I,;)
as

(x(t),é—, 0, a, &) — (1) (3.11)
where y(t) = x(t) is the unique solution given by Corollary 3.4 of the equation
V() = 1oyt = Tam))y (1) = hy, (2, x(1), @, &)
that satisfies conditions (3.8). We observe that the map
(x(t),0,8) > h,, (t,x(1),a, &)

is a C" map from CO(I,;) x R? into CO(I,;) (see [9]) and hence, from (3.10) we see that so
is the map (3.11) from C°(1,;) x N'P_ x RP_ ,, x R? into C°(I,)).
Next, from (3.3) we obtain immediately:

Ay, x, o)l = A_(IxDIx] + Nle| (3.12)
where
A—(r) =sup{[f'_(x+y-0) = [ (r-@)| |1 = =T, |x| < r}
is an increasing function such that A_(0) = 0 and
N =sup{lg(t,z, &)l | (t,z,8) e R""?}
and hence, using (3.9) we get:

1805, < k161 + o +257 A (el + 257" Vel ]. (3.13)

Similarly, for fixed (5—, ¢—, @, &) € NP_ X RP_ ;, x R2 and x1 (1), x2(1) € CO(I,;) we see
that

%2 — &1~ < 2k87 [A_G) + N'lel] 2 — x1l - (3.14)

where 7 = max({||x; “1,2’ ||x2||[n7} and

N’ = sup ”ag(t,z, &) |t z6) € R””] .
ax
Thus if p > 0, |6_], |p—| and |e| are sufficiently small, the map (3.11) is a C"-contraction
in the ball of center x () = 0 and radius p in CO(I,; ), which is uniform with respect to the
other parameters (§_, ¢_, «, &) and m € Z.
Hence we obtain the following
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Proposition 3.5 Assume that conditions (H1), (H2) hold and let (§_, p_,a, &) € N'P_ x
RP_, x R? and p > 0 be such that 2k [|E_| + |p—_| +26"'Nle|]] < p and 4ks™!

[A_(,o) +N’|8|] < 1. Then, for t € 1I,, Eq. (3.4) has a unique bounded solution
x, () = x,(t -, o_,a,¢&) which is C" in the parameters (5_,¢p_,a,€) and m € Z,
and satisfies

2 (o €y oy @ €)1 < 2k [1E-| + lo—| + 257 'Nlel] < p (3.15)
together with
(L= P )xy (Do = T) =6, Py (Tam—1 = 1) = ¢

Moreover the derivatives of x,,(t,§_, o_, o, ) with respect to (§_,¢_,a, ) are also
bounded in I, uniformly with respect to (5_, ¢_, a, €) and m € Z and they are uniformly
continuous in (§_, ¢, a, €) uniformly with respect tom and t € I,

Proof Only the last part of the statement needs to be proved. We know that x,, (¢, §_, ¢_, o, €)
is the unique fixed point of the map given by the right hand side of Eq. (3.10) with
h,,(t, x(t), «, ) instead of A (). Since £_ € N'P_ we have |X_(t — Tr)é—| = | X_(t —
Tom) ([ — P_)X_(=T)é_| < ke®=Tm=D|&_| < k|&_|forany ¢ € I, . A similar argument
shows that |X_(t — sz)P_XZI(sz_l —1—="Ty)p_| < klp_|forany t € I,. As a
consequence the right hand side of (3.10) consists of a bounded linear map in (§_, ¢_), with
bound independent of m € Z, and the nonlinear map from Cg(l,; ) x R x R:

t
x(),a, &) / X_(t— sz)P,le(s — Tom)h,, (s, x(s), o, €)ds
Tom—1—1
Tom—T
- / X_(t — o)A — P)X"' (s — To)h, (s, x(5), @, £)ds
t

whose derivatives up to the rth order are bounded and uniformly continuous in (x, «, €)
uniformly with respect to m because of the properties of 1, (¢, x, «, £) (see Remark 3.1) and
(2.2). The proof is complete. O

We are now ready to prove the main result of this section:

Proposition 3.6 Assume that conditions (H1), (H2) hold and let (§_, p_, a, &) € N'P_ x
RP_, x R? and p > 0 be such that 2k [|E_| + |¢_| + 26 'Nle|]] < p and 4ks™!

[A_(p) +N’|8|] < L Then, fort € I, ,, Eq. z = f-(2) + eg(t, z, &) has a unique
bounded solution z,,(t) = z,,(t,&—, ¢o_, a, &) which is C" in the parameters (§_, ¢p_, a, €)
and satisfies

I+ & @) — v — Tan) - < 2k [l + lo—| + 25 Nlel] < p
(3.16)
together with
(I— POz (Tom — T + o) —y—(-T)] = £_,
P—,m[Zn:(TZm—l +a—1) =y (Tome1 —Tom — D] = ¢_.

Moreover x,,(t) = z,,(t +a,é_, o_, a, &) — y_(t — Top) is the unique fixed point of the
map (3.10) and z,,(t, §_, ¢_, o, &) and its derivatives with respect to (§_, ¢_, a, €) are also
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bounded in I,] uniformly with respect to (§—, p_, o, €) and m € 7Z, uniformly continuous in
(-, o, a, &) uniformly with respect to (t, m) witht € I/, m € Z and satisfy:

.
az?’"(r +0,0,0,@,0) = X_(t — Ty)(I— P_)

0z, _
#(r +a,0,0,0,000_ = X_(t — Top) P-X_"(Tou—1 — Tom — Dop—

1

%m (1 4 a,0,0,,0) = X_(t — Top)P_X"'(s — T
3¢ ,0,0,0, / - 2m) P-X_" (s — Tom)
Tom-1—1
gls+a,y_(s — Tom), 0)ds
Tom—T

- / X_(t = Tom) M= P_) X~ (s = Tow)
'
gls+a,y—(s — Toy), 0)ds. (3.17)

Proof Setting x (t) := z,,(t+a)—y—(t — Ty the existence of z,,, (1, £, ¢, a, &) satisfying
(3.16) follows from Proposition 3.5. Thus we only need to prove (3.17).

From (3.13) we see that x,, (,0,0,«,0) = 0 and then differentiating equation (3.10)
with x,,, (t, £, ¢_, «, &) instead of x(¢) and h,, (¢, x,, (t,_, o, o, &), «, €) instead of h(t)
we see that

9z, ox,
(4 a,0,0, 0, 006 = S (1,0,0, 0, 00— = X_(t — Tam)é—.
0&_ 0&_
Similarly we obtain the rest of (3.17). ]

Remark 3.7 The function z,,(t) = z,,(t,§_, ¢_, @, €) is a bounded solution of Eq. (2.1) in

the interval I, , as long as it remains in 2_ for 7 € 1, ,, and satisfies (3.16). However in

order that z,, (1) € Q_ fort € I, itis sufficient that G(z,, (Tam — T + «)) = 0 (see [4, p-
345] for details).

Next, let

Ay =sup{[f - +ye@) = f e | T <t ]x| <r},
P+,m L= P+(T2m+l - T2m + 1)
= X (Tom1 — Tom + DPL X (o1 — Tom + D71, (3.18)
bt x, B, &) = f-(x + y4(t = Tam)) — f~(y4-(t = Tam))
—f' (4t = Tam))x +eg(t + B, x + y4(t — Tom), €).
By an almost identical argument we show the following

Proposition 3.8 Assume that conditions (H1), (H2) hold and let (4, ¢+, B, €) € RP+ X
NPy x R? and p > 0 be such that 2k [|E+| + o4 +2871N|8|] < p and 4k§!

[A+(,0) + N/|£|] < 1. Then, fort € I;;ﬂ, equation 7 = f1(z) + €g(t, z, &) has a unique

bounded solution 7} (t) = z} (¢, &+, ¢4, B, €) which is C" in the parameters (&4, ¢+, B, €)
and satisfies

Iz G+ B, Ex 04, B &) = va = Tan) Il 1+ < 2k [I64] + loy | + 267 Nle]] < p (3.19)
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together with

Pilzy (Tom + T + B) — y+(D)] = &4,
T — P+,m)[Z,J',;(T2m+1 +B+1D) —yi(Tomy1 — Tom + D] = 4.

Moreover x;f (1) == zh(t + B, &+, o+, B, &) — y4(t — Tan) is the unique fixed point of the
map

(1), &4, @y By &) > Xt — Tom)éy
+X 4 (t — Tow) (L= P3) X3 (o1 — Tom + Doy
t
+ / X+ (t — To) Py X5 (s — Tan) Bl (s, x(5), B, €)dss
T2m+f

Tomi1+1
- / Xy (t = Top) T — Py) XII(S — Tom)h}f (s, x(s), B, &)ds,

(3.20)

and 75 (t, &4, o4, B, €) and its derivatives with respect to (§1, ¢4, B, €) are also bounded
in I uniformly with respect to (&4, ¢4, B,¢) and m € 7, uniformly continuous in
(&4, 94, B, €) uniformly with respect to (t, m) with t € 1}, m € Z and satisfy:

ozt

&+
+

9z
87’"(1 +8,0,0, 8,00+
P+

(t+5,0,0,8,0) = X1 (t = Tom) Py

X4 (t — Do) (L — POXT (Tams1 — Tom + Doy

1

/ X4 (t — Tom) P X7 (s — Tom)
Tom+T
g+ B, y+(s — Top), 0)ds
Tom+1+1
- / X1 (t = Tom) (L — P)X (s — Tom)

1

g(s + B, yi(s — Top), 0)ds. 3.21)

9 +
Zm ;4 8,0,0, B,0)
e

Remark 3.9 Notethatz, (t,§_, ¢_, o, €) (resp. z;’,; (t, &4, ¢+, a, €)) depends on m by means
of Toy,—1 and Ty, (resp. Toy, and Top41). Thus we may also write x~ (¢, -, p_, a, &, Top,
Tom—1), xT(t, &4, o1, &, &, Tom, Tam+1) instead of x,, (1,6, o, &, &), x,} (1, €4, o4, t, &)
and say that x~(t,£_, ¢_, a, &, Tom, Tom—1), resp. x (¢, &, @u, a, &, Tom, Tom1), is uni-
formly continuous with respectto (§_, ¢_, «, €), resp. (§+, ¢+, B, &), uniformly with respect
t0 Tom, Tom—1, 1€8p. Tom, Toms1, and t € I, (resp. t € I7).

4 Orbits Close to the Branch y(7)

As in [4, Proposition 2.9] we can prove the following.
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Proposition 4.1 Assume that conditions (H1), (H2) hold. Then there exist positive constants
c, & qndﬁo sucfl thatforanya, B, ¢ € Rand& € R" suchthat |f—o| <_min{1, 2T}, |e] < o
and |&€ — yo(—T)| < po, there exists a unique solution z_?n (1) = z?n (t, &, «, B, €) of equation
2= fy(2) +eg(t,z,8), fort € [Ty — T +a, Tow + T + B such that

o (Tom — T +a) =&
and

Iz (1) = Y0t = Tam = @)lli7y, T ya19y 4 7451 < CLIE = vo(=T) + 2N e[l (4.1)

Moreove_r zgl (1, é, o, ﬁ,_&) and its derivatives with respect to (é, o, B, ) are bounded in
[sz — T + o, Toy + T + B] uniformly with respect to m € Z,_uniformly continuous in
(&, a, B, &), uniformly with respect tot € [Toyy — T + o, Toyy + T + B, m € Z, and have
the following properties:

) x,% (t) = z?n(t +a, &, a, B, &) — yo(t — Top) is a fixed point of the map

x(t) > Xo(t — Tom) [€ — yo(=T)]
t
+ / Xo(t — Do) Xg ' (s = Tom)h0, (5, x(5), t, €)ds (4.2)
TQ,,,—T

where

ho(t, x, 0, 8) = f4(x + vt — Tom)) — f+ (ot — Tam)) — [/ (vo(t — Tom))x
+8g(t +o,x + VO(f —Ton), €);

(i) the following equalities hold:
8z21 - .
W(t’ (1), e, ,0) = —yo(t — Tom — @),

0

B (- F) 0) =0
o w(=T),a,B,0) =
329, -

o t, v(=T),a,B,0) =Xot —Tom — o) 4.3)

0 t

0z - -
T:(t +a,0(=T),a, B,0) = / Xo(t — Tom) X, 1(5 — Tom)g(s + .

Tom—T
yo(s — Tom), 0) ds.

Sketch of the proof The statement concerning the existence of the solution zgl (1) =
z% (t, &, a, B, €) such that (4.1) holds, follows from the continuous dependence on the data.
Moreover the fact that x,% (t) is a fixed point of the map (4.2) follows from the variation
of constants formula. The boundedness and continuity properties of z% (t, &, a, B, &) follow
from the similar properties of h?n (t, x, e, €) as in Propositions 3.6, 3.8. Then, because of
uniqueness of fixed points we also get:

from which the first two equalities of point (ii) easily follow. Differentiating (4.2) with respect
to £, & respectively and using the fact that 10, (¢, x, «, 0) is of the second order in x, we derive
the other two equalities in (ii). ]
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Note that if
clpo+2N5"egl < p
from (4.1) we obtain:
sup{lzo,(t + @) — ot — Tow)| |t € [Tom =T, Tom + T+ B —al} < p. (44

Remark 4.2 Note that 121 (t, § ,, B, €)) depends on m by means of 7»,,. Thus we may also
write zo(t, é, o, B, €, Try,) instead of z?,,(t, E, o, B, &) and say that zo(t, E, a, B, e, Toy) is
uniformly continuous in (§ ,a, B, &) uniformly with respect to T»,, and ¢t € [T, — T +
a, Tom + T + Bl

5 The Bifurcation Equation

Letegg > 0, pp > 0 and ¢ > 0 be constants as in Proposition 4.1, C := max{c, 2k}, x < 1
a positive constant that will be specified and fixed later and pg < c¢pp be the largest positive
number satisfying

!/

b))
4ks™! [Ai(po) + ,00] <.

2NC
Next, let 0 < p < pp and &, := min [%,80]. For any a = {a}mez € £>°(R) and

& € (—¢&p, gp) We set

E/C;C’)‘)"g L= {9 = {((0/;’ (pr—:z_! gn:s é—;:» ém» ‘Bm)}meZ S KOO(RS"'H) .
(@ OF & & Ep Bu) € RP—_y X NPy x NP_ x RPy x R
2k [l 1 + ol + 287 Nlel] < . cllEn — yo(=T)] +2N8"lel] < p.
sup |pm+1 — Bl < Xl
mez

and

= [(9,05, €) €L, o X L R) X (—gp,8p) 1 € Z)O(O}

P&

where

= [a € L°(R) : sup |, — am—1| < X] .
meZ

Note that, because of the choice of p and ¢, Z;f’a’ o E;o and Z;O are open nonempty subsets
Of L (RP_ jy X NPy jy X NP_ X RP4 xR" xR), £ (RP_ jy X N Py jy X N'P_ X RP} X
R" x R) x £*°(R) x (—&p, &,) and £°°(R), respectively. In foa,s we take the norm

161 = [{ (@ @ &+ ot Ems B } e |
sup max {|,, + @if |, 1€, [ 1ES ] (Eml. [Bml} -

mez

Let7 = {T,,}mez be given as in Sect. 3 and take (0, «, €) € ZZO. In this section we want to
find conditions so that system (2.1) has a solution z(¢) defined on R such that for any m € Z
satisfies:
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l2(t) =yt = Tom — o)l < p
2(®) = vo(t = Tom — am)llpp < p
lz(t) = y+(t = Tom — Bu)ll7r < P

where 1,7 = [Tom—1 + & — 1, Tom — T 4+ o], I = [Tom — T + &, Tom + T + Bl and
1,; = [T2m + T+ ,Bnu T2m+1 + ,Bm]

We note that for any (0, o, &) € £7° assumptions of Propositions 3.6, 3.8 and 4.1 are
satisfied. Indeed we have

—1 ’ —1 / —1 N'S
4k~ [Ax(p) + N'lel] < 4ks™' [As(p) + N'e,]| < 4ks™" | Ax(po) + A 1

along with |¢| < gg and
= = P PO ~
1§ —vo(=T1)| < - < =P

So according to the previous sections and because of uniqueness of the solutions
2 EF oF By €), 2, &, s 0, €) and z?n(t, En, o, Bm, €) We see that such a solu-
t10n can be found if and only if we are able to solve the infinite set of equations (m € Z):

Z (T2m+1 +,8m7 Ema Wmana &) — ,;+1(T2m+1 '_f'ﬂmvéy;.g.lv §0y;+1aam+la e)=0
Zm(TZm_T+am7§m»(MMs/3ma8) Z;;(T2m T"‘am»sy;vﬁuy;’am»g)zo
Zm(T2m+T+/3Wh$}'H7anl’ﬂ}ﬂ78)_Zm(sz+T+ﬂm’€m7¢in’ﬂm78)=0
G(Zm(T2m ]_‘ + an, %m s O O e)=0
G(Zm(T2m“FT“F,Bmvgmvams,Bm»S))=0

G(Z (T2m+T+ﬂm,%— ,(/)nt,ﬁmyg)):()-

Since Topmt1 + @mt1 — 1 < Topt1 + Bm, system (5.1) is well-posed. Note that, from Prop-
osition 4.1, the second of the above equations reads:

(5.1)

ém = Zi(sz _ T —I—O(m,%',;, Qﬁn;, Um s 8)

and gives the sequence {€,}mez in terms of the sequences {&,, }mez, (@ Imez, {otmmez,
and . Moreover, if p is sufﬁ01ently small, zm(TZm + T+ Bm» gm, Uy s ﬂm, ) is close to
Yo (T + B — ), while 2 (T + T + B &5 @3 B €) s close to y(T) = yo(T). So
there is a positive constant ¥ < min {1 2T} such that the 5th and the 6th equation in (5.1)
imply that the 3rd equation is equivalent to (see [4, Lemma 2.10])

[Zm(T2m + T +:3mv€mvams B, €) — m (T2m + T + B, Sm,(va Bm, €)1 =0,

where Ry : R" — R" is the projection defined in Sect. 2. From now on, we fix such a x.
Here we use the fact |8, — ay| < 2x forany m € Z, so yo(T + B — an) and yo(T) are
sufficiently close for x small enough uniformly for any m € Z.

Let

L =LP[R" xR" x RRyp x R x R x R)
with the norm

Sup maX{|am|, |bm|» |Cm|7 |dm|s |em|a |fm|}

meZ

for {(am, by, cm, dms €m,s fm)Imez € €5°.
We define a map

gr € C (77, 47°)
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as

gr@,a,¢) = QT({(fﬂa,QDmaE,;,é EmuBm)}meZ {omlmez, €) ==
Zm(T2m+1 + B> gm > (/’ms Bm» &) — m+1 (Tom+1 + Bms §m+1 (/)m+1 s O+, €)
B ém Zm (sz—T+(Xm,§m,§0m,(Xm,8)
RO[Z%(TZm + T + Bms &ms O, ,Bmv &) — Jr(TZm +T + B, Sm s wmv B, )]
G(Zm(TZm - T+ A, Em s P> Ams €))
G(Zm(T2m + T+ Bm> %'m, Ofm» B, €))
Gy (Tom + T + B & 03 B €))

so that Eq. (5.1) reads

mez

Gr0,a,¢) =0. (5.2)

From [9] it follows that Gz is C" and has bounded derivatives. More precisely, from
the contmulty properties of the solutions z*(t ém s gam, B, €), 2,y (. 6, O s A, €), and
zm (t, ém, U, Bm, €) we see that G (0, «, ) and its derivatives are bounded and uniformly
continuous in (6, «, €) uniformly with respect to 7 € E‘%"(R).

We also need to introduce further maps. For o € E;O and m € Z we define Ly :
RP_ 41 ®N Py > NP (Tt — Tom) @ RP_(Toms2 — Toms1 — O + Q1) aS

Lom 2 @it o) = Xt (Tomg1 — Tam) (A — POXT (Tamst — Tom + Dyt
~X_(Toms1 — Toms2 + o — 1) P- X (o1 — T — D¢,

and Hy .6 e = L% as

ﬁa,m_((”ZH ) ‘/’r—n’_)
%_m___gy;
Ro[Xo(T)ém — &1
B G’(J/O(—_YZ))és,,_, B
G'(vo(T)) - [Xo(T)ém + vo(T)Bm]
G'(y+(T)) - & meZ

Note that since 7,41 — T, > T + 1 and |41 — | < x < 1, we have (see (2.9))

RP_ 1 ®N Py =NP(Tops1 — Tom) ® RP—(Domt2 — Tomt1 — @ + apy1) = R

Hob =

Before giving our main result we state few properties of the maps here introduced. For any
o € K;o, we set:

B = {(0,0,0,0, yo(=T), a)}, ;-
Then

G1) 197 (B o, 0)1| < 2k~ e T=D) max{|y_(—T)], Iy (D)I};
G2) | L1G7 (O, o, 0)]]| < 2k8~' e T=Dy_(-T)];
G3) Lym : R" — R" is a linear isomorphism satisfying:

~ -1 ~ .28
[Lamll = ke, Lyl <kce

and

<ON_BR M

I 1
<2N_k and H@ﬁa’m

[

for a suitable constant c;
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G4) Hy : €%, . — £7° is a bounded linear map and H %Hu || < 2N_k;

P,0,E .
Gs) ID1G7 6y, @, 0) — Holl < S3ke=3T=T) for a suitable constant ¢3.

Properties (G1)—(Gs) will be proved in the Appendix A.
Next, given {(am, bm, ¢m. dm, ems fm)lmez € K‘fo we want to solve the linear equation

Hob = (5.3)

that is the set of equations:

»_Ca,m (Wn_lJrlv Wnt) =dam
%—m - és:n;_=_ bm
RolXo(T)en — 51 = e

5.4
G'(W(=T)&y = d i o4
G (V(T1)) - [Xo(T)ém + Yo(T) Bm] = em
G'(y4(T) - &F = fn-
To solve (5.4) we write:
b = + UV (=T), meL,
=G+ (1), mez, (5.5)
where
M tmez € €°(S), (G dmez € £°S"),  {Ugtmez € (X R),
and plug (5.5) into (5.4). We derive
@1 O) = L ylm
M_ _ dﬂ'l
"G y—(=T)y_(-T)
S
o T 5.6
= G ()7 (T) 40

En =M + 1y (=T) + by
em — G'(o(T) Xo(T)ém

G (yo(T)yo(T)
RoXo(T)my — Loy = Cm — iy RoXo(T)y—(—T)
—RoXo(T)bm + iy} Roy4(T).

ﬂm:

Now we denote with IT : RRy — S” & 8" C RRy the orthogonal projection onto
S" @ 8" along span{ys} (recall that € RRy = NG’ (y(T)) is a unitary vector such that
(2.4) and (2.5) hold). In other words:
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I =Iw = (Y, w)y (5.7

for any w € RRy. Assumption (H3) implies that the linear mapping S” @ §" = §" ®© 8" =
RIT defined as (¢+, nt) — —¢L 4+ RoXo(T)nt is invertible. So in order to solve (5.6), we
need to suppose

{(@m» by Cins s €ms ) }mez € £2°(S™)
where
S ={(a,b,c.d,e, f) eR™ x RRy x R : (I—IT)L(a,b,c,d,e, ) =0}
and L : R" x R" x RRyp x R x R x R — RRy is the linear map given by:

d
G'(y—(=T))y_(-T)
- r
G'(y+(T)y+(T)
Note S'? is a codimension 1 linear subspace of R?" x R Ry x R3. Hence § € R2" x RRo x R3
exists such that

L(a,b,c,d,e, f) =c— RoXo(T)y—(=T)

—RoXo(T)b + Roy4(T). (5.8)

span {¥/} & SV = R x RRy x R>.

Of course we can be more precise and take 1} so that (1} ,v) = 0 for any v € S'V, where
(-, -) is the usual scalar product on R3+3, To construct such a J we note that, from (5.7),
it follows that (T — IT)Lv = (Y, Lv)y¥ = (L*y, v)yr, where we take the natural restriction
of (-, ) onto RRy C R". Thus v = (a, b, c,d,e, f) € S if and only if (L*y, v) = 0 or
v € {L*y}L and we can take

v =LY/IL*YI.
Let [T : R?" x RRy x R? — &' be the orthogonal projection onto S'* along span {1/}. Then
~ ~ =~ (L™Y,v) =~ (Y, Lv) ~
I—MMy = (Y, vy = V= V.
[L*] IL*y|

We set
€y = > (span{y)) C €.
Let [Ty : £5° — £%°(S™) be the projection onto {*°(S™) along E$ given by
Ty ((@m b e dms em f)dmez) = {T@m. b, € A €m, fin)},, s -

Summarizing, we see from (5.6) that there is a continuous inverse H, ! : £2°(S™V) > £5°,
where

Ego = {{(‘P;;» ‘Pn—t»SrL gn—}[: ém, ﬁm)}meZ IS Eoo (R5n+l) :
((pr;s(pr-rta‘i:r;7$rjl_7§m,ﬂm) S RPf,m XNPJr,m XNP, XRP+ XR”H—l, Vm EZ}.

Note that from (5.6) and it easily follows that |Hg '] and | 21| < |4 Ha| 1M 112
are uniformly bounded with respect to «.

@ Springer



J Dyn Diff Equat (2011) 23:495-540 513

Finally, we define projections onto RG’(y (T)) and RG'(y(=T)) respectively, as

G'oyMyw .
I—-R = T
G fow=Godmmm
I-Ryw=—S@CEDwW 5 (5.9)

G'y(=T)y-(-T)""

Note that R, is the projection onto NG'(y(T)) along y, (T) whereas R_ is the projection
onto N'G'(y(=T)) along y_(—T). Moreover, from [4, p. 358] we know that

PiRY Y =0, (I—P*)R*Xo(T)*Riy = 0. (5.10)
Next we set:
XZ"OR* Xo(T)* Ry ift < —T
V() =1 Xg " OXo(T* Ry if-T <t<T (5.11)
X ORY ift >T
and
M(a) = / Y (O)g(t +a, y(t), 0)dt. (5.12)

Using (5.10), we easily obtain:

~

V()] < IIXIFI*(t)(_lI — PHXLMDIIREY] < kIR || e 3=D) if ¢
W (1) < kI RoXo(T)R-|| +D) if 1

IN IV

7 (5.13)

Thus M (e) is a well defined C? function because of Lebesgue theorem.
We are now ready to state the following result.

Theorem 5.1 Assume fi(z) and g(t, z, €) are C"-functions with bounded derivatives and
that their r-order derivatives are uniformly continuous. Assume, moreover, that conditions
(H1), (H2) and (H3) hold.

Then given co > 0 there exist constants py > 0, x > 0 and ¢y > 0 such that for any
0 < p < po, there is &, > 0 such that for any €,0 < |e| < g,, for any increasing sequence
T ={Tplmez CRwith Ty, — Tpy_1 > T + 1 — 287 In || and such that

M (o + @) = 0Vm € Z and inf | M’ (T +ad) | > co (5.14)
me

for some oy = {Ol,%}mez € (%°, there exist unique sequences {Gm Ymez = (O (T, €)}mez €
(X R) and {Butmez = (Bn(T. &) lmez. € L°R) with |6(T, &) — S| < cile| and

|;§m(’T, &) — a%l < c1|elVm € Z, and a unique bounded solution z(t) = z(7,¢e)(t) of
system (2.1) such that

Asup |z(t) — y—(t — Toy — @m)| < p
t€[Tam—14+Bm—1.Toam—T+8m]

sup lz(t) — Yot — Tom — aw)| < p
tE[T2m*i+&mnT2m+T+/§m] R

sup |z(t) — Y+t — Tom — Bl < o

t€[Tom +f+3;n sTom+1 +}§m]
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Sforany m € Z (cf. (2.7)). Hence z(t) is orbitally close to y (t) in the sense that
dist(z(1), ') < p,

where I' = {y(t) | t € R} is the orbit of y(t) and dist(z, ') = inf;cgr |z — y(t)| is the
distance of 7 from I.

Proof 1f p and £, < ¢, are sufficiently small then, for ¢ € I, ,, the solution z(z) we look
for must satisfy z(¢t) = z,,(¢, §—, ¢_, a, &) for some value of the parameters (§_, ¢_, @, €)
and similarly in the others intervals [73,, — T+a Dy+T+ Bland I + B
So, we solve Eq. (5.2) for (0, @) € ep we X £°° interms of 7 and & € (—¢,, &,). Set
Fr®,a,6) =G0, a,6) —Ho(0 — 0y) = G7 (04, @, 0)
+ [gT(es o, O) - gT(eav o, 0) - DlgT(Qa’ o, 0)(9 - 90()]
1
+ (D167 (Oa, @, 0) — Ho) (0 — 64) + 5/D3gT(9» o, te)dt
0

where D3G7 (0, a, ¢) denotes the derivative of Gz with respect to €. It is easy to see that

Fr O, a,8) = G1(On, , €)
leT(Qvav 8) = D]QT(@,O(, 8) -

D1F7 (01, &, 8) = D1Fr (62, a,6) = D1G7 (61, 0, 8) — D1G7 (02, 0, €) (5.15)
DyFr 0,0, 6) = D2G7(0, 0, 8) — Ou) — HQ%
For simplicity we also set:
= e 3(T=T)
From the definition of F7 (0, «, €) we see that Eq. (5.2) has the form
0 — O +Hy ' Iy Fr (0, a,8) =0 (5.16)
and
(I—My) Fr@,a,¢e) =0. (5.17)

We denote with c(gl ), resp. c(g2 ), upper bounds for the norms of the first order, resp. second

order, derivatives of G7 (0, «, €), in ZZO. Thus for example

1
¢’ = sup {ID1G7O. @ o). | D2GT 6, o, £)Il, | D3G7 (6. ., €|}
(Q,a,s)eégo

and similarly for cg). Then

G7(0, . 0) — G (6 o, 0) — D1G7(Brs , 0)(8 — )
_ /[Dlgf(re + (1= D)6, @, 0) — D1G7 (B o, 0)]dT (6 — 6)

77(97 00!7 a)(e - 90()3
where

176, 6. )| < 5116 — all.
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Hence, since
1
Fr@,a,8) — Fr(Oy,a, &) = /[DI}—T(TG + (1 =1)0y, 0, 8)]dT(0 — 6y)
0

1
= /[leT(TG + (1 = 1), &, &) = D1 F7 (O, @, €)1dT(0 — Oo)
0

+D1Fr (O, . €)(0 — 0y)
1

- /[Dlgﬂre 4 (1= 1) . €) — D1G1 (B v, ©)]d (6 — )
0

+[D197 (bn» @, 8) — Hol(0 — ) (5.18)

(see also (5.15)) we derive, using also (Gs) and recalling u = e =37 —1);

1 -
IF70, . 8) = Fr(Ou . ) < 5510 — ul* + (3 + cGleDIIO — Oall - (5.19)

and (see also (G1), (5.15))
(2
‘g a2 ~ ) _ )
|Fr @, a, &)l < BN 10 — O ll” + (keap + 57 [eD 10 — Oull + g ' lel + ¢ (5.20)

where ¢, = 2k8~  max{|y_(=T)|, |y, (T)|}. Note that cy, c(gl), c(gz) and ¢3 do not depend

on(x,7,¢) € E)O(O x LFR) x R.
Next, from (G4), (Gs) and (5.15) we get
I D1F7 (0o, o, 0)| < kczp
ID1F7 6, &, &) — D1 Fr (s o) < 316 — Ol
D2 Fr (B, a,e) — DaFr by, a, )| < (c(gz) + 2kN_) 16 — 6yl (5.21)
From (5.20) and (5.21) we conclude that

lim Fr@,a,e)=0
0.6,1)—(0.0,0)

lim D1 Fr0,a,e) =0
(0,6,14)—>(04,0,0)

uniformly with respect to «.

Thus,if pg > 0, o > 0and 0 < &y < ¢, are sufficiently smalland0 < p < o, €| < o,
from the Implicit Function Theorem the existence follows of a unique solution 8 = 07 («, €)
of (5.16) which is defined for any o € Z‘)’(O, le] < &0,0 < u < pupand T = {Tpy}mez such

that Ty41 — T,y > T 4+ 1 where T — T = —5~"In . Moreover 67 (, ¢) satisfies

sup (|07 (e, &) — Oyl < po (5.22)
o, T.¢

the sup being taken over all o, 7 and ¢ satisfying the above conditions. Next, using (5.16)
with 7 (o, €) instead of 0 and (5.20), we see that:

167 (@, &) = bull < IHy ' Ty || F7 (07 (o, ), @, ©) |

.2)
< -] g 2 ~ @ M
< IHy My | ) 107 (t, &) — OullI” + (k3 + cg D107 (@, &) — Oull +cg lel + ey ).
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Hence if pg, o and g are so small that

1H; Ty e (Bo + 220) + 2k ol < 1 (5.23)
we obtain:
167 (o, &) — O || < 211 Hy ' Ty l[(cp it + € le]). (5.24)

Note that, since 7 is an orthogonal projection, it is enough that 1, &g and pp are chosen in

such a way that cg)(po + 2¢e0) + 2kczpo < IHy, b=t
Moreover, plugging (5.24) into (5.19) we obtain

I1F7 O (o, 8). . €) = Fr o, e, )| < 2¢5 My Ty |2 (cp 1t + ¢ le])?
F2kT3 e + ¢ leD I H Ty ey + G lel) < A1+ [eD)? (5.25)
where A1 > 0 is independent of (7, &, i, ). For example:
Ay =20 Ty I max(ey ¢ o k&) [ Ty lle + 1]
Next, differentiating the equality
07 (, &) — O + Hy ' Ty Fr (07 (a, €), a0, 8) = 0

with respect to @ we obtain:

d 0
S l0r (@ 8) = 6] = —H 'y, 5o FTOT (@, ), 0 8)

a  _
- [@Hu lnw] FrOr(a, &), a,¢)

d
—H(Ilﬂw (5[7’7(97(04, e),a,&) — Fr Oy, a, &)l
d d
+ —[FrOu . &) — Fr(Ou, o, 0)] + —G1 (O, ct, 0)]
o Jo

3
- [@H(;IH,I,} FrOr(a,e), a,&). (5.26)
Then note that

a
%[fT(GT(a5 8)1 a, ‘9) - fT(GOI’ o, 8)]

= %/ D1 Fr (07 (o, &) + (1 — )04, o, &) dT (07 (at, €) — Oy)

1
= /D Fr(tr(a,e) + (1 — 1)y, a, z-:) [97(01 e) —bOyltdr

0
1

d
4 / DYFr (107 (,8) + (1 = )60, )50y dT
o
0

@ Springer



J Dyn Diff Equat (2011) 23:495-540 517

1
+/D1D2}'T(107(a, &)+ (1 —1)0y,a,e)dt  (O7(a, &) — bOy)

0
1

+/D1.7-'7—(1:97-(a, &)+ (1 —1)0, ) dra%[Oq—(a, &) — byl (5.27)
0

First we derive

1

a

/foT(TQT(Ot, &)+ -0, a, S)af[@T(ot, e) —bylrdr
o

0

1
_/ D rdr
0

Next, from (5.21) we obtain

(2)

d d
— 07 (a, &) — 6y] — 07 (a,8) — 6] -
Ja Ja

1

d
/D17’7(197(a, &)+ —-1)0y, a,¢) draf[GT(a, €) — 04]
o
0
1

/ ID1F7 (07 (e, &) + (1 = 1)00, 0, €) — D1 Fr (O, , €)1l dT

a
HID1F7 (Ous @, &) = D1F7 (0o, 2, O)|| + | D1 F7 (O @, 0 Ha[%(a, &) — Oql

1

/ D067 (@, &) — bull TdT + 5 e| + kT3 H—[@T(a £) —
0

( % (—nem &) = bull + |s|) +kcsu) H*WT(“ &)=

IA

IA

Finally, using (G4), (5.22) and (5.24), the identity

do,
— =(0,0,0,0,0,T) (5.28)
da

and Dy D> F7 (0, a, €) = D1 D2G7 (0, a, £) — 2% we conclude

do

]
” @[J:T(GT(a’ 8)7 a, 8) - fT(GOta @, 8)]”

_ _ 8
< [e§ (o + £0) + kT3 0] ’a—[eﬂa, &) — ba]
+4 (e +kNZ) 17 Ty ey e+ o e, (5.29)
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Similarly, we obtain

1
0 d
—[F1Our &, ) — FrBu, , O1| = le| | — [ D3Fr(On,a, te)dr| <2 el.
o 1% g
0

(5.30)

Now, since

9 _ d _
“£Ha1n¢" < IHy 'y 5 Ha < 2kN_||H, ' Ty |12,

we derive, using also (G1), (5.25):

I[LH Ty | Fr@r (e, e), o, 8)| < 2kN_|Hy Ty ||*-
ANFrO1 (2, 8), 0, 8) = Fr (O, o, )| + 1G7 (Oar @, 6)I} (5.31)
< 2N M Ty 1P [Ar (e + 61 + ¢y + e lel]

Plugging (5.29), (5.30), (5.31) into (5.26) and assuming, instead of (5.23), that
20H, Ty ll[eS (Bo + Bo) + ko] < 1
we obtain

— 2 — 1
|67 (@ &) = bl < 207 Tyl {4 (c§ + kN-) 175 Ty ey + ¢ e
+2¢5 el + ey + 2kN_ | Hy ' Ty | [AI(M + e 4+ cyp + c‘g“|e|]} < Ao(u+ le])

(5.32)
where A is a positive constant that does not depend on (7, «, 1, €). We now take
n=e
thatis 7 = T — 26! In |¢|. Note that, from (5.24), we get:
167 (@, &) — Bl < 21H5 Ty i (cyle] + G )el. (5.33)

Then, if we can solve the equation (]I — 17,/,) FrO@r(a,e),a,e) = 0fora = az(e) =
{am 7(&)}mez, and define 2, (1, €). 20, 7(t. &) as oh(t &4 o Bmr ). 2 (1. 60 01
o, &) and 20, (t, &, o, B, €), With

07 (e) =07 (a7 (e), €)

instead of 0 = {((pnj, oF L E L ER En, /3,,,)}”1Z and with 1 = &2, we see that condition (2.7)
follows from (3.16), (3.19) and (4.4) provided |¢| < ¢&,, taking &, smaller if necessary.
Thus to complete the proof of Theorem 5.1 we only need to show that the equation

I —My)FrO7(a,e),a,6) =0

can be solved for o in terms of ¢ € (—¢&,, ,) and 7 satisfying the conditions of Theorem 5.1.
Now, from (5.33) we see that

im (I — ITy)F7 (07 (@, £), . ) = im(I = [1y)G7 (0. 2, 0) = 0
&> £—

@ Springer



J Dyn Diff Equat (2011) 23:495-540 519

uniformly with respect to (a, 7) (since (G1) gives |G (0w, @, O)[| < ¢y = CVSZ). Hence
we are led to prove that the bifurcation function

é(]l —ITy)Fr (07 (o, €),a,6) =0 (5.34)

can be solved for « in terms of ¢ € (—¢p,€,),e # 0, and T satisfying the conditions of
Theorem 5.1.
We observe that, with © = 82, (5.25) reads:

IFr 1 (@, €), @, &) — Frba, a, &) < A1(1 + |g])?e?.

Hence, using also (5.15) and (G ) with u = e 07T — g2

1
Brie.e) = — (1= ITy) {Fr(a.c.e) + 0(c)

1
- (= 11y)[G7 B @ ) = G7 (B @, 0)] + O(e)
(I = Iy) D3G1 (O, @, 0) + O(e)

where O (¢) is uniform with respect to (7, o).
Now we look at:

1 d
DiBr(a,6) = —(I— Hw)afFT(QT(Ot, €),, €). (5.35)
e o
Subtracting
2 dBy
DiFr(0a,a, 0)7 + D1 D2 Fr Oy, @, 0) ) (07 (@, €) — Oq)
o
d
= @[leT(Qa, o, 0101 (et, &) — ba)

from both sides of (5.27) and using the uniform continuity of D%fT(G,a, g), D1 Dy
Fr(0,a, ¢)in (0, a, ), uniformly with respect to 7 we see that:

0 0
—Fr(Or(o, 8),a,8) — —Fr (04, o, &)
o oo

do,
- (D%]:’T(Qa, o, O)T; + D1 D2 Fr (O, 0)) (01 (a, &) — o)

~ a
= (B tor @ ) =l + 1) + kese?) Haa(eﬂa, &) = )
+0(107 (@, ) = Oal + D167 (@ £) = ]

where n(r) — 0 asr — 0, uniformly with respect to (7, «, €), So, using (5.33) and (5.32)
with 1 = &% we obtain:

0 0 d
ETJ:T(GT(O[’ £),a,8) — —Fr (O, a, &) — —[D1F71(On, @, )](O7 (@, &) — 0y) = 0(¢)
o o da
(5.36)

@ Springer



520 J Dyn Diff Equat (2011) 23:495-540

uniformly with respect to («, 7). So, plugging (5.36) into (5.35), using (5.15) and (G2) with
w=e3T-T) =2 we obtain:

0 71O, B @, 0
DiBr(e, ) = (1 11y - T @8 = T 00 0.0)

&

d
+(I — ITy) 871%[1)1}—7'(901, o, )07 (a, &) — 9a]] +o(1)

d
= E(H — ITy)D3G7 (O, @, 0)

. d
+A = 1Ty) e~ ——[D1GT (O, o, 0) = HallOT (@, &) = ea]] +o(1)
o(1) being uniform with respect to . But, differentiating (A.6) (cf. Appendix A) we see that

d
o (D1G1 (O, 0) — Ho) = {(L},,0,0,0,0,0)} ez

where
LE@)O) = L@ Py 15 Db S 6 Ems Bn)
= [X_(Tams1 — Toms2 + ot — Q) @1 — Tm) | &y
+[)‘/‘7(T2m+l - T2m+2 + oy, — am+1)(&m+l - 6Zm)],Bm
< 2N_k8' S + ly—(=D)huloll @l = oE® o1&l
and hence
d 2
—[D1G7 On, @, 0) — Hol| = O(e7).
da
Summarizing, we obtain:
d
DiBr(a,¢) = E[(H—Ulp)DsGT(@a,a, 0]+ o(1) (5.37)

uniformly with respect to @ and 7. We have then

1
Elii% Br(a, &) = (I = ITy) D367 (0, @, 0) = Loyl ——— (Y. LD3G7 (0, o0, 0)) ¥
1

,LD Ou» e, 0
IL*WIW 3G7 (Oa- o, 0) %

uniformly with respect to & and 7 (recall that L has been defined in (5.8)). To conclude the
proof of Theorem 5.1 we evaluate (¥, L D3G7 (0,4, o, 0)). We have:

hm DiBr(a,e) =

DSQT(Gaaa 0) =
(T2m+1 + am, 0,0, ap, 0) — 5”8“ (Tom41 + m, 0,0, otpy1, 0)
2 (Tom — T + o, 0,0, o, 0)
RO[‘gm (Tom + T + o, )/0( T, s @, 0) — S (T + T+t 0, 0, e, 0)]
G (y(~T) %2 (Ty, — T +am,0 0, &y, 0))
G (y (7)) % (T + T + o, Yo(=T), s i, 0))
G'(y(T)E Ty + T + i, 0,0, e, 0))

0 B
6 Zm

meZ
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Thus:

970 - _
LD:G7 0y, ,0) = Ry [T:(TZm + T +am, yo(=T), am, am, 0)

Az} .
_K(TZm +T +am, 0,0, oy, 0)

G (=T)5E(Tow = T + @, 0,0, @, 0)
G'(y (=T)y-(~T)

(Tom — T + am, 0,0, ay, 0)

Xo(T)y-(=T)

Zm

el
a

+Xo(T) .

" (T) (T, + T + ayy. 0. 0. a1y i}
GG TNTE T + T + o 0,0,a 0))y.+(T)
G'(y(T)y(T)

azgz T T
= Ro 9 (Tom + T + am, Yo(=T), tm, o, 0)

_ 0z _
+Xo(T)R- a;n (Tom — T + iy, 0,0, ay, 0))
o - -
—Ry (Tom + T + o, 0,0, o, 0))y4(T)

de

820 - -
=Ry [T:(TZm + T +am, yo(=T), &, ap, 0)

_ 82_ _
+X0(T)R—T:(T2m =T +am,0,0,am,0)

Az}, . oo
_R+87:(T2m + T + o, 0,0, Um s O)))/+(T)

since RR+ C RRp. Next from Egs. (3.17), (3.21), (4.3) we get:

0
%(sz + T + o, Yo(=T), et oy, 0)
7
= / Xo(T) Xy ' (1)g(t + Tom + am, yo(1), 0)dt,
-
0z, -
¥(sz —T 4+ ap, 0,0, ,,0)
-7
= / P_X"'()g(t + Tom + o, y— (1), 0)dt, (5.38)
Tom—1—Tom—1
dz,} .
W(TZ”’ + T +am, 0,0, ay, 0)
Tom+1—Tom+1

__ / (L= POXT (008t + Tom + s 748, 0)d1.

~
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As a consequence, using also (5.10), we get:
(¥, LD3G1 (0, ¢, 0))
-7
=y / RoXo(T)R_P_X_"(1)g(t + Top + . y— (1), 0)dr
Tom—1—Tom—1

T

+ / RoXo(T) Xy ' (1)g(t + Tom + at, y0(t), 0)dt

-T

Tomt1—Tom~+1

+ / Ry(I— P+)Xjrl(t)g(t + Tom + oy, v+ (1), 0)dt (5.39)

T
Tomt1—Tom+1

= / Y ()g(t + Tom + o, y (1), 0)dt
TZm—l _T2m -1

= / Y (0)g(t + Tom + o, ¥ (1), 0)dt + O (e T TD)

= / Y08 + Tom + am, ¥ (1), 0)dt + O(e?)

where v (¢) has been defined in (5.11). Thus we proved that

1 ~
Br(a, &) = W{M(am + Do) Y }mez + O(e)
1 -
DiB7r(a,¢) = Ly {M/(am + Do)V mez + o(1)

where O (¢) and o(1) are uniform with respect to @ and 7. Now assume that 7 = {7}, } ez
and op = {a?n}mez satisfy the assumptions of Theorem 5.1. We have:

lim B (agp, &) =0
e—0

. 1 ~
lim D1Br (@0, &) = 7 (M (@), + o)V hmez
uniformly with respect to 7. That is || D1 Br(«o, €)|| > 57—~ provided |¢| is sufficiently

2[L* 4| _
small. From the Implicit Function Theorem we deduce the existence of 0 < &, < &g such

that for any 0 # ¢ € (—&,, &) and any sequence 7 = {7} ez that satisfy the assumption
of Theorem 5.1 there exists a unique sequence (7, &) = {o, (7, &)}mez € Z‘)’(o such that
o(7,0) = ag and
Br(a(T,¢),¢) = 0.

Taking 67 () = 67 (x (7, €), €) and

Z,;y']’([s e) ift € [Tom—1 "_‘ ,Bm—l,T(S)’ Tom — ’Z_: + O‘m,T(g)]

2ty =120 7,8 if1 €[Toan =T +an7(), Tom+ T + B 1(e)]
oh 7t 8) i1 € [Ty + T + 1), Tamr1 + B 7 ()]
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we see that z(r) satisfies the conclusion of Theorem 5.1 with &, = «,,(7, ¢) and ,ém =
Bm(a(T, ¢), €). The proof is complete. O

Remark 5.2 Functions M, M’ : R — R are bounded.

Remark 5.3 Following the above arguments, we can consider also cases when m € Z exists
such that either 7; = —ooVj < 2m — 1 or T; = ooVj > 2m + 1. Then Theorem 5.1 is
obviously modified (see (6.6), (6.7) and (6.8) below).

Remark 5.4 Here we emphasize that, during the proof of Theorem 5.1, we only used the fact
that f and g are C? with bounded and uniformly continuous derivatives. We should need
higher derivatives if «g is a degenerate root of M7 (&) = {M (Tam + o)} ez, i.6. When
condition (5.14) fails.

We are now able to give the proof of Theorem 2.2. First we show the following preparatory
results.

Lemma 5.5 For any ¢ # O there exists |e| > v, > 0 such that if a sequence T = {Ty,}mez
satisfies (2.6) then also it holds

|D1g(t + Tom, z,0) — D1g(2, z, 0)| < |e| (5.40)
forany (t,z,m) € R*1 x 7.

Proof of Lemma 5.5 Let e # 0. Take n, € N and v, > 0 as

ng:2|:||D11g||]+l, v 1= oL (5.41)

le] e

and let 7 = {T,, },necz be a sequence satisfying (2.6). Then we derive (see [18]):
|D1g(t + Tom, z,0) — D1g(t, 2, 0)|

1
= ‘Dlg(t-Fsz,Z,O) — ng |:g (t+T2m + ;,Z,O) _g(t‘f'TZm:Z,O)jH
&

1
+ ‘Dlg(t, z,0) —ng [g (t + o Z,O) — g(t, Z,O):H
£

1 1
g([+T2m+‘ ,Z,O)—g(t—i-f,z,O)‘
ne Ne

+ng g (t + Tom, 2,0) — g(t, 2, 0)]
1/ne

<ng / |D1g (t + Toy +n,2,0) — D1g(t + Tom, 2, 0)| dn
0
1/ng

+ng / |[D1g (t +1n,2,0) — D1g(t,z,0)| dn + 2ngve
0

IDyigll
ng

+ng

< + 2n.ve < |e].

The proof of Lemma 5.5 is complete. O

Lemma 5.6 If ¢ # 0 is sufficiently small then for any given sequence {T,,} ez with the
properties of Lemma 5.5, a sequence {a?n}mez € Zj('o exists satisfying (5.14) for some co > 0.
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Proof of Lemma 5.6 Let |M'(a®)| = 4co. We have:
M(Typ + ) = M@) + / YHOIS( + Tam + o, (1), 0) — gt +, y (1), 0)]dt

and hence:

M(Tom + ) — M(@)] < |é] / W (0)lde < 2K5Je]

since |*(1)] < K e %!l for some K > 1 (see (5.13)). Similarly, from (5.40) we get
IM (Tay + @) — M ()] < 2K57e].

Let x/2 > 8 > 0 be so small that M(a® — §;))M(@® + 8) < 0 and |M’ ()| > 2¢q for
o € [e® =81, a®+81]. Then, there is an gy > 0 such that for 0 < |¢| < % and foranym € Z
the equation M (7>, + o) = 0 has a unique solution oz?n = a(Toy) € (@° — 81, a% 4+ 8))
along with |M'(Ta,, + @)| > ¢ for a € [a® — 81, a® + §;]. The proof of Lemma 5.6 is
complete. O

Now we proceed with the proof of Theorem 2.2. Using Lemma 5.6, assumptions of The-
orem 5.1 are verified and consequently, we obtain sequences {&, 7(¢)}, {B,m’]’(é‘)}, and a
unique solution z(r) of Eq. (2.1) that satisfies (2.7). To prove that sup,, 7 |6, 7(¢) — o <
c1le|and sup,, .y, Iﬁm,q—(s) — a9 < ¢|e| assume for simplicity that M (@9 = 4c¢g (a similar
argument applies when M’ (ozo) = —4cp). Then we have, since M'(Ta,, + @) > ¢ for any
o € [og — 81, a9 + 81]:

0

D‘m
2K5 Ve| = /M’(Tgm + 1)dt| = colal —af)
0

hence
(o, 7 (6) — &1 < 1@ (T €) — o | + Iy, — | < cile] + %’0”"' = Cilel.
Similarly we get (possibly changing ¢):
|Bu.7(e) — o < Cilel.

The proof of Theorem 2.2 is complete.

Remark 5.7 By (5.41), we get v, ~ &% in Theorem 2.2.

6 Chaotic Behaviour

Let £ := {e : Z — {0, 1}} be the set of doubly infinite sequences of 0 and 1. We write
an element e € £ as e = {ey}mez. It is well known that £ becomes a totally disconnected
compact metric space with the distance
|e/m — e
d(e’,e”) — Z ml

2lm|+1
me7z
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Let o : £ — & be the Bernoulli shift that is o (e) := {en+1}mez. Set

E:=fec&|inflmeZ|ey,=1}=—o0, sup{m € Z | e, = 1} = 00}
Er:={eecf|infflmeZ]|e,=1}> —o0, sup{m € Z | ey, = 1} = o0}
E_={eecf|infflmeZ]|e,=1}=—o0, sup{m € Z | e, = 1} < o0}
Eo:={ecf|inflmeZ|e, =1} > —o0, sup{m € Z | e, = 1} < o0}

Note that £ ,E_, &4, & are invariant under the Bernoulli shift.
In this section we suppose for simplicity that assumptions of Theorem 5.1 are satisfied
with a technical condition [Jag|| < x /2, i.e the following holds:

(6)) Foranye # 0 sufficiently small thereisasequence 7 = {7}, };yez suchthat T, 1 — T, >
T+1—25""1n |¢| along with the existence of an arg = {oz?n tmez € Z;" with |lagll < x/2
and satisfying (5.14).

Let 7 = {T,,},,cz be as in assumption (C). Assume, first, that e € E. Let {n,}mez be a
fixed increasing doubly-infinite sequence of integers such that e; = 1 if and only if k = ng,.
We define sequences 7¢ = {7, }mez and of = {agf}mez as

. (D ifm =2k
T, = K . 6.1
m Tzni_] ifm=2k—1
and similarly
o = ape . (6.2)
Note T | — T,5 > T 4+ 1 —25""In|e| for any m € Z and Mre() has a simple zero

g, i.e. (5.14) holds with exchanges 7¢ <> 7 and af; <> o. Since |o0¢ ml —aogl < x for any
m € Z, assumptions of Theorem 5.1 are satisfied by Mz (), 7¢ and . Let z(¢) = z(¢, 7¢)
be the corresponding solution of Eq. (2.1) whose existence is stated in Theorem 5.1. Then
z(1) satisfies

sup 2 —y-(t = T3, —op)l < p
telem71+ﬁ;71,T2€m—T+a;’nJ
Csup ) =l =TS, —ag)l < p (6.3)
telTy, —T+ag,, Ty, +T+BG]
sup lz(t) = v+t = Ty, — Byl < p,

te[Tng+T+ﬂﬁl ’ Tzeerl +'le]

where the sequences a® = {af,} ez and B¢ = {B }nez are determined as in Theorem 5.1
(note here we remove hats for notational simplicity).

Now, consider the sequence 7¢, := nt, 41 instead of n¢, and denote with Te, &e, Ee and
a the corresponding sequences:

e ~¢ e ~0e Oe
T =T, m+2s % = i1y ,3 - le+l’ O =y (6.4)

Then M7.(«) has a simple zero ag and Theorem 5.1 is applicable. But clearly z(z) =
z(t, T ¢) satisfies the same set of estimates (6.3) and hence, because of uniqueness, z (z, T ‘) =
z(t, T°) depends only on e and 7 (and not on the choice of n¢,). So we will write z(¢, 7, e)
instead of z(z, 7°).
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Now, assume that e; = 1. Then j = n;, for some m € Z and (6.3) gives, provided |¢] is
sufficiently small:

2(T2j) = yo(=aDl < 12(T2)) = yo(—a)| + Iy (=) — yo(—a))]

. . 3
< p+sup o) ey, — o] < p+erlelsup ()] < 2p
teR teR

since T, = T»j. On the other hand, if e; = 0, let m € Z be such that nj, < j < nJ,
Thenn;, , — 1> j>n; +1andso

+1°

Toj = Tong, — T — By = Tong42 — Tang, — T — llaol| — c1e]
>T+2-45""In|e| — ol — c1le| > O
and

Tpgr + By —T2j = Tope 1 — Tone, —2 — llaoll — c1le]
>T+1-28""Inle| — ||l — c1le] > O

for 0 < |e] < 1. Consequently, we have T»; € [T{'m +T + B, T+ ﬂ;], and using
(6.3), we get

3
12(T2))] < 12(T2)) = y+(Taj — Tong, — Byl + |y (T2j — Tong, — Byl < 5P

since Taj —Tane — By = Tone 42— Tone —llaoll—cile| > 2T +2—45""In |e|—[lag || —c1le]| >
1 for 0 < |e] < 1, and thus |)/+(T2j — Tone, — ,3,‘;’1)‘ < p/2.So0 z(t, T, e) has the following
property

2(T2)) = yo(=aD)| < 3p ifej =1

. (6.5)
2(T2)] < 3p ifej =0

Next, assume e € £ and letagain {n{, },,c7 be a fixed increasing sequence of integers such
that e = 1 if and only if k = n, and lim,,_, « n{, = oco. Corresponding to this sequence,
we define 7¢ as in (6.1) and then we obtain «¢ and B¢ as in (6.3) with the difference that
T, = —ocand ay, = B, = 0 for any m < 2m where m is such that ¢, = 1and e; = 0 for
any j < ny,. According to this choice, by Remark 5.3, we obtain a solution 2(t) = z(t, T°)
of Eq. (2.1) that satisfies (6.3) when m > m whereas for m = m it satisfies:

sup lz(t) —y—(t = Tyy — )| < p
te(—00,Tg; —T+af]
Csup |z =yl — Ty —ai)l < p (6.6)
telTy; —T+ay,, Ty +T+pB5]
sup lz(t) = v+t — Tz — B3I < p.

[T +T+B5 Te 1 +85]

Note, then, that if we take, as in the previous case, 1%, = n;H and 7¢, &, E“’ as in (6.4),
then (6.3) holds with T¢ instead 7, provided m > m — 1 whereas (6.6) holds with f;(’ﬁf 1
and Tfrﬁ_l instead of Ty, and T, 1 respectively. So in this case too we see that z(#, 7¢) =
z(t, T, e) depends only on (7, e) and not on the choice of the sequence #;,. Moreover, (6.5)
holds also in this case. In fact if either ¢; = 1 or ¢; = 0 and there exists m € Z such that
ny, < j <n;, . the same proof as before goes through. If, instead, ¢; = O and j < n;, then

the estimate |z(T2;)| < %p follows from the first estimate in (6.6) since 2j < 2ny, —2 and then
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T3 =Ty —op < Tf,,fh_z— Tone +llaoll +c1lel < =27 —2—45""In [e|+ [laol|+c1]e] < O
for0 < |e| <« 1.

Similarly, if e € £_ then by Remark 5.3, we obtain a solution z(¢) = z(¢, 7°¢) of Eq. (2.1)
that satisfies (6.3) when m < m whereas for m = m it satisfies

sup |2(t) — y—(t = T —a)l < p
te(Tss | T5—T+as]
Csup 20— — Ty —af)] < p 6.7)
te[Ty; —T+as, Tss+T+B5]
sup lz(t) — ya-(t = Toz, — B)l < p.

te[T§,+T+pE,00)

An argument similar to the previous one (in this case, we can take for example 7§, = n{,_ )
we see thatz(z, 7¢) = z(t, 7, e) depends only on (7, ¢) and not on the choice of the sequence
ng, and (6.5) holds.

Next, assume that e € & with e # 0. Then there are m_ < m such that e = 0 if either
k<n ork> nfn+ and Eq. (2.1) has a unique solution z(¢, 7¢) such that (6.3) holds when
m_ < m < my whereas when either m = m_ or m = m it satisfies

sup lz(t) —y—(t = T3, —ay )l <p
1e(—00,Tf; —T+as 1
_sup i [z(t) =yt = T35 —ap)l <p
telTy, —T+af Tya +T+BS 1
~sup l2(t) = y4(t = Tgy, =By )l <p
1€lTy; +T+B5 Trs o +B5 ]
(6.8)
sup l2(t) —y-( —Tpp, —ag )l <p
1€y, 1 To, —THog,
_sup i l2(t) =yt = Ty, —ag )l <p
’E[Tfm—T"'“fm»Tfm‘*‘T"‘ﬂiq
sup l2(t) =yt = To, — B )l < p.
te[T§m+T+ﬂfﬁ+,oo)

Moreover z(t, 7¢) = z(t, 7, e) depends only on (7, e) and not on the choice of n¢, and (6.5)
holds.

Finally, if e = 0, thatis ey = O for any k € Z, by [4, Remark 2.14] we define z(¢, 7, 0) =
u(t) as the unique bounded solution of (2.1) such that

sup lu(t)| < p. (6.9)
teR

Now we are able to prove the following theorem:

Theorem 6.1 Let assumptions (H1), (H2), (H3) and (C) be satisfied. Let p > 0 be small.
Then for any ¢ # 0 sufficiently small and for any e € &, Eq. (2.1) has a unique solution
7(t, T, e, €) that satisfies one among (6.3), (6.6), (6.7) or (6.8) and hence (6.5). Moreover,
setting T® = {Ty+2k 3 nez, we have

26, T D o (e),e) = 2(1, T®, e, ) (6.10)

foranyt e Rande € £.
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Proof We only need to prove that (6.10) holds. Since z(t, 7, e, €) does not depend on the
choice of {n, },nez we see that we can take n5,© = n¢, — 1 and then, setting 7/ = {Ty12}mez,

we have, if m = 2k:

T = Tygio = g = 5

and, if m =2k — 1:
Tz’ifﬂ) = Tz,lz@hr] = Tong—1 = Ty
that is
T = T7° 6.11)

Hence we see that, for any r € R and any e € &, the following holds

2(t, T o), &) =z(t,7,e, ¢). (6.12)
Now, from the definition of 7® we see that 7**+D = 7®) thus (6.10) follows from (6.12).
The proof is complete. O

Now we define Fy : R” — R” so that Fy(§) is the value at time 7> (t+1) of the solution
z(t) of Eq. (2.1) such that z(Tp) = &:

2= fa(z) +eg(t,z,8), z(Tu) =§ (6.13)

and let @y (e) := z(Tox, TP, e, £). Note that, according to assumption (H2), Fj is certainly
defined in neighborhood of the compact set {y (¢) | t € R} U {0}. Then we have:

Dy100(e) = 2(Togrny, TV, 0 (e), &) = 2(Dos1), TV e, )
= F(2(To, T®, e, £)) = Fy o Dr(e). (6.14)
Note that (6.14) can be stated in the following way. Let
S = {(z(Tgk,T(k), e.6)|ee 5} . kez

It is standard to prove (see [22]) that Sk are compact in R” and &y : £ +— Sj are continuous
and clearly onto. Moreover, by (6.14), all Fy : Sy — Sk41 are homeomorphisms.

Next, let e, ¢’ € £ be two different sequences in €. Then there exists j € Z such that, for
example, ¢’; = 0and e; = 1. From [—x /2, x/2] C [=T, T] and (6.5) we see that

|2(T2j, T, e.6) —2(T2j, T, €, )| = ‘VO(—(X?)‘
—|emy. T.e0) = (—a))| = |22, T )
> [w(=ap)| =3p = min_|y()|—3p >0
te[-T,T]
provided p is sufficiently small. As a consequence z(T»;, T, e, &) # z(T»;, 7T, ¢, ¢) and,
since both are solutions of the same Eq. (2.1):
2(t, T,e,e) #z(t,T,¢,¢) (6.15)

for any t € R. Thus we have proved that the map e — z(¢, 7, e, €) is one-to-one. Hence if
@y (e) = Pi(e') then e = ¢’ since otherwise:

P(e) = 2(To, T®, e, 8) # 2(To, TV €', ) = Dy (e).

So @ : £ — S is one-to-one and a homeomorphism for any k € Z.
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Summarizing, we get the next result.

Theorem 6.2 Assume (H1), (H2), (H3) and (C) hold. Then for any ¢ # 0 sufficiently small,
the following diagrams commute:

£ £
Dy l l¢k+l
Sk Sk+1

Fy
forall k € Z. Moreover, all @ are homeomorphisms.
Sequences of 2-dimensional maps are also studied in [26].

Remark 6.3 We improve (6.3) as follows. First, assume that e; = 1, and e; | = 0. Then, if
J = n, we have nz_H > ny + 1 and then if

208, —1)
t€ (Tangyr + BE Tang -1 + B =V ane oy 1T + B Tjn + B

we have t € [T, + T + B{, T5; ., + B¢l and

t =Ty — B{ € [Tang 41 — Tongs Tong, -1 — Tang] (T + 1257 In J¢], 00)

and hence if ¢ is small enough that |y_(1)| < p forany ¢ > T +1—25""1In |e|, by (6.3) we
get:

sup lz(t) —u()| < 3p
telTj+B; . Tj+1+B;]

forany j € {2n; +1,...,2(n;; — D}. On the other hand

sup 2 =y =Ty —ap)l < p
te[TZni—l+ﬂlf—l’T2nZ +T+B;]
sup |2(t) =y (t = Tane — B < p

1€l +T+5f, Tong +17+6¢]

that is for t € [T; + B, Tj+1 + B;] the solution z(¢) is close either to the homoclinic orbit
y (¢) or to the bounded solution according toe; = 1 ore; = 0. The casese; = 0,¢;41 =1
and e; = e = 1 can be similarly handled.

6.1 The Almost and Quasi Periodic Cases

In this section we assume that g(¢, x, ¢) is almost periodic in ¢ uniformly in (x, &) that is the
following holds:

(H4) For any v > 0 there exists L,, > 0 such that in any interval of a length greater than
L, there exists 7, which is an almost period for v that is satisfying:

gt +T),x,8) —gt,x,e)| <v

for any (¢, x, &) € R"*2,
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In this section we suppose the existence of a simple zero . of M (e). Then following the
arguments of the proof of Theorem 2.2 we see that for any ¢ # O sufficiently small there is
a sequence 7° = {7,y };nez such that Ter_] -T5 > T + 1+ 4|a®| — 256~ In|¢| along with
the existence of «® = {o}, }mez € €% with [of|| < 2|a%| and satisfying M5, + o) =0
for any m € Z and inf )¢z IM’(Tfm + a;,)| > co for some ¢p > 0. Then taking 75, =
Ty, +op, Toan_1 =T,, ,and ag = 0, assumption (C) is satisfied. So applying Theorem
6.2, system (2.1) is chaotic for any ¢ # 0 small. Summarizing we obtain the following
theorem.

Theorem 6.4 Assume that (H1)-(H4) hold and that the almost periodic Melnikov function
M(a) has a simple zero. Then system (2.1) is chaotic for any € # 0 sufficiently small.

Next, itis well known (see [13,21,23,25]) that near the hyperbolic equilibrium x = 0 of the
equation x = f_(x) there exists a unique almost periodic solutionof x = f_(x)+¢g(t, x, €).
More precisely, given p > 0 there exists € > 0 such that for any |¢| < & equation x =
f-(x) 4+ eg(t, x, &) has a solution u(t) = u(t, €) such that |u(t)| < p forany t € R and it
is almost periodic with common almost periods as g(¢, x, €), i.e. assumption (H4) holds in
addition with

lu(t +T)) —u(t)] < v Vm e Z

for a positive constant ¢y. Note that u(r) is the bounded solution of X = f_(x) + g(t, x, €)
mentioned in (6.9). Thus the conclusion of Remark 6.3 holds with the further property that
u(t) is almost periodic.

Results of this section generalize the deterministic chaos of [21,23,25,26] to the discon-
tinuous almost periodic system (2.1).

Finally, if g(, x, €) is quasi periodic in ¢ that is the following holds:

H5) g(t,x,¢) = g(wit, ..., oput, x,€) for wy,...,w, € Rwithg € Cg(R”H'"H, R™)
and g(01, ..., 0y, x,¢) is 1-periodic in each 6;,i = 1,2, ..., m. Moreover, w;,i =

m
1,2,...,m are linearly independent over Z, i.e. if > Lw; = 0,; € Z,i =

i=1

1,2,...,m,thenl; =0,i =1,2,...,m.
Then g(t, x, ¢) satisfies assumption (H4) [18,21] and hence the conclusion of Theorem 6.4
holds.

6.2 The Periodic Case

Here we assume that g(r + p, z, &) = g(t, z, €) that is g(¢, z, ¢) is p-periodic. Then M («)
is also p-periodic. We suppose the existence of a simple zero a of M (a). Then Theorem
2.2 is applicable with 7, = mT and 2T =rp forr > 1,r € N. So:
Te _ 2nT if m =2k

m @n{ = DT ifm=2k—1.

o(e) _

Since we can take n,, = = n§, — 1 we see that
2n{T —2T if m =2k
ale) — k —T¢ _
T _[(Zni—l)T—ZT itm=2k—1 = Im =

forany m € Z. Again we denote with z(t) = z(¢, 7, e) the solution of Eq. (2.1) corresponding
to the sequence 7°. Then Z(t) := z(t + 2T) satisfies the equation

2= f+(2) +eg(t, z, ¢)
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together with the estimates:

sup 1Z(t) — y—(t — T3\ —at)| < p
IE[TZ(;EL)—)I 5171’T23,£€)*T+‘151]
sup 1Z@) — ot = T —al)| < p (6.16)
relTy, " ~T-+ag, T3, +T 455,
o(e) e
sup 1Z(@) —y+(t =Ty, — Bl < p.

1elTy, 4T+ T3, 5]
Thus, because of uniqueness:
a(T% &) =a(T°9,e) € L°(R), B(T e) =BT, ¢) € (X(R)
and z(t + 2T, 7T, e, &) = z(t,7T,0(e), €). Thus, using (6.10) and recalling that Ty = kT
2Ty, T e ) = 2(Tok, T (5 (e), 8) = 2Tk, TV e, )
that is we see that
Pr(e) =P(e), Sk=98

are independent of k. Similarly, because of uniqueness and periodicity, the value at the time
Tr(k+1) = 2(k + 1)T of the solution of (6.13) is the same as the value at time 27 of the
solution of

2= fr(2) +eglt,z,8), z(0)=§
that is also Fy(£) = F (&) are independent of k and we have:
DPoo=Fod.

Summarizing we arrive at the following result.

Theorem 6.5 Assume g(t + p,z,¢e) = g(t,z,¢) thatis g(t, z, €) is p-periodic. If ¢ # 0 is
sufficiently small and there is a simple zero a® of M(c) then the following diagram commutes:

£ &
S S

Here F = @] = @g 0 --- 0 @ (r times) is the rth iterate of the p-period map ¢, of (2.1),
reN,r>1.

o

F

Theorem 6.5 generalizes the deterministic chaos of [12,22] to the discontinuous periodic
system (2.1).
7 Quasi Periodic Piecewise Linear Systems
In in section, we consider the example

- [Ax + e (g1 sinwt + g2 sinwyt) fora-x <d, a1

Ax +b+¢e(gysinwit + gasinwnt) fora-x > d

@ Springer



532 J Dyn Diff Equat (2011) 23:495-540

of a quasi periodically perturbed piecewise linear 3-dimensional differential equation. Here
d>0,w12>0,a,x,812€ R3, 3 - x is the scalar product in R3.
Moreover, we consider the system (7.1) under the following assumptions

(1) A is an 3 x 3-matrix with semisimple eigenvalues A, X> > 0 > A3 and with the
corresponding eigenvectors ej, €3, €3.

(i) Let b = Z?:] biej and a; := a -e;,i = 1,2,3. Then a;, b3 > 0,a3,a3 > 0 and
b1, by < 0.

Remark 7.1 Certainly we can study more general systems

m
Ax +¢ D grsinwgt fora-x <d,
¥ = k=1
m
Ax+b+e > gisinayt fora-x >d
k=1

but for simplicity we concentrate on (7.1) in this paper.

If either g1 = 0 or go = 0 or the ratio g—; is rational, then we get the periodic case studied
in [4]. Theorem 6.5 of this paper, however, improve the result in [4] in the sense that here we
obtain chaotic behaviour of the solutions. Thus, we focus here on the case

(1) g1 # 0, g2 # 0 and w1 /w; is irrational.

Given the vectors in R3: x = Zle xie;j and y = 21-3:1 vie; we define

3
(x, ) =D xiyi.
i=1

Then (x, y) is a scalar product in RR? that makes {e1, e, e3} an orthonormal basis of R3. From
now on we will write also (x1, x2, x3) for the vector x = Z?zl x;e; and hence we identify
e1, ez, e3 with (1,0, 0), (0, 1, 0), (0, 0, 1) respectively.

Writing x = Z?:l xjej and g; = Z?:] gjiei, j = 1,2, (7.1) has the form

Aix; + € (g1i sinwit + go; sin wat) for (a,x) <d,
Xi = 4 Aixi +bi +¢e (g1 sinwit + gy sinwpt)  for (a,x) >d, (7.2)
i=1,2,3

where a = Z?:] aie; and G(x) = {a,x) —d := 23:] ajxj —d. Hence
3
Q= ((xl,xz,x3) eRY| Y aix; < d],
i=1

3
Q= ’(Xl,xz,x3) eR| D aix; > d].

i=1

The following result is proved in [4].
Proposition 7.2 If conditions (i)—(ii) and the next ones
azby(e3T — 1) = dis

2, ajb 2T
> Pl — 1) =d
j=1

(7.3)
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hold, then system

AiX; for (a,x) <d,
X;i =1 Aixi +b; fOV (a,X) >d, (74)
i=1,2,3

has a homoclinic orbit to x = 0:
y-) ift<-T
y® =y if -T<t=<T
y+@) ift=T

where
v (1) = ekl(t+f) (e—lef _ 1) ﬁ exz(z+f) (e—zxzf _ 1) bj 0
n wn )

yo(t) = ((exl(t—f") _ 1) %’ (ekz(t—f") _ 1) %’ (exz(uj) _ 1) %) ’

d —
v+ (1) = (0, 0, — e““—“) ,
as
and conditions (H1), (H2) and (H3) are satisfied.

Moreover, we have [4]
S’ = span{(az, —ay, 0)},
er(t+T) 0 0

Xo(t) = X_(1) = 0 e+ o : (1.5)
0 0 eh3t+T)
=T 0
Xi(t) = 0 ekt ¢ : (7.6)
0 0 e)»3(1—f)
as elef_
Xo(T)S" = span{wp}, with wq:= | —q 2T |, (7.7
0
R (a,w) . (T)
ow = w — ——o(T),
(a, yo(T))
(a, w) -
=—y+(T), (7.8)

Using the above formulas we obtain (see [4])
Proposition 7.3 Let assumptions (i)—(ii) hold and suppose (7.3) is satisfied. Then the func-

tion Y (t) of (5.11) for the system (7.4) reads

e ) (A3 a A Rowo)es ift <-T
la/? (T T 7
(0 = | T Xo (=010 A Rowo] if T <1 <7 19)

2 ) _
%X+1(t)[e3 A Rowo] ift >T
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where Xo(t), X4 (t), wo, Ry are given by (7.5), (7.6), (7.7), (7.8), respectively, and

Az = RoXo(T)R_e3. (7.10)

The computation of the vector A3 is really messy even in an example as simple as this,
so we don’t proceed further with its computation now, but will do it later when we fix some
particular values of the parameters.

So we are in position to apply Theorem 5.1. Writing g; for the vector (g1 gj2 &j3), we
get the Melnikov function (5.12)

M(a) / [sinw1(t + )y *(1)g1 + sinwa (1 + ) Y™ (1) g2] dr

—sin(a(m)/cos(a)1t)1//*(t)g1 dt+cos(aw1)/sin(w1t)1//*(t)g1 dt (7.11)

+ sin(aw,) / cos(wat)Y*(t) g dt + cos(aws) / sin(wyt) Y™ (t) g, dt

= Ay(w) sin(w1a + @ (w1)) + Az(w2) sin(wra + @2 (w2))

where

00 2 00 2

Aj(w;) = /coswitw*(t)gidt + /sinwitw*(t)gidt

o0 o0
fori =1, 2. Now we consider the following two possibilities:

1. Either Aj(w1) # 0, A2(w2) = 0 or Aj(w1) = 0, A2(w2) # 0. Then M(«) has the
simple zero g = —w; (w;)/w;i, i = 1, 2, respectively.

2. Ap(w1) # 0 and Ax(wp) # 0. Let s; := sgnA;(w;) € {—1,1},i = 1,2. Then
siw1A(w)) +s20p A (w3) = wi|A(w1)|+wz|Az(w2)| > 0. Since cos %n =s; and
sin 1—2s,» w =0fori = 1,2 and w /w; is irrational, from [18] the existence follows of «
(as a matter of fact infinitely many o exists) such that w; oo + @; (w;) are near to 172‘” b4
modulo 27,i = 1,2, and M(ag) = 0 while M'(ag) > StAr@dtnmM@) o

Hence also in this case we have a simple zero of M(«).

Consequently if Aj(w;) and A{(w1) do not vanish simultaneously, Theorem 6.4 applies and
we conclude that (7.1) behaves chaotically for any ¢ # 0 sufficiently small. Next, we note
that A; (w;) # 0 if and only if

o0

;i (w;) 1= / e~y (1) g; dt # 0. (7.12)

—0o0

We know that @; (w) are analytic. Consequently, when functions @; (w) are not identically
zero, they have at most countable many positive zeroes with possible accumulations at +oo
[24]. Summarizing, we get the following result.
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Theorem 7.4 Let assumptions (i)—(iii) hold and suppose (7.3) holds. When @1 (w) and @, (w)
are not both identically zero, then there is an at most countable set {w;} C (0, 00) with pos-
sible accumulating point at +00 such that if wy, w2 € (0,00) \ {®;} then system (7.1) is
chaotic for any ¢ # 0 sufficiently small.

Since in general, the above formulas are rather difficult, now we consider the following
concrete example still following [4].

Example 7.5 We take

ar =0, apy=a3=1, A =2, =1 IMm=-1

by =by=-1, bs=1, d=3/4. (7.13)
Then we have (see [4]) T =In2and:
Bilw) = — oSO gin + gi3) +1( ) (7.14)
(W) = — w(g; i 1(gin — gi3)) . .
i 3((02 TN 8i2 T &8i3 8i2 — &i3

So for the parameters (7.13), ®@; (w) is identically zero if and only if g;» = g;3 = 0. Otherwise,
it has only the simple positive zeroes w; = mj/In2, j € N. As a consequence of Theorem
7.4 we get the following

Corollary 7.6 Consider (7.1) with parameters (7.13) and iii) holds. If either gi» # 0 or
gi3 # 0 for somei € {1,2} and w1, w> # 7wj/In2,Vj € N then system (7.1) is chaotic for
any ¢ # 0 small.

Example 7.7 On the other hands, for the following set of parameters

ai=ay=a3=1, by =by=-1, b3=13/8,
rM=2, =1, xm=-1, d=239/32,

we get (see [4]) T =In2 and

(7.15)

2671013 . 41% — 10)(gi1 + 2gi2 + 810 + ginw? — 28i3 + w?gi3 — 1(gi2 + 38i3)®)

®(w) =
17(w —1)(w—21)(1 —1w)

fori = 1, 2. Clearly, for the parameters (7.15), @; (w) is not identically zero. If gj» # —3gi3

then @;(w) has no positive roots. If gi» = —3g;3 then @;(w) has the only positive root
wi1 = %ﬁﬁ provided % > 0. As a consequence of Theorem 7.4 we obtain the
following

Corollary 7.8 Consider (7.1) with parameters (7.15) and iii) holds. If one of the following
conditions is satisfied

. g2 # =383,
. &2 = —3gi3, &1 = 283 75_0:8 _
. 8i2 = —38i3, i1 # 28i3, 5188 <0,

28i3—8il
— i1—8gi3 i1—8gi3
. 82 = =383, 811 # 2813, Sy o > Oand w; # || 555,

Jor some i € {1, 2} then system (7.1) is chaotic for any ¢ # 0 small.

Remark 7.9 Parameters (7.13) and (7.15) give Examples 7.5 and 7.7 for which &;(w) is
either identically zero, or it has infinitely many positive roots, or it has no positive roots, or
it has finitely many positive roots.
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Remark 7.10 If @1(w1) = 0 and @3 (w;) = 0 then M(«) is identically zero then a second-
order Melnikov function must be derived as in [3]. But those computations should be very
awkward for (7.1), so we omit them.

Finally when g; # 0, g2 # 0 and w; /w> is rational, then we get different situation. For
instance, consider Example 7.5 with w; = 1, wy = 3 and gj» = gi3,i = 1, 2. Thus (7.1) is
2y -periodic and

1 4
M(a) = @1(1)sina + @2(3) sin 3o = sinw — 3 sin 3o = 3 sin’ o

provided @((1) = 1 and #>(3) = —%. From (7.14) we derive

3
8124 813 = e n(n2)’
5
822 % 823 = 3o G BIn2)’

Then the Melnikov function is M («) = % sin® o and it has only the zero og = 0 in [—7, 7]
which is nonsimple but it has Brouwer index 1. So Theorem 6.4 is not applicable, but we still
could get a chaos for (7.1) with ¢ # 0 small as in [2].

Acknowledgments F. Battelli was partially supported by G.N.A.M.P.A. - INdAM (Italy) and PRIN-MURST
Equazioni Differenziali Ordinarie e Applicazioni. M. Feckan was partially supported by PRIN-MURST
Equazioni Differenziali Ordinarie e Applicazioni (Italy) and the Grants VEGA-MS 1/0098/08, VEGA-SAV
2/0124/10.

Appendix A
Proof of the Properties (G1)—(Gs)

Here we prove the properties (G1)—(Gs) of the maps gr 0, a, 8),_ Ly m and Ha. First we
prove G1). From (3.16), (3.19), (4.1), and G (y+(£T)) =0, y+(£T) = yo(£T), we get

Vi (Toms1 — Tom) — v—(Tomy1 — Tomy2 + @ — oty )
0

G7 (Oa, @, 0) =

(=N el le)

meZ
Now, for ¢t > T we have

oo

o0
ly+ (O] < / 74 ()lds < / ke =Dy (T)lds = k8™ e =D |y, (T))
t t

and similarly

ly— ()| < k871D |y (—1)|
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for any < —T. Thus

Y+ (T2ms1 — Tom) = Y—(Tomi1 = Tomy2 + 0t — &g )| <
ks~ e 8 Tmt1=Tom=D) |y (T)| + ks~ S Pomt1=Tomi2+ T+ |p_(—T)| <

2ks~1 =TT max(|y— (= D)1, y+ (D)
from which (G) easily follows. Similarly we get:

J}f(TZer] - T2m+2 + oy, — am+l)(&m+l - am)

d
7[gT(90(7 o, O)]& =
da

cReleBoNe]

mez

that proves (G3). Next, from Propositions 3.6, 3.8, 4.1, the equality Royo(T) = 0 and the
identities
P_XZ (Tom1 = Tom — D, = X2 (Tam—1 — Tom — Doy,
(A1)
= PO)XT (Tomi1 = Tom + Dy = X7 (Tomgt — Tom + Doyt

(that follow from ¢, € RP_ ,,, <p,J,I € NPy ), we see that the derivative D1G7 of G with
respect to 6 € £5°,  at the point (6, «, 0) is given by

0.,

~ ﬁa(w,;“’ W:n_a %_,;_;,_17 Srjl_’ ém’ Bm)
En — &y — X (Tan—1 — Tow — Doy,
Ro[Xo(D)&n — &F = X3 (Tami1 — Tom + Depyh]
G (o(=T)I&y + X~ (Tam—1 — Tom — Dy
G'(no(T)) - [Xo(T)em + y0(T) B
G (e (D)) - &5 + X7 (Dot — Tom + D1 )

D1G7 0y, 0, 0)0 =

where 8 = {(¢,,, ©,F . &Er s E5 s Ems B)Imez and

Loa@pyt> P it &m s Emos Br) = X4 (Tamy1 — Tam)&,r
—X_(Tom+1 — Tom+2 + &tm — dm+1)E, | — V—Tom+1 — Tomt2 + ot — Q1) B
+X 4 (Tamy1 = Tom) (A = POXT (Tomi1 = Tow + Dy
—X_(Tomr1 — Toms2 + tm — @ns1) P-X " (Tomgt — Tz — Dy

Then, using again (A.1) we obtain:
’XII(TZmH Ty, + 1)%4"-’ < ke—S(T2m+l—T2m—T+l)|¢n—&1—| < ke—S(T—T+2)|(p’jl-|

X2 Tonot = T = Dy | = ke8P T HImD gy < jeemd T2 0,
(A.2)

Moreover,

X+ (Poms1 — Tom)E) | = |1 X4 (Tams1 — Tom) P X7 (THET| < ke T =TT F
(A3)
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and, since |0, — @py1| < 1 implies that Topi0 — Tomil — O + Qg1 = T > T

| X—(Tom+1 — Tom+2 + m — am+l)§,;+1|
= |X_(Tomt1 — Tamgz + & — amy) (A — POXZ'(=T)E, ||

—S(T—-T _
<ke?T Dl ),

[V—(Toms1 — Tomg + i — 0ty 1)] < ke_a(T_T)|)}—(_T)|

(A.4)

for any m € Z. Next,

X_(Toms1 — Toms2 + @ — oy 1) P-XZ (Dot — Tomyn — D@,
€ RP_(Tom+2 — Tom+1 — @ + Amt1),
X (Tomg1 — Do) A — POXT (Tomgr — Tom + Doy
eENP (Tans1 — Tom),

and (see (2.9))
NPL(Toms1 — Tom) ® RP—(Toms2 — Toms1 — m + at1) = R™.
Hence the linear map
Lam : @yt 0) = X4 (Tomgt — Ton) A= POX T (Tomgt — Tom + Do
—X_(Toms1 = Toms2 + o — 1) P- X~ (Tomg1 — Tomia — Dy

is a linear isomorphism from RP_ ;11 & NPi, = R” into NPy (Toms1r — Tom)
RP_(Tom+2 — Tom+1 — @ + am41) = R” whose inverse is given by:

Lot @i &) > X (Tamgt — Tom + DA — POXT (Tomst — Tom) G
—X_(Tom41 — Tomsz — DP_XZ" (Tos1 — Tomso + ot — Xnt1) Py 1 -
Then we note that (see (2.3)):
X (Tams1 = Tomsz = DP-X" (Toms1 — Toma + tm — 1)@ |
< keltammamig | < ke T0IG,
X (Toms1 = Tom + DA — POXT (Tomgt — Tom)Gpy | < k€01G, |
and

%La,m((pn_prlv ¢n+1)a =—f_ (- (Toms1 — Toms2 + 0y — Qy1)) -
X _(Toms1 — Tomg2 + 0ty — Olm+])P—X:1 (Tom+1 — Tom+2 — 1)§0,;+1(am — Ut1)-

Thus we obtain (see also (2.10)):
Lom@mprs 01| < kel + ke 01pm | < kClgf + ¢ |

-1 = § S(1 — ~ .28 —
ot @i o) < k1ot +kSTH01G- | < kEeP g + ¢
9
+

|5 Lom @1 3] < 2N-_Klg,, |
for N_ := sup,cpn | f=(x)]. So, using also %Lﬁ;ln = E;}n o %La,m o L;}n we see that
(G3) holds. Next, using (A.3), (A.4):
| Lo @1 O Erits Eut s s B) = Lam @1, 00|
< ke TD@ 4 |y_(=T))|6] (A5)
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(recall 0 = {(¢,,, go,ﬁ, . ,,J{, §m, Bim)}mez). Furthermore it is easily seen that

%[’a,m ((/),;4,1 s Wrt)

0
57'{&0 = 0
0

0

mez

and so (G4) readily follows from (G3). Finally, (Gs) follows from

[D1G7 (04, ¢, 0) — Ho10 .
E‘)‘((pr;+l’ anta 5,;_;,_1, S;,r, Em> Bm) — [/a,m(q),,_1+19 ‘Prj;)
~X_'(Tow—1 = Tom — Doy,

_ —RoX3 (Tamy1 = Tom + Dy (A6)
G ((=TNXZ (Tom—1 — Tan — Dy ’
0

G (Y (TN XZ (Poms1 — Tom + Doyt

meZ

(A.2) and (A.5) with

3 1= max {2+ [y_ (=D, [Rolle ™, |G’ (y(T) | e, |G (yo(=T))| e 2}

References

1. Awrejcewicz, J., Feckan, M., Olejnik, P.: Bifurcations of planar sliding homoclinics. Math. Probl.
Eng. 2006, 1-13 (2006)

2. Battelli, F.,, Feckan, M.: Chaos arising near a topologically transversal homoclinic set. Topol. Methods
Nonlinear Anal. 20, 195-215 (2002)

3. Battelli, F., Feckan, M.: Some remarks on the Melnikov function. Electron. J. Differ. Equ. 2002,
1-29 (2002)

4. Battelli, F., Feckan, M.: Homoclinic trajectories in discontinuous systems. J. Dyn. Differ. Equ. 20,
337-376 (2008)

5. Battelli, F,, Lazzari, C.: Exponential dichotomies, heteroclinic orbits, and Melnikov functions. J. Differ.
Equ. 86, 342-366 (1990)

6. Brogliato, B.: Nonsmooth Impact Mechanics. Lecture Notes in Control and Information Sciences, vol.
220. Springer, Berlin (1996)

7. Chua, L.O., Komuro, M., Matsumoto, T.. The double scroll family. IEEE Trans. CAS 33,
10731118 (1986)

8. Coppel, W.A.: Dichotomies in Stability Theory. Lecture Notes in Mathematics, vol. 629. Springer,

New York (1978)
Deimling, K.: Nonlinear Functional Analysis. Springer, Berlin (1985)
Feckan, M.: Chaos in nonautonomous differential inclusions. Int. J. Bifur. Chaos 15, 1919-1930 (2005)

. Gruendler, J.: Homoclinic solutions for autonomous ordinary differential equations with nonautonomous

perturbations. J. Differ. Equ. 122, 1-26 (1995)

Guckenheimer, J., Holmes, P.: Nonlinear Oscillations, Dynamical Systems, and Bifurcations of Vector
Fields. Springer, New York (1983)

Hale, J.K.: Oscillations in Nonlinear Systems. McGraw-Hill, Inc., New York (1963)

Kukucka, P.: Melnikov method for discontinuous planar systems. Nonlinear Anal. Theory Methods
Appl. 66, 2698-2719 (2007)

Kunze, M., Kiipper, T.: Non-Smooth Dynamical Systems: An Overview, Ergodic Theory, Analysis and
Efficient Simulation of Dynamical Systems. pp. 431-452. Springer, Berlin (2001)

Kuznetsov, Yu.A., Rinaldi, S., Gragnani, A.: One-parametric bifurcations in planar Filippov systems. Int.
J. Bifur. Chaos 13, 2157-2188 (2003)

Leine, R.I., Van Campen, D.H., Van de Vrande, B.L.: Bifurcations in nonlinear discontinuous sys-
tems. Nonlinear Dyn. 23, 105-164 (2000)

@ Springer



540 J Dyn Diff Equat (2011) 23:495-540

18. Levitan, B.M., Zhikov, V.V.: Almost Periodic Functions and Differential Equations. Cambridge University
Press, New York (1983)

19. Lin, X.B.: Using Melnikov’s method to solve Silnikov’s problems. Proc. R. Soc. Edinb. 116,
295-325 (1990)

20. Llibre, J., Ponce, E., Teruel, A.E.: Horseshoes near homoclinic orbits for piecewise linear differential
systems in R3. Int. J. Bifur. Chaos 17, 1171-1184 (2007)

21. Meyer, K.R., Sell, G.R.: Melnikov transforms, Bernoulli bundles, and almost periodic perturba-
tions. Trans. Am. Math. Soc. 314, 63—-105 (1989)

22. Palmer, K..: Exponential dichotomies and transversal homoclinic points. J. Differ. Equ. 55,
225-256 (1984)

23. Palmer, K.J., Stoffer, D.: Chaos in almost periodic systems. Z. Angew. Math. Phys. (ZAMP) 40, 592—
602 (1989)

24. Rudin, W.: Real and Complex Analysis. McGraw-Hill, Inc., New York (1974)

25. Stoffer, D.: Transversal homoclinic points and hyperbolic sets for non-autonomous maps I, II. Z. Angew.
Math. Phys. (ZAMP) 39, 518-549, 783-812 (1988)

26. Wiggins, S.: Chaos in the dynamics generated by sequences of maps, with applications to chaotic advec-

tion in flows with aperiodic time dependence. Z. Angew. Math. Phys. (ZAMP) 50, 585-616 (1999)

@ Springer



	On the Chaotic Behaviour of Discontinuous Systems
	Abstract
	1 Introduction
	2 Setting of the Problem
	3 Orbits Close to the Branches γ±(t)
	4 Orbits Close to the Branch γ0(t)
	5 The Bifurcation Equation
	6 Chaotic Behaviour
	6.1 The Almost and Quasi Periodic Cases
	6.2 The Periodic Case

	7 Quasi Periodic Piecewise Linear Systems
	Acknowledgments
	Appendix A
	Proof of the Properties (G1)--(G5)

	References


