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Abstract  The existence of weak sinks in mixed parabolic-lattice systems on the real line is
established for systems that incorporate discrete coupling on an underlying lattice in addition
to continuous diffusion. Sinks can be thought of as interfaces that separate two spatially peri-
odic structures with different wave numbers: the corresponding modulated wave train is time
periodic in the frame that moves with the speed of the interface. In this paper, the existence of
weak sinks is proved that connect wave trains with almost identical wave number. The main
difficulty is the global coupling between points on the underlying lattice, since its presence
turns the equation solved by sinks into an ill-posed functional differential equation of mixed

type.

Keywords Lattice differential equations - Functional differential equations of mixed type -
Modulated waves - Travelling waves

1 Introduction

In this paper we consider the partially discrete reaction-diffusion system

N

0 y(x, 1) = yoexy(x, 1) + ZA.,-y(x +nj, 1)+ gy, 1), (1.1)
j=0

which mixes a continuous Laplacian with a discrete Laplacian on a one-dimensional lattice.
In particular, we take x € R, y(x,t) € R" and A; € R"™". We require y > 0, but allow
the shifts n; € Z to be both positive and negative. We are especially interested in wave train
solutions to (1.1). Such solutions can be written in the form
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y(x,t) = u(wt — kx) (1.2)

for some 2 -periodic function u. Here w stands for the temporal frequency of the wave train,
while k denotes the spatial wave number. In general, these solutions will persist as the wave
number k is varied, giving rise to a one-parameter family of wave train solutions to (1.1) that
we will write in the form

y(x, 1) = ulwn k)t — kx; k). (1.3)

The function wy is referred to as the nonlinear dispersion relation.

Let us consider two nearby wave numbers k_ and k.. The main goal of this paper is to
construct solutions to (1.1) that are periodic in time when viewed in an appropriate co-moving
coordinate frame and that ‘connect’ the wave train u(wn (k_)t —k_x; k_) at x ~ —o0 to the
wave train u(wn) (k4 )t — ki x; ki) at x &~ oo. In particular, we will look for solutions of the
form y(x, 1) = u.(x — cit, wyt), that behave as

Uy (X — Cyl, i) —> u (wn(ke)t — kex — V1 k) (1.4

as x — oo, while satisfying the periodicity condition u, (&, ) = u.(&, v + 2m).

The existence of modulated waves that satisfy these properties has already been estab-
lished for the reaction-diffusion system (1.1) without the shifted arguments, i.e., in the situa-
tion where Aj = 0for0 < j < N. This was achieved in [17] by using the spatial-dynamical
approach developed by Kirchgéssner [38] and applying a center manifold result due to Mielke
[49]. In order to outline this construction, let us introduce new functions v and w that take
values in an appropriate space of 27 -periodic functions and write v(£§)(t) = u.(§, ) and
w(é)(t) = dsux (&, ). In the absence of the shifted terms in (1.1), the search for modulated
waves leads to the equation

9z v(€) () = w(&)(),
—Yow @) () = cxw@) () — 0 v(§) () + g (L(E)(). (1.5)

After fixing a wave number kg, we write ¢, = a);l (ko) and consider temporal frequencies
s = wni (ko) — kocx + @, (1.6)

in which @ shares the sign of ] (ko) and has small absolute value. For any such value of @,
there exist two wave numbers k+ = k- (@) such that the choices v+ (§)(t) = u(t —k+&; ky)
lead to solutions of (1.5). These wave numbers are distinct if @ 7# 0 and satisfy the limits
k+(w) — ko as w — 0. Under some generic assumptions, the results in [49] can be applied
to construct, for @ as above, a two dimensional center manifold M that captures all solu-
tions to (1.5) that remain orbitally close to the periodic function (vg, wp). Here vo(§)(7) =
u(—ko& +7; ko) and wo(§)(t) = —kou'(—ko& +1; ko). Of course, this manifold will contain
the two solutions (v, Dgv+) mentioned above.

The crucial observation that allows the dynamics on this center manifold to be explicitly
analyzed, is that the change of variables 0 = t — ko& turns the periodic solution (vg, wg)
and its spatial translates into a ring of equilibria for the transformed version of (1.5). Exploit-
ing this change of variables allows one to derive a two dimensional ODE that describes the
dynamical behaviour on M. The desired modulated wave can subsequently be read off from
this ODE.

The results in [49] however cease to apply in the presence of the shifted terms. This situa-
tion was partially remedied in [33], where center manifolds were constructed for differential
equations involving such shifted terms. Unfortunately, these manifolds are as of yet unable to
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capture solutions that merely remain orbitally close to a prescribed periodic solution. In addi-
tion, the results in [33] do not cover differential equations posed on general Hilbert spaces.
For these reasons, we deviate from the approach in [17] and choose to work directly with the
transformed coordinates (&, o) in this paper. This choice ensures that the variational equation
that is encountered has autonomous instead of periodic coefficients. After constructing an
appropriate global center manifold, the analysis in [17] can be carried over to the current
setting.

The primary motivation for the inclusion of the shifted terms in (1.1) comes from the wish
to understand and classify the structure of solutions to so-called lattice differential equations
(LDEs). Such equations are infinite systems of ordinary differential equations indexed by
points on a spatial lattice. A typical example is given by the discrete Nagumo equation

i (1) = efui 1 (1) + i1 (1) = 2u()] — (@) = D) - p), (1.7)

for some —1 < p < 1, which arises when one discretizes the scalar reaction diffusion
equation

yi=Ay— =Dy —p) (1.8)

on a one-dimensional lattice with spacing 4 = «~1/2. In the literature, the discrete Nagumo
equation has served as a prototype system for investigating the properties of LDEs. We men-
tion here the work of Mallet-Paret [44,45], who analyzed travelling wave solutions to this
equation connecting the two equilibriazz = =1 and found that in general there exist nontrivial
intervals of the detuning parameter p for which the wave speed satisfies ¢ = 0 and hence the
waves fail to propagate.

It turns out that propagation failure is one of many features that distinguish LDEs from
their continuous counterparts. The relatively rich structure of LDEs, combined with the abil-
ity to incorporate nonlocal interactions into a model, have presented a strong motivation for
the study of such systems. At present, models involving LDEs can be found in many scien-
tific disciplines, including chemical reaction theory [21,41], image processing and pattern
recognition [14], material science [2,8] and biology [3,36]. Apart from these modelling con-
siderations, LDEs also arise when one studies numerical methods to solve PDEs and analyzes
the effects of the employed spatial discretization [5-7,19].

Since travelling waves provide a convenient starting point in the analysis of LDEs, they
have attracted considerable interest during the past two decades. Early papers on the subject
by Chi, Bell and Hassard [10] and by Keener [37] were followed by many others which devel-
oped the basic theory; see, for example, [9,13,27,34,35,42,44-46,60,62,63]. To appreciate
the difficulties that arise, let us plug the travelling wave Ansatz u; = ¢ (i — ct) into the
LDE (1.7). We find that the profile ¢ must satisfy the following scalar functional differential
equation of mixed type (MFDE),

—cg' @) =alpE+D+¢E -1 —26E)]— (¢’ —1) (@& —p). (19

Although ¢ is R-valued, the relevant state space associated to (1.9) is necessarily infinite
dimensional. A typical choice is given by Xy = C([—1, 1], R), although the Hilbert space
L2([—1, 1], R) has also been used in the literature. The linearization of (1.9) around a wave
profile ¢ will in general be ill-posed [28], which prevents the use of the semigroup tech-
niques developed for retarded differential equations [15]. For this reason, one needs to resort
to Fredholm techniques and exponential dichotomies when analyzing linear MFDEs. These
tools were developed for use in an MFDE setting by Mallet Paret [43], Verduyn Lunel [46]
and Harterich et al. [28]. In [32,33] these results were used in a nonlinear setting to construct
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center manifolds around equilibria and periodic solutions to MFDEs posed on the finite
dimensional spaces C" and R". For a detailed discussion of these issues we refer to [30].

This paper is intended primarily as a step towards understanding modulated wave solu-
tions to LDEs, which are a logical next stop on the way upwards from travelling waves in
the chain of complexity. As one would expect, such a step is accompanied by an increase
in complexity of the equations that need to be analyzed. Indeed, upon introducing the new
functions v(§)(0) = u (&, 0 + ko) and w(§) (o) = Diu(§, o + ko), the system to solve
becomes

9:v(€) () = w(é)() +kodov(§) (),
=y 9w () () = kodow(§) () + cxw(§)() — Wi dov(§)(")

N
+ D AjE+n))(—njko) + g WE). (1.10)

Jj=0

This equation now contains shifts with respect to both & and o. There exists a ring of equi-
librium solutions

Wy (E)(), wy () () = (u(@ + -5 ko), —kou' (¥ + - ko)) , (1.11)

parametrized by ¥ € R. In order to construct modulated waves, we will need to consider
the state space Xmw = C([1min, max], H). Here npin = min{n;}, npax = max{n;} and H
stands for a Hilbert space that encodes pairs of 27 -periodic functions, which will be fixed in
the sequel.

The fact that we are forced to use X instead of Xy presents two immediate compli-
cations. To understand the first of these, let us consider any ¢ € C (R, R) that solves (1.9).
The differential equation then immediately implies that ¢’ € C(R, R) and allows bounds
on ¢ to be turned into bounds on ¢’. The presence of the derivatives with respect to o in
(1.10) however prevents the use of such direct bootstrapping methods. As a consequence,
special care needs to be taken when constructing solution operators to linear inhomogeneous
systems and we will need additional smoothness on the part of the nonlinearity g.

The second complication caused by the use of X,y is that it is no longer easy to construct
and analyze characteristic functions. Indeed, substituting ¢ (§) = 1 + Be% into (1.9) and
keeping only terms that are linear in 8, we find the characteristic equation Acy(z) = 0, in
which

Ach(z) = —cz —afe* + e —=2]+2(1 — p). (1.12)

By now, a lot is known about the root distribution and asymptotic behaviour of such quasi-
polynomials [4,15]. A very useful feature is that in vertical strips in the complex plane, the
uniform estimates Ach(z) = —czI + O(1) hold as Im z — =o00. This allows us to obtain
uniform bounds on A, (z) ™! for large |Im z|, which considerably eases the construction of
Greens functions to solve linear MFDEs [43]. However, upon plugging the analogous An-
satz into (1.10), we shall see in the sequel that we need to look for pairs (z, v) for which
Lch(z)v = 0. Here v is a 2 -periodic function and the characteristic operator Lch(z) for
z € Cis given by

L@V = [z€x + 72> = (@4 + kocx + 2yko2) D + vk D*v
N

+ > Ajeu( = njko) + Dg (u(- 1 ko)) v. (1.13)
j=0
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Let us note that for y = 0, this expression reduces to

N
Lan(@ = [z, — @s + ko) DI+ > Aje™i (- — n ko) + Dg (u(-: ko)) v. (1.14)
j=0

Consider any two integers £ € Z and Ak € Z. Under the transformation v = exp[i Ak-]v
and 7 = z + ikgAk + 2mil, we have

exp[—i Ak-1Lch ()0 = Len(2)v + i el — w Ak) v. (1.15)

Let us suppose that L¢p, (zo) admits an eigenvalue A with Re A = Re zg. If @, and 7 ¢, are not
rationally related, then in view of (1.15) we can have no hope of obtaining a uniform bound
on Lch(z)~! on the vertical line Re z = Re zg. In fact, this is precisely the reason that we
have to exclude y = 0 in (1.1). We emphasize here that this issue is unrelated to the usual
artificial ambiguity that surrounds Floquet exponents.

We remark that in [1,18,31] an additional second order dispersion term of order y was
also added to LDE:s to allow for the numerical computation of travelling waves. The feasi-
bility of this approach was established in [31], where conditions were given under which the
limit y — 0 yields solutions to the original LDE. The present set up can hence be seen as a
step towards obtaining information on (1.1) with y = 0, by analyzing the path y — 0. Let
us emphasize here that there are also physical reasons to introduce a second order term in
(1.1). Indeed, such a term arises naturally if we consider systems that have local as well as
nonlocal interactions. In addition, it allows continuation techniques to be used to study the
effect of moving from a continuous to a discrete model. An example of such an approach can
be found in [20].

Aside from the technical issues connected to the state space Xy, the most important
challenge that needs to be overcome in the present work is the construction of a global center
manifold for functional differential equations of mixed type. To set the scene, let us first
sketch such a construction for the planar ODE

Y E) = f (&), (1.16)

in which f : R — R? is a smooth function. For any ¥ € R, we write p(9) € SO (R?)
for the linear operator that rotates vectors v € R? around the origin by the angle . Let us
suppose that f is invariant under these transformations, i.e.,

p(=D0) f (p(@)v) = f(v) (1.17)

for all v € R? and ¥ € R. In addition, let us suppose that (1.16) admits an equilibrium
solution y # 0, which in view of (1.17) implies the existence of an entire circle of equilibria
{p(@)y}ser.

A simple differentiation yields the identity Df (y) Dp(0)y = 0, showing that the matrix
Df (y) admits zero as an eigenvector. If the algebraic multiplicity of this zero eigenvector is
two, then one may hope to find solutions to (1.17) that remain close to the circle {p () y}yer-
To capture such solutions, let us write

y(&) = p@ENy +u@)], (1.18)

inwhich 0 : R — R is a smooth function that is chosen in such a way that |y(§) — p(0(§))Y|
is minimized for every £ € R. This choice yields the normalization condition

(Dp0)y, u(§)) =0 (1.19)

@ Springer



422 J Dyn Diff Equat (2009) 21:417-485

for every £ € R, where (, ) denotes the standard inner product on R2. Differentiating (1.18),
plugging the result into (1.16) and using (1.17) yields

0'E)Dp Oy +u@]l+u'(E) = f G +u®). (1.20)

Using this expression to differentiate (1.19), we find

0'(¢) = [(Dp(0)y, Dp(0)¥) + (Dp(0)y, Dp(O)u(&))1(Dp(0)y, f (T + u())).
(1.21)

We hence see that the function 6 can be completely eliminated from (1.20), yielding an
autonomous differential equation for u that can be analyzed using standard center manifold
theory. This approach was initiated by Krupa in [39]. Related developments for compact
symmetry groups can be found in [11,24,51], while [23,25,48,54,55] contain results that
apply in the presence of non-compact symmetries.

Let us now return to the setting of MFDEs and consider the prototype system

Y@ =fO0E),yE-D.yE+ D), (1.22)

in which y takes values in a Hilbert space H that contains 2w -periodic functions. There
are two main problems that preclude the use of the approach sketched above in this setting.
The first issue concerns the operator Dp(0). In our MFDE setting, the symmetry acts as
[o()y(E)](o) = y(&)( + o), which implies that Dp(0)y(§) = 9, y(&). The nonlinear
term 6’(£) Dp(0)u () in (1.20) hence loses an order of smoothness compared to u, which
in our setting would prevent the use of the standard Lyapunov-Perron fixed point method to
construct the center manifold. The second problem is caused by the advanced and retarded
terms present in (1.22), which break the mechanism by which the variable 6 was previously
eliminated from (1.20). Indeed, the equivalent of (1.20) in the MFDE setting will depend not
only on 8’(£), but also on the quantities 6 (¢ £ 1).
The first of these problems can be resolved by writing

y(E) = p@©E)y +ué) (1.23)

and arguing much as above to obtain the coupled system

0'(€) = [(Dp(0)F, Dp(0)Y) + (Dp(@ )y, u(@)1~(Dp@ (&)Y, f(Og, ug)),
(1.242)
u'@E) = —0"(E)Dp0)y + f(6:, ug), (1.24b)

in which

FOs,ug) = f(pOE)NY +u@), pOE — D)y +uE — 1), p(0E + 1)y +u€ +1)).
(1.25)

Notice that the problematic term involving the operator Dp(0) applied to u has indeed dis-
appeared. The linearization of (1.24b) with respect to u however continues to include a
dependence on 6. The main technical tool that is developed in this paper is the construction
of a center manifold that contains all solutions (8, u) with sufficiently small u to a system
of the form (1.24). The variable 6 does not have to be bounded, although we remark that 6’
will automatically be small whenever u is small.
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We remark here that our constructions are closely related to singular perturbation theory.
Indeed, the classical Fenichel theorems established in [22] consider a fast-slow ODE of the
form

0 = egs(0,u,e),
u' = gr(0,u,¢€), (1.26)

that for ¢ = 0 admits a manifold of equilibria given by gf (9, u(}), 0) = 0 for some smooth
u. One of the principal questions addressed by the theory is the persistence of the invariant
manifold Mgy = {(, u(1¥))} as € becomes nonzero. Fenichel’s first theorem [22] states that
whenever (1.26) is normally hyperbolic, the invariant set M can be extended smoothly to
a center manifold M. = {(9, u(¢))}, defined for small € > 0, that captures all solutions
to (1.26) that remain in the neighbourhood of M. This condition of normal hyperbolici-
ty requires the eigenvalues of the linearizations D;g¢ (¢, u (), 0) to be uniformly bounded
away from the imaginary axis.

By now a rich literature has developed concerning the existence and persistence of center
manifolds for rather general normally-hyperbolic invariant sets [16,29,40,47,52,59]. For our
purposes however, normal hyperbolicity is too restrictive, as the dynamical behaviour that
we will be interested in is generated precisely by the extra center directions available for u in
(1.24b). An important result in this respect was obtained by Chow et al. [12], who constructed
center manifolds for a general class of invariant sets without requiring normal hyperbolicity
to hold.

Unfortunately, most of the center manifold results mentioned above were obtained using
the so-called Hadamard graph transform technique [26], which is very geometrical in nature.
Indeed, as a crucial part of these constructions, the vector field must be modified to ensure
that it points outwards at the boundary of a neighbourhood of the invariant set under con-
sideration. However, in the infinite dimensional setup that we will use to analyze MFDEs,
the vector field does not even map into the underlying state space. In addition, we mention
that the construction in [12] utilizes finite dimensional results such as Whitney’s embedding
theorem [57] and Nash’s embedding theorem [50].

For these reasons, we prefer to construct center manifolds using Lyapunov-Perron type
techniques, which are far more analytical and thus easier to generalize to our infinite dimen-
sional setting. The work of Sakamoto [53] is very interesting in this respect, as it proves Feni-
chel’s first theorem using a fixed point argument on appropriate weighted function spaces.
However, his construction breaks down as soon as normal hyperbolicity is lost. The crucial
ingredient that we will use to generalize Sakamoto’s approach was inspired by the work of
Yi [61], where exponential dichotomies are used to construct integral manifolds for nonau-
tonomous ODE versions of (1.24), again under a normal hyperbolicity condition. Instead of
attempting to construct a center manifold by solving a single fixed point problem, we will
use a two-stepped approach and set up two distinct fixed point equations. Taken together, the
results will yield the desired invariant manifold for (1.24). More specifically, we will assume
that the center manifold can be written in the form M = {(, (13, b))} for some prescribed
i, in which 9 € R and b € [—¢, €]. Using this form, we will show that the dynamics for the
pair (9, b) are uniquely fixed, which allows us to check if # indeed yields a valid invariant
manifold. This latter criterion can be reformulated as a fixed point problem for .

Our constructions here depend heavily on the center manifold theory for equilibrium
solutions to MFDEs that was developed in [32]. In particular, in Sect. 7 we will rely on [32,
Theorem 2.2] to analyze the dynamical behaviour of the pair (3, ), which is given by an
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MFDE. In addition, the constructions in [32, Sect. 5] will be needed to solve (1.24a) and find
6 whenever u is prescribed.

In Sect. 2 we formulate our main result that establishes the existence of modulated wave
solutions to (1.1). After dealing with some preliminary issues in Sect. 3, we derive the rele-
vant version of the coupled system (1.24) in Sect. 4. In Sect. 5 we consider the linearization
of (1.24b) for constant functions 6 and use Laplace and Fourier transforms to construct a
solution operator. This forms the basis for Sect. 6, where we again consider the linearization
of (1.24b) but now allow 6 to vary. Finally, in Sect. 7 we construct the desired center manifold
using the approach sketched above.

2 Main Results

We recall our main partially discrete reaction-diffusion system

N

Ory(x, 1) = yoxey(x, 1) + ZAjy(x +nj, 1)+ gy, 1)), 2.1
j=0

inwhichy > 0,x e R,n; € Z, y(x,t) € R" and A; € R"*". We will make the following
assumption on the nonlinearity g.

(Hg) The nonlinearity g : R* — R”" is C"-smooth for some integer r > 5.

Let us first focus our attention on wave train solutions to (2.1), i.e., solutions that can be writ-
ten in the form y(x, 1) = u(wt — kx) for some wave number k, frequency w and 27 -periodic
profile u € C(R, R"). To facilitate the search for these solutions, we introduce the family of
Hilbert spaces

H* = {ve L2 ([0,27],R") | D‘v e L2 ([0, 27], R") for 1 < ¢ < s}, (2.2)

per per

parametrized by integers s > 0. We also introduce the shift operator Ty : H* — H® for any
¥ € R, which acts as

[Tyvl(o) =v(@ +0) 2.3)

after extending v in a periodic fashion. We will consider the functional F : H>xRxR — H°
that is given by

N
F,w.k)@) = —yk2u" () + ou'©) = > Aju@ —njk) —g (@) (24

j=0

and look for u € H? that have F (u, w, k) = 0. Here ¢ should be interpreted as the wave
variable associated to (2.1), i.e., { = wt — kx. Let us write L(u, w, k) : H? — HY for the
operator associated to the linearization of (2.4), which is given by

N
(LG, @, k)1(C) = —yk>0"(©) + wv'(€) = D Aju(e —njk) — Dg (u(©) v(&). (2.5)
Jj=0

We are interested in situations where (2.4) admits a nondegenerate solution, as is made precise
in the following assumption.
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(HF) There exist quantities kg 7# 0, wg € R and ug € H? such that F(ug, wg, ko) = 0. In
addition, the linear operator £(uq, wo, ko) : H 2 » HO admits a simple eigenvalue
A=0.

Note that £(ug, wo, ko)ug, = 0, hence (HF) implies that u, ¢ R (L(ug, wo, ko)). This obser-
vation can be used to establish the existence of a family of wave train solutions, as our first
result shows. We remark here that all the lemmas stated in this section will be proved in
Sect. 3.

Lemma 2.1 Consider the equation (2.4) and suppose that the assumptions (Hg) and (HF)
are satisfied. Then there exist an open set V. C R that has ko € V and 0 ¢ V, together
with two functions wy : V. — Randu : V. — H'2, such that for all k € V we have
F(uk), wn(k), k) = 0. The function wy is C"-smooth, while for every integer 0 < £ < k,
the map u is Ct smooth when viewed as a map into H 7=, The pairs (w, u) thus obtained
are locally unique up to translations. In particular, if F(u, w, k) = 0 for some k near ko, @
near wy) (k) and u orbitally close to u(k), then w = wp) (k) and u = Tyu (k) for some ¥ € R.

The result above allows us to define the so-called group velocity that is given by c, (k) =
a);ll(k), together with the phase velocity ¢, (k) = wn(k)/k. We will use the shorthands
cg = cg(ko) and ¢, = c, (ko). In addition, throughout the sequel we will often use the
notation u(¢; k) = u(k)(¢).

It is essential to consider the linear stability of the wave train u (ko). Let us therefore look
for solutions to (2.1) that have the special Floquet form

y(x, 1) = u(C; ko) + e Ve Fou (), (2.6)

in which ¢ is now given by ¢ = wot — kox, while w is a 27 -periodic function. Recalling that
u (ko) satisfies (2.4) and ignoring higher order correction terms, we find that w must satisfy
the following linear equation,

yiGw” (©) = [wo + 2ykov]w'(¢) + [A — ve, — yv2 w(Z)

N
=" Aje" M w(¢ — njko) — Dg (u(g: ko) w(?). 2.7)
Jj=0

This can be interpreted as an eigenvalue problem involving the linear operator L (v) : H> —
HY, that for any v € C is defined by

N
Ls(W)w = [ve), + )/v2 — (wo + 2y kov) D + ykéDz]w + Z Aje"”.f T_njkyw
j=0
+Dg (u(-; ko)) w. (2.3)

Lemma 2.2 For each v € C, the linear operator Ly (v) : H 2 > HY has discrete spectrum.
In addition, let . € C be a simple eigenvalue of L (vy) for some v, € C. Then there exists
an analytic map Ay : v = *y(v) € C, defined for v sufficiently close to vy, such that .(v) is
a simple eigenvalue for Ly (v). In addition, if Ls(v) has an eigenvalue X that is sufficiently
close to A for some v sufficiently close to vy, then we must have *= 1. (v).

Observe that whenever (HF) is satisfied, the operator L4 (0) admits a simple eigenvalue
A = 0. We may therefore introduce the so-called linear dispersion function Ajip (v) = A4 (v),
which tracks this eigenvalue in the spirit of Lemma 2.2 as v is varied. For our purposes in
this paper, we will need to assume that both the nonlinear and the linear dispersion functions
are non-degenerate in the following sense.
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(HD) The linear dispersion satisfies A\,
wfﬁ (kO) 7& 0.

As in [17], we will need to exclude Floquet solutions for which the phase speed of the mod-
ulation is equal to the group velocity c,. Turning back to (2.6), this means that we need to
exclude solutions of the special form

(0) # 0, while the nonlinear dispersion satisfies

Y, 1) = u(g; ko) + ¢ Vw(g) (2.9)
that have /v = cg. Our next condition guarantees that this is the case.
(HL) For every z € iR\ {0} and every A € pointspec Ly(z), we have A # (¢, — cg)z.

In this paper, we will be interested in solutions to our main equation (2.1) that can be said
to connect two wave train solutions with nearby wave numbers. In particular, we fix a speed
¢ and a temporal frequency w, and introduce the new variables £ = x — ¢, f and T = w,t.
We seek solutions of the form y(x, ) = u (&, 7), that have u, (¢, t +27) = u, (&, ) for all
& and 7. After fixing two asymptotic wave numbers k_ and k., we require the limits

ky) —k
(g, ) —u (M  —kE + D ki) H
% H2
ki) —k
+Hagu*(s,->+kiu’(‘“(ﬂ0”‘-—kiswi;ki) -0 (210
* H!

to hold as & — o0, for some pair of asymptotic phases ¥+ € R. Roughly speaking, this
means that on bounded time intervals we have y(x,t) — u (w(ky)t —kix + 94;ky) as
X — Fo00. We recall here that the parameters k4 and (¢, @) cannot be chosen arbitrarily.
Indeed, after fixing the asymptotic wave numbers k., the speed c, and frequency w, are
fixed by the Rankine-Hugoniot conditions
Cx = Cx(k_, ky) = —wnl(k]:j — Ia:ﬂ(k_),
ki on(k—) — k_ni (k)

i = wy(k—, ki) = - ) (2.11)
+ — K-

which follow directly from our requirement of periodicity in 7. Note that ¢, — ¢ and
wy — ko(cp — cg) as k+ — ko.

We remark that up to this point, our setup does not differ significantly from the approach
in [17]. Before we can state our main theorem however, we will need to introduce two con-
ditions that are specifically related to the discrete nature of (2.1). As a preparation, we note
here that throughout this paper we will overload the notation H* and use it to refer to both
the Hilbert spaces H* introduced previously as well as their complex-valued counterparts
H{, that are given by

HE = {v e L%,([0,27],C") | D*v e L?

per per

([0,27],C") for1 < € <s}.  (2.12)

The details should be clear from the context.
We are now ready to introduce the linear operator 7(z) : H> x H' — H' x HO for
z € C, that in matrix form is given by

) = ! 0\ (—vz+vkoD vy (v
7(2) (vz) B (—(z—l— S ¢g —koD) 1) ( Len(2) 0) (vz), (2.13)
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in which the characteristic operator Ley (z) : H> — H? acts as
Len(2v = [—Lst(2) + zZ(cp — cg)]v. (2.14)

We hence see that the operator 7 (z) is closely related to L (z). It arises when studying the var-
iational equation that u, must satisfy with ¢, = c¢,. After writing ug = (u(ko), —kou’ (ko)),
it is not hard to see that 7 (0)uj, = 0. We will need to make the following two assumptions
concerning 7.

(HT'1) We have (u;,, 7'(0)u;;) # 0and (uy, 7 (ix)ug) # 0 fork € R\ {0}, where the inner
product is the one on H! x HO.

(HT2) Letu; € H? x H' be the uniquely defined function that has (uy,up)gipgo =0
and 7 (0)u; = —7"(0)uy,. In addition, define

AR) = —yz il o (W Tup) — (ur, T/ (O)up) (uj, T(2)up)

2.15
+u), T'O)up) (ur, T(2)up), 5

in which the inner products are the ones on H' x H°. Then we have A(ix) # 0 for
allk € R\ {0} and A”(0) # 0.

The choice ¢, = ¢, is crucial to ensure that the function u; mentioned in (H72) exists, as
will become clear in Sect. 3. Roughly speaking, (H7 1) ensures that (1.24a) can be solved
uniquely for prescribed u, while (H72) is needed to ensure well-posedness of the flow on
the two dimensional center manifold.

The following result hints at the intricate relation between (H7 1) and the geometry of the
lattice. We emphasize here that the criteria are far from being sharp, but already exhibit a
large class of systems for which (H7'1) is satisfied.

Lemma 2.3 Consider a scalar version of (2.1) that can be written in the form

N
By(x, 1) = yduy(e, ) + D [ATY(+ j,0) + AT y(x = j, D]+ g (3(x, 1), (2.16)
j=0

in which AT € Rand g : R — R. Suppose that (Hg), (HF) and (HD) are satisfied. Then
there exists a constant y, that depends only on the set {A?E}y:p such that (HT 1) is satisfied
iflyl = v« andA7 = A;forl < j <N.lIfonthe ()therhandA;r = —A]Tforl <j<N,
then (HT 1) is satisfied for every y > 0.
The next result concerns the validity of (H7 1) and (H7 2) for the scalar system

Fy(, 1) = yduy(, 1) + a2 [y(x — L)+ y(x +1,1) = 2y(x, )]+ g (v(x, 1)),
2.17)

in which « should be seen as a small parameter. Such a system arises when studying the PDE
=yl + it + g(u) (2.18)

and replacing the second Laplacian by its discrete counterpart, posed on a lattice with inter-
node distance «. The relation between y and u in this context is given by y(x, t) = u(ax, t).
Under the assumption that the PDE (2.18) with @ = 0 admits wave train solutions that sur-
vive under the discretization (2.17), the result shows that (H7 1) and (H7 2) are satisfied for
small «. We emphasize that in this situation the non-local terms are large relative to y and
the nonlinearity f, showing that our results do not merely cover small discrete perturbations
to reaction-diffusion systems.

@ Springer



428 J Dyn Diff Equat (2009) 21:417-485

Lemma 2.4 Consider the lattice equation (2.17) and the associated PDE (2.18), in which
the nonlinearity g is at least C3-smooth. Assume that for some ko # 0, the PDE (2.18) with
o = 0 admits for k near ko the real valued wave solutions u = u(w(k)t — kx k) Assume
furthermore that for sufficiently small « > 0, the lattice equation (2.17) satisfies the assump-
tions (Hg), (HF) and (HD) with kg = a%o and write u(%, ) and a)(E, «) for the branches
introduced in Lemma 2.1 with k = ak. Assume finally that the following properties hold.

(1) The limit u(ko, o) — Ti(ko) € H? holds as « — 0.

(2)  Thewave trains for (2.18) have been normalized in such a way that (y, 0 (’IEO)>H| =0,
in whichuy = —Dku(ko)

(3)  The limit —Dju(ko, @) — u1 € H'! holds as o — 0, where 1} is as introduced in (2).

(4) We have the inequality (ul, ”(ko))Ho # 0, in which uy is as introduced in (2).

Then (HT 2) is satisfied for all sufficiently small o > 0. In addition, if |y| > 2k2, then also
(HT 1) is satisfied for all sufficiently small o > 0.

Condition (4) in the result above is a technical condition that considerably eases the relevant
computations. If it fails however, it can be replaced by a more involved condition involving
higher order derivatives.

We are now ready to state the main result of this paper, which transfers the result in [17]
to the lattice setting.

Theorem 2.5 Consider the nonlinear system (2.1) and suppose that (Hg), (HF ), (HD), (HL),
(HT 1) and (HT 2) are all satisfied. Then for every wave number k1 < kg that is sufficiently
close to ko, there exist a complementary wave number ky > ko such that c; = c4(ky, k2). In
addition, there exists a bounded function u, = u(ky, k) € C(R, Hz) a¥el (R, Hl) such
that the following two properties are satisfied.

(1) Recalling the quantities c, and w, defined in (2.11) and writing y(x,t) =
U (X — cxt, wyt), the function y satisfies (2.1).

(2) There exist constants O+ € R such that u, satisfies the asymptotics (2.10), withk_ = k;
andky = ky if o] (ko)Aji, (0) < 0, andwithk_ = ky andky = ky if o), (ko)Ajj, (0) > 0.

lin lin

Furthermore, there exists a constant € > 0 such that the following holds true. Let u €
C[R, H) N CY(R, HY) satisfy (1) and (2) with us, replaced by u. Suppose furthermore that
for some 6 € C'(R, R) with SUPger ’9’(5)‘ < 09, the function u can be written in the form

u, vy =u@@) +7v—ko§iko) +vi(§, 1),
deu(§, v) = —kou' (0(§) + 1 — ko&: ko) + v2(§, 1),

in which the pair (vy, v2) satisfies the orthogonality condition

(u" (O5) = ko& + -3 ko), vi(&, )1 — ko (" (O(€) — ko& + -5 ko), v2(€, ) o = O

(2.19)

(2.20)
for all & € R. Finally, suppose that the pair (v1, v2) is small in the sense that
supgc V15, )l g2 + supgcr [lv2(8, )l g1 < €. (2.21)
Then u is a translate of u., i.e., for some ¥ € R and &y € R we have
u,v)=uo+§9+1) (2.22)

Jorall& € Rand v € [0, 21], after periodically extending u in the second variable.
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3 Notation and Proofs of Lemmas 2.1 through 2.4

In this section we introduce the notation we will use throughout this paper. In addition, we
investigate the operators F and 7 (z) introduced in (2.4) and (2.13) and establish Lemmas
2.1 through 2.4.

We start by defining, for any Hilbert space H, the family of Banach spaces

BCy(R, H) = {x € CR, H) | ||x|l,, := supe "¢ |x(&)|; < o0}, (3.1
£eR

parametrized by n € R. We also recall the Fourier transform f(n) and the inverse Fourier
transform £ (£) of a function f € L?(R, H), that are given by

fap = [ e f@)de, f&) =4 [ & fOpdn. (3.2)

We remark here that the integrals above are well-defined only if f € L'(R, H). If this is
not the case, the integrals have to be understood as integrals in the Fourier sense, i.e., the
functions

n

(k) = / K e (3.3)

—n

satisfy h,, — f in L2(R, H) and in addition there is a subsequence {n’} such that 4, (k) —
f (k) almost everywhere. We recall that the Fourier transform takes convolutions into prod-

ucts, ie., (f % £)(n) = f(n)g(n) for almost every 7.
Now suppose that f : R — H satisfies f(§) = O(e~%) as & — oo. Then for any z with
Re z > —a, define the Laplace transform

¢}

Fo = [ reerde. (3.4)
0
Similarly, if f(£) = O(e?®) as € — —oo, then for any z with Re z < b, define

[ee}

F@) = / o F(—E)dE. (3.3)
0

The inverse transformation is described in the next result, which can be found in the standard
Laplace transform literature [58, 7.3-5].

Lemma 3.1 Let f : R — H satisfy a growth condition f(£) = O(e %) as € — 00 and
suppose that f is of bounded variation on bounded intervals. Then for any y > —a and
& > 0 we have the inversion formula

y+iow
JED+IED) 1 / e Fi(2)dz, (3.6)
2 w—00 277 '
y—lw
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whereas for € = 0 we have

y+io
0+) . 1 =
F = Jim s | R0 G
y—iw

After these definitions, we are ready to proceed to the study of the operator F defined in
(2.4). We prove Lemma 2.1 by repeatedly appealing to the implicit function theorem.

Proof of Lemma 2.1 Notice first that 7 : H> x R x R — H° does not depend C”-smoothly
on k, due to the presence of this variable in the shifts of the argument of u. This precludes a
direct application of the implicit function theorem. Instead, we will consider F as an operator
from H' 71 x R x R into H"~!. In this setting, it is not hard to see that F is C2-smooth
with respect to the variable k and C'-smooth with respect to the first variable u. Observe
also that D1 F(u, w, k) = L(u, w, k), in which the latter map is viewed as an element in
the space L(H"+!, H"~1). The differentiation map v > v” from H’*! into H"~! is Fred-
holm with index zero, while the single differentiation v > v’ from H"*! into H"~! and
the inclusion H"*' ¢ H" ! are compact. In particular, this implies that also L(ug, wo, ko)
is Fredholm with index zero. Due to (HF), we know that zero is a simple eigenvalue for
L(ug, wo, ko), which means that u6 ¢ R(L(uo, wo, ko)). This implies that the linear map
D12 F (uo, wo, ko) : H'+' x R — H'"~! has full range. Using the implicit function theorem,
we thus obtain a C'-smooth branch u : V. — H’*! and w : V — R of solutions to the
equation F(u, w, k) = 0, which is locally unique up to translations in u.

Using the identity (2.4) one may easily establish that k — wu(k) € H"*? is C°-smooth.
In addition, the continuous derivatives Dyu : V. — H't!and Dyw : V — R satisfy the
equation

FYDyu, Dyw, k) : = Lu(k), w(k), k)Dyu — 2yku” (k) + u’ (k) Drow
N
+ D AT (k) =0, (3.8)
=0

in which Z! is a map from H"*! x R x Rinto H"~!. Note that ! is now not C'-smooth in
the third variable, due to the presence of the term involving Dg(u(-; k)) Dyu. However, F 1
recovers its C'-smoothness when considered as a map from H” x R x R into H"~2. Arguing
as above, one may establish that Dy »F! (ko) has full range in H"~> and hence apply the
implicit function theorem to show that k — Dyu € H" and k — Djw € R are C 1_smooth.
One may now complete the proof by repeating this argument a sufficient number of times. O

It is now time to investigate the relation between 7 (z) and L. It will be convenient to
explicitly include the dependence on w into the definitions of 7, L., and Lg. To this end, let
us write

Ly (w, v)w = [vep, + yv2 — (0 +2ykov)D + ykéDz]w

N
+ DA Ty pgw + Dg (u(-: ko)) w,
Jj=0
Len(w, Vw = [—Lst(w, V) +v(c) — co)lw (3.9)

and define 7, (z) according to (2.13) with Lo, = Leh(w, -). The following result extends
Lemma 2.2 and will be used to bound the length of Jordan chains associated to 7,,(z) for w

@ Springer



J Dyn Diff Equat (2009) 21:417-485 431

near wq and z near zero. We remark that Jordan chains in this nonlinear setting are defined
as in [15, Section IV.4].

Lemma 3.2 For each w € R and v € C, the linear operator Lg(w, V) : H? > H° has
discrete spectrum. In addition, let .. € C be a simple eigenvalue of Ly (wx, Vi) for some pair
wy € Rand v, € C. Then there exist a neighbourhood V. C R x C with (w4, vy) € V, a
C%®-smooth map ry : V — C together with a C*-smooth map wy : V — H?, such that
for all pairs (v, v) € V the following identity holds,

Lsi(w, V)wg(w, v) = Ae(w, V)wg (0, V). (3.10)

The map v — Ay (w, v) is analytic where it is defined, while for every (v, v) € V, the eigen-
value A (w, v) is simple. In addition, if Ly (w, v) has an eigenvalue X that is sufficiently
close to A for some pair (w,v) € V, then we must have * = A, ). Finally, for any
(w,v) €V, the length of a maximal Jordan chain for T,(z) around 7z = v is equal to the
algebraic multiplicity of z = v as a root of the function z — Ay (w, z) — z(cp — Cg).

Proof Asin the proof of Lemma 2.1, one may argue that the linear map L (w, v) : H> — H°
is Fredholm with index zero. Due to the compact embedding H> < HO, the resolvent
A — Lg(w, V)] is compact when viewed as a map from H 0 — HY This in turn implies
that the spectrum of Ly (w, v) is discrete. Whenever A is a simple eigenvalue for Lg (@, Vy)
for some pair (wy, vx) € R x C, the existence of the smooth branches X, and wg follows
from a standard application of the implicit function theorem.

To establish the final claim involving the Jordan chains of 7, we observe that there is a
one to one correspondence between the Jordan chains of 7, and those of L (w, -). To see
this, suppose that 7, admits a Jordan chain of length ¢ at z = z¢o. Referring back to (2.13),
this means that there exist v’i € H? and vé € H! forintegers 0 < i < £ — 1, such that

‘(z —koD)[W) + ...+ (=20 T T =)+ 4+ @ =z ST

HI
= 0(lz — z0l") (3.11)
as z — zo. Plugging this into (2.13), we see that we must also have
Lan(@, DY + ...+ @ —20) T )7 1| = 0z = 20[) (3.12)

as z — zo, implying that also L¢, (w, -) has a Jordan chain of length £ at z = zg. Conversely,
any such Jordan chain for L (w, -) can be expanded into a Jordan chain for 7, since one
can always choose vé in such a way that (3.11) is satisfied.

It therefore suffices to consider the Jordan chains for L. (w, ). We recall that

Len(w, 2) = —La(w, 2) + z2(cp — cg)- (3.13)
For convenience, let us also write

Repeated differentiation of the identity (3.10) and substitution of (3.13) shows that for any
integer £ > 0 and all (w, z7) € V, we have

4

4
o\ . ) o\ . )
-> (i)D'zz:ch«o, DS wa(w,2) =Y (l.)D’zu(w, DS wg(w,2). (3.15)
=0

i=0
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We now fix a pair (w, v) € V and let m denote the algebraic multiplicity of the root z = v
of u(w, z) = 0. If m = 0, then we have Ker L. (w, v) = {0} and hence we are done. Let us
therefore assume that m > 0 and hence A(w, v) = v(c, — ¢¢). Observe that the right hand
side of (3.15) with z = v vanishes for 0 < ¢ < m — 1, showing that L., (®, z) indeed admits
a Jordan chain of length m for z near v. However, inserting £ = m leads to

m

i

-> ( )Dgach(w, V) DY wg(w, v) = kwg (@, v) (3.16)
i=0

for some nonzero k. Since A, (w, v) is a simple eigenvalue, there isno v € H 2 with
Len(@, v)v = [Lg(w, V) = Ay (@, V)]v = wy(w, v). 3.17

This shows that the Jordan chain of length m constructed above cannot be extended to a Jordan
chain of length m + 1. Let us now consider any other Jordan chain {wg (@, v), Wy, ..., Wp—1}
of length m. For every 1 <i < m — 1 we must then have

i—1
17)1' = Déwst(a),v)—l—ZO{iDéwst(w, U)v (318)

j=0
for suitable coefficients «; € C. It is now not hard to verify that in fact no Jordan chain with
length m + 1 can exist for Lc(w, z) around z = v, which completes the proof. O

With Lemma 3.2 at hand, we are ready to explicitly construct a maximal Jordan chain for
Leh(z) = Len(wp, z) around z = 0. An easy computation shows that Lc, (0)u’ (ko) = 0. To
proceed, we compute

N
— Ly (O)u (ko) = =2y kou” (ko) + cgu' (ko) + D njA; T ot (ko). (3.19)
j=0

On the other hand, using (3.8) and recalling cg = Dywy1(ko), we obtain

N
Len(0) Deu (ko) = 2ykou’ (ko) — cqu' (ko) — D njA; Ty 4ou' (ko). (3.20)
Jj=0

We thus find the Jordan chain {#’ (ko), —Dyu(kg)} for Lch(z) around z = 0. The correspond-
ing Jordan chain for 7(z) is now given by {u, u}, with

ugy = (u'(ko), —kou” (ko)) ,

u; = (—Dyucko), u’ (ko) + ko Dy’ (ko)) - (3.21)

Using Lemma 3.2, we may conclude A}, (0) = ¢, — c,. In addition, using this lemma in
combination with (HD), we find that the Jordan chain {u6, u;} thus constructed cannot be
extended further. Notice however that the branch u (k) can be modified by picking @ € R
and writing (k) = Tyru(k). This yields Dyii(ko) = au’(ko) + Dyu(ko). By choosing o
appropriately, we can therefore ensure that the orthogonality condition (ug, wy) g1, o = 0
holds.

For future reference, we shall also derive an expression for %T "(0)uy + T'(0)uy. We
proceed by differentiating the identity

[2(cp — cg) — Len (D) wst(@o, 2) = Min (D) wsi(wo, 2). (3.22)
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Using Ap;, (0) = ¢, — ¢, a single differentiation of (3.22) yields —Lch (0)wsi(wp, 0) =

lin
Lch (0) Dywgi (wo, 0), which implies that for some o« € C we have Dywg(wp,0) =
—Dyu(ky) + au’ (ko). A further differentiation yields

MinO)u' (ko) = =L, 0)u’ (ko) + 2L, (0) Dru (ko) — 2L, (0)u’ (ko)
—Len(0) D3wg (o, 0). (3.23)

After a short calculation one may now verify that
1 1
ET”(O)% + 7'y = —iki{n(o) (0, u' (ko)) — T (0) (e Dyue(ko), atko Dyeue’ (ko))

1
+T(0) (0, Dyutho)) = 37 (0) (D3ws(wo, 0), —koDIwl,(wo, 0)) .
(3.24)

We conclude this section by establishing Lemmas 2.3 and 2.4, which give conditions under
which (H7 1) and (H7 2) are satisfied.

Proof of Lemma 2.3 'We may use 7 (0)uj = 0 to calculate

(g, T(@up) g1 go = (g, [7(2) = T(O)Iup) g1 g0

N
= —y2{u, up) 1o + ko D AT(e7F — D" (ko), T jigtt' (ko)) pro
j=0
N .
ko D AT (e = 1" (ko), Tjkou' (ko)) pro- (3.25)

j=0
Since u (ko) is real-valued, we may compute
(" (ko). Tjrgu' (ko)) go = —(u’ (ko) Tjxgu" (ko)) o = —(T— jryut’ (ko) u” (ko)) 0
= —(u" (ko), T—jkou' (ko)) go- (3.26)

In the situation that A; := A;.r = A; for1 < j < N, we thus find
(u&, T(lK)u6)H] xHO = _)/iK(u(/), u6>Hl x HO

N
—iko D 24" (ko). Tjrytt' (ko)) o sin jic. (3.27)
j=1

Since

2 ko (u” (ko). Tjkgu' (ko)) ro| < 2 lkol |[u” (ko) 0 [’ (ko) | 170
< lkol? [u" (ko) || 330 + ko) | 370 (3.28)
= (u6, ub)Hl x HO»

it is not hard to see that (H7 1) is automatically satisfied if || > zyzl JjlAjl.

If on the other hand A; := A;r = —AJT for 1 < j < N, then we may compute
(ug, T@r)g) g1y go = —yik (U, 0G) gy o
y " , . (3.29)
—ko > 2A;(u" (ko), Tjkott' (ko)) go(cos jx — 1)
j=1
and we see that (H7'1) is satisfied for any y > 0. ]
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Proof of Lemma 2.4 Let us first recall the definitions

uh(@) = (u'(ko, @), —arkou” (ko, @) ,

= 3.30
wi (@) = (11 (@), ' Ko, @) — akou) (@) (3.30)

in which u (o) = —a ! D;u(%o, o) + ﬂu’(go, «), where B is chosen in such a way that
(g (@), ug(@)) g o = 0. (3.31)

Usmg (2) and (3), we find aui(a) - uy as @ — 0. Throughout the rest of this proof we will
write Uy = u(kg) and k = ko We compute

T (z, )uy(@) = —yzugy(e) — a”? (0, [(e* = DT—qrut' (k, @)
+(e % — DTyt (k, Ot)]) . (3.32)

Furthermore, we find
DiT (0, )uj(a) = —yuj(a) —a? (0, [T—qitd' (k, &) — Togt' (k, )]) . (3.33)
Let us write

F(@) = (ui (@), wi(@) ), ol k. @), T (k. ) o

(u] (a) up (a)>H1><HO(u (kv (X), T—aku (k5 a))HO»
l"(')f‘(a) = (uo(a)a u()(“))[.]l x HO u/ (k7 O[)5 Tak“’(ks a))Hov
To (@) = {uh(@), wh(@)) b ol (k, @), T (k. 0)) yo.
)

(
(
I (@) = (@), wi (@)} 0t} @), Taxtd' (k, @) o,
7 (@) = (i (@), wi (@)} ot} (@), Togrtt (k. @) o (3.34)

As before, the calculation (3.26) implies that F(J)r (@) = —TI'y (). For later use, note that in
the limit « — 0 we have

o 2T (@) — (@1, @) )\ (o, o) pro.

a [T (@) — Ty ()] — 2k (i, iy) ) (i, ) go,

H]
o [T (o) = T (@)] — 2k(i1. @) ) (@) ) yo.
o T (@) + Ty ()] = 201, 1) ) (i 1) pro- (3.35)

Let us now drop the dependence on « and compute

(g, )~ (ug, 77 (0)up)
(up,up) ™ (uy, 77 (0)up)

Hup, T (2)up)
(ur, 7 (z)up)

—y +a kg =T,
a”'k[ry -1,
—yz+a~ 1k[ezf' +e77F+]
2@ et =2 +a k[(e* — DI} +(e7F = DI,
(3.36)

(ué)a u())

1
(wp,ug)”
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in which the inner products are those on H' x H°. We may now calculate
A@R) = y*2? —ya tkz(e Ty + eI + T —T))

+%a*2k2[rg — TN + Ty +e% —2]

tya (e + e =20 — ya k(e — DI + (e* — DI

—ak(Cy — T +e % —2). (3.37)
This allows us to write

Im A(ik) = —ya ke(T = T7)
+ya~ k(T - T))sink, (3.38)

which in view of (3.35) and (4) shows that Im A(ik) # 0 for k # 0 and sufficiently small
o. We also compute

A"(0) = 2y* = 2yka” Ty — T )
+a ATy =TH@ +T7)
—2)/01_2F - ya_lk(f’i" +I')
—2a73k(Ty —T). (3.39)
In view of the scalings (3.35), we find that in the limit « — 0 one has
o A (0) — —4k> iy, W) ) (idg. ig) pro. (3.40)

which implies that A”(0) # 0 whenever « is sufficiently small. This establishes (H72). To
see that (H7 1) holds for small «, we write

WG ) 1 o (WG, TG i o = —yin — o 'ik(D§ — T )sink,  (3.41)

recall that |y| > 2k% and use (3.35). ]

4 Coordinate System Near Wave Trains

In this section we study solutions to (2.1) that can be written in the form y(x,t) =
Uy (X — Cxt, wyt), in which u, is 2 -periodic in the second variable. We derive a differential
equation for u, and transform this equation in such a way that a center manifold reduction can
be applied. This reduction allows us to capture on a finite dimensional manifold all solutions
i, that remain orbitally close to a wave train solution y (x, t) = u(wpi(k)t —kx; k). Our main
result Theorem 2.5 can subsequently be read off from a two dimensional ODE that encodes
all the relevant dynamics.
We start by substituting the Ansatz y(x, 1) = u,(x — cxt, wt) into (2.1) and find

N

= 0zu(§, T) + i 0ru(§, T) = y0zsus(§, T) + ZAJ'M*(E +nj, 1)+ g, 7).
j=0
4.1)

In order to recover the solution y(x,t) = u(wot — kox; ko), it suffices to choose c, =
Cg, wx = wo — kocg and write u(§,7) = u(r — ko&; ko). Since we need to consider
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functions u, (£, ) that remain close to translates of u(kg), we introduce the new variables
0 e C(R,R), v € C(R, H2) and v, € C(R, H') and write

ux(§,7) = u(0(8) + v — ko&: ko) + vi(§, 1),
deus(€, T) = —kou' (0(§) + T — ko&; ko) + v2(, 7). (4.2)

We note that ', v; and v, should be thought of as small functions, but 6 itself need to
be bounded. To prevent ambiguity, we supplement (4.1) with the pointwise orthogonality
condition

(W @) — kok + -3 ko), vi (€, )1 + (—kou" (B(€) — ko& + -3 ko), v2(&, ) ;0 = 0.
4.3)

Let us now vary wy slightly by writing w, = wo — kocg (ko) + @, while keeping ¢, = ¢,
fixed. Since wl’ﬂ (ko) = cg, it is not hard to see that for any sufficiently small @ that has
sign @ = sign w;{l (ko), there exist two wave numbers k; < ko < kp such that

wni(ki) — wo — (ki —ko)cg = (4.4)

for i = 1, 2. Upon writing u’ (&, 7) = u(t — k;&; k;) and y (x, 1) = ul (x — cut, wyt), it is
easily verified that

Y, 1) =ul (x — cgt, wn(ki)t — kicgt) = u (on(k))t —kix; k;), 4.5)

from which we see that yi satisfies (2.1) and uﬁk satisfies (4.1). Now, as long as k; is sufficiently
close to ko, it is possible to apply a suitable shift to u(k;) to arrange for the identity

{u' (ko), uki) — uko)) ;1 + (kou" (ko), kiu' (ki) — kou' (ko)) ;0 = 0. (4.6)

This ensures that ufk can be written in thg form '(4.2) jn such a way that (4.3) holds. In
particular, writing 6(§) = (ko — k;)§ and w}, = (u.,, dzu’), we find

ul (&, 7) = Topeyuo(t — ko&) — (ki — ko) Tpeywi (t — ko&) + O(lki — koh)*.  (4.7)

The modulating waves that we are interested in will connect appropriate translates of u}K
and uZ.

Let us now move on and derive a differential equation for the pair v = (v, v2). To
represent this equation, we introduce for any 8 € C(R, R) the notation

eved = (0(£),0(¢ +no), ..., 00 +ny)) € RVF2, (4.8)
Plugging (4.2) into (4.1), we find
—y3u1(§, 1) = —yun(E, ) + y0' (&) (06) + 1 — kok: ko),

—yd:v2(§, 1) = —ykot' (§)u” (0(§) + T — ko&; ko) + cgva(§, T)
—ou' (0(§) + 1 — ko&; ko) — [wo — kocg + @0 v1(§, T)

N
+ D A +nj, 1) + Dg () + T — ko ko)) vi(§, T)
j=0
N
+ D Aj (0) + 1 — kok — njkoi ko) (0 +nj) — 0(&))
j=0
+gul (0(8), T — ko&, v1 (€, 7)) + ha(eve0, T — kof). 4.9
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Here we have introduced the new nonlinearity gy : R x [0, 27] x R” — R” that is given by
&P, 0,v) = g @ +o;ko) +v) — g W@ +o; ko) — Dg (@ +o0;ko))v. (4.10)
In addition, the second new nonlinearity Ay : RN*2 % [0, 2] — R” can, after a slight abuse

of notation, be written as

N
hni(eved, o) = D" Aj[u (0 +nj) + 0 —njko: ko) — u (0(8) + o — njko: ko)]
j=0

N

= > Aj (0) + 0 —njkoi ko) (0 +nj) — 0()). (4.11)
Jj=0

In order to transform (4.9) into an autonomous differential equation, we introduce the new

variable 0 = © — ko& and consider the function v(&, o) = v(&, 7). Upon dropping the tilde,
the new function v must satisfy

—ydvi(§,0) = —vkodov1(§,0) — yv2(§,0) + y0' )’ (0() + 03 ko),
—y3sv2(§,0) = —ykodev2(§, 0) — yko8' (E)u” (0(§) + o5 ko)
+cgua(§,0) —@u' (0(§) + 0 ko) — [wo — kocg + @101 (&, 0)

N
+ > Ajoi( +nj.0 —njko) + Dg w(B(&) + 01 ko)) v1(5. 0)

j=0
N
+ > A (0€) + 0 —njko: ko) (6 +nj) —6(E))
j=0
+8n (05), 0, V1 (€, 0)) + hyy (ev0. 0) . 4.12)

The next two results shows that the functions gp; and &, have vanishing linear parts.

Lemma 4.1 For any 6 > 0, there exists a constant Cs, which behaves as Cs = O(1) as
8 — 0, such that the following two properties are satisfied.

(1) Foranyv € R" with |v| < §, any o € [0,27] and any ¥ € R, we have
lgnl (9, 0, V)| < Cs8%. (4.13)

(2) For any pair vy, va € R" with |v;| < § fori = 1,2, the following bound holds for
arbitrary o € [0, 2r] and arbitrary pairs V1, U, € R,

lgnl (91, 0, V1) — gni(D2, 0, 12)| < C58 |vy — va| + C38% [ — Da| . (4.14)

Proof Observe first that (1) follows directly from (2), since gn (¢, 0, 0) = 0. To establish
(2), let us write Ag = |gn (Y1, 0, v) — gn1(V2, o, v)| for some v € R" with |v| < § and use
the shorthand uy = u (ko) to estimate
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Ag = |[uo(W1 + o) —uo(92 +0)]

1
X / Dg(ug(¥2 + o) + v+ slug(¥1 +0) —ug(d2 + o)l)ds
0
1

—[uo(P1 + o) —up(P2 + 0)] / Dg(ug(¥2 + o) + sluo(Py + o) — uo(2 + 0))ds
0

—[uo(® +0) —uo(d2 + o0)]
1

X /ng(uo(ﬁz +0) + slug(® +0) —ug(d + o)vds
0
< Cs vl |91 — 92l (4.15)

with Cs = O(1) as § — 0. The inequality follows from the fact that g is at least C3-smooth
and that ug is bounded. Furthermore, it is not hard to see that for arbitrary ¥ € R and
o € [0, 2], one may write Ag = |gn (P, 0, v1) — gn (¥, 0, v2)| and compute

Ag < |guo(@ +0) +v1) — gup(® +0) +v2) — Dg(uog(? + o) + v2) (v — v2)]
+[Dg(uo(? + o) + v2) — Dg(up(¥ + 0))| [vy — v2 (4.16)
< Csd vy — v2f,

again with Cs = O (1) as § — 0. This completes the proof. O

Before we state the analogous result for /1,1, we introduce, for any 8 € C(R, R), the notation

cevg = (0§ +np) —0(5),...,0¢ +ny) —0(§)) € RVFL, (4.17)

Lemma 4.2 For any § > 0, there exists a constant Cs, which behaves as Cs = O(1) as
8 — 0, such that the following two properties are satisfied.

(1) Suppose that for some 8 € C(R, R) and& € Rwe have fcev§6’ | < 8. Then the following
inequality holds for any o € [0, 2],

|hni(eved, 0)| < Cs87. (4.18)

(2) Consider any pair®', 6% € C(R, R) and any & € R such that |cev§9i| <dfori =1,2.
Then the following bound holds for arbitrary o € [0, 2r],

|hni(eved', o) — hui(eved?, 0)| < Cs8 eved' — eve?|. (4.19)

Proof In view of the fact that iy (eve0, o) = 0 for any constant function 6 and any o €
[0, 2], it again suffices to prove (2). Let us consider the function g : R? —» R” given by
q(®, 95, 0) =u @ +09a+0;ky) —u (@@ +o0; k) —u' (% +01k)9a.  (4.20)

Let us suppose that |195A] < 8 fori = 1,2. We may then mimic the computations in (4.15)
and (4.16) to obtain the estimate

g 0N, 0) — g 9%, 0)| < Cs8? [0 — 02| + Cod |04 —0X].  (@d2D)
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again with Cs = O(1) as § — 0. In view of the definition (4.11), this computation suffices
to establish (2). O

We now proceed to rewrite (4.12) in a more compact fashion. To this end, let us introduce
forv = (v, v) € L1 (R, H? x H') the notation

loc
veve (v, v2) = (1), Vi€ +no). ..., Vi +ny), v12(E) € (HHNT? x H'. (4.22)
We also introduce, for € Randw € R, the operator L(9, ») : (H)N 2 x H' — H'x H®
that acts as
L(¥, w)vevgv = —ykodsv(§) + (—)/Uz(é%), Cgvz(é)) - (0, [wo — kocg +5]30U1(f§))

N

+(0, Dgu(® + - ko))v1(£)) + | O, EA,‘T—n,-kovl(S +nj) |, (4.23)
Jj=0

in which we have again abused notation slightly. In addition, we define the linear operator
M RNt 5 HY % HO via
N
Mceve® = [0, (0(€ +nj) — 0&)) A;T 101’ (ko) | - (4.24)
j=0
Finally, we introduce the operators G : Rx H>x H' — H'xH%and H : RN*? — H!'x H'
via
G(®,v)(0) = (0, gu (¥, 0, v1(0))),
H(eved) (o) = (0, hn(eveh, 0)) . (4.25)
The differential equation (4.12) can now be simplified to
—y0:v(&) = L(O&), ®)vevgv + TyeyMcevet + y0'(€) Tyeyuy — @Ty) (0, u' (ko))
+G (0(5), v(§)) + H(eveh), (4.26)

which we view as an equation on the space H'! x H°.
In the comoving variables (€, o), the orthogonality condition (4.3) becomes

{Toe)ug, v(E)) 1o = 0. (4.27)
Differentiation of this identity yields
0" (E)Toe)ug, v(E) g0 = —(Toe) W, I D1v(E)) g1 - (4.28)

Substitution of (4.26) yields
v0' ) (Toeyug. v(§)) = (Tye)up. LOG). ®)vevev) + v0' (6) (T up. Toe)up)
+{ug, Meeved) + (Tye)ug. G (0(8), v()))
+{Tyeywy, H(eveb)), (4.29)

in which the inner products are those on H' x H°. In order to simplify this expression,
we introduce the projections Py : H'! x H® — H? x H? and the associated operators
Qy : H' x HY — R that are given by

)
Opv = ”:16”H1><H0 (Tﬂué), V)51 x HO (4.30)
Pyv =u,0yv.
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Throughout this paper, we will often use the shorthands P = Py and Q = Qy. In addition,
we introduce the functions V : Rx H' x H® - Rand S : RN 2 x (HH)V ! x HI xR > R
that act as

V(®,v) = [1— [yl ;1 o (Tous vy gl ™ — 1,

S(eved, vevgv, @) = Qu(e)G (0(8), v(€)) + Qo) H (eveh) 4.31)
+V(0(5), v(E)) [OMceve + Qo) L(O(E), D)vevgv
+ Qo&)G (0(8), v(§)) + Qo) H (eveh)].

We may now rearrange (4.29) to yield
—y0'(&) = OMceved + Q) L(0(8), w)vevev + S(eveh, vevgv, @). (4.32)

Notice that this is a functional differential equation of mixed type. The following result shows
that the linear part of this equation can be solved uniquely up to an initial condition, if the
function space is chosen appropriately.

Lemma 4.3 Consider the inhomogeneous functional differential equation of mixed type

—y0'(§) = OQMceve0 + f(§), (4.33)

with y > 0 and suppose that (HT 1) is satisfied. Then there exist two constants 0 < min <
Nmax together with linear mappings K, : BC,(R, R) — BC% (R, R), defined and uniformly
bounded for n € [Nmin, Mmax], such that for any f € BC,(R,R), the function 0 = K, f
satisfies (4.33) and has 0(0) = 0. Moreover, if f € BCypy (R, R) N BCy, (R, R) for some pair
10, M1 € [Mmin, Mmax], then ’Cnof =Ky, I

Proof The characteristic equation A(z) associated to (4.33) is given by

N
AG) = —yz+kolupoup) it 0> W (ko). ATy o (ko)) o (€' — 1), (4.34)
j=0

On the other hand, we may compute

(UE)’ T(Z)u(/ﬂHleO = (uf), [T(2) - ’T(O)]u(/))Hleo
N
= —yz(uh, ) g1 g0 + ko D _(u" (ko). Aj T ko’ (ko)) o (e"/F — 1).
j=0
(4.35)

In view of (H7 1), we see that A(ix) # 0 for k € R\ {0}, while A(0) = 0 and A’(0) #
0. The generalized eigenspace associated to all eigenvalues on the imaginary axis is thus
one dimensional and spanned by 6 = 1. The operators K, can now be constructed as in
[32, Sect. 5]. O

In order to ensure that the operators /C;, constructed above can be used to solve (4.32),
we need to add cut-offs to the nonlinear functions V, G and H. Let us therefore consider a
C®-smooth function x : [0,00) — R thathas x(¢) = 1for0 < ¢ < land x(¢) =0
for ¢ > 2. For any § > 0, we write xs for the function xs(¢) = x(¢/58). We are now in a
position to define, for small quantities 6, > 0 and §g > O,

GWv) = x5,(n1E)p2) G, v),
He(evel) = s, (Iceved|) H (eveh),
Ve(evet, v) = xs,(Iceveb|) xs, (v(E) | g1y go) V(O(), v). (4.36)
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The use of these cut-offs allow us to turn the local estimates obtained in Lemmas 4.1 and 4.2
into global estimates.

Lemma 4.4 For arbitrary ® € R,v € H> x H', 6§ € C(R,R) and w € H' x HO, the
Sfunctions G¢, H® and V° defined in (4.36) can be bounded as follows,

|G, )| a2 = Co 5

— vV
|HE(eve0)| 3, g2 < Coy85»
|V(eved, w)| < Cs,8y, (4.37)

in which Cs = O(1) as 6 — 0. In addition, for arbitrary ol 92 e R v, 02 e H? x
H' 0! 0% ¢ C[R,R) and w!, w? e H' x HO, the following Lipschitz estimates hold,

|GC @' v — GCW*, V)| s, e < Cs,85 |91 — 97+ Cs,80 0] — vi 42 »
|[H (eve0") — H (eve0?)| s, 12 < Csy00 |eved! —eve6?|,

[Veieved!, wh) — V(eved?, w?)| < C5,8,(1 +8;") [eved! — eve6?|

|

+Cs, ' —w (4.38)

H'xHO >
again with Cs = O(1) as § — O.
Proof Let us first note that in view of the fact that g is C7-smooth, the computation in the

proof of Lemma 4.1 can be extended to the operator gy : R x [0, 2] X (R")? — R”, that
is defined in such a way that

d2
25210 > &, 0, V()] = gu (¥, 0, v (o), v'(0),v"(0)). (4.39)

The bounds (4.37) now follow immediately from this observation together with Lemma 4.2.
To see the bound involving G¢ in (4.38), suppose without loss of generality that }v 11 | g1 <26
We compute

|GE@! oY) — GE@? V)| s, e < x5, (V1 2) — x6 (V1] )| [G@ Y 0D s, e
+x5, (V7] ) [G@ ' 01 = G2 07| s
< C(Sv_1 ‘v% — vﬂHz 63

+COy [0} =02+ CO2 I — Dol (440)

x H?

in which the constant C depends on §, in the correct fashion. The remaining estimates in
(4.38) can be proven in a similar fashion. O

After applying these cut-offs to the definition of S, we obtain the new operator S¢ :
RV*2 x (H?)N*2 x H' x R — R that is given by
S(eved, vevev, w) = Qge)G (0(8), v(§)) + Qo) H  (eveh)
+ V¢ (eve, v(&)) [QMcevet + Qo) L(0(§), @)vevev
+ 005G (0(5), v(§) + Qo) H (eveh)] . (4.41)

Let us recall the interval [min, max] appearing in the statement of Lemma 4.3 and choose
a constant € [Nmin, Nmax]- The bounds obtained in Lemma 4.4 now imply that for any
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v e BCy(R, H? x H') and 6 € C(R, R), the function & > S¢(evgb, vevgv, o) belongs to
BC; (R, R). This allows us to define the operators
OL: C(R,R) xR — L (BC,(R, H* x H"), BC;(R,R)),
OnL 1 C(R,R) x BCy(R, H>xHY) xR > BC,(R,R), (4.42)
that act as
OL(0, @)v = K, Qo LOE"), ®)veverv,
ONL(G, v, ®) = K,;S (evg0, veverv, ), (4.43)

where /C, acts with respect to the variable &'.

Upon using 8 = OL (0, w)v + OnL(0, v, ) to rewrite the terms 6(£) and cevg 0 appear-
ing in (4.26) and replacing G and H by their cut-off counterparts G° and H¢, we arrive at
the equation

— j/agv(g) =[I - Pg(g)]L(Q(E), @)VGV‘?U +[I — P@(@]Tg(g)MCCVg@L(@, w)v
+R(O, v, @)(§). (4.44)
Here we have introduced the nonlinearity
RC: C(R,R) x BC,(R, H* x H') x R — BC,(R, H> x H?) (4.45)
that is given by
RO, v, @) (&) = [I — Pye)IG (0(8), v(&)) + [I — Pye) 1 H (eveh)
+ [ — Pye) Ty Mceve ONL (0, v, @) — 0Ty (0, u' (ko))
— PyeyVE (eved, v(€)) [Toe)Mcevet + L(O(&), @)vevgv
+ G (0(8), v(&)) + H (eve0)] . (4.46)
To summarize, we have now arrived at the system
—y0'(E) = OMceved + Qpi)L(0(§), @)vevev + S (eve b, veve v, @),
—y0sv(§) = [I — Pyey)IL(O(E), @)vevev + [I — Pye)lTy)Mceve OL (0, w)v
+R(0, v, ©)(§). (4.47)
We are now ready to state our center manifold result that captures all sufficiently small

solutions to our transformed system (4.47). The proof of this result can be found in Sect. 7.

Theorem 4.5 Consider the system (4.47) with §,, = 8(3/4 and suppose that (Hg), (HF), (HD),
(HL), (HT 1) and (HT 2) are all satisfied. For any sufficiently small &g, there exist constants
8 > 0,e > 0andn > 0, together with an open set @ C R with 0 € Q and a function
h:R? x Q— H?x H', such that the following properties are satisfied.

(1) The function h is C"=3 smooth, in which we have recalled the integer r appearing in
(Hg). In addition, we have h(k, ¥, w) = O(IKI2 + |w|) as k — 0and w — 0.
(2) Let (6,v) € BCy(R,R) x BCy(R, H? x H") be any pair of functions that satisfies
(4.47). Suppose furthermore that ||V(§) || g2 g1 < 8 for all § € R. Then upon writing
k(€)= (ur,w) 1, o (Toeun, vE)) i po, (4.43)

we have

v(§) = k() Ty ur +h (k(§),0(5), w) (4.49)
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forall & € R. In addition, the pair (0, k) satisfies the ODE
0'(6) = filk(§), o),

= _ 4.50
) = 24,0'B + Lk(E), D). 430

in which fi and f> are both C"~3-smooth, while f, satisfies the bound
fle.@) = 0 (@] + [x])?) 451)

ask,w — 0.
(3) Consider any pair (0, k) that satisfies the ODE (4.50) for some w € Q2 and in addition
has |k (§)| < € for all § € R. Then upon writing

V() = k@) Tpeym +h(x(§),0(8), @), (4.52)
the pair (0, v) satisfies (4.47).

With this center manifold result in hand, we are able to provide the proof of our main
theorem.

Proof of Theorem 2.5 We consider the terminology of Theorem 4.5. Let us first consider any
pair (0, v) that solves (4.47), with [v(§)| g2, g1 < &y forallé € R. Forany f € BC,(R, R),
notice that ceve K f = cevolCTé(l)f, in which [T;l)f](é/) = f(& + &'). In view of the fact
that 8, = 0(8y), the equation for 6 in (4.47) now automatically implies that |cevg6| < 8y
for all £ € R, provided dy is chosen to be sufficiently small. Using (4.2), such a pair (6, v)
hence leads to a solution of (4.1).

Let us now consider all the equilibria k of the differential equation

K (€) = 2, (0) '@ + fa(k (€), @) (4.53)
that have |x|] < €. In Vie;w of (4.4) and the subsequent discussion, (4.53) admits at least
two equilibria, namely k' = —(k; — ko) for i = 1, 2. On the other hand, any sufficiently

small equilibrium « for (4.53) leads to a wave train solution of (2.1). The local uniqueness
of the branches u (k) and w (k) as established in Lemma 2.1 now guarantees that there are no
additional equilibria between %2 and &' if € is chosen to be sufficiently small. Looking back
at (4.53), we see that

sign (k'(0)) = sign(@)sign (A}, (0)) = sign (wy (ko)) sign (A, (0)) . (4.54)

If sign (K’(O)) > 0, we find a solution for « that has x (—00) = &2 and «(+00) = &'. Con-
versely, if sign (K’(O)) < 0, we find a solution for « that has k (—oc) = &' and k (+00) = ©2.
Lifting these heteroclinic connections for « back to solutions u, of (4.1), we find that (1)
and (2) are satisfied. The uniqueness claims follow directly from the fact that the heteroclinic

solutions to (4.53) obtained above are unique up to translations. O

5 Linearization Near Wave Trains

In this section, we will construct a solution operator for the linear localized system
—ydev(§) = L0, w)vevev + f(§), (.1
in which we take v € L1 (R, H? x H') and fe L (R, H! x H®) for the moment, with

loc loc
y > 0. We emphasize that ¥ € R is fixed, which means that (5.1) is an autonomous differen-

tial equation for v. Our study of (5.1) will serve as a stepping stone towards solving the linear
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part of (4.47), which will be discussed in Sect. 6. We remark that we choose to include the
dependence on w in the linear system (5.1) for reasons that should become clear in Sect. 7.

In order to state our results, we will need to introduce the following family of function
spaces,

E+1 172
BY,(R, H) = {v € Lio(R. H) | [[v]| gy, = "' sup / (@IFde | < oo,
EeR
£—1

(5.2)

in which H is a Hilbert space and n € R. We also need to introduce the point evaluation
operator

pevev = v(§), (5.3)

for£ € Rand v € L] (R, H), together with the projections 7 : H> x H' — H? and
my : H? x H' — H! that are given by

v = (mv, TV) 5.4)

forany v € H> x H'.

Our main result shows how (5.1) can be solved for inhomogeneities f € BY,(R, H 3%
H?). Due to the fact the linear operator L (1%, @) contains both hyperbolic and elliptic terms,
the solution v will not in general gain any regularity with respect to f. This is the reason
that we cannot restrict ourselves to f € BC,(R, H 2 x H'Y) if we wish to find solutions
ve BC,(R, H> x H').

Proposition 5.1 Consider the linear system (5.1) and suppose that (Hg), (HF), (HD) and
(HL) are satisfied. Then there exist constants O < Nmin < Nmax and an open set Q C R with
0 € Q, together with maps
Ky :RxQ— L(BY,(R, H> x H?), BY,(R, H> x H*) N BC,(R, H* x H"))
(5.5)

defined for 1 € [Nmin, NMmax), Such that the following properties are satisfied.
(1) Foranyn € [Mmin, Tmax], f € BYy(R, H®> x H?),® € Rand @ € Q, the function
v= IC;C (0, w) f solves (5.1) and in addition has
(Tyug, v(0)) g1y go =0, (Tpur, v(0) g1, zo = 0. (5.6)

(2)  Suppose that for some 1 € [Nmin, Mmax), U € R and @ € Q2 there exists a function
v € BCy(R, H? x HY) that solves (5.1) with f = 0. Then there exist a1, ay € R such
that

v(€) = a1Tyuy + e Ty[ug + Eug]
— wpev K (8, @) (0, 71 [y Tyug + aa Ty [u} + §'ugll) . (5.7)

(3) There exists a constant C > 0 such that HICLC (¥, w) H < C foralln € [Nmin, Mmax]), ¥ €

Rand w € Q2.
(4)  Recall the integer r defined in (Hg). For every n € [Nmin, Nmax), the map (¥, w) —
IC}f(l?, @) is C"3-smooth.
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(5) Forevery n € [min, Mmax), @ € 2 and any pair 91, 92 € R, we have the identity
Ky (91, @) = Ty, 9, K, (92, @) Toy -9, - (5.8)
(6) Consider a pair no, N1 € [Mmin» NMmax] and consider
f € BY,,(R, H® x H*) N BY,, (R, H> x H?). (5.9)
Then for any w € Q and ¥ € R, we have

K (3, @) f = K5 (9, @) f. (5.10)
In view of (6) in the result above, we will often write K!¢(9, @) = IC};(l‘}, w) whenever the
exact choice of 7 is irrelevant. Until stated otherwise, we will take # = 0 in (5.1), employ
the shorthands L(w) = L(0, w) and B = Dg (u(-; ko)) and concentrate on constructing the
operators Kle (0, w) first. For convenience, we introduce the notation

C'?—JH ={ze€C|n- <Rez =<n4}. (5.11)

Letus write 9 : R — HZ2 x H! for the Fourier transform (3.2) of v with respect to &, together
with f : R — H' x H° for the Fourier transform of f. Taking the Fourier transform of
(5.1) posed on the space H! x H°, we find

— inyDn) = ey 2L )
nyvin) = —(wo — kocg + ®)ds + Zj‘v:o Ajetmi T njkg +B —vkods +cg n
+F (), (5.12)

which can be rewritten as

To(imo(n) = F(n), (5.13)

with w = wg + ®.

In view of the equivalence (2.13), we will proceed towards solving (5.12) by studying
the behaviour of the related operator L. As in the proof of Lemma 2.1, we may argue that
Lon(w,in) : H> — HY is Fredholm with index zero, which means that a bounded inverse
Ln(w,in)~ ' H 0 — H? exists if and only if Lch(w, in) is injective. This latter condition
can be related to the point spectrum of Ly (w, i7), via the relation

Len(w,in) = —Ly(w,in) +in(cp — cg). (5.14)

However, for the purposes of this section we will need to obtain bounds on the inverse
Len(w, 7)) that are uniform for z in vertical strips in the complex plane. Indeed, in the
sequel this will allow us to apply the inverse Fourier transform to solve (5.1) on exponen-
tially weighted function spaces. Let us therefore fix tworeals n— < 14 and set out to explicitly
construct Lep(w,z) "} forz € C,_ .y, » wherever this is defined.

We start by introducing, for s € {0, 1, 2}, the sequence spaces

3= {v = (oidkez vk € C"and ol = Fyep (14 D> i < 00} . (5.15)
Let us recall that any v € H® can be represented as

vio) = > ve'*? (5.16)

keZ
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for some sequence {vi}rez € £5. Throughout this section, we will use the same symbol for
a function v € H* and its sequence representation v € £5 given by (5.16). Note that if (Hg)
and (HF) are satisfied, then we may write

B(o) = ZBke“f“, (5.17)

LeZ

with coefficients that satisfy the estimate |B|, < C/(1 + [£])3. On the level of sequence

spaces, the operator B becomes a convolution mapping, acting as

[Bulx = Z Byvg—. (5.18)

Lel

Lemma 5.2 Suppose that (Hg) and (HF) are satisfied. Then the linear map B given by
(5.18) satisfies B € L(Zg) and B € [,(Ké).

Proof This follows directly from the fact that for some C > 0 and all o € [0, 27r] we have
|B(0)| < Cand |B'(0)] < C. o

Using the sequence space representation, the identity Lcp(w, z)v = w becomes

N
yk(z)kzvk + (@ + 2yko)ikvg — (yZ> + CeZ)Vk — ZAjeZ”fe_ik”fkovk
j=0
= z Bivg_¢ + wy. (5.19)
LeZ
Let us introduce the notation
N .
A@, 2. k) = =y + Qivkok — cg)z + V3K + (w0 + @)ik — D Ajeie ko
Jj=0
N .
= —y(z — ikok)* — cg(z — ikok) + (@ + (cp — co)ko)ik — D Aje=ikobni,
j=0
(5.20)
using which (5.19) becomes
A(w, z, k)vy = [Bv]x + wg. (5.21)

Throughout this section, we will need to use the following assumption.

(ha) There exists a constant C > 0 such that for all k € Z,w € Rand z € C,_,, the
matrix A(w, z, k) is invertible and satisfies the uniform bound

|A@, z, 07! < C. (5.22)

We emphasize here that we can always arrange for (ha) to hold true. Indeed, by choosing a
constant k € R that shares the sign of y and has |«| sufficiently large, we may ensure that
forallw € R,z € C,_;, and k € Z we have

N
[k +Re[—yz* — cgz]| > 2max [ 1, Z |Aj] e ] ] - (5.23)
i=0
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We can now modify (5.1) by adding an extra matrix Ay4+; = kI with associated shift
rn+1 = 0 and replacing B(o) by B(c) — «I. This modification obviously leaves (5.12)
invariant, but ensures that (ha) is satisfied.

If (ha) holds, then for any w € R and z € C,_ ;, , we may introduce the multiplication
operator AY (@, 7) Zg — Zg that acts as

[A™ (@, vk = A@, z, k) og. (5.24)

The following two results show that this operator is compact and uniformly bounded for
z € Cy_ y, and small .

Lemma 5.3 Fix two constants n— < ny and suppose that (ha) is satisfied. Then for any
weRandz € C,_,., the operator A"™ (@, z) : E(Z) — Zg is compact.

Proof We proceed much as in [49]. To see that A™ (@, z) is a compact operator, consider any
bounded sequence {w”"},en C Eg. Write v" = A™ (w, z)w”" and use a diagonal argument to
pass to a subsequence for which each component v} converges as n — oo. For any K > 0
we find

o = v s < ST =P A+ KT D A+ kD o — v (529
[k|<K |k|>K

For fixed z € C, notice that A(@, z, k) = O(k?) as |k| — oo. This means that the second
sum on the right hand side of (5.25) can be bounded independently on K, n and m. For any
€ > 0, we can choose K > 0 sufficiently large to ensure that the norm of the second term in
(5.25) is bounded by % By restricting to sufficiently large n and m the norm of the first term
in (5.25) can also be bounded by % showing that {v"} is a Cauchy-sequence. This completes
the proof. O

Lemma 5.4 Fix two constants n— < n4 and suppose that (ha) is satisfied. Then there exist
a small open subset Q2 C R with 0 € Q and a constant C > 0, such that for any w € Q and
any z € C,_ ., we have the bounds

|A™ @, 2) cadeh =€ (5.26a)

[2:A™ @. )] £ 9.00) = C- (5.26b)

Proof Note first that (ha) implies the uniform bound

[A™ (@, 2)|| cag.) = Cr (5.27)
We will assume that  C R is sufficiently small to ensure that for all @ € 2, the quantity
p(®@) = w + (c) — cg)ko satisfies |p(w)| > p for some p > 0. As a final preparation, we
consider the function g : z > yz% + cgz. Note that there exist two constants C; > 0 and
C3 > 0 such that

IRe q(z)| + C> > C3|Imq(2)|* (5.28)

holds for all z € C,_ . . '
To see (5.26a), observe that v = A"™ (w, z)w implies that

N
kg = wy + D AjelT ko (5.29)
j=0

— ikok
[ip@)— q(z kt 0 )]
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We fix a constant K such that K > C,/p and K > 6/(pC3). Consider any pair (z, k) with
z € Cy_ . and |k| > K. We claim that

o q@) 1_
- —=|>=p. 5.30
ip(w) | =3P (5.30)
Indeed, if this inequality is violated, we must have
4 1
‘Im 9@ 5P (5.31)
after which (5.28) allows us to obtain the contradiction
Req(z) 1 o, O 1_
>Cslk|-p°— — > =p. 5.32
‘ _3||4p k= 2P (5.32)

In view of the uniform bound (5.27), the identity (5.29) now implies that |[{kvg}| o <
Cy|w]| i for some C4 > 0 and hence (5.26a) follows.
To see (5.26b), observe that v = AI™ (@, 2)w yields

N
(z — ikok)[—cg — ¥ (z — ikok) vk = —ip@)kvi + wi + | AjeE ROy - (533)
j=0
We hence obtain
, leg| +1 — © ,eikobn
|z — ikok)ve| < [oel + | p@)kve] + [wel + | D A0y (5.34)
j=0

in which we used (5.33) whenever |z — ikok| > @ Using (5.26a) we hence find
||{zvk}||€g < Cs¢ IIwIIZ(Q), as desired. O

Before we proceed, let us note that if [/ — A™ (@, 7)Blv = 0 for some v € £9, then
Lemma 5.4 ensures that v € Eé and the identity (5.20) immediately implies that also v € Z%.
Now, for any v € 02, we may write

[I — A™ (@, 2)Blv = A™ @, 2)[Len (w0 + @, 2)]v

= A @, )~ Lalwo +@.2) + 2(cp —cOlv. O

By the Fredholm alternative, we thus find that [/ — AlnV (w,2)] : Kg — Kg is invertible if and
only if

z(cp — cg) ¢ pointspec Ly (wp + @, 2). (5.36)
For later use, we state this as the following assumption.

(hb) Forevery w € 2,z € C;_,, and all A € pointspec Ly (wo + @, z), we have A #
(cp — cg)z.

Lemma 5.5 Assume that (Hg) and (HF) are satisfied. Fix a pair n— < n4 together with an
open set 2 C R with 0 € Q and assume that (ha) and (hb) are satisfied. Then Lo (o, 7) :
H? — HO s invertible forall z € C,_,, and o € wy + . In addition, there exists a
constant C such that for all v € wo + Q and z € C,_ 5, we have

| £en(@, 7 p gy ggonry = € (5.37)
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fors € {0, 1, 2}, together with
|zLent@. D7 2ops sy = € (5.38)
Finally, if s € {1, 2} we also have
|22 Len(@. 27" o ggs oy = C- (5.39)
Proof In view of the criterion (5.36), we see that [[ — AI™ (@, z) B] : Zg — Zg is invertible
forz € C,_ ., and @ € Q. Writing @ = wo + ®, we hence find
Len(@, )" =1 = A™ (@, 2)BI"'A™ @, 2). (5.40)

Due to (5.26b), we find that for |Im z| sufficiently large we have

|a™ @, 2) | cceg.e0) 1Bl e,y < % (54D
which leads to the uniform bound
| £en (@, D71 £ g0, 40, < Ci- (5.42)
Consider any w € ¢» and suppose that L (@, z)v = w. We then obtain
v =A"(@, z)(w + Bv) (5.43)

and after applying (5.26a) together with (5.42) the uniform bound (5.37) with s = O follows.
Notice that for any v € H 2 that has Len(w, 2)v =w withw € H!, we may compute

Len(w, )V =w' + B (v, (5.44)

which in view of the boundedness of B’ implies that in fact v € H 3 and establishes (5.37)
with s = 1. In addition, if also w € H?, we obtain

Leh(w, 2)v" =w" +2B'(-)v' + B"()v. (5.45)

The assumption (Hg) implies that also B” is bounded, which establishes (5.37) with s = 2.

The uniform bounds (5.38) for s € {0, 1, 2} follow in a similar fashion as above, by using
(5.43) in combination with (5.26b). Finally, to see the bound (5.39) for s € {1, 2}, suppose
that Lch(w, z)v = w for some w € HY, write

N
—yz?v = ykv” — (0 + 2ykoz)v + cozV + Z Aje I Ty kv + Bv+w (5.46)
j=0
and use (5.37) and (5.38) to estimate the H*~!-norm of the right hand side. ]

These bounds on L, (w, z) can now easily be turned into bounds on 7,(z), using the repre-
sentation (2.13).

Corollary 5.6 Assume that (Hg) and (HF) are satisfied. Fix a pair n— < n4 together
with an open set @ C R with 0 € Q and assume that (ha) and (hb) are satisfied. Then
To(z) : H*x H' —> H' x HY is invertible for all z € C,_ ,, and w € wy + . In addition,
there exists a constant C such that for s € {0, 1, 2} we have

|7~ Lt s HH xs) = € (5.47)

forallz € C,_ ., and w € wy + 2.
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Let us recall for p € {2, oo}, n € R and a Hilbert space H, the function spaces

LR, H) ={velLl (R H)|e"v()eLP(R, H)},

W, PR, H) = {ve Ll (R, H)|ev() e WP(R, H)}, (5.48)

with norms given by ||v||L1]: = He‘”'v()”u and similarly ||v||W1‘,, = He""v(~)”wlyp. With
! n

the uniform estimates on 7, (z) obtained in Corollary 5.6 in hand, we are ready to solve (5.1)

for inhomogeneities f € L%(R, H3 x H?).

Lemma 5.7 Consider the linear system (5.1) with y > 0 and suppose that (Hg) and (HF)
are satisfied. Fix a pair n— < ny together with an open set Q2 C R with 0 € Q2 and assume
that (ha) and (hb) are satisfied. Then for every w € Q and n € [n—, n4] there exists a
bounded operator

AMN@): LY (R, H? x H) — LX(R, H> x H)N W) 2R, H> x H')  (5.49)

so that the function Ai,]m’(a)f solves (5.1) for any [ € L%(R, H?3 x H?). The norm of
Ainm’ (w) can be bounded uniformly forw € Q and n € [n—, ny]. Finally, we have the explicit
representation formula

o 1 n+ioco o~ _
LAy @) F16) = 7~ / e Togia@ [f+@ + [-(@ldz.  (5.50)
Tl Jy—ico
Proof The result follows in a standard fashion by applying an exponential shift to (5.1)
and using the uniform bounds on 7, (z)~! obtained in Corollary 5.6 to solve (5.12), which
represents (5.1) in Fourier space. Similar computations can be found in [32, Sect. 3]. ]

In order to turn the L2-estimates obtained above into L*-estimates, we need to exploit
the property that the effect of any compactly supported inhomogeneity f on the solution of
(5.1) decays exponentially. To make this precise, we introduce for any Hilbert space H the
new function space

£+1 172
LY™®([R, H) = {x €Ll (R, H)| lell 20 = Suge_ns [/s 1 Ix()[% d;] < oo} )
c _

(5.51)

Lemma 5.8 Consider any n € R. Consider the linear system (5.1) with y > 0 and assume
that (Hg) and (HF) are satisfied. Fix a constant € > 0, write n = n % €, choose an open
set Q C Rwith 0 € Q and assume that (ha) and (hb) are satisfied. Assume furthermore that
Jorall w € Q2 we have

AN (@)g =AY (@)g (5.52)
n n
jior all g € L,2]+€(R, H3 x H2) N L%_e (R, H3 x Hz). Choose an @ € Q2 together with a
unction
feLy®® H> x H)NL}, (R, H> x H?) (5.53)

and write x = Ai,;‘_‘;e (w) f. Then we have

xeCRH? x HYNLYPR, H> x H)NLT®[R, H® x H?). (5.54)

@ Springer



J Dyn Diff Equat (2009) 21:417-485 451

In addition, for some constant C > 0 that does not depend on f, we have the bound
||.X ”LgO(R,HzXHI) + ||.X ”L%'OO(]R,H3XH2) =< C ”f”L%OO . (555)
The analogous results hold for f € L%’OO(R, H3x H) N L%76 (R, H? x H?).

Proof Our arguments here are an adaptation of those presented by Mielke in [49] for elliptic
PDEs. Without loss of generality, we will assume that 7 = 0 and consider f € L>®(R, H> x
H?) for which also fe LZ(R, H?3 x H?). For any n € Z, let x, denote the indicator function
for the interval [n, n 4+ 1]. Writing f,, = x, f, we see that

fne LXR, H? x HH) N L? (R, H® x H?), (5.56)

with) ', . fu = fin LZ(R, H?3 x H?). We can hence define x,, = Aiem’ (w) fn = ATZ (©) fr
and observe that

xp € WHAR, H2 x HYNnWEAR, H? x HY, (5.57)

again with 3, ., x, — x in WH2(R, H> x H'). We can exploit the fact that 7, and
AP (@) commute to compute

m+1 R 1/2
Il ||W1.2([m,m+1j,1-12><1-11) = |:/ |xn(‘§)|12quH1 + {aéxn(§)|Hz><H| d§:|

m

12

m—n+1
[/ bnE + m)Bra 1 + [Bea (& + w3 ds]

m—n+1 2
o €lm=n) [/ (ee§ [xn (€ + n)|H2><Hl)

m-—n

IA

2 1/2
+ (6‘5%— |a&—xn(é +n)|H2XH1) d§i|

IA

Cl e—e(m—n)

70,

WhA R, H2x HY)

S C2676(m7}’l) Tn(l)fn

L2 (R,H3xH?)

< C2e—6(m—n)ee Tn(l)fn

L2(R,H3x H?)

< C‘Qeie(min)eE ||f||L2'°C(]R,H3><H2) s (558)
for some constants C; > 0 and C»> > 0. In a similar fashion, we obtain for some C3 > 0,
E(m—n)ee ||f||L2’°°(R,H3XH2) . (559)

Summing these identities over n € Z, we obtain

1%, ||W1,2([m,m+1],H2XHl) < Cse

IA

e (C2 + C3) || fll L2oo®, 13 x 12
[Zan ee(mfn) + ZI1<m ee(nim)]
Callfll 2o, 53 B2) - (5.60)

1 Ty 12 (17, H2 5 HY)

IA

Observe that this bound no longer depends on m. By a Sobolev embedding, we thus obtain that
x € BCy(R, H% x H'). Moreover, this bound also implies that d5¢x € L*®(R, H' x HY).
Using the differential equation (5.1), we find that 9,,x € L%°°R, H' x H) and hence
x € L>®(R, H? x H?). The bound (5.55) now follows from (5.60) together with (5.1). O
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We now set out to find all w € BC, (R, H? x HY) that satisfy (5.1) with f = 0. As a first
step towards this goal, we will derive a representation formula for solutions to (5.1) with f
in appropriate exponentially weighted function spaces. In particular, we will use the family
of spaces

BX,.,(R, H) = (x € Liw® H) | Ixllpx,,, i=supe™ 5@y
<

+supe™ |x(§)|y < oo] , (5.61)
£>0

defined for any Hilbert space H and parametrized by u, v € R.

Lemma 5.9 Consider the linear system (5.1) with y > 0. Fix a pair of constants n— < n4
and an open set Q C R with 0 € Q. Assume that for all 7 € C withRez € {n_, n4} and all
w € wy + 2, we have

(cp — cg)z ¢ pointspec Ly (w, z). (5.62)

Consider any pair v, v € R forwhichn_ < pu <v < ny andfix f € BX, »(R, H' x HY).
Then if v € C(R, H?>x HHYN BX,v(R, H? x H"Y is a solution to (5.1) for this choice of
f, the following identity must hold,

V(E) = ok [T E (K (€, 2, 0) + T, ()" 1 (2)) dz

2l e 1S, = (5.63)
o S i €5 (K (&, 2,0) = T(2) 7' f-(2)) dz.
Herew=wy+@and K : R x C x C(R, H> x H") > H? x H! is given by
0
KE, z,v) = /e_mv(a)da
§
N 0
+T,@) 7 | =yv©O) + [0, D] A T4, / e mu(o)do | |. (5.64)
Jj=0 n;

Proof The differential equation (5.1) implies that 9z v € BX,,» (R, H ' 5 HY). This ensures
that the Laplace transform 0z v +(z) is well-defined for Re z > v. This allows us to take the
Laplace transform of the entire system (5.1), which yields

N 0
To@V4(2) = f1() —yv(O) + [ 0. D Aje™i T, 4, / e mv(o)do | . (5.65)
/:O )’Lj
Since 7, (z) is invertible for every z with Re z = 14, we find that for such z we must have

U4 (D) =T, [+ —yv @) + [0, D] Aje™ Ty / e mv(o)do |1.

Jj=0 "
(5.66)

Similar arguments can be used to obtain an expression for X_ (z). We may now use the inverse
Laplace transform as described in Lemma 3.1 to obtain (5.63). A detailed derivation can be
found in [32, Proposition 5.1]. ]
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The operator K appearing in (5.63) can be linked to a spectral projection operator that is

closely connected to 7. In order to make this precise, we write ryi, = min{0, ng, ..., ny},
rmax = max{0, no, ..., ny} and introduce the state space
X = C([rmin» "max] Hl X HO)- (5.67)

In addition, we fix a small w, write @ = wo + @ and introduce the closed and densely defined
operator A : D(A) C X — X given by

D(A) = {¢ € X N C" ([rmin, rmax], H' x H) | $(0) € H* x H'
and — y9:¢(0) = L(@)¢},
Ap = 9. (5.68)
Lemma 5.10 The operator A has only point spectrum, with
0(A) =0,(A) ={z € C| T,(z)v = 0 for somev e H* x H'}. (5.69)
For z € p(A), the resolvent of A is given by
@ =AY ="K 29, (5.70)
in which K : [Fuin, rmax] X C x X = H' x HY is given by

0
K(r,z,w)=/e—”w(a>do+7w(z>—1 )
N 0
n 0,ZAjeZ".fT,njko/e—wmw(a)da . (5.71)

j=0 nj

Proof Fix ¥ € X and consider the equation (zI — A)¢ = ¢ for ¢ € D(A), which is
equivalent to the system

9 =¥

—y9:¢(0) = L([@)¢. (5.72)

Suppose that 7,,(z) : H?> x H' — H' x HY is invertible. Solving the first equation yields

0
¢(1) = e p(0) + €7 / e Y (o)do. (5.73)
T
It is not hard to verify that choosing
N 0
$(0) =T, " | —yyv(© + |0, ZA.,'eZ”J' T_,,jko/efwmt/f(a)da (5.74)
Jj=0 nj

ensures that also the second line of (5.72) is satisfied. On the other hand, consider any z € C
and v € H? x H' such that 7, (z)v = 0. Inspecting the function ¢ (t) = ¢*“v, we find that
¢ € D(A) with Ap = z¢, showing that z € 0,(A) and completing the proof. ]
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The representation (5.70) implies that we need to study the map z +— T,(2)"! in order
to understand the behaviour of the resolvent z > (z/ — A)~!. In particular, we will need to
determine the order of the poles.

Lemma 5.11 Suppose that z = X is an isolated singularity for the map z — T,,(z)~". Sup-
pose furthermore that every v € Ker 7, (L) has finite Jordan rank and let k be the maximum
of such Jordan ranks. Then z — T,,(z)~" has a pole of order k at 7 = X.

Proof Recall first that 7,,(%) : H 2 x H' > H! x HO is Fredholm with index zero, which
allows us to define the integer n = dim Ker 7,,(1). As customary in the matrix-valued
case, we may construct a canonical Jordan basis by repeatedly choosing a kernel element
v € Ker 7,()) that has maximal Jordan rank in the subspace of Ker 7,,(A) that has not been
spanned by previously chosen elements. In this fashion we find quantities v; (€H 2x H',
in which the rank j ranges from 1 to k, the index ¢ ranges from 1 to m ; and i ranges from 0
to j — 1. Here m; denotes the number of Jordan chains with rank j that were constructed.
For each fixed j and ¢ the quantities v’] ¢ form a Jordan chain of length j, which means that

L@, + @ — o + .+ @ =0T = 0 - 1) (5.75)
as z — A. By nature of the construction these Jordan chains cannot be extended, which
means that

Ly 3yn0 (1) (31
Bii = fT‘” %+ + TPl ¢ RTL0). (5.76)

In addition, these n vectors §; ¢ are linearly independent over R (7, (1)), which allows us to
choose n quantities « ¢ € R(’Z;,()\))J— that satisfy the orthogonality relations

(Olj’(, ﬂj/j/),_[leo = 51'./'/(3[[/. (5.77)

To show that z — 7,,(z) ! has a pole of order k, we will construct a holomorphic func-
tionz — H(z) € L(H! x H®, H% x H') that is analytic in a neighbourhood of z = A and
satisfies

T,(2)H(z) = (z — M¥L. (5.78)

In fact, one easily sees that it suffices to find operators H; € L(H' x H°, H?> x H') for
0 <i < k such that

To(D)[Ho+ (z = MNH + ...+ =V H ] =z = DT+ 0z — Y. (5.79)

A short computation shows that this can be done by writing

koomj
Gk
Hi= > > ol e g (5.80)
j=k—i I=1
for 0 < i < k and choosing Hy in such a way that
ToO)He = 1= Bjoleje. ) giseo- (5.81)
.t

This is always possible, since R(T,(W))t = span{ca; ¢}, while (5.77) implies that for all
ve H' x HO
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j'/.l/

<aj,g,v—Zﬁjgy(aj,,e/,v)mx,{» =0. (5.82)
H!xHO

[m}

The next result shows how Jordan chains for the operator z/ — A can be constructed from
Jordan chains for 7,,(z). We introduce a new operator Aonthe larger space X=H'xHxX,
given by

DA) ={w.¢)eX|0:peX. ¢p0) e H>x H' ,v=—yp(0)},
A, ¢) = (L@, d9).

Let us write j : X — X for the continuous embedding ¢ +— (—y¢(0), ¢). As in [32] one
may argue that the part of Ain jXis equlvalent to A and that the closure of D(A) is given
by j X. Hence the spectral analysis of A and A is one and the same. We have the following
equivalence.

(5.83)

Lemma 5.12/\C/0\nsider the holomorphic functions E : C — L (H2 x H' x X, D(Z)) and
F:C— L(X, X) given by
0
E@)(v, ¥)(r) = —Vv,euv-i-e”/e*mlﬁ(ﬁ)dff ,
T
N 0
FQw,¥)(r)=|v+ |0, ZAjeZ"_iT_njko/e‘“’ﬂpﬁ(a)da @], (5.84)

j=0 nj

in which D(X) is considered as a Banach space with the graph norm. Then E(z) and F(z)
are bijective for every 7 € C and we have the identity

(Tw(z) 0

0 1) = F(2)(z] — A)E(2). (5.85)

Proof The bijectivity of F is immediate. To show that also E is invertible, write E»(z) for
the X-component of E(z), and observe that

V(t) = 2E2(2) (v, ¥)(7) = 35 E2(2) (v, ¥)(7), (5.86)
which means E has a left inverse. Using partial integration, we may compute

0
Ex(2) (¥(0), (zI — 3e)¥) (v) = " Y (0) + e”/efw(m/f(a) — ¥ (0))do =y (1),

T

(5.87)
which shows that E has a right inverse. A simple calculation now shows
N 0
@I —AEQW.¥) = [ To@v— |0, D Aje™ T, / e Omyo)do |, v |,
o P
(5.88)
from which the identity (5.85) follows immediately. O
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Lemma 5.13 For any pair p < v, set ¥ = ¥, , = {z € 0(A) | p < Rez < v}. Suppose
that ¥ is a finite set and that for each 7 € X the Jordan rank of 1,(z) is finite. Then each
z € X is apole of (zI — A)~" of finite order. In addition, we have the decomposition

X =Ms @Ry, (5.89)

in which M is the generalized eigenspace corresponding to the eigenvalues in ¥ and Ry,
is the null space of the associated spectral projection Qs : X — X.

Consider any pair of constants n+ withn— < w and ny > v, for which ¥,,_ ,, = X. In
addition, consider any ¢ € X that has ¢ (0) € H?x H' and demi¢ € LY ([rmin, rmax], HO).
Then we have the identity

1 N4+ioco 1 n——ioo
(Os9)(7) = 7/ e“" K (7, z, p)dz + 7/ e“"K(t,z, $)dz, (5.90)
n n

270 Sy, —ico 2 _+ico

in which K is given by (5.71).

Proof Lemma 5.11 together with the representation (5.70) implies that each A € ¥ is a pole
of finite order for z — (z/ — A)~!. The spectral splitting (5.89) follows directly from [15,
Theorem IV.2.5]. Using a Dunford integral to represent the spectral projection Q' , it suffices
to show that

N4+ik N 0
[ e @ | o0+ (0.3 4 T, [ mpoido | [dz -0
n—+ik =0 b

(5.91)

as k — =00 in order to establish (5.90). Since z > 7,,(z) ! does not decay asIm z — +oo
this is not immediately clear. An integration by part yields

0 0
/e_mm¢(0)da =z e Mimp(ry) — m¢(0) +/e_z‘78,§m¢>(o)da .(5.92)
nj nj

In view of the assumption on 71 ¢, it thus only remains to show that
n4+ik
T, ()" p(0)dz — 0 (5.93)
n—+ik

as k — +00. To see this, we write

—v90) = 7' [=y2¢(0) — To,(2)$ ()] + 2~ [T, (2)$ (0)] (5.94)

and use the fact that 7,,(z) + yzI remains bounded as Im z — oo. ]

The relation thus obtained between the representation (5.63) and the spectral projec-
tion (5.90) allows us to lift the inverses A™ obtained in Lemma 5.7 to inverses defined
on L>*®(R, H3 x H?). As a preparation, we introduce for any function Hilbert space H
and any function f € LIIOC(R, H) the notation 4 f € L]loC (R, H) to denote the function

has [®1 f](§) = f(&) for & > 0 and [ f](§) = O for £ < 0. In addition, we write
O_f=f—Df.
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Lemma 5.14 Consider any n € R. Consider the linear system (5.1) with y > 0 and assume
that (Hg) and (HF) are satisfied. Fix a constant € > 0, write n+ = n = 2¢, choose an open
set Q@ C Rwith 0 € Q and assume that (ha) and (hb) are satisfied. Fix any @ € Q. Consider
any

feLy®®R H? x H?) (5.95)
and write
v=AMN @ f+ AN @)D_f. (5.96)
Then v solves the linear system (5.1). In addition, we have
ve Ly R, H x H)NLP®R, H> x H)YN W, [®R, H' x H’) (5.97)
and there exists a constant C > 0 that does not depend on f and o, such that

||v||L,21'OO(R,H3><H2) + ”v”Lnﬁo(R,Hszl) + ”U”WWLOO(R,H]XHO) S C ”f”L%'OO(R,H3><H2) .
(5.98)

Proof Notice first that the assumptions of Lemma 5.8 are satisfied. Indeed, for any function
ge Ll (R Hx H)NL: (R, H® x H?), write

w= AW, @g— A (@)g (5.99)
and notice that w € C(R, H% x H') NBX; ¢ pte(R, H? x H').In addition, w satisfies (5.1)
with f = 0. Write ¥ = W[5, rmax]- ChOOSINg 4 = n — €, v = 1 + € and comparing (5.63)
with (5.90), we find that Os,,¥ = ¥. However, our condition on € implies that Os,, =0.
After repeating this argument for shifted versions of g we may conclude w = 0. The claims
now follow directly from Lemma 5.8. O

Let us now introduce for n € R and @ € R the set
Ny @) = {v e BC)(R, H* x H') | v satisfies (5.1) with f = 0}. (5.100)

Arguing similarly as in the proof of Lemma 5.14, (5.63) in combination with (5.90) allows
us to obtain a characterization of ./\/',%c (w).

Lemma 5.15 Consider the linear system (5.1) with y > 0 and assume that (Hg), (HF),
(HD) and (HL) are satisfied. Then there exist a small open set @ C R with 0 € Q, together
with two constants 0 < n*. < k.., such that T,,(z) : H*> x H' — H' x H is invertible
forall o € wy+ Q and all z € C that have n}'; < |Rez| < np... In addition, for each
o€ Qandn e (N, Mhax)» the set N,%C(E) is two dimensional.

Proof The uniform bound (5.26b) implies that there exist a small n;5, > 0, large ¥ > 0 and
small neighbourhood €2 C R with 0 € €2 such that 7,,(z) is invertible for all w € wp + 22 and
z € Cyr . thathave|z| > k. Letusrecall the function W (w, 2) = Min(®, 2)—z(cp—cg)
introduced in Lemma 3.2. Since z — u*(w, z) is analytic, its set of roots is discrete. This
implies that there exists a small § > 0 such that 7,,(z) is invertible for all z € C with
0 < |z| < 8. After possibly further decreasing n};,,, we hence see that 7,,,(z) is invertible
for all z € C with 0 < |Re z| < Nmax. As w is varied, the double root of p*(wp, -) atz = 0
can be split into two components z| (w) and z3(w) that depend continuously on w. For any
choice of . that satisfies 0 < n%. < np .., we may therefore choose €2 sufficiently small
to ensure that 7,,(2) is invertible for all @ € wp +Q and z € Cwithn}, < [Rez| < ny...In
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addition, Lemma 3.2 ensures that dim Ker 7,,(z; (w)) = 1 fori = 1, 2 and w € wo+ 2, while
the total number of elements in the combined Jordan chains associated to 7,,(z; (w)) remains
equal to two. Let us now consider w € N, ,1]° (w). Combining the representation formula (5.63)
with the spectral projection (5.90) and wWriting ¥ = |y, 5y, ] Shows that ¢ = Qx| ¢ O

From now on, we fix two constants nmin and nmax in such a way that n:’lin < Nmin <
Nmax < Nmax- WVe also fix an open set 2 C R with 0 € € that is sufficiently small to ensure
that the results developed previously in this section are all applicable. We are now ready to
introduce for 7 € [Nmin, Mmax] and @ € 2 the pseudo-inverses

K,@) : BY,(R, H®> x H?) — BC,(R, H> x H") N BY,(R, H®> x H?), (5.101)
that are given by

Ky@)f = A @) P f + AT (@)@, (5.102)
for sufficiently small € > 0. By construction we have that x = IE,, (w) f solves (5.1), but the
normalization conditions (5.6) may still be violated.

To repair this, observe that for all € [1min, 7max], We have

N (0) = span{u, £ugy + uy }. (5.103)
Let us introduce the projection IT: H> x H' — R? that is given by
) _
Mv = (||“6“Hl><1-10 (g, V) 15 o, ”u1”H21><H0 (up, U)Hleo) . (5.104)
Our goal here is to construct, for @ € €, extension operators E le (w) R —

BCy,in (R, H3 x H?), such that for any a € R? we have E°@)a € erlfnin (w) and
MpevyE Io(@)a = a. It is not hard to see that
[E€(0)a)(§) = (a1 + az6)uj + aruy (5.105)
satisfies these conditions. Observe in addition that for any a € R?> we have
[~y 8 — L@)E*(0)a = (0, @0, 71 E(0)a) . (5.106)
After possibly decreasing the size of €2, we may introduce the operators E'(@) by way of
E*@)a = [E*(0) — K@) (0, ©3, 71 E*(0))1[1 — MpevyK (@) (0, @, 71 E*(0))]'a.
(5.107)

By construction, for any a € RR2 the function E'(@)a satisfies (5.1) with f =0, while also
Tpevy E'°(@)a = a. The fact that E'°(@) maps into BC,,, (R, H* x H?) follows from the
smoothness of functions in Ker 7, (z).

With these operators E'°(@) in hand, we may introduce the new pseudo inverses

Nmin

K@) : BY,(R, H® x H*) — BC,(R, H*> x H') N BY, (R, H®> x H?) (5.108)
that are given by
K@) f = K@) f — E*(@)Tpevy K, (@) f, (5.109)

which now do satisfy the normalization conditions (5.6). Finally, we can include the depen-
dence on ¥ by writing

Ky (9, @) = Ty Ky(@)T—y. (5.110)
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With this definition we have gathered all the ingredients necessary to establish Proposition
5.1.

Proof of Proposition 5.1 Ttems (1), (2) and (6) follow easily from the discussion above. Item
(3) follows from the definition of IC;C together with Lemma 5.7 and the bound (5.55). Item (5)
follows directly from (5.110). It remains to establish (4), which concerns the smoothness of
the map (9, @) > K)¥(%, @). Let us pick any & € R and @ € Q and write v! = K*(9, @) f
and v> = K°(0, 0) f. Upon defining w = v! — v?, it is not hard to see that w satisfies the
differential equation

— yew(&) = L(0, 0)veviw + (0, [Dg (P + -5 ko)) — Dg (u(- ; ko)) — @dg 1m0 (€))
(5.111)

and hence
w = E"(0)[TT — T17_5 lpevo K, (9, @) f
+K(0,0) (0, [Dg (¥ + -+ ko)) — Dg (u(-: ko)) — @0y Jr1) Kif (3, @) . (5.112)
To help interpret the first term, we note that for v € H> x H' we have
—[0—T7T_p]v
= (||u6||§‘ixHo (Tyug — g, v) gy go. rll o (Tour —uy, v>anHo). (5.113)

The smoothness of (¢, @) — K€(¥, @) can now be established using the smoothness of g
and the fact that u(ky) € H" 12, much along the lines of [53, Lemma 2.5]. We lose three
orders of smoothness since we need to get estimates on terms of the form

[Dg (@ + - ko)) — Dg (-3 koDIiv' &) 5 - (5.114)

which leads to expressions involving D3g. O

6 Slowly Varying Coefficients

We are now ready to consider the linear system
—y0ev(§) = [I — Poe)IL(O(&), w)vevev + [I — Pye)lTpeyMceve OL (O, w)v + f (&),
6.1)

which is nonlocal on account of the term involving ®1. Recall the interval [9min, Nmax]
appearing in Lemma 4.3 and consider any 6 € C(R, R). For any 1 € [1min, max] and @ € R
we may then associate to (6.1) the linear operator

A0, ®): BCy(R, H* x H) N BC (R, H' x H) — BC,(R, H' x H%)  (6.2)
that is given by

[A@, ®)v](§) = —ydzv(§) — [I — Py)IL(B(§), w)vevgv
—[ — Poe)1Tpe)Mceve OL (0, w)v. (6.3)

The main result that we set out to prove in this section, shows that (6.1) can be solved if
|6’]| . is sufficiently small. However, the solution operator will be constructed in such a way
that it can be defined for all continuous functions 6.
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Proposition 6.1 Consider the linear system (6.1) and suppose that (Hg), (HF), (HD) and
(HL) are satisfied. Then there exist constants 0 < Nmin < Nmax and an open set Q2 € R with
0 € 2, together with maps

K& :CRR) xQ— L (BY,(R, H® x H?), BC,(R, H* x H") N BY,(R, H® x H?)),
(6.4)

defined for n € [Nmin, Nmax], such that the following properties are satisfied.

(1) There exists € > 0, such that if 6 € CY(R,R) and }6’($)| < € forall, € R, then
v = K%b(G,E)f satisfies A0, w)v = f for any n € [Nmin, Mmax), @ € QL and [ €
BY,(R, H? x H?).

(2) We have HT,g(o)peVOIC%b(O,E)f = 0 forall n € [Mmin, Mmax], @ € C(R,R), w € Q
and f € BY,(R, H® x H?).

(3) Thenorm HIC%b(Q, ) H can be bounded independently of ) € [Nmin, max]), @ € C(R, R)

and w € Q2.

(4)  There exists a constant C > 0 such that for any three 01, 12, 13 € [Mmin, NMmax] that
have 0y + 12 < 03, any two functions 0,6, € BCy, (R, R), any two o, w2 € Q2 and
any f € BYy, (R, H?3 x H?), we have the estimate

K21 @) f — K262 @ H
[henans -xheor|,,

< C[l61 =62, + @1 — @2l] I sy, » (6.5)
in which we have introduced the shorthands BY, = BY, (R, H 3 % H?) and BC, =

BC,(R, H?> x H').
(5) Consider a pair no, 1 € [Mmin» Mmax] together with a function

f € BY, (R, H> x H*) N BY,, (R, H* x H?). (6.6)
Then for any 0 € C(R, R) and w € Q we have
K. @) f = K550, D). 6.7)

(6) Recall the integer r that appears in (Hg). Consider any £ < r — 3 and pick n1, n2, n3 €
[Mmins Nmax] in such a way that n3 > €ny+nz. Then the map (0, @) — ke, @) is Ct-
smooth when considered as a map from BCy, (R, R) x Q into L(BY,, BY;; N BCy;).
In addition, for any pair of integers p1, po > 0 with p1 + pa < {, the derivative
DY DK can be interpreted as a map

DY D> K . BC,, (R, R) x @ —
£P1P) (BC, (R, R)P' x RP2, L(BY,,, BY, N BC,)) (6.8)

Sforall n > pin1 + na. This map is continuous in the first variable if n > pin1 + na.

Proposition 6.2 Consider the linear system (6.1) and suppose that (Hg), (HF), (HD) and
(HL) are satisfied. Then there exist a pair O < Nmin < Nmax, @ constant € > 0 and an open

set Q2 € Rwith 0 € Q, together with a map
E®: CR,R) x 2 — L (R BC

(R, H? x H") N BY,,., (R, H® x H?), (6.9)

Nmin min

such that the following properties are satisfied.
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(1) If6 € C'(R,R) has |0'(§)| < € for all & € R, then v = E® (0, w)a satisfies
A@,®)v =0 foranyw € Qand a € R>.

(2) We have HT_g(o)pevoEgb(G, @)a =aforalld e CR,R), ®e QLanda € R%.

(3) If0 € C'(R,R) has |0'(¢)| < e forall § € Rand v € BC,(R, H*> x H") satisfies
A0, w)v = 0 for some w € Q and 1 € [Nmin, Nmax], then

v = E®(0, @) 1T_g(0)pevov. (6.10)

‘We recall the four constants n;‘;lin < Nmin < Nmax < Mpmax that were introduced in Sect. 5
and fix these for use throughout the current section. Without loss of generality, we will assume
that the results in Lemma 4.3 hold for this choice of [min, max]. To prevent confusion, for
any ¥ € R we will use the notation [¢] to represent the constant function 8 = 1. We start
by solving (6.1) for such constant functions 8 = [¢}]. The following result shows how this is
closely related to solving the local equation (5.1).

Lemma 6.3 Consider the linear system (6.1) and suppose that (Hg), (HF ), (HD) and (HL)
are satisfied. Fix any sufficiently small open set Q@ C R with 0 € Q. Then for every ¥ €
R, 7 € [Mmin, Nmax] and @ € 2 there is a linear operator

Ky (@, @) : BY,(R, H> x H*) > BY,(R, H> x H*) N BC,(R, H* x H'), (6.11)
that satisfies the following properties.
(1) Forany f € BY,(R, H? x H?), the function x = Knl(ﬁ, ) f solves A([V], w) = f.

(2) The operators ICnl(ﬁ, w) can be bounded independently of @ € Q2,0 € Randn €
[7min> Mmax]-

(3) Recall the integer r defined in (Hg). For every n € [Nmin, Nmax), the map (9, ®) —
ICnJ-(ﬁ, @) is C"~3-smooth.

(4) For each @ € 2 and n € [Nmin, Mmaxl, the set /\/,f‘(ﬁ, ) that contains all v €

BCy(R, H? x HYY that have A([¢], @)v = O is two dimensional. For each a € R?,
there is a unique v € /\f,f‘(z?, ) that has TIT_ypevyv = a.

Proof Fix any 1 € [min, Nmax]. Without loss of generality, assume that % = 0. As a prepa-
ration, let us note that for any « € BC) (R, R) we have

L@)veveauy = —o (0, u” (ko)) a(§) + QMcevea. (6.12)
Consider any f € BY,(R, H 3 % H?) and introduce the function g € BC;, (R, R) that is
given by

1 /8
&)= —+ / 0f (0)de. 6.13)
Y Jo

Since Nmin > 0, the map f +— B defined this way can be bounded uniformly for n €
[7min» max]- Let us also introduce the function g € BY, (R, H*> x H?) that is given by

g&) = — P1f(€)+[I — PIMceve K, QL(@)Buy + [I — P1L(@)veve fuy. (6.14)

Note that after decreasing the size of €2, it is possible to find w € BCy(R, H? x Hl) N
BY,(R, H? x H?) that has

w = K0, @) [g¢") +@ll — PIMceve K, [Q(0, u” (ko)1 Qw
+wll — P](0, u”(ko))Qw(s’)]. (6.15)
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Related to w, we also consider the functions v € BC,(R, H? x H') N BY, (R, H? x H?)
and @ € BC,(R, R) that are given by

o) = Qw(),

Notice that w = v + (o« — f)u,. A short computation now yields

(6.16)

—yd'(§) = =y Qo:w(§) = QL(@)veve[v + (« — Blugl + Qg
= QL(@)vevev + QMcevia — QL(w)veve fuy — @Q(0, u” (ko)) (),
6.17)
from which we find, using «(0) = 0,
a(&) = OL([0], ®)v — KQL(®@)Buy — @K Q(0, u” (ko))ex. (6.18)

‘We can now calculate

—yov(€) = —y[l — Plozw(&) + Pf(§)
= I — PIL@)vevg[v + (@ — B)ul + P (£)
+[I — Plg(€) + @I — P1Mceve KQ(0, u” (ko))
+all — P10, u” (ko))a(§)
= [I — P]L(@)vevgv + [I — P1Mcevia — [I — P]L(@)vevg Bugy + Pf(§)
+[I — Plg() + @[l — P1Mcev: KQ(0, u” (ko))ex
= [I — P]L(w)vevev + [I — P]Mceve O ([0], w)v + f(§), (6.19)
which implies that we may write IC,?J-(O, w) f = v. Since the auxiliary functions g and § can
both be bounded uniformly with respect to the norm of f, item (2) follows directly from
Proposition 5.1. In addition, the auxiliary function g depends smoothly on the pair (¢, w),

hence (3) also follows from Proposition 5.1.
To see (4), suppose that A([0], @)v = 0 for some v € BC; (R, H? x H') and write

a = OL([0], ®)v = KOL@)v,

w = v+ auj, (6.20)
Since «(0) = 0 and Pv(§) = Pv(0) for all £ € R, we find w(0) = v(0) and
v(€) = Pv(0)+[I — PJv() = Pv(0) + [1 — Plw(&). (6.21)

Due to our choice of o, we may use (6.12) to compute
—ydw(&) = [I — PIL@)vevg[w — auy] + [I — PIMceve O ([0], ®)v — ya'(§)u;
= [l — PIL@)veviw + o[l — P10, u” (ko)) (&) — yo' (€)uy. (6.22)
In addition, notice that
QL(w)vevew = QL(w)vevev + QL(E)VeVgaué)
= QL(@)vevgv + OQMcevea — wQ(0, u” (ko))ee(€)
= —yd'(§) —@Q(0, u”" (ko)) (§), (6.23)
which shows that
—yw'(§) = L(@)vevgw + (0, u” (ko)) (§)
= L(@)veviw + @(0, u” (ko)) Qw(&) — @(0, u” (ko)) Qu(0).  (6.24)
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This implies that we must have
w = [I — @K, (0, ©)(0, u” (ko)) Q] [EIC@)nu(O) — K¢ (0, ®)(0, u”(ko))Qv(O)] :
(6.25)

Every v € /\/nj-(O, w) is thus uniquely determined by ITv(0) € R2, Conversely, let us fix

a € R? and define w according to (6.25) with ITv(0) replaced by a and Qv(0) replaced by
ay. Upon writing v = Pw(0) + [/ — P]w, the computations above can be repeated to show
that v € N;-(0, @) with Tv(0) = a. o

Let us now consider a constant 77 € [9min, Nmax] together with a function 6 € C(R, R).
As a second step towards solving A (0, w) = f, we define an approximate inverse

K0, @) : BY,(R, H® x H?) — BY,(R, H®> x H*) N BC,(R, H> x H') (6.26)

by means of

o
+

e
™
+

2

K0, @) £1(6) = peve/Cy (0(6"). @) fd¢'de. 27

The integrals are necessary to ensure that KC%P*(6,w) is well-defined as a map into
BY, (R, H3 x Hz). Indeed, writing v = IC%pX(Q,E)f, we can use Cauchy-Schwartz to
compute

- 1| LH3¢'+3
/é I S = [1] [ vevrioenosacas)

— 1
1 o= 0= H3x H?

BI—= =

E+10+3 8+
= [ [ [ pevrctocnar], e
e3¢5
(6.28)

Upon slightly extending the integration region and using Fubini to change the order of inte-
gration, we obtain

641 SETReTis:
[t = [ [ [ pevctoenor],, | deacac
-1 E-30-30—5
< Ce2lEl ||f||2 (6.29)

BY,(R,H3x H?) "

Note that a similar computation would have been possible in the presence of only a single
integral in (6.27). The double integral will however be needed in the sequel.
To turn this approximate inverse into a full inverse, let us analyze the remainder

Sim (0, @) f = A@, D) 0, @) f — f (6.30)

that is given by

@ Springer



464 J Dyn Diff Equat (2009) 21:417-485

&
[Sm(®. @) 1E) = =y [ pevel Kk (O + 1), @) — KL (0. @)1 fd¢’
-1

30+

+ [ [ s10,®,8,¢)dt'd 6.31)
§-5¢—3
3 0+3

+ f [I — Pye)lTpeyMceve Cys2(0, @, &, ¢/, de'de.
§-5¢—3

Here we have introduced
$100.3.6.) = [Poe) — Poce)ILOC). D)peve Kb (0(2). @) f
11 = Page)] (0. (BOG) = BOE)ipeve K 0. D) )
U = Poe] (o, S o ATt TPV 4, (6.32)
GO, f = KO +n). D) f1)
+ [Py Ty — PoeryToryIMceve Ky Qo L(O(), @)Ky (0(0), @) f
and
$200,,8,¢,8) =[Qor) — Qe(g’)]L(9(§/),E)VGV?’C#@({/),5)f
+ Qocen (0. (BOE) = BOEMmipeve Ky (0. @) )
+ Qo LOOE), @)veve [K (0(C), @) — Ky (0 + &' — &), @)1 f

N
+ Qo <O, Z Aj T,njkompevgurnj
j=0

KFO@ +& —8).@) —KLO@ +& & +nj),w)]f> (6.33)

Using a computation similar to (6.29) one may verify that S;, € L(BY, (R, H 3 x H?)), but
the size of this remainder will in general be too large for our purposes. To control the size of
Srm, we add cut-offs to this operator and write

£

[Sin (0, @) F1€) = —y / 510" + 1) = 0(¢")peve
£—-1
[Ky 0@+ 1), @) — Ky (0, @)1 fde’
£+3

oty
+(/./1 510, @, &, ¢)d¢'dg

£+ .
£+§ Ic — /
+ / / . [I — Poe)lToeyMceve KCylsy (0, @,8,¢°,-)
(=3
61
+s3°6, @, €, ¢, )ldc'de, (6.34)

@ Springer



J Dyn Diff Equat (2009) 21:417-485 465

in which
550, @,&,¢) = xs(|0€) — 0D Poe) — Pe(;')]L(G(C/),a)PeVg’C,,l@(s“/), o) f
+ xs(|0&) — 0D — Pyes)]
(0, [BO(") — BOE)] NlpeVg’CnL(Q({/),a)f)

N

+ Xa(|9(C/ +nj)— 9((’)|)[1 — Pyl (0, ZAj Tn kg TT1PV 4
=0

[Ky (0 f — Ky (0 +nj), w)f])

+x5([08) = 0C)D[Pace) Toe) — Pocery Toen]
Meceve K, Qo LO(L), @)Ky ('), @) f. (6.35)

nlc

The non-local cut-off 55 is defined by

530, @,£,¢,§) = 0200, ,£.¢.8) (6.36)
whenever ’é f—& ‘ > &0 and si‘]c = 0 otherwise. By contrast, the local cut-off séc is defined

by

55°0.@,5,¢.8) = (06N = 0EDIQac) — Qo) ILOE ), @)veve Ky (0, @) f
+ x5(|0(€") — 0N)) Qoer)
(0.[BOC ~ BOE ] mipeve @), @) f)
+ x50 =0 +& —&)]) Qo LOE), w)veve
Ky (0, @) — Ky (0 +& — &), @)]f

+xs(10¢"+& =& +nj) — 0 +& -8
N

Q@(é—/) (0, Z Al T_njkoﬂ']peV%—/_,’_nj
Jj=0

Ky (0 +& —8),0) — K0 +¢& —s+nj),a)1f), (6.37)

whenever |$’ — §| < &0 and sé“ = 0 otherwise.
Let us recall the following identity, which holds for every n € [min, ?max]>

ceve Kys3(0.@. £, ¢, ) = cevok, TSV 55 (0. @, £. 7. -). (6.38)

Using the fact that C and /C;, agree on BC; (R, R), we may compute

*
Mmax

ceVglC,,sglc(Q, w, £, ¢, ')‘ <C H TS(I)SSIC(G, @,&,0,)

*
Mmax

< Ce_(n;kmx_n)fco

1 _
TS( )SE‘IC(Q, &0, Hn

< C e~ Mmax—mco pnlé| ||f||BY,7 . (6.39)
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We hence find

|S5m ”L(BY,,(R,H3><H2)) = 05 + e w1 (6.40)

as 8 — 0and &, — oo, which allows us to define the full inverse

K0, @) = K57 @, @) + 55,0, @)1, (6.41)

after fixing a sufficiently small § > 0 and sufficiently large &.,.
We now proceed to find v € BC,(R, H? x H') that have A0, w)v = 0 for some
0 € C(R,R) and w € Q. As a preparation, let us write

EL(,®) : R*> - BC,,,, (R, H* x H)) N BY,,, (R, H® x H?) (6.42)

Nmin

for the linear operator induced by item (4) of Lemma 6.3. This means that for any a € R?
the function v = EL (9, @)a solves A([¢#], @)v = 0 and has MNT_ypevgy = a. We also
introduce for 61, 6, € C(R, R) and w € €2, the operator

£61,62, ) : BC,(R, H> x H') — BY,(R, H® x H?) (6.43)
that acts as
E01, 02, w)v = [A(O1, ®) — A6z, w)]v. (6.44)
To see that this operator is well-defined, one may use the representation

[E(O1, 02)v](E) = 53(01, 02, @, &)V + [I — Po, () To, 5y Mceve Ksa (61, 62, @, -)v, (6.45)

in which
53(01, 02, 0, E)v = [Py, &) — Po,6)1L(02(8), @) vevev
+[1 — Py, 61 (0, [B(62(§)) — B(6; (S))]mpe\’gv) (6.46)
+[Po;&) To16) — Por &) Tor(6) 1M ceve OL (02, w)v
and

5401, 62, @, £)v = [Qay &) — Qoy6)IL(62(8), D)vevev
+ Q0,6) (0. [B(62(8)) — B(61(§))]1peviv) .

As before, we will need to put cut-offs on these functions. Let us write

S¥01, 00, @, E)v = x5, (101(5) — 62(E)])s3(61, 62, @, E)v,
K01, 02, @, E)v = x5, (161 (8) — 62(8) )54 (01, 6, @, E)v, (6.48)

whenever || < &, and s3 = s4 = 0 otherwise. Conversely, we write s3lC 01,6, w,E)v =
53(01, 02, @, &)v and 5701, 02, @, £)v = 54(01, 6, @, £)v whenever |&] > &, and s7€ =
sfflc = 0 otherwise.

After applying these cut-offs to £, we obtain the operator

(6.47)

E°(01, 60, @) : BC)(R, H* x H') — BY,(R, H® x H?) (6.49)
that is given by

[E€(61, 02, D)V)(E) = [5X(61, 62, @, &) + 5561, 02, @, £)]v
+ I — Paye)1To, 6y Mceve Ky s (01, 02, @, -) + 5§01, 62, @, )]v.
(6.50)
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A computation similar to (6.39) now yields

€€, 16(0) — 08y + ¢ Thax—mho)  (6.51)

l.®) ”E(BCU(R,HZXHI),BYU:W (R,H3x H?))
After choosing §¢ > 0 to be sufficiently small and &, to be sufficiently large, we may define

E®0,®) : R — BC,,, (R, H* x H') N BY, , (R, H® x H?) (6.52)

by means of

E 0, ®)a = [E*(0(0), ®) — KO, ®)E°(0, [0(0)], ®) E+(0(0), ®)]

[ — TIT_g(0)pevoK (6, ®)E (O, [0(0)], ) EL(0(0), ®)]'a. (6.53)

By construction we have IT17_g(q) E 2@, @)a = a and A (6, E)E 2@, @)a = 0, whenever
|| 0’ ” oo 18 sufficiently small to ensure that the cut-offs have no effect. We can now use these
operators E2 to define the final inverses

K0, @) f =KO. @) f — E®0, ®)IT_g0)pevoky (0. @) f. (6.54)

Note that this choice ensures that the normalization condition (2) in Proposition 6.1 will hold.
The definition (6.53) is somewhat awkward to use in computatiogs. However, we can use
(6.54) to construct a more convenient alternative for the operators E g9, @). Indeed, let us
consider any # € C(R, R) and @ € Q. For any a € R2, we introduce the function
[£°(0, D)al(¢) = [s5 (0, [0(0)], @, &) + 530, [0(0)], @, £)]E*(6(0), 0)a
+ [1 — Pg(g)]Tg(g)MCCVgK:[S}f(Q, [9(0)], w, )
+ 550, [0(0)], @, )IE*(6(0), 0)a
+ o[l — Py (0, agn]pevg)El(G(O), 0)a

+5[1 — Pg(g)]Tg(g)MCCV;]CQ@(g/)E(O, 807T1peVE/)EJ'(9(O), O)a.

(6.55)
Using the fact that
EL(9,0)(a1, @) = a1Tyuy + ar Tyuy, (6.56)
it is not hard to see that for any a € R2 and any 1 € [Mmin, Pmax] We have
£, @)a € BC)(R, H x H?). (6.57)
In addition, if |6'(€)| is sufficiently small for all § € R, then by construction
AB, ®)EL(6(0), 0)a = E°(0, w)a. (6.58)
We may now write
E® (0, m)a = EL(0(0), 0)a — K0, )£, w)a. (6.59)

This construction ensures that the normalization condition (2) in Proposition 6.2 holds. The
next result shows that the operators E 6, @) capture all solutions of (6.1) with f = 0,
provided that ||9’ ”oo is sufficiently small.

Lemma 6.4 Consider the linear system (6.1) and suppose that (Hg), (HF), (HD) and (HL)
are satisfied. Fix a sufficiently small € > 0 and choose a sufficiently small open set 2 € R
with O € Q. Then for any 6 € C' (R, R) that has ’9’({,—‘)’ < € forall ¢ € R, the set
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N0, @) = {v e BC,(R, H> x H') | A(0, @)v = 0} (6.60)

is two dimensional for all 1 € [Nmin, Nmax]-

Proof Fix any n € [Mmin, Mmax] and @ € Q. Consider any 6 € CL(R, R) that has 6(0) = 0
and |9’($)| < € forall £ € R. For any integer j € Zx(, we write

_ 0() for e [—j, jl,
0V &) =16() foré>j, (6.61)
0(—j) for§ < —j.

For any integer ¢ € Zx>¢ and operator £ € ZZ(RZ, BC,(R, H 2% H 1), we introduce the
following properties.

(I1) For every a € R?, the identity IpevyEa = a holds.
(I2) Forall a € R? we have A8, @)Ea = 0.
(I3) Any v € BCy(R, H*> x H') thathas A(6", @)v = 0 must satisfy v = ETIpev,v.

We will inductively construct operators E¢ : R2 — BC (R, H 2 x H') for all integers £ > 0
that satisfy (I1) through (I3). Lemma 6.3 guarantees that the choice Ey = E L1(0, @) satisfies
these properties. Let us now consider for j > 1 the linear problem

E=E;j_1 —KOY D 20V, 0V"D B)E, (6.62)

in which we take E € £(R2, BC 2R, H 2% H'").One may easily verify thatif £;_; satisfies
(I1) through (I3) with £ = j — 1, then any solution E of (6.62) will satisfy these properties
for £ = j. Notice that

@YW, 90D, E)L(BCU(R,HZXHl),BYn(R,H3XHZ)) = O(e). (6.63)
After choosing € > 0 to be sufficiently small, we can hence write
Er=[I+KO D, 20?9, 0D @) Ey, (6.64)

which completes the construction of the operators { E¢}¢>0 that satisfy (I1) through (I3).
Now, suppose that for some nonzero v € BC; (R, H? x H') we have A(0, @)v = 0 but
IMpevyv = 0. On account of (I1) and (I3), we must have

v=K,09, 209,60, w)v (6.65)

for any integer £ > 0. Notice that 53 (9(5), 0,&) = 0 for all |§| < ¢, while an analogous
identity holds for s4. We hence find the bound

09,0, 5)ﬁ(Bcn(JR,HZle),BYnEM(JR,H3><H2)) = O Mmax=t) (6.66)

as £ — oo. This implies that for some constant C > 0 and all large £ we have
||U||BCU§HX(R,H2><H1) < Ce™ U=t Ivligc,® m2xH) - (6.67)
which implies v = 0 and completes the proof. O

For future use, we define the shorthands

Ef 0, w) =E°(0,m)(1,0),
&0, w) = £, )0, 1). (6.68)
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Inspection of (6.55) and (6.56) shows that for i € {1, 2} and any 1 € [1min, 7max] We have
|&5©@. D)y, 132y = O (8o + 7" + (@) (6.69)

as §g, w — 0 and &, — 0o0. We are now ready to provide the proof of the main results of
this section.

Proof of Proposition 6.1 The operators IC%b have been defined in (6.54). Statements (1), (2)
and (5) follow directly fr0~m this construgtion, while (3) is a consequence of Lemma 6.3. To
see (4), let us write w = K(01, w1) f — K(62, @2) f and estimate

lwlgy,, < [IC®*61, @1) — K62, @)L + Sy (61, @) HBYW

[N O, DT + 85,01, 501 = 1+ S5 @201 1 gy, - 670,

Let us consider i € BY, (R, H3 x H?) and write z = [K2PX(0;, @1) — K** (65, @2)]h. In
view of item (3) in Lemma 6.3, we obtain the estimate

E+ ;+2
12 2 = / / pev [KH(01(¢"). @)h — KH(02(¢)), @o)h)d e dg

&E—
§+ +

5// 160" = 66| + [@1 = Bal] €™ [y, di'd
)

< Ce"El[16y = 6ally, + @1 — @] ™5 1Al gy, - (6.71)

This shows that
Izl se,, .2ty < C2 [161 = 621y, + @1 = @2l] 1Bl gy, @ m3wm2) - (672)

An analogous computation involving an application of Fubini as in (6.29) shows that
Izl BY,, (R, H3x H2) shares this estimate. In order to bound the second line of (6.70), we write

A =1+ 8501 @)1 = [+ S5 02, @2)] (6.73)
and observe
A =1 + 85,02, @)1 '[85 (02, @2) — S, (01, @D + S, (01, @)1 (6.74)
Inspection of (6.34) shows that we may use a similar computation as above to compute
| St (62, @2)w — S;n(el,meBYn} < C[61 = 6ally, +1@1 — @] 1wl gy, @ 13 a2).
(6.75)

We thus see that the estimate (4) holds for the operators C. The constructions in (6.53) and
(6.54) ensure that (4) carries over to the final inverses 2P,

Finally, the smoothness property (6) can be established using the representation (6.70)
together with the smoothness of (6, w) +— KL, ). Very similar arguments can be found
in [53, Lemma 2.5] and in [56]. O

Proof of Proposition 6.2 The results follow from Lemma 6.4 and the construction of E2° in
(6.59). O
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7 The Center Manifold

In this section, we set out to construct a center manifold for the system (4.47) and prove
Theorem 4.5. This construction will proceed in three steps, which we roughly outline here
in simplified form. In the first step, we will fix a function & : R®> — H? x H! and assume
that solutions to (4.47) can be written in the form

V(&) = a@)Tope)uy + BE) Toeywi + h(@(§), B&), 0(8)), (7.1)

for R-valued functions «, 8 and 6. Plugging this Ansatz into (4.47) will allow us to derive
a differential equation for the triple («, 8, ). This equation will turn out to be a functional
differential equation of mixed type. Using techniques developed in [32], we will see that
for each suitable A, the functions «, 8 and 6 are uniquely determined after fixing values for
«(0), B(0) and 6(0).

In the second step of the construction, we will consider the identity

pevov = pev E€2 (0, @) T1T_g(0)pevov + pevoKE (0, @)RE (0, v, @). (7.2)

In view of the previous step, the right hand side of this equation will depend solely on
«(0), B(0), 6(0) and h. Plugging the Ansatz (7.1) into the left hand side of this identity,
we uncover a fixed point equation for the function 4 that will admit a unique fixed point /2*.
Establishing that the Ansatz (7.1) with 2 = h* indeed captures all sufficiently small solutions
to (4.47) will be the final step in the construction of the center manifold.

Throughout this entire section, it will be a standing assumption that the conditions (Hg),
(HF), (HD), (HL), (H7'1) and (H72) are all satisfied. In addition, we fix two constants
0 < Mmin < Mmax and an open set 2 C R with O € 2 in such a way that the results in Lemma
4.3 and Propositions 5.1, 6.1 and 6.2 all hold. Unless explicitly stated otherwise, the inner
products that appear in this section are those defined on H! x HO.

We start our analysis by introducing the domain D5, C R3 given by

Ds, = [—28y, 26y] x [—26y, 26,] x [0, 27], (7.3)
together with the function space
Hs, = {h:Ds, —» (HHVT2 x H' | [n(y) —h(yD)| < [¢' — ¢?| and [h(y)] < 8},
(7.4)

equipped with the norm

Ihllo = sup [A(Y)|a2ynv+2xpt - (7.5)

V¥ €Ds,

Throughout the sequel, we will use the notation ¥ = (Y, ¥g, ¥g) for vectors ¢ € R3 and
¥ = (Wy, Wg, ¥y) for functions ¥ € C(R, R3). We modify the Ansatz (7.1) slightly and
look for functions v € C(R, H% x H') that satisfy

VeVeV = \Ua(é)Tq;g(g)ll(/)l + \l—'ﬁ(f)T\pH(g)llll + h(\I’(S)), (7.6)

for some W € C (R, R?) and i € Hs,. To accommodate this way of writing v, we introduce
the new cut-off nonlinearities

G W, h) = x5, (Ve ¥p)|) G (Y0, Ty [ty + Ypui] + pevoh (),
HC(CV§‘-I—’9) = X59(|C6V5\D9|)H(CV5\IJ9),
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VE(eveWo, v, h) = xs,([ceve W) xs, (| (W, ¥p)|)
V (Yo, Ty, [Vt + Ypui] + pevoh(y)) . (1.7

In view of (7.6) it should be clear how the expression pev/ in the definitions above should
be interpreted. Note also that the cut-offs ensure that these expressions are well-defined even
for ¥, W(§) ¢ Ds,. Throughout this section it will be a standing assumption that 8, < &.
For quantities a and b that depend on these cut-offs dy and §,,, we will use the notation

a<.b (7.8)

to express the fact that there exists a C > 0 that does not depend on 8y and §,, such that
a < Cb holds for all § < 1 and 8, < 1. Note that for ¢!, > € D5, and h', h? € H;, we
have the bound

|Algeyvizgt <o [¥8 =92 + 0" =R (7.9)
for the quantity
A =Ty lauh + Ypwll +h' () = Ty lygup + vamll — %), (7.10)

Using the estimates in Lemmas 4.1 and 4.2 and computations similar to those in the proof
of Lemma 4.4, we obtain the estimates

G )| a2 <+ 65
GEW 1Y) = GEWP D) s g <o S [0 =P+ 80 [ = B2
|HC (eve Wo)| 3
|HC (eveWy) — H (eve W) |

2
x H? e 897

e S 0 |eve Wy — eve W nss s (7.11)

which hold for all &, h', h* € Hs,, ¥, ¢!, ¥? € R® and ¥, ¥!, W2 € C(R, R?). It is also
not hard to see that

|VE(eve W, ¥, h)| <4 8y,
[Ve(evewy, v', ') — Vi(eveWg, 2 h?)| <y |eve W) — eve Wi puo
+|wt =P+ |nt = n?| . (7.12)
Let us also define, for ¥ € C (R, ]R3) and i € Hs,, the function
S (W, h, @) (&) = Quye)G (W (), h) + Quye)H (eve Wp)

+ VE(eve Wy, W(&), h) [QMceve Wy

+OL(@)[ Yo (& )upgl + Wg(§)uil]

+ Quy &) L(Wp(§), @)h(V (&) + Quy6)G (W (§), h)

+ Quy ) HE (eve Vo) ], (7.13)
together with

OLL (Y, h, @) = KS (¥, h, ). (7.14)
We obtain the estimates

|SC(W, h, @)(&)] <i (8 +89)2,
|SC(w, h, @) (&) — SC(W2, 12, @) (E)| < (B + 80) [|eve W) — eve V2|
+wlE) — w2 @)+ |h' = r*]. (7.15)
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We are now ready to introduce our final nonlinearity
REW, h, ®)(€) = [I — Pyye)IG (W(E), h) + [I — Py, H (eve Vo)
— ©Tyy ) (0, u' (ko)) + [I — Puye)1Tw, 6y Mceve Oy (Y, h, ©)
— P\pe(g)vc(eV§‘l/9, \IJ(E), h) [qug(g)Mcevg‘I’e + GC(‘II(%'), h)
+ H(eve Wp) + L(Wg(8), @) T, 6) [Wa (5)upl + Wg(E)u;1]
+ L(Wy (&), @) (¥ (£))].
(7.16)
Using (7.11) and (7.12) we obtain

|REOW, h, @)(€)| 3, 2 <s [®] + Sy + 89)°,
|R(w! ' @) — RE(W?, W%, @)

w!— \IJZHBC,?(R,H@)
+(8y +89) |1 =12 (7.17)

BCy(R,H3xH?) <4 (|o] + 8y + 89) |

Consider an € [min, Mmax], fix a function ¥ € BC,(R, R3) together with a map
h € Hs, and write ¥y = W(0). Let us introduce the function w € BC,(R, H? x HYH N
BY, (R, H3 x H?) that is given by

w = E¥(Vg, @) (Yo, ¥p) + KX (W, )R (Y, I, @). (7.18)
In addition, we introduce two functions «, g € BC, (R, R) by way of
(«(§), B(§)) = Ty, pevew. (7.19)

Now, let us suppose that ||\Ilé HOO < €, with € as introduced in item (1) of Proposition 6.1.
We then have A (Wy, w)w = R (W, h, w), which allows us to compute

—y W) (Tyy ey ug, w)) + (Twye)u), —ydsw(&))
—y W, (E)(Ty, e ug, wE))
+(Tq,0(5)u6, peVERC(\IJ, h, w)),
—y(u,u)p' &) = —y W) (Ty,eu), w&)) + (Ty,eur, —ydew(E))
= —y W) (Ty,e)u), w&))
H{Tyzeyur, [1 — Pyye)I1L (Vg (§), w)vevew)
H{(Twy @) a1, [ =Py )1 Twy 6) Meeve K Qu, e L(Wo (§), @) vevgrw)
+(Tw, w1, peve RE(Y, h, @)). (7.20)

—y (ug, up)a' (§)

On the other hand, still under the assumption that || v, H o < € item (3) of Proposition 6.2
implies that for any pair &y, £ € R we have the identity

peve, e w = pevy B (T Wy, @) (ex(€0). B(§0)) + peve K (T Wy, BYR(T W, h, ).
(7.21)

We recall from (6.68) that for any 6 € C(R,R) and a = (a1, a3) € R2 we have

E 0, ®)a = Tyoyarupl + Tpoyaou1 — a1 K0, )EL (0, @) — a2KE (0, @)E5 (0, @),
(7.22)

together with the bounds

(ECA) HBCU(R,H3><H2) < 89 71 (@], (7.23)
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fori = 1, 2. Plugging (7.21) back into (7.20), we find the differential equations

— y(ug, up)e'(§) = —y Wy (&) (ug, a(©)ug + F(€)ur)
—y Wy (&) Ty, up, Wi(W, h, ©) (&) + Wa (¥, @)[a, B1(£))
+(Tw, &) ug, peve R (W, h, ),
—y(u,u)B'¢) = —y ¥, E) (), a@)uy + B(E)ur)
—y Wy (&) (Ty,&uy, WiV, h, @)(§) + Wo (Y, @)[a, B1(E))
+(uy, a(§) L@)ugl + B(§)L(w)u;1
+Mceve KQla(E") L(@)uyl + B(E") L(@)u;1])
H(Twy@ui, [peve + T, Mceve KQw, (]
W3(W¥, h, @) + Wa(¥, o)le, BI])
+(Tw, )01, peve R (¥, h, @)). (7.24)

Here we have introduced the notation
W, h, B)(E) = pevok® (T Wy, @) TR (W, h, @),
Wa (W, D)la, BI(E) = —pevo K= (T Wy, ) (§)E5 (T, Wy, @)
+BEE (T Wy, @),
Wi(W, h, B)(E) = L(Wp(€), B)vevok® (T Wy, @) TR (W, h, @),
Wa(W, @), BIE) = —L(Wy (&), @)vevoK= (T, Wy, ®)[a(§)E{ (T, Wy, @)
+B(E)ES (1) Wy, @)). (7.25)
Let us emphasize here that there are no cut-offs on « and § in (7.24).

Lemma 7.1 Fix n € [Wmin, Mmax]- Choose 8¢ sufficiently small and &., sufficiently large.
Consider any ¥ € BCy,(R, R3) that has |\I//(§)| < € for some sufficiently small €, that
depends only on g and &.o. Then for each pair (ag, Bo) € R? and every sufficiently small
w € R, there exists a unique function (o, B) € BCy(R, R?) that solves (7.24) and has
a(0) = ap and B(0) = Po.

Proof Let us first write ® = (a, B). Observe that (7.24) has the form
— y®'(§) = [Lo®](&) + [L1D](E) + f(E). (7.26)
in which we have f = (fu, fp), together with
[Lo®](5) = (0, (uy, up) " (uy, BE)LO, O)ui 1 + Mceve KQBE L, Oui1))  (7.27)
and
L1 2epe, m2) <« 80 + €50 + [@] + €. (7.28)
Let us remark here that L (0, 0)uj, = 0 and
L0, 0)u;1 = —T (O)u; = 7' (0)uj. (7.29)
This means that solving —y ®'(§) = [Lo®](§) + £ (£) is equivalent to solving
=y, u)p'€) = &), T'(0)ugy) + Mceve KB(E) QT (O)uy + f5(§). (7.30)
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Introducing an auxiliary variable 6, we find the equivalent system
—y0'(&) = OMceved + B(§) 0T ' (0)uy,
—y(u,u)p' &) = BE) uy, T'(0)ug) + (ug, Mceved) + fg(&).

To find a characteristic equation, we substitute the Ansatz (6, 8)(§) = % (0, Bo) and find,
using the calculation in (4.34) and (4.35) together with (u, u6) =0,

0T (D)) —0T' (O ) (90) _
( (. T@up) —yzturu) — . 70wy ) o) = 73
We thus conclude that the characteristic function A(z) is given by
A2) = —yz{ur, u1) QT (2)ug — (ur, 7'(0)uy) QT (2)ug + (ur, 7 (2)uy) Q7 (0)ug,.
(7.33)

(7.31)

Using (H72) we now see that for n € [9min, "max], there exists IC,(71) : BC,(R,R) —
BC, (R, R?) such that for every fz € BC,(R, R) and (69, Bo) € R?, the function

0, B)(E) = (B0 + ok, Bo) + [\ f21(5) (7.34)

solves (7.31) and has 6(0) = 6y and $(0) = Bo. This operator can in turn be used to con-
struct a map IC;Q) : BCy(R, R?) — BC,(R, R?)insucha way that the equation —y ®'(§) =
[Lo®](€)+ f(£) supplemented with the initial condition ®(0) = &y € R2, has a unique solu-
tionin the class BC, (R, R?) thatis given by & = ®o+K? f. Finally, for sufficiently small §y
and w and sufficiently large &.,, we may define the map IC5,3) : BCy(R, R?) - BC 2 (R, R?)
by means of

K =11 -KPL1'KD. (7.35)

It is not hard to verify that (7.26) is solved by
=g+ KPLidol + K £, (7.36)
which completes the proof. O

We now augment the system (7.24) by appending the following equation for 6,

—y0'(§) = QMceve + QL(@)[a(§)upl + B(E)ui1]
+Quwy &) [W3(W, h, ©)(§) + Wa(V, @) e, BI(E)] + SU(Y, h, w)(§). (7.37)

Our goal here is to find solutions to (7.24) and (7.37) that have («, 8, 0) = V. Before we
can do this, we need to add cut-offs to the WV operators. We write Wi = Wy, W5 = W; and
introduce

WS (0. D) (E) = — x5, (| (Ve &), W5 ()] )pevok® (T Wy, )
(o (§)E5 (T Wy, @) + Wp(E)E5 (T Wy, D)),
W (W, 3) () = — x5, (| (Wa(€). W (E))) L (W5 (&), B)vevo K= (T, Wy, @)
[Wo ()€ (T Wy, @) + Wy (6)E5 (T, Wy, @), (7.38)

We proceed to study the system
—yW, = RS (W, h, @),
—yVy = Lo@)W + R y(¥, h, @). (7.39)
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The linear parts of this equation are given by

[Ls@)P1E) = (u,up) " (uy, L@)[Wa (§)upl + Wg(&)u1])
+(ur,up) " ug, Meeve KQL(@) (Vo (8)ugl + Wg(E)u 1)),
[Lo@)W](§) = QMceve Vo + QL (@) (Vo (§)upl 4+ g (£)ul), (7.40)
while the nonlinear parts are defined by
(ug, wp) RS, (W, h, w)(§) = [LG(@)W
+RS o (W, b, @) x5, (|(Wa(&), Wg(©))]) (ug, Wg(E)ur)
HLG @)W + RS 4 (W, h, @) (T, ¢)ug, Wi (¥, h, @) (&)
+W5 (W, 0)(§))
+(Twy &), peve R (W, h, ),
(w, u)RE g (W, 1, ©)(§) = [Ly([@)¥
+RE o (W, b, @) x5, (| (Wa (§), Wp(€))]) (0], W (§)up)
LG @)WV + RS 4 (W, h, @) (T, yuy, Wi (W, h, ©)(§)
+W5 (W, ) (§))
+(Tw, &)1, [pevg + TyyeyMceve KQu, () 1V (W, h, @)
+Wi (Y, w)])
+(Tw, ¢ u1, peve R (Y, h, @),
Re gV, h, @)(&) = QoeyW5 (Y, h, ®)(§) + Qo) Wi (¥, ©)(§)
+S(W, h, w)(§), (7.41)

in which
(L5 (@)W](E) = xs, (|ceve Wp|) QMceve Wy
+ x5, (| (Ve (§), Wp(6))]) QL (@) (We (§)upl + Wg(§)ui1). (7.42)
Using Proposition 6.1 and (7.17) we find the estimates
Wi (W, h, @) &) 1, go <« @] + (8u + 80)7,
Wi, ', @) — wiw?, . @)| < (@] + 80 +8,) ' — w2,

BC,(R,H' xHO)
+(8y +89) |h' =] . (7.43)

The same estimates hold for W§ . In addition, we obtain

(W5 (W, @) &) 1 o <x 8086 + @] + e 750),
W5 (¥ @) = WSV D) g, g 1oy S (o + 8o + [@] + €75

Wl — w2
U
(7.44)
and note that these estimates are shared by Wy. Applying these estimates to (7.41), we find
RS (W, h, @) (E)| <4 [@] + (8 + 89)* + Sye” "5,
[RSo (¥ h @) =R g(W2 12 @), <ic (18] + 8 + 8y +e7"50) Wl — w2

+(8y + 80) |1t — 2. (7.45)

@ Springer



476 J Dyn Diff Equat (2009) 21:417-485

In addition, we have

RS o (W, h, @)(&)| < |@] + (8 + 80)%,
| RS (¥ A @) — RS, (W2, h%a)”” <« (@] + 85 +8) | ¢! — w2,
+(8y + 89) |h' — h?| . (7.46)

Finally, using the identity ceve C = CGVQICT%.(I), we find

R, (W, 1) (©)| < [@] + (8 + 89) + pe T,
R 5 (W, 1) — R, (W2, 12) Hn <u (18] + 89 + 8y + e e0) Wl — w2
+(8 +8) [n' — 12| (7.47)

Using (7.29), the linearization of (7.39) around W = 0 can be written in the form
— W = LoV + L1V + f, (7.48)
in which f = (f«, fg, fo) and

[LoW]a(§) =0,
[LoW1s(&) = (up, u)) " [BE) (w1, T'O)up) + (w1, Mcev: KB(E) QT (0)ug)],
[LoWle(§) = QMcevs6 + () QT (0)uy. (7.49)

The operator L satisfies the bound
||L1 ”ﬂ(BCn(]R,R})) <« 80 + eir]sco + |E| . (750)
Observe that solving —y W' (§) = [LoW](€) + f (&) is equivalent to solving
-y, (&) = fu(®),
—yWs(&) = (uy, u) T [BE) (w, T/ (O)up) + (uy, Mceved) — (uy, MceveK fo)] + f3(8),
—y () = OMceved + B(E) QT (0)ug + fo (£). (7.51)

Itisimportant to note thatthe map fy > Mceve K fp is abounded linear map from BC, (R, R)
into BCy (R, R) for n € [0, nmax]. Indeed, for any such n we have

e el ceve K f| = e8] ‘cevolcnmax T;l)f‘

_ 1
< Ny 178 F

'max

Nmax
1],
= KN e 111 - (7.52)

< e Ky

Now, as in the proof of Lemma 7.1, (H72) implies that we can construct for € [1min, 7max]
and @ € €2, a linear operator

K@) : BC)(R,R?) — BC,(R,RY) (7.53)
that has pevOICf]t(E) = 0, such that for any f € BC,(R, R?) and any ¥ € R3, the function

V() = EY @)y + Ky @) f (7.54)
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is the unique solution in the class BC; (R, R3) of (7.48) with initial condition W(0) = .
Here we have

[E“ @)Y )(E) = (Vo Vg, Vo + EVp) + peVg/Cf,t@)Ll(llfa, Vg, Vo +EVp). (1.55)
Let us now consider for ¥y € R3,he Hs, and @ € €2, the fixed point system
V= EY @)y + K (@)RL(Y, h, ). (7.56)

After adjusting the parameters &g, §, and &, the right hand side of (7.56) becomes a con-
traction on V. We hence obtain the following result.

Lemma 7.2 For all sufficiently large &., and sufficiently small 8y, &, and ||, the fixed point
equation (7.56) posed on BC, (R, R3) has a unique solution ¥ = V* (Y, h, ®) for every
1 € [Mmin,» Tmax), ¥ € R and h € 'Hs,. These solutions satisfy the property

TVW* (. h @) = W (W, h, )(E). h. @) (7.57)
forany & € Rand € R3. In addition, we have Lipschitz estimate
o @' ht @) = v @2 R o), =i [v' =92+ G+ 80) [n =K. (7.58)
Finally, if h € Hs, N CK(D(;U, H? x H") for some integer 1 < £ < r — 3, then for any
1 € (ENmin, Nmax] the map
(Y, @) > V* (Y, h,w) € BCy(R, R?) (7.59)
is Ct-smooth. Here we have recalled the integer r appearing in (Hg).

Proof The existence of W* follows from the estimates obtained on RS. The identity (7.57)
follows from the uniqueness of solutions to (7.56). The Lipschitz estimates follow directly
using the fixed point problem (7.56) that W* satisfies. The smoothness of W* can be estab-
lished using the fiber contraction mapping principle developed in [56]. For more details we
refer to the center manifold theory that was developed in [32] for functional differential
equations of mixed type. O

Note that we have now completed step one of the process outlined in the introduction of
this section. Moving on to step two, we proceed to set up the fixed point system for the map
h.For ¥ € R, we write E-y to denote the function

EXy = Yo Ty, upl + YgTy,uy. (7.60)
Let us fix w € Q and n € [Nmin, Mmax]. For any ¥ € Ds , we wish to have

vevoEL Y 4+ h(yr) = vevo EE (W (¥, h, @), @)
+vevoKE (W (¥, h, @), @)RE(Y* (¥, h, @), h,@). (7.61)

This can be reformulated as the fixed point problem
h = F(h) (7.62)
in which
F(h)() = —YavevoKE® (W5 (. h, @), ®)E (W (. h, ), D)
— wﬂvevongb(\Ilg‘(w, h, @), ®)E5(V5 (Y, h, w), ®)
+ Vevongb(\IJ;(w, h, @), )R (V* (Y, h, ®), h, @). (7.63)
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Notice first that for any y € D5, we have
|F () W)] <« 8u(8p + [@] + 7)) + @] + (8, + 8p)*. (7.64)
In addition, for ¢!, y2 € Ds, we may estimate

|FRY @Y — FRPHW?)| <i [80 + 8y + @] 4 e~ Me0]
+(8y +89) | — 2.

1 2
vl -y (7.65)

Let us now introduce the requirements

o <8,

o—Teo — 59%, (7.66)
5, =3,
This leads to the simplification
1Fm @) < 8/

—* ’ 7.67
|7 @Y = FO @) | <v Voo [¥! = w2+ 89 |h" — 1. 707

By choosing 8y small enough, we can hence ensure that 7 maps into H;,. In addition, we
can ensure that we have the bound

|t —n?|,

1
5 | (7.68)
which shows that the fixed point problem 2 = F(h) posed on the space Hs, has a unique
solution 2* = h*(w) for all sufficiently small @.

The scalings (7.66) have a further important consequence. In particular, fixing ¢ € R3
and writing ¥ = W* (¢, h, w), note that

|F;Yy = Fih| <

Wy =Yg + Ky QL(@)[ Ve (§)ugl + W (E)ui 1] + KRS 5(V, h, @). (7.69)
Let us now suppose that
|(We (§), Wg(§))| < 8, forall & € R. (7.70)
Then we find that
W (&) — Yol <« "5, (7.71)
which implies that for all £ € [—&.,, &co], We have
(W (&) — Y| <, €508, = 8,/* /85 = 87/°. (7.72)

This shows that by choosing &g to be sufficiently small, we can ensure that all the cut-offs
involving Wy are automatically satisfied whenever (7.70) holds.

We are now ready to move on to the final step of our program. The next result shows that
small solutions of (7.39) with 7 = h*(w) can indeed be lifted to solutions of (4.47).

Lemma7.3 Fix an @ € S and suppose that for some W € R3, the function
U = U*(y, h*(w), o) satisfies

|(Wa (§), Wp(£))] < 8y (7.73)
for all & € R. Then the function
w(§) = Wy (§) Ty, )8y + V() Ty, @)ur + pevoh™ (W(§)) (7.74)
satisfies (4.47).
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Proof Introduce the function v € BC, (R, H> x H') via
v = E®(Wy, @) (Y, V) + K (g, @)RE (Y, h* (@), @) (7.75)
and define ¥ € BCy(R, R3) by
W (&) = (MT_y,@&)pevev, Yo (£)). (7.76)

In view of the remarks above, we note that H 7 || o 18 sufficiently small to ensure that the pair
(W, Wp) satisfies the equation (7.20). However, by cons~truction the pair (W, Wg) also sat-
isfies this equation. Using Lemma 7.1 we conclude that ¥ = W. We may therefore compute,
for any & € R,

_ gb (1) —\U gb (1) —ype (D) * —

vevev = vevoE (Té Wy, o)W (&) + vevoC (TE WYy, )R (Tg U, h*, o)
= vevo E* (W (W (§), h*, @), @) W(£)
+vevoKE (WF (W (8), h*, @), )R (W*(W (§), h*, @), h*, @)
= VevoEW(§) + h* (¥ (§)), (7.77)

in which we have used the shorthand 2* = h*(@). We hence conclude that v = w, which
shows that w indeed satisfies (4.47). ]

To complete our program, we need to show that any sufficiently small solution to (4.47)
can be written in the form (7.6). This is established in the next result.

Lemma 7.4 Suppose that for some w € 2 the system (4.47) admits a solution (0, vy) that

has
V@) g2 < T8y (1.78)
SJor all & € R. Then upon writing
WO (€) = (TITg, ¢ Peve v, 0:(6)), (7.79)
we have
v, (§) = pevp ETW W (§) + pevoh* @) (¥ (£)) (7.80)
forall§ e R.

Proof Let us first note that for any fixed 6 € C(R, R) and @ € €, the fixed point system
w = EL0, m)¢ + KL O, 2RO, w, @) (7.81)

has for every ¢ € R? a unique solution w = w*(0, ¢) € BCy(R, H? x H'Y, due to the
estimates in Lemma 4.37. We will write these solutions as

w*($.,0) = E*(¢,0(0)) + w} (¢, 0) (7.82)
and introduce the operator h: [—28,, 28,1 x BC,(R,R) — (HZ)N"'2 x H! via
h(¢,0) = vevow (¢, 6). (7.83)

A computation involving item (4) of Proposition 6.1 and Lemma 4.37 shows that 7 depends
Lipschitz continuously on its two arguments ¢ and ¢, with a Lipschitz constant Lj that
behaves as

Li <u @] + 8p + 8, + e 15, (7.84)
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Let us now consider for ¥ € BC,(R, R3) the map 75”(\11, E, w) which is defined precisely
as R is defined in (7.16) with (7.7), but with each occurrence of (W (£)) replaced by
ﬁ(\l’a &), ¥g(8), Té(]) Wp). Similarly, we introduce 7~€§; which is defined exactly as R, but
with each occurrence of R replaced by R€. Let us now consider the equation

—yW(§) = LyW(E) + RE(V, @). (7.85)

The estimates derived in this section for RS all carry over to ﬁ“ up to constants that do not
depend on §,, 89 &0 and w. We may therefore conclude that (7.85) has for each ¥ € R3 a
unique solution \I/*(lp) € BC,(R, R?) that has pevO\P*(t/f) Y. Let us now introduce the
map hy € Hs, via

h () = h (Yo, ¥, B3 (1)) (7.86)

which is well-defined after sufficiently decreasing é,. Let us choose ¥ € D, and write
W = W*(y). Due to the identity

TV () = U (pev, B (1)) (7.87)
we see that
i (%(é), W (), T(])%) =T (Wa(§), Wp(§), U7 (W(£))) = hy (W(£). (7.88)

This shows, by uniqueness of solutions, that W* (v, h1, w) = q—'*(lﬁ) for all ¥ € Dy, .
We now turn to the solution (6, vy) of (4.47). For every £ € R we must have

vevvy = vevg EL W (&) + 71 (xv;”) GRIUGY Tgl)wg”) . (7.89)
By construction, this implies that U*) satisfies (7.85). We hence must have
70 = TV @) = W@ @), h1, @) (7.90)

for all £ € R. Now, let us consider any ¥ € Ds, that has ¢ = W (&) for some & € R. We
may compute

VveVo ENr + hi () = vevo E Y + h (Vo ¥, W5 (¥))
= vevoE1y + vevow; (1//04, Vg, @;(W))
= vevoE1yr + vevow) (lﬁa, Vg, TE(OU\IJFSU))
= vevo E& (T W &) (Yo, ¥p)
+ETu BRIV e TV, w)
= vevo EL (W} (v, h1, @), ®) (Ya. Vp)
+ K (WS (W, by, @), @) RE(Y* (Y, h1. @), hy, @) (1.91)

and hence for any such ¥ we have
hi(f) = Fh) (). (7.92)

This immediately implies that also W*(yr, by, @) = V*(, F(h1), @) for all such . This
allows us to conclude that for any integer n > 0 we have

FD () () = hi(¥), (7.93)
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where £ denotes the n-th iterate of . Since F is a contraction mapping, these iterates
converge to 7*(w), which allows us to conclude that 41 () = h*(w)(y) for all y € Dy,
that have ¢ = W (&) for some & € R. This completes the proof. O

Before we start to calculate the flow on the center manifold, we need to study in what
fashion the smoothness of the original nonlinearity gy carries over to the map A*.

Lemma 7.5 Recall the integer r appearing in (Hg). The function h** : Ds, x Q — H?x H!
given by

(Y, ©) = h* (@) (¥), (7.94)
depends C"=3-smoothly on its arguments.

Proof Let us first note that Lemma 7.2 in conjunction with Propositions 6.1 and 6.2 shows
that for any h € Hs, N C"~3(Ds,, (H*)N*12 x H'), we also have

F(h, @) € C"3(Ds,, (HH)N*? x HY). (7.95)
Let us introduce for integers £ > 1 the function spaces
M5, = {h e C'(Ds, x Q, (HHN 2 x HY) | |hllce < 8y} (7.96)

We recall that the fixed point argument on the space H;s, relied crucially on the fact that the
linear part E--y on the left hand side of (7.98) was not included in the mapping /. The same
trick can be used to obtain the desired higher order smoothness. For any £ < r — 3, let us
therefore write £ (lé) (¥, w) for the formal Taylor expansion of

E (W (Y, h, @), )y + KWy, h, @), ®)R (V* (Y, h, @), h,®) (797
in terms of ¥ and , up to order £. We can then study the equation
vevo E{g) (V. @) + he (Y, ©) = vevo EE (W} (Y, h, ©), ©)

+vevoKE (W} (¥, h, @), @)YRE(Y* (¥, h, @), h, @),
(7.98)

in which we use h = hy + E (lz) — E. We may subsequently set up a fixed point argument
in the space ng to find A, but we omit the details here. By uniqueness of fixed points, we
must have 7* (@) (Y) = E(JE) (¥, ®) — EYy + he(), which completes the proof. O

Let us now take a closer look at the system
—y V() = [LoV]E) + R(Y, h* (@), D) (6). (7.99)
The advanced and delayed terms in this equation can be eliminated by using the substitution
(o +8&) = V(¥ (&), h* (@), ®) (&), (7.100)

which on account of Lemma 7.2 does not affect the set of solutions in BC,(R, R3). This
allows us to reduce (7.99) to the ODE

AASENICIGRDS (7.101)
for some f = (fu, f5, fo) : R} xR — R3.
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We set out to study f, in greater detail. Let us write A* = h*(w). Inspection of (7.63)
shows that for any ¥ € H;, that satisfies ‘(1//0(, wﬁ)| < &y, we have

vevoh* (Y) = vevoWs (W* (Y, h*, @), h*, @) + vevoWs (V" (Y, h*, @), @),
L9, @)vevoh™ () = pevoWs (W™ (¥, h*, @), h*, @) + pevoW; (W™ (¢, h*, @), @).
(7.102)

Using these identities, a short computation shows that for any v that has |(¢’a, Wﬂ)| < by,
we have the identity

R o (V* (. h* (@), ®), h*, ®) =0, (7.103)

which shows that also f, (¢) = 0.

Aslong as we restrict our attention to solutions to (7.101) that have ’ (Wu(8), Wg(8)) | < &y
for all £ € R, we may thus safely drop the W, component. Let us write the resulting ODE in
the form

—yB'(E) = co@ + cpBE)? + 0@l + @B E)| + IBE)),
—y0' (&) = —yBE) + O([@] + |BE)).

As a final preparation towards establishing Theorem 4.5, we explicitly compute the coef-
ficient ¢, here. The only contribution comes from the loose @ in R¢. Inspection of (7.41)
shows that ¢,, can be defined implicitly by the linear equation

o = —(ur, u) " uy, (0, 4/ (ko)))

—(uy, w;) " Nuy, [I + McevoKQ1]1L(0, O)VGV()ICgb([O], 0)(0, u’(ko))) (7.105)
—% (uy, up) " (uy, McevoK Q§'L(0, O)u;1).

(7.104)

We set out to determine v = K& ([0], 0)(0, u’ (ko). Using the fact that Q(0, u’ (ko)) = 0, we
find v = [I — P]w for w = K1(0, 0)(0, u’ (kg)). Let us substitute an Ansatz of the form

1
w(E) = péu; + 5#52% + 91, (7.106)

for some V] € H3 x H?. Using (3.24) we find that w solves (5.1) with the inhomogeneity
f=1TOwu + 37" O)uylu + T Oy

= T2 — Ly )0, ho)), 107
for some ¥, € H> x H?. After choosing
= —=2x (07" (7.108)
we find, for some Y3 € H 3 % H?, the identity
v(§) = —24i,(0) ' Ewy + v, (7.109)

—1sr . .
Let us observe that we have vevg/ v = vevov —2A(, (0)~'&'u11, using which we may compute

lin
— y3:v(0) = 2y AL (0) " ay = [I — PIL(0, 0)vevov + [I — P]1McevoK1QL(0, 0)vevou
—2)\{1’,1(0)_1 [ — P]McevoKE QL(0, 0yui1 + (0, u' (ko)).
(7.110)

Plugging this back into (7.105), we find

[co + 2)/)\{;1(0)_1][)/ + (up, up) "y, McevoKE' QL(0, 0)u;1)] = 0. (7.111)
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Using (H72), the second factor above can be shown to be nonzero, which implies that

Co = =2yA(0)7L (7.112)

lin
Proof of Theorem 4.5 We define the function & via
h(k,8,®) = h*(@)(0, «, 9). (7.113)

Item (1) now follows from Lemma 7.5, while (2) and (3) follow from Lemmas 7.3 and 7.4,
together with the identity (7.112). O
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