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Abstract We study traveling waves for reaction diffusion equations on the spatially dis-
crete domain Z>. The phenomenon of crystallographic pinning occurs when traveling waves
become pinned in certain directions despite moving with non-zero wave speed in nearby
directions. In [19] it was shown that crystallographic pinning occurs for all rational direc-
tions, so long as the nonlinearity is close to the sawtooth, which itself was considered in
[6]. In this paper we show that crystallographic pinning holds in the horizontal and vertical
directions for bistable nonlinearities which satisfy a specific computable generic condition.
The proof is based on dynamical systems. In particular, it relies on an examination of the
heteroclinic chains which occur as singular limits of wave profiles on the boundary of the
pinning region.

Keywords Lattice differential equation - Traveling wave - Pinning - Heteroclinic orbit -
Bogdanov-Takens singularity

1 Introduction

The setting for this paper is traveling waves for lattice differential equations of reaction dif-
fusion type. A lattice differential equation (LDE) is an infinite system of coupled ordinary
differential equations, where each ODE represents the dynamics at a single point on a spatial
lattice. A simple LDE is
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wp =dWipr +ui—1 —2u;) — f(u;) (I.1)

where i € Z is a spatial index, d € R is the coupling constant, f : R — R is a given func-

tion, and each u; is a function of a single variable 7. If d > 0 then Eq. 1.1 may be regarded

as a reaction-diffusion equation: The first term d(u; 1 + u;—1 — 2u;) is a discrete second

derivative which provides the diffusion, while the second term f (u;) is the reaction term.
If we denote d = -, then Eq. 1.1 is obtained from the PDE

h72’
u = uyx — f(u) (1.2)

upon replacing the term u,, by a standard central difference approximation with grid size .
The limit & — 0, that is d — oo in Eq. 1.1, corresponds at least formally to Eq. 1.2. In this
study we are interested in spatially discrete systems such as (1.1) which are not necessarily
close to the PDE limit in this sense, namely d need not be large, although we do assume
d > 0. In fact, without loss we may take d = 1 by rescaling time and redefining f. This
normalization serves to emphasize that the grid is not particularly small and is not meant to
approximate a continuum. Thus we study the equation

wp =uip1 +ui—1 —2u; — f(u;) (1.3)

and its higher-dimensional analogs in what follows.

Lattice models are widely used in applications such as solid state physics, materials sci-
ence, and physiology; see [4,12,14,21,26] and the references therein.

We assume the nonlinearity f is of bistable type, in particular that

fEDH =0, f@=0, [f'(*DH>0, fl(a)<0,
fu) >0foru € (—1,a)U (1, 00),
f(u) <0Oforu € (—oo, —1) U (a, 1), (1.4)

vant for our arguments, but in several places (in particular some arguments by contra-
diction) it will be convenient to assume that f(u#) is smoothly extended for |u| > 1,
with the sign condition as in (1.4). We in fact take a family of bistable functions
f = f(u,a) parameterized by a € (—1, 1), in addition satisfying the monotonicity
condition

for some a € (—1,1). Generally, only the values of u for |u| < 1 will be rele-

%(u,a)>0foru€(—l,l) anda € (—1,1) (1.5)

in a. To be precise, let us define a set A of functions by

N ={f:[-1,1]x (=1,1) > R| f(-,-) is C* smooth, with f(-,a)
satisfying (1.4) for every (1, a) € [—1, 1] x (=1, 1), and (1.5) holding}.
We say that f : [—1,1] x (—1,1) — R is a normal family if f € N. We do not endow

the set A/ with a topology, although we shall do so with certain subsets of . The parameter
a € (—1, 1) is known as the detuning parameter. The function

flu,a) = @* — )(u—a)

furnishes a simple example of a normal family.

The bistable reaction term f in Eq. 1.3 pushes the system toward spatial heterogeneity;
it forces u; toward +1 when u; > a and toward —1 when u; < a. By contrast, the diffu-
sion term u; 41 + u;—1 — 2u; promotes spatial homogeneity, forcing u; toward the average
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%(MH_] + u;_1) of its neighbors. This competition between reaction and diffusion, spatial
heterogeneity and spatial homogeneity, is what gives reaction diffusion equations of bistable
type the richness to support both spatially chaotic patterns [9] and traveling waves [19].

By a traveling wave solution of Eq. 1.3 we mean a solution of the form

ui(t)y =¢G —ct), i €Z, (1.6)

for some function ¢ : R — R, the so-called wave profile, and some ¢ € R, the wave speed. In
this paper we consider monotone traveling waves which connect the spatially homogeneous
equilibria at 1, that is, ¢ satisfies the boundary conditions

¢(—00) = -1, ¢(o0) =1, 1.7)

and ¢ (£) is monotone in &.
Substitution of (1.6) into (1.3) shows that the function ¢ must satisfy the wave profile
equation

— @) =pE+D+oE -1 —206) — f($&), ) (1.8)

for§ e Rifc # 0, or for § € Z if ¢ = 0. Conversely, any solution of (1.8) generates a
traveling wave solution of (1.3). Note that Eq. 1.8 is a differential-difference equation if
¢ # 0, and a difference equation if ¢ = 0. This difference in character of the wave profile
equation between ¢ = 0 and ¢ # 0 is one of the chief reasons that the LDE (1.3) exhibits
behavior which is not present in the PDE (1.2).

In the PDE case (1.2) with x € R, traveling wave solutions have the form u(¢, x) =
¢ (x — ct) where ¢ satisfies the ordinary differential equation

—cp' =¢" — f($.a). (1.9)

For both the LDE (1.3) and PDE (1.2) problems above, it is known that there is a unique
wavespeed ¢ at which a monotone traveling wave exists, that is, a monotone solution to either
Egs. 1.8 or 1.9, which satisfies the boundary conditions (1.7). Of course the wave speed
¢ = c(a) depends on the parameter a € (—1, 1) as does the wave profile ¢ (§) = ¢(§; a).
Moreover, the wave speed is continuous and nondecreasing in a. In the PDE case c(a) is
strictly increasing, in fact ¢’(a) > 0 for alla € (—1, 1). The LDE case differs from the PDE
case in that the wave speed may be zero for an open set of a. In particular, there are quantities

—1<a_<a; <1
such that

c(a) =0fora € [a_,as]N(—1,1),
c(a) > Ofora € (a4, 1),
c(a) < Ofora e (—1,a-),

with c(a) depending smoothly on a and ¢’(a) > 0, both whenever c(a) # 0. In case a strict
inequality a_ < a4 holds, we say that pinning or propagation failure occurs; the wave is
pinned and cannot propagate when a is between these values. The interval (a_, a4 ) is called
the pinning interval and its length measures the severity of the pinning. Pinning was observed
by Bell [4], Bell and Cosner [5], and Keener [18] and has been studied extensively (see for
example [3,7,13,22]).

To see why pinning can occur in the LDE case, observe that when ¢ = 0 Eq. 1.8 reduces
to a pure difference equation

0=¢E+D+oE -1 —2¢0¢) - f(9&).a), E€i,
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which is equivalent to the discrete-time dynamical system

Gn+1 = 2qn — 1n + f(gn, a),
'n+1 = qn

under the transformation r, = ¢ (n) and g, = ¢ (n + 1). A solution of (1.8) satisfying the
boundary conditions (1.7) thus corresponds to a heteroclinic connection between the equi-
libria (—1, —1) € R? and (1, 1) € R? in this dynamical system. As both these equilibria are
saddles, such a heteroclinic connection may lie on a transverse intersection of their stable
and unstable manifolds, in which case this connection will persist as a varies in some inter-
val, with ¢(a) = 0 throughout this interval. The maximal interval on which the connection
persists is thus [a_, ay].

By contrast, pinning does not occur for the PDE (1.2) because here the traveling wave
corresponds to a saddle-saddle connection in the continuous time planar dynamical system
(1.9). Such heteroclinic solutions do not generally persist under perturbations, and in fact
c(a) = 0 for a unique value of a.

Our interest is in propagation failure for LDE’s as it occurs in higher-dimensional lattices
suchas Z¥ C R¥. The phenomena here are more subtle because all of the quantities mentioned
thus far—the wave speed c, the wave profile ¢, and the pinning interval (a_, a)—depend
now on the direction of propagation. We take the lattice Z?, for which the analog of Eq. 1.3
is

i j = (Aw)i; — f(uij,a), (1.10)

with the nonlinearity f as before. Here the coordinate (i, j) indexes a spatial point in Z2,
each u; ; is a function of ¢ as before, and the discrete laplacian A is given by

(Au)ij =ujp1,j +ui—1,j +uijr1r +ugj—1 —4u; ;. (1.11)
A traveling wave solution of (1.10) is a solution of the form
ui j(t) = ¢(ix + jo —ct)

for some (k, o) € R\ {(0, 0)}, termed the direction vector, and some function ¢ : R — R.
The wave profile equation satisfied by ¢ now takes the form

—cpE)=dE+0)+dE —0)+PE +K)+dE — k) —49©E) — [($(), a).
(1.12)

It is known that for each direction vector (k, o) € R? \ {0} and each a € (—1, 1), there is a
unique wave speed ¢ = c(a, («x, 0)) such that Eq. 1.12 admits a monotone solution satisfying
the boundary conditions (1.7). Moreover, when ¢ # 0 this solution ¢ = ¢ (&; a, (k,0)) is
unique up to translation [20]. The wave speed c(a, (k, o)) depends continuously on a and
on (k, 0). For each (k, o) it is nondecreasing in a, and as before is smooth in a and satisfies
W > 0 when c(a, (k, o)) # 0. Also as before, we have quantities a+ = a4 (x, o)
characterized by

[a_(k,0), ar(k,0)]N(—=1,1)={a € (—1,1) | c(a, (k,0)) = 0}.

Writing (k, 0) = (r cos 8, r sinf) for some » > 0 and 6 € R, one easily checks by rescaling
the independent variable £ in (1.12) by a factor r that

c(a, (rcos@,rsinf)) = rc(a, (cosb, sinf)), a+(rcos®,rsinf) = ay(cosd, sinh).

We will sometimes abuse notation by writing a+ () instead of a (r cos @, r sin 6).
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The functions a4 (@) are the central objects of study in this paper. For definiteness we
study a4 (0). Although c(a, (k, o)) depends continuously on both a and («, o), the function
a4 (0) need not depend continuously on 6. However, a4 (6) is upper semi-continuous in 6,
that is,

lim sup a4 (6) < a4 () (1.13)
0—0o

holds for every 6. This is an immediate consequence of the continuity of the function c(-, -).

Definition We say that crystallographic pinning occurs for the system (1.10) in the direction
o in case either the inequality (1.13) is strict, or the analogous inequality for a_(0) is strict.

For the sawtooth function fo(u,a) = u — sgn(u — a) it was shown in [6] that crys-
tallographic pinning occurs in every direction 6y for which tan 6y is rational. It was then
established in [19] that for any such direction, if f is sufficiently close to the sawtooth func-
tion then crystallographic pinning occurs in that direction. Numerical studies [16] suggest
that crystallographic pinning occurs in the vertical and horizontal directions when f is the
cubic nonlinearity; see also [11].

The goal of this paper is to give a specific generic condition on a general nonlinearity f
under which crystallographic pinning occurs at 6y = 0, that is, with («, o) = (1, 0). This is
given in Theorem 1.1 below. Before stating that result, let us introduce two conditions which
will be needed. These conditions do not necessarily hold for an arbitrary f, but rather will
be taken as hypotheses in our main result.

Condition A There exists p € £°°(Z), denoted p = {py}nez, satisfying
Pn+1 + Pn—1 = 2pn = f(pa, a4(0)), nez, (1.14)
and which also satisfies the boundary and monotonicity conditions

lim p, = #£1, Pn < pny1 forn € Z. (1.15)

n—=+o00

Moreover, such p is unique up to a shift in the index n.

Condition B Condition A holds. Further, if v € £°°(Z) \ {0} satisfies

Untl + Vot = 20 = f'(Pn, a1 (0)va, neZ, (1.16)
where p is as in Condition A and where we denote f”'(u, a) = W, then the series
B=1 i f"(Pns as(0)v, (1.17)
3 n

n=—0oo

converges and its limit satisfies satisfies B # 0.
We now state the main results of this paper.

Theorem 1.1 Assume that Condition B holds. Then the inequality (1.13) is strict at 6y = 0
and so crystallographic pinning occurs in the direction 6y = 0.

Theorem 1.2 Condition B is generic in the following sense. Fix any fo € N and define the
set

C_zi_ ={y e Cz[—l, 11| y(u) > O for everyu € [—1, 1]}, (1.18)
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noting that for every y € Cer we have f € N, where f(u,a) = y(u) fo(u, a). Let the set
Cf_ be endowed with the usual C? topology, and so making it an open subset of the Banach
space C*[—1, 1]. Then the set G(fy) C_%_ defined as

G(fo)={y € Ci | v fo satisfies Condition B}

is a residual subset of C i

The next two propositions provide a partial verification of Conditions A and B under gen-
eral conditions. In particular, the existence of at least one (although not necessarily unique)
p € £%°(Z) satisfying (1.14) and (1.15) is shown in Proposition 1.3, while in Proposition 1.4
the convergence of the series (1.17) is shown for any v € £°°(Z) as in the statement of
Condition B.

Proposition 1.3 Assume that c(a, (1,0)) = 0, equivalently, that a € [a—(0), a+(0)]. Then
there exists p € £°°(Z) satisfying

P+t + Pt = 2pn = f(pn.a), nek, 1.19)

along with (1.15). Moreover, any such monotone p is strictly monotone, that is p, < pn+1
foralln € Z.

Proof The difference Eq. 1.19 is nothing more than the wave profile Eq. 1.12 with ¢ = 0 and
0 = 0, thatis, (x, o) = (1,0). As c(a, (1, 0)) = 0, this equation has a monotone heteroclinic
solution joining £1. It only remains to show that this solution is strictly monotone.

To show strict monotonicity, suppose to the contrary that p,,+; = p,, for some m € Z.
Then f(pm,a) = pm—1 — pm < 0. But f(pm,a) = f(Pm+1,a) = pm+2 — pm+1 = 0.
Therefore f(pm,a) = f(pm+1.a) = 0and pp—1 = pm = Pm+1 = Pm+2. Continuing in
this fashion, we see that p,, is constant in n, which contradicts the fact that it is a heteroclinic
connection between —1 and +1. O

Equation 1.16 can be expressed as Lv = 0, with the operator L € L(£°°(Z)) given by
L=S+S8"1'=21— f(p,ar(0). (1.20)
Here S € L(£°°(Z)) is the shift operator defined as
(8X)n = xpt1 for X = {xn}nez € £7(2),

and by a slight abuse of notation f/(p, ay(0)) € L(£*°(Z)) denotes the diagonal operator
with entries f'(py, as(0)).

Proposition 1.4 Assume that Condition A holds, with p as stated there, and let L €
L{>®(Z)) be as in (1.20). Then there exists v € £°°(Z) \ {0} satisfying (1.16), that is,
Lv = 0. The vector v is unique up to scalar multiple, and thus

ker(L) = {av | a € R}.
Further, v can be chosen to satisfy
v, >0, n ez,
and its coordinate enjoys the estimate

v <Ku", nez, (1.21)
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for some K > 0and 0 < u < 1. Thus v € £Y(Z), and we may normalize v to satisfy
(v,v) = 1 where (-,-) denotes the duality (dot product) between £'(Z) and £>°(Z). The
operator L is Fredholm with index zero, with range

ran(L) = {w € £*(Z) | (v, w) = 0},
and its spectrum satisfies

o(L)N(0,00) =0.

Note that the exponential estimate (1.21) on v, implies the absolute convergence of the
sum (1.17) defining the quantity B in Condition B.

The proof of Proposition 1.4 will be given in Sect. 3. We remark that even if Condition A
does not hold, so p in Proposition 1.4 is not unique, we believe the statement of this result
to be true, with v depending on p.

To prove crystallographic pinning as in Theorem 1.1 we must prove that the inequality
(1.13) is strict. In our proof of Theorem 1.1 we shall assume that (1.13) is an equality for
6o = 0 and that Condition A holds, and proceed to show that B = 0. An important step in
this proof is the analysis of the second order difference equation

Xt 4+ X1 = 2Xm + (S + 8 = 2D X — fF(Xm,ar(0) =0, mezZ, (1.22)

where X,, € £>°(Z) for each m. We write the vector X,, in coordinate form as X,, =
{Xn,m}nez where each x,, ,, is a scalar, and the operator S acts on the index n so that (SX,,), =
Xn+1,m- In this way, Eq. 1.22 is effectively a difference equation in x, ,, involving both indi-
ces n and m. The function f(-,a) : £°(Z) — £°°(Z) in (1.22) is again a slight abuse of
notation, where we evaluate the nonlinear scalar function f (-, a) : R — R coordinatewise,
thatis, f(Xy, a), = f(xn,nh a).

Equation 1.22 arises when we consider the monotone traveling wave ¢¢ which propagates
in the direction (1, &) with speed ¢, and we adjust the detuning parameter a = a® so that c is
appropriately small. This provides an infinite family of transition layers appearing at the inte-
gers & = n (after an appropriate shift), and to capture these layers we let ¢/ (¢) = ¢®(e¢ +n).
Under this rescaling the differential-difference Eq. 1.12 becomes the infinite system

- g(qﬁi)’(() =0, ¢+ D+ ¢, — D+ (0) + ¢, () —4¢,(0) — f(9,(0), a),
(1.23)

where each ¢/ (¢) corresponds to the layer at £ = n. By choosing a = a® so that ¢ = €2, the

system (1.23) again develops an infinite family of transition layers spaced (in the limit) a unit

distance apart, that is, we have “layers within layers.” (This secondary scaling in our analysis

takes the form (2.11).) Let us also remark that solutions of PDE’s with nested families of

transition layers has been related to solutions of variational problems on tori [2,23,27]. The

vector X, = {li_l)T%)d)ﬁ (m)}nez, € £°°(Z) captures the values of the plateaus between these
&

secondary layers, and if it is the case that (1.13) is an equality, then the sequence {X,, }ncz
satisfies Eq. 1.22. The vectors X;, form a monotone heteroclinic orbit, having limits X,
which are approached from above as m — —oo and below as m — o0, and in the event
that Condition A holds, it is the case that Xoo = SX_oo = p, with p as in Condition A.
Furthermore, the limiting point p possesses a two-dimensional center manifold as an equi-
librium of the difference Eq. 1.22. Theorem 1.1 is proved by showing that if B # 0, then the
dynamics on the center manifold has a Bogdanov—Takens normal form, specifically (4.32),
(4.33). This in turn is shown to preclude the possibility of monotone limits to p from both
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above and below, and thus to preclude the monotone heteroclinic orbit {X,, },,ez. It follows
that B = 0, as desired.

We remark that we restrict attention to the special angle 6p = 0, corresponding to wave
motion in the horizontal direction, as the case of other directions involves analysis which
is beyond the scope of this paper. In particular, for the case of a general rational direction,
namely that tan 6y is either rational or infinite so that we may choose («, o) € 72 \ {(0,0)}
for the direction vector, the analog of (1.22) is a difference equation of order 2 max{|«|, |o|}.
In the case of an irrational direction, namely where tan 6 is an irrational number, there is no
finite-dimensional analog of Eq. 1.22.

This paper is organized as follows. In Sect. 2 we construct the heteroclinic solution
{Xm}tmez to Eq. 1.22, assuming that (1.13) is an equality and that Condition A holds. In
Sect. 3 we prove Proposition 1.4, which develops information about the linearization of
Eq. 1.22 at the equilibrium p. This proof relies on properties of resolvent positive operators.
In Sect. 4 the center manifold reduction along with associated shadowing properties is given
for Eq. 1.22. In Sect. 5 we prove Theorem 1.1 by showing that B = 0 must hold if (1.13) is
an equality. Finally, in Sect. 6 we use transversality methods to prove Theorem 1.2, namely
that Conditions A and B hold generically for normal families of operators.

2 Doubly Heteroclinic Orbits

Throughout this section we assume that f is a normal family, in particular satisfying (1.4)
and (1.5). We study the LDE (1.10), keeping the notation as before.

Lemma 2.1 The inequalities —1 < a_(0) and a4 (0) < 1 are strict. That is, thereisa § > 0
such that c(a, (1,0)) < O0fora € (—1,—1+ 8] and c(a, (1,0)) > 0 fora € [1 — 4§, 1).

Proof Without loss we show that @ (0) < 1. The conclusions about ¢ follow directly from
this. We proceed by contradiction. Assume that a4 (0) = 1. Thus c(a) < 0 for every a €
(—1, 1), where we denote c(a) = c(a, (x, o)) with the horizontal direction (k, o) = (1, 0).
Thus the corresponding wave profile ¢ (§) = ¢ (§; a, (1, 0)) satisfies

PE+D+oE -1 —20() — f(9(§),a) =0 2.1
by (1.12). Without loss we may assume that
&) <0foré <0, ¢()=0foré >0, (2.2)

after an appropriate translation of £. Now take any sequence a, — 1 and let ¢, (£) be the
corresponding wave profile, which is nondecreasing in £ and takes values in [—1, 1]. Then
Helly’s Selection Theorem asserts that there exists a subsequence (which we still denote by
¢n) such that ¢, converges pointwise on R. That is,

nlggo Pn (&) = P« (§)

holds for every £ € R, for some nondecreasing function ¢, : R — [—1, 1]. Fixing such a
subsequence, from (2.1) we see that

Gn(E + 1)+ ¢ = 1) —2¢0,(8) = ap = uerln_i{l“f(u,an),

for every & € R, where the above equality serves as the definition of «,. Clearly «, — 0 as
n — 00, so upon taking this limit we have

PG+ D+ ¢ —1) —20.(6) =20,  §¢.(8) =0, (23)
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for & € R, where (2.2) has been used for the second inequality. Moreover, the first inequality
in (2.3) is strict for those & for which ¢,(§) # =£1. One sees this from (2.1), since upon
fixing any such & we have that f (¢, (§), a,) is strictly positive and bounded away from zero
for large n. Now take any £ € R and denote 8, = ¢«(§ + n) — ¢«(§ +n — 1). Then the first
inequality in (2.3) implies that 6,41 > §, for every n € Z. Thus if §; > 0 we have

n

$u(& +1) = $u(§) = D 8 = ndy — o0

k=1

as n — oo, which contradicts the boundedness of ¢,. It follows that §; = 0, and thus
O« (E + 1) = ¢, (&) for every £ € R. But ¢, is monotone and thus constant on R, and with
the second inequality in (2.3) we conclude that ¢, (§) = O for every £ € R. Thus the first
inequality in (2.3) is an equality for every & € R, however, this contradicts our assertion
above that the first inequality in (2.3) is strict whenever ¢, (§) # 1. This contradiction
completes the proof. O

Lemma 2.2 Let g € £°°(Z) satisfy

qdn+1 +¢In71 - 2‘]n = f(ql% ll), ne Z5 (24)
Sfor some a € (—1,1). Assume also that g, < q,+1 for every n € Z. Then either

lim g, = %1, (2.5)

n—=+o0

or else q is a constant sequence with g, = qo € {—1, a, 1} for every n.

Proof Denoting g4 = lirf gn, which are finite quantities, we have f(g+c0, a) = 0 from
n— oo

(2.4), and hence g+ € {—1, a, 1}. It is thus enough to prove that (a) it is impossible for
both g~ = —1 and g5, = a to hold simultaneously; and (b) it is impossible for both
d—o = a and g = 1 to hold simultaneously. Without loss we only prove (a), so assume
to the contrary that g_o, = —1 and goc = a. Noting that f(g,,a) > 0 for every n € Z and
denoting §,, = g, — qn—1, we have from (2.4) that

Ont1 =8 + fgn,a) =8, > 0. (2.6)

As {gn}nez is not a constant sequence, necessarily 8,, > 0 for some m. But then §,,, 11 > &,
for every k > 0 by (2.6), hence

k
Gntk = Gm—1 = D Smyi = (k+ 1)y — 00
i=0
as k — oo, contradicting boundedness of g;+x. m]

Proposition 2.3 Assume that Condition A holds, with p as stated there. Then the £°°(Z)-
valued ODE

— O = (S48 = 2D)® — f(®,a4(0)) @.7)
admits a heteroclinic solution ® : R — £°°(Z) with limits

lim ®@)=5""'p, lim ®¢)=p.
{—>—00 {—>00
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Moreover; there exists such a solution ®(¢) = {¢n(¢)}nez satisfying the monotonicity con-
dition

®n(8) < ¢n(& +8) ford >0,
foreveryn € Zand ¢ € R.

Proof Chooseb € (—1, 1)\{a}sothatalsob # p; forevery j € Z, with p as in Condition A.
We shall consider the monotone traveling wave ¢° = ¢®(§) = ¢°(§; a®, (1, 0)) traveling
in the direction (1, 0) with appropriately chosen a® and normalized by a translation so that
¢*(0) = b. For sufficiently small & choose a® so that ¢ = c(a®, (1, 0)) = &. Such a choice is
possible by the continuity of the function ¢ and by Lemma 2.1. Note that Elgr}) a® = a4 (0).

Let ¢5(¢) = ¢°(e¢ + n), and substitute into (1.8) to obtain
— (@) () = ¢ 1)+ _1(0) = 2¢,(5) — f($,(5), a®).

For each n, as ¢ varies ¢;, constitute a bounded equicontinuous family and thus by Ascoli’s
Theorem and a diagonalization argument, we have the limit

gig})qbﬁ({) = ¢u($)

for some subsequence of ¢, holding uniformly on compact ¢ -intervals for every n € Z. Let-
ting ®(¢) = {¢n(¢)}nez we obtain (2.7). The monotonicity of the original wave profile ¢®
together with the scaling { = €& + n implies the monotonicity condition

() = Pn(E +8) = Pur1(8), >0, (2.8)

holds for all ¢ € R and all n € Z. We now show that this monotonicity is strict, as in the
statement of the proposition. Suppose to the contrary that ¢, (o) = ¢, (o+6) forsomen € Z
and some § > 0, and some ¢y € R. Since each ¢, is non-decreasing we have ¢, (¢) = ¢, (o)
forevery ¢ € [{o, Lo+ 6]. Itis then a consequence of (2.7) that ¢, 11 (¢) + ¢, —1 () is constant
in [£p, {o + 8], and so both ¢, 11 (¢) are constant in that interval as these functions are non-
decreasing. By induction we see that the vector ®(¢) is in fact constant in this interval, and
s0 (2.7) at { = ¢o rewrites as (S + A 21D (&) — f(P(Lo), a+(0)) = 0. Thus the point
D (go) € £°°(Z) is an equilibrium of Eq. 2.7, and by uniqueness we must have ® () = (&)
for every ¢ € R. Lemma 2.2 now applies to the vector ¢ = ®(¢p) due to the monotonicity
of ¢, (%0) in n. Because gp = ¢9(0) = b ¢ {—1, a, 1} it follows that (2.5) holds. Thus by
the uniqueness (up to translation) of the vector p in Condition A, we have that g = S/ p for
some j € Z. But then b = g9 = p; contradicts the choice of b. Thus the first inequality in
(2.8) is strict, as desired. Note that the second inequality in (2.8) is also strict.

We now establish the boundary conditions for ®(¢). It is a consequence of (2.8) that
the limits ¢, (+00) = §ETN¢n(§) exist. Taking these limits in (2.7) gives (S + S~! —

21)®(Fo00) — f(P(£00),a+(0)) = 0. Again Lemma 2.2 applies, and this time due to
the strict monotonicity we have (2.5) for both vectors ®(3+00). As (—o0) < d(co) and
®(—00) # P(00) it follows that ®(—o0) = S/ p and (c0) = Skp for some integers
Jj < k, with p given by Condition A. However, we also have that ® (c0) < S®(—o00) from
the second inequality in (2.8), and so k < j + 1. Thus k = j + 1. By reindexing n, namely
by replacing ®(¢) with S‘kCD({), we obtain the desired boundary conditions. ]

Proposition 2.4 Assume that the inequality (1.13) is an equality at 6y = 0. Also assume that
Condition A holds, with p as stated there. Then the £*°(Z)-valued difference Eq. 1.22 admits
a heteroclinic orbit { X, } ez, with limits
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lim Xy =Xico, X-0o=5""p, Xoo=np, (2.9)
m—+o0

in the space £°°(Z). Moreover X,, = {Xp m}nez satisfies the lexicographic monotonicity
property

DPn—1 = Xn,—00 < Xn.m < Xpm+1 < Xn.co = Pn>» n,me 7. (2.10)

Proof We shall consider the monotone traveling wave ¢* = ¢ (&) = ¢ (§; a®, (1, €)), which
propagates in direction («, o) = (1, ¢), taking an appropriately chosen a = a®. Note that the
angle 6 corresponding to this direction is 8 = arctan €, and so the upper value of the pinning
range is located at a = a4 () = a4 (arctan ¢).

To be precise, fix a sequence e — 0 with ¢ # 0 such that

lim a(6k) = a4 (0)
k—o00

for 6y = arctan ¢, by the equality assumption in (1.13). For the remainder of this proof we
shall select ¢ only from the sequence ¢, suppressing the index k for notational simplicity. For
sufficiently small & choose a = a® so that the wave speed is given by c(a®, (1, €)) = &2. Such
a choice is possible by the continuity of the function ¢ = c(a, («x, 0)) and by Lemma 2.1.
Indeed, one has c(a (arctan €), (1, €)) = 0 while ¢(1 — 6, (1, €)) > 0is bounded away from
zeroas e — 0,by Lemma2.1. Leta = lima®, where the limit is taken along a subsequence if

e—0
necessary. Certainly a® > a4 (arctan ¢) for all ¢ and therefore a > Qlin%) a4 (arctan €) = a4 (0).
—
Similarly, continuity of the function ¢ implies that c(a, (1,0)) = 0, so a < a4+(0). Thus
a = a4 (0).
Now fix b € (p_1, po) so that b # a4 (0). Of course b # p, for every n. By translating
the argument & of ¢¢, we may assume without loss that ¢*(0) = b. Let

O 0 (0) = ¢ (e%¢ + em +n). 2.11)

As ¢f (&) satisfies Eq. 1.12 with ¢ = &2, with a = @, and with (k, o) = (1, &), we see that
the functions ¢, ,, (¢) satisty the LDE

- ((bfl,m)/ = ¢;,m+l + ¢5,m71 + ¢ﬁ+l,m + ¢271,m - 4¢1§,m - f(¢2m’ aS). (2.12)

Note in particular that all arguments of the functions ¢; ; s in (2.12) are evaluated at the same
point ¢, and so (2.12) is an infinite-dimensional ODE. By Ascoli’s Theorem and a diagonal-
ization argument, we have the limit

SIER) ¢r€z,m ({) = d)n,m (é-)

for some subsequence of ¢, holding uniformly on compact ¢-intervals for every n and m.
The limiting function ¢, ,, satisfies the same LDE (2.12), but with a4 (0) in the argument
of f. Of course, ¢,0(0) = b. The monotonicity of the original wave profile ¢®(£), and the
particular scaling £ = £2¢ + em + n of the argument, imply that our limiting functions enjoy
the lexicographic montonicity condition

¢n,m(§) =< (Pn,m(g + 8) =< ¢n,m+k(§) =< ¢n+l,m(§ - 8) for k > land § > O, (213)

and every n,m € Z and ¢ € R. Indeed, one sees that for any given such k, §, n, m, and ¢,
the inequalities (2.13) hold for ¢¢ | for small ¢. Define now

n,m

Xn,m = lim (pn,m(g)a Xm = {xn,m}neZ € ZOO(Z)
—>00
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Certainly these limits exist, and of course |x, ;| < 1. Additionally Clim ¢, ., (&) = 0 from
—00

the differential Eq. 2.12. From this one easily sees that taking the limit { — oo in (2.12)
yields the difference Eq. 1.22, which may also be written as

(A = fConm, ar(0),  (n,m) € 22, (2.14)
where A is the discrete laplacian (1.11) on Z2. The ordering Xnom < Xnm+k < Xn+41,m for
k > 1, which follows from (2.13), implies that x,, 100 = lim x, ;, exist and that

m—=+00
Xn,—0o = Xn,m = Xn,m+1 = Xn,00» Xn,00 = Xn+1,—00> (2.15)

for every n and m. One sees that the vectors X _oc = {X, —co}nez and Xoo = {X,00}nez both
satisfy the conditions of Lemma 2.2 with a = a4 (0).
Also observe that

X0,—1 < b < x0,0- (2.16)

The second inequality in (2.16) holds because ¢0.0(¢) > ¢0,0(0) = b for ¢ > 0. The first
inequality in (2.16) follows by taking (n, m) = (0, —1) with k = 1, and ¢ = 0, in the second
inequality of (2.13), to give ¢, —1(8) < ¢0.0(0) = b. One then lets § — oo.

We next show that the first three inequalities in (2.15) are strict. Suppose that x,, ,, =
Xn,m+1 for some n and m. Then by Eq. 2.14

0= (AxX)n,mt1 — (AX)nm
= (Xnt1,m+1 — Xngplm) + Gntm+1 — Xn—1,m) + Enma2 — Xnm—1)-

Each of the three differences in the final line of the above equation are nonnegative by
(2.15), and so we have that

Xn+l,m = Xn+1,m+1, Xn—1,m = Xn—1,m+1,
Xn,m—1 = Xn,m = Xn,m+1 = Xn,m+2-
It is clear by repeating the procedure that we may conclude that
Xn,m = Xn,0 (2.17)

for every n and m, namely, that X,, = Xo is constant in m. Thus X+ = Xp, and as
noted this vector satisfies the conditions of Lemma 2.2 with a = a4 (0). We also have, from
(2.16) and (2.17), that xg,0 = b € (—1, 1) \ {a+(0)}, and so it follows from Lemma 2.2 that

lirﬁ Xp,0 = £1. By the uniqueness assumption on p in the statement of the proposition,
n—=xoo

we have that Xo = S¥p for some k € Z. But then b = X0,0 = pk, which contradicts the
choice of b. We thus conclude that x, ,, < X, ,+1 for every n and m, and hence the first
three inequalities in (2.15) are strict.

One thus has X, —co < Xn.00 < Xn41,—0c0 < Xn+l,00 fOr every n, and this implies that
Xn,—co < Xn+1,—oc0 AN Xy 00 < Xp41,00- Applying Lemma 2.2 again, to both X _o, and X,
we conclude that each of these vectors are shifts of p, say

X oo = SjP7 Xoo = SkP,

for some j and k. As X, —oc < Xn,00 W€ have that Sip < Skp with S/p # S¥p, and so
J <k.AS X;,00 < Xpt+1,—00 We have that Skp < §i+tp hencek < j+ 1. Thus j =k — 1.
Further,

Pi—1=(S5""p)o = (87 p)o = X000 < X0.0 = b < X0.00 = (¥ p)o = 1,
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and so k = 0 by the choice of b. This implies that x,, _oc = pp—1 and x,, oo = pn, to give
the result. o

3 The Proof of Proposition 1.4

For each pair (¢,a) € €°°(Z) x (—1, 1) we may linearize Eq. 2.4 about ¢ to obtain an
associated operator L, (a) € L(£*°(Z)) given by

Ly(a) =S+ S =21 — fl(q,a), 3.1)

where f’(g, a) denotes the diagonal operator with entries f’(gy, a). Proposition 1.4 concerns
the operator L, (a) witha = a4 (0) and with g = p asin (1.14), (1.15). We first examine the
spatial dynamics associated with the difference equation L, (a)v = 0.

Generally, we shall denote L, = L, (a) when the value of a is clear.

Lemma 3.1 Let D € L({>(Z)) be the diagonal operator D = diag{d,},cz, where we
assume the existence of the limits and the sign conditions

lim d, =dt+o, d+oo >0.

n—=+oo

Then the operator T = S+ S~ —21 — D is Fredholm of index zero. Moreover, the dimension
of the kernel of T is either zero or one. Furthermore, elements v € ker(T) of the kernel enjoy
the estimate

lval < K", nez, (3.2)
for some K > 0and 0 < u < 1, and in addition,
v, # 0 for all large |n| 3.3)
for nontrivial elements of the kernel. If v is a nontrivial element of the kernel then
ran(T) = {w € £*°(2) | (v, w) = 0}, 34

with ran(T) = €°°(Z) if ker(T) = {0}.
If g € (°°(Z) satisfies ligl gn = =x1 and a € (—1,1), then all the above
n— oo

claims hold for the operator T = Al — Ly, where Ly = Lg(a), provided that A >
max{—f'(1,a), —f'(—1, a)}.

Finally, the same conclusions hold if we consider the operator T, or Al — L, lying in the
space L(Qy) instead of L(L*°(Z)), where

Qo={xetX@ | lim x, =0},

Proof The arguments below apply equally to operators in the space £(£°°(Z)), and in the

space L(Qo).
Consider the second order difference equation

Xn+1l +Xp—1 — 2 +dy)xy, =0 (3.5)

associated to the operator 7. This difference equation is asymptotically hyperbolic, that is,
all roots p of the limiting characteristic equations

pAp = 24+ dios) =0 3.6)
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satisfy || # 1. Indeed, one easily checks this by noting the left-hand side of (3.6) is negative
whenever ;1 = ¢'?. In fact the two roots of this equation have the form ;4 = u and j = ,u;] ,
satisfying 0 < s < 1 < /L:T:l, for each choice of sign + or —, and so this equation is of
saddle type.

Asymptotic hyperbolicity of Eq. 3.5 now implies that this equation admits dichotomies
whose stable and unstable subspaces are each one-dimensional, both for n — oo and for
n — —oo. This and the above remarks about the roots of (3.6) in turn imply that the kernel
of T is at most one-dimensional, that any kernel element necessarily decays at the rate (3.2)
for some K > 0and 0 < u < 1, and that T is Fredholm.

In particular, the proof that 7 is Fredholm follows by adapting the techniques of Palmer
[25] for ODE’s to the setting of difference equations. Palmer proved that a differential oper-
ator of the form Lx(t) = x(t) — A(t)x(¢), where A(¢) is a bounded continuous coefficient
matrix, is Fredholm if and only if it admits exponential dichotomies on both half lines. (Here
the operator L acts from the space of bounded C' functions on the line with bounded first
derivative, into the space of bounded continuous functions.) The techniques of Palmer’s proof
carry over to difference operators of the form (3.5), with appropriate modifications. We omit
the details.

To prove that the Fredholm index of T is zero, consider the operator T — A /. For every
A > 0 this operator satisfies the same conditions in the statement of the lemma as T does,
and so it too is Fredholm, necessarily with the same index as 7. But T — A/ is invertible for
A > ||T||, and so has index zero. Thus the index of T also is zero. In particular, if ker(7') = {0}
then ran(7) = £*°(Z).

To prove (3.4) in the case that ker(7") contains a nontrivial element v, note that if w €
ran(T), say w = Ty, then (v, w) = (v, Ty) = (T*v, y) = 0, where T* € L(£!(Z)) has the
same formula as does 7', but considered in the space £!(Z). This now proves an inclusion for
the formula (3.4). But both spaces in this formula have the same codimension, in particular
codimran(7) = dimker(7) = 1, as the Fredholm index of T is zero. We conclude that (3.4)
is valid, as claimed.

To prove that (3.3) holds for any nontrivial element of ker(7"), consider such an element v.
Suppose for some n > ng thatv,41 > v, > 0, where ng is large enough that d,, > 0 for every
m > ng. Then from the difference Eq. 3.5 at n 4+ 1 we have that v, 42 — V41 > V41 — Vg,
and so v,4+2 > vu41 > 0. Upon repeating this procedure, we conclude that v,4r — vy4x—1
is a nondecreasing and strictly positive sequence for k > 1. But this forces v,, — 00 as
m — oo, which is false. Thus the assumption that v,+; > v, > 0 for some n > ng is
impossible. Similarly, v,4+1 < v, < 0 cannot occur for any n > ng. Thus if v,, = 0 for some
n > ng, necessarily v, 11 = 0. However, in light of the difference Eq. 3.5, this forces v,, = 0
for every m € Z, which contradicts the assumption that v is nontrivial. We thus conclude
that v, # O for all n > ng. Similarly, v, # 0O for all sufficiently large negative n, as claimed.

To establish the penultimate claim of the lemma, we note that the operator L, — A/l has
the same form as 7 in the statement of the lemma, with

dioo = f'(Groo,a) + 1= f'(£1,a) + A.

Thus L, — Al is Fredholm with index zero so long as A > max{— f'(1,a), — f'(—1,a)}, as
desired. ]

The proof of Proposition 1.4 relies on the theory of resolvent positive operators, which we
now briefly outline.
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Recall that a closed convex subset K of a Banach Space X is called a cone if it is closed
under positive linear combinations and if also & N (—K) = {0}. A cone K is a called a rotal
cone if in addition, its linear span {x; — x2 | x1, x € K} is dense in X.

Let £ € X be a cone. An element x € X is called positive with respect to /C, denoted
x >0, if x € I, and we write x| > x» to mean x; — xp > 0, for x1, xp € X. The relation >
thus defines a partial order on X'. A linear operator 7 € L£(X) is called positive if T (K) C KC,
that is, Tx > 0 whenever x > 0. We similarly write 7 > 0 to denote that 7 is a positive
operator, and 77 > T» when 71 — 7> > 0. An operator T is called resolvent positive if there
exists A € R such that A € p(T) and (\] — T)~! > 0 whenever A > A.

Resolvent positive operators satisfy the following nice property [19,24,29]. A proof of
the following result can be found, for example, in Proposition 4.7 of [19].

Proposition 3.2 Let IC be a total cone in a Banach Space X and let T € L(X) be resolvent
positive with respect to K. Then

o(T)NR # 0.
Further, let
Ao = sup(o(T) NR).

Then either Aq is an eigenvalue of T and there exists an associated positive eigenvector v,
that is

Tv=xv, vek\{0},
or else the operator Aol — T is not Fredholm.

In what follows, whenever we take X = £°°(Z), then we let K be the cone of non-negative
sequences, namely those x = {x, },cz with x,, > 0 for every n.

Lemma 3.3 IfT € L(X) satisfies T > —o I for some o € R, then T is resolvent positive. In
particular, the operator Ly (a) in Eq. 3.1 is of this form for any g € £°°(Z) and a € (-1, 1),
and hence is resolvent positive.

Proof For a general operator T as in the statement of the lemma, write 7 = B — oI where
B > 0. Then

Bk
(A + o)k

l o0
e -l
W=D =+ =B = /?:o

converges for A + o > || BJ|, and is a sum of positive operators hence is positive.
For the specific operator L, we see that taking o > 2 + max{f'(u,a) | —1<u<1}
gives Ly, > —o'1, as desired. m]

Proposition 3.4 Suppose that q € (*°(Z) and a € (—1,1) are as in the statement of
Lemma 3.1. Then o (Ly) N R # . Assume additionally that the quantity

Ao = sup(o(Ly) NR) 3.7
satisfies

o > max{—f'(1,a), — f'(—1, a)). (3.8)
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Then Lo is an eigenvalue of Ly and kol — L4 has a one-dimensional kernel, and so
ker(Aol — Ly) = {av | a € R}

for some v € £%°(Z) \ {0}. Further, the eigenvector v can be chosen to satisfy v, > 0 for all
n € Z, and there are constants K > 0 and 0 < u < 1 such that v, < K,u‘”‘ foralln € Z,
and so also v € £Y(Z). Finally, the operator Aol — L is Fredholm with index zero, with
range

ran(Aol — Ly) = {w € £2(Z) | (v, w) = 0}. (3.9)

Proof The operator L, is resolvent positive by Lemma 3.3 and so Proposition 3.2implies
thato (Lg) NR # . Now assume that the inequality (3.8) holds. Then Ao/ — L, is Fredholm
with index zero, by Lemma 3.1. Thus Proposition 3.2 implies that A¢ is an eigenvalue of L,
with an associated eigenvector v € K \ {0}, that is, with v # 0, and v, > O for every n € Z.
It follows from Lemma 3.1 that 1¢ is simple and that v enjoys exponential decay in n, and
that moreover the formula (3.9) for the range holds.

It remains to prove that the strict inequality v, > 0 holds for every n. If this is false, then
there exists some k € Z for which vy = 0, and with either vy1; > 0 or vg—; > 0. In any
case, both vg+1 > 0. But then

0 = (Aol — L))k = dovk — Vkg1 — k—1 + 2+ f'(qk, a))vr <O,

a contradiction. O

Proof of Proposition 1.4 1t follows from Proposition 3.4 that it suffices to show that 1.y = 0
for the quantity in (3.7), taking ¢ = p and a = a4 (0), and thus with the operator L =
L (a4 (0)) as in Eq. 1.20.

Let us first show that 1y < 0. Assuming to the contrary that 1o > 0, let v € £°°(Z) be
the associated positive eigenvector as in Proposition 3.4. Also let W(¢) = S®(¢) — p, with
®(¢) as in Proposition 2.3, so that W (¢) > 0 with W(¢) # 0. Then from Eq. 2.7 we have

V' = (S+ S =20V — f(¥ + p,ar(0)) + f(p,as(0))
which can be rewritten as
—W = LV — E(0),
E@) = f(V(©) + p,ar(0) = f(p,a+(0) — f'(p, a+ 0NV ().

Now v € £'(Z) by the exponential decay of v,, and so we may take the inner (duality)
product (-, -) of the above equation with v. Denoting this by w(¢) = (v, ¥(¢)), we have that

—w'(¢) = (v, L¥(0)) — (v, E(¥))
= (L*v,s¥(0)) — (v, E(0))
= how(¢) —e(?), (3.10)

where e(¢) = (v, E(¢)). Also note that w(¢) > 0 for every ¢. Now
En(©) = fWn() 4 pny ar(0) = f(pn, ay(0)) = f'(pn, ar(0) ¥ (2)

and so there exists K > 0 such that

|Ex(O)] < Ky (0)* < KW (O1Yn(0)
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with || - | denoting the norm in £°°(Z). Thus

ee}

eI < D vl Ea(@] < KNI D vathn(@) = KW (O w (@),

n=—00 n=—oo

where the positivity of v and of W (¢) is crucial in obtaining this inequality. From this and
from (3.10) we have that

—w'(§) = (o — KW () Dw(©),

and in particular, —w’(¢) > %‘)w(g ) for all sufficiently negative ¢, since W(¢) — 0 as
¢ — —oo. However, this is impossible as w(¢) — 0 as ¢ — —oo with w(¢) > 0 for every
¢. This contradiction proves that Ao < 0.

To complete the proof that 1o = 0, we prove that Ao > 0. Assume to the contrary that
Ao < 0.ThenO ¢ o (L) from the definition of Ao and so L is invertible. This fact together with
the Implicit Function Theorem allows us to solve Eq. 2.4 for ¢ = g(a) € £°°(Z) depending
smoothly on a, for a near a (0), and with g(a) = p at a = a4 (0). To be specific, assume
that such g (a) is defined for a € U, where U C (—1, 1) is an open interval containing the
point a (0). (We reserve the right below to decrease U by taking a smaller neighborhood of
a4 (0).) Let us recall here the strict inequalities —1 < a4 (0) < 1 from Lemma 2.1, which
will also be used below.

It is enough to show that g, (@) depends monotonically on n, that is, ¢, (a) < gn+1(a) for
every n € Z and a € U. Indeed, if this holds then for every a € U we have a monotone
solution of Eq. 1.12 at (k, o) = (1, 0) with ¢ = 0, and this implies that U is a subset of the
pinning region (a—(0), a4+ (0)). However, this contradicts the fact that U is a neighborhood
of a4 (0) .

Let us prove strict monotonicity in n for n > 0, the proof of monotonicity for n < 0 being
similar. Fix a sufficiently large integer N and sufficiently small ¢ > 0, such that

1 +a4(0)

PN > >a +e, g —pl <& par1 — pn > 28, (3.11)

holds forevery a € U and for 0 < n < N. One easily does this by first choosing N to satisfy
the first inequality in (3.11), then choosing ¢, and then possibly decreasing the neighborhood
U. We claim that g,,+1(a) > gn(a) foreveryn > 0 and a € U. For such a, first observe that

qn+1(a) —qun(@) > ppy1 —pn—26 >0, 0=<n <N,
by (3.11). Also observe that

1+a.(0)
2

again by (3.11). Now assume for some a € U that there exists m > N such that g, (a) —
gm(a) < 0. Take m to be the least such integer, and so g, (a) — gm—1(a) > 0. Then
from Eq. 2.4 at n = m we have that f(g;,(a),a) < 0, and so from (3.12) we have that
gm(a) € (a,1). Two cases now arise, and we shall rule out each of them in turn. For the
first case, there exists j > m such that g;;(a) — g;j(a) > 0. Take j to be the least such
integer, and so g;(a) — gj—1(a) < 0, which with Eq. 2.4 implies that f(g;(a),a) > O.
However, from the choice of j and from (3.12) it follows that a < gj(a) < gn(a) < 1,
which implies that f(g;(a), a) < 0, a contradiction. We now consider the second case, in
which gji1(a) — gj(a) < O for every j > m. Then the limit g;(a) — goo(a) exists as a
nonincreasing sequence for j > m, and upon taking the limit n — oo in Eq. 2.4 we have

qn(a) > pp —&>pNy — € > £ >a, n>N, (3.12)
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that f(geo(a), a) = 0, hence goo(a) € {—1, a, 1}. But (3.12) implies that g, (a¢) > a, and
SO goo(a) = 1. On the other hand, g~ (a) < gmn(a) < 1, and this is a contradiction. With
this, the proof of the proposition is complete. O

The fact that 1y = 0 will allow us to make a center manifold reduction. The positivity of
the kernel element v will allow us to make use of the center manifold reduction to induce a
sign condition on f. The next section is devoted to constructing the center manifold.

4 A Center Manifold Reduction

So long as Condition A holds and (1.13) is an equality at 6p = O, then Proposition 2.4 guaran-
tees that the difference Eq. 1.22 admits a monotone increasing solution X,, which converges
to p asm — oo. Similarly, the solution of (1.22) given by SX,, is also monotone increasing
in m and converges (downward) to p as m — —oo. Our aim is to close the argument by
showing that such dynamical behavior can occur only when B = 0 for the quantity in Con-
dition B, and thus can only happen when Condition B fails. In other words, when Condition
B holds and so B # 0, then the inequality (1.13) is strict at 8p = 0 and so crystallographic
pinning occurs in the direction 6y = 0.
Our approach is to consider the difference equation

Yii1 = 2Y — Yoot — (S+ S71 =217,
+£(p+ Ym, ap(0) — f(p.as(0)), 4.1)

which is satisfied by both Y,, = X,, — p and also by ¥,,, = SX_,, — p whenever X,, sat-
isfies (1.22). We shall show that when Condition A holds, then the system (4.1) possesses a
two-dimensional center manifold at the origin. Moreover, this center manifold contains two
monotone orbits which approach zero from below and above, and toward which the orbits
Xm — p and SX_,, — p, respectively, obtained in Proposition 2.4 converge exponentially
fast as m — oo. A convexity argument then shows that the existence of one of these orbits
forces B < 0 and the other forces B > 0, thus B = 0 must hold.

The first step in this process is the construction of a smooth center manifold. The following
theorem is a discrete-time version of Theorem 4.1 in [31]. For details see [17] in the case
where Z is a Hilbert space.

Theorem 4.1 [Center Manifold Theorem] Let Z be a Banach space and let A € L(Z) sat-
isfy the following spectral gap condition: There exists @ > 0 such that for each . € o(A)
either |\| = 1 or |log |\|| > a. Denote by Z¢ and Z" the associated center and hyperbolic
subspaces of Z, corresponding to spectrawith |A| = 1 and |A| # 1, respectively. Assume that
Z€ is finite dimensional. Let g : Z — Z be a C*-smooth function for some 1 < k < 00 and
satisfy g(0) = 0 and Dg(0) = 0. Then there exist neighborhoods Q€ C Z¢ and Q"  z"
of the origin in these subspaces, and a C* mapping ¥ = Q¢ — Q" with ¥ (0) = 0 and
D (0) = 0, such that the following properties hold:

o Ifzi € QF for 0 <n < N + 1 satisfies the reduced system
Ty = Az, + 8z, + ¥ (2)) (4.2)

for0 <n < N, and if we let z, = z{, + V¥ (2}), then z, satisfies the full system

Zn+1 = Azp + g(2n) 4.3)
forO <n < N.
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o Ifz, satisfies the full system (4.3) and also z, € Q foralln € Z, then "z, = ¥ (7w z,)
and z{, = w°z, satisfies the reduced system (4.2) for every n € Z.

In the above statements, we let 7€ and " denote the canonical projections with respect to
the decomposition Z = Z¢ @ Z" and A° = n°A and A" = 7" A are the corresponding
operators on these subspaces. We also denote Q = {z€ + 7" | z¢ € Q€ and 7 € Q"}, which
is a neighborhood of the origin in Z.

‘When Theorem 4.1 holds, we call the set
WE={"+¢¥E) ] eQ}cQ

a local center manifold for the full system (4.3), and the system (4.2) restricted to this set
is called the reduced system. We only outline the proof of this result. For more details, see
[17,30,31].

Sketch of Proof The full evolution Eq. 4.3 may be written in terms of its center, stable, and
unstable parts, where we decompose Z = Z° @ 2" = Z¢ @ (2° @ £") in this fashion. We
generally denote z° = 7°z, with A° = 7°A and g°(z) = 7°g(z), where 7° denotes the
spectral projection onto Z°, with o representing c, i, s, or u. We thus have

Zp1 = Az, + 8°(zn),
qu+1 = Aszfz + ' (zn),
Zpy1 = Az 4+ 8" (2n),

for the full Eq. 4.3, and we have that z, = z;, + z;, + z,,. The corresponding variation of
constants formulae are

n—1
€= (A + AT ),

j=0

n—1
2 = (A%)'g5+ D (A" g (z),

j=0

n—1
2= (A2 + D (A" gz, (4.4)

j=0
where if n < 0 we interpret z;’;(l) = - Zj_zln with Z]_zlo the empty sum. We begin the
proof by restricting attention to the case where the orbit {z,},cz is bounded for all n € Z.
In this case, upon multiplying the second (stable) equation in (4.4) by (A%)™" and letting
n — —oo, and also multiplying the third (unstable) equation in (4.4) by (A*)™" and letting
n — 00, we obtain

-1

= D> A gy,
Jj=—00

== (AN g @), (4.5)
j=0
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and then substituting (4.5) into the second and third equations of (4.4) gives

n—1
= >, A" e,
j=—00
== D (A" gz (4.6)
j=n

Combining (4.6) with the first equation in (4.4) thus gives

n—1
2 = (A2 + D (A" g(z))
j=0
n—1 ) o0 .
+ DAY T g (2 = DA T gz, (4.7)
j=—00 j=n

We regard (4.7) as a fixed point equation for the trajectory {z,},cz With z{j as a parameter.
For each ¢ > 0 define the Banach space ), of sequences z = {z,},ez in Z by

Ve=lz:Z—> Z 1zl <00 lizle =supe™lz,llz,

nez
with || - ||, being the norm in );. Also define G : Z° x Y, — Y, to be the right hand side
of Eq. 4.7, with arguments z{; € Z¢ and z = {za}nez € Vo, With « as in the statement of
the theorem. Thus the fixed points of G(zg, -) are solutions of (4.7). It is not hard to show
that G(zg, -) is a contraction mapping, so long as the Lipschitz constant of g is sufficiently
small. Assuming this, denote the unique fixed point of G(zg, -) by W(zf) € Yy, and let
v 26— Z" be given by ¥ (zy) = nh[\IJ(zg)o]. Observe that z;; = m[W(z),] solves
the reduced system (4.2) and that z, = [V (z()s] + ¥ (T [ (z()n]) solves the full system
(4.3).

The difficult part is proving that v is smooth. Since we are using the uniform contraction
mapping principle, we obtain that the fixed point ¥ is only as smooth in z{ as the uniform
contraction mapping G is. The Nemytskii operator associated to g is in general not smooth as
amapping from ), to itself. However, it is C¥-smooth as a mapping from V¢ to Yy whenever
k¢ < «a. Using this fact, one may show with a clever application of the Fiber Contraction
Theorem to the map G that ¥ : Z¢ — ), is Ck-smooth, and thus v Z2¢ — zZh s
C*-smooth.

To complete the theorem, it remains only to remove the assumption that the Lipschitz
constant of g is small. This is done by considering the modified system

Zn+1 = Azy + g(zn) (4.8)

where g(z) = g(z)x(2). Here x(z) = XO(HZEJ)XO(”ZEﬂ) where xo : [0,00) — Risa
smooth cutoff function which is identically +1 on [0, 1] and vanishes identically on [2, 00).
By choosing ¢ small enough, we can make the Lipschitz constant of g as small as we wish
on the region on which x (z) is nonzero, and it follows from what we have sketched above
that the system (4.8) has a global center manifold. As for smoothness of this manifold, recall
that in general Banach spaces need not have smooth norms. However, as we have assumed
that Z€ is finite dimensional, we may assume that its norm is smooth. Thus x (z) depends
smoothly on z¢, but in general is only Lipschitz in z". It follows that x and thus G (2§, ")
is smooth in the region llz"Il < & where the cutoff function in the hyperbolic direction is
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constant. One now uses exponential estimates on the map G to show that || W (z(), || < e for
all coordinates of the fixed point W(zg) of G(zg, -), whenever ||z5|| < e. With this and the
above remarks about smoothness, it follows that ¥ (z() depends smoothly on zg for || z5 || < &.
Taking € and Q" to be the balls of radius & in Z¢€ and Z" centered at the origin, the result now
follows. O

In addition to the existence of a smooth local center manifold, our proof of Theorem 1.1
requires the following shadowing lemma which guarantees that each orbit which stays close
to the center manifold approaches an orbit on the center manifold exponentially fast. This is
classical, and generally a consequence of the existence of a center-stable foliation. We do not
require the full apparatus here so we provide an independent proof for the specific estimate
that we need. The proof is similar to the construction of a stable manifold.

Lemma 4.2 [Shadowing Lemma] Consider the setting of Theorem 4.1, with « > 0 as in the
statement of that result. Then there exists a neighborhood Q2 C Z of the origin such that any
Sforward solution z = {z,}n>0 C 2 to the full system (4.3) which lies in Q2 possesses an expo-
nentially close shadow on the center manifold. More precisely, there exists a positive constant
K such that for any such solution to Eq. 4.3, there exists a sequence y¢ = {y.},>0 € Z°¢
which satisfies the reduced system (4.2) and such that

lzn =y = VOl < Ke " lzo — 25 — ¥ (z)ll,  n=0.

Proof The proof breaks up naturally into two parts. First we show that z,, approaches the
center manifold exponentially fast. Then we show that z,, differs from a particular orbit on
the center manifold by an exponentially decreasing amount. Throughout, we work in a suf-
ficiently small neighborhood €2 of the origin in Z. In what follows we shall let 2 denote the
neighborhood which was denoted by 2 in the statement of Theorem 4.1, and which contains
the center manifold. We shall let © denote a (possibly) smaller neighborhood © C € which
will be constructed below and for which the statement of the present lemma is valid. We shall
otherwise keep the same notation as in the proof of Theorem 4.1.

We first introduce new coordinates (z¢, w) replacing (z€, ZMina neighborhood of the
origin, where w € Z" replaces z" and is defined by w = 7" — v/ (z¢), and with the coordinate
z“ unchanged. Thus w = 0 if and only if z lies on the center manifold, in this neighborhood,
and we have z = z° 4+ ¥ (z°) + w. The evolution equation for the full system (4.3) written in
the new coordinates takes the form

o = A, + 82y + U (2h) + wa),
wat1 = AMw, + AP () + 8" @5+ v (@) + wa)
— Y (ACzy, + 8(z; + ¥ (z5) + wa)). (4.9)

It is a consequence of the invariance of the center manifold that ¢ satisfies the functional
relation

V(AU + ¢+ Y ) = A" ) + 8" + Y W),
and it follows from this that we may rewrite the system (4.9) as
Znr1 = A%z, + 8°(2,, wy),

h ~h/_c
Wp+1 = A Wp +g1(Z;17 wn)v
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where g¢ and g" are given by

G (u, w) = g°(u + ¥ ) +w),
", w) = g"u+ v @) +w) — g+ @)
TP (AU + g+ Y W) — Y (AU + g (u + ¥ () + w)).

Observe that 3" (1, 0) = 0 identically, and also that Dg" (0, 0) = 0 since Dg(0) = 0 and
Dy (0) = 0.

Now letw® = 7¥w and w" = 7" w denote the projections of w onto the stable and unstable
subspaces, and so w = w® + w". Let g% (u, w) = 758" (u, w) and g% (u, w) = 74§" (u, w),
and note that g°(#,0) = 0 and g“(u,0) = O identically, and that Dg*(0,0) = 0 and
Dg"(0,0) = 0. Much as in the proof of Theorem 4.1, we may write the variation of con-
stants formulae

n—1
w), = (AM)"w) + D (AN g (5 wy),
j=0
> .
wt == > (A" g5 wy), (4.10)

j=n

although we take a finite sum here for the stable part in contrast to the proof of Theorem 4.1.
(We have also omitted the formula for z{, as it will not be needed here.) Adding the two
formulae in (4.10) gives

n—1 00
wy = (A% + D (AT @G wy) = DA TR ). (@)
Jj=0 j=n

for every n > 0, and which is valid for any forward orbit z = {z,},>0 lying in Q.

We wish to show that the coordinates w,, decay exponentially to zero provided the sequence
zp lies in a sufficiently small neighborhood €2 of the origin. Our approach is to regard the
coordinates z;, and also wy as known, and to consider Eq. 4.11 as a fixed point problem for
the bounded sequence w = {wj,},>0. More precisely, we shall show this sequence is in fact
a fixed point both in a space of bounded sequences, and also in a space of exponentially
decaying sequences.

To this end, for any ¢ > 0 define the Banach space RZ’ of one-sided sequences in Z"

RE={r:No— 2" |lIrl; <oo},  Irll; =supe|rullz. (4.12)

n>0

where Ng = {0, 1, 2, ...}. (Contrast the definition of this space of one-sided decaying se-
quences, with that of ), which has two-sided growing sequences. We trust that the same
notation || - || for the two norms will not lead to confusion.) Next, with « as in the statement
of the theorem, there exist y > « and C > 0 such that

[CAD L 1A < Ce™™, n=0. (4.13)

Now fix a neighborhood € C  of the origin and take small enough quantities ¢ and § such
that the following all hold. First,

lw']| < % whenever z € Q, (4.14)
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where as usual w* = 75w with w = z" — ¥ (z°). Next,

1D,8" &l I1Dg" (", 1) <6
whenever z € Q and r € Z" with 7|l < e, (4.15)

with D, denoting the derivative with respect to the second argument. Here » need not be
the w-coordinate arising from z as above, but rather is an arbitrary point in the closed e-ball
about the origin in Z”. Finally, we require that the inequality (4.18) below with (4.16) should
hold both for ¢ = « and for ¢ = 0. It is easily seen that all this can be accomplished by first
fixing 8, and then ¢, and then taking Q sufficiently small.

Now let {z,},>0 € €2 be as in the statement of the lemma, with w, = zﬁ — ¥(z5) as
usual. Denote the closed e-ball about the origin in R’Z by

Be(e) = {r = {raluzo € R} | Irll; <&},

and define amap G : B (g) — R? by setting

n—1 00
G(ryn = (A" wy + D (A" IE @Sy = D (AN g Gy
Jj=0 j=n

for n > 0. Of course it must be shown that G (r) actually lies in R We show this, and will
also bound the Lipschitz constant of the map G, which will give conditions under which G
is a contraction mapping.

Fix ¢ satisfying 0 < ¢ < y and take any r, 7 € B¢ (¢). Then |r, —7,| < e |r — rllg,
and using (4.13) and (4.15) we have that

G — Gl

n—1 00
<Cs Z oY (n=1=)) p=Lj Ir — 7l + C8 Ze*)/(jﬂfn)ef;j Ir =7l
Jj=0 j=n
< C()C8e™"Ir —7l¢
after a short calculation, where
el e_y

C@) = [— o001 o-Gr0)"

(4.16)
Thus we have that
IG(r) = Gl < CQ@OCS|r —Fl;.
Next note that the sequence (A*)”" wg, which is G(0), lies in the space ’Ré’ with the bound
1GO)llz < Cllwgll < % (4.17)
on its norm, from (4.13) and (4.14). It follows immediately that if
C()Cs < % (4.18)

holds, then G is a contraction mapping of B (¢) into itself, and thus has a fixed point. In fact,
we have assumed this to be the case for the choices { = 0 and ¢ = «. Moreover, we have that
By (¢) € Bp(e) and so the fixed points in these two balls are identical, namely, the bounded
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sequence {wy },>0 obtained from the original orbit {z, },>0 and which satisfies (4.11). Thus
{w,}n>0 in fact lies in B, (¢). Additionally, as the contraction constant of G in this ball is
bounded by %, it follows that ||w|l, < 2||G(0)||s, Which with (4.17) yields the bound

lwall < 2Ce™ " lwyll-

‘We now show the existence of a shadow orbit {y{},>0, as in the statement of the lemma. As
this part of the proof is very similar to the part above, and in particular involves a contraction
mapping in a similar space Rz, we only sketch the argument. Here Rg and its norm || - ¢
are defined as before (4.12), except that the elements of Rg are sequences r : Ng — Z¢in
the space Z¢. We write u, = y;, — z,. As z{, satisfies the first equation in (4.9) and we wish
y5; to satisfy the reduced Eq. 4.2, then u,, must satisfy

Up+1 = Auy, + é(zfp up) + qn (4.19)
where
g(zc’ M) = gC(ZC + u, 0) - gC(ZC’ 0)5 qn = gC(ZC, 0) - gC(zC’ wl’l)-

A sufficient condition for (4.19) to hold for n > 0, with u,, decaying exponentially, is that

n = Qn — D (A)"' (5, uj) (4.20)

j=n

where
i .
Qn=— D (A)""'g;.
j=n

In particular, one has the (growing) estimate
[(A)™"I < Ce™,  n=0,

where « > 0 can be taken arbitrarily small, and where C = C(x). One checks that {g,},>0
and thus {Q, },>0 belong to the space R, and also that Eq. 4.20 possesses a fixed point near
the origin in this space. This concludes the sketch of the proof of the existence of a shadow
orbit and hence the proof of the lemma. O

The existence of a center manifold for our particular system (1.22) follows from the Center
Manifold Theorem upon checking that we have a spectral gap at the unit circle. The follow-
ing lemma establishes the existence of a spectral gap and in addition characterizes the center
subspace for a class of difference equations which includes (1.22). Here and below, we let
col(-, -) denote a column vector in the usual fashion.

Lemmad4.3 Let L € L(X) be an operator for which O € o (L) is an isolated point of the
spectrum, and let 1° € L(X) denote the spectral projection onto the spectral subspace of X
corresponding to this point. Let Z = X x X and define A € L(Z) by

21 - L -1
A= .
1 0

Then1 € o (A) isanisolated pointin the spectrum of A, and the spectral projection Tl € L(Z2)
corresponding to this point is given by

7% 0
1= o 0] (4.21)
T
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Also, if there exists B1 > 0 such that
o(L)y S{AeC| Rer <—p1}U{0} (4.22)
then there exists By > 0 such that
o(A) S{reClIA[—1]> p} U{l} (4.23)

Finally, if the operator L is Fredholm of index zero and has a one-dimensional generalized
kernel spanned by v € X \ {0}, that isker(L) = {av | a € R} with v & ran(L), then

ran(r’) = {av | a € R},  ran(IT) = {col(av, bv) | (a, b) € R?},
are the above-mentioned spectral subspaces of L and A, and they have dimension one and

two, respectively.

Proof We first show that
c(A)C{reC\{0}|2—r—2""ea(L)). (4.24)

Suppose that A # 0is such that2 — A —A~! &€ (L), and denote T’'(A) = (2 —1 — A~ )T —
L)~!. We claim that

1 (—u I )(A_IF(A) 0 )
W —A) = , (4.25)
-1 Q-MI—-L 0 A7'rm

and thus A & o (A). Indeed, this is straightforwardly proved by multiplying the above matrix
product by A1 — A, to obtain the identity matrix after a brief calculation. We omit the details.
Thus (4.24) follows from this, and from the fact that 0 ¢ o (A), which holds because

0 I
A7l = )
—12I—L

It now follows from (4.24), and from the easily-checked fact that 2 — 2 — A~ ! # 0 whenever
A # 1, thatif A = 1 belongs to the spectrum of A then it is an isolated point of the spectrum.

It is also easy to establish (4.23) assuming that (4.22) holds. Indeed, with (4.22) holding
assume that A € 6(A)\ {1}. Then2—1 —21"! € o(L)\ {0} andso 2—Re(A +1~1) < —p.
Writing A = |A|e'?, we see that

AL+ A7 = (A + A7) cos = Re(h + 271 > 2 + Bi.

Denoting the two positive roots of r + r~1 =2+ By by ry withr— < 1 < r4, we have that
either |A| < r_ or |A| > r4, and thus (4.23) holds with 8 = min{l —r_, ry — 1}.

We next calculate the spectral projection IT for A corresponding to the point A = 1. (At
this point we do not yet know that 1 € o (A), however, this fact will follow when we show
that IT # 0.) For sufficiently small » we have that

1
M= — / I — AV da.
2mi
[A—1|=r

We calculate the above integral for each of the four block entries of the matrix (4.25), but
for simplicity we shall only provide the details for one of the entries, as the approach for the
others is similar. We take the lower right-hand entry
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1
My, = — / (2 =M1 =L)r~'r () dr
’ 2mi
A—1|=r

1
o / (L+ 0 —1DDHW I+ v+ 1)L dv, (4.26)
i
lv|=r
with v = A — 1, as one sees after a short calculation using the above formula for I"(1). We

apply the projections 7° and 7!, where we denote 7! = I — 70, to the second integral in
(4.26) to get

1Ty, = Zi / LY+ =D+ W+ DL dv 4.27)
i L

for j = 1,2, where L/ = 7/ L is regarded as an operator on the spectral subspace 7/ X C X,
and we separately calculate these contour integrals. Now 0 ¢ o (L"), and thus the integrand
(L' + (v — DDH(W*T + (v + DLY 1 in (4.27) is holomorphic in v in a neighborhood of
v = 0. Thus the integral vanishes by Cauchy’s Theorem, and so 77! TT» = 0. On the other
hand, for the case j = 0 we have o (L%) = {0}, and so the integrand is holomorphic for all
complex v except v = 0. In this case we may increase the radius r of the contour arbitrarily,
again by Cauchy’s Theorem. Upon doing so, and then scaling v, we write the integral in the
equivalent form

70Ty, = % / v T+ (4 = ) THDUA 4 ()T v THLY T dw.
l
[v|=1

In the limit » — 00 we obtain

1
7r01'12,2 = — / v I dv = 1,
2mi
lv=1

which is the identity operator on the space %X It thus follows that I, = 7°. The
proofs for the remaining three cases are similar, in which one shows that I1;; = 70 and
ITy,» = 12,1 = 0. This establishes (4.21).

The final statement of the lemma follows immediately from the fact that with L having
the Fredholm properties described, we have X = ker(L) & ran(L), and so the range of the
spectral projection ¥ is the one-dimensional subspace ker(L) C X spanned by v. O

In the following proposition we construct a center manifold for the difference Eq. 4.1 and
compute the reduced equations on it. To begin, let us rewrite (4.1) as a system in the product
space Z = X x X where X = {°°(Z), namely

Yingr = QI = L)Yy — Wi 4+ 8(Yn),
Wm+1 = Y, (428)

where L = L (a4 (0)) is the operator in (1.20) and where g : X — X is given by

g(¥) = f(p+7Y,a1(0) — f(p,as(0) — f'(p,a(0)Y. (4.29)
Thus we have the system Z,,, 11 = AZ,,+G(Z)withZ € Z,and A € L(Z)and G : Z — Z

given by
Z = , A= , G(2) = .
w 1 0 0
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The following center manifold reduction holds for this system.

Proposition 4.4 Let Condition A hold and take v as in Proposition 1.4. Then the system
(4.28), (4.29) in the space Z satisfies the conditions of Theorem 4.1(the Center Manifold
Theorem) with the associated center and hyperbolic subspaces Z¢ and Z" of Z given by
ZC=X“x X X°={av|a€R},
Zh=x"xxh, xh={xex|(x)=0} (4.30)

and with a center manifold W¢ C Z given by
WE = {eol(qu + Y1 (0, ), wv + Y2 (1, @) | (0, @) € Q° S R?) 431)

Sfor smooth functions i : Q¢ — X k satisfying ;i (0) = 0 and D (0) = 0, where Q¢ C R?
is a neighborhood of the origin. The reduced system on W€, in the coordinates (1, w) € Q°,
has the form

Nm+1 = 2Nm — O + ¥ (M, 0py),
Om+1 = Nm,» (4.32)

where y : Q¢ — R satisfies

y(n, ®) = (v, g + Y1 (1, ) = Bn* + o(Inl* + o], (4.33)
where B € R is the quantity (1.17) in Condition B.

Proof Proposition 1.4 implies that the operator L = L, (a(0)) satisfies all the conditions
of Lemma 4.3, including (4.22), along with the Fredholm condition and statements about its
kernel and range, and with the spectral projection 70 € £(X) given by 7%x = (v, x)v. It
thus follows by Lemma 4.3 and because G(0) = 0 and DG (0) = 0, that the conditions of
Theorem 4.1 (the Center Manifold Theorem) hold for the system (4.28) with Z¢ and Zh as
in (4.30). Thus there exists a center manifold (4.31) with functions y; as stated.

All that remains is to verify the form of the reduced system. We take

(Ym) (nmv+‘/’l(ﬂmswm))

Zm = =

Wi @V + Y2 (m, ©m)

in W€, and similarly with Z,, 1, in the system (4.28). We then apply the projection IT given
by (4.21), that is, we take the inner product of each equation with v. In doing so we note
that (v, ¥; (n, ®)) = 0 identically since the range of ¥; lies in X", and also that (v, x) = 0
for every x € ran(L), by Proposition 1.4. This directly gives (4.32) with the first equality in

(4.33). The second equality in (4.33) follows from the fact that g(0) = 0 and Dg(0) = O,
and also 11 (0, 0) = 0 and Dy (0, 0) = 0, which implies that

1 2 2 2 2
(v, g(nv + Y1 (n, ) = 5 (v, D7 O)(w, V)" + o(nl” + ],

where D?g(0)(-, -) denotes the usual bilinear form of the second derivative. Continuing, we
have

(v, D*g(O)(v, v)) = (v, f"(p,as O, v)) = D" f"(pa, at(O)v, = 2B,

n=—0oo

to give the result as claimed. This completes the proof. O
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5 The Proof of Theorem 1.1

Theorem 1.1 now follows from a convexity argument applied to the reduced equations. The
only remaining preparatory results guarantee that the shadow orbits corresponding to X,, — p
and SX_,, — p are not identically zero.

The following lemma, which is related to an exercise in Coddington and Levinson’s classic
text (see Exercise 28 on p. 103 of [10]), will allow us to prove that X,,, decays only polyno-
mially fast, hence its shadow orbit on the center manifold whose existence is guaranteed by
Lemma 4.2 is not the zero orbit.

Lemma 5.1 Let d, for n > 1 be a sequence of real numbers which satisfies

o0
> nildy| < oo, 5.1

n=1

and consider the difference equation
Xnt1 = 2+ dp)xp — xp—1. (5.2)
Then given any initial condition (xg, x1) € R?, there exist quantities (P, Q) € R? such that
Xxp = Pn+ Q0 +0(1) (5.3)

as n — oo. Conversely, given any (P, Q) € R?, there exists a unique initial condition
(x0, x1) € R? such that (5.3) holds. In particular, if lim x, = 0 then x, = 0 for every n.
n—oo

Proof Let {x,},>0 satisfy (5.2) and denote u, = col(x,+1, x,) for n > 0. Let U, be the
transition matrix

2 -1 10
Un=U+dn+lF7 U= s r= s
1 0 00

and so u,+1 = Uyu,. Note here that

n—+1 —n
U" = 5.4
n —n+1

for every integer n, as is easily proved by induction. Now let v, = U "u, and observe that
v, evolves according to the equation

—nn+1) n?
Unp1 = (L + RV, Ry =dy U""TITU" = dyyg ,
—m+ D nn+1

by a simple calculation. Next, if n > m > 0 let
Tn,m = (I + Rnfl)(l + Rn72) e (I + Rm) (55)

with 7, , = 1, and so v, = T}, Vs Observe that

n—1 n—1
1Tl < TTA+URD <exp ( DUR;I)
Jj=m j=m
(5.6)
n—1 n—1
1w — 11 < | [TA+URD ) =1 <exp [ DRI — 1.
Jj=m Jj=m
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The first inequality in the second line of (5.6) may require a brief explanation. This inequality
is obtained by first expanding the matrix product in (5.5), then subtracting the term 7, thereby
obtaining a polynomial in the matrices R;. Next one takes the norm of this polynomial, and
passes the norm across all the terms, obtaining the same polynomial but now in the scalar
quantities || R;||. The polynomial so obtained is the second term in the second line of (5.6),
as desired.

We have for some C; > O that |R,|| < Ci(1 + n2)|dn+1| for every n > 0, and so from
(5.1) and (5.6) there exists C» > 0 such that ||7;, ,,|| < C for every n > m > 0. Further,

n—1

1.0 = Toll = 1(Tnm — DTwoll < Co [exp [ D IR;I ] — 1

J=m

o
<Cfexp D i+ )ldil | = 1) =rm
j=m
with the above equation serving as the definition of the quantity r,,. As lim r, = 0, it
m— 00
follows that 7}, ¢ is a Cauchy sequence of matrices, so the limit 70,0 = lim T}, ¢ exists. The
) n—oQ

vectors vy, as well possess a limit
Voo = lim vy = Too,0v0 = Too,0U0-
n—oQ

Let us also note the estimate

o0 o0
mry <mCs Y j*ldin| < C3 Y jld;]

Jj=m j=m

for some C3 > 0, which follows from the Mean Value Theorem, and which, with (5.1),
implies that lim mr, = 0. We thus have that
m—00

up =U"vy = UMvoe + U (v — Voo),
and as |U"|| < C4(n + 1) for some C4 > 0, by (5.4), we have that

[U" (v — voo) |l < Ca(n + )| Tn0 — Teo0ll 1ol
< Cq(n + Dryllug|l — 0, asn — oo.

Thus u, = U"vs + 0(1), and denoting v, = col(A, B) it follows directly from (5.4) that
the second coordinate of u,,, which is x,, has the form

x, =An—B(n—1)+o0(1).

This proves (5.3) with P = A — Band Q = B.

The converse is proved more or less by following the above steps in reverse. Namely,
given (P, Q) € R2, then let vo, = col(A, B) where A = P + Q and B = Q, and let
uy = TO_O.IOUOO. We note that the matrix T o is invertible as det(/ + R;) = 1 for every j,
and thus det Th.m = 1foreveryn > m > 0, and thus det 7o o0 = 1. The required initial
condition is thus ug = col(xy, xp), and we see that it is unique.

The final sentence in the statement of the lemma follows in particular from the uniqueness
of (xp, x1) for a given (P, Q). O
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Proposition 5.2 Let x,, for n > 0 be a sequence of numbers satisfying
Xn+1 _2xn +Xxp-1 = MX,%'F,O(xn—l,xm xn+l)’ n>1, (57)
and

xn # O for infinitely many n, lim x, =0, (5.8)
n—oo

where M # 0 and where the function p : R3 — R is C? and satisfies
p(B—. Bo. B+) = o(IB-I> + |Bol® + 1B+ 1) (5.9)
at the origin. Then

3Mx,, > Mx,—1 > Mx, > 0 for all large n.

Let us remark that we expect in fact lim -
n—o00*n-1

= 1 should hold in the above proposition,
although do not need this fact.

Proof Without loss, we shall assume that M > 0, as the case M < 0 follows by considering
the sequence —x;, in place of x,,.
We first show that

(Xn—1, Xn, Xn+1) # (0,0, 0) for all large n. (5.10)

If (5.10) is false, then there are infinitely many »n for which x,_1 = x, = x,41 = 0 but
Xp+2 # 0, in light of the first statement in (5.8). For such n, Eq. 5.7 with n + 1 replacing n
takes the form x,4> = p(0, 0, x,,42), and so
00,0, x,42) _
Xn+2

1. (5.11)

However, Eq. 5.11 cannot hold for infinitely many » in light of (5.9) and the second statement
in (5.8). With this contradiction (5.10) is proved.
We next show that for all sufficiently large n, the two inequalities

Xn4+1 = Xn, Xn—1 = Xp, (512)
cannot simultaneously hold. Define a function H; : R?> — R by
Hi(By, Po, B-) = % + B2 + MBg + p(Bo — B2, o, Po — BY).

and note that H; has a strict local minimum Hj (0, 0, 0) = 0 at the origin, by (5.9). Now if n
is such that both inequalities in (5.12) hold, let A+ = (x, — x,+1)'/? and observe that Eq. 5.7
becomes Hi(B+, x,, B—) = 0O for this n. If n is large enough this forces B+ = x, = 0 due
to the strict local minimum of H; and the limit in (5.8), and thus x,_; = x,;, = x,41 = 0.
But this cannot happen for infinitely many n by (5.10). Thus the inequalities (5.12) cannot
simultaneously hold for arbitrarily large 7.

It follows from the failure of (5.12) for all large n that the sequence x, is eventually
monotone. In fact, either

Xpn > Xp41 > O for all large n, (5.13)
or else

Xn < Xp4+1 < 0 for all large n. (5.14)
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We wish to prove (5.13), so let us assume to the contrary that (5.14) holds. We claim that
Xn+41 — 2x, + xp—1 < O for infinitely many n. (5.15)

If (5.15) is false, then we have that x,+1 — x, > x, — x,—1 > O for all large n. Thus there
exists § > 0 such that x,4+; — x, > § for all large n. However, this forces x, — 00 as
n — 0o, which is false. This establishes (5.15).

Still assuming (5.14), for every n for which the inequality in (5.15) holds let S+ and By
be such that

2
By = —Xpy1, Bo = Xng1 — Xn, B = —Xpg1 + 2xp — Xp—1.

We have that 84 > 0 and By > 0, and from Eq. 5.7 that

0= B2 +MQPBo+B)* + o(—=Bs —2B0 — B2, =B+ — Bo. —B+)
> B2+ MBG + MBS + p(—By — 20 — B2, —B+ — o, —B+)
= H>(B+, Bo, B-), (5.16)

with the above formula serving as the definition of the function H, : R} — R. The function
H> has a strict local minimum H;(0, 0, 0) = 0 at the origin by (5.9), and with (5.16) this
forces f+ = Bp = 0 if n is sufficiently large. But this contradicts S+ > 0 as noted above,
and so (5.13) is established, as desired.

To complete the proof we must show that 3x, > x,_; for all large n. Upon dividing
Eq. 5.7 by x,—1, we have that

2x X, — 2x Mx2+ p(Xp—1, Xn, X
_ n+1<n+1 n+1: n P (Xp—1,Xp n+1)_)0
Xn—1 Xn—1 Xn—1
as n — oo, in light of the ordering x,_1 > X, > x,4+1 > 0O established above. Thus
— sz”] < % for all large n, to give the result. O
o

It is a consequence of Lemma 5.1that the orbits X, guaranteed by Proposition 2.4 decay
to p asm — o0, orto S~!p asm — —oo, at a subexponential rate, as the following result
shows.

Proposition 5.3 Assume that the inequality (1.13) is an equality at 6y = 0. Also assume that
Condition A holds, with p as stated there, and let X, be the solution to (1.22) guaranteed
by Proposition 2.4. Let Y, = X,, — p. Then

o0
D m? [Vl = oo. (5.17)
=0

The same conclusion holds if instead we let Y,,, = SX_,, — p.

Proof For definiteness we take Y, = X,, — p. Also, we shall denote the coordinates of
Yin € £2°(Z) by Yin = {yn.mnez. Let v € £°°(Z) \ {0} be as in Proposition 1.4, so of course
v € £1(Z), and let Ym = (v, Yy,). From the strict positivity v, > 0 of Proposition 1.4 and the
strict ordering (2.10) and the limits (2.9) in Proposition 2.4, it follows that

Vm <0, lim y, =0. (5.18)
m—0oQ
Also, Y, satisfies (4.1), so it follows using (1.16) that y,, satisfies

Ym+1 = C+dp)ym — Ym—1

@ Springer



110 J Dyn Diff Equat (2010) 22:79-119

where
d - (v, f(p+ Y, a(0) — f(p,a(0) — f'(p,a(0)Yy)
Ym

Here we have used the fact that
W, (S+S'=2DY,,) = (S+ S —2Dv, ¥,)
= (f'(p.ar (), Vi) = (v, f'(p,as(0)Yn).

We note that the conclusion of Lemma 5.1 fails for the sequence y,,, in light of (5.18), and
so necessarily

o0
Z m3\dy| = oo. (5.19)
m=0

By the Mean Value Theorem there are quantities €, , € [Yim.n, 0] such that

FPn =+ Ynm, a1 (©0)) — f(pn, ar(0)) — f'(pn, a4(0)yum
= f"(Pn + enm. as+O)y7 .,

and we note that p, + €,.m € [Pn + Yn.ms Pnl = [Xn.m, pn]l S [—1, 1]. Thus

l o0
ldn| = —| D" vnf" (Pn + Enmr ay (0))y7
| Y| oo
K[Ynl <
< =" " valynml = K[Yull. (5.20)
[V | oo

where K > 0 is an upper bound for | /" (u, a(0))| in the interval [—1, 1]. Note in particular,
in the final equality in (5.20), that we have used the fact that v, > 0 and y, , < 0. With this,
the desired conclusion (5.17) follows from (5.19) and (5.20). ]

With these rates of convergence established, we may now compare the orbit Y, to its
shadow on the center manifold.

Proof of Theorem 1.1 Suppose that Condition A holds but that the inequality (1.13) is in
fact an equality, and so crystallographic pinning does not occur in the direction 8y = 0. We
will show that condition B fails, namely, that B = 0 for the quantity B in formula (1.17).
Therefore assume to the contrary that B # 0.

With the above assumptions, let X, denote the solution of (1.22) guaranteed by Prop-
osition 2.4. We first let ¥,, = X,, — p, and so Y, satisfies (4.1), equivalently, Z,, =
col(Yy,, Y;,—1) satisfies the system (4.28), (4.29). Note also that Y;,, approaches zero mono-
tonically from below as m — o0. Itis a consequence of Lemma 4.2 (the Shadowing Lemma)
and Proposition 4.4 that there exists a sequence {1, }m>m, for some sufficiently large my,
such that

Mmt1 = 20m + Nm—1 = ¥ (s Nn—1) (5.21)

for m > mg + 1, and such that
Vil < Ke™™,  Vip =Yy — 1m0 — Y10 Nm—1), (5.22)
for some positive constants K and «, where the above equality serves as the definition of

Vin € €°°(Z). Thus the sequence 1, v + Y| (1, Nm—1) for large m is the shadow orbit on the
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center manifold to the given orbit Y,,, with the function v{ (1, w) as in Proposition 4.4, and
where Eq. 5.21 is simply (4.32) rewritten.

Now Proposition 5.3 implies that we have the divergent sum (5.17). In light of the estimate
(5.22), the analogous sum for V,, converges, so it follows that

_ 1Vl
1o

n — 0 for some subsequence m = m; — 00,

where the above equality serves to define §,,. Note further that there exist arbitrarily large m
such that 1, #~ 0. Thus Proposition 5.2 applies to the sequence 1,,, using the form (4.33) of
the function y (1, w) and the fact that B # 0 is assumed, and we thereby conclude that

3By, > Bny—1 > Bny, > 0 for all large m. (5.23)

Dividing the equation in (5.22) by 7, and using the inequalities immediately above gives

Y —V,
lim 22— —y, (5.24)

m— 00 Nm

with the term arising from ¥1 (1, 7m—1) disappearing in the limit. Further, for terms with
m = m; in the subsequence we have

Vi 1 = 8, 1Yo, 1< S 1Yo, — Vo I+ S, 1 Vi

and hence
Sm;
[ Vin, I < 1Y, — Vi, |l (5.25)
1— 3mj j j
and so from (5.24) and (5.25) it follows that
Vin: Y.
lim —% =0,  lim — = . (5.26)
J=00 T =00 N

Now let y,, = (v, Y};;,). Then taking the inner product with v in the second limit in (5.26)
gives lim 7, l_ym. = 1, hence from (5.23) that
j—oo J

Byp; > 0 for all large j. (5.27)

Noting that X,, < p with X,, # p, hence Y, < 0 with Y, # 0, for every m, and because
v, > 0 for every n, we have that y,, < 0. Thus with (5.27) we conclude that B < 0.

We now repeat the above argument but instead taking Y,, = SX_,, — p. The only differ-
ence occurs at the end, when we note that Y, > 0 with Y,,, # 0, and so y,, > O for every m,
which leads to the conclusion that B > 0. This is a contradiction, and with this the theorem
is proved. O

6 Genericity: The Proof of Theorem 1.2

The purpose of this section is to prove Theorem 1.2. Recall that we denote the set of normal
families of bistable nonlinearities by N. Given fy € N, we consider f € N of the form
f,a) = yw)fo(u,a) where y € Ci, and we wish to show that Condition B holds for
such f, for a residual set of y in CJZF. Below, Propositions 6.3 and 6.4 will establish that
the set A of y for which Condition A holds is a residual set. Then Propositions 6.5 and 6.6
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will establish that Condition B holds on a residual set of A, thereby completing the proof of
Theorem 1.2.

The basic tool used here is the Abraham Transversality Theorem (see Theorem 19.1 in
[1], Theorem 10.3 in Chapter 2 of [8], and Theorem 2.7 in Chapter 3 of [15]), an extension of
which is stated as Theorem 6.1 below. If Y C X is a closed subspace of a Banach space X, we
say Y is complemented in X if there exists a closed subspace Z C X suchthat X =Y @ Z.
Certainly any subpace of either finite dimension or finite codimension is complemented, but
subspaces which are not complemented do exist. If ' : U — W is a smooth map between
two Banach manifolds U and W, and M C W is a smooth submanifold of W (with these man-
ifolds possibly infinite dimensional), then we say that F is transverse to M onaset K C U if
whenever F(x) € M for some x € K, thenran(DF (x)) + TrpyM = Tr)W (this sum of
subspaces need not be a direct sum), and the space £, = {x € T\U | DF (x)X € Tr)M}is
complemented in T, U. (For purposes of this definition smooth means C'.) If F is transverse
to M as above, then for some neighborhood O € U with K € O, theset N = F! MYNno
is a submanifold of U, with T, N = X, forevery x € N.

We also recall the Smale Density Theorem (see Theorem 1.3 of [28]), which states that
if F:U — WisaC” (for some r > 1) map between Banach manifolds U and W, with U
and W Lindelof, and if further D F(x) is a Fredholm operator of index j for every x € U,
then the set of regular values of F is a residual subset of W provided that r > j.

Theorem 6.1 [Abraham Transversality Theorem] Let F : U x V. — W be a C" map, where
U, V, and W are C" Banach manifolds. Assume also that U and V are Lindeldf spaces (for
example, affine subspaces of or open subsets of a separable Banach space). Suppose that
M C W isa C" submanifold of W and that F is transverse to M on U x V. Further suppose
that for each (x, A) € U x V for which F(x, ) € M, the map

7DV F(x,A) € LT U, TreyW/TrFx, M)
is Fredholm of index j, and that r > max{j, 0}, where
7€ LTra W, Trae W/ Trx M)

is the canonical projection onto the quotient space, and where D1 F (x, A) denotes the deriv-
ative with respect to the first argument x. Let F; : U — W denote the map F) (x) = F(x, })
foreach A € V. Then

{A € V| Fy is transverse to M on U}
is a residual subset of V.

Sketch of Proof The set I' = F~!(M) is a submanifold of U x V with Tl ={(x, A e
T,U x T,V | tDF(x, M)(x, A) = 0}, and certainly T is Lindeldf. Consider the map IT :
I' — V given by I1(x, A) = A. Then one shows that A € V is a regular value of IT if and
only if F; is transverse to M on U. Further, the derivative DIT(x, 1) € L(T(x )", Th.V) is
Fredholm with index j. By the Smale Density Theorem, the set of regular values A of IT is a
residual subset of V. O

In what follows we shall let
Qo=1{q€t>®@)| lim gq,=0},
n—=+o00
01 ={qet>®@| lim g,==+l1},
n—=+o00

02 ={(p,q) € Q1 x Q1 | p # S¥q for every k € Z}.
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Note that Q is a Banach manifold which is Lindeldf, and that T, Q1 = Qg. The following
result implies that in a trivial fashion, Q5 is also a Banach manifold which is Lindelof, and
that T(, ) Q2 = Qo x Qo.

Lemma 6.2 The set Q> is an open subset of Q1 x Q1.

Proof Take a sequence of points (pj,q;) € (Q1 x Q1) \ Q2 in the complement of Q>,
where p; = {pjuliez and gj = {qj n}nez. Assume these converge (p;, q;) — (po, qo) to
some (po, qo) € Q1 x Q1. We must show that (po, qo) € Q2.

We have that p; = Ski q; for some sequence of integers k;, from the definition of Q5.
By passing to a subsequence, we may assume that either k; = k € Z is independent of j, or
else kj — coas j — oo, orelse kj — —ooas j — oo.

If k; = k, then clearly pp = Skqo, and so (po, go) € Qa, as desired. Thus suppose that
kj — oo as j — oo. Then for any fixed n we have

|Pjin = qontk;| < 1Pjn = @il +19)ntk; — q0.n+k; |
k ki
=llpj —SYqjll + 1157 (q; —qo)ll - 0

as j — o0o.Butalso pj, —qo.n+k; = pon — 1 as j — ocosince go € Q1,andso po, = 1.
However, this contradicts the fact that pg € Q.

We omit the case in which k; — —00, as it is similar to the previous case. With this, the
proof is complete. O

In what follows we shall let D, denote the derivative with respect to the parameter a, with
prime ’ denoting the derivative with respect to u as usual, for the two arguments (u, a) of f.

Proposition 6.3 Fixany f € N, and define G : Q2 x (—1,1) - Q1 x Q1 by
S+S'—2Dp— f(p,a)

(S+571=2Dg — f(q.a) )

Suppose that G y is transverse to {(0, 0)} on Q2 x (=1, 1). Then Condition A holds.

Gr(p,q,a) =(

Proof We prove the contrapositive. Suppose that Condition A fails. Then there exists (p, g) €
Qs suchthat G s (p, ¢, a1 (0)) = (0, 0). Itsuffices to prove that G f is not transverse to {(0, 0)}
at the point (p, g, a4 (0)), namely, that the derivative DG ¢ (p, g, a(0)) is not surjective.
We have that

6.1)

o Lpp —Dqf(p,as(0))a
DGf(p, q’a+(0))(pv (’La) =

Lqq — Daf(q,a4(0))a

where the operators L, = L,(ay(0)) and Ly = L;(a4(0)) are as in (3.1), although here
considered as an element of £(Qg) rather than £(£°°(Z)). By Lemma 3.1 both L, and L,
are Fredholm with index zero and kernels of dimension either zero or one. It follows from
an argument using the Implicit Function Theorem, similar to that used in the proof of Prop-

osition 1.4, that the dimension of the kernel of each of these operators is in fact one, and
thus

codimran(L ) = codimran(L,) =1

for the codimensions of the ranges in the space Q¢. From this and the formula (6.1), it follows
immediately that the range of DG 7(p, g, a4 (0)) has codimension either one or two. Thus
DG ¢(p, q, a(0)) is not surjective, as desired. O
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Recall now the set Cer given by (1.18), which is endowed with the usual C2 topology.
Proposition 6.4 Fix any fy € N, and define G, : Q2 x (—1,1) x C2 — Q1 x Q1 by
(S+S~'=2Dp —y(p) folp,a)
(S+57'=2Dg —y@ folg. @) )

Then Gfo is transverse to {(0,0)} on Oy x (—1,1) x C_%_.

Gr(p.q.a,y) =(

Proof Let us denote the dependence of the operator L, = L (a) in (3.1) on the nonlinearity
f by

Lig=Lfg@)=S+S"—21— f'(q.a), (6.2)

for f € N.Now take any (p, g, a,y) € O x (—1,1) x Ci for which Gfo(p, qg,a,y)=0.
Denoting f(u, a) =y (u) fo(u, a), we have that

Lf,pp—Daf(p,a)a—y(p)fo(p,a)) ©3)
Liyd—Daf(q.@)a—7(q) folg.a) )

By Lemma 3.1 both L, and L f,, are Fredholm with index zero and kernels of dimension
either zero or one, considered here as elements of £(Qp). We must prove that the operator
DG fo(P.q,a,y) is surjective. Denote by v, any nonzero element of the kernel ker(L ¢, ,),
if such exists, and similarly with v, as a nontrivial element of ker(L f,4).

Three cases now arise. In the first case we suppose that both L s, and Ly, are isomor-
phisms, and so surjectivity is immediate.

In the second case we assume exactly one of these operators is an isomorphism, say L ¢4
for definiteness, and so the operator L f, , has a nontrivial kernel element v,,. Moreover, the
range of L, is characterized as

DG 4(p.q.a,y)(P,q,a,7) =(

ran(Ly,,) ={w € Qo | (vp, w) = 0}

by Lemma 3.1. If it is not the case that DG fo(P.q,a,y) is surjective then the first line in
(6.3) is annihilated by v, for every choice of (p, a,¥). In particular, taking p = 0 and
a = 0, and ¥ to be a function for which

0, n #k,

Y(pn) = [ (6.4)
1, n =k,

for some integer k, we have that

0= (vp, ¥(P) fo(p, @) = vpi folpk, a). (6.5)

But fo(pk,a) # 0 for all large k, and so (6.5) implies that v, x = O for all large k. This
contradicts Lemma 3.1, which states that v, ; # O for all large k.

It remains only to consider the case where neither L f,, nor L s, are isomorphisms, and
so the vectors v, and v, respectively, annihilate their ranges of these operators. Then if
the derivative DG fo(P, g, a,y) is not surjective, its range is annihilated by some nontrivial
combination of v, and v,,. To be precise, there exist constants 7, and 7, not both zero, such
that

0= Tp(”ps Lypp— Dy f(p,a)a—y(p)fo(p,a))
+Tq<vq» Lf,q? — Dq f(q,a)a —v(q) folg,a))
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for every (p,q,a,y). Taking p = ¢ = 0 and @ = 0 gives

0= Tp Z Up,n?(pn)f()(pnv a) + Ty Z Uq,n?(qn)fO(Qn» a)

n=—oo n=—oo

for every ¥. If one of the coefficients 7, or 7, is zero, say 7; = 0, then choosing a function
¥ as in (6.4) and arguing as before yields a contradiction. Thus assume that both 7, # 0 and
74 # 0. If there exist arbitrarily large k for which the point py is distinct from all the points
qj,thatis, py # q; for every j € Z, then we may choose y satisfying (6.4) and additionally
satisfying y(g;) = O for every j € Z. This now gives Eq. 6.5, and so v, x = 0 for such k.
However, this contradicts Lemma 3.1.

Thus we have that for every sufficiently large integer k, there exists an integer j, such
that p; = g;. Necessarily j = ji is uniquely determined from k, and jz — oo as k — oo.
Reversing the roles of p and ¢ imply that also, for every sufficiently large integer j, there
exists an integer k = k;j such that g; = py;. It follows immediately that there exists some
integer m such that py = g4, for all sufficiently large k. As both p and ¢ satisfy the dif-
ference Eq. 1.19, we conclude that py = g4, for every k € Z, that is, p = S§™¢. But this
contradicts the fact that (p, g) € Q», and completes the proof. ]

In what follows, let us denote

Fred;1 = {2 € L(Qo) | 2 is a Fredholm operator

of index zero, with dim ker(2) = 1}.

It is known that Fred; | is a C*° submanifold of £(Qp) of codimension one. Moreover, if
2 € Fred; ; then the tangent space of Fred; ; at this point is given by

TqFred; | = {Q | Qu € ran(Q) whenever v € ker(2)}.

Proposition 6.5 Fix any f € N, and suppose that Condition A holds for f. Define Fy :
Q1 x (=1, 1) > Q1 x L(Qo) by

(S+S'=2D)p— f(p.a)
Fy(p,a) = » :
S+S =21 — f'(p,a)
Also define the manifold
M = {0} x Fred;,1 € Q1 x L(Qy).

Then f satisfies Condition B if and only if Fy is transverse to M at the point (p, a4 (0)),
where p is as in the statement of Condition A.

Proof In what follows p is as in Condition A, with L, = L,(a4(0)), so L, € Fredy .
Also, let v € Qo be the kernel element as in the statement of Proposition 1.4. Then one sees
immediately that

Ty, Fred; = (Q e L(Qo) | (v, Qu) =0}, L,=S+ ) g ' (p,as(0)).
We now compute
o Lpﬁ_ Daf(pa a+(0))ﬁ
DFf(pva+(O))(paa): , o , N K
—f"(p,a(0)p — Da f'(p, a4 (0))a
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Thus Fy is transverse to M at (p, a1 (0)) if and only if, for every choice of w € Qg and
Q2 € L(Qo), there exists (p, a) € Qo x R, and Q2 € Ty, Fred; 1, such that

w=Lyp—Daf(p,ay(0)a,
Q= —f"(p,a+(0)p — Daf'(p,a+(0))a + Q. (6.6)

Note that the existence of € satisfying the second line in (6.6) is equivalent to the equation

(U, QU) + (U’ f//(IL a+(0))(ﬁ’ U)) + (U, Daf/(IL a+(0))(ﬁ, U)) =0. (67)

Further note that we have
(v, f"(p, a+(0))(v, v)) = 2B,

where B is the quantity (1.17) in Condition B.

To prove the lemma, suppose first that Condition B holds, and let w and 2 be given
as above. Then the first equation in (6.6) can be solved for some p and a if and only if
(v, w)y = —(v, Dg f(p, a4+ (0)))a, equivalently,

_ (v, w)

a=— . (6.8)

(v, Do f(p, a1(0))

Here we have used the fact that f is a normal family, in particular that D, f (u,a) > 0 in
(—=1,1) x (—1, 1), and also Proposition 1.4, in particular that v, > 0, to conclude that the
denominator is nonzero. With this choice of @ there exists p satisfying the first equation in
(6.6), and moreover, p is uniquely determined up to an additive multiple of v. Thus fixing a
particular choice p of p, we see that the general form of p is p = p + Av for arbitrary A € R.
Thus Eq. 6.7 takes the form

(v, Q) + (v, f(p, a4 (0) (P, v)) +24B + (v, Do f'(p, a+(0)) (@, v)) =0 (6.9)

with the above choices of @ and p. As B # 0 is assumed, there is a unique choice of A solving
this equation, as desired.

Now assume that Condition B does not hold, and so B = 0. Taking w = 0 above forces
a = 0, by (6.8), and so necessarily p = Av to satisfy the first equation in (6.6). Equation 6.9
takes the form (v, Qv) = 0. However, this equation is not satisfied for every €2, which implies
the transversality condition fails, as claimed. m]

Proposition 6.6 Fix any fy € N, and define Ffo 01 x (—1,1) x Cf_ — Q1 X L(Qo) by

S+S'=2Dp—y(p) folp, a))

ﬁf()(psai )/)=( ] ’
S+87 =21 —(y(p) fo(p,a))

Then I:"f0 is transverse to M on Q1 x (=1, 1) x CZ, where M is as in the statement of
Proposition 6.5.

Proof As before, let Ly, = Ly (a) denote the operator (6.2). Then, denoting f(u,a) =
y (1) fo(u, a) in what follows, we compute the derivative

Lypp —v(p)Dafolp, a)a —v(p) fo(p,a) )

DFf(p.a,y)(P.a,7) =( B _ , o )
—f"(p,a)p — Do f'(p,a)a — (¥(p) fo(p,a))
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Thus ﬁfo is transverse to M at a point (p, a, y) for which 1:"f0 (p,a,y) € M if and only if,
for every choice of w € Qg and Q € £(Qo), there exist (p,a,y) € Qo X R x C?[-1,1],
such that

w=Ly,p—y(p)Difo(p,a)a—y(p)fo(p,a),
(v, Qu) + (v, f"(p,a)(P,v)) + (v, Da f'(p, a)(@, v))
+ (v, ¥ (p) fo(p,a))'v) =0, (6.10)

much as in (6.6) and (6.7). Here v is a nontrivial element of the kernel of L ¢, ,, and is uniquely
determined up to scalar multiple (whichwe fix)as L, , = S4+S~1—21—f'(p,a) € Fredy ;.
‘We note that there is no assurance that v,, > O for the coordinates.

Given any such w and €, first choose @ = 0. Next, fix k large enough that both vy # 0
(which can be done by Lemma 3.1) and f(py, a) # 0, and choose y € C?[-1,1] to satisfy

O,H#k, _, 07 n#kv
0 Y (pn) = |

Y(pn) =
y',n=k, y',n=k,

with the quantities »° and ! to be chosen shortly. There exists 7 satisfying the first equation
in (6.10) if and only if (v, w) = —(v, ¥ (p) fo(p, @)), or equivalently,
oo w)
v fo(pk, a)
Taking this value for y°, we now fix the choice of p as well. In particular, we note that
although we have not yet chosen y !, the choice of this quantity will not affect p as the first
equation in (6.10) does not involve 3’ (p).

Finally, we make the unique choice of ! so that the second equation in (6.10) holds, and
one sees that the required value is

L Qo)+ (o, f(p.a) (P v) + vy £ (pk. @)
y = — 2 .
v fo(pr, @)

With this, the proof is complete. O

Proof of Theorem 1.2 With fy € N, we apply the Abraham Transversality Theorem to the
maps G y, and F's, in Propositions 6.4 and 6.6, respectively. What must be checked is that the
appropriate operators are Fredholm with the appropriate index. For the map Gfo we consider
the derivative D 1,2,35 fo(P, q, a, y) taken with respect to the first three arguments p, ¢, and
a, but not y (as y plays the role of X in the above statement of the Transversality Theorem).
As noted in the proof of Proposition 6.4, the operators L f, , and L y,, are Fredholm with index
zero, and from this it follows easily, using the formula (6.3), that D1’2,3Gf0 (p,q,a,y)is
Fredholm of index one. Thus the Transversality Theorem applies as the map G fo 18 c2.

For the map 13 o we must follow the derivative D » 13 fo(p, a, y) taken with respect to p
and a, with the projection which annihilates the tangent space 77, pFred 1,1- This gives the
operator

. - Ly pp —v(p)Dafolp, a)a

7D Ff(p,a,y)(p,a) = . B ) B , (6.11)
—(, f(p,a)(p,v) + Da f'(p, a)(a, v))

where v is the kernel element of L ,. Again L , has index zero, and as the second coor-

dinate in the range of (6.11) is scalar, it follows that the operator (6.11) has Fredholm index
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zero. Again the Transversality Theorem applies as the map Fp, is C!. It follows directly
that for a residual set of y € Ci the maps G, s, and F) y, are transverse to {(0,0)} and
to M, respectively, on their domains, and thus that Condition B holds for y fy. With this
Theorem 1.2 is proved. O
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