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The Effect of Freezing and Discretization
to the Asymptotic Stability of Relative Equilibria
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In this paper we prove nonlinear stability results for the numerical approxi-
mation of relative equilibria of equivariant parabolic partial differential equa-
tions in one space dimension. Relative equilibria are solutions which are
equilibria in an appropriately comoving frame and occur frequently in sys-
tems with underlying symmetry. By transforming the PDE into a correspond-
ing PDAE via a freezing ansatz [2] the relative equilibrium can be analyzed
as a stationary solution of the PDAE. The main result is the fact that non-
linear stability properties are inherited by the numerical approximation with
finite differences on a finite equidistant grid with appropriate boundary con-
ditions. This is a generalization of the results in [14] and is illustrated by
numerical computations for the quintic complex Ginzburg Landau equation.
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1. INTRODUCTION

The purpose of this paper is to analyze numerical methods for the approx-
imation of relative equilibria of parabolic systems in one space dimension

up=Auyy+ f(u,uy)

which are equivariant w.r.t. the action of a finite dimensional Lie group.
Relative equilibria are solutions of partial differential equations which are
equilibria in an appropriately comoving frame. A basic class is formed by
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traveling waves which are solutions of the form u(x,7)=v(x — A1), where
v is the wave form and A the velocity. Then v is a stationary solution in
a frame which is translated with the velocity of the wave, i.e.

0=A0"+ f(v,0)+ 0.

Since in general A is unknown as well, we use the ansatz u(x, ) =v(x —
y(1), 1), AM(t)=Y'(t), which leads to the partial differential algebraic equa-
tion (PDAE)

Vr = Avyy + f(V, 0x) + A0y, )

O = (f/,v—f))cz,

where 9 is a given function with o — 9 e H? and (-, ") z, denotes the L,-
inner product. Now (9, 1) is a stationary solution of (1). The last equa-
tion is a phase condition which compensates for the additional degree of
freedom which has been introduced by adding A as an time-dependent var-
iable. In the general case a similar ansatz leads to a PDAE where the alge-
braic conditions are related to extra solution components that determine
the transformation into the comoving frame. In this paper we analyze
the nonlinear stability of the stationary solution (7, ) of the DAE which
one obtains after truncation of the PDAE to a finite interval and dis-
cretization with finite differences. The existence and approximation prop-
erties of (9, 1) has been dealt with in [15]. Delicate analysis for 4 — 0 and
J — R reveals that stability is preserved for i small, J large enough and
appropriately chosen boundary conditions. To this end we prove a uniform
stability estimate of the form

vt

lo(@) = Vllyg1 + [l () — 2]l <comst e, v>0,
where ||'||H]11 denotes the discrete analogue of the Sobolevnorm ||-||4.
Here resolvent estimates comprise the main technical challenge. This is an
overall justification of the freezing method in [2] and is in accordance with
the numerical results in [14].

The paper is organized as follows: In Section 1.1 we give a short
introduction to the method of freezing relative equilibria [2, 14] and state
conditions which ensure the asymptotic stability with asymptotic phase of
these solutions. In Section 2 we introduce the finite difference approxima-
tion and state the main stability result Theorem 2.8 for the solution of the
discretized equations. It is proven in Section 3 by using resolvent estimates
which are proven in Section 4. Finally we illustrate the theory by numer-
ical results for the cubic-quintic Ginzburg-Landau equation in Section 5
and we show by a counterexample that some of our assumptions on the
boundary operators are sharp.
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1.1. Equivariant Evolution Equations

In the following we extend the transformation into the comoving
frame given in the introduction for traveling waves to the abstract frame-
work developed in [15] that covers the approaches in [2, 3, 12, 14].
Although the main theorem in Section 2 is formulated for the special case
of a PDE in a way which independent of this general approach we think
it is instructive to see the derivation of the equations there.

Consider an evolutionary equation on a manifold M which is mod-
elled over a Banach space X

uy=F@), u0)=u’, )

where F: N — TM is a vector field which maps a submanifold N mod-
eled over a dense subspace Y C X onto the tangent bundle TM of M. For
our main stability result (see Section 2) we will either have Banach spaces
X=M, Y=N or affine spaces M=v+ X, N=v+7Y for some v:R— R".
In these cases the tangent spaces always satisfy T,M =X, T,N=Y for all
ueM,veN.

We assume that (2) is equivariant w.r.t. a finite dimensional (possibly
noncompact) Lie group G which acts on M via

a:GxM—>M, (y,u)r—a)u,
where
a(y;oy))=a(y)a(y,), a(l)=I, 1=unit element in G,

which has a tangent action Ta in TM, i.e Ta(y): TyM — TaeyM.
Equivariance means that the following relation holds

a(y(N)CN VyegG,
Fa(y)u)=a(y)F(u) YueN, yeG.

We assume that for any v e X the map
a(Hv:G— X, y—a(yvv

is continuous and it is continuously differentiable for any v € N with deriv-
ative

da(y)v:T,G— Ty wM, A [da(y)v]i.

Here we use T, G to denote the tangent space of G at y. Note that in gen-
eral we can neither expect the action a to be differentiable nor the map
vy a(y)u to be differentiable for any fixed u € M.
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Using the ansatz u=a(y(¢))v and y;(t) = dL, ) (1), where u lies in
the Lie algebra 771G, and dL, denotes the derivative of the left translation
L, :g— yog, equation (2) is transformed into (cf. [2, 11, 14])

vy =F ) —[da(Tv]u. (3)
The following is a constructive definition of relative equilibria which is
appropriate from a numerical point of view [2].

Definition 1.1. A solution & of (2) is called a relative equilibrium if
it has the form () =a(y(¢))v where y:[0, c0) - G is a smooth curve sat-
isfying y(0)=1 and v does not depend on time.

Note that usually the whole group orbit O(v) ={a(y)v, y€ G} is called a
relative equilibrium if it is invariant under the semi-flow [3, 8]. For our
purpose it is more convenient to select a special time orbit within this
group orbit.

1.2. Parabolic Equations

In the following we consider a special case of (2), namely an equivari-
ant parabolic PDE,

Uy =Auxy + f(u, uy), xeR, t>0, u(x,1)eR™, 4)

where A € R™"™ is a positive definite matrix. We make the following tech-
nical assumption to f which includes nonlinearities of the form uu,.
Hypothesis 1.2. Let f(u,u')(x) = f(u(x),u’(x)) and f € C'(R™ x
R™, R™) be of the form
fuv)=fiwv+ ), fieC' ®"R"™), LeC (R, R")

where f1, fa, f{. f, are globally Lipschitz.

We choose a function ©:R— R™ such that A?” + (v, ?') € £, and define
M=9+L>, N=0+H2 Then F:0+H>— L5 in (2) reads

Fu)=Au"~+ f(u,u).
We choose a basis {el,...,el’} n the Lie algebra_t T1G, where P is the
dimension of G, write ;L:Zle,uiel and define S'(v) =—da(1)ve'. Then
(3) reads

v =Avey + S+ f (v, vy) W)
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where we use the short notation S(v)u=2>"_, S (v)u;. In the rest of the
paper we assume that the operators S* are linear differential operators of
order <1 which can be written as

S' (W) () = Shu(x) + S{v'(x), S, €R™™.

In order to compensate for the additional p degrees of freedom which are
obtained by introducing the parameter u € R”, a phase condition of the
form

0=(S'(D),v—0), i=1,...,p.

is added, where 00 is a given reference function with © — o € H!. This
leads together with (5) to the PDAE

14
v =Avge+ D i (S + S{ve) + £ (v, vy)

i=1 (6)
0=(S"(0), v—10).
Let (0, 1) €9+ H? x R” be the stationary solution of (6) with
lim 0(x)=104. (7)

x—+o0

From the condition v € o+ H? we obtain the condition S'(?)e L, for i=
1,..., p. The concrete choice of v will be given in the following examples:

Example 1.3. Let © be a function with |d(x)—v+| < const e*ex
where f(vy,0)=0. Consider the shift action of G =R, ie. [a(y)u](x)=
u(x—vy) on M=0+L>>N=70+H2 Then we have [da(l)vle' = —v, ie.
Sl1 =1, S(; =0 and (6) reads

Uy = Avyy + AV + f (v, vx),
0= (ﬁ/, U—ﬁ>£2.

The relative equilibria are traveling waves i (x, t) = v(x — At) with station-
ary points limy_ 100 0(x) =vi.

Example 1.4. Consider (4) for =0, i.e. for M=L, and N =H>. Let
the Lie group be G=S' x R with (p,7)=y€G and (p, 7)o (5,7)=(p+
0,T+7). Let the action a:G x L, — L, be given for u:R— R? by

laul)=R-pulx—7),  Rp= (:?rfz _Csci)lsl/'g) '
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Then we have [da(1)v]e! :—vx,[da(ﬂ)v]ezz—R%v, ie. Sl=1, ngR%,
Sé =Sf=0 and (6) reads with u. =1, pu,=p;

Ur = AUxx +Mrvx+MpR%v+f(U’ Vy),
A/ A A
0= v—0)g,, 0:(R%v,v—v)£2

The relative equilibria are rotating and traveling waves i (x, ) =R_j,,v(x —
i:t). Note that, if v is a front, i.e. v_ #vy, then v and R%E are not in £».
In this case, considering a rotating front, the condition S%(?) =R%f) el is
not satisfied and the stability result of this paper cannot be applied.

We are interested in the asymptotic stability of (v, 1) which is defined as
follows.

Definition 1.5 (Asymptotic stability). The stationary solution (v, 1) of
(6) is asymptotically stable, if Ve >0, 3§ > 0 such that for all solutions
(v, w) of (6) with [|u(0) — il +[[v(-, 0) — V] <8¢

<e V=0
—0 for r— oc.

e (r) = il + v, 1) — vl [

Remark 1.6. Note that by the freezing ansatz the well known notion
of asymptotic stability with asymptotic phase for & is converted into
asymptotic stability for (v, f1).

The stability of the PDAE solution (v, 1) is determined by the spectrum
of the linearization A:H?— L5 of the r.h.s. of (5) w.rt. v at (¥, i) which
is given by

Av=Av"+Bv' +Cv, where 8)

P P
B(x)=Daf (5(x). 5 () + Y iS.  C(x)=Dyf (). 7))+ Y i .

i=l1 i=l1
Assumption (7) implies with the properties of A that limy,_, 1o ¥/ (x) =0.
Thus A converges for x — +o00 to constant coefficient operators

Atv=Av"+B4yv +Cyv, B4 = lim B(x),C+= lim C(x).
xZo0 xz+o0

Our standing assumption in this paper is the following: The operator A
defined in (8) satisfies the usual conditions which guarantee asymptotic
stability with asymptotic phase for u [7, 17]:
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Hypothesis 1.7 (Eigenvalue condition). The functions S'(v) € Ls, i =
1,..., p are linearly independent and span the null space of A:H>— L, i.e.

N(A)=span{S' (), ..., SP(D)}.

The eigenvalue zero is semi-simple and there exists >0 such that there are
no other isolated eigenvalues s of finite multiplicity with Res > —p8.

Hypothesis 1.8 (Spectral condition). There exist o >0, 8>0, such that
for s with Res > —p the solutions ) of the quadratic eigenvalue problems

det(?A+ABs+Cs—s1)=0
satisfy:  |ReA|>o.
Example 1.9. For Example 1.4 the operator A reads
Av=AV"+ (u; I+ D1 f (0, 0')v + (npRz + Dy f (v, v)v

and its null space is spanned by v’ and Rz v.

Note, that for the excluded case of a rotating front, the continuous
spectrum of A touches the imaginary axis. Therefore even in the contin-
uous case the usual stability theory which relies on a spectral gap cannot
be applied.

2. NUMERICAL APPROXIMATION
2.1. DAE Formulation
In order to compute numerical approximations of (v, 1) we define a
discrete interval
J=[n_,ny]l={neZ: n_.<n<ny4, where ny € ZU{too}}
and a corresponding equidistant grid with grid size 2 >0

Jp={x,: x,=nh, nelJ}.

We denote the Banach space of sequences in R” which are indexed by
J provided with the supremum norm ||z|s =sup,c, llza|l by €L (R™) and
write J, — R if #— 0 and simultaneously 4 -min{—n_,ny}— oo, i.e. ny
grows faster than h decreases, so that [hAn_, hny]— R.

If necessary, we embed each u eZgO(R”‘) in £oo(R™) by setting u,, =0
for ne Z\J without further notice. If no confusion is possible we drop the
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argument R™ and write just £/, and €. Let the standard finite difference
operators on the extended grid

fh:{xn: X, =nh, nef:[n_—l,n++1]}
be given by 8 : €L — ¢, syt gl s gl el g
where

1 1 1
((SOU)nZE(UnJ,-l —Uy—1), (5+U)n=E(Un+l —Uy), (a—v)nzz(vn_vn—l)-

Then for sequences u, v e (R™), J =[n_,n.] we define the inner product
and discrete Sobolev norms by

ni
T
(,v)y,= > hul vy, lull gy, =/ () g,

n=n-—

lullyg =Nl , +18+ullz,,, leellyg = lullyg) +118+8-ullz, -
Discretizing (6) and adding linear boundary conditions
Bo=P_v,_+Q_(80v)n_+ Pyvy, + Q1 Gv)n,. Pr. QreR™™™
leads to the differential algebraic equation (DAE)

v;le(SJr(Lv)n+§n(v)u+f(vn,80vn), neld, t>0 (9a)
0=Bv—n, (9b)

OZ(SZ(IA)“h),v—ﬁ“h)Jh, i=1,...,p, (9¢)
where S (v) = Stvn + S{(8ov)n € R™ and Sp(V)pu = > i St (v). This sys-
tem is a DAE of differentiation index 2 [6].

We assume that the boundary conditions are partitioned into a
Dirichlet and Neumann part, i.e. the matrices (P, Q+) € R2m-2m have the
following structure

_(PY of N AN _mkm  pD - p2m—km

(P:i:aQ:t)_ D ’ Pj:7Qj:€R ,Pj:GR
and the matrix (Q_ Q) is of rank r €[0,2m]. This induces the following
splitting of the boundary conditions (9b) into one part that does depend
on the external variables v,__1,v,,41 and one part that depends on the

values at the inner grid points v,_,...,v,, only:

BNv=PNv, +0"sov,_ + PYv,, + 0V Sov,, =", (10a)
BPv, =PPv, +PPu,, =77, (10b)
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Note that initial values v, u° are called consistent if they solve the alge-
braic constraints (9b),(9¢) as well as the equations

0=BP(A8;8_v+S@)u+ f (v, 8ov)),

N A 11
0= <S(ﬁ), A8+87U+S(U),Uz+f(v, 80U)>]h, ( )

which are obtained by differentiating (10b),(9¢) w.r.t. time ¢ and inserting
(9a). i
Define 7 : £ (R™) — ¢/ (R™) as the restriction operator onto J by

T U151 Wn s oo Upy ).
Then (9) can be written in the form

() = fair (v, 2),  v(0)=v",1(0)=2°

(12)
0: falg(vv )")v
where fuip : 61, (R™) x RP — €L (R™), farg: L (R™) x RP — R2mH,
The proper notion of a solution of (12) is the following

Definition 2.1. A function (v,2) :[0,17) — Ego(Rm) x RP is called a
solution of (12) in (0, ), T € RU{o0} if

(1) fairr @), A()):[0, T) — £Z, is continuous

(2) (,1):[0,7)— €L (R™) x R? is continuous

(3) (@v) (1) exists, (wv) (1) = fairr (V(2), A(2)) GEC{O(R”’) for t € (0, 1),
and (v(0), 1(0)) = (v°, A0)

(4)  fagv(@),A(1))=0 Vi €0, 7).

2.2. Main Result

The main result of this paper is the following discrete stability theo-
rem for the stationary solution (v, ft) of (9a). The existence of such a solu-
tion for large enough J and small & has been proven in Theorem 2.6 in
[15] together with the convergence estimate

181y, = Bl + 12— el Scomst (b2 +eehmint=nrnahy, (13)

Before we can state the stability result Theorem 2.8 we have to collect the
necessary hypotheses on the boundary conditions and the phase condition.

We assume that v:R— R™ is a given template function and define the
following class &, (1, R™?) of functions:
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Definition 2.2. We define a function g: I — R™P, I C R to be in
&I, R™P) if there exists K >0 such that for all xe[:

lg) <Ke @™l and g’ (x)|l < Ke @M.

Hypothesis 2.3 (phase condition). Assume that S(0) € & (R, R™?) and
the p x p matrix

(S(f)),S(ﬁ))gzZ/R[S(ﬁ)](X)T[S(T))](X)dX-

is nonsingular.

The following determinant condition is needed for resolvent estimates
in a compact region for the continuous operator restricted to finite inter-
vals [1]. It allows to control the growing terms for x — £oo of the solution
to the resolvent equation. Since for bounded |s| we rely on the solution
of the corresponding problem for the continous system we have to employ
the same condition here.

Definition 2.4. Define

v v
D(S):det((P‘ 0-) (Ys(s)gs)(s)) (P+ 0+) (Yi(sJ)rgf‘)F(s)))

where Y*(s), Y (s) € R™"™ and X? (s), X' (s) € R™"™ solve the quadratic
eigenvalue problems

AYS?+BLYS+ (Cy —sY =0
with Reo (X% (s)) <0 and Reo (Z4 (s)) > 0.

Hypothesis 2.5 (boundary conditions). The boundary condition (9b) is
satisfied at the stationary points vy, ie. n= P_v_ + Pyv4 and there exist
B, C >0 such that D(s)#0 if |s|<C and Res > —p.

In order to obtain resolvent estimates for large |s| we have to employ
a truly discrete condition, which ensures that a certain z dependent matrix
is uniformly invertible for z in a special region of C.

If 6 >0 is chosen such that |argu| <% -8 Vu c€o (A1) then there
exists C >0 such that the following matrix function is well defined

L CU+2ATHIATE arg(o)|< T+ 8
A(z)= (1+|§|)2 . N (14)
r(zI+A7)2A72, |z] > C.
(A+zH2 ¢

Then we can formulate the following hypothesis.
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Hypothesis 2.6. Assume that there exists C >0 such that the matrices

r.— (QI_V AR) —0F g(o)

PP Pl (15)

have uniformly bounded inverses for

T 8
zeC:arg(z)<Z+§ or |z]>=C.

This hypothesis is used in Section 4 to prove resolvent estimates which are
needed in Section 3. The uniformity conditions in Hypotheses 2.5 and 2.6
seem rather technical and in fact hard to check, but the following remark
shows that Hypotheses 2.5 and 2.6 are strongly related to another condi-
tion which stems from the continous problem that can be checked easily.

Remark 2.7. The following statements are equivalent

(1) T; has a uniformly bounded inverse for all |argz| <% +% and
for |z| > C.
(2) The matrices

N -1 N -1 N 4—1 _ N ,-1
FOZ(QA : _Q;S 2) and Foo:<Q—A 1A )

D D D
PL i ) Py
are nonsingular and T'; is nonsingular for |argz|<7% + %, z#£0.

The nonsingularity of I'y corresponds to the corresponding condition (see
Theorem 2.1 in [1]) which is necessary for resolvent estimates for large |s|
for the continuous operator which is restricted to a finite interval. The
nonsingularity of ', will also be used in Section 3 to reduce the DAE
to a corresponding ODE the stability of which can then be discussed.
Moreover, one can show that det(I'g) #0 implies D(s) #0 for all large s
(see the corresponding remark in Section 5 of [1]).

For the boundary conditions which are used in the numerical com-
putations such as Neumann, Dirichlet and periodic boundary conditions,
Hypothesis 2.6 is always satisfied.

Note that Hypothesis 2.5 is crucial as the following example shows:
For a traveling wave solution v of scalar equation

ur=1uyx+ f(u)

which moves with velocity A we consider boundary conditions, which are
a homotopy between Neumann and Dirichlet conditions, i.e.

=)o) 0 =(5) =) v
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Then condition 2.5 reads

o+ (1 —a)vi(s) 0
det( 0 a+(l—a)vi(s)) #0,

where v} denotes the stable and unstable spatial eigenvalue respectively,
i.e. the roots of the characteristic equation

V2 v+ f(0x) —s =0.

Thus Hypothesis 2.5 is violated for « € (0, 1) with

a \° .-
s@=(—=) + "+ f @)
a—1 a—1
In this case the value s(«) is a spurious eigenvalue which is created by the
boundary conditions. If it is positive then it affects stability. We will illus-
trate this effect in Section 5.
Now we can state the main result of this paper.

Theorem 2.8. Assume that Hypotheses 2.3,2.5,2.6 hold.

Then there exist hg>0,T >0 such that for h <hy, Fhne >T the sta-
tionary solution (v, fv) € L1 (R™) x R? of (9a) is asymptotically stable.

More precisely, there exist v, p, hy, T >0 such that for h <hg, Fhny >
T the following statements hold if e ®T < cv/h for some ¢ > 0,where «
denotes the constant in Hypothesis 2.3: R

For each consistent initial value (v°, 1u°) eﬁgo(Rm) x RP (i.e. (9b), (9¢),
(11) are satisfied) with ||v° — ﬁ”H;l. < p, there exists a unique solution (v, )
of (9) with initial condition (v(0), u(0)) = (°, u°) which obeys for some v >
0 the estimate

(@) = Bllyg + (@) — 2]l < const e . (16)

Remark 2.9. Combining estimate (16) with (13) we obtain for i >
ho,£n+ > T and a sufficiently large 79 > 0:

100) = Bllgp + () — Al Scomst (7" +h* e e mnt=n=rly vy > g,
Note that similar estimates hold for |||, (see [14, 15]).

Remark 2.10. We will show later in Lemma 3.3 that if one prescribes
the initial value v on the grid J and if the so called essential conditions
(9¢),(10b) are satisfied, then the external points v,?_,l, v2+ 41 of v and the

initial parameter 1 can be chosen in such a way, that (v, %) solves (9b),

©c), (11).
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Theorem 2.8 will be proven at the end of the next section, in the begin-
ning of which we give a short outline of the main steps of the proof.

It mainly relies on resolvent estimates for the linearized operator,
which (after reduction to an ODE) can be used to prove stability esti-
mates. Moreover, we make use of the fact that the linearized operator
in the continuous case is sectorial and there is a gap between the essen-
tial spectrum and the zero eigenvalues. This gap is used here to derive
resolvent estimates for the discretized system in a similar way as has
been carried out for the continuous system in [1, 14]. The main tool
are exponential dichotomies combined with linearization at the asymptotic
states. We expect that part of this analysis can still be used for special pat-
terns in higher dimensions.

3. STABILITY OF THE NONLINEAR SYSTEM

System (9) has the special structure of an initial boundary value prob-
lem with an additional constraint. Therefore we will reduce the algebraic
constraints directly and try to follow the spirit of the semigroup approach
which has been used to prove asymptotic stability with asymptotic phase
for relative equilibria of the continuous system [7].

To this end in Section 3.1 we transform (9) into a semilinear equation
with stationary solution zero and prove a stability result for this system
in Section 3.4. This is achieved by reducing the DAE to a correspond-
ing ODE in Section 3.2 and proving exponential estimates for the solu-
tion operator of the corresponding linear equation in Section 3.3. These
estimates can be concluded from an integral representation using resolvent
estimates which will be shown in Section 4.

3.1. The Semilinear Equation

Let (7, 1) be the stationary solution of (9) and insert w=v—7, u=
A — A into (9) to obtain

wh = (Aw), + S, D+ gu(w, ), neld (17a)
0=Bw (17b)
0=(S(), w),,. (17¢)

where A€ — 1 (Av)p=AEL5_v),+ Bu(Sov)n + Cron,

p 14
By=Daf (b, GoD))+ D_AiSi.  Cu=DifBu, G0D)n)+ D _ i

i=1 i=1
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and (pzﬁgo x RP — Zgo, On (v, 1) =y, (v) +8,(v) w, with

wp(v) = f(ﬁn + v, 800, + Sovn) — f(ﬁn’ Sovn) — le(ﬁn’ 8005) Uy
—D» f (v, 800,)80vy,.
Using the notations W:S’(ﬁ), ) =3‘(f)) stability of (9, 1) is now equiva-

lent to the stability of zero as a solution of (17) which we rewrite using
the operator w and (10) as follows:

TV =Av+Pu+ ¢, 1), (18a)
0=58"v, (18b)
0=8B"rv, (18¢)
0=(¥, v)y,. (18d)

For the semilinear equation (18) the consistency conditions (11) read

0=B"(Av+ou+e,n),

- (19)
O= (W, Av+Pu+o(v, w)y,.

For (v, w) €], x R we use the notation

H} ;
Bs (v, ) = {(u, 2) €5 x R [[u—ullyg1 +llp— 1] <8)
and define the space of consistent initial conditions by
L ={(v. ) etl x RP: (v, p) satisfies (18b)-(18d), (19).

The main assumptions on ¢ are summarized in the following hypothesis.

Hypothesis 3.1. Assume that ¢ : Ef x RP — ¢/ satisfies ¢(0,0) =
and that there exzst 00, ho, T >0 such that for h <hy, tnih>T for all

(v, u), (u,A)eB, " (0), with p < po, the uniform estimates
llo(v, n) — @, M), , < const (lv —ullyy) +max(fvllg, IIMIIHi)IIM—KII)
(20)
o, wWllz,, <const p(llvllH’ll +llul) (21)

hold, with constants which are independent of J and h.

The main result of this section is the following stability theorem for
the zero solution of the DAE (18).
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Theorem 3.2. Let A satisfy Hypotheses 1.7,1.8 and let ¢ satisfy
Hypothesis 3.1. Assume further that W= S(0), where O satisfies Hypothesis
2.3 and that the boundary conditions satisfy Hypotheses 2.5,2.6.

Then there exist ho>0,T>0, such that for h <hgy, Fhny >T the sta-
tionary solution 0 € €, x R of (17) is asymptotically stable.

More precisely, there exist p,hy, T >0 such that for h<hy, Fhny>T
with %1 < c/h for some ¢ >0,where a denotes the constant in Hypothesis
2.3, the following statements hold.

For each initial value (v°, u°) eﬁgo with ||v0||H1 + 110 < p there exists
a unique solution (v, u) of (17). This solution obey; for some v >0 the esti-
mate

@3 + 1l @) < const e’ Vi>0. (22)

We first show that Theorem 3.2 implies the stability result Theorem 2.8.

Proof of Theorem 2.8. For ¢(v, u) = &) + 3‘(v)/L, we prove that
Hypothesis 3.1 is satisfied.
Hypothesis 1.2 implies that f], f; are globally bounded and

Dy f(u, w)= fi)(w, )+ frw), Daf(u, w)= fi(u),
for u,w, 8,8, € R"

D1 f (484, w8w) — D1 f (u, w)|| <const (|8l + [18wll), 23)
D2 f (4 48y, w+8w) — Do f (u, w)|| <const [[,]].

Thus we obtain for v,u e BKI)*OO(O)

| @n (V) — @p (W) || = || f (D 4 Vi, 800 4 80Vn) — f (Uy + ttn, SoUn + Sotty)
— D1 f(Un, 80Vn) (Un — un) — D2 f (Un, 80Un) (S0vn — Sottn) ||
<const ([[vy —uull + llve — unll 180vnll + [l 1180 (v — u)nll)

1
This implies for all (v, ), (u, 1) € B, (0) using Hypothesis 3.1 and the
Sobolev imbedding ||v||4, < const ||v||H},
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n4
~ ~ 2 ~ ~ 2
lo@) —awlZ,, = D hlldn@) —duw)]
n=n_—
ny ny
2 2 2
<const [ D hllve —uall® + 11800113 D Allvn —u|
n=n— n=n-—

n4

+llullZ, D Allsow—u)ll?

n=n_
o2 o2 2 2 o2
<const (v —ullZ, , + v =l i, +lul3, v =l
2
Lconst [|[v—u .
<const [lv—ul},
Furthermore, (23) leads for [|v]|| o <p to
”ﬁ}n(v)” < ”f(ﬁn =+ vp, 50511 +d0v,) — f(ﬁns 60511)
— Dy f(Un, 80Un)Vn — D2 f (Un, S0Un)S00n |

1
S/ ”[le(i}n + 1V, 80Uy +180v,) — Dy f(f)ns 8oUn) vl dt
0

1
+ /0 VLD2.f (B -+ 10m: So7in +800) — D2 f (5 S0 800n | dt

1 1
< const / t(lvnll +lIdova D llvn l dl+/ tvallldovnll dt
0 0

<const ([[vall +18ovn )l vall-

This implies for ||v||H,11 <p

4
N 2 2 2
ID)IIZ,, <const > hllvall + 180va ) [[vall

n=n_

4
<const (vl D (lvall + 180vall)?

n=n_
2 2 200,012
Sconst [lully [lvllz,) < const pfvl,;.
These estimates show together with
luS@w) =AS@)llz,, <const (IIUIIHlll le = Al + v —MIIH;l A1)
<const p(IIv—ullH}lY +llw—=2l)

and ¢(0,0) =0 that Hypothesis 3.1 holds. Finally, (v?, u°) satisfies (17b),
(17¢) and (19) if and only if (x°, 1) satisfies (9b),(9c) and (11). O
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3.2. Reduction to an ODE

In the following we will use equations (18b), (19) to reduce system
(18) to an ODE in the subspace

tls=luet,(R"): BPu=0, (¥,u),,=0).

where the essential algebraic conditions (18c¢),(18d) are satisfied.

We will show in Lemma 3.4, that there exists § >0 such that for each
u® e el with |u®| <8, there exists a unique extension (v’, u°) € ¢Z which
satisfies wv0=u".

The following lemma states conditions under which a consistent
(v, ) € €L, x R? can be uniquely determined from a given u € £J with
mv=u. Here only the limiting case |z| - oo of Hypothesis 2.6 is needed.

The proofs of the following two lemmas and the corollary are given

in the appendix.

Lemma 3.3.  For each u el and each r € £l there exists a unique

- ess
extension (v, ) € L, x RP such that mv=u, (18b) and

0=BD(1~\v+d>u+r),

- (24)
0=(V, Av+Ddu+r)y,

hold. The map (u,r)+— (v, ) is linear in u and r. Moreover with the nota-
tion

v=Myu+ Ryr, u=Mu+R,r,
where My, Ry: €l — ¢1 My, R, 6] — RP, we obtain the estimate
IRurlly + I Rur Il < const [Irflz, , - (25)

The following Lemma guarantees the solvability of the equations (18b),
J

(19) which define a transformation € > u — (v, u) € £, x RP.

Lemma 3.4. Let the assumptions of Theorem (3.2) hold.

Then there exist c,hy, T >0 such that for all h < hg, £hny > T with
=T > ¢/ the following statements hold.

J . . . j _
For each u € U5 there exists a unique extension €5, x R 3 (v, n) =

(Ty(u), T, (w)) such that mv=u, T,(0)=0,T,(0)=0 and (18b), (19) hold.
Moreover, we have the following estimates.
1Ty () = To@2)l 2y, + 1T 1) = T (o)l Sconst [luy —uzllyg (26)

ITo @)l 2y, + 1T )1l < const [luflg . (26b)
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We will use the above transformations 7,, 7, to reduce the DAE (18) to

an equivalent ODE in £
W =Apu+gu), u©)=u’ (27)
where
Rpitly— s, urs (AMy+dM,)u
and

@) = A(Ty () = Myu) + (Ty, (u) — Myu) + (T (), T, (). (28)

The properties of ¢ are an immediate consequence of Lemma 3.5:

Corollary 3.5. The nonlinearity ¢ satisfies
lp@) =@, , Sconst flu—vly,
and for each o >0 there exists p >0 such that
16y, <olullpgs i lullyy <p-

Remark 3.6. Note that if ¢ : ¢/ x R? — ¢/, does not depend on
(v, w), ie. v, u)=r eéc{o then the transformation ¢ — ¢ is just a pro-

jection ¢ = ITr € £, where

r=(AR,+®R, +r. (29)

The following Lemma shows the equivalence of (27) and (18).

Lemma 3.7. Assume the same as in Theorem 3.2. Then there exist
ho, T >0 such that for h <hgy, £nish>T we have the following equivalence.
For each p >0 there exists a 8 >0 such that if u € C([0,7), €l N
1
B;{h (0)) is a solution of (27) on (0, 1) with u(0) =u® then (v(r), u(t)) =
(Ty(u()), T (u(t))) € C([0, 1), L1, x RP) is a solution of (18) on (0,7) with
0(0) =T, @), w(0) =T,.(u’) and v ()l + IO < p.
Conversely, there exists p >0 such that if (v(t), u(t)) eC([O,t),Zéo X
RP) is a solution of (18) on (0,7) with (v(0), 1(0)) = (V°, u%) GZCJO and
||v(t)||H}’ + @) <p, then u=mv is a solution of (27) with ||u(t)||H}1 <p.
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Proof. Let (v(r), u(z)) a solution of (18) for consistent initial val-
ues (v°, u0) et! on (0,7). Then differentiating (18c), (18d) w.r.t. time we
obtain by (18a) that (v(z), u(z)) solves (19) for 7 € (0, 7). For u=nv we
can insert v="T,(u), w=7T,(u) into (18a) to obtain

W=mv'=Av+du+e, 1)
= AT, )+ T, (w) + (T, (w), T,,(w)) = A pu+ G (u).

Conversely, if u solves the reduced ODE (27) then Lemma 3.4 implies that

1 A
v(t) =Ty (u(t)), u(t) =T, (u(t)) is a solution of (18) in Bz,i“ 0) c KC{O x RP
for some p >0 in the sense of in the sense of Definition 2.1. [l

Note that it is sufficient to consider (27) in €J. Thus we have reduced

the bordered system (18) to an ODE (27) in ¢/ which is then solved as

€ss
usual via the “variation of constants” formula

t
u(t)=2p(t)u0+/ Syt —$) uls)) ds. (30)
0
Here the operator X,(¢) is defined via the Dunford integral
1 st e
Ep(t)zﬁ Fe (sI—Ap)~ ' ds
and T is a closed curve which encloses the spectrum of A .

3.3. Estimates of the Solution Operator

In order to obtain stability estimates for (27) estimates on X,(t) are
required which are proven using resolvent estimates in different regions
of C. These are given in the following lemma which will be proved in
Section 4.

Lemma 3.8. There exist a>0, ¢pe(%,m), C>0 such that s€p(A) if
Is|>Ch=2 or |arg(s + )| <, s#—a. Furthermore, for all r eﬁgo the resol-
vent u= (sl — [\p)_lﬂr e bl with IT the projection defined in (29), can be
estimated by

u r , u 1 r .
Loy X s +al Loy H, S /_|S o Lo

Lemma 3.9. Let A satisfy Hypotheses 1.7, 1.8 and assume that
Hypothesis 2.3 holds.



444 Thiimmler

TR [y
W

Figure 1. Path of integration.

Then there exist hg, T, K >0 such that for all h<hy and £nLh>T the
solution operator X(t) can be estimated by

- ot 1
IZp@rlle,, <Ke ™ rlic,,, IZp@)rlly) < Ke “’—tllrllcw

7

Proof. We introduce the following notation for a function g:I' —
[0, 00), where I'={y(&):£ €[0,[]} is a closed curve

1
fg&Mhhj/gW@DW@N&.
r 0

Note that we can take a path I' around the eigenvalues of A p where Res <
0 VseT (see Fig. 1). We denote the resolvent by G(s)=(sI —Ap)’l and
s with (31) for ¢ >0 the following:

obtain for r € ¢/
1 st
=|— e G(s)rds
£2,h 27Tl -«
1

—j{ e G(s —a)rds
2wi Jr

1
1Zp@rl,,, =H%]§Fe5’c(s)rds

1
<——€wfﬁwwcm—wmu“wn
T r ’

Loy

Lon

2
1 et A
<——fo S TTE Y
2 rlt t Lo
—at le*]
<const e |7z, —|dX|
e A

—at
<Ke|Ir|z, -
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Here we have used the fact that we can move the curve I' to the left up
to I' -« for a < B small enough without changing the integral. Along the
rays this is the standard estimate for sectorial operators (see [9, 7]). Along
the arc y(§)=Re®, &[5+, 37” — 5] we obtain

3 _

20 1 Reé ' ¥ R 1 T
/ RIE® (GRS )r |z, , dE < ||r||£2,l/ Re'ReS® —gg < —|Ir| z, ..
I4s ’ “Jzas R 2 ’
In a similar way we obtain

o 1
IZp@)rily) < Ke ‘”—tllrllgzy,,- O

7

3.4. Local Existence, Uniqueness and Stability

In this section we prove the solvability of the integral equation (30)
together with some estimates. Note that the existence of a solution of (27)
follows from standard ODE theory.

Lemma 3.10. Assume the same as in Lemma 3.7. There exists ho, T >0
such that for h<hgy, thny>T the following statements hold:

For each p >0 there exist 8 >0 such that for each u® e ¢l with
””0”112,;, < 8 there exists t(h,T) >0 such that a unique solution of (27)

exists on (0,7t(h,T)) and ”L‘(I)HH}I <p for t€(0,t(h, T)).

Proof. For each fixed h, J =[n_,n;] we use the fact that there exist
Ci(h, J), Cy(h, J) with

Ci(h, Dlull < llull 2y, < Co(h, I llull

By Lemma 3.4 there exists p >0 such that for |ull,;1 < p the map ¢
is Lipschitz. Thus we can apply the standard Picard-Lindelof theorem in
R*+—"-+1 o obtain the existence of a solution of (27) for [0, t(h, J)).
We can further achieve that ||u|| < Ca(h, J)~'p in [0, 7(h, T)) such that
lullz,, <p for all 1t €[0, t(h, T)). O

The stability of zero as a solution of the reduced system (27) is the
usual Lyapunov type estimate. We repeat it here, since we are interested
not only in the stability of the solution of a single DAE but we aim at a
uniform stability estimate for a whole family of solutions of DAEs corre-
sponding to discretizations with different 4 and T.
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Lemma 3.11. Assume the same as in Theorem 3.2.

Then there exist p,ho, T >0 such that for any h <hy, tnih>T and
any consistent initial condition u° eﬁgss with ||u0||H1 < p the following holds:
There exists a unique solution u of (27) which can be estimated by

||u(t)||H}1 <const e, v>0, vt >0. (32)
where all constants are independent of h, T.

Proof. We choose v e (0, ) and o >0 so small that

00 o—(@—v)s
0o 5
Using Corollary 3.5 we choose § >0 such that @: €2 (R™) — £/ (R™) sat-
isfies

1
K ds< .
o s >

1@l 2y, Sollellyg  for flully <8.

Then for each h,J we find by Lemma 3.10 some p > 0 such that for
u® eﬁefss with ||”0”H}, < p a solution u of (27) exists on (0, t(h, J)) with

||u(z:)||H]1Z <8 for r€[0, t(h, J). With (30) and the estimates in Lemma 3.9
we obtain

t
@l <NZp@ulllg + /0 12t =)@ W) g ds

o—alt—s) l@u(s)) ||Lz,h ds

t
<Ke ™ fullly + K /
h 0

Ok /OO L emas s ult, <25
S o — N2 X 0.

Since the ODE (27) is autonomous, this leads to t(h,J) = co using
the usual arguments. From this the existence of u in (0,00) follows
with ”“(t)”H}, < 8 for all ¢t € [0,00) and small enough % and large

enough T. It remains to prove the exponential estimate. Define n(t) =
sup;efo,i{e™ u(s)ll51} then

|
vt (v—a)ty,,0 —a(t—s) vt
(0l g1 < Ke = Ju ||H;1+Ko/0 = )y ds

|
gK“MO”H}’ +KO'/0 ?e(v—a)(t—S)eVS”u(s)“,H}l ds

1
0
<K|u ”H}, + Zn(l‘).
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Taking the supremum on both sides gives n(z) <4K””0”H}, <8 fort >0
and we obtain (32). O

Now the stability Theorem 3.2 follows easily.

Proof of Theorem 3.2. For cach § > 0 there exists p > 0 such that
for any (v°, u%) e ¢/, with ”UOHH}, + 11l < p we have u® =m0’ el and
””0”71}1 <3. By Lemma 3.11 we obtain a solution u of (27) on (0, c0)

which satisfies (32). Then Lemma 3.7 implies that

v(t) =Ty (u(t)), n(@) =T, u())
solves (18) with v(0) =T, u®) =v°, (0) =Tu(u°)=u0. Moreover, it fol-

lows from (26b),(32) that (v, u) can be estimated by (22). O

4. RESOLVENT ESTIMATES

We prove resolvent estimates in the regions Qc, Q}é Qﬁo (cf. Fig. 2)
for the discretized system. To this end we transform the resolvent equa-
tion for the projected operator A p» back into a bordered equation. This is
accomplished by reintroducing the algebraic variables. A direct application
of Lemma 3.3 leads to the following equivalence.

Qh L C
Qc: |s|<C, Res>—p m\
C T 2
h . - < — — _
¢ sl € (C.y5), Jarg(s) < 5 + 50 Y/ /
QZOZ ‘S|>ﬁ

Figure 2. Regions for resolvent estimates



448 Thiimmler

Lemma 4.1. Let r €’ then uetl solves

o’ €ss
(sI —Apu=IIr (33)
and

v=Myu+Ryr, pu=Mu+R,r

if and only if the pair (v, ) €Ll is a solution of the bordered system

(sI —ANyv—du=r (34a)
Bv=0 (34b)
(W, Tv), =0. (34¢)

The main result of this section are the following estimates

Theorem 4.2.  There exist hg, T >0 such that for each h <hg, tny>T
there exists for each s € Qc U Q}é UQﬁo and each r € 1, a solution u of (33)
which can be estimated by

lullz,, <const [rliz,,, s€fc

2 2 2 2 h h
s, +Isl ]2y <const [, s eQp UL

with a constant which does not depend on h and T.

This implies immediately Lemma 3.8 which has been used in the previous
section.

For s in a compact set, a similar method as in the proof of the
approximation Theorem 2.6 in [15] can be used. For s € Q¢ a solution of
(34) can be constructed directly by using the continuous system. For large
|s| a different approach is necessary, since the discrete resolvent equation
(35) cannot be related to corresponding continuous systems uniformly in
s. In that case the solutions for the resolvent equation are constructed
directly by a similar method as in [1].

4.1. Compact Subsets

Lemma 4.3. Let the same assumptions as in the previous lemma hold.
Then for each C >0 there exist hg, T >0 such that for each h <hgy, ny>T
the following holds. For s € Q¢ and r €l the resolvent equation (34) has a

unique solution (v, ) € L, x RP which satisfies the following uniform esti-
mate in s

Ioli32 + el < const irli, -
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The proof is along the same lines as the proof for the existence of the
eigenvalue zero for the discretized equations in [15] and can be found in
[14], so we omit it here.

4.2. |s| Large

The main result of this subsection is a resolvent estimate for the solu-
tion w of

(A—sDhw=r, (35a)
Bw=n. (35b)

Using a solution of (35) the existence of which will be proven in Lemma
4.5 we can construct a solution of (34).

Lemma 4.4. For s e Q}é UQh there exists a solution (v, k) € Ego x RP
of (34) which satisfies

ol + Il < const irli, -
The main work of this section is the proof of the following lemma:

Lemma 4.5. Consider the resolvent equation (35) with diagonalizable
A >0 and assume that Hypothesis 2.6 holds.

Then C can be chosen such that there exist T >0, hg >0 such that
for h<hy and +hny >T and s € Q}é u ng the following holds. The resol-
vent equation (35a) with boundary conditions (35b) possesses for each r €
Zéo((l:m) and each 1= N, npP)T e Ck x C¥k 4 unique solution w €
ego(q:m). Furthermore, w can be estimated by
|2

2 2 2 2 N2 2,.D h
|| ||w||g21h+|S|||w|| < const (||r||£2‘h+|s|||rl I"+Isl7ln™1), see

Hl X
h
2 2
s wIZ, , +IsllTwlz, <comst (IrliZ, , + sl I +1s2In®10, s € Qs
Before we continue with the proofs of Lemmas 4.4 and 4.5 we show that
Theorem 4.2 follows directly from the preceding estimates.

Proof of Theorem 4.2. Using 7v=u we obtain from Lemma 4.3 and
Lemma 4.4 with Lemma 4.1 the asserted estimates. O

Proof of Lemma 4.4. For s e Qfé U Q" we can solve equation
(34a),(34b) using Lemma 4.5 by taking ®u to the right hand side. We
denote its solution operator with G and obtain by inserting v=G(r + du)
into (34c¢)

p=—(¥,Gd)" (W, Gr)
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which leads to v= QGr where the projector Q is defined by
Qu=w—Ggo (¥, Gd) (¥, w).

In order to estimate u and Q we need a bound of ||[(¥,G®)~!|. Use
O =GAD — 5GP =Ge — sGP and multiply with ¥ from the left. Then
(W, Ge) — (¥, D) =s(¥,GD) and |€]| = 0 as J, — R imply the invertibili-
ty of (W, G®) for £n>T,h <hy as well as

(W, G@) || <const [s|]|(W, ®)||~" <const |s].
This implies with the estimates in Lemma 4.5 for G
Qwllz,, <const wllg,, and IIQwIIH}? < const IIwIIH}?~

Thus we obtain again with Lemma 4.5

1
lvllz,, <const mlerLM and ”v”H}, < const O

1
\/ﬁ”r”ﬁ”"

Before we start with a series of Lemmas which are needed for the
proof of Lemma 4.5, we give a short outline: We use exponential dichot-
omies for the discrete and the continuous system, for references see [10,
4] in a similar way as in [18, 1]. Equation (35) is transformed to first
order via the scaled transformation z, = (w,, %8_w,,). The transformed

system is approximated by constant coefficient operators L(s, p)zn =Zptl—
M(s, p)zn, for small & and large p. The matrices M(s, p) are hyperbolic for
seQLUQh which implies that L(s, p) has exponential dichotomies on Z.
In order to obtain estimates for the solution of the corresponding bound-
ary value problem for large ph we need to take into account the structure
of the right hand side of the transformed system.

In order to simplify the presentation we restrict ourselves to diago-
nalizable A. Using a pretransform with a matrix U that diagonalizes A
and using the fact that Hypothesis 2.6 is invariant under this transforma-
tion we assume w.l.o.g. that Ae C™"™ is diagonal. Transformation to first
order via z, = (wy, %S_w,,), n=n_,...,nt+1, for some p >0 leads to the
equation

Nu(P)zng1 — Kn(s, p)zn=Fp, neJ=[n_,ni] (36a)
R(p)z=1 (36b)
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where

I —hpl I 0 h
Nn(p)z(o Eﬁ )7 Kll(sap)z(ﬁ(sl_cn) E—)7 E;ltZA:tEBna
n P

n

R(p)z=B_(p)zn_~+B_z, 41+ By (0)zn, + f?+zn++1

and

0 Lpn 1N R 0 oV L,N
Py = , B ={r x 2%=) p,= =), H=(~ .
i (%rn) +(p) ( pD 0 ==\, 0 il D
For & small enough we can invert N,(p) to obtain the explicit formulation
of (36a)

DIl —

~ h _
(L. =~ (”g”) EX . ned (37)

where

(L(s, P)2)n =2Znt1 — My(s, p)zn,

n

~ I+h2ET Y s1—C,) hpE+X'E-
My (s, pY=Nn(0) 11<n(s,p)=( w SIZCn)heE B s

-1 =1
BEST6I-C) ESTE

In order to obtain solutions of (37), (36b) we will use the following con-
stant coefficient difference equation, given by

A h
(L(s,p)Dn=— (hlﬁl) rn, neJ (39)
0
where
(L(s, P)Dn=2n+1 — M(s, p)zn, (40)
h -1
A AN 1A ZpA 1
M(s, p)=N(p) lK(s,p):1+hp(S%A_1 0) (41)
P
and
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As we will show later, I:(s, J/Is]) is a small perturbation of Z_(s, J1s]) for
Is| large. In the following we define p=+/[s] and set s = p2e??. Then we
obtain

2i0 41
hpe*? A I) 42)

M(s,p):l—f-h,o( Q200 41 0

We will prove that the matrices M(s, p) are hyperbolic for s e Q}é and s €
Q/go Then L(s, p) possesses an exponential dichotomy on Z, which will be
used to construct a solution of (39), (36b).

Lemma 4.6. Consider

M =1+kN(k), where N(ic)= (KSS (I))
with k >0, and S € C™™ a nonsingular diagonal matrix. Then there exist
8, C >0 such that the following holds: If either (k <C and arg(o(S))<m —
8) or k > C then M is a hyperbolic matrix with m stable eigenvalues vy ; and
m unstable eigenvalues v, ;, i=1,...,m. Moreover, there exist «,a>0, €€
(0, C] such that for i=1,...,m, the following estimates hold:

aK® > v i| > ax?, %Slvs,ilé% Jor k>C
K K
1
il = 14a, |Vs,i|<r Jor k ele, C], arg(o(S))<m -6
o
[viil =14 axk, [vs.i] < for k€(0,¢), arg(o(S))<m —34.
14+ax

Proof. Let ;1€ C be an eigenvalue of § with eigenvector u. Then A is
an eigenvalue of N (k) with eigenvector v if and only if A is a solution of

A2 —kp—p=0 (43)

AS~ 1y . .
and v= " . The solutions of (43) are given by

%(KM:':\/KZIL2+4M), if k>0, |argu|<m -4,
+= .
) B el

Note that both definitions coincide on the common domain of definition,
and that

kK2u24+4p  if k>0, |argu| <m -8,
)\,+—)»_= .
%\/@ ifk>C

A (44)
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implies an lower estimate
A+ —A_| >const max(k, 1). (45)

The eigenvalues vy of M are given by vi=1+4«kAs. From A_AL =—pu,
A_+Aiy=kp and (43) we obtain 14kir_=(14+«r.)" L. We consider vy
for « in three different regions:

1. Large «:
Use the expansion v/ 1+z=1+35+ O(z%) to obtain

2 / 4
|1+K)\+|=|1+%(1+ 1+—2)|>0uc2 if «>C.
K

This implies |v, ;| > ak?, as well as |vs.il < # for « >C, i =
1,...,m.

2. Small «, |argu| <7 —38
For small « and |argu|<m —§ we have the expansion

2

2
K K
1+KA+=1+T“+K¢E 14+ E

2 l+Kﬂ+O(K2).
From |argu|<m —§ we obtain Re ./ >0 and hence |v,;|>1+
ak, |vgi| < H;a/« for some o >0 and « € (0, €).

3. k in the compact set x €[e, C], |argu| <7 —§

Let « >0, |argu| < 7 — §. In particular Re u > 0. Then
Re /«k?u?+4p > 0 by definition. Hence Re Ay = Re “4* +
Re k2u?+4pn > Re “* > ¢k for some ¢ > 0. Therefore
Re (1 +kAy) > 14 ck? and |14+«xiy| > 1. Since « varies in a
compact interval the Lemma is proved.

O

By application of the previous Lemma with §=¢e*?A~! and « =
ph we obtain that the constant coefficient operators L(s, p) possess an
exponential dichotomy on Z if s € Q}é u QZO as the following corollary
shows.

Corollary 4.7. Assume that AeC"™"™ is diagonal and positive definite.
Then there exist C,e,8 >0 such thql the operators L(s, p) possess expo-
nential dichotomies on 7 if s =p2e*? Q}é UQ’;O. The dichotomy data are
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(K, B, P), where K is independent of p and h, and for some a >0

B=In(a(ph)®)  for p> %

C )

poinira)  forpe5 0] <GS
) € T 6

B=In(14+aph) for pe[C,%], |9|<Z+§

and the projector P is given by

—1 -1
P:( (AS_AM) Ax _(As_Au) )

_A“(AS - AM)_IAS AS(As - Au)_l (46)

Here Ag and A, are defined by
As=diag(A—)i=1,..m» Au=diag(t1 )i=1,..m
where Ly ; are defined for each i=1,...,m by (44) with u=u; co(A™h.

Proof. Denote the eigenvalues of A~! by re2?, then the eigenvalues
of e??A~! are given by re¥®=% and for |§| <Z +3 and 29| <% -
we obtain 2|0 —¢| <7 — §. Application of Lemma 4.6 with §=e?A~!
implies that the matrix M (s, p) given by 42 is hyperbolic for |0] < % + %

Furthermore, the m stable eigenvalues vy ; =1+hpi,; and the m unstable
-1

eigenvalues v, ;=v_;, i=1,...,m can be estimated using Lemma 4.6 by
2 o C
[vuil = a(ph)”, va,iléw, for P>
il > 1+ el < for pels, S1 @)
Vu,il =2 o, Vsil s or -, —
u,i 5,i T P A
1

€
|Vu,i|>1+aphs |VS,i|< fOr ,OG[C, E]

14+ aph’

"l:he matrices M(s,p) can be transformed to diagonal form via TD =
M(s, p)T with

D=(DS 0 ) Ds=14+kAg, Dy=14+kA,

and

_ -1 -1 -1 _ (As_Au)_l 0 _AS =1
T_(Au As)’ d _( 0 (As_Au)_l) (A“ 1 ) (48)
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Note the relations
AyAg = AsAy=—-S, As+A,=kS, DM:D;I,
1
Au Dx - _As’ As = ;(DY - I)- (49)

From this the existence of an exponential dichotomy on Z for the con-
stant coefficient operators L(s, p) follows by Remark 2.5 in [10] with data
(K, B, P) where p=—Invy, vy € (max;=1__m|vsil,1) and P is defined in
(46). O

Using the exponential dichotomy we can construct directly a solution

of (39) in the usual way [10].

Lemma 4.8. For s € Q}é U ng exist hy, T > 0 such that for h <
hg, £n+h >T and for each r € £l (C™) there exists a unique solution 7 €

el (C 2my of the boundary value problem

A h21
(L(s, p)2)n= ny ) nel
0

Pz, _=p_ ER(P)
(I = P)zn, = ps €R(I — P)
where P is the dichotomy projector defined in (46). The solution has the

form

N . s ~ h21
Zn:gﬂ°m~|—zn(r), neld, z,,++1=Mzn++(ﬂI)rn+, where  (50)
]

Zgom:é'(n,n_)p_+‘SA’(n,n+),o+, S(n,m):A;I(s,p)"_m and (51
n—1
h ~
2,,(1’):; Z Sn,m+1)P (h'(l)l)rm
ny—1 ol
= Swmrva-r (")), (52

In order to obtain the necessary estimates of z, especially for the case hp >
C, we have to take into account the special structure of the right hand
side. Therefore we diagonalize equation (50) using the transformation T
given in (48). For w,=T"!z, equation (39) reads

D 0 h_ . (hpl
wn+1—(0‘Y D_1)wn=;T 1(‘;)% neJ=[n_,ny].

N
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In order to be able to distinguish estimates in the different components
we introduce the following vector norm notation. For z=(u, v) e R" x R™,

ny Cy

1zllvec = means ||ul| =ny, [|[v|| =ny and [|z]lyec < means the com-

v
ponentwise estimates |lu|| <c, and [[v] <c¢,. With this notation we obtain
the following estimates for S.

Lemma 4.9. Let |0 (Dy)| <vg <1. Then the following holds.

Hé(n, m—+1)P (h'(l)l)

C Vg —m—1
S———— " nz>
vee max(ph, 1) (pLh(l - Vs)) Vs n=m
(53)

hpl c 1 _
S HI—-P {— m-n
H (n,m+1)( ) ( ) S max(oh D (p%(l_vs)) vl n<m

and

A ot
(S, n )T_|lye < ( L— vs)) b 7

. 1 54
IS (1 ) Tl ee < (,J—h (1 US)) vt
where T =(T—, Ty) with T defined by (48).
Proof. With
Stn,m)=TD" "7, P=TE'T™, ES:((I) 8) (55)

we obtain using Dy =1+ hpAg

S(n,m—{—l)P (h,?l) =

D=t 0\ oy (hpl
(o) ()
( ) Dnim(As - Au)71

) DI A= A

~\G® -

and similarly

A -1
S(n,m+ 1)(1 — P) (hl;)l) ( h(D —I)) D;n_n(As _Au)_l.
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This implies the estimates (53). Similarly with (45)

S r=(, "2 Ypr and
(n,n_)T_= ph(D S an

S -1 ny—n
S(I’l,l’l+)T+=( h(D —I))D

lead to (54). O

The special solution z(r) from (52) is estimated in the following
Lemma.

Lemma 4.10. For s € Q}Cﬂ N ng exist hg, T >0 such that for h <
ho, £nth>T for each r eﬁgo (C™) the solution Z(r) eﬁgo(C 2my given by (52)
can be estimated by

R 1
12(")l z,, < const ;Ilrllgz.,, (56)
Moreover, we obtain
R
[MZn, (1)l <const P 1 T[N (57)
R

Proof. Using the estimates (53) we obtain for z(r) = (i, v) with vg <1

}’l+—l

ch 1
|| < ———————— —|n—m| <
[l max(ph. Dp E Vg 17l Cu

m=n_

T e, el (58)
_—

for some ¢, >0. The estimate
—— < — (59)
which follows from (47) with some generic constant ¢ >0 implies
R c
llinll < ;Ilrlloo, VnelJ.

Using the second coordinate of (53) we obtain

n—1 I’l+*1

n—m—1 m—n ¢
_ + <— . (60
[0l < p max(ph D Vg l7ml mzz ve I 2 7o (60)

m=n_
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The £, estimate is similar to the estimate in Lemma 3.6 in [15]. From
(58) we find

2

n+—l l’l+—

TV ) —|n— 2 - - 2
lanl><cp [ D5 v rmll | <ea Z N D) |
m=n_ m=—0oQ m=n_

—1 n+—l
1+ <
2 s —|n— - 2
<G PRl P E = S D el T
m=n_ m=n_

which implies by summation over all n € J with (59)

ny ny— 1

n4
An2 ~ 2
Nz, , = > ki< =eu D D v |2
n=n-_— n=n_m=n_—
ny—1
cu >l Z vy
m=n_ n=n_

1 ny—1 2
ch 1+v e c -
< ey Z Il < (5 h Z 2= IrmllZ,

Similarly, (60) implies with ¢, = (o2 max(ph, 1))~

2 A 2

n—1
A 2 2 2 —m—1 —
1Dal1” <ces(L=v)® [ [ D0 v Mirwll |+ D v " llrm
m=n

m=n_

<cey(l=vy)’ Z vy Z e T

m——oo m=n_

n+—

+va " va "l
m=n
n—1
-1 2
Z v |12 +

m=n_

I’l+—1
2
¢ lrmll

< cclz)(l — vs)2

I’l+*1

<ccp(1—vy) Z A [ R R T

m=n_ m=n
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which leads to

n—1
101Z,, = Z hl|9al* < ccl(1 = vy)h Z > v i )?

n=n_ n=n-_— m=n_
n+—l
m—n 2
+ DV il
m=n
ny—1 ny m
<ces(l=v)h D rml®| D vt D e
X €y s m s N
m=n_ n=m+1 m=n_
ny— 1
2 2 __
<cerh D rml?= 4||r||£2h
m=n_

Finally the estimate (57) follows from the definition of M in (42)

~a (L4 (om)*) n, || + ph | D ||)
MZ,.(r < const PO +
1M+ () lvee ( phllin, ||+ 115n, |

W+
< const p 17l o
Pt

Inserting the ansatz (50) for Z into the boundary conditions (36b) we
obtain the following lemma.

O

Lemma 4.11. Assume Hypothesis 2.6. Then for s € Q’é U Q];o exist
ho, T >0 such that the following holds. If h <ho and +hny >T then for each
r e@éo(Cm) there exists a unique solution ZEZLZ_’MH](C my of (39) which
satisfies the boundary conditions (36b), ie.

LN
R<p>z=ﬁ=(pn,) ) (61)

Morevoer, 7 can be estimated as follows

- 1 1
IZllz,, < const (;nnNn+||nD||+;||r||gz,h), Jor s e,
(62)

(63)
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Proof. Inserting the ansatz (50) into the boundary condition (61) one
obtains

B_(p)(p—+Sn_,n)pp)+B_(St_+1,n)p- +S(n_+1,n4)py)
+B+(p)( Sy, n_)p—+p1)+ B M(S(ny,n_)p—+p)
=7— (B_(p)znm +B_%,_41(r)+ B4(0)2n, (r) + By [M2n+(r)

+(h21) D

h T'n .

ol)

This equation has to be solved for p_ and pi. We can write p+ =

Tiéy, &£ € C™ where T = (T- Ty). After rearranging terms we obtain
from the previous equation

Ry(6_, £ )+ AR, (-, 61)=n—F,(r), (64)

where

Ry(6_,E)=B_(p)T-E +B_S(n_+1,n )T & +B (p)Ts&4 + B MT, &,
AR, &)= (B_(mS(n_, ny)+B_Sn_+1, n+)) Ty &,

+(B+(p) + B M)S(ny n)T_£_
Fo(r)=B_(0)2n_(r) + B_Z,_11(r) + B (p)2n, (1)

| h21
+B, | Mz, (r)+ nyp )|
0

With (55) and the relations M = TDT~!, T7'T_ = (}), 77'1y = (9),

1
-p, -D;! . .. .
TD = (AuDs Asb;l) and A,(I + Dy)=A, — Ay wich is implied by (49)

these terms can be calculated as follows:

LpN 1gN 0 LoV I
Rp<s_,s+)=(pPP 20 )T_s_+(0 =0 )TD(O)s_
N
+

SPY 0% 0 30 0 5
(19 (039 o ()5 ()

s (»PY 20 @u=A0 GPY 430V (A=A
pP PP
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From (44) we get with z=1phe'?, 88, z)=2¢"(1 + Izlz)% and the defini-
tion of A(z) in (14)
(phe®®) A~ +41) 160471, if ph>0, 9] <Z+3,
Au _As

phe?® A=1(1 + (ph)ze—zteA)% if ph>C
=58(0,2)A(2).

With these notations the matrix B reads B=SB; where

S— (_8(90, Z)Ir 0 ) , (65)

—Dpy—y

and

2 N N
g (7 Py + MA@ Fam PY - 0YA@
T pb PP '
+

From Hypothesis 2.6 and the definition of Q}é and Q" we obtain that

B — (QN AR —0F DA(Z))
Pt Py

has a uniformly bounded inverse. From ¢y max(1, |z|) <[8(0, 2)| < c2
max(1, |z|) we find

1 1
——— <cmin (1, —)gc. (66)
186, 2)] ph

Therefore the difference | B —lel can be estimated by

A 2
By =Bl < ———— (IPY 1 +1IPY ) <=
1B = Boll < o (1P21+1220)

which tends to zero as p — co. Choosing C in the definition of SZ}(’; large
enough, we obtain ||B~!| <e.
For the error term AR, we get

AR, (¢, £1)=(B_(0)S(n_,n)+ B S +1,n))Ti &,

+ (B (0)+ B M)S (i, n)T-§- = AB (gl) ’

where

(ny—n_) (ny—n-)
0 D 0 D
AB:B(D?“'”_) s 0 )=SBS (D§n+n_) s 0 )
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Here S denotes the scaling matrix defined in (65). Furthermore v§"+_"‘)

vanishes as n,. —n_ — 0o and

IIBSIISC( +|IA(Z)II)<C

p18(6, 2)|

implies that AB; =S~ AB vanishes as ny —n_ — oco. The right hand side
of (64) can be rewritten as follows:

lPN LN R 1N . lPN 1N R
Fp<r>=(pPD 2%)zn(r>+(g 2%—)zn_+1(r>+(PP; 2%*)@0)
—+

0 lQN)( - 021
+( 2=+ Mz, (r)+{ & n
0 O + EI +
z(%PNﬁn +30Y (B 80 1)+ 30N (v + ) + %Pﬁﬁ,u)

Dy Dr
PZu,_ +Pluy,,

where we used the notation M2n+ (") =(v,.v,)". Using (58), (60), (57) we

obtain
1 yh
||Fp(r>||vec<c(f’21 ")urnoo.

22

Then the scaled version of F,(r) can be estimated by

1
I 0 , 1 1 ny, 1
H (6(9,6) Izm_r) F,(n|| <c (mm (1, p—h) (; + ;) + ;) 7 lloo

C
< Sl

Equation (64) is equivalent to

§-\_ __pS(IQ,Z)nN s(é)l,z)lr 0
(BS+ABS)($+)_( n? "o Dy )

thus we can estimate the solution (§_,&;) of (64) using (66) by

1 1
G- D) <c(;||n”|| +In”| +p||r||oo). (67)
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The solution zM™ = (yhom yhomy defined in (51) can be estimated using
(54) as follows. The estimates

H«SA'(n,n_)p—Hvec=IIS(n,n_)T_§—||vec<(Lh(lvs_ US)) g,
p

. R 1
HS(n,n+)P+H =||S(n,n+)T+§+||vec<(L(l_v)) vt T g
vece /Jh S
imply for all ne J
o™ || < e(us " NE vt T IES D < clEL I+ IE D (68)

and for nef:[n_+l,n+]

lupm < ;h"s (o7 V2 T e ) < cClg-l + gD (69)

From (47) and Lemma 4.6 we obtain

1—- n-
b < e (0 N+ T 1) S ctmax(L, ph)lE-) + 84D
(70)

The estimates (68) and (56) lead for z,, = (i1, v,) defined in (50) for all ne
J to

- R 1
il < p®™ Il + 1200 < (IIEII +11E+ 1 + ?”r”oo)

1 1
c (—nnNn +InPIl+ = ||r||oo)
P Y

and for neJy=[n_+1,n4] to
- R 1
1Tl < TP ™ [+ 12 oo < cClE- 1l + 164 +F”r”oo)
1 N D 1
<cl =" I+~ +—=lrle ) -
o P
Finally plh(v;1 — 1) <cmax(l, ph) implies with (70)

- R 1 1
1T < Nop°™ [+ 112l o0 < e max(1, ph) (;IInNII + 0PI+ p”r”oo)

(ph)vg " (ph)?v ™"
Vec<c(((1_vs) e n_1)||5||+((1_ . ;H_n)nan)

and using

H Mzhom
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with np —n_>1 we end up with

1Mz I < g1+ 1€+ 1D- (71)

By (47) we obtain for p € (C, * i 1_th

1_}’7 <h for ph>C. This leads to

ny ny
2 2(n—n_ 2(ny—
[ e B i I L I

n=n_ n=n_

(72)

S C

-7

In the restricted interval J, =[n_+1,n4] we obtain in the same way

hom < (1 v5)? p2(a—n_—1) 2 < 2(ny—n) 2
o ¥ L Sel 22 & 1>+ D hv &%) .

n=n_+1 (,0]’1)2 n=n_+1
c((g-17 + e+ 11?) (73)
and with Lemma 4.6 we arrive at
1oz, < ch (JZ—ns 1P+ 2||s+|| )
(PRI (1 +v;)
< (max(l, (o)lg- |+ ||§+||2). (74)

Using (56), (57), (72), (74) and (67) we obtain (62) with ph <C
12z, , < ||z||£2h+||zh°m||£2,l+f<||Mzh°m||+||M2n+||)

o1
<C(—Ilrll +max(l, ph)[IE- || + 15+l +(h2+ + Drlz,,)
<C(;Iln I+ 1lin ||+p||r||52,h).
In the same way (56), (72), (73) and (67) lead to (63). O

Remark 4.12. The restriction to J, in (63) is necessary, since from
(57), (70) and (71) we obtain for s € Qé’o only

- 1 1
12l 2, , < cmax(l, (ph)*) (;IInNII + "1+ ;urnglh) :
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From the above estimates the invertibility of (37), (36b) follows from a
regular perturbation argument.

Lemma 4.13. Let AeR™™ be diagonalizable and positive definite and
assume Hypothesis 2.6. Then there exist C,hy, T >0, such that for s € Q}é U
ng and h <hgy, £nih>T the following holds. For each r eego(cm), there
exists a unique solution z GE([,Z”“H](C’”) of (37), (36b) which can be esti-
mated by

1 1 )
Izl ¢, , < const (;nnNn+||nD||+;||r||£2,,l), Jor s€ Q¢ (75)

1 1
SUSSENL A S (;IlnNII + 1”1+ ;nrugz,h), Jor 5 €S
(76)
Proof. Write (37) as
2

~ h=l 1 ~
Zn+1_M(ssp)Zn:(ﬁ1)E;:_ Fn+ (My(s, p) —M(s, p))zn, nelJ
]

and define the space

s={@ ek e xr:
h1
fn=(@1)rn, neln_,ny+1], reﬂgé"”“”((ﬁ'")}

equipped with the norm

A 1 1 . LN _
[ DIz, , =S I 1+ 1+ 5y, 77=(an N eRE P eRE

ZZ([)Z;’”JFH

Then Lemma 4.11 implies that the operators A, I 5 which are

given by A o= (ngs(p’()) )) where L(s, p), R(p) are defined in (40), (36b), are

nonsingular for s € Q! UQ" with a uniform bound for the inverse for s e
Q’é Using (38), (41) we obtain for z, = (u,, v,)

. h2I
(M (s, p)=M(s, p)zn =\ &
P

x [(S(E;‘I—A—l) — Cp)unt (%(E,T_IE;—I)) v,,] .
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Combinining this with the error estimate

1 +—1 1 /Y _;,_—1 _ 1 1
FII(S(En —A )—Cn)unJr(E(En E, —D)v,l <C(h+;+;)”1n”

implies for p>C

0 U

Taking h small and p large and using [|E;" _1|| < c¢ we find that the sys-
tem (37), (36b) has a unique solution for s € Q/é which can be estimated
by (75). In a similar way we obtain the existence of a unique solution of
(37),(36b) for s e Qﬁo which satisfies the estimate (76). O

*

1
<cth+)lrlig,, -
Lon p 1

Proof of Lemma 4.5. Lemma 4.5 follows directly from Lemma 4.13
using [|6—w(lz,, =lId+wllz,, which implies

1
2 2 2 2
I, +~518wlZ, , <const (lulg,, +IviZ,,)

5. NUMERICAL EXAMPLES
5.1. Cubic Quintic Ginzburg Landau Equation
We choose the cubic quintic Ginzburg Landau equation [13, 16, 5]

U =augy +Su+gw), gu)=plulu+vylul*u, seR, a,p,yeC. (77)

as a numerical example.

This equation shows a variety of coherent structures, like stable pulse
solutions, fronts, sources, sinks. Moreover, there are parameter regimes
where the behavior is intrinsically chaotic. For certain parameter values,
this equation possesses stable rotating pulses and unstable pulses, as well
as rotating and traveling fronts. Depending on the choice of initial condi-
tions a different type of solution is selected. The real version of (77) which
we use for numerical computations has the equivariance properties given
in Example 1.4.

For the parameter set a=1, §=—0.1, =3+i, y=-2.75+1i, which
has been used in [13], we found numerically a stable pulse with rotational
velocity p,~—1.30 as well as a rotating front. Here we used a grid size
h =0.1 and Dirichlet boundary conditions for the pulse and Neumann
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Figure 3. QCGL, pulse and front.

0 _40 T 0 _40 z

Figure 4. QCGL, rotating vs. frozen pulse.

boundary conditions for the front on the interval [—40,40]. These solu-
tions are depicted on Fig. 3.

The time evolution of the real part of the stable pulse is compared for
the frozen and the rotating system in Fig. 4 on the interval J =[—40, 40]
with grid size #=0.1 and Neumann boundary conditions.

After a transient phase until &~ 15, the rotating pulse rotates with a
fixed rotational velocity fi,. In contrast, the frozen pulse is stabilized. The
comparison of the rotating and traveling with the frozen front in Fig. 5
shows a similar situation. The frozen wave stabilizes quickly, whereas the
non-frozen front continues to rotate and travels out of the computational
domain at t~60. As is shown in Fig. 6 the parameter u, converges to a
fixed velocity [, whereas the translational speed u. stays at zero for the
pulse and in case of the front the parameters u, and pu, converge to the
same translational and rotational velocity that are observed in the non-fro-
zen system. The rate of this convergence is displayed in Fig. 7, where the
time evolution of the difference to the stationary solution of (9) is shown.
The error |fix — u«(t)| for x € {z, p} in the parameters u., u, is displayed
as well as the error in the profile of the wave ||i —u(?)| -
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Figure 5. QCGL, rotating vs. frozen front.
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Figure 6. QCGL, time evolution of s, ¢ for pulse (left) and front (right).

Note that Theorem 2.8 is not applicable to the rotating front. In this
case R%ﬁ is not in £, (cf. Example 1.4). Nevertheless, the numerical com-
putations displayed in Fig. 7 suggest it to be true even in that case.
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Figure 7. QCGL, time evolution of errors for pulse (left) and front (right).
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Figure 8. Nagumo, time evolution of # and u for « =0.2 (left) vs. « =0.3 (right).

5.2. A Counterexample for the Nagumo Equation

We illustrate the necessity of the boundary condition 2.5 at the scalar
Nagumo equation

ur=ter +u(l—w)u—1), uGx,neR, xeR, 1>0. (78)

An explicit traveling wave solution which connects the stationary points
u_=0, uy =1 is given by

a(x)=(1+e%)_l, h=—2, (79)

For a =0.25 we have s(a) >0 for approximately « > 0.26. In Fig. 8 the
time-evolution of the solution (v, u) of the frozen PDAE is compared for
values below and above this critical value of . One can see clearly the
effect of the instability created by the spurious unstable eigenvalue. This is
not an effect of the freezing and the occurs in the same way for the non-
frozen PDE.
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6. APPENDIX

Lemma 6.1 (Summation by parts). With the notation

N
H 2
<u5v>r’s=hzun vn, ”u”r,s=<uau>r,s
n=r
we have
H H
(U, 840), g =—(0-1, V), 41 g1 UL V541 — 1, Vr. (80)

Proof of Lemma 3.3. Let u eﬂgss be given and set v=(v,__1,u,_,...,

Up, , Un,+1)- It Temains to compute the external points v,__1,v,, 41 and u
from the equations (18b), (24) which read

0="PYv, +0"8ov,_ + PYv,, + 0V 8ovs,
0= P_D(]\vn, + P, ptrn) +P£(Avn+ + @y, putrn,)
0=(¥, Av), +(¥, ®) j, u+ (W, r)y,.

We use the relation
2 2
8+8—Un:Z(SOUn “1‘8—7)}1):%(_801%‘*‘8-&-”71) (81)

as well as the definition of A in (17a) to obtain the equivalent system for
w=(w_, wy)=8ovs_, dovp,) € R¥" and peRP

M (Z) —R'u+R'r (82)
where
oV oY 0
M= —P%D(A - %;B,L) Pf(A+ %;Bn+) %(P_Dl@n, +PPo,,) |,
—Vf (A=3B,) V. (A+5B,,) 3 (W, @),
—PNu,_ —PJ]rvu,,+
Rty — ~PPAS uy_ —PPAS_u,, —3(PPC,_u,_ +P+DCn+u,,+l)
ny—bo 7.
—W (Ajun_ +4Co uy )= V) (A up, +5Csun)—4 3 I\If,, Au,
n=n_-+
0

1
R'r=—=|h(PPr,_+PPr,,)
(\.IJ’ r>]h
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For J, — R the matrix M converges to

oY oY 0
M= —PPA pPPA 0
—(S®aNTA (SO INTA  HED), @),
which is invertible due to condition (15) and the invertibility of the p x p
matrix (S(v), S(v)) which is ensured by Hypothesis 2.3. Therefore the solu-
tion (w, ft) of M(w, )T =R’r (i.e. u=0) can be estimated by
Wl <const h(llry_|l + llra, ) <const hllr |l (83)

and we obtain the same estimate for w = (w_, w4) with a different con-
stant. Together with the relations

vy _1=—2hw_+4u, +1=-2hw_, V1 =2hwy +uy, 1 =2hwy
this implies
Ivn_ 11l + lvn, 411l < const hljwl| < const A2[|r . (84)
Furthermore, the relation
84 vp, =280Vn, —Oqup, 1 =2wy, 4V, 1 =08V, =2w_ (89)
leads for u=0 with (83) to
164+ vlloe < const A|rx- (86)

Similarly by (81) we find

2 2
34é_vy_ = E(_w— 4+ uy_ )= —Ew,,

2
O48-vny = (g —dpttn, 1) =Wy,
which implies with (83)

[164-8-vlloo <const |7l

Together with (84),(86) this leads to (25). O
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For the proof of Lemma 3.4 we use the uniform contraction principle
in the following form.

Theorem 6.2 Let X,Y be Banach spaces and F : (X x Y) D B,(0) x
Bs(0) = Y be a continuous mapping, which satisfies the following estimates

for g €[0,1).

|1 F(x,y1) = F(x, y)ll <gllyir = y2l  Yx e B,(0), y1,y2€ Bs(0) (87)
[F(x,0)| <8(1—gq) VxeB,(0) (88)

Then for each x € B,(0) there exists a unique fixed point y=g(x) of F(x,"),
ie. F(x,g(x))=gx) and the following estimate holds

1
Iyr=y2l < q”)’l = Flx,yD) == Fx, )l
Vx e B,(0), y1, y2 € Bs(0). (89)

Note that (89) implies the continuity of g in B,(0), since

1

lg(x1) — g2 < e llg(x1) — F(x1, g(x1)) — (g(x2) — F(x1, g(x2))l
1

= qllF(XZ, g(x2)) — F(x1, g(x2)|l. (90)

Proof of Lemma 3.4. Let u eego be given and set v=(v,__1,u,_,...,
Up, , Un,+1)- It Temains to compute the external points v,__1,v,, 41 and u
from the equations (18b), (19) which read

0=PNv, +0Yspv, + P_ﬁ’vn+ + Qﬁ(Soanr
0=PP(Av, +®, putes (v, 1)+ PP (Avy, +@n, ptten, (v, 1))  (91)
0= (W, Av+Pu+9v, n)y,

Define the map x : £, x R>" —>e§o, (u, w) v, w=(w_, wy) by
Vp=Up, N=N_,...., 04, Vy__1=—2hw_~+u,_ 11, Uy 41=2hwy+u,, .
Then Spv,,. =w+ and we obtain
I e, w) = x @, 2l 2y, < chv/Rw—z]).
The relation (85) leads to

lx e, w) = x e, 2) gy <evhllw =z, (92)
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as well as
IIX(u,w)IIH}i <C(|IMIIH}1 +hllwll). (93)

In the same way as in the proof of Lemma 3.3 we obtain with (81) the
following system which is equivalent to (91).

M (1) =Rt gt w0, o4)
where M, R" are given by (82) and (cf. R" in (82))

0
1
gl w, ) =—3 (h(Pf’wn(x(u, w), 1)+ PLon, (x(u, w), u))) .
(W, o(x(u, w), n)y,

For h <hg+hny > T the matrix M is nonsingular and we can define G:
el x R?™ x RP — R¥™ x RP by

G, w, ) =M (R u+gu, w, ),

the fixed point of which is a solution of (94). To apply the parame-
trized contraction mapping Theorem 6.2 we have to verify (87),(88). From
(21),(93) we obtain

e, 0, 0)ll 2, , < cpllx @, 0)llyp < epllully: (95)
which implies
Villp O, 0), 0l < e Gx @, 0), 0)ll ., , <cplullygy (96)
as well as with Cauchy Schwartz, Hypothesis 2.3 and (93)
10, @, 0), 00) 5, I <ellx e, 0)ll z, , <cplllygy. 97
Using (20) we obtain with (92) and (93)

o O (e, w), ) —(x (u, 2), Mg, ,
Selllx G, w) = x , 2) I3 +max(llx @, wllygrs Ix @, Dl e =21

<cWhllw—z| + (lull gy +nmax(fwll, Izl —AlD (98)

Equation (98) leads for ||u||H}, <p to

lo(x ( w), 1) = 9(x 1, 2). W 2, < (I + p+hd)(Jw =z + [l = Al
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as well as for ”u”H} <«/E||u||1,oo <hp to
a

o Cx (u, w), ) — (X (u, 2), Mg, <c(Wh(+p+8)(lw—zll +ln—AlD.
Thus (95), (96), (97) imply for ”u”H}L <p

g, 0,0)[I < Adllgn_ (x(u, 0), 0)]| + ll@n, (x (u, 0), 0)]|
IV, @O, 0), 0)) , 1D < collull 3 99)

as well as for flull; o <p
g, 0,0)[I <cpllully oo- (100)
Similarly, with (98) we find

g, w, ) —gu, z, VIl < chlle(x (u, w), u) —@(x (U, 2), Ml
+ ||<\IJ’ (p(X(uv w)v M)_(p(X(uv Z)i)"))JhH)
g C”‘P(X(u’w)’ M)_ﬁl’(X(ua Z)’)\')”LZJ':' (101)

It remains to estimate ||R*ul||: The summation by parts formula (80)
(W, AS_8su) iy, = =0+ W, A8t} o+ Wy A(4u)n_
— W AG ), 1
leads for J,=[n_+1,ny —1] with
(W, Au)j, = (¥, AS_8,u), + (W, Bdu) ;, + (¥, Cu),,
to
1wy, Ru), < ellully, oo (102)
Using Hypothesis 2.3 for +hny >T we find
~ 1 I R
1091, A, I < el +h2e T 185ullz, ) < el +h3e T ully
This implies with the definition of R* in (82) and (102)
IR ull <clully,o+ |I<‘lf|,h,1~\u>]hll)<6|lull1,oo
as well as
u B \/_ A
IR ull <c(h™2e™T ull o, , +~ Rl , + 1%, A}, 1)

gc(l—i—h_;e_“T)HullHL.
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For |lull| o <p we obtain with (100)
1G(u,0,0)[ <cllulli,oo+ 18w, 0,0 <c(l+ p)llully o < cop
and similarly, if h~2e~7 <¢; for il <p with (99)
1G(u,0,0)] §0(||u||H}1' + IIg(u,0,0)||)<6(1+,0)||M||H111 <cop

For (w, 1), (z, &) € B5(0) c R¥"*! equation (101) leads for lully 0o < p or
||M||H,£ <p to

1G @, w, 1) = G, z, VI <ctWh+p+hd) (=l + w—z]).

Choosing 4,8 <1 so small that \/ﬁ+(2170 +h)s < % and p <min(1, 2‘370) we
can apply Theorem 6.2 with ¢ = % This yields a unique solution (w, 1) €
Bs(0) of (94). Equation (90) implies with the continuity of G estimate
(26a) which implies with 7, (0) =0, 7,,(0) =0 (26b). O

Proof of Corollary 3.5. Using the definition of T, (-), T,,(-) and M,, M,
and subtracting (24) from (19) we obtain that v2® = T, (u) — Myu, u> =
T, (u) — Myu solves mv® =0 and

0=B8Yv"
0=BP(Av™ + du’ + (T, (), T, (u))),
0= (W, Av® +Du® + (T, (), T, W), -
Application of estimate (25) in Lemma 3.3 to (v2, u?) leads to
17y (u) — Mv“”Hﬁ F T ) = Myull < cllp(Ty ), Tu @)z, , -
Thus we have for ¢ defined in (28) by (26b) and (21)
lo@liz,, < IA (T, (u) — Myl z, , + 11D (T () = Myuwll ., ,

+llo(Ty@), Ty @),
<cllop(Ty@), Tu@)ll, , <eoUTo@)l ,, + 1Tl

which leads to

0 lloo < cpllully oo

—aT

1
as well as for ™ 2e < to

ez, , S cpliullyy -
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In the same way we obtain for uj,u; € €, that v® = T,(uy) — Myu; —
(Ty(u2) — Myuz), p = Ty(u) — Muuy — (T (uz) — Myuz) solves mv? =0
and

0=BNy2
0=B"(Av® + ®u® + (T, (u1), Ty 1) — ¢(Ty (u2), Ty (u2))),
0= (W, Av® + dp® + (T, (1), T (1) = o(Ty (2), Ty (2))) . -

Again, application of estimate (25) in Lemma 3.3 to (v2, u®) implies

T (i) —Myuy —(To (u2) — Myuz) i3 + 11T 1) — My — (Tp(u2) — Myuuo) ||

Scllo(Ty@), Ty () —o(To (), T2l ¢, -

Thus we obtain with (26a) and (20)

1@@u1) = @ullz,, <NA(T, (ur) — Myuy — (Ty(u2) — Myua)ll z, ,
F (T (1) = Myuy = (T (u2) = Mpu)l z,
(T (1), Ty (u1)) — o(Ty (u2), Ty 2))ll 2, ,
Scllg(Ty (), Ty (ur)) = o(Ty(u2), Ty )l ,

Scllur —uallyy) -
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